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Abstract. We study scheduling problems in battery-operated comput-
ing devices, aiming at schedules with low total energy consumption.
While most of the previous work has focused on finding feasible schedules
in deadline-based settings, in this paper we are interested in schedules
that guarantee good response times. More specifically, our goal is to
schedule a sequence of jobs on a variable speed processor so as to min-
imize the total cost consisting of the power consumption and the total
flow time of all the jobs. We first show that when the amount of work,
for any job, may take an arbitrary value, then no online algorithm can
achieve a constant competitive ratio. Therefore, most of the paper is
concerned with unit-size jobs. We devise a deterministic constant com-
petitive online algorithm and show that the offline problem can be solved
in polynomial time.

1 Introduction

Embedded systems and portable devices play an ever-increasing role in every
day life. Prominent examples are mobile phones, palmtops and laptop computers
that are used by a significant fraction of the population today. Many of these
devices are battery-operated so that effective power management strategies are
essential to guarantee a good performance and availability of the systems. The
microprocessors built into these devices can typically perform tasks at different
speeds — the higher the speed, the higher the power consumption is. As a result,
there has recently been considerable research interest in dynamic speed scaling
strategies; we refer the reader to [IL2L[3[7[T0,[I3] for a selection of the papers
that have been published in algorithms conferences.

Most of the previous work considers a scenario where a sequence of jobs,
each specified by a release time, a deadline and an amount of work that must
be performed to complete the task, has to be scheduled on a single processor.
The processor may run at variable speed. At speed s, the power consumption is
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P(s) = s™ per time unit, where @ > 1 is a constant. The goal is to find a feasible
schedule such that the total power consumption over the entire time horizon is
as small as possible. While this basic framework gives insight into effective power
conservation, it ignores the important aspect that users typically expect good
response times for their jobs. Furthermore, in many computational systems, jobs
are not labeled with deadlines. For example, operating systems such as Window
and Unix installed on laptops do not employ deadline-based scheduling.

Therefore, in this paper, we study algorithms that minimize energy usage
and at the same time guarantee good response times. In the scientific literature,
response time is modeled as flow time. The flow time of a job is the length of
the time interval between the release time and the completion time of the job.
Unfortunately, energy minimization and flow time minimization are orthogonal
objectives. To save energy, the processor should run at low speed, which yields
high flow times. On the other hand, to ensure small flow times, the processor
should run at high speed, which results in a high energy consumption. In or-
der to overcome this conflict, Pruhs et al. [10] recently studied the problem of
minimizing the average flow time of a sequence of jobs when a fized amount
of energy is available. They presented a polynomial time offline algorithm for
unit-size jobs. However, it is not clear how to handle the online scenario where
jobs arrival times are unknown.

Instead, in this paper, we propose a different approach to integrate energy
and flow time minimization: We seek schedules that minimize the total cost con-
sisting of the power consumption and the flow times of jobs. More specifically,
a sequence of jobs, each specified by an amount of work, arrives over time and
must be scheduled on one processor. Preemption of jobs is not allowed. The goal
is to dynamically set the speed of the processor so as to minimize the sum of
(a) the total power consumption and (b) the total flow times of all the jobs. Such
combined objective functions have been studied for many other bicriteria opti-
mization problems with orthogonal objectives. The papers [5L[8], e.g., consider a
TCP acknowledgement problem, minimizing the sum of acknowledgement costs
and acknowledgement delays incurred for data packets. In [6] the authors study
network design and minimize the total hardware and QoS costs. More generally,
in the classical facility location problem, one minimizes the sum of the facility
installation and total client service costs, see [4,[0] for surveys.

For our energy/flow-time minimization problem, we are interested in both
online and offline algorithms. Following [IT], an online algorithm A is said to be
c-competitive if there exists a constant a such that, for all job sequences o, the
total cost A(o) satisfies A(o) < ¢- OPT(0) + a, where OPT(0) is the cost of an
optimal offline algorithm.

