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Abstract. As a step towards the design of an Inductive Database Sys-
tem, in this paper we present a primitive for constraint-based frequent
pattern mining, which represents a careful trade-off between expressive-
ness and efficiency. Such primitive is a simple mechanism which takes a
relational table in input and extracts from it all frequent patterns which
satisfy a given set of user-defined constraints. Despite its simplicity, the
proposed primitive is expressive enough to deal with a broad range of
interesting constraint-based frequent pattern queries,using a comprehen-
sive repertoire of constraints defined over SQL aggregates. Thanks to its
simplicity, the proposed primitive is amenable to be smoothly embedded
in a variety of data mining query languages and be efficiently executed,
by the state-of-the-art optimization techniques based on pushing the var-
ious form of constraints by means of data reduction.

1 Introduction

Typically, two different kinds of structures are sought in data mining: models
and patterns [31]. Models are high level, global, descriptive summaries of data
sets. Patterns, on the other hand, are local descriptive structures. Patterns may
be regarded as local models, and may involve just a few points or variables; i.e.,
they are descriptions of small fragments of the data, instead of overall descrip-
tions. Accordingly, Pattern Discovery has a distinguished role within data min-
ing technology. In particular, since frequency provides support to any extracted
knowledge, it is the most used measure of interest for the extracted patterns.
Therefore during the last decade a lot of researchers have focussed their stud-
ies on the computational problem of Frequent Pattern Discovery, i.e., mining
patterns which satisfy a user-defined minimum threshold of frequency [3,30].

The simplest form of frequent pattern is the frequent itemset: given a database
of transactions (a transaction is a set of items) we want to find those subsets of
transactions (itemsets) which appear together frequently.

Definition 1 (Frequent Itemset Mining). Let Z = {xi,...,2,} be a set
of distinct literals, usually called items, where an item is an object with some
predefined attributes (e.g., price, type, etc.). An itemset X is a non-empty subset
of Z. If | X| = k then X is called a k-itemset. A transaction database D is a bag
of itemsets ¢t € 27, usually called transactions. The support of an itemset X in

J.-F. Boulicaut et al. (Eds.): Constraint-Based Mining, LNAI 3848, pp. 14-37] 2005.
© Springer-Verlag Berlin Heidelberg 2005



A Relational Query Primitive for Constraint-Based Pattern Mining 15

date cust item
11-2-97 custl beer
11-2-97 custl chips
11-2-97 custl wine

11-2-97 cust?2 wine date cust itemset

11-2-97 cust?2 beer 11-2-97 custl {beer,chips,wine}
11-2-97 cust?2 pasta 11-2-97 cust2 {wine,beer,pasta,chips}
11-2-97 cust2 chips 13-2-97 custl {chips,beer}

13-2-97 custl chips 13-2-97 cust2 {jackets,col shirts}
13-2-97 custl beer 13-2-97 cust3 {wine,beer}

13-2-97 cust2 jackets 15-2-97 custl {pasta,chips}

13-2-97 cust2 col shirts 1672797 custi {jackets}

13-2-97 cust3 wine 16-2-97 cust2 {wine,pasta}

13-2-97 cust3 beer 16-2-97 cust3 {chips,col shirts,brown shirts}
15-2-97 cust1 pasta 18-2-97 custl {pasta,wine,chips,beer}
15-2-97 custl chips 18-2-97 cust2 {beer,chips}

16-2-97 custl jackets 18-2-97 cust3 {pasta}

16-2-97 cust2 wine (b)

16-2-97 cust2 pasta

16-2-97 cust3 chips name price type
16-2-97 cust3 col shirts beer 10 beverage
16-2-97 cust3 brown shirts chips 3 snack
18-2-97 custl pasta wine 20 beverage
18-2-97 custl wine pasta 2 food
18-2-97 custl chips jackets 100 clothes
18-2-97 custl beer col shirt 30 clothes
18-2-97 cust2 beer brown shirt 25 clothes
18-2-97 cust2 beer ()

18-2-97 cust2 chips

18-2-97 cust2 chips

18-2-97 cust3 pasta
()

Fig.1. (a) A sample sales table, (b) its transactional representation and (c) the
product table

database D, denoted suppp(X), is the number of transactions in D which are
superset of X. Given a user-defined minimum support o, an itemset X is called
frequent in D if suppp(X) > o.

The problem of mining all frequent itemsets in a database is the basis of
the well-known association rule mining task [1]. However, frequent itemsets are
meaningful not only in the context of association rules: they can be used as a
basic mechanism in many other kind of analysis, ranging from classification [39,
40] to clustering [50, 58].

Ezample 2 (Market Basket Analysis). The classical context for association rule
mining, as well as the most natural way to think about a transaction database,
is the market basket setting, where we have a sales database of a retail store
recording the content of each basket appearing at the cash register. In this con-
text a transaction represent the content of a basket. In Figure 1(a) we have a
relational table where a transaction or basket identifier is not explicitly given;
however one could reconstruct transactions, for instance, grouping items by the
pair (date, cust) as represented in Figure 1(b).

In principle, it is possible to express a query to count frequent itemsets in
conventional SQL. This approach is examined in [57,32,52,2]. For example,
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in Figure 2 it is shown how to compute all 2-itemsets which are frequent in
a relational database. We join sales with itself, with the condition that tID
(transaction identifier) is the same, and the names of the two items are lexico-
graphically different. We group the joined relation by the pair of items involved
and check in the having clause that the group has at least 2 transactions.

SELECT il.item, i2.item

FROM sales AS il, sales AS i2

WHERE il.item < i2.item AND
i1.tID = i2.tID

GROUP BY il.item, i2.item

HAVING 2 <= COUNT(i1.tID)

Fig. 2. Frequent 2-itemsets computation in SQL

The problem with this approach is that the right optimizations and “tricks”
are beyond the state-of-the-art of conventional optimizers in commercial DBMS.
Therefore a DBMS-based approach can not compete with specific algorithms
employing ad hoc data structures. This is one of the main reasons, together with
the stronger requirements of expressiveness, that justifies the need for specialized
primitives and query languages for knowledge discovery.

