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Abstract. Syntactic structures based on standard syntactic assignments
model knowledge directly rather than as truth in all possible worlds as
in modal epistemic logic, by assigning arbitrary truth values to atomic
epistemic formulae. This approach to epistemic logic is very general and
is used in several logical frameworks modeling multi-agent systems, but
has no interesting logical properties — partly because the standard logi-
cal language is too weak to express properties of such structures. In this
paper we extend the logical language with a new operator used to repre-
sent the proposition that an agent “knows at most” a given finite set of
formulae and study the problem of strongly complete axiomatization of
syntactic structures in this language. Since the logic is not semantically
compact, a strongly complete finitary axiomatization is impossible. In-
stead we present, first, a strongly complete infinitary system, and, sec-
ond, a strongly complete finitary system for a slightly weaker variant of
the language.

1 Introduction

Epistemic logic [I,[2] describe the knowledge of one or several agents. The by
far most popular approach to epistemic logic has been to interpret knowledge
as truth in all worlds considered possible. To this end, the formalisms of modal
logic (see, e.g., [3]) are used: the logical language includes formulae of the form
K;¢, and the semantics is defined by Kripke structures describing the possible
worlds. While the modal approach to epistemic logic has been highly successful
in many applications, in some contexts it is less applicable. An example of the
latter is when we need to model the explicit knowledge an agent has computed,
e.g., stored in his knowledge base, at a specific point in time. In modal epistemic
logic, an agent necessarily knows all the logical consequences of his knowledge
— the logical omniscience problem [4]. Furthermore, an agent cannot know a
contradiction without knowing everything. Modal epistemic logic fails as a logic
of the explicitly computed knowledge of real agents, because it assumes a very
particular and extremely powerful mechanism for reasoning. In reality, different
agents have different reasoning mechanisms (e.g. non-monotonic or resource-
bounded) and representations of knowledge (e.g. as propositions or as syntactic
formulae).
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In this paper we study a radically different approach to epistemic logic — the
syntactic approach. In the syntactic approach, a formula K;¢ can be assigned a
truth value independently of the truth value assigned to any other formula of the
form K;v. Thus the syntactic approach allows, e.g., an agent’s knowledge to not
be closed under logical consequence or other conditions, and to contain contra-
dictions. Several logical frameworks modeling agents in general [5], 6, 7,11 8,9],10]
and multi-agent systems in particular [II,[12,[13[I4,15] are based on the syn-
tactic approach. Of particular recent interest has been the body of work on the
Logic of General Awareness [16,[17,[18,[111[T9,20,121], which combine an aware-
ness operator with syntactic semantics with a traditional epistemic operator with
possible worlds semantics.

We use the formalisation of the syntactic approach by [1], called syntactic
structures, and present several new results about the axiomatisation of certain
properties of such structures. A syntactic structure is an isolated abstraction of
syntactic knowledge, but the results we obtain are also relevant for logics with,
e.g., a combination of syntactic and semantic operators.

Knowledge can also be modeled directly by a semantic, rather than a syntac-
tic, approach, by using, e.g., Montague-Scott structures [22]23[24]). Syntactic
structures are generalizations of both Kripke structures and Montague-Scott
structures. The literature contains numerous proposed solutions to the logical
omniscience problem, see, e.g., [25126L[1] for reviews. Wansing [27] shows that
many of these approaches can be modeled using Rantala models [28,29], and
that Rantala models can be seen as the most general models of knowledge. It
is easy to see that syntactic structures are as general as Rantala models; any
Rantala model can be simulated by a syntactic structure. However, syntactic
structures are so general that they have no interesting logical properties that
can be expressed in the traditional language of epistemic logic — indeed, they are
completely axiomatized by propositional logic.

In this paper, in order to be able to express interesting properties of syntactic
structures, we extend the logical language with an epistemic operator v/; for
each agent. 7, X, where X is a finite set of formulae, expresses the fact that
agent ¢ knows at most X. The main problem we consider is the construction of
a strongly complete axiomatization of syntactic structures in this language. A
consequence of the addition of the new operator is that semantic compactness
is lost, and thus that a strongly complete finitary axiomatization is impossible.
Instead we, first, present a strongly complete infinitary system, and, second, a
strongly complete finitary system for syntactic structures for a slightly weaker
variant of the epistemic operators.

Our motivation for pursuing the syntactic approach is not that we view it as
an alternative to the modal approach for all purposes. Rather, we view it as a
complementary approach, which can be more suitable than the modal approach
in some circumstances. A disadvantage of the syntactic approach is that it does
not explain knowledge in terms of more fundamental concepts such as possible
worlds. But on the other hand, in some cases knowledge of formulae is the fun-
damental concept, for example when an agent stores its knowledge as syntactic
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strings in a database. Advantages of the syntactic approach include the fact that
it can be used to model certain types of agents and certain types of situations
which are difficult if not impossible to model with the modal approach; e.g.,
non-ideal — rather than ideal — agents, and situations where we are interested
in explicit — rather than implicit — knowledge. As a concrete example, consider
the explicitly computed knowledge of a (non-ideal) agent at a point in time at
which it has computed p — ¢ and p but not (yet) ¢. The formulae K(p — q),
Kp and =K ¢q can never be true at the same time in modal epistemic logic, but
they can in the syntactic approach.

