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Abstract. In this paper, we mainly extend entropy and subsethood
from intuitionistic fuzzy sets to general interval-valued intuitionistic
fuzzy sets, propose a definition of entropy and subsethood , offer a func-
tion of entropy and construct a class of subsethood function. Then from
discussing the relationship between entropy and subsethood, we know
that while choosing the subsethood, we can get some kinds of function
of entropy based on subsethood. Our work is also applicable to practical
fields such as: neural networks, expert systems, and other.

1 Introduction

Since L.A.Zadeh introduced fuzzy sets [1] in 1965, a lot of new theories treating
imprecision and uncertainty have been introduced. Some of them are extensions
of fuzzy set theory. K.T.Atanassov extended this theory, proposed the definition
of intuitionistic fuzzy sets (IF'S, for short) ([3] [4]) and interval-valued intuition-
istic fuzzy sets (IVIF'S, for short) [5], which have been found to be highly useful
to deal with vagueness out of several higher order fuzzy sets. And then, in the
year 1999, Atanassov defined a Lattice-intuitionistic fuzzy set [6].

A measure of fuzziness often used and cited in the literature is entropy first
mentioned in 1965 by L.A.Zadeh [2]. The name entropy was chosen due to an
intrinsic similarity of equations to the ones in the Shannon entropy [7]. But they
are different in types of uncertainty and Shannon entropy basically measures
the average uncertainty in bits associated with the prediction of outcomes in
a random experiment. This theory was extended and a non-probabilistic-type
entropy measure for IF'S was proposed by Eulalia Szmidt, Janusz Kacprzyk
[8]. We extended it again onto general interval-valued intuitionistic fuzzy sets
(VIFS, for short) in this paper.

We organize this paper as follows: in section 2, at first, we define the definition
of VIF'S | then discuss the relation between VIFS and some other kinds of
intuitionistic fuzzy sets. From the discussion, we make sure that all these sets
are subset of VIF'S in the view of isomorphic imbedding mapping, and this
ensures that our work about the theory of entropy and subsethood is a reasonable
extension of F'S, IFS and IVIFS. So according to section 2, theories in this
paper are feasible on all these kinds of intuitionistic fuzzy sets. In section 3, we
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mainly extend entropy [7] onto VIFS(X). Firstly, we give a reasonable definition
of A is less fuzzy than B on VIF'S. For there is not always a comparable relation
between any two elements of L, which is a lattice. So we premise the definition of
A refines B with the discussion of the incomparable condition. Then we definite
entropy by giving the properties of A refines B in theorem 3.1. Finally from
theorem 3.2, we get a idiographic entropy function. In section 4, we definite a
class of subsethood function by three real functions. Then, from discussing the
relation between entropy and subsethood, we get a class of entropy function
which is useful in different conditions and eg 2 ensures that is reasonable. Thus,
while choosing the subsethood, we can get some kinds of function of entropy
based on subsethood.

2 Definitions and Quantities of Some Kinds of IFS

Throughout this paper, let X is a nonempty definite set,| X| = n.

Definition 2.1. An interval number over [0, 1] is defined as an object of the
form: @ = [a™,a™] with the property: 0 <a~™ <at <1
Let L denote all interval numbers over [0,1]. We define the definition of
relation (it is specified by “ <7):
a<bsa <b andat <bT
We can easily prove that “ < 7 is a partially ordered relation on L. So
< L,“ <7 > is a complete lattice where
aVb=la" Vb ,at V'],

Va=[Va Vafl | 76\
L,

Ab=la" Ab~,aT ADT],

[/\ a; , \ af]
161 iel
> and 0 = [0,0] denotes the

icl iel el
Let 1 = [1, 1] denotes the maximum of <
minimum of < L, “ <7 >,
We define the “C” operation, where  a¢=[1—a",1—a"]
We can easily prove that the complement operation “C” has the following
properties:

1. () =a, 2. (aVvb)® = (a°Ab°), (anb)® = (a° VD),
3 (Vag)=NANa5,(Ng)=Va5, 41fa<b, then (a°>1b°) VabelL.
el i€l iel i€l

Then we will give the definition of intuitionistic fuzzy sets on L .

