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Abstract. We show that a graph has tree-width at most 4k —1 if its line
graph has NLC-width or clique-width at most k, and that an incidence
graph has tree-width at most k if its line graph has NLC-width or clique-
width at most k. In [9] it is shown that a line graph has NLC-width at
most k + 2 and clique-width at most 2k + 2 if the root graph has tree-
width k. Using these bounds we show by a reduction from tree-width
minimization that NLC-width minimization is NP-complete.

1 Introduction

The clique-width of a graph is defined by a composition mechanism for vertex-
labeled graphs [7]. The operations are the vertex disjoint union, the addition of
edges between vertices controlled by a label pair, and the relabeling of vertices.
The clique-width of a graph G is the minimum number of labels needed to define
it. The NLC-width of a graph is defined by a composition mechanism similar to
that for clique-width [19]. Every graph of clique-width at most k& has NLC-width
at most k and every graph of NLC-width at most & has clique-width at most 2k
[12]. The only essential difference between the composition mechanisms of clique-
width bounded graphs and NLC-width bounded graphs is the addition of edges.
In an NLC-width composition the addition of edges is combined with the union
operation. This union operation applied to two graphs G and J is controlled by a
set S of label pairs such that for every pair (a,b) € S all vertices of G labeled by
a will be connected with all vertices of J labeled by b. Both concepts are useful,
because it is sometimes much more comfortable to use NLC-width expressions
instead of clique-width expressions and vice versa, respectively.

Clique-width and NLC-width bounded graphs are particularly interesting
from an algorithmic point of view. A lot of NP-complete graph problems can be
solved in polynomial time for graphs of bounded clique-width. For example, all
graph properties expressible in monadic second order logic with quantifications
over vertices and vertex sets (MSOj-logic) are decidable in linear time on clique-
width bounded graphs [6] if a corresponding decomposition for the graph is given
as an input. The MSO;-logic has been extended by counting mechanisms which
allow the expressibility of optimization problems concerning maximal or minimal
vertex sets [6]. All graph problems expressible in extended MSO;-logic can be
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solved in polynomial time on clique-width bounded graphs. Furthermore, there
are a lot of NP-complete graph problems which are not expressible in extended
MSO;-logic (like Hamiltonicity, various partition problems, and bounded degree
subgraph problems) but which can also be solved in polynomial time on clique-
width bounded graphs [T9I8IT4]9].

The recognition problem for graphs of clique-width or NLC-width at most
k for fixed integers k is still open for £ > 4 and k& > 3, respectively. Clique-
width of at most 3 is decidable in polynomial time [4]. NLC-width of at most
2 is decidable in polynomial time [I3]. Clique-width of at most 2 and NLC-
width 1 is decidable in linear time [5]. In this paper we show that NLC-width
minimization is NP-complete, which was open up to now.

The paper is organized as follows. In Section 2, we recall the definitions of
clique-width, NLC-width, and tree-width. In Section 3, we show that a graph
has tree-width at most 4k — 1 if its line grap has NLC-width or clique-width at
most k. In Section 4, we show that an incidence grap}E has tree-width at most
k if its line graph has NLC-width or clique-width at most k. In [9] it is shown
that a line graph has NLC-width at most k 4+ 2 and clique-width at most 2k + 2
if the root graph has tree-width k. This in connection with the result of Section
4 is used to show by a reduction from tree-width minimization that minimizing
NLC-width is NP-complete.

2 Preliminaries

Let [k] :== {1,...,k} be the set of all integers between 1 and k. We work with
finite undirected vertex labeled graphs G = (Vg, Eg,labg), where Vi is a finite
set of wvertices labeled by some mapping labg : Vo — [k] and Eg C {{u,v} |
u,v € Vg, u # v} is a finite set of edges. The labeled graph consisting of a single
vertex labeled by a € [k] is denoted by e,.

The notion of clique-width is defined by Courcelle and Olariu in [7].

Definition 1 (Clique-width, [7]). Let k be some positive integer. The class
CWiy, of labeled graphs is recursively defined as follows.

1. The single vertex graph e, for some a € [k] is in CWj.

2. Let G = (Vg, Eg, labg) € CWy, and J = (V;, Ey, laby) € CWy, be two vertex
disjoint labeled graphs. Then G®J := (V' E’, lab) defined by V' := VgUVj,
E' :=EgUEj, and

/ o labg(u) ifu € Vg
labf (u) = {labJ(u) ifuevy

is in CWj,.

