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Abstract. Distributed H systems and several variants of distributed H
systems have been studied extensively [I}21B}[4]. This paper is an ef-
fort in the direction of obtaining efficient distributed systems. To this
end, a universality result using 2 components is obtained using two-level
distributed H systems. This is an improvement over the existing univer-
sality result with 3 components. Further, we propose lazy communicating
distributed H systems (LCDH systems), a variant of communicating dis-
tributed H systems, with lesser communication. A universality result is
obtained with this variant, using only 2 components. This improves the
universality result RE = C'DHs by reducing the number of components
as well as the communication between components.

1 Introduction

Communicating distributed H (CDH) systems were introduced in [I] as efficient
extensions of splicing systems. In CDH systems, parts of the model which are
able to work independently can be separated, and the result can be obtained by
synthesizing the partial results produced by the individual parts. However, the
communication in CDH systems is rather inefficient since they allow transport
of possibly the entire contents of each component in every step. Distributed H
systems [2[3L[4] have been studied extensively, with different means of communi-
cation, one of them being two-level distributed H systems. These systems do not
allow communication between components in the sense of CDH systems, and so
are more efficient.

In this paper, we concentrate on two-level distributed H systems and CDH
systems. We introduce lazy CDH systems as a variant of CDH systems, wherein,
some components are classified as lazy, depending on the way they communicate.
The idea of having lazy components is to reduce the number of strings that can
be considered for communication in every step. We also obtain an unexpected
improved universality result for two-level distributed H systems (without any
laziness conditions), as well as a universality result for lazy CDH systems, both
in 2 components, which show that with better means of communication, the
number of components can be reduced. In the following subsection, we give
some basic definitions and notions of formal language theory used in this paper;
more details can be found in [4].
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1.1 Prerequisites and Basic Definitions

An alphabet is a finite nonempty set of symbols. For an alphabet V', we denote
by V* the set of strings of symbols over V. The empty string is denoted by A. V*
is the free monoid generated by V under the operation of concatenation. (The
unit element of this monoid is \). Each subset of V* is called a language over V.

Let x € V*. If x = x1x2, for some x1,22 € V*, then x; is called a prefix of x
and x is called a suffiz of z. If x = x1xox3, for some x1,zo,x3 € V*, then xo is
called a substring of x. The length of a string x is denoted by |z|. The number
of occurrences of a symbol a in = denoted |z|,.

Consider an alphabet V' and two special symbols #,$ ¢ V. A splicing rule
over V is a string ui#us$us#uys where uy,us, us,uqg € V*. For a splicing rule
r = uy FusSusH#uy, the result of splicing two strings r = z1uius22, Yy = y1UsULY>2
is defined as (z,y) &, (z,w) where z = z1u1U4Y2, W = YruzusTs.

An H scheme is a pair ¢ = (V,R) where V is an alphabet and R C
V*#V*§V*4#V* is a set of splicing rules. For an H scheme o = (V, R), and
a language L, the set obtained by using the splicing operation on L is denoted
by o2(L) = {z € V* | (x,y) E=r (2,w) or (z,y) = (w, 2)}, for some z,y € L, and
r € R. o(L) is defined inductively: ¢9(L) = L, 05" (L) = o4 (L)Uoz(ds(L)),i >
0. Hence, 03(L) = ;> 0%(L).

An extended H system is a quadruple v = (V,T, A, R) where T C V is the
terminal alphabet, R is the set of splicing rules and A is the set of axioms. Thus,
~ has an underlying H scheme ¢ = (V, R), augmented with a subset of V' and a
set of axioms. The language generated by ~ is defined as L(y) = o5(A) N T*.

The power of extended H systems as well as some extensions of H systems
have been studied extensively in the literature. In this paper, we are interested
in two such extensions viz., communicating distributed H systems and two level
H systems. We give the definitions of these systems in sections 2 and 3.

We denote by RFE the family of recursively enumerable languages. A
recursively enumerable language can be generated by a type-0 grammar
G = (N,T, S, P) where N is a set of non-terminals, T C N is the set of terminal
symbols, S is the start symbol, and P consists of productions of the form
u— v,u,v € (NUT)* |ulxy > 0.