Definition 2.2. A general interval valued intuitionistic fuzzy sets A on X is an
object of the form: A= {<z,pa(z),va(z),z € X >},

where pa: X —Landvy: X — L,

with the property: 0<pa(z) <wva(z) <1 (Vxe

For briefly, we denote A = {< z,pa(x),va(z) >,z € X} by A < pwa(z),va
(v) > and denote  f1a(x) = (3 (2). 1% ()] € Lyva(e) = 5 (o), v @] € L |
Let VIFS(X) denote all set of general interval valued 1ntu1t1omstlc fuzzy sets on
L . We define the relation “ <”7: A < B pa(z) < pp(x) and va(z) > vp(a) .

We can easily prove that < is also a partially ordered relation on VIFS(X). So
< VIFS(X),“ <" > is a complete lattice where

z).
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AV B = [:LLA(‘T) \/:LLB(x)v VA(JC) /\VB(JC)] ’ \/ A = [\/ HA;s /\ VAi] s

iel il i€l
ANB = pa(x) App(z), valz) Vvs(@)], N Ai=[A pa, Vrval.
il i€l i€l

We define the “C” operation, where A° =< va(z), pa(r) > . We can easily
prove that the complement operation “C” has the following properties:

1. (A9 =A, 2. (AVB) = (A°AB°), 3.(\ A)° = A A5, (N A)c =\ As,

icl i€l iel i€l

4.1f A < B, then (A°> B°) VA,B e VIFS(X).

So we know < VIFS(X), “<” > is a complete lattice with complement . Let I
denotes the maximum of VIFS(X) and 6 denotes the minimum of VIFS(X),
Where pr(z) =1, vi(x) =0, pg(x) =0, vy(x) =1. Then we will discuss the
relationship between IVIFS(X)Pl and VIFS(X) .

Definition 2.3. An interval-valued intuitionistic fuzzy set on X ( IVIFS(X),
for short) is an object of the form B={<z,Mp(z), Ng(z),z € X >} .
Where Mp:X — Land Ng: X — L (Vx € X),

With the condition 0< Mj(x)+ Nj(z) <1 (Vz € X).

Proposition 2.1.1VIFS(X)Plis a subset of VIFS(X) .

Proof. To any B belongs to IVIFS(X)P!, we have
B={<z,Mp(z),Ng(z),z € X >}, Where Mp:X - Land Ng: X — L
With the condition 0< ME(x)+ Ni(z) <1 (VreX),

that is 0 < Mj(z) <1-Nj(z) (V2 € X). from definition 2.2 we can
easily prove 0 < Mp(z) < Np(z)¢ <1 (Vz € X). That is B belongs to
VIFS(X).So IVIFS(X)blis asubset of VIFS(X) . We have an example here:

Egl. Let A = {< 2,[0,0.3],[0,0.8] >,z € X} for [0,0.8]° = [0.2,1],[0,0.3] <
[0.2,1], we have A € VIFS(X). But from 0.3+ 0.8 > 1, we get A ¢ VIFS(X).
Then we get IVIFS(X) C VIFS(X) and IVIFS(X) # VIFS(X). It
is shown in the Theorem 2.1 that in the view of isomorphism insertion, we
consider P(X) is a subset of VIFS(X).

Definition 2.4. A function P(X) — VIFS(X) ,where
1, fzeAd, 0, ifxe€ A,
m @ =170 trgat O =1 g a

Theorem 2.1.The function § is a injection map reserving union, intersection
and complement.

(VA € P(X)) .

Proof. Let A; € I,
1. It is easy to prove that ¢ is a injection .
2. sy Aap(@) =1 xe /A& Jip € I satisfying = € A;,
iel i€l
\/ M(S(Al)(x) =1l&dig € I; /L(;(Aio)(x) =lsdigel SatiSfying T e Aiu )
i€l

That is ps(y An(@) =V psay(z) (VoeX),
el

i€l
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vsy anp@) =1l acg VAo Viel thereis © ¢ A; .
icl el
A vsan(@) =1leViel, vsay(x)=1&Viel, thereis x ¢ A; .
el

