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Abstract. In this paper we consider a frictional market with finitely
many securities and finite and discrete future times. The frictions under
consideration include fixed and proportional transaction costs, bid-ask
spreads, and taxes. In such a market, we find that whether there exists an
arbitrage opportunity does not dependent on the fixed transaction costs.
Under a reasonable assumption, the no-arbitrage is equivalent to the
condition that the optimal value of some linear programming problem is
zero, and to the existence of a so-called consistent term structure. These
results permit us to identify and to find arbitrage and consistent term
structures in polynomial time. Two linear programming problems are
proposed, each of which can identify and find the arbitrage opportunity
or the consistent term structure if either exists.

1 Introduction

No-arbitrage is a generally accepted condition in finance. For frictionless finan-
cial markets, it is very well understood. The pioneer work of Ross (1976), for
example, characterized arbitrage with the existence of positive valuation or pric-
ing operators in discrete time. This approach has been widely adopted in var-
ious models, for instance, by Harrison and Kreps (1979), Green and Srivastava
(1985), Spremann (1986), and Flam (2000). In reality, however, financial mar-
kets are never short of friction. Investors are required to pay transaction costs,
commissions and taxes. Selling and buying prices are differentiated with ask-bid
spread. A security is available at a price only for up to a maximum amount. One
may buy or sell a stock at an integer number of shares (or an integer number of
hundreds of shares). Friction is a de facto matter in financial markets.

Study of arbitrage in frictional markets has attracted more and more atten-
tion in recent years and a body of literature has emerged. Garman and Ohlson
(1981) extended the work of Ross (1976) to markets with proportional trans-
action costs and showed that equilibrium prices in markets with proportional
transaction costs are equal prices in the corresponding markets with no friction
plus a “certain factor”. Later, Prisman (1986) studied the valuation of risky
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assets in arbitrage-free economies with taxation. Ross (1987) extended the mar-
tingale analysis of no-arbitrage pricing to worlds with taxation in a one-period
setting and showed that the absence of arbitrage implies the existence of differ-
ent shadow prices for income streams that are subject to differing tax treatment.
Recently, Dermody and Rockafellar (1991) investigated no-arbitrage pricing of
government bonds in the presence of transaction costs and taxes. Dermody and
Prisman (1993) extended the results of Garman and Ohlson (1981) to mar-
kets with increasing marginal transaction costs and showed the precise relation
of the “certain factor” to the structure of transaction costs. Jouini and Kallal
(1995) investigated, by means of martingale method, the no-arbitrage problem
under transaction costs and short sale constraints respectively. Jaschke (1998)
presented arbitrage bounds for the term structure of interests in presence of
proportional transaction costs. Ardalan (1999) showed that, in financial markets
with transaction costs and heterogeneous information, the no-arbitrage imposes
a constraint on the bid-ask spread. Deng, Li and Wang (2000) presented a nec-
essary and sufficient condition for no-arbitrage in a finite-asset and finite-state
financial market with proportional transaction costs. This result allows ones to
use polynomial time algorithms to look for arbitrage opportunities by applying
linear programming techniques. This necessary and sufficient was generalized to
the case of multiperiod by Zhang, Xu and Deng (2002).

Although the literature on models with friction is rapidly growing, there are
only a few papers dealing with fixed transaction costs and, to the best of our
knowledge, rare work on algorithmic study of arbitrage under realistic frictions
although it is important, interesting and challenging. In this paper we study the
computation issues of arbitrage and term structures with fixed and proportional
transaction costs, bid-ask spreads, and taxes.

2 The Market and Preliminaries

Consider a market of n fixed income securities (or bonds) ¢ = 1,2,...,n. Let
0=tg <ty <tg <...<ty beall the payment dates (or the times to maturities)
that can occur, which need not be equidistant. A cash stream is a vector w =
(w1, wa, ..., wm)T, where T denotes the transposition of vector or matrix, and w;
is the income received at time ¢; and may be positive, zero or negative. Assume
that bond i pays the before-tax cash stream A; = (a1;,azi,--.,ami)’. So we
have the m x n payoff matrix A = (A1, Aa, ..., Ayn).