Rather than dictating the properties of knowledge, the syntactic approach
is a general framework in which different properties can be explored. In this
paper we are interested in logical systems describing syntactic knowledge which
are strongly complete. If these systems are extended with a set of axioms, the
resulting systems are automatically strongly complete with respect to the models
of the axioms. For example, if we want to include the assumption that an agent
cannot know both a formula and its negation at the same time, we can add the
axiom schema K;a — —K;—« to one of the systems we discuss, and the resulting
system will again be strongly complete with respect to syntactic structures with
the mentioned property.

In Section [ syntactic structures based on standard syntactic assignments
and their use in epistemic logic are introduced, before the “at most” operator
/; and its interpretation in syntactic structures are presented in Section [3 The
completeness results are presented in Section[d] and we discuss some related work
and conclude in Sections Bl and [6l We presently define some logical concepts and
terminology used in the remainder.

1.1 Logic

By “a logic” we henceforth mean a language of formulae together with a class
of semantic structures and a satisfiability relation |=. The semantic structures
considered in this paper each have a set of states, and satisfiability relations relate
a formula to a pair consisting of a structure M and a state s of M. A formula
¢ is satisfiable if there is a model M with a state s such that (M,s) E ¢. A
formula ¢ is a (local) logical consequence of a theory (set of formulae) I', I' = ¢,
iff (M,s) = for all ¢ € I implies that (M, s) = ¢. The usual terminology and
notation for Hilbert-style proof systems are used: I' Fg ¢ means that formula
¢ is derivable from theory I' in system S, and when A is a set of formulae,
I' bs A means that I' g 6 for each § € A. We use the following definition
of maximality: a theory in a language L is maximal if it contains either ¢ or
—¢ for each ¢ € L. A logical system is weakly complete, or just complete, if
E ¢ (e 0 E ¢, ¢ is valid) implies Fg ¢ (i.e. O Fs ¢) for all formulae ¢, and
strongly complete if I' = ¢ implies I' g ¢ for all formulae ¢ and theories I'. If a
logic has a (strongly) complete logical system, we say that the logic is (strongly)
complete. A logic is semantically compact if for every theory I', if every finite
subset of I' is satisfiable then I' is satisfiable. It is easy to see that under the
definitions used above:
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Fact 1. A weakly complete logic has a sound and strongly complete finitary
axiomatization iff it is compact.

2 The Epistemic Logic of Syntactic Structures

Syntactic structures are defined, and used to interpret the standard epistemic
language, as follows. Given a number of agents n we write X for the set {1,...,n}.
The standard epistemic language:

Definition 2 (£). Given a set of primitive propositions © and a number of
agents n, £(©,n) (or just £) is the least set such that:

—OeCL
— If ¢, € L then =, (p ANY) € L
—IfgeLandie€ X then K;¢p € L O

The set of epistemic atoms is LA = {K;¢ : ¢ € L,i € X}. An epistemic
formula is a propositional combination of epistemic atoms. A syntactic structure
[1] assigns a truth value to the primitive propositions and epistemic atoms.

Definition 3 (Syntactic Structure). A syntactic structure is a tuple
(S,0)
where S is a set of states and
o(s): @U LA — {true, false}
for each s € S. The function o is called a standard syntactic assignment. O

Satisfaction of an £ formula ¢ by a state s of a syntactic structure M, written
(M, s) = ¢, is defined as follows:

(M,s) =p & a(s)(p) = true

(M, s) = o & (M, s) = ¢

(M,s) = (o AY) < (M,s) = ¢ and (M, s) ¢
(M,s) E Ki¢p & o(s)(K;¢) = true

We note that although [I] define syntactic structures in a possible worlds frame-
work, the question of satisfaction of ¢ in a state s does not depend on any other
state (((S,0),8) E ¢ < (({s},0),s) &= ¢). We nevertheless keep the possible
worlds framework in this paper, while pointing out that it does not play any
significant role, for easier comparison with the standard formalisation. A con-
sequence of this independence of states is the following: if a system is strongly
complete with respect to all syntactic structures, then the system extended with
a set of axioms I is strongly complete with respect to the models of I'. For exam-
ple, a strongly complete system extended with the axiom schema K;a — = K; -«
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will be strongly complete with respect to syntactic structures never assigning
true to both a and —a for any formula « in any state.

Syntactic structures are very general descriptions of knowledge — in fact so
general that no epistemic properties of the class of all syntactic structures can
be described by the standard epistemic language:

Theorem 4. Propositional logic, with substitution instances for the language
L, is sound and complete with respect to syntactic structures. O

In the next section we increase the expressiveness of the epistemic language.