1€
That is s\ A%)(JC) = /\ V[;(Ai)(z) (VJC € X) So we have 5(\/ A) = \/ 5(142)
i€l i€l i€l iel
3. Similarly, we can prove ¢z a,) = A 0(4:) ,
icl

i€l

4. psacy(r) =lorc A acg A, (1)
V[;(Ac):l@JCQAC@JCGA, (2)

f(s(ay (@) = viapn(r) =1le g A, (3)

I/((;(A))c(z) = ,LL((;(A))(.T) =lesaxeA. (4)

From (1) and (3) we have

ts(ae) (@) = pes(aye (@) (Vo € X)), vsae) = visaye(z) (Vo€ X).
Then we get §(A°) = (6(A4))°. So J is a injection map reserving union, intersec-
tion and complement. In the view of imbedding mapping, we may consider P(X)
as the subset of VIFS(X). Let F(X) is the class of all fuzzy sets proposed
by L.A.Zadeh, let & F(x) — VIFS(X) ,&(F) = A =< pa(x), valz) >,
pa(@) = [F(z), F(2)],, va(e) = [1 = F(z),1 - F(z)] .
So that the injection £ holds union, intersection and complement.
In the same way, we may also consider F(X) as the subset of VIFS(X)in the
view of imbedding mapping.

Definition 2.5. An intuitionistic fuzzy set on X (IFS(X) , for short) is an

object of the form: A={<z,ua(z),va(z),z e X >},
where pa:X —[0,1] and vy : X — [0,1] ,
with the property: 0<va(®)+palr) <1 (Vzeux).

Let’s discuss the relationship between IFS(X)4 and VIFS(X) .
Let n: IFS(X) — VIFS(X) Where any C belongs to IFS(X)*,
C={<za(z),B(x) >z e X} (afz)+B(z) <1),

N(C) = A=< pa(x),va(r) >, pa(z) = [a(z),a(@)] , va(z) = [6(z), B(x)] -
Similarly we have IF'S(X) is the subset of VIFS(X) in the view of imbedding
mapping. All the above ensure that what we get in this paper are feasible on
P(X),F(X),IFS(X) and IVIFS(X).

A method of judging whether set A € VIFS(X) is a subset of P(X), is
given by the following theorem .

Theorem 2.2. Let A€ VIFS(X) ,sowehave AV A =14 Aef(P(X)).

Proof. “= " Let A =< pa(z),va(x) >, from definition 1) we have:
A® =<wva(z),pa(r) >, pavae = pa(x) Vva(r), vavae = pa() Ava(z) .

From pa(z)Vra(z) =1, wehave p,(z)Vr,(z)=1; (1)
From pi4(z) Ava(x) =0, we have plh(z)Av(z)=0. (2)

There are two different cases:

1. If vi(z) =0, then we have v (z) =0, thatis va(z) =
we have p1(z) = 1. So we get pu}i(z) =1, thatis pa(z)=1;
2. If i} (x) = 0 then we have p,(z) = 0, that ispa(z) =0 .
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And from (1) we have v, (z) = 1 . So we get vf(z) = 1 that is va(z) = 1
. So we know that for any x belongs to X, pa(r) and va(z) can only
be 0 or 1 with the following property: pa(z) = 1 < wva(x)=0 . Let
K ={z|r € X,pa(z) =1} , from definition we have: usxy(z) =1l rc K &
palz) =1vsy(z) =0 € K & pa(r) =1 va(z) =0 (VzeX) . So
we get ps(r)(2) = pa(x), vsry(x) = va(z) (Vo € X) . That is §(K) = A .

“ <=7 It is straight-forward .

Corollary 2.1. ANA°=0& Aci(P(X)) .
From proposition 2.2 to proposition 2.4, we give some qualities of VIF'S.

Proposition 2.2. Let A € VIFS(X),then we have:
Lopax)=1=va(z) =0 (Vz € X), 2. va(x) =1= pa(z) =0 (Vz € X).

Proof. 1. For va(z) < (pa(z))¢ = (1) =0, we have vg = 0 . Similarly we can
prove 2.

Proposition 2.3. AV A° #£ 0 (VA€ VIFS(X))

Proof. Let A=< pa(z),valz) >
then A°=<wva(z),pa(x) >, AV A=< pa(x)Vva(x),valz) Apa(r) >.
If AV A° =0, then we have pa(x) Vva(x) =0, va(z) Apalz)=1.

