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Abstract. This work presents a model for Markov Decision Processes applied to
the problem of keeping two agents in equilibrium with respect to the values they
exchange when they interact. Interval mathematics is used to model the qualitative
values involved in interactions. The optimal policy is constrained by the adopted
model of social interactions. The MDP is assigned to a supervisor, that monitors
the agents’ actions and makes recommendations to keep them in equilibrium.
The agents are autonomous and allowed to not follow the recommendations. Due
to the qualitative nature of the exchange values, even when agents follow the
recommendations, the decision process is non-trivial.

1 Introduction

There are many different techniques to deal with the problem of choosing optimal agent
actions [11IT3], some of them considering stochastic domains. The work presented in
deals with this problem using techniques from operations research, namely the theory
of Markov Decision Processes (MDP) [SI8I12]]. In this paper we introduce a qualitative
version of a MDP, called Qualitative Interval-based Markov Decision Process (QI—
MDP). The values characterizing the states and actions of the model are based on intervals
and their calculation performed according to Interval Arithmetic [6]]. The model is said
to be qualitative in the sense that intervals are considered equivalent according to a loose
equivalence relation. We apply the QI-MDP model to the analysis of the equilibrium
of social exchanges between two interacting agents. The equilibrium is determined
according to the balance of values the agents exchange during their interactions. The
decision process pertains to a third agent, the equilibrium supervisor, who is in charge of
giving recommendations to the agents on the best exchanges they can perform in order
to keep the balance in equilibrium.

We modelled the social interactions according to Piaget’s theory of exchange val-
ues [7], and derived the idea of casting the equilibrium problem in terms of a MDP from
George Homans’ approach to that same problem [4]. Due the lack of space, we shall
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not consider in detail the social model based on Piaget’s theory, since it was deeply
explored in previous work [TIOUT0]]. A first application of this model in multi-agent sys-
tems was presented in [9/10]. In [1]], exchange values were proposed for the modelling
of collaborative on-line learning interactions.

The paper is organized as follows. The model of social interactions is presented in
Sect. 2, and intervals are introduced in Sect. 3. The QI-MDP model is introduced in
Sect. 4. Section 5 discusses the results. Section 6 is the Conclusion.

2 Social Reasoning About Exchange Values

The Social Exchange Model introduced by Piaget [7] is based on the idea that social
relations can be reduced to social exchanges between individuals. Each social exchange
is a service exchange between individuals and it is also concerned with an exchange of
values between such individuals. The exchange values are of qualitative nature and are
constrained by a scale of values.

A social exchange is assumed to be performed in two stages. Figure[llshows a schema
of the exchange stages. In the stage 1,3, the agent « realizes a service for the agent /3.
The values related with this exchange stage are the following: (i) r1_ , is the value of the
mvestmenﬁ done by « for the realization of a service for 3; (ii) s1,, is the value of 3’s
satisfaction due to the receiving of the service done by «; (iii) t1,, is the value of 3’s
debt, the debt it acquired to « for its satisfaction with the service done by «; (iv) v1,, 4 is
the value of the credit that « acquires from 3 for having realized the service for 3. In the
stage I1, 3, the agent o asks the payment for the service previously done for the agent 3,
and the values related with this exchange stage have similar meaning. ry_,, S14,, T11,,
and sy1,,, are called material values. t; s Vlags tlga and vrg, 5 are the virtual values.
The order in which the exchange stage may occur is not necessarily 1,53 — II,3.

Piaget’s approach to social exchange was an algebraic one: what interested him
was the algebraic laws that define equilibrium of social exchanges. George Homans [4]
approached the subject from a different view: he was interested in explaining how and
why agents strive to achieve equilibrium in such exchanges. The solution he found,
based on a behavioristic explanation of the agents’ decision, suggested that agents look
for a maximum of profit, in terms of social values, when interacting with each other.
That proposal gave the starting point for the formalization we present below, where the
looking for a maximum of profit is understood as a MDP to be solved by the equilibrium
supervisor.