Bond ¢ can be purchased at a current price p¢, the so-called ask price. There is
also a bid price p? at which bond i can be sold. The difference between these two
prices, the so-called bid-ask spread, reflects a type of friction. This friction exists
in most economic markets. We form the ask price vector p* = (p¢,p%,...,p%)T
and the bid price vector p* = (p},p5,...,p2)7.

The second type of friction considered in this paper is transaction costs in-
cluding fixed and proportional. We assume that the fixed transaction cost is ¢;
if bond i is traded and that no fixed transaction cost occurs if no trading of
bond . The ¢; is a positive constant regardless of the amount of bond ¢ traded.
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Denote ¢ = (c1,¢2,...,¢,)T the fixed transaction cost vector. Besides the fixed
transaction cost, there is additional transaction cost that is proportional to the
amount of the bond traded. Let A¢ and A? be such fees if one dollar of bond
i is bought and sold respectively. Here 0 < A%, A\’ < 1,i = 1,2,...,n. Denote
)\a:( (117 a’ : /\a) and Ab:()‘lljaAga'~~7>‘fL)T'

The third type of friction incorporated into our model is taxes. Here we con-
centrate only on a single investor as a member of just one tax class among many.
For all investors in this class, the tax amount at time ¢; for holding one unit of
bond 7 in long posmon is assumed to be ¢7;, and the after-tax income at that
time is then aj; — t7;; whereas the tax amount for holding one unit of bond 7 in
short position is t;’»i as a credit against the obligation to pay a;; at time ¢;, and
the net after-tax payment to be made is then aj;; — t;’»i. Let T be the m x n
matrix whose entries are ¢5;, and T b the m x n matrix whose entries are t;’»i.

Now, the bond market considered in this paper can be described by the 8-tuple
M = {p®, p°, A%, \b ¢, A, T TP},

Every investor in the fixed tax class under consideration will modify his or
her position. Let the modification be x = (z1,22,...,2,)T € R”, called also a
portfolio, where x; is the number of units of bond ¢ modified by the investor.

For any portfolio z = (21,22, ...,7,)T, we let ;7 = max{z;,0} be the long
position taken in bond 4 (in number of units) and z; = —min{xz;,0} the short
position in bond i, and let T = (xi", x;, ...,z5)T be the vector of buy orders
and x = (z1,75,...,2;)7 the vector of sell orders. Then z; = z} — x;
and z; x;

=0 for ¢ = 1,2,...,n. The complementary constraints xjx; =0,
1=1, 2 ,n mean that each bond is in either long position or short position.

Deﬁne the function 6 : R = R by é6(z) = 1if x #0 or 0 if x = 0.

If trading a portfolio # = (21, xa,...,2,)T, then the investor pays the cost
f@) =301 A+ )psa —> 0 (1— )\b)plxZ +ZZ L ¢i6(z —x;) in the present
and receive the after-tax gain g;(z) := Y7 (ag —t9)aF — 20 (a0 —t5;)z; at
future date t; for j = 1,2,...,m. The after-tax cash stream of gains generated
by the portfolio z is then the vector G(z) := (g1(z), g2(x), ..., gm(x))T.

When the gains at some dates are positive, no liabilities will be claimed and
there exist surplus gains at those dates. These surplus gains can be transformed
for use at the succedent dates. Hence we can enlarge the market M by intro-
ducing a dummy bond, indexed by ¢ = 0, that costs one dollar at date 0 and
immediately pays back the one dollar. This means that p®, p®, A%, \b, ¢, x, A, T,
T®, from now on, replaced by

() () () (0)-(0)-(2)-65) G)- (o)

respectively, where zy can be interpreted as the amount we have to deduce
from the current income — f(z) to help cover the future obligations G(x ) Thus,
f(@) =ag —wg + 3 (L+ A )pfa =300 (1 - )pzxz +ZZ peb(ad —a),
go(z) == xé*%,gj(ff) = Z?=1(aji*t?i)x+ > 1(%2 ) T, J =1, 2 m,
Glx) = (go(), (), .- gma())T- Frther let p* = (1, (14 AD)pS, -, (1 +
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A)p2) and p~ = (1, (1 = X0)ph, ..., (1 = Ab)pP). Then, f(z) =ptat —p 2™ +
S cid(xf —z7) and G(z) = (A — Tzt — (A—T%)z".