3 Knowing at Most

The formula K;¢ denotes that fact that ¢ knows at least ¢ — he knows ¢ but he
may know more. We can generalize this to finite sets X C £ of formulae:

N X = \{Kip:¢€ X}

representing the fact that ¢ knows at least X. The new operator we introduce
herd] is a dual to A\;, denoting the fact that i knows at most X:

ViX

denotes the fact that every formula an agent knows is included in X, but he may
not know all the formulae in X. If £ was finite, the operator v7; could (like A;)
be defined in terms of Kj;:

ViX = \{~Kip: ¢ € L\ X}

But since £ is not finite (regardless of whether or not © is finite), v/, is not defin-
able by K;. We also use a third, derived, epistemic operator: {$; X = A, X Ay X
meaning that the agent knows exactly X. The extended language is called L.

Definition 5 (L ). Given a set of primitive propositions @, and a number of
agents n, Lo,(0,n) (or just L) is the least set such that:

-O0CLy

— If ¢,9 € L then =¢, (¢ AY) € Ly

If g € £L and i € X then K;¢ € L

If X € p™(L£) and i € ¥ then 7, X € Lo ]

The language L, (©,n) is defined to express properties of syntactic structures
over the language £(©,n) (introduced in Section @), and thus the epistemic

! The ;X operator was also used in a similar logic for the special case of agents
who can know only finitely many formulae at one time in [30]. The results in the
current paper has been used to further investigate the case with the finiteness as-
sumption [31].
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operators K; and s7; operate on formulae from £(©,n). We assume that ©
is countable, and will make use of the fact that it follows that L (O,n) is
(infinitely) countable.

If X is a finite set of L, formulae, we write A; X as discussed above (i.e., as
a shorthand for /\¢eX K;¢). In addition, we use {; X for A; X A v, X, and the
usual derived propositional connectives.

The interpretation of L, in a state s of a syntactic structure M is defined in
the same way as the interpretation of £, with the following clause for the new
epistemic operator:

(M,s) Ev:iX = {p€L:o(s)(K;p) =true} C X
It is easy to see that

(M,s) = LNX & {p€L:0(s)(K;p) =true} D X
(M,s) E0iX &= {p€L:o(s)(K;p) =true} = X

3.1 Properties

The following schemata, where X, Y, Z range over finite sets of formulae and ¢
over single formulae, show some properties of syntactic structures, in the lan-
guage L.

N0 E1l
(DX ADY) — Di(XUY) E2
(ViX AiY) = vi(XNY) E3
(A X AYY) when X ¢V E4
(Vi(Y U{o}) A =Kip) — ViV E5
N X — NY when Y C X KS
ViX = viY when X C Y KG

The properties are self-explanatory. KS and KG stands for knowledge speciali-
sation and generalisation, respectively.
It is straightforward to prove the following.

Lemma 6. [ETHES [KG], are valid. O

4 Axiomatizations of Syntactic Structures

In this section we discuss axiomatizations of syntactic structures in the language
L. The following lemma shows that the logic is not compact, and thus it does
not have a strongly complete finitary axiomatization (Fact [I).
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Lemma 7. The logic of syntactic structures in the language L, is not compact.O
PROOF. Let p € © and let I be the following L, theory:

I = {Kip,~vi{p}} U{-Kid: ¢ # p}

Let I'" be a finite subset of I'y. Clearly, there exists a ¢’ such that =K;¢’ & I".
Let M = ({s},0) be such that o(s)(K;¢) = true iff ¢ = p or ¢ = ¢'. It is easy
to see that (M, s) = I''. If there was some (M’, ") such that (M’,s’) = I, then
(M',s") = = x7; {p} i.e. there must exist a ¢ # p such that o(s)(K;¢) = true —
which contradicts the fact that (M’,s") = —K;¢ for all ¢ # p. Thus, every finite
subset of I is satisfiable, but I} is not.

We present a strongly complete infinitary axiomatization in Section [£Jl Then,
in Section 2] a finitary axiomatization for a slightly weaker language than L,
is proven strongly complete for syntactic structures.

4.1 An Infinitary System

We define a proof system EC* for the language L, by using properties presented
in Section [ as axioms, in addition to propositional logic. In addition, EC*
contains an infinitary derivation clause R* After presenting EC*, the rest of
the section is concerned with proving its strong completeness with respect to the
class of all syntactic structures. This is done by the commonly used strategy of
proving satisfiability of maximal consistent theories. Thus we need an infinitary
variant of the Lindenbaum lemma. However, the usual proof of the Lindenbaum
lemma for finitary systems is not necessarily applicable to infinitary systems.
In order to prove the Lindenbaum lemma for EC*, we use the same strategy
as [32] who prove strong completeness of an infinitary axiomatization of PDL
(there with canonical models). In particular, we use the same way of defining the
derivability relation by using a weakening rule W] and we prove the deduction
theorem in the same way by including a cut rule

Definition 8 (EC*). EC” is a logical system for the language L, having the
following axiom schemata

All substitution instances of tautologies

of propositional calculus Prop
(X ALY when X YV E4
(Vi(Y U{y}) A =Kiy) = VY E5
Vi X — ViY when X CY KG

The derivation relation Fgcw — written -, for simplicity — between sets of L,
formulae and single £, formulae is the smallest relation closed under the fol-
lowing conditions:
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Fo @ when ¢ is an axiom Ax
{¢,0 =} Fu MP
U{ij—>ﬁ i'V:')’%Xj}}_w/\aj—’ViX R*
jeJ jeJ
when X = ﬂ X; and X and J are finite
jeJ
', ¢
W
TUAF, ¢
I, ATUAF, 6
t
b6 Cu

In the above schemata, X, Y, Z, X, range over sets of £ formulae, v over £
formulae, I, A over sets of Ly formulae, ¢, ¥, o; over Ly formulae, i over
agents, and J over sets of indices. O

It is easy to see that [ET] [E2] [E3] and are derivable in EC“.