Notation: In the following sections, a splicing rule is represented by z#ySa#b.
However, while explaining the functionality of such a rule in the proofs, we
represent them by (z|y, alb) = (zb, ay).

2 Two-Level Distributed H Systems

Two-level distributed H systems were introduced in [2], [3]. In [2], two-level
distributed systems were considered in the non-separated form, whereas in [3],
separated systems were considered.

A two-level (non-separated) communicating distributed H system of degree
n,n > 1is a construct I' = (V, T, (w1, A1, I1, E1), ... (wn, An, In, Ey)), where
V' is the alphabet, T' C V is the terminal alphabet, w; € V*, A; C V* and
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I;, E; CV*#V*§V*#V* for symbols #,$ not in V. All sets 4;,I;, E;,1 <i<n
are finite; (w;, A;, I;, F;) is the ith component of the system; w; is the active
axiom, A; is the set of passive axioms, I; and E; are the sets of internal and
external splicing rules respectively.

The contents of a component i is described by a pair (x;, M;), where z; € V*
is the active string and M; C V* is the set of passive strings. An n-tuple m =
[(z1, My),. .., (zn, M,)] is called a configuration of the system. For 1 < i < n
and a given configuration 7 as above, we define u(z;, 7) = external if there are
r € E; and x;,j # ¢ such that (x;,2;) =, (u,v) for some u,v € V*. Otherwise,
w(x;, ) is internal.

For two configurations 7, 7' as above, we write m =, 7 if the following
conditions hold: (i) for all ¢,1 < i < n, we have u(z;,7) = internal, (ii) for each
i,1 < i < n, either (z;,2) =, (a},2) for some z € M;,2’ € V*,r € I;, and
M/ = M; U{z'}, or (iii) no rule r € I; can be applied to (z;, z), for any z € M,
and then (z}, M!) = (x;, M;).

The relation =.,; defines an external splicing, and =;,,; defines an internal
splicing. In both cases, splicing is performed in parallel and all components not
able to use a splicing rule do not change their contents. External splicing has
priority over internal splicing and all operations have as their first term an active
string; the first string obtained by splicing becomes the new active string of the
component and the second string becomes an element of the set of passive strings
of that component.

The language generated by a two-level distributed H system I is defined by
LI ={w e T* | [(w1,A1),..., (wn, An)] =* [(x1, M1),...,(xn, My)]}, for
w =z, € V"2 <i<mn, and M; C V*,1 < i < n. LDH,, denotes the
family of languages generated by two level distributed H systems with utmost
n components. If in the above, we consider all the sets F; to be the same, i.e,
if £, = F, for all 1 <14 < n, then we get a separated two-level distributed H
system. The family of languages generated by separated two-level distributed
H systems with n components is denoted by SLDH,. When no restriction is
imposed on the number of components, n is replaced by *. In the following, we
improve the universality result in [3[4].

Theorem 1. RE = SLDH, = LDH,, for alln > 2.

Proof. The idea behind the proof is very close to the one used in [3] and the proof
is much simpler. Consider a type-0 grammar G = (N, T, S, P). We construct the
SLDH system = (‘/7 T, (wl, A1, .[1)7 (’LUQ7 AQ7 IQ), E) with

V = NUTU{X,Z, Z., Zi, Zr,C1, Cs},

wy = SXXC4,

Ay ={ZvXZs|u—ve P}
U{ZXXaZ,ZaXXZ, |a € NUT}

I = {#uXZ$ZH#vXZs |u — v € P}

(Replacing u by v simulating v — v. Z; is introduced after replacement)
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U{#aXZ$Z#XXaZ | o€ NUT}

(shifting « to the right of X. Z; is introduced after the right shift)

U{#XZ$Z#aXXZ, |a € NUT},

(shifting « to the left of X. Z, is introduced after the left shift)
wy = CaZ,
Ay ={Z.Z,2,Z,Z2Z,},
I = {Co#t 28242, Cott LIS 2144 2, Cott 2,8 2, # 2},

(Changing Zs, Zi, Zr back to Z to start a new simulation)

E consists of the rules
Bl X#X$Co#Z, Cott ZSX#X,

(First step while simulating a rule v — v, or while shifting)
B2. X#Z.8Co# X, Cott XSX# 7.,

(Replace Zs by a string ending in C1 in wi; replace the suffix of w2 by Zs)
BE3. XXa#Zi$Co X#, Cott XSX Xa#tZ1,a € NUT,

(Replace Z; by a string ending in C1 in wi; replace the suffix of w2 by Z;)
E4. aX X#Z,8Co X aFt, Cott XaSaX X#Z,,a € NUT,

(Replace Z, by a string ending in C; in wi; replace the suffix of ws by Z,)
E5. #XXC1$CZ#.