! The line graph L(G) of a graph G has a vertex for every edge of G' and an edge
between two vertices if the corresponding edges of G are adjacent [20].

2 The incidence graph I(G) of a graph G is the graph we get if we replace every edge
{u,v} of G by a new vertex w and two edges {u, w}, {w,v}.
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3. Let a,b € [k] be two distinct integers and G = (Vg, Eg, labg) € CWy, be a
labeled graph then
(a) pa—b(G) := Vg, Eg,lab’) defined by

/ | labg(u) if labg(u) # a
lab(u) = {b ¢ z‘flabg(u):a

is in CWy and
(b) Map(G) = (Vg, E', labg) defined by

E':= EqU{{u,v} | u,v € Vg, u#wv, labu) =a, lab(v) = b}
s in CWy.
The notion of NLC-width is defined by Wanke in [19).

Definition 2 (NLC-width, [19]). Let k be some positive integer. The class
NLCy, of labeled graphs is recursively defined as follows.

1. The single vertex graph e, for some a € [k] is in NLCj,.

2. Let G = (Vg,Eq,labg) € NLCy, and R : [k] — [k] be a function, then
or(G) = (Vg, Eg, lab') defined by lab' (u) := R(labg(u)) is in NLC.

3. Let G = (Vg, Eg,labg) € NLCy, and J = (Vy,Ey,laby) € NLCy, be two
vertex disjoint labeled graphs and S C [k]? be a set of label pairs, then graph
G xsJ:= (V' E' lab) defined by V' := Vg UVj,

E':=EqUE;U{{u,v} |ue Vg, veVy, (labg(u),labs(v)) € S},

" labe () if
/ o abg(u) if u € Vg
lab(u) = {labJ(u) ifueVy

is in NLC}.

The clique-width (NLC-width) of a labeled graph G is the least integer k such
that G € CWy, (G € NLCy, respectively). An expression built with the opera-
tions e, @, Pa—b, Na,p for integers a, b € [k] is called a clique-width k-expression.
An expression built with the operations e,, xg,0pr for a € [k], S C [k]?, and
R : [k] — [k] is called an NLC-width k-expression. Every clique-width expression
(NLC-width expression) has by its recursive definition a tree structure which we
call the cligue-width expression tree (NLC-width expression tree, respectively).
A vertex labeled graph G has linear clique-width (linear NLC-width) at most
k if it can be defined by a clique-width k-expression (NLC-width k-expression,
respectively) in that at least one argument of every operation @ (every operation
X g, respectively) is a single labeled vertex e, [11].

The notion of tree-width and path-width is defined by Robertson and Sey-
mour in [I§] and [I7], respectively.

3 The abbreviation NLC results from the node label controlled embedding mechanism
originally defined for graph grammars.
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Definition 3 (Tree-width and path-width, [I8/17]). A tree decomposition
of a graph G = (Vg,Eg) is a pair (X,T) where T = (Vp,Er) is a tree and
X ={X.| u € Vp} is a family of subsets X,, C Vi one for each node v of T
such that

1. Uyev, Xy = Vg,

2. for every edge {v1,v2} € Eg, there is some node u € Vr such that v1 € X,
and vo € Xy, and

3. for every vertex v € Vg the subgraph of T induced by the nodes w € Vp with
v € X, is connected.

The width of a tree decomposition (X = {X, | v € Vp}, T = (Vp,Er)) is
maxXyevy | Xu| — 1. A tree decomposition (X,T) is called a path decomposition
if T is a path. The tree-width (path-width) of a graph G is the smallest integer

k such that there is a tree decomposition (a path decomposition, respectively)
(X,T) for G of width k.

The line graph L(G) of a graph G has a vertex for every edge of G and an
edge between two vertices if the corresponding edges in G have a common vertex
[20]. Graph G is called the root graph of L(G). For any line graph with at least
4 edges the root graph is unique and can be found in linear time [I5].

The incidence graph 1(G) = (Vi(g), Er(q)) of a graph G = (Vg, Eg) is the
graph with vertex set V;g) = Vo U Eg and edge set Ejq) = {{u,e} | u €
Vi, e € Eg, u € e}. The incidence graph of G is the graph we get, if we replace
every edge {u,v} of G by a new vertex w and two edges {u,w}, {w,v}.