1.1 Constraint-Based Pattern Discovery

Recently the research community has turned its attention to more complex kinds
of frequent patterns extracted from more structured data: sequences, trees, and
graphs. All these different kinds of patterns have different peculiarities and ap-
plication fields, but they all share the same computational aspects: a usually
very large input, an exponential search space, and a too large solution set. This
situation — too many data yielding too many patterns — is harmful for two rea-
sons. First, performance degrades: mining generally becomes inefficient or, of-
ten, simply unfeasible. Second, the identification of the fragments of interesting
knowledge, blurred within a huge quantity of mostly useless patterns, is difficult.

Therefore, the paradigm of constraint-based mining was introduced. Con-
straints provide focus on the interesting knowledge, thus reducing the number
of patterns extracted to those of potential interest. Additionally, they can be
pushed deep inside the pattern discovery algorithm in order to achieve better
performance [7,4,6,9,36,37,19,25,29, 38,48, 49, 56, 44].

Definition 3 (Constrained Frequent Itemset Mining). A constraint on
itemsets is a function C : 27 — {true, false}. We say that an itemset I satisfies
a constraint if and only if C(I) = true. We define the theory of a constraint as
the set of itemsets which satisfy the constraint: Th(C) = {X € 27 | C(X)}. Thus
with this notation, the frequent itemsets mining problem requires to compute
the set of all frequent itemsets Th(Creq[p,s])- In general, given a conjunction
of constraints C the constrained frequent itemsets mining problem requires to
compute Th(Cfreq) N TR(C).
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According to the constraint-based mining paradigm, the data analyst must
have a high-level vision of the pattern discovery system, without worrying about
the details of the computational engine, in the very same way a database designer
has not to worry about query optimizations. The analyst must be provided
with a set of primitives to be used to communicate with the pattern discovery
system, using a Pattern Discovery Query Language. The analyst just needs to
declaratively specify in the pattern discovery query how the desired patterns
should look like and which conditions they should obey (a set of constraints).
Such rigorous interaction between the analyst and the pattern discovery system,
can be achieved by means of a set of pattern discovery primitives, that should
include:

— the specification of the source data,

— the kind of pattern to be mined,

— background or domain knowledge,

— the representation of the extracted patterns,

— constraints that interesting patterns must satisfy,
— interestingness measures for patterns evaluation.

Providing a query language capable to incorporate all these features may
result, like in the case of relational databases, in a high degree of expressiveness
in the specification of pattern discovery tasks, a clear and well-defined separation
of concerns between logical specification and physical implementation of such
tasks, and easy integration with heterogeneous information sources.

Clearly, the implementation of this vision presents a great challenge. A path to
this goal is indicated in [41] where Mannila introduces an elegant formalization
for the notion of interactive mining process: the term inductive database refers
to a relational database plus the set of all sentences from a specified class of
sentences that are true w.r.t. the data. In other words, the inductive database is a
database framework which integrates the raw data with the knowledge extracted
from the data and materialized in the form of patterns. In this way, the knowledge
discovery process consists essentially in an iterative querying process, enabled
by a query language that can deal either with raw data or patterns.

Definition 4. Given an instance r of a relation R, a class £ of sentences (pat-
terns), and a selection predicate ¢, a pattern discovery task is to find a theory

Th(L,r,q) ={s € L|q(r, s) is true}

The selection predicate ¢ indicates whether a pattern s is considered interesting.
In the constraint-based paradigm, such selection predicate ¢ is defined by a
conjunction of constraints.

1.2 Paper Contribution and Organization

As a step towards the design of an Inductive Database System, in this paper we
present a primitive for constraint-based frequent pattern mining in a relational
context. Such primitive is a simple mechanism which takes a relational table
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in input and extracts from it all frequent patterns which satisfy a given set of
user-defined constraints. Despite its simplicity, the proposed primitive is expres-
sive enough to deal with a broad range of interesting constraint-based frequent
pattern queries,using a comprehensive repertoire of constraints defined over SQL
aggregates.

In this paper we do not deal specifically with the Data Mining Query Language
issue, as our primitive can be embedded in any kind of query language based on
the relational paradigm (SQL-like databases, logic-based deductive databases);
basically we can view our primitive as an operator of the relational algebra.

Therefore, after introducing the primitive for constraint-based pattern mining
we informally assess its expressiveness by means of example queries in SQL-
like and DATALOG-like syntax. Then we concentrate on optimization issues:
we summarize and amalgamates all the algorithmic results in constraint-based
frequent pattern discovery obtained in the last years (2003-05) at Pisa KDD
Laboratory, thus achieving an optimization framework.

The paper is organized as follows. In the next Section we define our primitive
going through a rigorous identification of its basic components and of the con-
straints handled. In Section 3, we advocate the expressiveness and versatility of
our proposal, showing how it can be embedded in query languages of different
flavour. In Section 4 we recall the state-of-the-art classification of constraints
and their properties, which can be exploited in order to achieve an efficient com-
putation. In Section 5 we compose the state-of-the-art of the constraint pushing
techniques in a breadth-first Apriori-like computation, achieving a very efficient
evaluation strategy for our primitive. In particular, we adopt the strategy of
pushing constraints in the computation mainly by means of data-reduction tech-
niques: this approach enables us to exploit the different properties of constraints
all together, and the total benefit is always greater than the sum of the individ-
ual benefits. Finally in Section 6 we conclude by describing on-going work on
constrained frequent pattern discovery at Pisa KDD Laboratory, and drawing
some future research paths.

2 A Primitive for Constraint-Based Mining

In this Section, going through a rigorous identification of all its basic compo-
nents, we provide a definition of a primitive for constraint-based frequent pattern
mining task over a relational database DB.

The first needed component is the data source: which table must be mined
for frequent patterns, and which attributed do identify transactions and items.

Definition 5 (Mining View). Given a database DB any relational expression
V on preds(DB) can be selected as data source, and named mining view.

Definition 6 (Transaction id). Given a database DB and a relation V derived
from preds(DB). Let V with attributes sch()) be our mining view. Any subset
of attributes 7 C sch(V) can be selected as transaction identifier, and named
transaction id.
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Definition 7 (Item attribute). Given a database DB and a relation V derived
from preds(DB). Let V with attributes sch(V) be our mining view. Given a
subset of attributes 7 C sch(V) as transaction id, let Y = {yly € sch(V)\T A
T — y does not hold}; we define an attribute Z € Y an item attribute provided
the functional dependency 77 — Y'\Z holds in DB.