3 Modelling Social Exchanges with Interval Values

Piaget’s concept of scale of values [[7]] is now interpreted in terms of Interval Mathe-
matics [6]. Consider the set IR;, = {[a,b] | —L < a < b < L,a,b € R} of real
intervals bounded by L € R (L > 0) and let ZR;, = (IRy,+,0,") be a scale of
interval exchange values, where:

3 An investment value is always negative.
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Fig. 1. Stages of social exchanges

(i) + : IRy x IRy, — IRy, is the addition operation [a,b] + [¢,d] = [max{—L,a +
c},min{b+d, L}].
(ii) A null value is any [a, b] € IR, such that mid([a, b]) = 0, where mid([a,b]) = “3°
is the mid point of [a, b]. The set of null values is denoted by ©. [0, 0] is called the
absolute null value.
(iii) A quasi-symmetric value for X € IRy is any X’ € IRy, such that X + X’ € ©.
The set of quasi-symmetric values of X is denoted by X.

puX € X is said to be the least quasi-symmetric value of X, if whenever there exists
S € X itholds that d(uX) < d(S), where d([a, b]) = b—ais the diameter of an interval
[a,b]. A qualitative equivalence relation ~ is defined on IR, by X ~ Y < 3y’ €V :
X 4+Y' €6.Forall X € IR, it follows that:

Proposition 1. (i) X = {—[mid(X) — k,mid(X) + k] | k € R Ak > 0}; (ii)
pX = —[mid(X), mid(X)).

Proof. mid(X +(—[mid(X)—k,mid(X)+k])) = mid([* ~% 2k, aat2k])) = o,
for X = [a1,as). If S € X is such that mid(S) # mid(X), then mid(X + S) =

mid([“l_“§_2k2, “2_a§+2k1} ) # 0, for k1 # ko € R, which is a contradiction. m]

For practical applications, we introduce the concept of absolute e-null value 0, =
[—€, +¢], with € € R (e > 0) being a given tolerance. In this case, an e-null value is any
N € IRy, such that mid(N) € O.. The set of e-null values is denoted by ©.. The related
set of e-quasi-symmetric values of X € IRy, is denoted by X..

Let T be a set of discrete instants of time. Let o and 3 be any two agents. A
qualitative interval exchange-value system for modelling the exchanges from o to
[ is a structure IRag = (IRL; Tlags Tga 1 S1gas Sllags tlﬁa R tnﬁa » Ul ’UIIO,[,) where
7"10[,77’11[,(1 T — HRL, Serﬁ’ Slﬁa T — HRL, tlﬁa;tllﬁa T — ]IRL and vlrxﬁ’ verﬁ :
T — IRy, are partial functions that evaluate, at each time instant ¢ € 7', the investment,
satisfaction, debt and credit valuesﬂ respectively, involved in the exchange. Denote

* The values are undefined if no service is done at all at a given moment ¢ € 7.
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o (t) = Ti),ﬁ’ Tlga (t) = TfI@a’ Sl g (t) = SfIa,@’ S1ga (t) = Siga’ tI,Ba (t) = tiga’

ti,, (t) = th[,a’ v, (t) = vfw and vry,,, () = Uflaﬁ. A configuration of exchange val-

ues is specified by one of the tuples (r7_, sfﬁa , tfﬁa ,vf,,)or (vflaﬁ, thM , rflﬁa , sflaﬁ).

The sets of configurations of exchange values from « to 3, for stages I and I1, are denoted
I 11 .

by EVigr,_, and EVig . respectively.

Consider the functions Ios : T — EVig , and llag : T — EVig_, de-
fined, respectively, by Log(t) = Ihs = (rf . sf, .1, ,of ) and ag(t) = 15 =
(Vi Hiy s TT1,, » S11, ) A Stage of social exchange from a to 3 is either a value If, 5,
where rfaﬁ is defined, or IT, 3> Where rflga is defined.