For convenience, we use the vector notation x = y to indicate that z; > y;
for all 4, and denote by B the lower-triangular (m + 1) x (m + 1)-matrix whose
diagonal and lower-triangular elements all are ones.

Definition 1. A portfolio = is said to be a strong arbitrage if it has a negative
date-0 cost (i.e., f(x) <0) and a non-negative cumulative after-tax cash stream
(i.e., BG(xz) =2 0). A portfolio x is said to be a weak arbitrage if it satisfies
f(z) <0 and BG(x) 2 0 with at least one strict inequality.

Definition 2. A term structure is a discount factor vector u such thatu € K :=
{ue R™ L 1=wp>uy >ug > ... > upy >0}

T

Lemma 1. A vector u = (1,u1,ug,...,u,)" is a term structure if and only if

uTB~t > 07.

3 Looking for Arbitrage and Term Structures

Theorem 1. Whether there exists a strong (weak) arbitrage in the market M is
independent of the fized transaction costs c. In particular, the market M excludes
strong (weak) arbitrage if and only if the market M without fized transaction
costs excludes strong (weak) arbitrage.

Proof. We only prove the case of strong arbitrage. Let ¢ and ¢’ be two different
fixed transaction cost vectors and z a strong arbitrage under ¢. Then BG(x) = 0
and pTat —p~a~ + Y1, ¢;6(z7 — ;) < 0. Noting that 6(A\z) = 6(z) and
G(Ar) = G(z) for any x € R™ and A € R, we can take a positive number A large
enough so as to pt (AzT)—p~ Az ™)+ Y1, ci6(Ax] —Ax;) < 0 and BG(\x) = 0.
This immediately means that Az is a strong arbitrage under ¢’. O

Assumption 1. p¢ > p? and 5 > t;’-i foralli=1,2,...,n,7=1,2,...,m.

Assumption [I] demonstrates that, for each bond, the bid price is not higher
than the ask price and the tax amount for buying one unit bond is not lower
than the tax amount for selling one unit bond. The former condition is usually
satisfied. The latter condition may cover a more general case (in many cases the
two amounts could well be the same).

Consider the following linear programming problem:

(LP) minimize ptzT —pTa”

subject to B(A —T%z" — B(A—T%z~ 20, z*, 2= 2 0.

1\

Theorem 2. Under Assumption[d, the market M excludes

(1) strong arbitrage if and only if the optimal value of (LP) is zero;

(2) weak arbitrage if and only if the optimal value of (LP) is zero and its every
optimal solution satisfies the equality constraint B(A—T%)z+t —B(A-T%)x~ = 0.
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Proof. We need only to consider the market M without fixed transaction costs
by Theorem[Iland show only assertion (2). Let « be a portfolio such that f(x) <0
and BG(x) = 0. Then the corresponding (z1,z~) satisfies ptat —p 2= <0
and is a feasible solution to problem (LP). Since the optimal value of (LP) is
zero, it follows that pTa* —p~2~ = 0 and hence (z*,27) is an optimal solution
to (LP). Since every optimal solution of (LP) satisfies the equality constraint
B(A - T%zt — B(A—T"z~ =0, we have f(z) = 0 and BG(x) = 0. Thus, by
the definition, the market excludes weak arbitrage. Conversely, assume that the
market excludes weak arbitrage. Let (¥, 27) be a feasible solution of (LP). For
i=0,1,...,n, let yli = :vzi — min{z;",z; }. Then yli >0, yy; =0, and, by
Assumption [T], it can be checked that

pryt—p Ty <ptzt—p a7,
B(A-T"y" —B(A-T"y 2 B(A—-T"z" — B(A—-T"2" 20.