Previous work: In their seminal paper, Yao et al. [I3] introduced the basic
problem of scheduling a sequence of jobs, each having a release time, a deadline
and a certain workload, so as to minimize the energy usage. Here, preemption of
jobs is allowed. Yao et al. showed that the offline problem can be solved optimally
in polynomial time and presented two online algorithms called Average Rate and
Optimal Available. They analyzed Average Rate, for « > 2, and proved an upper
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bound of 2*a® and a lower bound of a® on the competitiveness. Bansal et al. [2]
studied Optimal Available and showed that its competitive ratio is exactly a®.
Furthermore, they developed a new algorithm that achieves a competitiveness
of 2(a/(av — 1))*e® and proved that any randomized online algorithm has a
performance ratio of at least £2((4/3)%).

Irani et al. [7] studied an extended scenario where the processor can be put into
a low-power sleep state when idle. They gave an offline algorithm that achieves
a 3-approximation and developed a general strategy that transforms an online
algorithm for the setting without sleep state into an online algorithm for the
setting with sleep state. They obtain constant competitive online algorithms, but
the constants are large. For the famous cube root rule P(s) = s3, the competitive
ratio is 540. The factor can be reduced to 84, see [2]. Settings with several
sleep states were considered in [I]. Speed scaling to minimize the maximum
temperature of a processor was addressed in [2]3].

As mentioned above, Pruhs et al. [10] study the problem of minimizing the
average flow time of jobs given a fixed amount of energy. For unit-size jobs,
they devise a polynomial time algorithm that simultaneously computes, for each
possible energy level, the schedule with smallest average flow time.

Our contribution: We investigate the problem of scheduling a sequence of n
jobs on a variable speed processor so as to minimize the total cost consisting of
the power consumption and the flow times of jobs. We first show that when the
amount of work, for any job, may take an arbitrary value, then any determin-
istic online algorithm has a competitive ratio of at least 2(n'~1/®). This result
implies that speed scaling does not help to overcome bad scheduling decisions:
It is well-known that in standard scheduling, no online algorithm for flow time
minimization can be better than 2(n)-competitive. Our lower bound, allowing
speed scaling, is almost as high.

Because of the 2(n'~1/%) lower bound, most of our paper is concerned with
unit-size jobs. We develop a deterministic phase-based online algorithm that
achieves a constant competitive ratio. The algorithm is simple and requires
scheduling decisions to be made only every once in a while, which is advan-
tageous in low-power devices. Initially, the algorithm computes a schedule for
the first batch of jobs released at time 0. While these jobs are being processed,
the algorithm collects the new jobs that arrive in the meantime. Once the first
batch of jobs is finished, the algorithm computes a schedule for the second batch.
This process repeats until no more jobs arrive. Within each batch the processing
speeds are easy to determine. When there are 7 unfinished jobs in the batch,
the speed is set to $/i/c, where ¢ is a constant that depends on the value
of a. We prove that the competitive ratio of our algorithm is upper bounded
by 8.3e(1 + @)%, where @ = (1 +1/5)/2 ~ 1.618 is the Golden Ratio. We re-
mark that a phase-based scheduling algorithm was also used in makespan min-
imization on parallel machines [12]. However, for our problem, the scheduling
strategy within the phases and the analysis techniques employed are completely
different.
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Furthermore, in this paper we develop a polynomial time algorithm for com-
puting an optimal offline schedule. We would like to point out that we could use
the algorithm by Pruhs et al. [I0], but this would yield a rather complicated al-
gorithm for our problem. Instead, we design a simple, direct algorithm based on
dynamic programming. Our approach can also be used to address the problem
of Pruhs et al., i.e. we are able to determine a schedule with minimum flow time
given a fixed amount of enery. This can be seen as an additional advantage of
our new objective function.