In order to understand the meaning of the[R¥ rule, first consider the following
instance, obtained by taking J = {1,...,k} and «; to be a tautology for every
j € J, where X,..., X} are arbitrary sets of £ formulae and ¢ an agent:

{("Kiv:iv g Xi}U- UKy v € Xt bovi () X
1<j<k

This expression says that if it is the case that, for each X, the agent (i) does not
know anything which is not in X}, then the agent knows at most the intersection
of X1,...,Xk. The general case when ¢ is not necessarily an tautology is easily
understood in light of this special case: if, for each X, a; implies that 7 does not
know any formula outside X, then the conjunction of a1, ...,y implies that ¢
knows at most the intersection of Xj, ..., Xk.

The use of the weakening rule instead of more general schemata makes induc-
tive proofs easier, but particular derivations can sometimes be more cumbersome.
For example:

Lemma 9.
u{¢}te o R1
Fop — ¢
R2
IU{g}Fo ¢ -
PRrROOF.

byandfu{qﬁ}l—wqﬁbylm
B2 Let o, ¢ — ¢. By [ {9} Fo, 0 — ¢; by P {9 — 6} F, ¢ and thus
{1} o ¢ by [Cull By W] I'U {9} b, ¢.
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In order to prove the Lindenbaum lemma, we need the deduction theorem. The
latter is shown by first proving the following rule.

Lemma 10. The following rule of conditionalization is admissible in EC*.

TUAF, ¢

TU{p—68:6€ A byt — ¢ Cond

O

PrOOF. The proof is by infinitary induction over the derivation I"' U A +,, ¢
(derivations are well-founded). The base cases are [Ax] [MP] and [R¥, and the
inductive steps are [W] and

[Axt I' = A = (. We must show that -, 1 — ¢ when ~, ¢. By W] we get
¢ — (Y — @) by ¢, then ¢, ¢ — (¢ — @) ko, ¥ — ¢ is an instance of [MP]
and by [CHHl we get ¢ — (1 — @) -, ¥ — ¢. By[PTop} Fu ¢ — (1 — 6), s0
by once more we get -, ¥ — o¢.

MPt 'uA ={¢,¢/ — ¢} b ¢. That TU{p —» 6:86 € A} b, ) — ¢ can
be shown for each of the four possible combinations of I" and A in a similar
way to the [AX] case.

m (]5: /\jEJOéj — V1X and 'UA = UjEJ{Oéj — 7 Z‘d)/ : d)/ S ﬁ\XJ} where
J is finite and X = Njc;X; is finite, i.e. there exist for each j € J sets Y
and Z; such that £\ X; =Y, W Z; and

r=J{a; — ~Ki¢' : ¢/ € Y}}

jeg
A= U{aj—>—| @ ¢ € Zj}
jeJ
Let
I'=H{®ray) = ~Kid' : ¢/ €Y}
jeJ
A= | J{W hay) = =K ¢’ € Z;}
jeg

I'uA =Uje{(¥ Nay) — —K;¢' : ¢/ € L\ X;}, and thus I" U A" F,, v/,
where v/ = Ajes(¥ A o) — 7;X, by R¥l By[Wl I"u A’ UT +, 7. By
Fo (O(j — T z¢/) — ((’(/J/\Oéj) — 7 zd)/) for each Qj — 7 i¢/ S F,
and by [R2] (once for each formula in I') A’UT' &, I'. By[Cufl A'UT F,, «/,
and it only remains to convert the conjunctions in A’ and ~’ to implications:
A'UTr'u{y'} by ¢ — ¢ by [Prop|land [R2] and by [Cufl and [W]it follows that
AUT'U{y — 6 :6 € A} b, ¢ — ¢. By[Prop|and[R2] (once of each formula in
A, TU{p - 6:6€ A}k, A and by[Cull TU{¢p — 6:6 € A} o, o — &,
which is the desired conclusion.

Wt I"UA -, ¢ for some I” C I' and A’ C A. By the induction hypothesis
we can use [Cond] to obtain I" U {¢p — § : 6 € A’} +, ¥ — ¢, and thus
ru{yp —6:6e€ A+, — ¢ by[Wl
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T'uAt, A"and TUAUA' F,, ¢, for some A’. By the induction hypothesis
on the first derivation (once for each ' € A"), 'U{yp — 6:6 € A}k, p — ¢
for each ¢’ € A’. By the induction hypothesis on the second derivation,
ru{y —-6:6e AUA}YF, ¢ — ¢. BylCull T'U{ep - 6:6€ A}k, ¢