Proposition 8. Given a relational database DB, a triple (V,T,T) denoting the
mining view V, the transaction id T, the item attribute T, uniquely identifies a
transactional database, as defined in Definition 1.

We next distinguish between attributes which describe items (descriptive at-
tributes), from attribute which describe transactions (circumstance attributes).

Definition 9 (Circumstance attribute). Given a database DB and a relation
V derived from preds(DB). Let V with attributes sch(}) be our mining view.
Given a subset of attributes 7 C sch(V) as transaction id, we define any attribute
A € sch(R) where R is a relation in preds(DB) circumstance attribute provided
that A ¢ 7 and the functional dependency 7 — A holds in DB.

Definition 10 (Descriptive attribute). Given a database DB and a relation
V derived from preds(DB). Let V with attributes sch()) be our mining view.
Given a subset of attributes 7 C sch(V) as transaction id, and given 7 as item
attribute; we define descriptive attribute any attribute A € sch(R) where R is a
relation in preds(DB), provided the functional dependency Z — A holds in DB.

Consider the mining view: sales(tID, locationID, time, product, price)
where each attribute has the intended semantics of its name and with tID acting
as the transaction id. Since the functional dependency {tID} — {locationID}
holds, locationIDis a circumstance attribute. The same is true for time. We also
have {tID, product} — {price}, and {product} — {price}, thus product is
an item attribute, while price is a descriptive attribute.

Note that, from the previous definitions, transaction id and the item attribute
must be part of the mining view, while circumstance and descriptive attributes
could be also in other relations.

Constraints, as introduced in the previous Section (see Definition 3), describes
properties of itemsets, i.e., a constraint C is a boolean function over the domain
of itemsets: C : 27 — {true, false}. According to this view, constraints are only
those ones defined on item attributes (Definition 7) or descriptive attributes
(Definition 10).

Constraints defined over the transaction id (Definition 6) or over circum-
stance attributes (Definition 9) are not constraints in the strict sense. Indeed,
they can be seen as selection conditions on the transactions to be mined and
thus they can be satisfied in the definition of the mining view. Consider the rela-
tion: sales(tID, locationID, time, product, price) where each attribute
has the intended semantics of its name and with tID acting as the transaction
id. Since the functional dependency {tID} — {locationID} holds, locationID
is a circumstance attribute. The constraints locationID € {Florence, Milan,
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Rome} is not a real constraint of the frequent pattern extraction, indeed it is a
condition in the mining view definition, i.e., it is satisfied by imposing such con-
dition in the relational expression defining the mining view (a select statement
if we embed our primitive in a SQL-like language).

The following Definition lists all kinds of constraints that we consider as
possible input for our primitive.

Definition 11 (Constraints on itemsets). In Table 1 all constraints admit-
ted in our primitive are listed. The following notation is adopted:

— S 18 an itemset;

— ai,-...,a, are items;

— d is a descriptive attribute;

— dy,...,d, are values of a descriptive attribute;

— m 1S a numeric constant;

- 9 S {Sa Za :}

— aggr € {min, max, sum, avg, count, range, avg, median, var, std, md}

Table 1. Constraints admitted in our primitive

Constraint Description
s2{ai,...,an} itemset contains
sCH{ai,...,an} itemset domain

count(s) m itemset cardinality

s.d 2 {d1,...,dn} descriptive attribute contains
s.d C {d1,...,dn} descriptive attribute domain
aggr(s.d)@m  aggregate on descriptive attribute

We have provided all the needed components of our primitive, thus we are
now ready to introduce it.

Definition 12 (Primitive for constraint-based itemset mining). Given
a database DB, let the quintuple (V,7,Z,0,C) denotes the mining view V, the
transaction id 7, the item attribute Z, the minimum support threshold o, and
a conjunction of constraints on itemsets C.

The primitive for constraint-based itemset mining takes in input such quin-
tuple and returns a binary relation recording the set of itemsets which satisfy
C and are frequent (w.r.t. o) in the transaction database (V,7,Z), and their
supports:

freqV,T,Z,0,C) ={(1,S) | C(I) A suppry,r7y(I)=S NS>0}

Ezample 13. A frequent pattern query for the sales table in Figure 1 (a), and
the product table in Figure 1 (c), querying itemsets having a support > 3
(transactions are made grouping by customer and date), and having a total
price > 30, could be simply defined as:
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freq(sales,{date, cust},item, 3, sum{p | i € INproduct(i,p,t)} > 30) = {(I,S)]|
sum{p | i€ IAproduct(i,p,t)} > 30 A SUPP(saies,{date,cust},item)({) =S A S > 3}

The result of such query is a relation (I,8) with the following two entries:
({beer, wine},4) and ({beer, wine, chips},3).

3 Embedding the Primitive into a Query Language

The issue of designing a query language capable of dealing with all requirements
of knowledge discovery process, including definition of interestingness measures
for extracted patterns and ad hoc exploitation of the application specific back-
ground knowledge, is a prominent research goal in data mining. This issue has
been tackled both by a database perspective and a machine learning perspective
(see [24] for a thorough discussion).

The proposal by a database perspective [33] is to combine relational query
languages with data mining primitives in an overall framework capable of specify-
ing data mining problems as an iterative and interactive querying session, where
queries can involve both data and extracted models or patterns, and the result
of a query becomes available for further querying (closure principle). In such
a knowledge discovery system, identified by the term inductive database, query
optimization and execution techniques typically rely on advanced ad hoc data
mining algorithms. Past efforts for developing such languages can be classified
in two categories:

— Developing mining tools tightly integrated with SQL DBMSs, representing
both the source data and the induced patterns in database relations. Mining
queries are specified in an SQL-like language [42, 43, 34, 35, 16, 27, 26, 55, 28,
29,44).

— Exploiting logic to encode ad hoc data mining tasks and to specify back-
ground knowledge using the same language: typically some DATALOG ex-
tension [57,53,54,21,22,14,23].