).

It is contradiction. Hence AV A°#6 (VA€ VIFS(X)

Proposition 2.4. Let A € VIFS(x) ,Then we have vayac(x) = vapac(z) <
pa(x) =va(z) Ve e X) .
Proof. ” =7 From the definition2.2,

From vavae(r) = vapac(z) ,
we have v, (z) A p,(z) =v,(x)V
So we get vy () = p;(z), v} () =

“

< 7 It is straight-forward .

3 Entropy on VIFS

De Luca and Termini [12] first axiomatized non-probabilistic entropy. The De
Luca-Termini axioms formulated for intuitionistic fuzzy sets are intuitive and
have been wildly employed in the fuzzy literature. To extend this theory, firstly
we definite the function as follows:

Definition 3.1. M : VIFS(X) — [0,1], where VA € VIFS(x) ,
M(A) = 5 2 R-val@) - vi(z)] (Vo eX).
rE
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Proposition 3.1. Toany A € VIFS(X), M(A)=0&v,(z)=vi(z)=1%
A=0 (Vr e X).

Proof. M(A)=0<2—v,(z)—vi(z)=0 (Vz € X),

for v (z) < 1,v}(z) <1 ,we have M(A):O & 1/2(1:)—1/1{( )=1 (Vz € X) .
From proposition 2.2, we have pa(z) =0 . So we have pa(z)=po(x), valz)=
vg(x) . That is A = 6 , hence M(A)=0 < A(x):yz(x) =l A=0\VzreX).

Proposition 3.2. Let A,B € VIFS(X) , then we have A > B =
M(A)>M(B) .

Proof. For A > B, then we have va(z) <vp(z) (Vz € X).So we have
i (a) < vp ), v () < vi(a).
Hence 3" 2—vy (z)—vi(z)] > 3 [2 — vy (z) — vi(z)] . ThatisM (A) > M(B).
zeX reX
Proposition 3.3. Let A, B € VIFS(X) , then we have
va(z) <vp(z) and M(A) > M(B) < va(z) =vp(z) (VreX).

Proof. “ < "It is straight-forward.

“= " For va(z) <vp(z) , we have v, (z) <vg(z) and vi(z) <vi(z).

So we get 2 — v, (z) — vi(2z) > vg(x) — v (z) (Vo € X). If there is a 79 € X,
let one of the following two inequations vy (z) < vg(z), vi(z) < vi(x)
establish, then we have

M(A) = ) > eX[Q — vy (x) = vi(2)] + 2 = vy (20) — v (20)]
> #IZIEXB —vg(x) —vE(2)] + 2 = vg(x0) — v (20)]
- " M(B).

This is contrary to M (A) = M(B) . So for any x € X ,we have v, (z) = vz(z) ,
vi(z) =vi(z) . That is va(z) = vp(z) (V€ X) .

Definition 3.2. Let A, B € VIFS(X) with the following properties:
1. If pp(x) > vp(z),then pa(z) > pp(x) and va(z) < vp(x) ,

2.1f pp(z) <vp(z),then pa(z) < up(zr) and va(x) > ve(z) ,

3. If pup(z) and vp(z) is incomparable, there are two conditions:

1). If py(x) > vg(x) , then there are four inequations as follow:

(Dpa(@) > pp(@) , (Qpi(e) < ph@), By (@) <vg(e) , (i) > vi(e) .
2).If uz(x) < vg(z) then there are four inequations as follow:

B)ua (@) < np() . 6)ui(x) 2 pp(e) , (Nvy(z) 2 vp(e) , ®)vi(e) < vy(e).
Thus we call that A refines B (that is A is less fuzzy than B).

Theorem 3.1. LetA, B € VIFS(X) , and A refines B, then we have
1.(ANA®) < (BAB®), 2. (AvVA°) > (BVB°.