3 Line Graphs of Bounded NLC-Width

Tree-width bounded graphs can also be defined by a merging procedure of so-
called terminal graphs, which are also called sourced graphs. This is a well-known
property of tree-width bounded graphs, see also [2]. We will define terminal
graphs with edge labels, because this will allow us to define in an easy way the
edge labeled root graphs of vertex labeled line graphs.

Let k,1 be two positive integers. An [-labeled k-terminal graph is a system

G = (VG7EG7PG7labG)7

where (Vg, Eq) is a graph, P = (u1,...,uk) is a sequence of k > 0 distinct
vertices of Vi, and labg : Eq — [I] is an edge labeling. The vertices in sequence
Pg are called terminal vertices or terminals for short. The vertex u;, 1 < i <k,
is the i-th terminal of G. The other vertices in Vg — Pg are called inner vertices.
The class TMy,; of I-labeled k-terminal graphs is recursively defined as follows.

.

1. The terminal graph e - e, 1 < r <k, consisting of 7 terminals is in TMy,;.

2. The terminal graph e “ e, a € [l], consisting of two terminals u,v and an
edge {u,v} labeled by a is in TMy,; for k > 2.
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3. Let G = (Vg,Eg,Pg,labg) S TMkJ, P = (ul,...,ur), and f : [’I“] — [T},
be a bijection. Then the [-labeled r-terminal graph G|f = (Vg, Eg, P’,labg)
with P/ = (uf(1)7 . 7uf(r)> is in TMy ;.

4. Let G = (Vg, Eq, Pg,labg) € TMy;, P = (u1,...,u,), and s € [r]. Integer
s is also called a decrement. Then the [-labeled (r — s)-terminal graph G| =
(Va, Eq, P',labg) with P’ = (uq,. .., up—s) is in TMy .

5. Let G = (Vg, Eg, Pa,labg) € TMy; and R : [I] — [I] be a relabeling map-
ping. Then the terminal graph og(G) = (Vg, Eg, Pa,lab’) with lab’(e) =
R(labg(e)) for all e € Eg is in TM ;.

6. Let H = (VH,EH,PH,labH) S TM}CJ, J = (VJ,EJ,PJ,labJ) S TMkJ, and
|Prr| < |Pjy|. Then terminal graph H x J defined as follows is in TMj ;.

(a) Take the disjoint union of (Vir, Ex,laby) and (Vy, Ej,laby), and iden-

tify the i-th terminal from H with the i-th terminal from J.
(b) An edge e from H x J is labeled by labpx j(e) = labg(e) if it is from H
and by labg j(e) = labs(e) if it is from J.
(¢) The i-th terminal of H X J is the i-th terminal of J.
(d) Multiple edges are eliminated by removing the corresponding edges
from H.
-

An expression built with the operations ® -Au:, e %o |f |5 or, and x is
called a terminal k,l-expression. The terminal graph defined by a terminal &, [-
expression X is denoted by val(X). It is easy to see that TM41 1 defines exactly
the set of graphs of tree-width at most k, see [10].

Let G = (Vg, Eg, Pa,labg) be an edge labeled terminal graph, G = (Vg, Eg,
labg) be a vertex labeled graph, and 7 : Eg — Vg be a bijection such that 1.)
for every e1,es € Eg, e1 and es have a common vertex if and only if 7(e;) and
m(e2) are adjacent in G, and 2.) for every e € Eg, labg(e) = labg(m(e)). Then G
is called the labeled line graph of G, and G is called a labeled terminal root graph
for G.

The next theorem shows a very tight connection between the tree-width of a
graph and the NLC-width of its line graph.

Theorem 1. If a line graph has NLC-width at most k, then its root graph has
tree-width at most 4k — 1.