On the machine learning side the main effort has been devoted to upgrading
existing “propositional” data mining techniques to first order logic. This ap-
proach is denoted Inductive Logic Programming (ILP). ILP systems construct
logic programs from examples (both positive and negative) and background
knowledge: the challenge is to find a hypothesis that is consistent (w.r.t. negative
examples) and complete (w.r.t. positive examples). The background knowledge
and the hypothesis are expressed in two (not necessarily distinct) languages that
are fixed in advance. In recent years, ILP has broadened its scope to cover stan-
dard data mining tasks such as classification, regression, clustering and associa-
tion rules. This research is triggered by the need to pass from single-relational
to multirelational data mining [20,18,17], i.e., a learning setting where every
example is a set of facts or, equivalently, a (small) relational database.

An interesting approach would be to integrate the two different perspective
in an overall framework, where multirelational data mining approach can meet
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the potentials offered by the integration of mining and querying which is typical
of the inductive database approach. A nice tentative in this direction is the logic
language RDM [51] which uses terms for conjunctive queries: both constants
and variables can be conjunctive queries, thus RDM queries can be regarded as
higher order queries that seeks for standard conjunctive queries which satisfy
some given constraints.

Although we are aware of the importance of designing a powerful query lan-
guage for knowledge discovery, in this paper we do not provide yet another
tentative in this direction. Less ambitiously, we provide a simple primitive for
constraint-based frequent pattern queries, which can be embedded in any kind
of query language and system coherent with the relational paradigm.

The rationale for this aim, is in our intention to focalize on the crucial point
of the Data Mining Query Language problem: the hot-spot where an adequate
trade-off between efficiency and expressiveness of the query language has to be
found. The potential efficient evaluation of the proposed primitive is discussed
in Section 4 and 5; here we advocate its adequate expressiveness and versatility
showing how it can be embedded in query languages of different flavour.

Ezample 14 (Embedding the primitive in a SQL-like language). Consider the
constraint-based frequent pattern query of Example 13. The following is some
SQL-like syntactic sugar to express such query.

MINE PATTERNS Freq_pat, Support
FROM sales

GROUPING item BY day,cust
MINIMUM SUPPORT: 3

CONSTRAINTS ON name

FROM product

HAVING SUM(price) >= 30,

In the first line we define the name of the two output attributes Freq pat and
Support corresponding to the variables I and S of the query in Example 13.
In the FROM clause we indicate the data source, or, in other words, the relation
which plays the role of the mining view (V): note that according to Definition 5
the mining view can be defined by a relational expression; this means that in the
FROM clause we can have a full SQL SELECT clause. In the third line we indicate
that transactions are created grouping the attribute item by the two attributes
day,cust. In other word, we indicate the attribute which plays the role of item
(), and a list of attributes which play the role of transaction identifier (7).
Note that such grouping is not really performed by the underlying DBMS: this
is just syntactic sugar to express the input parameters for our primitive. In the
fourth line we define the minimum support threshold o. The last three lines
define the additional constraint on the sum of prices. Since the attribute price
is recorded in a relation different from the mining view we must indicate such
relation (product) and the name of the item attribute in such relation (name).
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An alternative could be to join the two tables in the definition of the mining
view, as follows:

MINE PATTERNS Freq_pat, Support

FROM (SELECT *
FROM sales JOIN product ON item = name
)

GROUPING item BY day,cust

MINIMUM SUPPORT: 3

HAVING SUM(price) >= 30,

However, this requires that the underlying DBMS joins two tables, a costly
operation not really necessary since our primitive can handle constraints defined
on different relations. In general we can have how many clauses of the form
“CONSTRAINTS ON attribute FROM table HAVING constraint” as necessary.

The simple query language whose syntax has been exemplified above, and
whose semantics is indirectly given by Definition 12, seems to be an adequate
trade-off between efficiency and expressiveness. It inherits its efficiency by our
primitive, which is implemented by an ad hoc optimized mining algorithm (see
Section 4 and 5). It is expressive since it allows full SQL definition of the source
data, it can exploit a wide variety of different constraints, and more impor-
tantly, it is geared on frequent itemsets which is a primitive task for many
complex queries. The most famous SQL-like data mining query language, MINE
RULE [42], has not the same flexibility, being geared on association rules, nor
the same efficiency, since it does not exploit constrain-pushing optimizations as
those described in the next Section. MINE RULE allows to express queries for
the mining of association rules whose body and head satisfy some structural con-
straints. In the following Example we show how such template-based queries can
be expressed in a DATALOG:-like query language which embeds our primitive
as optimized mining engine.

Ezample 15 (Embedding the primitive in a DATALOG-like language). Consider
again the relation in Figure 1(a) and (c). Suppose we want to compute simple
association rules having support greater than 5 and confidence greater than 0.4
with exactly two items in the head (one of type beverage and one of type snack)
and at least 3 items in the body.

As usually we can divide the association rule mining problem in two parts: the
mining of frequent itemsets and the subsequent generation of valid rules. For the
first subproblem we can use an inductive query which exploits our primitive in
order to have an efficient mining, while the second post-processing subproblem
can be solved by a simple DATALOG query.

The first inductive rule requires to compute itemsets with the proper support
and containing at least one item of type beverage and one of type snack.
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frequentPatterns(Itemset,Support) < Support = freq(Itemset,X),
X = (1{p,C}),
sales(D,C,I),
Support >= 5,
product(L, ,beverage),
product(J, ,snacks),
{L,J} C Itemset.

In the head of the rule we have the two output attributes Itemset and
Support. The first clause in the body of the rule states that the variable Support
stores the support of Itemset in the transaction database X. Such database is
obtained from relation sales(D,C,I) (third clause) grouping I by {D,C} (sec-
ond clause). The last three clauses in the body of the rule define the required
constraints.

The second rule is a deductive DATALOG rule which computes the required
association rules from the frequent itemsets by finding frequent itemsets of car-
dinality at least 5, having a frequent subset composed by two items to use as
head of the association rule.

rules(L,R,S,C) «— frequentPatterns(I,S),
cardinality(I) >=5,
frequentPatterns(R, S;),
cardinality(R) = 2,
subset(R,I),difference(I,R,L),
C=5/S1,C>=0.4.

