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Abstract. In this paper we introduce the class of semiprimitive Fermat
curves, for which Weil-Serre’s bound can be improved using Moreno-
Moreno p-adic techniques. The basis of the improvement is a technique
for giving the exact divisibility for Fermat curves, by reducing the prob-
lem to a simple finite computation.

1 Summary of p-Adic Bounds for Curves

In this paper we are going to present new curves satisfying Theorem [I] below
and using it we obtain our improved Weil-Serre’s bound.

In the present section we recall how O. Moreno and C. Moreno combine
Serre’s techniques with the Moreno-Moreno improved Ax-Katz estimate (see
B])to produce a p-adic version of Serre’s estimate. For Fermat curves con-
sidered here, we can formulate the best possible Moreno-Moreno type p-adic
Serre Bound.

Let

aX?+ bV =cZ? (abc #0) (1)

be a Fermat curve over F,; and let |[N| be the number of affine points of a X 4+
bY? = ¢Z9 over [F,r. Note that the Fermat curves are nonsingular curves. Hence
we can apply to them the Weil’s Theorem.

Now we apply the p-adic estimate of [I] to the curve ([Il). Note that the genus
of a Fermat equation is less than or equal to (d — 1)(d — 2)/2, where d is the
degree of the Fermat equation.

Theorem 1. Let aX®+bYe=cZ% be an equation over pr and let p be a
positive integer satisfying |N(E,sm)| = 0mod p*™ V¥ m > 0. Then the num-
ber of solutions |N| of aX%+bY4=cZ% in Pz(Fpmf) satisfies the following
bound:

- 1 .
[IN] = (™ + 1) < (d= 1)(d — 2)p"" 2™/ 2],
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Remark 1. Note that in order to obtain in the above theorem a non-trivial im-
provement, m and f must both be odd. That is the reason why throughout the
paper, and in particular in Tables 1, 2 and 3, f and m are always odd.

Also note that in order to apply Theorem [ we need curves where the divisibility
grows upon extensions or [N (F,sm )| = 0 mod p*™ ¥V m > 0.

Remark 2. In general, it is difficult to find curves satisfying the property of
divisibility of Theorem [Il This is to find curves C over F, and p > 0 such that
p™# divides the number of rational points of C over Fym for m =1,2... (Artin-
Schreier’s curves satisfy this property.).

In the following section we are going to present new families of curves satisfy-
ing Remark 2l Hence we obtain an improved p-adic bound for their number of
rational points.

2 Divisibility of Fermat Curves

In this section we are going to reduce the estimation of the divisibility of Fermat
curves to a computational problem. Let |N| be the number of solutions of the
Fermat curve aX? + bY? = c¢Z% over the finite field F,s. Note that that if
(pf —1,d) = k, then the number of solutions of aX¢ + bY? = cZ? is equal to
the number of solutions of aX* + bY* = ¢Z* over [E,r. Hence, we assume that d
divides pf — 1.

Let n be a positive integer n = ag + a1p + azp? + - - - + a;p' where 0 < a; < p
we define the p-weight of n by o,(n) = Zé:o a;.

Following the techniques of [3, Theorem 22], we associate to equation () the
following system of modular equations:

djy =0mod pf — 1
djs = 0mod pf — 1 (2)
djs = 0 mod pf — 1

J1+ j2 + js = 0mod pf — 1,

where 1 < j1,j2,j5 < q¢— 1.
This modular system of equations determines the p-divisibility of |N|, i.e., if

H= (Janl;I}s) {Up(jl) " O}?E]Ql) " Up(jg) } - fa (3)

is solution of

then p# divides |N|. This implies that any solution of the modular equation
dj; = 0 mod pf — 1 is of the form ¢; - pfd*I where 1 < ¢; < d. We are going to
use the following results of [3]: for any positive integer k

op((p" = k) > 0 (p" 1) = (p - 1)f. (4)

Now we state one of the main theorem of 3| Theorem 25],
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Theorem 2. Consider the family of polynomial equations:
G ={aX?+ by :ch|a,b,c€IF;f 1.
Then there exists a polynomial G € G such that the number of solutions of G is
divisible by p" but not divisible by p**1, where u is defined in (3).
Now we consider 3-tuples (c1, co, ¢3) € N® satisfying:

C1 C2 C3
5
d7da"a (5)
is a positive integer, where 1 < ¢; < d. The following Lemma gives a simpler
way to compute p of ().