Theorem 11 (Deduction Theorem). The rule

ru{¢}t ey
'k, o —

is admissible in EC*. O

DT

PROOF. If ' U {¢} F,, 2, then TU{¢ — ¢} Fo, ¢ — ¢ by[Condl I' F, ¢ — ¢
by [Ax] and [W], and thus I" -, ¢ — 1 by [Cutl

Now we are ready to show that consistent theories can be extended to maximal
consistent theories. The proof relies on [DT}

Lemma 12 (Lindenbaum lemma for EC®). If I' is EC*-consistent, then
there exists an Ly -maximal and EC*-consistent I" such that I" C I". O

PROOF. Recall R*

Ul = K0 ¢ X} by N\ o — Vi X.
jeJ jeJ
Formulae which can appear on the right of -, in its instances will be said to

have [R¥-form. A special case of this schema is when A ; @j is a tautology (i.e.,
each «; is), from which

J{Krd: ¥ & X,} Fu VX,
JjeJ

can be obtained. Now, IV D I' is constructed as follows. L, is countable, so
let ¢1, @2, ... be an enumeration of L, respecting the subformula relation (i.e.,
when ¢; is a subformula of ¢; then i < j).

Iy=T
I U{¢ir1} if I Fo iyt
= LU {=¢is1} if I 1A, ¢ir1 and ¢;41 does not have the [R¥-form
ol = Fz U {_‘(bi—&-lkaw} if Fz Vw ¢i+1 and ¢i+1 has the mform, where ¢
s arbitrary such that ¢ € X and I 4, =Kyt
r=Jrn
i=0

The existence of ¢ in the last clause in the definition of I';; is verified as follows:
since Iy H4, ¢it1, there must be, to prevent an application of [R¥| at least one
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a; and ¢ ¢ X such that I; I/, a; — ~Ky1. By construction (and the ordering
of formulae), each «; or its negation is included in I5. If I; F, —a; then also
Iy o oy — — K1, and this would be the case also if I ., =K. So I} F, o
and I H, ~Ky1.

It is easy to see that I” is maximal.

We show that each I; is consistent, by induction over i. For the base case, I
is consistent by assumption. For the inductive case, assume that I is consistent.
I';41 is constructed by one of the three cases in the definition:

1. I';4; is obviously consistent.

2. If Fi+1 = Fz @] {_‘(bi-&-l} l_u J_, then Fz }_w ¢i+1 by m and contra-
dicting the assumption in this case.

3. Consider first the special case (when all ; are tautologies). Assume that
Ty =L U{= v X, Kgp} F, L. Then T b, Kptp — 71X by [DT] and
[Prop|and by [E4] since ¢ & X, I b, Kptp — ~7x X, and thus I -, Ky
contradicting the assumption in this case.

In the general case, assume that ;41 = Fiu{ﬁ(/\j o — kX)), Ky} o L:

i Then I F, Kgyp — (—|(/\j aj — VpX) — 1), ie, I} by, Kpp —
(/\j o — ka), i.e., Fi l—w /\j o — (ka — ka)

ii By assumption in the construction, I3 i/, —(A; ;) (for otherwise it
would prove A\, a; — v X), but since A; a; (as well as each a;) is a
subformula of ¢;41, it or its negation is already included in I5. But this
means that I; /\j a;. Combined with (i), this gives I b, Kpyp —
VX, ie, I F, " Ky Ve X.

iii On the other hand, by [E4] since ¢ € X : I; o, =(Kp A v X), ie.,
I b, 7Kgy V-7 X. Combined with (ii) this means that I -, K1),
but this contradicts the assumption in the construction of I541.

Thus each I is consistent.
To show that I" is consistent, we first show that

IMMby¢=(I"CI'=¢el) (1)

holds for all derivations I'” ., ¢, by induction over the derivation. The base
cases are [Ax] [MP] and [R¥ and the inductive steps are [W] and Let i be
the index of the formula ¢, i.e. ¢ = ¢;.

[Axtk If -, ¢, then ¢ € I; by the first case in the definition of I5.

" ={¢,¢ — ¢}. I I’ C I, there exists k,l such that ¢/ € I, and
¢ — el Ifp &I’ ~¢p e I by maximality, i.e. there exists a m such that
¢ € Iy, But then —¢,¢",¢" — ¢ € Iyax(k,i,m), contradicting consistency
of Fmax(k,l,m) .

R*: I = Ujes{ay — -Kp : ¢ & X;} and ¢ = A\;ja; — X, where
X =(;X;,and I'"" C I". If ¢ ¢ I"" then, by maximality, ~¢ € I"", and thus
—¢ € I;. Then, by construction of I, I;_1 V£, ¢ (otherwise ¢ € I'') and
Ky € I for some ¢ ¢ X. By the same argument as in point Bl(ii) above,
I; Fo A\ aj, and hence also I k-, A; a;. But then, for an appropriate m
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(namely, for which ¢, = o;j — “Kp¥): I'o1 Fo a; and Tpoq by K,
ie., =(a; — ~Kyy) € Iy, and so a; — — Ky ¢ I, which contradicts the
assumption that I C I".

Wt I =I1"UA and I'" -, ¢. f I’ C I'", I'"" C I' and by the induction
hypothesis ¢ € I".