A social exchange process between any two agents « and 3, occurring during the
time instants 7' = ¢4, ..., t,, is any finite sequence s{a”g} =€y,...,6,,n > 2, 0f
exchange stages from « to 3 and from 3 to a, where there are t,¢' € T, t # t/, with
well defined investment values ri  and iy, (orry, andry_ ).

The material results M,z and Mg, of a social exchange process, from the points
of view of « and f3, respectively, are given by the respective sum of the material values
involved in the process. Considering k{ ., = >, o kf , and ki . = >, ., kip . for
all well defined kf,  and kfy , with k = r, s, then Mog = 1{  +sfy  +rf  +sf
and Mg, = rITﬁ LT sﬂﬁa + rﬂﬁa + sﬂa . The process .is said to be in equiliprium .if
Myp € O and Mg, € O.. If a material result of a social exchange process is not in
equilibrium, then any e-quasi-symmetric of Mg (Mg, ) is called a compensation value
from s (3’s) point of view.

4 Solving the Equilibration Problem Using QI-MDP

4.1 The Basics of an QI-MDP

We conceive that, in the context of a social exchange process between two agents, a
third agent, called equilibrium supervisor, analyzes the exchange process and makes
suggestions of exchanges to the two agents in order to keep the material results of
exchanges in equilibrium. To achieve that purpose, the equilibrium supervisor models
the exchanges between the two agents as a MDP, where the states of the model represent
“possible material results of the overall exchanges” and the optimal policies represent
“sequences of actions that the equilibrium supervisor recommends that the interacting
agents execute”.

Considere, L e R(¢ > 0,L > 0),n e N(n > 0)andlet E = {E~" ..., E"} be
the set of equivalence classes of intervals, defined, for: = —n, ..., n, as:

{XeIRy [ ik <mid(X) < (i+1)E}if —n<i<-—1
{X €IR, | — % <mid(X) < —€} ifi=—1
E'={ {X €IRy | —e < mid(X) < +¢} ifi=0 (4.1)
{X €IRL | e <mid(X) <} ifi=1
{(XeIR, | (i—1)E <mid(X)<it}ifl<i<n.

The classes E° are the supervisor representations of classes of unfavorable (i <
0), equilibrated (i = 0) and favorable (¢ > 0) material results of exchange balances.
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Table 1. Specification of compensation intervals

State Compensation Interval C"® State Compensation Interval C*
e e G R e R I B e AR
BT L+ -esr(i+)+d B =2 (7 +¢9)—¢

= (n+e) +d
E° [0,0]

Whenever it is understood from the context, we shall denote by £~ (or ET) any class
E'<0 (or E>9). The accuracy of the equilibrium supervisor is given by x, = . € s
the admissible tolerance for the equilibrium point. The range of the midpoints of the
intervals that belong to a class E is called the representative of the class E?, denoted
[E]. In this paper, whenever it is clear from the context, we shall identify a class E*
with its representative. _

The states of the QI-MDP model are pairs of classes (E?, Eé), representing the
material results of the social exchange process from the point of view of the agents «
and (3. The pair of classes (E3, EY) is a terminal state, representing that the system is
in equilibrium.

The actions considered in the model are state transitions (X, X7) : ExE — ExE,
with i,j = —n,...,n, defined by (X', X7)(E., E%) = (EL,E}) if mid( [E}] +
X% e E and mid( [Efg] + X7) € E’, which occur by the addition, to the representa-

tives of the classes E! and Eg, of intervals X* and X7 that should be of the following
types: (i) the absolute e-null value 0. = [—e¢, +¢|; (i) a compensation interval, which
is the least quasi-symmetric, denoted by C?, of a class representative E?; (iii) a go-
forward-k-step interval, which is an interval, denoted by F,i, that transforms a class E*
into E(TR#0  with 4 % L; (iv) a go-backward-k-step interval, which is an interval,
denoted by B’ , , that transforms a class £ into EC~F70 withi # —L.

The set C of compensation intervals is shown in Table[Il The set F of go-forward
intervals and their respective effects are partially presented in Table [2l The set of go-
backward intervals, denoted by B, can be specified analogously.