Lemma 1. Let g = pf and d be a divisor of ¢ — 1. Let aX?+bY? = ¢Z? be a
polynomial over ;. Then p defined in (3) satisfies

(= min Z?=1 op(ci(g —1)/d)

(c1,¢2,¢3) — 1
sn}zsﬁes@ p

- I (6)

Proof. We know that the solutions of (@) are of the form (c;(pf — 1)/d, ca(p? —
1)/d, c3(p’ — 1)/d). We obtain from the last congruence of (@) the following:

alp’ —1) w1  a@'-1) o o g N
g Ty T, = e ) =k ).

Therefore ¢ + % + % is positive integer.
The following Lemma, is the one that allows us to apply Theorem [l

Lemma 2. Let g be power of a prime and d divides g—1. Then o,(c(¢"™—1)/d) =
mop(c(q —1)/d), where 1 <c¢<d-—1.

Proof. Note that c¢(¢™ —1) =c(q—1)(¢™ * +---+ g+ 1). Hence

op(c(q™ —1)/d) = op(c® (¢ + -+ g+ 1))

-m O—p(C(qd_l))

Combining the above two lemmas, we obtain the following proposition.

Proposition 1. Let ¢ = p/ and d be a divisor of —1. Let aX?4+bY? = cZ¢ be
a polynomial over Fym. Then u defined in [3) satisfies

p=( min | 2=t TNy i op(alam /)

(e1,c2,c3) -1 (e1,c2,e3) —1
satisfies (&) p satisfies (&) p

= f)-
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Remark 3. Note that using Proposition [Il we only need to do one computation
to estimate the divisibility of (), the smallest ¢ — 1 such that d divides ¢ — 1.
Consequently we have reduced the problem of finding the divisibility of Fermat
Curves to a finite computation. Proposition [I] gives the exact divisibility in the
sense that there are coefficients o/, b, ¢ in Fym such that the number of solutions
of aX4+bY? = cZ? over F,= is divisible by p* but not by p*T!. In some sense
this theorem completely solves the problem of divisibility for Fermat curves.
Furthermore, the property of Lemma [l is very important since from it we obtain
a best possible Moreno-Moreno’s p-adic Serre bound (see Theorem [I).

Our next theorem shows how or system of modular equations (2) can in some
cases be reduced to a single equation. This considerably lowers the complexity
of our computational problem.

Proposition 2. Let d be a divisor of pf — 1. Consider the diagonal equation
aX?+bY? = cZ9 over Fyms. Let

_ o f_
A= Jmin op(c(p’ —1)/d).

Then p(r’sjl —I™ divides the number of solutions of aX?+bY?* = cZ% over E,rm.

Proof. Note that if o, (c(pf — 1)/d) > X for 1 < ¢ < d. Then 0,(j1) + 02(j2) +

Remark 4. In many cases we have that minj<.<q—1 0, (c(p? —1)/d) = o, ((p/ —
1)/d).

Ezxample 1. Let d = 23 and Fy; = 1. In this case we compute

: 11
1;1;1;12202(0(2 —1)/23).

We have that o9(c(21 —1)/23) = 4 for ¢ € {1,2,3,4,6,8,9,12,13,16, 18}. Hence
ming <., <22 02(c1 (21 — 1)/23) + 02(ca (2 — 1)/23)) + 02(ca (21! — 1)/23)) = 12
since ¢1 = 1,¢o = 4 and ¢ = 18 gives a solution of ({). Applying Proposition
[l and Theorem [l we obtain the best divisibility for the families curves G =
{aX® +bY?® = cZ%|a,b,c € ]F;nm}. Hence there is an equation agX?® +
byY?? = ¢y Z%? € G with exact divisibility 2™.