Hence, it must holds that pTa+ —p~2~ > 0 for otherwise y = y* —y~ would be
a weak arbitrage. This means that the objective function of (LP) is nonnegative
at any feasible solution. On the other hand, it is clear that (z,27) = (0,0)
is feasible to (LP) and at which the objective function vanishes. Hence, the
optimal value of (LP) is zero. Furthermore, if (2%, 47) is an optimal solution to
(LP), then p*3*t —p~2~ = 0 and B(A — T%)2+ — B(A — T*)2~ = 0. Hence,
B(A—-T%3t — B(A—T"3~ = 0 because, otherwise, the market would have a
weak arbitrage § = 1t — §~ where gjf = i‘f —min{z;,%; }. O

1 K2

The dual linear programming problem of (LP) is given by

maximize yT0
(DP) . T a + T b —
subject to y' B(A—-T") =p", —y' BA-T")=—p~, y

v

0.
Let w = BTy. Then u € K by Lemma [l and (DP) can be written as

maximize u’0

subject to uT (A —T*) <pt, uT(A-T") 2p", ue K.

(DP) {

Theorem 3. Under Assumption[d, the market M excludes
(1) strong arbitrage iff there exists a term structure u that satisfies
u'(A—T<pt and wT(A-T" 2p; (1)
(2) weak arbitrage iff there exists a term structure u that satisfies (1) and

l=wug>uy >us>...>uy >0. (2)

Proof. Conclusion (1) immediately follows from Theorem [2] and the duality the-
ory of linear programming. Now we show assertion (2) and consider only the
market M without fixed transaction costs by Theorem [I
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Sufficiency. Assume that there exists a term structure u that satisfies () and
@). By (1), the market excludes strong arbitrage. Suppose to the contrary that
there is a weak arbitrage, which is a portfolio z with zero cost f(z) = pTat —
p~z~ and non-negative and non-zero cash stream BG(z) = B(A — T*)at —
B(A—T%2~. Let y = (B~!)Tu. Then (@) implies that y is strictly positive and
@) leads to 0 = f(z) = ptat —p 2™ > uT(A -T2t —uT(A -T2~ =
yT'B(A -T2t —yTB(A - T% 2~ =yT (BG(x)) > 0, a contradiction.

Necessity. Assume that the market excludes weak arbitrage and hence strong
arbitrage. By (1), there exists a term structure that satisfies (Il). Suppose to
the contrary that this term structure does not satisfy (2)). Then any solution
of the dual problem (DP) has at least one component equal to zero. Since the
arithmetical mean of finite many solutions of (DP) is also a solution, all the
solutions of (DP) have at least one common component that is equal to zero.
That is, there exists an index j corresponding to a date to maturity such that
y; = 0 for all solutions y of (DP). Consequently, the linear programming problem

maximize yTej
(LP); . T a + T b -
subject to y" B(A—-T") =p*, —y" B(A-T")= —p , y

v

0

has the optimal value of zero, where e; is the vector with all zero components
except for the j-th equal to one. Hence, (LP);’s dual problem

minimize ptat —p Tz~
(DP); { . o+ by — R

subject to B(A—-T%)2" —BA—-T")z” 2ej, 27,2 20
has the optimal value of zero. An optimal solution of (DP); is in fact a portfolio
with a zero cost and a non-negative cumulative cash stream whose component
at date j is at least one, and hence a weak arbitrage, a contradiction. a

Since linear programming is known to be solvable in polynomial time, We
conclude that: Under Assumption], the followings are polynomially solvable: 1)
to identify whether there exists a strong (weak) arbitrage, 2) to identify whether
there exists a consistent term structure (that satisfies (2)), 3) to find a strong
(weak) arbitrage if it does exist, and 4) to find a consistent term structure (that
satisfies (@) if it does exist.

Computationally this justifies the general belief that any arbitrage opportu-
nity will be short-lived since it will be identified very quickly, be taken advantage
of, and subsequently bring economic states to a no-arbitrage one.