I'"bF, Aand I'"U A, ¢. Let I C I". By the induction hypothesis
on the first derivation (once for each of the formulae in A), A C I''. Then
I'"UA C I, and by the induction hypothesis on the second derivation
el

Thus () holds for all I'" F, ¢; particularly for I'" b, ¢. Consistency of I’
follows: if I'" -, L, then 1 € I, i.e. L € I} for some [, contradicting the fact
that each I is consistent.

The following Lemma is needed in the proof of the thereafter following Lemma
stating satisfiability of maximal consistent theories.

Lemma 13. Let I" C Ly be an Ly-maximal and EC“-consistent theory. If
there exists an X’ such that I'" +, s7;X’, then there exists an X such that
Iy, $iX. 0

PROOF. Let I'"” be maximal consistent, and let I F, 7; X’. Let

X = N Y

YCX’ and Ik, v:Y

Since every Y is included in the finite set X', X is finite, and I"" F,, 7; X can
be obtained by a finite number of applications of [E3l Let

z= |\J v

Iy Y
If I+, A;Y,then Y C X, since otherwise I'"” would be inconsistent by [E4l Thus
Z is finite. By a finite number of applications of [E2, I b, A;Z. If Z ¢ X, then
I'" would be inconsistent by [E4], so Z C X. We now show that X C Z. Assume
the opposite: ¢ € X but ¢ € Z for some ¢. Let X~ = X \ {¢}. I'" A, K9,
since otherwise ¢ € Z by definition of Z. By maximality, I +, —K;¢. By [Ef
I'" b, v:X~ — but by construction of X it follows that X C X~ which is a
contradiction. Thus, X = Z, and I'' F,, {; X.

Lemma 14. Every maximal EC*-consistent L, theory is satisfiable. a

PROOF. Let I' be maximal and consistent. We construct the following syntactic
structure, which is intended to satisfy I
MP = ({s},0")
ol'(s)(p) =true & I' -, p when p € ©
ol'(s)(Ki¢) = true & ¢ € X[
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where:

xT _ Z where I' b, $;Z if there is an X’ such that I' -, v, X’
T\ {y e Ky} otherwise

In the definition of Xip, the existence of a Z such that that I" -, $;Z in the
case that there exists an X’ such that I' b, 7; X’ is guaranteed by Lemma [T3
We show, by structural induction over ¢, that

(M',s)Edp<=Tt,0¢ (2)

This is a stronger statement than the lemma; the lemma is given by the direction
to the left. We use three base cases: when ¢ is in @, ¢ = K;3 and ¢ = v/; X. The
first base case and the two inductive steps negation and conjunction are trivial,
so we show only the two interesting base cases. For each base case we consider
the situations when X/ is given by a) the first and b) the second case in its
definition.

- ¢=Ki: (M",s) F Ki iff o € X[
=) Letvy € X! . Incasea), X! = Z where I' -, {; Z and by[KS| I" I, K;%.
In case b), I' -, K3 by construction of X7 .
<) Let I' by, K. In case a), I' b, 7;Z and thus ¢ € Z = X! by [E4 and
consistency of I'. In case b), ¥ € X! by construction.
— o= X: (M )s) B X iff XI'C X.
=) Let XiF C X.In case a), I' b, $;Z where Z = XZ»F CX,sol'k, v:X
by [KGl In case b), X/ must be finite, since X is finite. For any v ¢ X1,
I' i/, K by construction of X/, and I" -, =K;% by maximality. Thus,
by R¥ (with J = {1}, q = T and X; = X/), I' I, v: X/, contradicting
the assumption in case b). Thus, case b) is impossible.
<) Let I' by, v;X. In case a), I' -, A;Z and by [E4] and consistency of I’
XI'"= 7 C X. Case b) is impossible by definition.

Theorem 15. FC* is a sound and strongly complete axiomatization of syntactic
structures, in the language L. |

PROOF. Soundness follows from Lemma [0l and the easily seen facts that I = ¢
for every instance I' F,, ¢ of both[MP]and of[R¥ and that [W]and [Cut] preserve
logical consequence, by induction over the definition of the derivation relation.
Strong completeness follows from Lemmas [[2] and [I41

4.2 A System for a Weaker Language

In the previous section we proved strong completeness of EC* by using [R¥
It turns out that strong completeness can be proved without [R¥ if we restrict
the logical language slightly. The restriction is that for some arbitrary primitive
proposition p € 6O, K;p and v7; X are not well-formed formulae for any i and
any X with p € X. The semantics is not changed; we are still interpreting the
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language in syntactic structures over £(©,n) as described in Sections [2 and Bl
Thus, in the restricted logic agents can know something which is not expressible
in the logical language.

[,pv C Ly is the restricted language for a given primitive proposition p.

Definition 16 (ET;). Given a set of primitive propositions @, a proposition
p € © and a number of agents n, LT (6,n) (or just L) is the least set such
that:

-ecc
If ¢, € LY, then =¢, (¢ AY) € LY,
If ¢ € (C\ {p}) and i € X' then K;¢ € LT,
— If X € pf™(£\ p) and i € ¥ then 7, X € L, O

The finitary logical system EC? is defined by the same axiom schemata as EC*.
The two systems do not, however, have the same axioms since they are defined for
different languages — the extensions of the schemata are different. The derivation
relation for EC? is defined by the axioms and the derivation rule modus ponens.
Particularly, the infinitary derivation clause [R* from EC* is not included.