(To terminate, cut off the symbols X X C1 from the right)

Component 1 simulates rules of P and also shifts symbols to the right and left
of the marker X X. Component 2 saves the suffix of the active string w; that
is cut while simulation and shifting, and also checks that the shifting done in
component 1 is correct.

To start with, we have w; = SXXCi,ws; = C2Z. In general, assume that
w1 = 271uX X 25C1, we = C2Z, where u = u'a, where a € V,u € V*. (initially,
2z’ =X a=8,20 = N).

Case 1: Simulation of a rule u — v € P. To begin, F1 is the only applicable rule.
FE1 is applied in parallel to both components.

1. Fl = w = zquXZ, CyX2,C1 € My, wy = CQXZQCl,ZluXZ € M. In the
next step, no external rules are applicable, since w; does not contain X X or
XZs or XX (4. Note that F'1 cuts the suffix Xz,C; of w; and appends it
to ws; it also cuts the suffix Z of wy and appends it to w;.

2. Use the internal rule (z1|uX Z, Z|vX Z;) = (219X Zs, ZuX Z) in component
1 obtaining wy = z21vX Zs, wy = C2 X 25C1, to simulate v — v. Component
2 is idle. In the next step, only E2 is applicable, and it acts in parallel on
both components.

3. Now, FE2 = w; = 210X X 22:C,wes = C3Z, re adjoining the suffix zoC; to
wi. No external rules are applicable in the next step since wo # C2 X, C2Z.

4. To get back to C2Z, use the internal rule (C2|Zs, Zs|Z) = (C2Z,ZsZ,) in
component 2 (component 1 is idle) giving w1 = 210X X 20C1, we = CoZ .
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Case 1 handles w1 = z1uX X 25C1, when there is a rule u — v € P. Assume now
that for u = u’a, there exists no rule in P for a, but there exists v’ — v’ € P. To
simulate v/ — v’ as above, we need u’ to be adjacent to XX in w;. To obtain
this, we need to shift a to the right of XX obtaining z1u'X XazeC;. Case 2
handles this situation.

Case 2: Transforming wy = 21u'aX X 25C1 into z1u’' X X az9C1, given we = Co Z.

1. To begin, only F1 is applicable in both components. F1 = w; =
2u'aXZ,C,X2'Cp € My, wy = CoX2'Cy,zu'aXZ € M. In the next step,
no external rules are applicable since w; does not contain X X, X 75, X ;.

2. By assumption (since there is no rule in P for a), we choose any of the two in-
ternal rules (different from the one chosen in case 1, step 2). Component 2 will
remain idle in this step. Using (zu'|aX Z, Z| X X aZ)) = (20 X XaZ), ZaX Z)
in component 1, we obtain wy; = zu'X XaZ;, and we = CoX2'Cy. E3 is only
applicable in the next step, and it acts in parallel on both components.

3. Now, E3 = w; = 20/ XXaz'C1,CoXZ; € My, ws = CoZp, 20/ X XaX2'Ch €
Mo, shifting a to the right of X X in w;. In the next step, no external rules
are applicable, since wy # Co X, Co 7.

4. To get back to C2Z, use the internal rule (C2|Z;, Z)|Z) = (C2Z, Z1Z;) in
component 2 (component 1 remains idle) giving wy; = z1u' X XazoC1, we =
CoZ .

After cases 1 and 2, one more situation needs to be handled. Assume that we
have w1 = 21 X XazoC1, with rules z1a — z € P, and no rules in P for any
substring of z;. Clearly, case 2 is not useful, and to simulate a rule as in casel,
we need zia to the left of X X. To do this, the a should be shifted to the left of
X X obtaining wy, = z1a X X 22C1.