Proof Sketch. Let us first observe what happens if we insert edges between two
vertex labeled line graphs by an NLC-width operation. Let G = (Vg, Eg, labg)
be an edge labeled graph with at least two edges. Let G = (Vg, Eg,labg) € NLC;,
be the vertex labeled line graph of G defined by some bijection 7 : Eg — Vg.
Every induced subgraph of G defines by bijection 7 a unique subgraph of G
in that every vertex is incident with at least one edge. Assume G = H xg J
for some S C [k]? and two non-empty vertex labeled graphs H and J. Since H
and J are induced subgraphs of G, we know that they are line graphs of two
subgraphs H and J of G. Since H and J are vertex disjoint, we know that H
and J are edge disjoint. Since ‘H and 7 have at least one vertex, we know that H
and J have at least one edge. Assume further that every pair (a,b) € S defines
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H J G=Hxya2n T

Fig. 1. An NLC-width composition H X ((1,2)} J of two vertex labeled line graphs H
and J. The labels at the edges of H, J, and G represent the labels of the corresponding
vertices of H, J, and G specified by bijection .

at least one edge between a vertex of H and a vertex of 7. If S is nonempty, then
in G at least one edge of H has a common vertex with at least one edge of J.

We now show that G can be defined by a vertex disjoint union of H and .J
and then identifying at most 4k vertices from H with at most 4k vertices from
J. A simple example of such a composition H xg J is shown in Figure [l

For a label a € [k] let G, H,, and J, be the subgraphs of G, H, and J,
respectively, defined by the edges e (and their end vertices) labeled by a. Let
(a,b) € S be a pair of S. Then the operation xg connects every vertex of H
labeled by a with every vertex of J labeled by b. Thus, in root graph G every
edge of H, has a common vertex with every edge of J,. Let e = {u,v} be
any edge of H,. Then every edge of J, either contains vertex u or vertex v. If
Jy has three or more edges, then at least two of them must have a common
vertex. By the same argumentation, if H, has three or more edges then at least
two of them must have a common vertex. Thus, H, and .J, have at most two
connected components. If H, has two connected components, then all edges of
every connected component have exactly one common vertex, because an edge
of J, can only contain one vertex from every of the two connected components
of H,. If H, is connected then it contains no simple path with 6 vertices and no
simple cycle with 3 or 5 vertices.

This observation leeds to a case distinction which divides all subgraphs H,,
a € [k], of H into 8 distinct types as illustrated in Figure[2l Type 8 of Figure
represents all graphs that have neither a vertex u such that all edges are incident
with v nor two non-adjacent vertices u, v such that every edge is incident with
U or v.
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Fig. 2. Eight types for the subgraphs H, and J, of H and J, respectively. The specific
vertices are framed by squares.

Graphs of Type 1, 2, 3, and 5 have one connected component. Graphs of
Type 4 and 6 have two connected components. Graphs of Type 7 have one or
two connected components. Every graph of Type 1 to 7 has at most 4 specific
vertices of which some can be in both graphs, in H, and in Jp. In Figure[2l these
specific vertices are framed by squares.

Since the edges of G are labeled by at most & labels, it follows that at most
4k vertices of H are contained in J. That is, at most 4k vertices of H and at
most 4k vertices of J have to be identified to define G from a vertex disjoint
union of H and J. Graph G itself has also at most 4k vertices which can be
identified with other vertices during further composition steps.

This allows us to define for an arbitrary NLC-width k-expression X that
defines a line graph a mapping o that associates for every subexpression X’ of
X a terminal 4k, k-expression o(X’) such that val(c(X’)) is the edge labeled
terminal root graph of val(X").

1. If X = e, for some a € [k] then let o(X) =o ¢ o.
2. If X = op(X") for some relabeling R : [k] — [k] then let 0(X) = or(c(X")).
3. If X = X; xg X for some S C [k]? then o(X) can be defined by

r
PR

o(X) = ((0(X1) x (0(X2) x &= §)[1)| )]

with two bijections f1, f2, a decrement s, and some r < 4k.

0(X) can be defined as above with some r < 4k, although not all terminals of
T

val(o(X1)) need to be identified with terminals of val(o(X5)) via val(e = ’),

or vice versa, for the complete proof of this non trivial fact see [10]. O
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Since the NLC-width of a graph is always less than or equal to its clique-width
[12], Theorem [ also holds for line graphs of clique-width at most k.

Corollary 1. If a line graph has clique-width at most k, then its root graph has
tree-width at most 4k — 1.

4 Line Graphs of Incidence Graphs

The next theorem improves the bound of Theorem [ for line graphs of incidence
graphs.

Theorem 2. If the line graph of an incidence graph has NLC-width at most k,
then its root graph has tree-width at most k.