As pointed out by these examples, our primitive is a propositional mechanism
which works on a single relation, the input mining view. However, it is also possi-
ble in principle to embed the primitive into a multirelational data mining query
language, such as RDM [51], equipped with high-order mechanisms to generate
all possible mining views coherent with the specified item and transaction IDs,
thus obtaining repeated invocation to the primitive on the various admissible
mining views.

4 Constraint Properties and How to Exploit Them

Constrained frequent pattern mining can be seen as a query optimization prob-
lem: given a mining query Q containing a set of constraints C, provide an efficient
evaluation strategy for Q which is sound and complete (i.e. it finds all and only
itemsets in Th(Cfreq) N TR(C)). A naive solution to such a problem is to first
find all frequent patterns ( Th(Cjreq)) and then test them for constraints satisfac-
tion. However more efficient solutions can be found by analyzing the property of
constraints comprehensively, and exploiting such properties in order to push con-
straints in the frequent pattern computation. Following this methodology, some
classes of constraints which exhibit nice properties have been individuated. In
this Section, by reviewing all basic works on the constrained frequent itemsets
mining problem, we recall a classification of constraints and their properties.
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4.1 Anti-monotone and Succinct Constraints
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A first work defining classes of constraints which exhibit nice properties is [44]. In
that paper is introduced an Apriori-like algorithm, named CAP, which exploits
two properties of constraints, namely anti-monotonicity and succinctness, in
order to reduce the frequent itemsets computation. Four classes of constraints,
each one with its own associated computational strategy, are defined:

1. Anti-monotone but not succinct constraints;

2. Anti-monotone and succinct constraints;

3. Succinct but not anti-monotone constraints;
4. Constraints that are neither.

Given an itemset X, a constraint C4 s is anti-monotone if VY C X : Cop(X) =
Cam(Y). The frequency constraint is the most known example of a Caps con-
straint. This property, the anti-monotonicity of frequency, is used by the Apri-
ori [3] algorithm with the following heuristic: if an itemset X does not satisfy
Cfreq, then no superset of X can satisfy Cgoq, and hence they can be pruned. This
pruning can affect a large part of the search space, since itemsets form a lattice.
Therefore the Apriori algorithm (see Algorithm1) operates in a level-wise fashion
moving bottom-up on the itemset lattice, from small to large itemsets. At each
iteration k Apriori counts the support of candidate itemsets (i.e. itemsets which
have all subsets frequent) of size k, which are denoted by C.

Algorithm 1 Apriori
Input: D,o
Output: Th(Creqp,0])

—_

: while Cy, # () do
Ly, — count(D, Cy)

c okt +
t Th(Creqrp,o1) = Uy L

Cr—{{i}|i€eI} k1

2
3
4:  Cgy1 < generate apriori(Ly)
5
6
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Those ones which have a support greater than the minimum support threshold
o are frequent itemsets. From the set of frequent itemsets of size k (denoted
by Ly) the set of candidates for the next iteration Cyy1 is generated by the
generate apriori procedure. Other C4)s constraints can easily be pushed deeply
down into the frequent itemsets mining computation since they behave exactly
as Cpreq: if they are not satisfiable at an early level (small itemsets), they have
no hope of becoming satisfiable later (larger itemsets). Conjoining other C4p
constraints to Csq We just obtain a more selective anti-monotone constraint.

A succinct constraint Cg is such that, whether an itemset X satisfies it or
not, can be determined based on the singleton items which are in X. Informally,
given Aj, the set of singleton items satisfying a succinct constraint Cg, then any
set X satisfying Cgs is based on A; , i.e. X contains a subset belonging to A
(for the formal definition of succinct constraints see [44]). A Cg constraint is
pre-counting pushable, i.e. it can be satisfied at candidate-generation time: these
constraints are pushed in the level-wise computation by substituting the usual
generate apriori procedure, with the proper (w.r.t. Cg) candidate generation
procedure. For instance, consider the constraint Cg = min(X.price) < v, which
is a succinct but not anti-monotone constraint. Given Ay = {i € 7 | i.price <
v}, we have that Th(Cs) = {X € 27 | 3i € X : i € A;}. Therefore this
constraint can be satisfied at candidate-generation time. This can be done using
a special candidate generation procedure, which takes care of the kind of the
given constraint, and produces only candidates which satisfy it. Constraints that
are both anti-monotone and succinct can be pushed completely in the level-wise
computation before it starts (at pre-processing time). For instance, consider the
constraint min(X.price) > v: if we start with the first set of candidates formed
by all singleton items having price greater than v, during the computation we
will generate only itemsets satisfying the given constraint. Constraints that are
neither succinct nor anti-monotone are pushed in the CAP [44] computation by
inducing weaker constraints which are either anti-monotone and/or succinct.

4.2 Monotone Constraints

Monotone constraints work the opposite way of anti-monotone constraints. Given
an itemset X, a constraint Cps is monotone if: VY O X : Cpr (X)) = Cp(Y). Since
the frequent itemset computation is geared on Cjreq, which is anti-monotone, Cpy
constraints have been considered more hard to be pushed in the computation
and less effective in pruning the search space. In fact, many works [4,19,15,13]
have studied the computational problem Th(Cfreq) N Th(Car), proposing some
smart exploration of its search space, but all facing the inherent difficulty of the
computational problem: the C4p-Cps tradeoff. Such tradeoff can be described
as follows. Suppose that an itemset has been removed from the search space
because it does not satisfy a monotone constraint. This pruning avoids checking
support for this itemset, but on the other hand, if we check its support and find
it smaller than the frequency threshold, we may prune away all the supersets of
this itemset. In other words, by monotone pruning we risk to lose anti-monotone
pruning opportunities given by the pruned itemset. The tradeoff is clear: pushing



A Relational Query Primitive for Constraint-Based Pattern Mining 27

monotone constraint can save frequency tests, however the results of these tests
could have lead to more effective anti-monotone pruning.

In [7] a completely new approach to exploit monotone constraints by means of
data-reduction is introduced. The ExAnte Property [7,8] is obtained by shifting
attention from the pattern search space to the input data. Indeed, the Cp-Cps
tradeoff exists only if we focus exclusively on the search space of the problem,
while if exploited properly, monotone constraints can reduce dramatically the
data in input, in turn strengthening the anti-monotonicity pruning power. With
data reduction techniques we exploit the effectiveness of a Cp-Casr synergy.