Ezxample 2. Let d =151 and F,; = 5. In this case we compute

- 15
1§r£1%r115002(c(2 —1)/151).

We have that o(c(2!5 —1)/151) = 5. Hence minj <., <150 o2(c1 (2% — 1)/151) +
o2(ca(2 — 1)/151)) + o2(c2(215 — 1)/151)) = 15 since ¢; = 57,ca = 19 and
c3 = 4(o2(ci(2' — 1)/151) = 5 for i = 1,2,3) gives a solution of (F). Applying
Proposition [[l and Theorem [ we obtain the best divisibility for the families
curves G = {aX 1 + bY'P! = ¢Z'1 | a,b,c € B}, }. Hence there is an equation
ap X Pl 4+ b Y151 = ¢4 Z1%! € G where 2 does not divide its number of solutions
over Fism.
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Example 3. Let d = 23% = 529 and [,y = Fy2ss (The first finite field of charac-
teristic 2 satisfying that 529 divides 2/ — 1 is Fy2s3). In this case we compute
. 253 _
| Jnin o (c(2 1)/529).

We have that o(c(2253 — 1)/151) = 92. We have that o9(c(2253 — 1)/529) = 92

for
c € {23,46,69,92, 138,184,207, 276, 299, 368,414, 500} .

Hence ming <., <s29 02(c1(2%93 — 1)/529) + 02(c2(22%% — 1)/529)) + o2(c2(22% —
1)/259)) = 276 since ¢; = 23,c2 = 92 and c3 = 414(02(c;(22% — 1)/529) = 5
for i = 1,2,3) gives a solution of (@). Applying Proposition [l and Theorem
2l we obtain the best divisibility for the families curves G = {aX%?% + bY52% =
cZ5% | a,b, ¢ € Fss, }. Hence there is an equation ag X2 +byY 5% = ¢qZ°?% € G
with exact divisibility 223™.

Example 3 is an example where minj<.<4—10,(c(p! — 1)/d) # o,((p" —1)/d).
Also note that in Example 3 we computed p for a large finite field.

3 Tables

In the following tables, we are going to calculate p for the curves aX? 4 bY? =
cZ? over I, ,where f is odd, in order to apply Theorem [II

In Table 1 we compute ju for the first f such that d divides 2/ — 1. Recall
that if we know p for the first f such that d divides 2/ — 1, the we know p for
all the extensions of Fys (see Proposition[Il). Note that we can assume that d is
odd since the characteristic of Fyy is 2.

Table 1. Best Divisibility of aX? 4+ bY? = cZ¢ over E,;

d smallest f such that d divides 2f — 1. p

23 11 1
47 23 4
71 35 7
529 253 23

Table 2. Best Divisibility of aX¢ + bY? = ¢Z% over Fy¢

d smallest f such that d divides 3/ — 1. u
115 1
23 11 1
46 11 1
47 23 4

59 29 10
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In Table 2 we compute j for the first f such that d divides 3/ — 1. Recall that
if we know p for the first f such that d divides 3/ — 1, then we know p for all
the extensions of Fy; (see Proposition[I]). Note that we can assume that d is not
divisible by 3 since the characteristic of F; is 3.

Theorem 3. Let aX¢ + bY? = cZ% be a Fermat curve of the tables. Then
aX®+bY? = cZ? satisfies Theorem [, where u is given by the table.

4 Semiprimitive Fermat Curves

In this section we obtain a general family of Fermat curves satisfying Theorem [I],
generalizing the results of Tables 1,2,3.

Now we are going to consider odd primes [ for which p is of order exactly
(I —1)/2, i.e., the smallest positive integer k for which p¥ = 0 modl. We
call p a semiprimitive root for such [. Note that 2 is a semiprimitive root for
l =7,23,47,71. We would obtain a new family of Fermat curves that satisfy
Theorem [I1

Let g(j) be the Gauss sum defined by:

9() = Y x (@) (),

zERY

where y is multiplicative character of order ¢ — 1 and v is an additive character
of F,. In [2], Moreno-Moreno proved that
(o -1, q-—1 qg—1
S0 =S 7 =" e kg1 )

z€F,

This implies that 2* divides S(I), where | = min{oa((¢—1)/1),02((¢g—1) — ((¢—
1)/1))}. They proved the above identity for finite fields of characteristic 2. The
proof for arbitrary characteristic follows from their proof using g(j) = g(p®J).