Proof Sketch. Let us now observe what happens if we insert edges between two
vertex labeled line graphs by an NLC-width operation G = H x5 J, S C [k]? if
the root graphs G, H, and J of G, H, and J, respectively, are incidence graphs.
Let again G, a € [k], be the terminal subgraph of a terminal graph G defined
by the edges (and their end vertices) labeled by a.

Since any incidence graph (and also any subgraph of an incidence graph) has
no cycle of length < 6 and that every edge of an incidence graph (and also any
edge of a subgraph of an incidence graph) has one end vertex of degree at most
2, every subgraph G, a € [k], of G can be divided into four types as illustrated
in Figure[3 see [I0]. Type 4 of Figure Blrepresents all incidence graphs with two
non-adjacent vertices u, v and an edge not incident with u or v. If G is of Type
4, then no vertex of G, needs to be a terminal of G.

R e

T;

2~

T

Fig. 3. Four types for the subgraphs G, of a terminal incidence graph G. The specific
vertices are framed by squares.

The same argumentation as in the proof of Theorem [l now shows that for an
arbitrary NLC-width k-expression X that defines a line graph of an incidence
graph there is a mapping o that associates for every subexpression X’ of X a
terminal 2k, k-expression o(X’) such that val(o(X")) is the edge labeled terminal
root graph of val(X"’).

We next transform o(X) into a terminal 2k, k-expression Y such that every
subexpression defines a connected terminal graph. This is possible, because the
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final root graph o(X) is connected, see [10]. Now every subexpression Y’ of Y’
is of the form

=W N =

Y’ =e @ o for some a € [k],

. Y" =Y/|! for some bijection f,

. Y’ =Y/|s for some decrement s,

. Y’ = op(Y{) for some relabeling R, or
T

Y= (Y] x (Y x ;-{\-;)\fl)\f"’ﬂs for bijections f1, fa, some r < 2k, and a

decrement s.

These subexpressions define connected terminal graphs. For every of these

subexpressions Y there is an NLC-width k-expression X’ such that val(Y”) is
the edge labeled root graph of the vertex labeled line graph val(X’).

Now we will show that Y can be transformed into an equivalent terminal

k + 1, k-expression. Let Y’ be a subexpressions of Y of the form stated above
and let G = val(Y”). Let again G, for some a € [k] be the terminal subgraph of
G defined by the edges (and their end vertices) labeled by a.

1.

2.

If all subgraphs G, a € [k], of G are of Type 1 of Figure B then G has at
most k edges. Since GG is connected, it has at most k + 1 terminals.
If all subgraphs G, a € [k], of G are of Type 1, 2, or 4 of Figure 3 and at
least one of these subgraphs is of Type 2 or 4, then G has at least one inner
vertex. In this case G has at most k terminals, see [10].
If some subgraph G, a € [k], of G is of Type 3, then two vertices ug, v, of
G, are terminals of G. If u,,v, are not adjacent in the root graph val(Y)
we can remove them from the terminal vertex list. Otherwise we know that
during any further composition these two vertices will get incident only with
the missing edge {uq, v, }. We now modify the expression as follows.
A subgraph of Type 3 can only be created in the following two cases.
(a) Let

G = OR(H)

be a graph such that G has a subgraph G,, a € [k] of Type 3, but H
has no subgraph of Type 3. Then H is connected and at least one inner
vertex, and thus H has at most k terminals. We insert the edge between
Uy and v, now by

G=(((« " o xon (H)M)=),)

with three bijections fi, f2, f3 and a decrement s = 2. The decrement
s = 2 removes the two vertices uq, v, from the terminal vertex list. (This
can be done for all subgraphs G,, a € [k], of G of Type 3 step by step.)
(b) Let
-
)
G=(Hx(Jxe &)l

be a graph such that G has a subgraph G, of Type 3, but H and J have
no subgraphs of Type 3. Then H and J are connected and have at least
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one inner vertex, thus H and J have at most k terminals. Let u, from
H and v, from J. We insert the edge between u,, v, of G, by

r r
a ,A ,A
o

G = ((HIP x (P2 x (o7 o x8 @) 71)[5, x €729) [T, )| 2

with bijections fi, fo, f3, f4, f5 and decrements s; = 1,9 = 1. If J has
k' terminals then ' = k' + 1. Let u, be from H and v, be from J. One
end vertex of edge e ® o will be identified with the terminal v, of J.
Decrement s; = 1 will remove this vertex from the terminal vertex list.
The other end vertex of edge e ¢ e will then be identified with u, from
H. The final restriction so = 1 will remove this vertex from the terminal
vertex list. (This can be done for all subgraphs G, a € [k], of G of Type
3 step by step in the same way.)