The ExAnte property states that a transaction which does not satisfy the
given monotone constraint can be deleted from the input database since it will
never contribute to the support of any itemset satisfying the constraint.

Proposition 16 (ExAnte property [7]). Given a transaction database D and
a conjunction of monotone constraints Cyy, we define the p-reduction of D as the
dataset resulting from pruning the transactions that do not satisfy Cp : pe,, (D) =
{teD|tec Th(Cu)}.

It holds that this data reduction does not affect the support of solution itemsets:

VX € Th(Cyr) : suppp(X) = SUPPyc,, ) (X).

A major consequence of reducing the input database in this way is that it
implicitly reduces the support of a large amount of itemsets that do not sat-
isfy Cps as well, resulting in a reduced number of candidate itemsets generated
during the mining algorithm. Even a small reduction in the database can cause
a huge cut in the search space, because all supersets of infrequent itemsets are
pruned from the search space as well. In other words, monotonicity-based data-
reduction of transactions strengthens the anti-monotonicity-based pruning of
the search space. This is not the whole story, in fact, infrequent singleton items
can not only be removed from the search space together with all their super-
sets, for the same anti-monotonicity property they also can be deleted from all
transactions in the input database (this anti-monotonicity-based data-reduction
is named a-reduction). Removing items from transactions offers another posi-
tive effect: reducing the size of a transaction which satisfies Cj; can make the
transaction violate it. Therefore a growing number of transactions which do not
satisfy Cps can be found. Obviously, we are inside a loop where two different
kinds of pruning (o and p) cooperate to reduce the search space and the input
dataset, strengthening each other step by step until no more pruning is possible
(a fix-point has been reached).

The ExAMiner Algorithm. The recently introduced algorithm ExAMiner [6,
5], generalizes the ExAnte idea to reduce the problem dimensions at all levels
of a level-wise Apriori-like computation. In this way, the Can-Cpr synergy is
effectively exploited at each iteration of the mining algorithm, and not only at
pre-processing as done by ExAnte, resulting in significant performance improve-
ments. The idea is to generalize ExAnte’s a-reduction from singletons level to
the generic level k. This generalization results in the following set of data reduc-
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tion techniques, which are based on the anti-monotonicity of Cpq (see [6] for
the proof of correctness).

Gr(i): an item which is not subset of at least k frequent k-itemsets can be pruned
away from all transactions in D.

Tk (t): a transaction which is not superset of at least k + 1 frequent k-itemsets
can be removed from D.

Lr(i): given an item ¢ and a transaction ¢, if the number of frequent k-itemsets
which are superset of ¢ and subset of ¢ is less than k, then ¢ can be pruned
away from transaction t.

Algorithm 2 count&reduce
Input: Dy,0,Cu, Ck, Vi1
Output: Dy, Vi, Lk

1: forall ¢ € Z do Vi[i] — 0
2: forall tuples ¢ in Dy do

3: foralliectdoif Vi_i[i] <k—1

4: then ¢ — t\ i

5: else i.count <+ 0

6: if |t| > k and Cux(t) then

7 forall X € Cy, X Ctdo

8: X.count++; t.count++

9: forall i € X do i.count++

10: if X.count = o then

11: Ly «— LU {X}

12: forall i € X do Vi[i] + +

13: if |t| > k+ 1 and t.count > k + 1 then
14: forall i € t if i.count < k
15: then ¢ — t\ 4
16: if |[t| > k+ 1 and Cu(t) then
17: write ¢ in Dy1

In ExAMiner [6] these data reductions are coupled with the p-reduction for Cps
constraints as described in Proposition 16. Essentially ExAMiner is an Apriori-
like algorithm, which at each iteration £ — 1 produces a reduced dataset Dy, to
be used at the subsequent iteration k. Each transaction in Dy, before participat-
ing to the support count of candidate itemsets, is reduced as much as possible
by means of Cpq-based data reduction, and only if it survives to this phase,
it is effectively used in the counting phase. Each transaction which arrives to
the counting phase, is then tested against the Cps (u-reduction) , and reduced
again as much as possible, and only if it survives to this second set of reductions,
it is written to the transaction database for the next iteration Djy;. The pro-
cedure we have just described, is named count&reduce (see Algorithm 2), and
substitutes the usual support counting procedure of Apriori (Algorithm 1).
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In Algorithm 2 in order to implement the data-reduction G (i) we use an
array of integers Vi (of the size of Items), which records for each item the
number of frequent k-itemsets in which it appears. This information is then
exploited during the subsequent iteration k + 1 for the global pruning of items
from all transaction in Dy1 (lines 3 and 4 of the pseudo-code). On the contrary,
data reductions 7x(t) and L (i) are put into effect during the same iteration
in which the information is collected. Unfortunately, they require information
(the frequent itemsets of cardinality k) that is available only at the end of the
actual counting (when all transactions have been used). However, since the set of
frequent k-itemsets is a subset of the set of candidates Cf, we can use such data
reductions in a relaxed version: we just check the number of candidate itemsets
X which are subset of ¢ (t.count in the pseudo-code, lines 10 and 18) and which
are superset of ¢ (i.count in the pseudo-code, lines 9 and 14).

4.3 Convertible Constraints

In [48,49] the class of convertible constraints is introduced, and an FP-growth
based methodology to push such constraints is proposed. A constraint Cca
is convertible anti-monotone provided there is an order R on items such that
whenever an itemset X satisfies Cca s, so does any prefix of X. A constraint Copy
is convertible monotone provided there is an order R on items such that whenever
an itemset X violates Copr, so does any prefix of X. In [48,49], two FP-growth
based algorithms are introduced: FIC* to mine Th(Cfreq) N Th(Ccam), and
FICM to mine Th(Creq) N Th(Cear). A major limitation of any FP-growth based
algorithm is that the initial database (internally compressed in the prefix-tree
structure) and all intermediate projected databases must fit into main memory.
If this requirement cannot be met, these approaches can simply not be applied
anymore. This problem is even harder with FICA and FICM: in fact, using
an order on items different from the frequency-based one, makes the prefix-
tree lose its compressing power. Thus we have to manage much greater data
structures, requiring a lot more main memory which might not be available.
Another important drawback of this approach is that it is not possible to take
full advantage of a conjunction of different constraints, since each constraint in
the conjunction could require a different ordering of items.