We already knew from Theorem [3] that when u is a term structure, each
positive component of

[©)
S o
Il
—
—
|
>
o
S~—
s
ST
|
[

(aji—té’-i)uj, 1= 1,2,...,n (4)
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points to a bond 7 which, at best, remains “wrongly” priced. Furthermore, when
e¢ > 0, bond ¢ is worthy of being bought because it exhibits positive net return
(taking the fixed transaction cost as zero; see Theorem [I] for the reason); when
€% >0, bond i should be sold.

Expressions (@) and (@) also hold when the summation Z;nzl is replaced by

Z;”:O and hold for i = 0 with £2 = £} = 0. Thus, the vectors % = (£2,¢9,...,£%)
and e” = (§,€b,...,€%) represent a direction in which existing portfolios should
move. This insight inspires us to consider the minimal pricing error, i.e. the

optimal value of the linear programming problem

minimize £%1 4”1
(LP1) subject to uT(A—T) <pt 4% vf(A-T)2p —¢&°
€20, >20,ue K

where 1 is the vector whose components are all ones. Clearly, e = €} = 0 in any
optimal solution of (LP1).
Replacing u with z = T B~! in (LP1), the dual problem of (LP1) is

maximize —ptat +px”
(DP1) subject to B(A —T%)z" — B(A—T"z~ 20
<1, 27 <1, 2,27 20.

The optimal value of (DP1) can be interpreted as the mazimal arbitrage profit
per unit transaction volume in each bond.

Since (DP1) has a bounded feasible solution set which is nonempty (indeed
xt =z~ = 0 is a feasible solution), it must have an optimal solution. By the
duality theory of linear programming, (LP1) and (DP1) both have optimal
solutions and their optimal values equal. In other words, the minimal pricing
error equals the mazimal arbitrage profit.

This fact implies that arbitrage possibilities are kept small by traders who try
to exploit them. The way traders construct their intended arbitrage transactions
determines in which sense the pricing error is kept small.

Theorem 4. Let (v, 27;u,e% €®) be a primal-dual optimal solution to (DP1)
and r* the optimal value. Under Assumption[d, if r* = 0, then u is a consistent
term structure and the market M excludes strong arbitrage (and weak arbitrage
if further u satisfies (3)); if v* # 0, then (x*,x7) provides a strong arbitrage
and the associated arbitrage profit is r*.

Proof. Let r* = 0. Then the minimal pricing error, i.e. the optimal value of
(LP1) is zero. Since (u,e%,¢€%) is an optimal solution of (LP1), we have £* =
€’ = 0. This implies that u is a consistent term structure. Now let r* # 0.
Then 7* > 0 because (z*,z7) = (0,0) is a feasible solution of the maximization
problem (DP1) with objective value 0. Hence, (z,27) is a strong arbitrage

with arbitrage profit r*. O
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Since (D P1) always has an optimal solution and (LP) does not, solving (DP1)
is more convenient than solving (LP).

When applying Theorem @ and finding that 7* = 0 and u does not satisfy
@), to identify the existence of weak arbitrage and to find a one if it exists in
an analogous manner we can use the result stated below.

Consider the linear programming problem (DP); and its dual problem (LP);
in which we let u = BTy (i.e., the problem (DP)" with a replacement of the
objective function by u” B~ le;).

Theorem 5. Assume that the market M excludes strong arbitrage and that As-
sumptiondl holds. Let (2%, 279 ;u?) be a primal-dual optimal solution of (DP);
and v7* its optimal value. If ¥7* =0 for some j € {0,1,--- ,m}, then (x9* 297)
is a weak arbitrage; If r7* # 0 for all j € {0,1,--- ,m}, then 37" u’/(m + 1)
is a consistent term structure that satisfies (3) and the market M excludes weak

arbitrage.