Definition 17 (EC?). EC? is the logical system for the language E’; consisting
of the following axiom schemata:

All substitution instances of tautologies

of propositional calculus Prop
(L X ALY when X YV E4
(ViY U{vH) A-Kiy) — VY E5
Vi X — ViY when X CY KG

The derivation relation s — written -5 for simplicity — between sets of Eﬁv for-

mulae and single [,ﬁv formulae is the smallest relation closed under the following
conditions:

I't5 ¢ when ¢ € I Prem
I'5 ¢ when ¢ is an axiom Ax
g6, T by o= P

' O

It is easy to see that [E1] [E2] [E3] and [DT] are derivable in EC*.

The restriction E% C Ly is sufficient to prove strong completeness without
[R¥ in a manner very similar to the proof in Section EIl The first step, existence
of maximal consistent extensions, can now be proved by the standard proof since
the system is finitary.

Lemma 18 (Lindenbaum lemma for EC?). If ' is ECP-consistent, then
there exists an [%—maximal and ECP-consistent IV such that I" C I". O
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Second, we establish the result corresponding to Lemma [[3] for Eﬁv and ECP.

Lemma 19. Let [ C [,ﬁv be a [,ﬁv—maximal and ECP-consistent theory. If there
exists a X’ such that I F; 7, X', then there exists a X such that I 5 $; X.0

PROOF. The proof is essentially the same as for Lemma [T3] for the language [,ﬁv
instead of Lo (note that in that proof we did not rely on [R¥ and that p ¢ X
since X C X’).

Third, we show satisfiability.

Lemma 20. Every maximal EC?-consistent Eﬁv theory is satisfiable. |

PROOF. Let I' be maximal and consistent. The proof is very similar to that
of the corresponding result for EC* (Lemma [I4]). We construct the following
syntactic structure, which is intended to satisfy I":

ME = ({s},o")
ol (s)(p) =true & I' -; p when p € ©
ol'(s)(Ki¢) = true & ¢ € X[

where:

Z where I' b5 & Z  if there is an X' such that I' Fp 7, X’
X =S {v: 't Ky U{p}if Vo It/ ;X" and UF,_ﬁAiY Y is finite
{v:TFs Kiv} if Vx/ I' /5 <7: X’ and UI“F,;AiY Y is infinite

The existence of Z is guaranteed by Lemma [I9] and, again, we show, by struc-
tural induction over ¢, that

(MU s) o= TFs6 3)

for all ¢ € [,ﬁv. As in the proof of Lemma [[4] we only show the epistemic base
cases. For each base case we consider the situations when

a) there is an X’ such that I' 5 7, X’ or
b) I't/; <7: X’ for every X'

corresponding to the first and to the second and third cases in the definition of
X7F respectively.

- ¢=Ki: (M",s) F K iff o € X[
=) Let € X/ . Incasea), X/ = Z where I' - {;Z and by [KS| I' b5 K.
In case b), ¢ # p (since K9 € /.Zﬁv) and thus I' 5 K;1) by construction
of XT.
<) Let I' b5 K3, In case a), I' b5 v7;Z and thus ¢ € Z = X/ by [E4 and
consistency of I'. In case b), ¥ € X! by construction.
— o= X: (MT)s) v X iff X' C X.
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=) Let XiF C X. In case a), I' Fp $;Z where Z = XiF CX,s0l'Fp X
by [KGl In case b), if p € X/ then p € X which is impossible since y7; X
is a formula. But if p ¢ X then X/ is infinite (by construction) which
is also impossible since X is finite — thus case b) is impossible.

<) Let I' b5 7, X. In case a), I' 3 A;Z and by [E4 and consistency of I’
XI"=7 C X. Case b) is impossible by definition.

Theorem 21. EC? is a sound and strongly complete axiomatization of syntactic
structures, in the language [,pv. O

PROOF. Soundness follows from the soundness of EC*“ and the fact that I' k5 ¢
implies I" -, ¢, the latter which can be seen by induction on the length of a
proof in EC? (every £? formula is also a Lo, formula): the base case [Preml
follows by R1 (Lemma%l), the base case [Ax] follows by [Ax] and [W] and the
inductive case [MP] follows by [MP], [W] and Strong completeness follows
from Lemmas 20 and [T8

5 Only Knowing

Apart from the syntactic approaches mentioned in the introduction, the work
maybe most closely related to the ideas discussed in this paper is the body of
work on only knowing [33] which try to model concepts similar to our “knowing
at most” and “knowing exactly”. Here, we compare these ideas.