Case 3: Transforming wy = 21 X Xaz2C1 into z1aX X 25C1, given we = Co Z.

1. As in the above cases, we start with Fl. F1 = w; = 21X Z,C2Xaz{Cy €
Mi,we = C2XazyC1,21XZ € M. No external rules are applicable in the
next step.

2. We can choose an internal rule in component 1 involving Z; or Z,., lets choose
the one with Z,.. Using (z1|X Z, Z|aX X Z,) = (210X X Z,, ZX 7)), € NUT
in component 1, we obtain w; = z;aX X Z,.. Component 2 is idle, and hence
wy = C3Xaz]Cy. E4is only applicable in the next step to both components.

3. Fd= w = zlaXXziC’thXaZr € Ml,wg = CmeszXXaziCl S MQ,
shifting a to the left of X X. Note that F4 can be applied only if a = a
in the previous step. No external rules are applicable in the next step since
Wy = CQZT.

4. Using the internal rule (Cs|Z,, Z,|Z) = (C2Z, Z, Z,) in component 2 (com-
ponent 1 being idle), we obtain w; = z1a X X 2 C1, wy = C2Z.

Now, any of the three cases can be iterated. To terminate, we have only one
choice: to remove the substring X X of w; which facilitates simulation of rules
or shifting. This is done by using E5, when all symbols are to the left of X X.
This will cut off from the active string wX X C; in component 1, the tail X X (1,
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leaving w as the active string. Now, no more rules can be applied to w. If w € T,
it gets listed in the language, otherwise, nothing is computed. O

Note the almost symmetric nature of the external rules in the above theorem. It
helps in applying the external rules simultaneously in both components, with no
waiting. Even when applying internal rules, there is a minimal wait of exactly
one step for the other component.

3 Communicating Distributed H (CDH) Systems

CDH systems have been explored extensively in [ILBlEL6], obtaining universal-
ity results with arbitrarily many components, six components, three components
and nine components respectively. In the following section, we briefly recall the
basics of CDH systems [4] and introduce the concept of laziness into CDH sys-
tems. We then consider an example and prove that universality can be obtained
with 2 components.

A CDH system is a construct I' = (V, T, (A1, R1, V1), ..., (An, Rn, Vi), where
V' is an alphabet, T' C V', A; are finite languages over V| R; are finite sets of
splicing rules over V', and V; C V,1 < i < n. Each triple (4;, R;,V;),1 < i < n,
is called a component of I'; A;, R;,V; are the sets of axioms, the sets of splicing
rules, and the selector of the component i, respectively. Let B =V* —JI'; V;*.
The pair ¢ = (V, R;) is the underlying H scheme associated to the component
i of the system.

An n—tuple (L1, Lo,...,L,),L; C V*, is called a configuration of the sys-
tem. The initial configuration of the system is (Ai,...,A4,). For two config-
urations (L1,...,Ly),(LY,..., L), we define (Lq,...,L,) = (L4,...,L}) iff
L= U (09 (L) V) U (08 (L;) N B), for each i, 1 < i < n.

In words, the contents of each component are spliced according to the set of
rules (we pass from L; to agl)*(Li)) and the result is redistributed among the
n components according to the selectors Vi,...,V,,; the part which cannot be
redistributed remains in the component. As no conditions are imposed on the
alphabets V;, when a string in O’éj )*(Lj) belongs to several languages V.*, then
copies of the string will be distributed to all components ¢ with this property.

The language generated by I' is defined as L(I') = {w € T* | w €
L, for Ly,...,L, C V* such that (41,...,A4,) =* (L1,...,Ly)}. The fam-
ily of languages generated by communicating distributed H systems of degree
utmost n,n > 1 is denoted by CDH,,. When n is not specified, then we replace
n by *.

3.1 Introducing Laziness

Let I' be a CDH,, system. We now define three kinds of strings viz., active,
passive and inactive based on I as follows:
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1. A string w € O’éi) (L;) is said to be active if there exists (i) a splicing rule
(wh#HwYSa#b) in R;, (ii) a string zaby in Ug) (L;), and (iii) a substring
whwl of w. Note that we can also describe w having ab as a substring such
that there exists a string zwhwly in agl) (L;). Clearly, if w is an active
string, it can be spliced using rules of R; to obtain further strings.