2 Preliminaries

Consider a sequence of jobs ¢ = 01,...,0, which are to be scheduled on one
processor. Job o; is released at time r; and requires p; CPU cycles. We assume
ry = 0 and r; < riqq, for i = 1,...,n — 1. A schedule S specifies, for each

job oy, a time interval I; and a speed s; such that o; is processed at speed s;
continuously, without interruption, throughout I;. Let P(s) = s be the power
consumption per time unit of the CPU depending on s. The constant a > 1
is a real number. As P(s) is convex, we may assume w.l.o.g. that each o; is
processed at a constant speed s;. A schedule S is feasible if, for any 4, interval
I; starts no earlier than r;, and the processing requirements are met, i.e. p; =
si|I;|. Here |I;| denotes the length of I;,. Furthermore, in a feasible schedule
S the intervals I; must be non-overlapping. The energy consumption of § is
E(S) = Y1, P(s;)|L;|. For any i, let ¢; be the completion time of job 4, i.e. ¢;
is equal to the end of I;. The flow time of job i is f; = ¢; — r; and the flow time
of 8 is given by F(S) = Y., fi. We seek schedules S that minimize the sum
9(8) = E(S) + F(S).

3 Arbitrary Size Jobs

We show that if the jobs’ processing requirements may take arbitrary values,
then no online algorithm can achieve a bounded competitive ratio. The proof of
the following theorem is omitted due to space constraints.

Theorem 1. The competitive ratio of any deterministic online algorithm is
Q(nlfl/o‘) if the processing requirements p1, ..., p, may take arbitrary values.

4 An Online Algorithm for Unit-Size Jobs

In this section we study the case that the processing requirements of all jobs are
the same, i.e. p; = 1, for all jobs. We develop a deterministic online algorithm
that achieves a constant competitive ratio, for all a. The algorithm is called
Phasebal and aims at balancing the incurred power consumption with the gen-
erated flow time. If « is small, then the ratio is roughly 1: o — 1. If « is large,
then the ratio is 1 : 1. As the name suggests, the algorithm operates in phases.



Energy-Efficient Algorithms for Flow Time Minimization 625

Let ny be the number of jobs that are released initially at time ¢ = 0. In the first
phase Phasebal processes these jobs in an optimal or nearly optimal way, ignor-
ing jobs that may arrive in the meantime. More precisely, the speed sequence for
the ny jobs is ﬁ“/nl/c, i’/(nl —1)/e,. .., {/1/0, i.e. the j-th of these ni jobs is
executed at speed \/(nl —j+1)/cfor j=1,...,n1. Here ¢ is a constant that
depends on «. Let my be the number of jobs that arrive in phase 1. Phasebal
processes these jobs in a second phase. In general, in phase i Phasebal schedules
the n; jobs that arrived in phase ¢ — 1 using the speed sequence “{/(n2 —j+1)/c
for j =1,...,n;. Again, jobs that arrive during the phase are ignored until the
end of the phase. A formal description of the algorithm is as follows.

Algorithm Phasebal: If o < (19 4 v/161)/10, then set ¢ := a — 1; otherwise
set ¢ := 1. Let ny be the number of jobs arriving at time ¢t = 0 and set ¢ = 1.
While n; > 0, execute the following two steps: (1) For j = 1,...,n;, process the
j-th job using a speed of {/(n; —j + 1)/c. We refer to this entire time interval
as phase i. (2) Let n;11 be the number of jobs that arrive in phase i and set
1:=1+ 1.

Theorem 2. Phasebal has a competitiveness of at most (1+®)(1 4P a1 yla=1)

e min{307F o+ 1Y, where @ = (1+v/5)/2 ~ 1.618.

e
(a—1
Before proving Theorem B we briefly discuss the competitiveness. We first ob-
serve that (a_oi;!u,l < ea.. Moreover, O‘(;;O‘_]Q) is increasing in o, while ,1* + **
is decreasing in «. Standard algebraic manipulations show that the latter two
expressions are equal for ap = (19 4+ v/161)/10. Thus, the competitive ratio is
upper bounded by (1 + @)O‘eaoéig‘:z) < (14 P)*e-8.22.

In the remainder of this section we will analyze Phasebal. The global analysis
consists of two cases. We will first address ¢ = 1 and then ¢ = o — 1. In each case
we first upper bound the total cost incurred by Phasebal and then lower bound
the cost of an optimal schedule. In the case ¢ = 1 we will consider a pseudo-
optimal algorithm that operates with similar speeds as Phasebal. We will prove
that the cost of such a pseudo-optimal algorithm is at most a factor of 2 away
from the true optimum. In any case we will show that an optimal or pseudo-
optimal algorithm finishes jobs no later than Phasebal. This property will be
crucial to determine the time intervals in which optimal schedules process jobs
and to lower bound the corresponding speeds. These speed bounds will then
allow us to estimate the optimal cost and to finally compare it to the online
cost.