4.4 Loose Anti-monotone Constraints

In [12] a new class of tougher constraints, which is a proper superclass of convert-
ible anti-monotone, is introduced together with an Apriori-like algorithm which
exploit such constraints by means of data reduction.

Ezample 17 (var constraint is not convertible). Calculating the variance is an
important task of many statistical analysis: it is a measure of how spread out a
distribution is. The variance of a set of number X is defined as:

ZiEX(i - QUQ(X))Q

var(X) = IX|
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A constraint based on war is not convertible. Otherwise there is an order R
of items such that var(X) is a prefix increasing (or decreasing) function. Con-
sider a small dataset with only four items Z = {4, B,C, D} with associated
prices P = {10,11, 19,20}. The lexicographic order Ry = {ABCD} is such that
var(A) < wvar(AB) < var(ABC) < var(ABCD), and it is easy to see that we
have only other three orders with the same property: Ry = {BACD}, R3 =
{DCBA}, R4 = {CDBA}. But, for R, we have that var(BC) £ var(BCD),
which means that var is not a prefix increasing function w.r.t. R1. Moreover,
since the same holds for Rq, R3, R4, we can assert that there is no order R such
that var is prefix increasing. An analogous reasoning can be used to show that
it neither exists an order which makes var a prefix decreasing function.

Following a similar reasoning it can be shown that other interesting con-
straints, such as for instance those ones based on standard deviation (std) or
unbiased variance estimator (vary_1) or mean deviation (md), are not con-
vertible as well. Luckily, all these constraints share a nice property that named
“Loose Anti-monotonicity” [12].

While an anti-monotone constraint is such that, if satisfied by an itemset then
it is satisfied by all its subsets, a loose anti-monotone constraint as such that, if
it is satisfied by an itemset of cardinality k then it is satisfied by at least one of
its subsets of cardinality k — 1. Since some of these interesting constraints make
sense only on sets of cardinality at least 2, in order to get rid of such details,
we shift the definition of loose anti-monotone constraint to avoid considering
singleton items.

Definition 18 (Loose Anti-monotone constraint). Given an itemset X
with | X| > 2, a constraint is loose anti-monotone (denoted Cranr) if: Cranm (X)
=dieX : CLAM(X\{Z})

The next proposition and the subsequent example state that the class of Cran
constraints is a proper superclass of Coay (convertible anti-monotone con-
straints).

Proposition 19. Any convertible anti-monotone constraint is trivially loose
anti-monotone: if a k-itemset satisfies the constraint so does its (k — 1)-prefix
itemset.

Ezample 20. We show that the constraint var(X.A) < v is a Cpapy constraint.
Given an itemset X, if it satisfies the constraint so trivially does X \ {i}, where
i is the element of X which has associated a value of A which is the most far
away from avg(X.A). In fact, we have that var({X \ {i}}.4) < wvar(X.A) < v,
until | X| > 2.Taking the element of X which has associated a value of A which
is the closest to avg(X.A) we can show that also var(X.A) > v is a Cranm
constraint. Since the standard deviation std is the square root of the variance,
it is straightforward to see that std(X.A) < v and std(X.A) > v are Crapn. The
mean deviation is defined as: md(X) = (3_,cx |i — avg(X)|) / |X|. Once again,
we have that md(X.A) < v and md(X.A) > v are loose anti-monotone. It is
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easy to prove that also constraints defined on the unbiased variance estimator,
vary—1 = (3 ;e x (i —avg(X))?) / (|X| — 1) are loose anti-monotone.

The next Proposition (see [12] for the proof) indicates how a Cr 4 constraint
can be exploited in a level-wise Apriori-like computation by means of data-
reduction. It states that if at any iteration k > 2 a transaction is not superset of
at least one frequent k-itemset which satisfy the Cpap constraint (a solution),
then the transaction can be deleted from the database.

Proposition 21. Given a transaction database D, a minimum support threshold
o, and a Cpap constraint, at the iteration k > 2 of the level-wise computation, a
transaction t € D such that: BX C t,|X| =k, X € Th(Creqip,0))NVTh(CLan) can
be pruned away from D, since it will never be superset of any solution itemsets
of cardinality > k.

As in ExAMiner [6] the anti-monotonicity based data reductions are coupled
with the p-reduction for Cp; constraints, similarly we can exploit the above
Proposition for Cp4ps constraints, by embedding such loose anti-monotonicity
based data reduction with-in the count&reduce procedure (see [12]).

5 Constraint Pushing Optimization

In this section we define an ad hoc optimized algorithm for the evaluation of our
primitive on the basis of the state-of-the-art of constraint pushing techniques
described in the previous Section. The proposed algorithm, is a breadth-first
Apriori-like computation based on data-reduction techniques.

Adopting this kind of algorithmic architecture, i.e., moving level-wise and
reducing data as much as possible, we can exploit different properties of con-
straints all together, and the global reduction benefit is always greater than the
sum of the individual benefits.

In Table 2 we report the properties that our algorithm exploits for each con-
straint admitted in our framework. In the Table we do not report convertibility
property since we do not exploit it. Convertibility, in fact, is well suited for
FP-tree based depth-first algorithms [30,48,49] while we adopt an Apriori-like
breadth-first computation. In our framework, the constraint based on the avg
aggregate, which is the prototypical convertible constraint, is pushed in the com-
putation by means of loose anti-monotonicity data reduction, obtaining stronger
benefits. For a deeper discussion on this issue and for empirical comparison of
the two different strategies see [12].