-\
2. A string w € Jél) (L;) is said to be passive if for all splicing rules
(whF#wh$a#b) in R;, such that wiwy (or ab) is a substring of w, there does
-\
not exist any string zaby (or zywhwyzs) in Oél) (L;).
- *

3. A string w € ng) (L;) is said to be inactive if for all splicing rules

(whF#whBa#b) in R;, w does not contain whws or ab as a substring.

A lazy communicating distributed H system is a construct
= (V; T; (Ah Rl; ‘/17'71)7 BRRE) (Ana an V’m'yn))v

where V is an alphabet, T C V| A; are finite languages over V', R; are finite sets of
splicing rules over V., and V; C V,1 < i < n. Each tuple (A;, R;, V;,vi),1 < i < n,
is called a component of I'; A;, R;,V; are the sets of axioms, the sets of splicing
rules, and the selector of the component 4, respectively; ; is a parameter taking
values [ or e, depending on whether the component is lazy or eager; T is the
terminal alphabet of the system. Let B =V* —JI, V;*.

There are two kinds of components : lazy components and eager components.
The two kinds of components differ in the way they communicate : eager com-
ponents behave the same way as the components in a CDH system, whereas lazy
components communicate only their inactive strings, provided they pass the
necessary filters.

The pair 0¥ = (V, R;) is the underlying H scheme associated to the compo-
nent i of the system.

An n—tuple (L1, Lo,...,L,),L; C V*, is called a configuration of the sys-
tem. L; is also called the contents of component ¢. The initial configuration of
the system is (41, ..., 4,). For two configurations (L1, ..., Ly), (L},..., L)), we
define (Ly,...,Ly) = (L4, ..., L)) iff

L Ly =Uj_, (S, NV U (Ugi)*(Li) N B), for each eager 4,1 <i<n,
and S; = Uéj)*(Lj) if j is eager, and S; C Uéj)*(Lj) is the set consisting of

all inactive strings of aéj )*(Lj), if j is lazy.

2. L} =UL,(S:n V) U (S; N B) U (L;\S;) for each lazy j,1<j <mn,
and S; = aéi)*(Li) if ¢ is eager, and S; C O'éj)*(Lj) is the set of inactive
strings of O’éj)*(Lj), if 7 is lazy.

In words, the contents of a component ¢ are spliced according to the associated
set of rules, and,

— If i is eager, the result is redistributed among the n components according
to the selectors Vi,...,V,,; the part which cannot be redistributed (which
does not belong to some V;*,1 < i < n) remains in the component.
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— If 4 is lazy, the subset of O’éi) (L;) consisting of the inactive strings of
Ug) (L;) is redistributed among the n components according to the selectors
Vi,...,V,, and the part of the subset which cannot be redistributed remains

in the component.

The language generated by I' is defined by L(I') = {w € T* | w €
L, for some Ly,...,L, C V* such that (A1,...,4,) =" (L1,...,Lyn)}.

We denote by LCDH,, the family of languages generated by lazy communi-
cating distributed H systems of degree utmost n,n > 1. When n is not specified,
we replace n by x*.

Note that an LCDH system with all components eager is the same as a CDH
system. Let us consider an example.

Example 1. Consider the system I
({a7b7 ¢, X?K Za Z/7F17F27F}7 {av b,C}, (A17R17 ‘/176)7 (A27R27 Vévl)v (A37R37V3vl))7

Ay = {XY,aX}, Ry = {a# XSX#Y, c#F$#aY, c#F$aY #}, Vi = T U {F},
Ay ={bZ, 7' 7'}, Ry = {a# Y S#bZ, ab# Z$ 7' #7'}, Vo = T U {Y},

As = {FicFy, Fy, FF}, Ry = {b#Z'SFy\#tcFy, c# F1$# o, c# Fo$F#F},
Va=TU{Z'}.