Let tg = 0 and ¢; be the time when phase i ends, i.e. the n; jobs released
during phase i — 1 (released initially, if ¢« = 1) are processed in the time interval
[ti—1,t;), which constitutes phase i. Given a job sequence o, let Spp be the
schedule of Phasebal and let Sppr be an optimal schedule.

Case 1: c=1 We start by analyzing the cost and time horizon of Spp.
Suppose that there are k phases, i.e. no new jobs arrive in phase k. In phase i
the algorithm needs 1/ {/n; — j + 1 time units to complete the j-th job. Thus
the power consumption in the phase is
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S(/ni =i+ 1) W/mi =+ 1=3 (= j 1)
j=1 j=1

<L Y )
The length of phase 7 is

Uz

T(ni) =3 1/%/ni—j+1< % n V" (1)
j=1
As for the flow time, the n; jobs scheduled in the phase incur a flow time of

ng

Si— g+ 1)/ /ni—j+1<,0 T~ 1) pal TV
j=1

while the n;y1 jobs released during the phase incur a flow time of at most n;41
times the length of the phase. We obtain

k k-1
21 1-1 1-1
9(Spp) < § : (2021 ( e —1)+2n, /a)JF § :”i+1ac—E1”i e
P i=1

The second sum is bounded by Z
and we conclude

max{n,,nH_l}Z 1ag Z 20 TL2 1/

zlal 1=1a—1

k
g(SPB) < QZ(zaa_l(n?—l/a . 1) +n3_1/a + @ n?—l/a)' (2)

a—1""1
i=1

We next lower bound the cost of an optimal schedule. As mentioned before,
it will be convenient to consider a pseudo-optimal schedule Spopr. This is the
best schedule that satisfies the constraint that, at any time, if there are ¢ active
jobs, then the processor speed is at least ¥/¢. We call a job active if it has arrived
but is not yet finished. In the next lemma we show that the objective function
value g(Spopr) is not far from the true optimum ¢g(Sopr).

Lemma 1. For any job sequence, g(Spopr) < 29(Sopr).

Proof. Consider the optimal schedule g(Sopr). We may assume w.l.o.g. that in
this schedule the speed only changes when a jobs gets finished of new jobs arrive.
We partition the time horizon of Sppr into a sequence of intervals I, ..., I,
such that, for any such interval, the number of active jobs does not change.
Let E(I;) and F(I;) be the energy consumption and flow time, respectively,
generated in I;, ¢ = 1,...,m. We have E(I;) = s6; and F'(I;) = ¢;6;, where s; is
the speed, ¢; is the number of active jobs in I; and §; is the length of I;. Clearly
9(Sorr) = X (E(L) + F(L,)).

Now we change Sopr as follows. In any interval I; with s; < {/¢; we increase
the speed to ¢/¢;, incurring an energy consumption of ¢;6;, which is equal to
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F(I;) in original schedule Sppr. In this modification step, the flow time of jobs
can only decrease. Because of the increased speed, the processor may run out of
jobs in some intervals. Then the processor is simply idle. We obtain a schedule
whose cost is bounded by > I" | (E(I;) 4+ 2F(I;)) < 29(Sopr) and that satisfies
the constraint that the processor speed it at least ¥/¢ in intervals with ¢ active
job. Hence g(Spopr) < 29(Sopr). O

The next lemma shows that in Spopr jobs finish no later than in Spg.

Lemma 2. For c=1, in Spopr the ni jobs released at time ty are finished by
time t1 and the n; jobs released during phase i — 1 are finished by time t;, for
1=2,...,k.

Proof. We show the lemma inductively. As for the n; jobs released at time
to, the schedule Spopr processes the j-th of these jobs at a speed of at least
¢/n1 — j + 1 because there are at least n — j + 1 active jobs. Thus the ny jobs
are completed no later than Z;L;1 1/¢/n1 — j + 1, which is equal to the length
of the first phase, see ().