Algorithm 3 implements our primitive. Given freq(V,7,Z,0,C) Algorithm 3
computes Th(Cjreqip,01) N Th(C) where D is given by the triple (V,7,7) as de-
scribed in Section 2. In the pseudo-code the constraints in the conjunction C are
partitioned in groups w.r.t. their properties. In particular:

— Cay is the conjunction of constraints in C which are anti-monotone but not
succinct;
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Table 2. Properties of the constraints admitted in our primitive

Constraint Properties
SCV Cam,Cs,Cram
SOV Cum,Cs,Cram

SACV Cam,Cs,Cram
SADV Cum,Cs,Cram
min(S.4) > v Cam,Cs,Cram
min(S.4) <wv Cwm,Cs,Cram
max(S.A) > v Cm,Cs,Cram
maz(S.A) <wv Cam,Cs,Cram
count(S) < w Cam,Cram
count(S) > v Cu
count(S.A) <wv Canm,Cram
count(S.A) > v Cu
sum(S.A) <wv (Vi € S,i.A>0) Cam,Cram
sum(S.A) > v (Vi€ S,i.A > 0) Cu
range(S.A) <wv Cam,Cram
range(S.A) > v Cm,Cram
avg(S.A)Ov Cram
median(S.A)6v Cram
var(S.A)6v Cram
std(S.A)bv Cram
md(S.A)fv Cram

— Caus is the conjunction of constraints in C which are both anti-monotone
and succinct;

— Cys is the conjunction of constraints in C which are monotone but not suc-
cinct;

— Cps is the conjunction of constraints in C which are both monotone and
succinct;

— Cran is the conjunction of constraints in C which are loose anti-monotone.

Note that this groups of constraints are not necessarily disjoint.

Ezample 22. The constraint range(S.A) > v = maz(S.A) — min(S.A) > v, is
both monotone and loose anti-monotone. Thus, when we mine frequent itemsets
which satisfy such constraint we can exploit the benefit of having together, in the
same count&reduce procedure, the Cyr.q-based data reductions, the p-reduction
for monotone constraints, and the reduction based on Cp 4.

The possibility of exploiting different properties of constraints all together,
exists not only for Cp; and Crap constraints (as seen in Example 22), but also
for any other kind of constraints. In fact, all the properties that we exploit are
orthogonal and thus can be combined.

Ezample 23. Consider now the constraint max(S.A) > v. This constraint is
monotone, succinct and loose anti-monotone. This means that we can exploit all
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these properties by using it as a succinct constraint at candidate generation time,
and using it as a monotone constraint and as a loose anti-monotone constraint
by means of data-reduction at counting time.

Algorithm 3 Constraint-based Frequent Pattern Mining
Input: D,o,C

Output: Th(Cjreqip,01) N Th(C)

1: L1 — 7

2: C1— {{i} |1 € ZACams({i}) NCan({5})}
3: Dy «— e, (D)

4: L1, D1 < count first iteration(Ds1,o,C1,Cum,Cus)
5: while L1 ;é 01 dO
6: Cy <« Lq;

7 L1, Dy < count first iteration(D1, o, Cv,Car,Cus)

8: Cy «— generate(L1,Cam,Cus)

9: forall i € Ly do Vi[i] — 0

10: k2

11: while C # 0 do

12 L, Dr+1, Vi «— count&reduce(Dy, o,Cur,Cus,Cram, Cry Vi—1)
13:  Ckq1 < generate(Li,Cam,Cus)
14:  k++
15: for(: = 0;i < k;i + +) do
16: forall X € L; do
17: if Cu(X) A Cus(X) ACram(X) then return X

Let us briefly describe the pseudo-code in Algorithm 3. First of all, note that
as stated in Section 3 constraints which are both anti-monotone and succinct are
pushed once and for all, at preprocessing, simply by considering in the forthcom-
ing computation singleton items which satisfy them (Line 2). Lines from 3 to 7
together with procedure count first iteration (Algorithm 4), implement the Ex-
Ante pre-processing [7]. Lines from 11 to 14 implements the typical central loop
of the Apriori algorithm, where the generate procedure exploits succinctness and
anti-monotonicity to reduce the set of candidates, and the count&reduce pro-
cedure exploits monotonicity and loose anti-monotonicity. Finally, lines from 15
to 17 implement the post-processing, where possible solution itemsets are check
for satisfaction of those kinds of constraints, for which satisfaction not already
guaranteed.

Our algorithm, by means of data-reduction, exploits a real synergy of all
constraints that the user defines for the pattern extraction: each constraint does
not only play its part in reducing the data, but this reduction in turns strengthens
the pruning power of the other constraints. Moreover data-reduction induces
a pruning of the search space, and the pruning of the search space in turn
strengthens future data reductions.

The orthogonality of the exploited constraint pushing techniques has a twofold
benefit: on one hand all the techniques can be amalgamated together achieving a
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Algorithm 4 count first iteration
Input: D,0,C,Cym,Cus
Output: Dy, Ly

1: L1 «— ®7D1 «— @

2: forall t € D do

3 if Ca(t) A Cus(t) then

4: forall i € t do i.count + +; if i.count + + = o then L «— L1 U {3}
5: Dy «+— DUt

6: D1 « 71, (D1)

very efficient computation (for the empirical evaluation of each single technique
we address the interested reader to the respective paper cited in Section 4);
on the other hand the framework can be easily extended to handle to other
constraints.

Another positive effect of adopting an Apriori-like algorithm, is that in the im-
plementation we can exploit all coding tricks and smart data structure that have
been developed in the last decade for the Apriori algorithm (see, for instance,
[45,46]).

At Pisa KDD Laboratory developed a prototype of the optimized computa-
tional framework in tight collaboration with the authors of [45,46], within the
P3D project’.

6 Conclusions and Future Work

In this paper, we introduced a primitive for constraint-based pattern discovery,
which represents a trade-off between simplicity and generality, as well as between
expressiveness and efficiency. The versatility of the primitive is witnessed by
its easy adaption within query languages of different nature; its efficiency is
witnessed by the availability of systematic optimization methods, based on the
properties of the specified constraints. We believe that this trade-off ia a step
forward in the road to a realistic inductive database system. We are also aware
that many issues remain open, and deserve further research:

— how to support user-defined constraints;

— how to integrate condensed representations of patterns in the constraint-
based mining framework [47,10, 11];

— how to tightly integrate our primitive within a relational DBMS: his issue
is strictly connected with many other open problems, for instance, how to
store and index frequent pattern query results;

— defining constraint-based incremental mining techniques, i.e., how to exploit
the results of previous queries in order to have a more efficient computation
for the forthcoming queries;

— developing a constraint-based mining framework for more complex kinds of
patterns such as sequences and graphs.

! http://www-kdd.isti.cnr.it/p3d/index.html
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Our objective is to integrate the results of these investigations in a unified

system for exploratory constraint-based pattern discovery.
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