Several authors have analyzed the knowledge state of an agent who knows a
(set of) formula(e) [34L35L[36,[37]. Levesque [33] introduced a logic in which only
knowing can be expressed in the logical language. Briefly speaking, Levesque’s
language is of first ordef] and has two unary epistemic connectives B and O
Semantically, a world is a truth assignment to the primitive sentences, and sat-
isfaction of a formula is defined relative to a pair W,w where W is the set of
worlds the agent considers possible and w is the “real” worldd (the world corre-
sponding to the correct state of affairs). A sentence Ba is true in W, w iff « is
true in W, w’ for every w’ € W; B is the traditional belief/knowledge operator
in modal epistemic logic. A sentence Oq is true in W, w iff Ba is true in W, w
and w' € W for every w’ such that « is true in W, w’. O« expresses that the
agent only knows «; the set of possible worlds is as large as possible consistent
with believing a. The O operator can be modeled by a “natural dual” to the
B operator — an operator N. The intended meaning of Na is that « at most
is believed to be false, and Na is true in W, w iff « is true in W, w’ for every
w’ € W. Then, O« is true iff Ba and N—-a is true; B specifies a lower bound
and N specifies an upper bound on what is believed.

2 The logic was only shown to be complete for the unquantified version of the language,
the full version was later shown to be incomplete [38].

3 Levesque only considers a single agent, but his approach has later been extended to
the multi-agent case [39].

4 Note that this corresponds to the semantical assumptions of the modal logic S5 for
one agent.
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Levesque’s logic of only knowing and the extended syntactic epistemic logic
we have discussed in this paper set out to model similar concepts, i.e. all an
agent knows — expressed as Oa by Levesque and $X by us (for simplicity,
we here assume the single-agent case and write the epistemic operators without
subscript). In order to compare these two notions, we take a closer look at a
possible correspondence between the operators N and /.

The first question is whether given a formula « there is an X such that 7.X
corresponds to Na. The intended interpretation of N is that the agent “knows
at most —a”, so “corresponds” should at least require that -« € X. However,
the following is a sound inference rule in Levesque’s logic:

a—f
Na — Ng

and it should thus be the case that =3 € X too. That does not follow automat-
ically in our logic, and we cannot define X to include all such —fs since there
are infinitely many and X must be finite. Thus, we cannot express Na directly
by 7 X.

The second question is the other direction: given a set X, is there an a such
that Na corresponds to 57X ? Again, we should at least require N— A X to hold,
since otherwise the agent might know something which is not specified by X.
It follows that, to get the proper semantics for negation, we should require that
—~IN- A X holds whenever — 7 X holds. But take X such that the conjunction
is an inconsistency: A X = L. Now N—_1 does hold — but it holds trivially: it
is in fact valid in Levesque’s logic. So if = 57 X, for the given X, it can never
be the case that -N— A X holds. Thus, for inconsistent X, these two formulae
v X and Na do not have corresponding semantics since the latter can never be
false while the former can. In other words, we cannot express \7X directly by
Na, either.

As an illustration of a situation where our <) operator might express an agent’s
knowledge more realistically than the O operator is when we want to model an
agent’s explicit knowledge at a point in time when it has computed only the
formulae p — ¢ and p (and not yet q). From O((p — ¢) A p) it follows that Bg
— which is not true — but from ${p — ¢,p} it does not follow that Kgq.

Although these observations are not a full formal analysis of the respective ex-
pressive power of the two logics, they seem to confirm the idea that the syntactic
and semantic approaches are fundamentally different.

6 Conclusions

In this paper we investigated syntactic operators, similar to those used in several
logical models of multi-agent systems such as the logic of general awareness [11].

We introduced a “knows at most” operator in order to increase the expressive-
ness of the epistemic language with respect to syntactic structures, and investi-
gated strong axiomatization of the resulting logic. The new operator destroyed
semantic compactness and thus the possibility of a strongly complete finitary
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axiomatization, but we presented a strongly complete infinitary axiomatization.
An interesting result is that we have a strongly complete finitary axiomatization
if we make the assumption that the agents can know something which is not
expressible in the logical language. The results are a contribution to the logical
foundation of multi-agent systems.

Related work include the classical syntactic treatment of knowledge mentioned
in the introduction and modeled in a possible worlds framework by [I] as de-
scribed in Section [2I The 7; operator is new in the context of syntactic models.
It is however, as we discussed in Section [ similar to Levesque’s N operator
[33]. Although a full formal comparison between the relative expressive power of
these two logics are outside the scope of this paper, and is left as an opportunity
for future work, the discussion in Section [ indicates that despite apparent sim-
ilarities the syntactic and the semantic approaches are fundamentally different
— also when it comes to “only knowing”. We saw that a correspondence be-
tween the operators was obstructed by that fact that the syntactic logic has no
closure condition (in the first “question” in Section Bl and the fact that it has
no consistency condition (in the second “question” in Section [B]). The syntactic
“at most” operator is an alternative to the “only knowing” operator when these
two conditions cannot be assumed.

In [31] we investigate the A\; and v7; operators in the special case of agents who
can know only finitely many syntactic formulae at the same time. Completeness
results for such finitely restricted agents build upon the results presented in this
paper. Another possibility for future work is to study other special classes of
syntactic structures.

In this paper we have only studied the static aspect of syntactic knowledge.
In [I4], we discuss how syntactic knowledge can evolve as a result of reasoning
and communication, i.e. a dynamic aspect of knowledge.
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