Now suppose that jobs released by time t;_; are finished by time ¢; and
consider the n;y1 jobs released in phase i. At time ¢; there are at most these
n;+1 jobs unfinished. Let n; 1 be the actual number of active jobs at that time.
Again, the j-th of these jobs is processed at a speed of at least (n; 1 —j+1)"* so
that the execution of these n;,1 jobs ends no later than Z;L:ll (nig1 —j+1)"e
and this sum is not larger than the length of phase i + 1, see (). a

Lemma 3. If a schedule has to process { jobs during a time period of length
T < UX/a — 1, then its total cost is at least FLAT(¢,T) > (¢/T)*T +T.

The proof is omitted.

Lemma 4. Fora > 2, there holds g(Spopr)> C'~*(1+®) ! (14-$/Ga-1)l-«
Z?Zl n27 e 4 Zle T(ni), where C = a/(a — 1) and & = (1 + /5)/2.

7

Proof. By Lemma ] for ¢ > 2, the n; jobs arriving in phase ¢ — 1 are finished
by time t; in Spopr. Thus Spopr processes these jobs in a window of length at
most T'(n;—1) +T(n;). Let T'(n;) = min{T (n;—1) +T(n;),n; ¥ — 1}. Applying
Lemma [3] we obtain that the n; jobs incur a cost of at least

@me-t T 2 i,y 3 gt TT0)
= (T(n;—1) +ZT(ni))a71 + T'(n;).

The last inequality holds because T'(n;) < n; < n; ¢a —1, for a > 2 and hence
T'(n;) > T(n;). Similarly, for the ny jobs released at time ¢ = 0, the cost it at
least n$/(T(n1))*~! + T'(n1). Summing up, the total cost of Spopr is at least

k o k

(T(”S)ail *2 (T'(ni-1) JFiT(”i))a*l + 2T,

i=2 i=1
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In the following we show that the first two terms in the above expression are

at least C1=(1 + @)1 (1 + ¢/ Ga—D)lma sk p2-1/a which establishes the
1-1/a

lemma to be proven. Since T'(n;) < Cn; , it suffices to show

(1 +@)(1 +@a/(2a—1))a—l

k
> Y nlte (3)

To this end we partition the sequence of job numbers ni,...,n; into subse-
quences such that, within each subsequence, n; > ¢*/(2¢=1p, | More formally,
the first subsequence starts with index b; = 1 and ends with the smallest index
ey satisfying n., < @a/(za_l)nQIH. Suppose that [ — 1 subsequences have been
constructed. Then the [-st sequence starts at index b; = ¢;_1 + 1 and ends with
the smallest index e; > b; such that n., < @“/(Za_l)nelﬂ. The last subsequence
ends with index k.

We will prove [B]) by considering the individual subsequences. Since within a

subsequence n; 11 < n @/ 22— we have nlzlll/a < n?_l/a/sﬁ. Therefore, for

any subsequence [, using the limit of the geometric series
el
dom < (L= 1) = (1 By (4)
i=by

which upper bounds terms on the right hand side of (B]). As for the left hand
side of (@), we have for the first subsequence,

a/(2a—1)ya—1 ntlx n?
(1 +@)(1+@ ) (nifl/a)afl +; (ng:ll/a—i—n;il/a)afl

> (1+@)ni e,

For any other subsequence [, we have

ey a
(1+®)(1+ /Gyt 3~ K a1

‘ 1-1/a 1-1/a

i=b; ('n,7471 + n,i )

ng,
> (1+d5)(1 +@04/(20471))a71 ! ot
1-1/a 1-1/a
(”b, 1 Ty, )

Z (1+d5)(1 +@04/(20471))a71 -
((@(afl)/(Zafl) I 1)nl1);1/a)

> (L+®)n; Ve
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The second to last inequality holds because ny,—1 and np, belong to different
subsequences and hence ny,_; < */(2¢=Yn, . The above inequalities together

with (@) imply (B]). O

Lemma 5. For a > 2 and ¢ = 1, the competitive ratio of Phasebal is at most

a

(L+@)(1 @2/ Eem)emD 9 (aatn +ala)-

Proof. Using () as well as Lemmas[I]and [l we obtain that the competitive ratio
of Phasebal is bounded by

k 2—-1/«a _
(a—1)42i:1((2aa,1+ @ )ni / +TL1 1/a>.