No communication between components is possible before any splicing, since
ANVy = 0,7 = 2,3; strings of Ay are passive; FF € Az is passive, and the rest
of Aj is active. Hence, splicing is possible only in the first and third components;
(a| X, X]Y) = (aY, X X) in the first component and (Fyc|Fy, |Fy) = (FicFy, F)
in the third component. The string aY is communicated from component 1 to
component 2, and in component 3, the string F; is a candidate for communi-
cation, since it is inactive. However, Fy ¢ V;*,i = 1,2, 3, and hence remains in
component 3.

In component 2, the string aY is spliced according to the rule (a|Y,|bZ)
(abZ,Y) and in component 3, the new splicings are (Fic|Fy, F|F) |= (FicF, FF3)
or (Fic|Fy, Fic|Fy) = (FicFy, FicFy). The string abZ in component 2 is ac-
tive, whereas Y is inactive. Similarly, in component 3, the string FicF is in-
active. Therefore, Y, FicF are candidates for communication in components
2,3. However, since Y ¢ Vi, Vs, FicF ¢ Vi, V55, V5, Y remains in component
2 and FicF in component 3. Continuing with abZ in component 2, we ob-
tain (ab|Z,Z'|Z") | (abZ',Z'Z) or (a|Y,a|bZ) = (abZ,aY). Now the strings
abZ', Z'Z are inactive and therefore are candidates for communication. Of the
two, abZ’ is sent to component 3, while Z’Z remains in component 2.

In component 3, abZ’ is spliced as (ab|Z', F1|cF1) | (abcF1, FAZ'). Now, Fy Z'
is inactive; however since it does not belong to any V;*, it remains in component
3. The string abcF is spliced as (abe|Fy, | Fz) = (abeFs, Fy). Now, abeFs is active,
and Fj is inactive. F| remains in component 3 since it fails all filters, and we
splice abcFy. Some possible splicings are (Fic|Fy,abc|Fy) = (FicFs, abeFy) or
(abe|Fy, abe|Fy) | (abcFy, abeFy) or (abe|Fa, F|F) £ (abeF, FFy). All strings
except abcF are active, and abcF' is communicated to component 1.
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In component 1, we have either the option of appending an aY to abc and
thus continuing, or using (abc|F,aY|) = (abc,aY F). The string abc remains
in component 1, and a copy is sent to components 2 and 3. Clearly, L(I") =
{(abe)™ | n > 1}.

Theorem 2. RE = LCDH>

Proof. Consider a type-0 grammar G = (N,T,S,P). Let N UT U{B} =
{D1,...,Dn}, where B is a new symbol. Since N,T # (), m > 3. Construct
the LODH system I' = (V, T, (A, R1, Vi, ¢), (As, Ra, Va, 1)), with

V=NUTU{X,Y,Z,Z' Er,E2, X;,Y;, X3;,Yo; | =1 <i<2m,1<j<m},

A1 = {XBSY}U{ZvY |u—v € P}U{ZX5;Ys; | 1 <i <m}U{E1E2, XZ0,2Z0Y}
U{X2Z,ZY2 |1 <i<m}, and R: consists of the following rules:

Simulating rules of P :

1. #uY$Z#0vY, u — v € P,

Rotation : For 1 <4,7,k < m,

2. D;#D;YS$Z X0, #Ys;,

3. X#D;Dy8Z X5, Di#Y,

4. #XYS$Z#X5,D;D;,

Updation of Indices (Odd to even) :

5. Xoj1#Di$Xo;#7, 0< j <m,1<i<m,

6. Di#tYo;118Z#Yo;, 0<j<m,1<i<m,

Going back to end markers X, Y, from Xy, Yo

7. Xo#D;$X#Z0,1 < j <m,

8. D;#Yo$Zo#Y,1 < j<m,

Possible Termination : For D;, Dy, € T',1 < 5,k < m,

9. D;#BYSE\#E>,

10. X#D$E 1 #BY,

11. E1#DyS#E\ B,

12. D;#E2$E 1 E1 Ea#t,

Vi=NUTU{B,X,Y,X0,Yo} U{Xoi11,Y2is1 | 0<i<m~—1},

Ay = { X0 Z', Z' Y1, Z'Yoi 1, X011 Z', X 1 Z',Z'Y_1}, 0 <i < m, and

R> consists of rules

Initialize : For 1 <i4,5 < m,

13. X, #Di$ Xoi#t 7,

14. Dj#Y5,$7 #Y5i,

Updation of Indices (Even to odd) : For 1 <4,j < m,

15. Xoi#D;$X0,_ 187,

16. Dj#Y2,$Z #Y0i_1,

Removal of Xo,Yy: For 1 <j<m,

17. Xo#D;$X _1#7',
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18. D #Yo$Z' #Y_1.
Vo= NUTU{B, X2, Y2, X35, Y2; | 0<i<m,1<4<m}