Table 3. Best Divisibility of aX? + bY¢ = ¢Z% over s

d smallest f such that d divides p’ — 1.
11 Fs
38 Fyo
20 F7
31 Fis
37 Fyo
58 7
43 Fq17
23 Fygn1
46 Fygn1
53 Fi353
19 Fi7o
38 Figo

WU R RN R WWN N T
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Lemma 3. Let ¢ = p'“=Y/2 and let p be a prime for which p is a semiprimitive
root for l. Given aX' + bY'! = cZ' over Fym, the p of (@) is such that u > 0,
whenever 3 does not diwide (I —1)(p —1)/2.

Proof. Using Proposition [Il we need only estimates u of [B]) for the finite field
F,. Let f = (I — 1)/2. First we consider the solutions of aX! + bY! = ¢Z! over
F,. We have the following modular system associated to aX' + bY"'! = cZ!:

lji=0modgqg—1

ljo=0mod qg—1 (8)

ljs=0modgqg—1
j1+jo+j3=0modqg—1

By the identity (@), we have that oo(c(q — 1)/1)) = o2((¢ — 1)/1) or o2(q —
1 (g — 1)/1)). Note that a>((q — 1)/1) + o2(a — 1 — (¢ — 1)/1)) = f(p— 1).
If 02(jk,) # 02(jk,), then 02(jr,) + 02(jk,) + 02(jk,) > (p — 1)f. Hence we
can assume that the minimal solution of () satisfies o2(j1) = 02(j2) = 02(Js).
Applying the function o9 to the last modular equation of (§]), we obtain o2(j1) +
02(j2) + 02(js3) > f(p — 1). Therefore

p=minoz(j1) + 02(j2) + 02(j3) = 3minoz(j1) > f(p —1).
Hence p > 1 whenever 3 does not divide (I — 1)(p — 1)/2. Hence at least p#
divides |N(IF;)|. Then by Lemma [2 we obtain that p#™ divides |N (F;m)|.
Now we state a p-adic Serre bound for the Fermat curves of Lemma [Bl

Theorem 4. Let ¢ = pU=Y/2 and let | be an odd prime for which p is a
semiprimitive root for 1. Let u be as defined in (3) for the curve aX'+bY! = cZ!
over Fym. Then

N p—= 1 p—= 2 L —u
191 (@ 1) < O P gz
whenever 3 does not divide (I —1)(p —1)/2.
Futhermore, we have u > 1 by Lemmal3 .

Proof. Combining Lemma [3] and Theorem [Il we obtain the result.

We apply Theorem @l to some semiprimitive primes.

Ezxample 4. Note 2 is a semiprimitive root for 23 and = 1. Applying Theorem[]
we obtain )
IN| = (2" 4 1)] < 231 x 2™ [209m+2)/2),

Ezample 5. Note 2 is a semiprimitive root for 47 and p = 4. Applying Theorem[d]
we obtain )
IN] — (2257 4 1)] < 1035 x 24m[2(15m+2)/2],

In particular, for the finite field Fyeo, Serre improvement to Weil’s bound gives
1035 x [2 x 209/2] = 50292728269650 and our improvement gives 1035 x 2'2 x
[247/2] = 50292727418880.
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Ezample 6. Note 2 is a semiprimitive root for 71 and y = 7. Applying Theorem[4]
we obtain )
IN| — (2% + 1)| < 2415 x 27m[2(21m+2)/2],

Remark 5. Using our computations of Table 1 we have obtained the above best
bounds. Notice that each example of p gives a family of bounds.

5 Conclusion

The main result of this paper is obtaining a general class(the semiprimitive case
presented in the last section) of Fermat curves for which Weil-Serre’s bound
can be improved using Moreno-Moreno p-adic techniques. We also prove that
for each particular case, the best bound p is computed in a simple computation
which is presented in the second section.
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