(1 + @)(1 + @(1/(2(1—1)) a—1 o
S en ™ T(m))
Considering the terms of order n?>~1/®, we obtain the performance ratio we are

aiming at. It remains to show that nl1 1/ /T (n;) does not violate this ratio. Note
that T'(n;) > 1. Thus, if nimt/e < 2 we have

g

ni Y T(ng) <2 < 4(,° ) THoals + o 2y)- (5)

a—1

If n}_l/a > 2, then we use the fact that T'(n;) = Z;L=1 1/¢ni—j+1>

L+ 1)t te —1) > éa‘flnifl/a and we can argue as in (@), since (o —

1)/a < 1. ]

Case 2: c=a —1 The global structure of the analysis is the same as in the
case ¢ = 1 but some of the calculations become more involved. Moreover, with
respect to the optimum cost, we will consider the true optimum rather than the
cost of a pseudo-optimal algorithm.

We start again by analyzing the cost and time of Phasebal. As before we as-
sume that there are k phases. In phase i, Phasebal uses 1/ ‘{/(n, —Jj+1)/(a=1)
time units to process the j-th job. This yields a power consumption of

n; . 1-1/«
P — 1 _ _
Z(nz J+ ) SCE(nZZ l/a—l)—l—(a—l)l/a_ln; 1/a

‘ a—1
Jj=1

) . 1/
with Cg = (a—1) a1 0, - The phase length is T'(n;) = >, 1/ ("’ﬁjJrl)

j=1 a—1
Here we have
Cr((ni + 1)V = 1) < T(n;) < Cr(n} "™ = 1/a) (6)
with Cr = a(a—1) «~1 In phase ¢ the n; jobs processed during the phase incur
a flow time of

n; ‘ ng—j+1 1/« am‘ ‘ e
Z(nij+1)/( a—Jl > = (a—1)Y Z(ni—j+1)l 1/

Jj=1 Jj=1

< Cp(ny % = 1) + (o — 1),
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with Cr = (a — 1)clx sar 1> while the n;11 jobs arriving in the phase incur a cost
of at most 1,117 (n;). We obtain

k k
2 1/a—l)—I—QC'T Z n?il/a—l—a(a—l)l/a_l anfl/a.

z=1 i=1 i=1
(7)
We next lower bound the cost of an optimal schedule. Again we call a job

active if it has arrived but is still unfinished. The proofs of the next three lemmas
are omitted.

Mw

9(Spp) < (Cg+Cr)

Lemma 6. There exists an optimal schedule Sopr having the property that,
at any time, if there are £ active jobs, then the processor speed is at least

Y0/ (a—1).

Lemma 7. For c=a —1, in Sopr the ny jobs released at time ty are finished
by time t1 and the n; jobs released during phase i — 1 are finished by time t;, for
i=2,... k.

Lemma 8. There holds g(Sopr) > Cp *(1 + ®)~'(1 + ¢o/(2a=1))(1-a)
Zle nffl/a + Zle T (n;), where ® = (1++/5)/2..

Lemma 9. For ¢ = a — 1, the competitive ratio of Phasebal is at most
(1+ @) (1L + @2/ Gemh)lemt) ot a7

Proof. Using (@), (@) and Lemma B we can determine the ratio of the online
cost to the optimal offline cost as in Lemma [l The desired competitive ratio
can then be derived using algebraic manipulations. The calculations are more
involved than in the proof of Lemma [Bl Details are given in the full version of
the paper. O