For example, for a state of type

- ; L L L L
E! E] —n<i<— i<n = ) ) ) 1 ) =1 7. ’
(Bl BY) nsic1acian = (0, G+ 1) LG =1) 3]

the compensation—compensation action and the go-backward _3—go-forward 45 actions
are given by (A1) (C7,07) = ([= 2131 L e, — 231 L 1 [ 2L ¢ (220 L4 ¢y and
(A2) (B3, Fl,) = ([-3% —¢,=3% + ¢, [2% — ¢,2% + ), respectively, resulting in the
state transitions: (E%, E}) n<i<-1,1<j<n @d (EQ, Ef) and (EL, E%) —n<ic—1,1<j<n @2
(BESY, BT,

The equilibrium supervisor has to find, for each state F, the action that shall achieve
the terminal state or, at least, another state from where the terminal state can be achieved,
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Table 2. Specification of some go-forward intervals and their respective effects

State Go-forward interval '}, Effect
Lico [ky —eky el o, BN Ef*1<i+k<n
E~! [k —e ki +2e,_, . E'—E 1< 1+k<n
0 L L = 0 k41
E I:kn7(k+1)n:|0<k§n71 EP—E7 1<k+1<n
E! [kl —2e,kl+€] ., E'—E"ri<l+k<n
E{'<l<n [kﬁ—e,kﬁ+e]o<k<nﬂ. E'—EYr i<i+k<n

with the least number of steps. The choice of such actions is also regulated by the rules of
the social exchanges, and, therefore, there are some state transitions that are not allowed.
Based on a optimal policy, the equilibrium supervisor may be asked to recommend that
the agents act optimally. An optimal exchange recommendation consists of a function
that gives, for each actual material result (represented by a state of the model), a partially
defined exchange stage that shall restore or establish the material equilibrium or, at least,
give conditions that it be achieved in a least number of steps with least value uncertainty.
The optimal exchange recommendation associates state transitions determined by the
optimal policy with agents’ social exchanges.

Although the interacting agents acknowledge the optimal recommendations from the
equilibrium supervisor, they are autonomous in the sense that they may not follow the
recommendations exactly. Thus, the system may achieve another state different from the
one expected by the supervisor and, therefore, there may be a great deal of uncertainty
about the effects of the agents actions. Even if the agents follow a recommendation
exactly, we will show that the effect may not be the expected by the supervisor, since
it depends on the ratio ", where k, = ﬁ is the equilibrium supervisor accuracy and
€ (0 < € < ky) is the admissible tolerance. On the other hand, we assume that there
is never any uncertainty about the current state of the system, that is, the equilibrium
supervisor always has access to the current configuration of exchange values and has
complete and perfect abilities to evaluate the current material balance.

Definition 1. A Qualitative Interval Markov Decision Process (QI-MDP) for keeping
social exchanges in equilibrium is a tuple (E, A, F, R)E:", wherd):

- The set of the states is the set of pairs of equivalence classes of intervals E =
Eo % Eg, with Ex = {E* | i=—n,...,—1,0,1,...,n} defined in ([.I).

-A=(CUFUBU{[—¢,+€]}) x (CUFUBU{[—¢,+¢€]}) is the set of possible
actions, where C, F and B are the sets of compensation, go-forward and go-backward
intervals, respectively.

-F : E x A — II(E) is the state-transition function, that gives for each state and
each action, a probability distribution over the set of states;

-R: (E x A) — R is the reward function, giving the expected immediate reward
gained by choosing an action a when the current state is e.

3 In this model, the next state and the expected reward depend only on the previous state and the
action taken, satisfying the so-called Markov property.
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4.2 The Optimal Policy and the Reward Function

The reward function plays an important role when the equilibrium supervisor is choosing
the action that will generate a recommendation of agents interaction, in each state. The
supervisor aims to maximize the utility of sequences of actions, evaluated according to
the reward function.