Let us examine the work of I'. The underlying idea is to rotate and simulate. We
start from the string X BSY in component 1, and in component 2, there are no
rules that can be applied with respect to strings in As. However since all strings
in Ay are passive, and since none of the strings in A; pass the filter V5, there is
no communication before any splicing. In the first component, we can simulate
rules of P by using the rule 1, replacing suffixes. Since the new strings obtained
as a result of rule 1 do not pass the filter V5, and since there are no inactive
strings in component 2, there is no communication between the components.

This can go on as long as rule 1 is applied. If we choose to rotate a sym-
bol at any point of time, then we choose rule 2, giving (Xw|D;Y, ZX},|Yy,) E
(XwYy;, ZX},D;Y). Both of these strings ¢ V5*, and hence cannot be com-
municated to component 2. We can choose next, (X|D;, ZX),D;|Y) E
(XY, ZX},D;DjunYy;), provided w = Djw;. The two new strings obtained
here also ¢ V. and hence we continue in component 1. We can now use
(IXY,Z|X},D;Dj) = (X,D;DjwiYy,,ZXY), and in this step, the string
X5:D;DjwYy; is communicated to component 2. No string from component
2 is communicated to component 1.

In the next step, in component 2, we can use rules 13 or 14 to X4, D; D;w1 Yy,
resulting in (X%, 7', Xo;D;Djw1Yy;) or (X35,D;Djw1Ys;, Z'Yy;). The strings
X1, 7', Z'Yy; in component 2 are inactive, and so are considered for communi-
cation. However, since they do not pass Vj, they remain in component 2. The
strings X3, D;Djw1Ys; or Xo;D;DjunYy, are active and so are not considered
for communication. We can apply rule 14 or 15 to Xo;D;Dju1Yy, and rule 13
or 16 to X4, D;Djw1Y>,. In either case, we ultimately obtain the inactive string
Xoi—1DjwYo;—1. Since Xo;_1D;wYs,_1 € V}*, it is sent to component 1.

Let w' = D;w. In component 1, rules 5 and 6 are applicable to
Xoi—qw'Y2;—1. If we choose rule 5 first, we obtain (X9,—1|D;, Xoi—2|Z) E
(X2;-1Z, Xo;—ow'Y2;_1). Both these strings cannot be communicated to com-
ponent 2, since they do not pass the filter. We continue with rule 6 to obtain
(Dk|Y2i,1, Z‘}/QZ'72) ): (XQZ‘,Q'UJ/YQZ‘,Q, ZYQZ‘,l). We would obtain the same set
of strings even if rule 6 is applied first. The string X, ow’Y5;_o obtained after
application of rules 5,6 is communicated to component 2, since it passes the filter.

In component 2, we now decrement the end markers using rules 15, 16.
Observe that until both are used, we cannot communicate the intermediate
string (Xo;_ow'Ya;_3 or Xo; sw'Ys;_»), since it is active. The other strings
obtained as a result of rules 15,16 are Xo;_2Z’, Z'Y5;_o, which cannot be
communicated even though they are inactive, since they are not over V;*.

Continuing like this, a string X;w'Y; is communicated to component 1.
Now, using rules 5,6 as before we decrement X;,Y; to Xy, Yy. Note that before
decrementing both X; and Y7, we cannot communicate to component 2, since
Vo does not contain Xao;y1, Ye;11,4 > 0. However, when we have Xow'Yy
in component 1, since Vi,V, contain Xy, Yy, the string is communicated to
component 2, and a copy is retained in component 1.
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In component 1, the X is replaced by X and Yy by Y by rules 7 and 8. Observe
that the intermediate strings obtained (with X, Yy and Xg,Y as the end markers)
cannot be communicated to component 2, since X,Y ¢ V5. But, we can start an-
other simulation in component 1 using Xw'Y. Simultaneously, in component 2,
rules 17,18 are applicable to Xow'Yy. We do not consider the intermediate strings
for communication since they are active. But, even after application of 17,18,
the string we obtain, viz., X_jw’Y_; cannot be communicated, since it is not
over Vj.