Theorem [2] now follows from Lemmas [l and [@ observing that ap = (19 +

V/161)/10 > 2 and that, for a > ag, we have 2a4_1 + a4_1 < ggj

5 An Optimal Offline Algorithm for Unit-Size Jobs

We present a polynomial time algorithm for computing an optimal schedule,
given a sequence of unit-size jobs that is known offline. Our algorithm is based
on dynamic programming and constructs an optimal schedule for a given job
sequence ¢ by computing optimal schedules for subsequences of o. A schedule

for o can be viewed as a sequence of subschedules S, So, ..., Sy, where any S;
processes a subsequence of jobs ji,. .., ji starting at time r;, such that ¢; > ;41
for i = ji,...,jk — 1 and ¢;, < 7j,41. In words, jobs ji to ji are scheduled

continuously without interruption such that the completion time of any job 1 is
after the release time of job i+ 1 and the last job jj is finished no later than the
release time of job ji + 1. As we will prove in the next two lemmas, the optimal
speeds in such subschedules S; can be determined easily. For convenience, the
lemmas are stated for a general number n of jobs that have to be scheduled in
an interval [t,t'). The proofs are omitted.
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Lemma 10. Consider n jobs that have to be scheduled in time interval [t,t)
such that 1 =t and r, < t'. Suppose that in an optimal schedule c; > r;11, for
i=1,...n—1Ift' —t>3"  {/(a—1)/(n—i+1), then the i-th job in the
sequence is executed at speed s; = {/(n —i+1)/(a —1).

Lemma 11. Consider n jobs that have to be scheduled in time interval [t,t)
such that r1 = t and r, < t'. Suppose that in an optimal schedule ¢; > riy1,
fori=1,....n—1.Ift' =t <3 | &/(a—1)/(n—i+1), then the i-th job in
the sequence is evecuted at speed s; = {/(n—i+1+c)/(a— 1), where c is the
unique value such that >.7_ | /(e —1)/(n—i+1+c)=t —t.

Of course, an optimal schedule for a given o need not satisfy the condition that
c; > Tiy1, for ¢ = 1,...,n — 1. In fact, this is the case if the speeds specified
in Lemmas [I0 and [l do not give a feasible schedule, i.e. there exists an 7 such
that ¢; = Z;Zl t; < rip1, with ¢; = 1/s; and s; as specified in the lemmas.
Obviously, this infeasibility is easy to check in linear time.

We are now ready to describe our optimal offline algorithm, a pseudo-code
of which is presented in Figure [Il Given a jobs sequence consisting of n jobs,
the algorithm constructs optimal schedules for subproblems of increasing size.
Let P[i,i + I] be the subproblem consisting of jobs i to ¢ + [ assuming that
the processing may start at time r; and must be finished by time r;4;41, where
1<i<nand0<1<n-—i We define r,41 = co. Let C[i,i + [] be the cost
of an optimal schedule for P[i,i 4 []. We are eventually interested in C[1,n]. In
an initialization phase, the algorithm starts by computing optimal schedules for
Pl[i,i] of length [ = 0, see lines 1 to 3 of the pseudo-code. If ;11 —1; > o — 1,
then Lemma [I0 implies that the optimal speed for job 7 is equal to {/1/(@ -1).
If rix1 — 7 < ¥/a—1, then by Lemma [l the optimal speed is 1/(r;+1 — ;).
Note that this value can be infinity if ;41 = r;. The calculation of C[i, | in
line 3 will ensure that in this case an optimal schedule will not complete job
by rit1.

Algorithm Dynamic Programming

1. for i :=1 ton do

2. if rigy1 — 7 > Ya—1then S[i] ;== ¢/1/(a — 1) else S[i] := 1/(rit1 — 14);

3 Cliyi] == (S[)*~* + 1/5[4];

4. forl:=1ton—1do

5. fori:=1ton—1[do

6. C[Z,l-f—l] = mini§j<i+l{0[i,j] +C[j+1,’l+l]},

7 Compute an optimal schedule for P[i, + {] according to Lemmas [I0] and [

assuming ¢; > rjq for j =4,...,i+ 01— 1 and let s;,...,s;4; be the
computed speeds; _ _

8. if schedule is feasible then C := E;g soTh 4 Z;g G+l—j+1)/s;
else C := oo;

9. if C < Cli,i+1] then C[i,i + 1] := C and S[j] :=s; for j =14,...,i +;