In both cases, the composition step which originally inserts the edge between

u, and v, will be omitted.

Now the resulting composition is set up with terminal graphs that have at
most k + 1 terminals. a

Since the NLC-width of a graph is always less than or equal to its clique-width
[12], Theorem [2 also holds for line graphs of incidence graphs of clique-width at
most k.

Corollary 2. If the line graph of an incidence graph has clique-width at most
k, then its Toot graph has tree-width at most k.

5 The NP-Completeness of NLC-Width Minimization

Since a graph G has tree-width k if and only if its incidence graph I(G) has
tree-width k, see for example [I6], Theorem [ 2, Corollary [, [2] and the results
of [10] together now imply the following bounds.

tree- W1dth(G)+1

(1.) < NLC-width(L(G)) < tree-width(G) + 2
(2.) e Wldth @+ < clique-width(L(G)) < 2-tree-width(G) + 2
(3.) Path- W‘dth(G) ' < linear-NLC-width(L(G)) < 2-path-width(G)
(4.) path- Wldth(GHl < linear-clique-width(L(G)) < 2-path-width(G) + 1
(5.) tree- w1dth(G) < NLC-width(L(I(G))) < tree-width(G) + 2
(6.) tree-width(G) <  clique-width(L(I(Q))) < 2-tree-width(G) + 2
(7.) PRI < Jinear-NLC-width(L(1(G))) < 2 - path-width(G) + 2
(8.) Path- Wld“‘(@“ < linear-clique-width(L(I(G))) < 2 - path-width(G) + 3

Inequality (5.) can be used to show that NLC-width minimization is NP-
complete.
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Theorem 3. Given a graph G and an integer k, the problem to decide whether
G has NLC-width at most k is NP-complete.

Proof. The problem to decide whether a given graph has NLC-width at most k
is obviously in NP.

For a graph G = (V, E) and some integer r > 1 let G be the graph G in that
every vertex u is replaced by a clique C,, with r vertices and every edge {u, v} is
replaced by all edges between the vertices of C,, and C,. That is, G" = (V;., E,.)
has vertex set V;. = {u;; | u; € V,j € {1,...,r}} and edge set

E, = {{uij,uij} | 7,7 =1,...,rand i =iV {u;,uy} € E)}.

Bodlaender et al. have shown in [3], that G has tree-width k if and only if G”
has tree-width r(k + 1) — 1.

Arnborg et al. have shown in [I] that tree-width minimization is NP-complete.
That is, given a graph G and an integer k, the problem to decide whether G has
tree-width at most k, is NP-complete.

For a given graph G, we first construct the graph G2, then the incidence
graph I(G?), and then the line graph L(I(G?)). This can be done in polynomial
time. If G has tree-width k, then G® has tree-width 3k + 2, and I(G®) has tree-
width 3k + 2. By Theorem B graph L(I(G®)) has NLC-width at least 3k + 2

and by Theorem 3 of [9] NLC-width at most 3k + 4. That is, tree-width(G) =

NLC'Width(gLU(G%))fzJ . Thus, a graph G has tree-width at most k if and only if

L(I(G)) has NLC-width at most 3k + 4 which completes our proof. |

In [3] it is also shown that there is no polynomial time approximation algo-
rithm for tree-width with constant difference guarantee, unless P = NP, and that
for every €, 0 < € < 1, there is no polynomial time algorithm that computes for
a given graph G a tree decomposition of width k such that k — tree-width(G) <
|V €, unless P = NP. Inequality (5.) can be used again to show similar results
for NLC-width approximation, see [10].

Corollary 3.

1. For every positive integer c there is no polynomial time approrimation algo-
rithm that computes for a given graph G an NLC-width k-expression such
that k — NLC-width(G) < ¢, unless P = NP.

2. For everye, 0 <e< é, there is no polynomial time approzimation algorithm
that computes for a given graph G an NLC-width k-expression such that
k — NLC-width(G) < |Vg|¢, unless P = NP.
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