A sample reward function R : (F' x A) — R that conforms to the idea of supporting
arecommendation function that is able to direct agents into social equilibrium is partially
sketched in Table[3] This particular function illustrates various requirements that should
be satisfied by all reward functions of the model. Observe, for instance, that if the current
state is of the type (E~, ET), then the best action to be chosen is a compensation-
compensation action (C, C'), which results in a state transition (E~, E*) — (E°, E9).
Any other choice will make the agents either take a long way to the equilibrium or get
away from it.

On the other hand, if the current state is of type (E~, E~), then a compensation-
compensation action (C, C') would generate a recommendation of agent exchanges of
satisfaction-satisfaction type, which is impossible according to the model of social inter-
actions [[7]], since it is impossible for an agent to get a satisfaction value from no service
at all. The reward function R states that (C, C) is a very bad action to be chosen in such
situation.

Any optimal policy 7* : £ — A solving the social equilibrium problem should
satisfy the set of requirements expressed by the schema partially sketched in Table Al
The optimal recommendation associated to an optimal policy 7* is a function p, - that
gives, for each state (E,, ;) and optimal action 7*(E},, E}) = (X', Y7), a partial
definition of a recommended exchange stage, consisting of pairs (7o, X*), (S50, Y?))
or ((7ga, Y7), (sap, X*)), where (rys, W) means the realization, by the agent A, of a
service with investment value W < 0, and (ssx, W') means 0’s satisfaction with interval
value W', for receiving the service. The optimal recommendation p, is also partially
sketched in Table [

Table 3. Partial schema of the reward function R

R (C,C) (0:,C) (C,0¢) (B-1, F1) (B3, F3) (F1,B_1) (C,B-1) (F1,C)

(E-,E*) 30 20 -30 -5 -10 3 20 20
(EY,E") 30 20 20 0 0 0 18 20
(E7,E7) -30 -30 -30 30 0 30 28 -30

5 Discussion

In the following, consider that the agents always follow the recommendations given
by the equilibrium supervisor. We show that, even in this favorable case, the decision
process is a non-trivial one, due the qualitative nature of exchange values. The results
concern the reachability of the terminal state show that under some conditions, it is

% Notice that it is a non deterministic policy.
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Table 4. Partial schemata of the optimal policy 7* and associated optimal recommendation p=

State Optimal policy Recommendation
(B B 25207 (61> 0,07 <0) ((rsas C7), (505, C"))

i i ((rag, C*), (58a; C7))
(E", E .)1<z,]<n (C < 0,07 <0) or ((T,BQV,C ), (Saﬁ,c )
(E27E7)1<J<” (Oﬁvcj < 0) ((Tﬁavco) (Saﬂvo ))
(ElvEZ‘)—nSK—l ( : —1 <0 F+( it1) > 0) ((rag, BZ1), (SﬂavF+( z+1)))
E'VEY) _p<ic— B>, <0,C">0 aBs )

(B P (BL<0.01>0) (rom B 54e: )
( L ) 1) ( -}1—1 >0, —} < ) ((Tﬂav 1 )7(8057 1))
(E_7E7 ) (B_—l <07F-:1 >O) ((TﬂtﬂvB )7(8507F ))
(Elvl-El)O—nSi<—1 ( ‘ 1> 0, Bil0 < O) ((T B )7 (Saﬂvcl)l)
(E_ 7E1) (F-;l >07B7% <O) ((T B )7(8057F 1))
(E°,E7") (BY) <0,F) >0) ((rag, B21), (spas Fi1))
( (Fi—it1 >0, B?, <0) ((r

TBa B )(Saﬁv +( z+1))
(

or (Bj—l <07Fi(7i+1) >O) or (TaﬁvB—l)v(SﬁavF +(— z+1))

always possible to have the system equilibrated in at most four steps. Let M, Tﬁ and Mj,,
be the material results of an exchange process, according to the points of view of the
agents « and (3, respectively, at step 7.

Proposition 2. If Mg €L ~Land M ga € E1, then the system achieves the equilibrium
in one step if and only if 1 < " < 3, e > 0.