Fig. 1. The dynamic programming algorithm
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After the initialization phase the algorithm considers subproblems P[i, i + ]
for increasing I. An optimal solution to P[i, + [] has the property that either
(a) there exists an index j with j < i+ such that ¢; < rj4q or (b) ¢; > rj4q for
j=1,...,i+1—1.In case (a) an optimal schedule for P[i,i+ ] is composed of
optimal schedules for P[i, j] and P[j 4 1,4+ ], which is reflected in line 6 of the
pseudo-code. In case (b) we can compute optimal processing speeds according to
Lemmas [I0] and 1], checking if the speeds give indeed a feasible schedule. This
is done in lines 7 and 8 of the algorithm. In a final step the algorithm checks if
case (a) or (b) holds. The algorithm has a running time of O(n? log p), where p is
the inverse of the desired precision. Note that in Lemma [II, ¢ can be computed
only approximately using binary search.

We briefly mention that we can use our dynamic programming approach to
compute a schedule that minimizes the total flow time of jobs, given a fixed
amount A of energy. Here we simply consider the minimization of a weighted
objective function gg(S) = GE(S) + (1 — B)F(S), where 0 < 5 < 1. By suitably
choosing (3, we obtain an optimal schedule Spopr for gg with E(Sopr) = A.
This schedule minimizes the flow time. Details can be found in the full version
of the paper.

References

1. J. Augustine, S. Irani and C. Swamy. Optimal power-down strategies. Proc. 45th
Annual IEEE Symposium on Foundations of Computer Science, 530-539, 2004.

2. N. Bansal, T. Kimbrel and K. Pruhs. Dynamic speed scaling to manage energy and
temperature. Proc. 45th Annual IEEE Symposium on Foundations of Computer
Science, 520-529, 2004.

3. N. Bansal and K. Pruhs. Speed scaling to manage temperature. Proc. 22nd Annual
Symposium on Theoretical Aspects of Computer Science (STACS), Springer LNCS
3404, 460471, 2005.

4. G. Cornuéjols, G.L. Nemhauser and L.A. Wolsey. The uncapacitated facility loca-
tion problem. In P. Mirchandani and R. Francis (eds.), Discrete Location Theory,
119-171, John Wiley & Sons, 1990.

5. D.R. Dooly, S.A. Goldman, and S.D. Scott. On-line analyis of the TCP acknowl-
edgment delay problem. Journal of the ACM, 48:243-273, 2001.

6. A. Fabrikant, A. Luthra, E. Maneva, C.H. Papadimitriou and S. Shenker. On a
network creation game. Proc. 22nd Annual ACM Symposium on Principles of Dis-
tributed Computing, 347-351, 2003.

7. S. Irani, S. Shukla and R. Gupta. Algorithms for power savings. Proc. 14th Annual
ACM-SIAM Symposium on Discrete Algorithms, 37-46, 2003.

8. A.R. Karlin, C. Kenyon and D. Randall. Dynamic TCP acknowledgement and other
stories about e/(e—1). Proc. 83rd ACM Symposium on Theory of Computing, 502—
509, 2001.

9. P. Mirchandani and R. Francis (eds.). Discrete Location Theory. John Wiley &
Sons, 1990.

10. K. Pruhs, P. Uthaisombut and G. Woeginger. Getting the best response for your
erg. Proc. 9th Scandinavian Workshop on Algorithm Theory (SWAT), Springer
LNCS 3111, 15-25, 2004.



11.

12.

13.

Energy-Efficient Algorithms for Flow Time Minimization 633

D.D. Sleator und R.E. Tarjan. Amortized efficiency of list update and paging rules.
Communications of the ACM, 28:202-208, 1985.

D. Shmoys, J. Wein and D.P. Williamson. Scheduling parallel machines on-line.
SIAM Journal on Computing, 24:1313-1331, 1995.

F. Yao, A. Demers and S. Shenker. A scheduling model for reduced CPU en-
ergy. Proc. 36th Annual Symposium on Foundations of Computer Science, 374-382,
1995.



	Introduction
	Preliminaries
	Arbitrary Size Jobs
	An Online Algorithm for Unit-Size Jobs
	An Optimal Offline Algorithm for Unit-Size Jobs


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