Proof. Tt directly follows from the proof of Theorem [3] (2). O

4 Applications

As a byproduct, the linear programming problem (DP); can be used to valuate
the Arrow security (or state price) at date (or state) j in the market M without
fixed transaction costs. The optimal value of (DP); is the minimal price of
a portfolio whose cumulative cash stream is at least e;. When the market is
complete, the minimal cost is just the price of the Arrow security. When the
market is incomplete, the cumulative cash stream of the minimal cost portfolio
is in fact strictly greater than e; for some j and hence the minimal cost is the
supremum of the price of the Arrow security for state j.

As an application of Theorem[3, we can check the market efficiency, i.e. deter-
mine the maximal range of oscillation of bid and ask prices that exclude strong
arbitrage. The minimal ask price for the i-th bond can be obtained by finding
term structures that satisfy (I):

minimize  u’ (A — T%)e;

subject to uT(A—T*) <p*t, WT(A-T") 2p~, ue K
Analogously, the maximal bid price for the i-th bond can be obtained by solving
the linear programming problem

maximize u’ (A — Tb)e,-

subject to uT(A—T) <pt, WT(A-T") 2p™, ue K.
Of cours, if we further want to maintain the absence of weak arbitrage, to get

the minimal ask price and the maximal bid price for the i-th bond we need only
to substitue the last constraint v € K with (2]).
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Finally, as a numerical example we apply the method developed in this paper
to a simple economy where p* = (1,1,5/2), p~ = (1,1/2,2), and

10 0 100
o |0-12 »_ | 001
A=T"=1g 9 2 |» 47T =033
00 —1 010

Solving problem (DP1) yields that a primal-dual optimal solution of (DP1)
is (2%, 27;u,6% ¢%) = (1,0,0;1,0,0;1,1,1/3,1/6;0,0,0;0,0,0) and its optimal
value is r* = 0. By Theorem [ there exists no strong arbitrage and u =
(1,1,1/3,1/6) is a consistent term structure. However, the consistent term struc-
ture u does not satisfy ([2]). To investigate the existence of weak arbitrages, prob-
lem (DP); has to be solved for all indexes j = 0,1,2,3. It turns out that a
primal-dual optimal solution (z7%,277;u’) to (DP); and its optimal value r7*
are as below:

j=0:2""=(1,0,0), 2°7 =(0,0,1/4),u" = (1,1/2,1/2,0), r% =1/2;
j=1:2'"=(4/3,0,0),z'~ =(0,0,1/3), u' = (1,1,1/3,1/4), r'* =2/3;
j=2:2%" =(0,0,1/4), 2>~ = (0,0,0), u?=(1,5/8,5/8,0), 7r**=5/8;
j=3:2" =(0,0,1/3), 2>~ = (0,0,0), w®=(1,5/6,5/6,5/6), 73 =5/6.

Because none of these problems has the optimal yalue of zero, Theorem Bl implies
that there exists no weak arbitrage and 23.:0 u? /4 =(1,71/96,55/96,13/48) is
a consistent term structure that satisfies (Iﬁl)

5 Conclusion

In this paper, we discussed strong and weak arbitrages and consistent term
structures in fractional markets with fixed and proportional transaction costs,
bid-ask spreads, and taxes. We concluded that the existence of strong (weak) ar-
bitrages is independent of the fixed transaction costs and that no strong (weak)
arbitrage is equivalent to the fact that the optimal value of some linear pro-
gramming problem is zero (and its very optimal solution makes the inequality
constraints becoming equality constraints) and to the existence of consistent
term structures (that satisfies (2])). These characterizations extend some known
results in discrete time security markets. Further, two linear programming prob-
lems are constructed and used to identify and find a strong (weak) arbitrage and
a consistent term structure (that satisfies (2)). The computation of the method
can be completed in polynomial time by using linear programming techniques.
The results demonstrated in this work are not limited to the model in this
paper. For example, the described multi-period setting with one single outcome
state per period may be interpreted as a one-period investment problem with
n assets and m different outcome states. The methods dealt with them are
much the same. It is also interesting to consider computational issues in a more
general setting of friction or/and time (period). Such extensions require more
sophisticated tools and are worthy of investigation further in future.
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