Note that, the first time a rotation is done in component 1, the indices of the
end markers will be the same, since rule 3 can be applied only after applying
rule 2, thus obtaining the correct string Z X%, D;Y . However, this is not the case
for subsequent rotations. (since all strings ZX4.D;Y produced in previous steps
will be available). In general, it is possible to obtain a string Xp,w'Yy;,i # j
in component 1. We communicate this string to component 2, and, after a
sequence of communications, we will end up with a string Xow'Ys;,l > 0 or
Xopw'Yy, k > 0. Let us examine how to handle this case.

Let us assume that we have the string Xopw'Yy in component 1. Obviously,
this is obtained after application of rules 5,6 in the two previous steps. This
string is communicated to component 2 since it passes the filter Vo, without
retaining a copy in component 1 ( Xopw'Yy ¢ Vi*). In component 2, rules 15,18
are applicable. This leads us to the intermediate strings Xo—1w'Yy (15 applied
first) or Xopw'Y_1 (18 applied first). In either case, both strings are active. We
end up, in either case with Xo,_1w'Y_1, which is inactive. But however, this
string belongs to neither Vi* nor V5" and so, remains in component 2, without
contributing to the output.

Thus, we can continue a simulation iff we end up with Xow”Yy in component
1, in which case, the copy sent to component 2 remains stuck there, but the
copy in component 1 is useful by replacing Xy by X and Yy by Y.

Let us now examine how a string over terminals can be generated, contribut-
ing to L(I"). Assume that we have in component 1, a string XwBY. We can
choose to either rotate B using rule 2, or eliminate B using rule 9. Let us see
what happens if rule 9 is chosen. We obtain (Xw|BY, E1|Es) E (XwEs, EyBY).
Both these strings cannot be communicated, since they fail to pass the filter V5.
We can continue with rule 10, (X |Dy, E1|BY) = (X BY, E1Dyw'Es), provided
w = Dkw’. NOW7 rule 11, (E’1|l)k7 ‘ElEQ) ): (E1E1E27 Dkw’Eg) is used to
remove E7. This is followed by application of rule 12 removing F> and obtaining
Djw'. The only information we have about this string is that if w’ = w;D; or
w = Dywi Dy, then Dy, D; € T. However, if this string is not over terminals, then
it does not contribute to the language and is hence “lost”. Thus, only terminal
strings obtained starting from X BSY, which are rotated correctly every time
(so that XowY) is obtained in component 1) can contribute to the language. 0O

Remark 1. To see how the above system communicates less, we will examine
what happens if component 2 was eager in the above result. As long as no rota-
tion takes place (for the first time) in component 1, there is no communication
between components, irrespective of the nature of the individual components.
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The number of strings communicated between components is the same (if compo-
nent 2 is eager or lazy) even after rotation, in case, rotation takes place correctly,
yielding XowYy in component 1. Now assume that rotation goes wrong, giving
XowYsy or XquwYy, k,1 > 0 in component 1. Either of these strings will be com-
municated to component 2. If component 2 was eager, then if rule 15 or 16 is
chosen first, we get a string Xo;_1wYy or XgwYa,_1, which will be communicated
to component 1, leading to wrong results. That means an extra communication
is made, which also leads to wrong results in case component 2 was eager. But if
component 2 is lazy, this communication will not be made, and the results also
do not go wrong. The same is the case if Xy, Y, are not replaced in subsequent
steps in component 1, when having XowYy. (Xow'Ys, can be obtained in com-
ponent 1, which will be communicated to component 2. Component 2 if eager,
can then communicate Xow'Y2;—1 to component 1, and things go wrong).

4 Conclusion

We have improved the universality result of two-level distributed H systems,
and conjecture that the result obtained is optimal. Likewise, by introducing
laziness, we have proved that a better characterization of RE can be obtained,
as compared to the result CDH3 = RE [5]. The power of LCDHj, with both
components being lazy, is open.
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