Proof. (=) If the system is at the state (E~!, E'), then, for the 3’s material result,
it holds that € < mid(M) 5a) < L and the optimal recommendatlon (Table [ row?)
is based on the optimal action (C’, C’) =[-3(E+¢),—5 (X +e)]. It follows that:
e—s(F+e) <midMg,)— 5 (E+e) <=3 (L+e) =, (=L +e¢) <midMj,) <
1(E—€) = L(~hete) < mid(M},) < } (he—¢), where b = he, with b > 1. If
the system achieves the equilibrium in the step 1, then it holds that } (he —€) < €. It
follows that 1 < h < 3, and therefore, 1 < “6" < 3, since Kk, = ﬁ . The proofs for a’s
material result and of (<) are analogous. O

Proposition 3. (i) IfMgﬁ € Ei, with 1 < i < n, then it is possible to get M5 € E?
in at most T = 2 steps if and only if 1 < "r < 3; (ii) IfM§, € EY, with —n < i< —1,
then it is possible to get M} & Eg in at most T = 2 steps if and only if 1 < " < 3.

Proof. ()(=)1If (i — 1) & < mid(M? 5) < i’ and the optimal recommendation (Ta-

ble [ row?2) is based on the optimal action C' = {(1 221) L Q 221) L] then (i—1)% +

O L < mid(Mg,) + (0 <l 4 OO L thatis, — ) B < mid(Mg,) < 5. Tt
holds that M3, € E}. From Prop. i follows that with more one step we can get the
desired result. The proofs of (i)(<) and (ii) are analogous. g

From Prop.[3lit follows that an individual transition from a material result that belongs
toaclass £, with1 < ¢ < nor—n < i < —1, to the equilibrium can be done in at most
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two steps (E* — E'( or E~1) — E°). However, in any interaction between two agents,
combined transitions departing from a state (E*, E7) or (E7, E%), with 1 < i < n and
—n < j < —1, may result in a state different from (E', E~1), (E~1, E') or (E°, E).
We may have, for example, (E~1, EY), and, in this case, it will not be possible to get the
equilibrium in one more step, since any compensation or go-forward action for « is not
allowed without a correspondent 3’s service. The solution given by the optimal policy
is then to have a transition to (E!, E~!) and then, finally, to reach (EY, E°). Thus, the
overall process takes three steps.

The worst case is when the interaction presents material results that belong to the state
(E', E7), with —n < i, j < —1, since two simultaneous positive compensation actions
(that would require a recommendation of satisfaction values for the two agents without
any service at all) are not allowed. In this case, the optimal recommendation (Table )
leads the agents to get the material equilibrium in at most four steps, by one of the
following transitions: (E*, E9)_,<; jc 1 %2 (BY, E7) _pneje 1 280 (B, E~1) "08"
(B1 B T (B, E°), or (B, BY) —ngigemr "7 (B, BY) —ngjc
row9 (Eil,EO) rowlo (El,E'fl) rows (EO,EO).

6 Conclusion

This paper introduced the QI-MDP version of the Markov Decision Process. The combi-
nation of interval-based modelling and qualitative approach to the comparison of values
of the model made it well suited for solving the problem of keeping social exchanges
in equilibrium. From the point of view of Jean Piaget’s theory of social interactions,
the QI-MDP means a sound way of making practical use of the INRC group of social
exchanges that structure the social interactions and defines its equilibrium problem [[1]].
The QI-MDP model is general enough to be applied to other problems, besides the prob-
lem of keeping social interactions in equilibrium. It can also be applied to equilibrium
problems of other kinds of systems, besides systems of social exchanges, if such systems
have one single equilibrium state.

Future work will be concerned with the case of an equilibrium supervisor that is
not able to determine the material balance of social exchange processes with complete
reliability (i.e., it is not allowed to know all the exchange values of the two agents). In this
case, a partially observable Markov decision process (POMDP) shall be considered (see,
p.ex., [3]), since the equilibrium supervisor shall be able to make external observations
(also probabilistic) to help him to decide about the recommendations.
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