Proof. We prove inequation 1 first:
1. If pp(z) > vp(z) from definition 3.2, we have pa(x) > pp(zr) and

va(x) <wvp(zx) . Then we have pa(z) > pp(x) > vp(x) > va(z) .
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Hence fian s (2) = pa(2) A va(@) =va(@), ppase (&) = u5(x) A vi(e) = va (@) |
Vanac(z) = 1a(@) V va(2) = (D) » vApe(@) = () V vp(2) = (@)

So HANA\T ) < UBABe (JC) s VA/\AC(JT) > VB/\BC(JT) .

2. If pup(z) < vp(z) , from definition 3.2, we have pa(xr) < pp(x) and

va(xz) > vp(x) . Then we have pa(z) < pp(x) <vp(z) <wva(z) .

Hence papac(x) = pa(x)Ava(x) = pa(z), ppape(z) = pp(x)Avp(z) = pp(z) ,
() = 110 (£) V 7A(E) = va(®), V() — i () Vo (2) = vp(a)
So ,MA/\AC(Z’) < UBABe (JC) s VA/\AC( ) > VB/\BC( ) .

3. In the case of pup(x) and vp(x) is incomparable, there are still another two
different cases:
) If pp(z) > vg(x) (9), for pp(x) is not larger than vp(x), we have
pbla) < Vp()10). From (1), (3] and (9) we get (i) 2 pip(2) 2 () >
(x) So we have p,(x) > v, (z) (11) and from (2), (4) and (10) we get
)

phiz) < ph(z) <vh(z) < yA(x) So we have p¥(z) < v}(z) (12). Then from
( ) and (10), we have
pBape (@) = pp(@) Avp(r) = [up (@) Avg (2), n(2) Avg ()] = [vg (@), ph ()]
vpnpe(x) = pp(x) Vvp(x) = [np(7) Vg (@), pp () V vg ()] = [up(@), v (@) .

= [up

In the same Way7 from (1 ) and (12), we get panac(x) = [v; (), pn}(z)] and
vapae(z) = [py(x), v} (z)] . Then from (2) and (3), we get papac(z) <
upaBe(x) . From( ) and (4) we get  vapac(z) > vpape(T) -

2). If pgz(z) < vg(x) (13), for pp(z) is not less than vp(x), we have uh(z) >
v (z) (14). From (5), (13) and (7), we get pu,(z) < pp(z) < vg(z) < vy (z).
Hence p, (z ) <vy(x) (15) and from (6),(14) and (8), we get uh(z) > ph(z) >

v (x) > vi(x). Hencep(x) > vi(x) (16). Then from (13)and (14), we have
i () = im(w) A (2) = () A (@), 55 () A 7 ()] = [ (). v (o)
vinse(2) = () Y V(&) = () V v (@), (o) V v (0] = i )i )
In the same way, from (15) and (16), we get panac(z) = [uy(z),vi(z )]
and vapac(z) = [, (), p}(z)]. Then from (5) and (8), we get ,uA/\Ac( ) <

upage(x). From(6) and (7), we get vapae(z) > vpape(z).
Summary, we get inequation 1. (A A A°) < (B A B€). From inequation 1. ,
we can easily get inequation 2. (AV A°) > (B V B°).

Then we can define the definition of entropy on VIF'S.

The De Luca-Termini axioms'? were formulated in the following way. Let
E be a set-to-point mapping F : F(X) — [0,1] . Hence E is a fuzzy set defined
on fuzzy sets. E is an entropy measure if it satisfies the four De Luca and
Termini axioms:
1. E(A) =0iff A € X(A non-fuzzy), 2.E(A)=1iff ua(x)=0.5forVze € X,
3. E(A) < E(B) if A is less fuzzy than B, i.e., if pa < pp when pp < 0.5 and
pa < pp when ug > 0.5,
4.E(A) = E(A°) .
Since the De Luca and Termini axioms were formulated for fuzzy sets, we
extend them for VIFS.

Definition 3.3. A real function E : VIFS(X) — [0,1] is an entropy measure
if F has the following properties:
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LE(A) =0 Ac§(P(X)), 2.EB(A)=1sva(r)=pa(z) (VoeX),
3.E(A) < E(B) if Arefines B, 4.E(A) = E(A°) .

Definition 3.4. Let o: VIFS(X) — [0, 1], where any A € VIFS(X), we have

o(A) = yraoas (Vo e X).
From proposition 2.3, we know that AV A° #£ §(VA € VIFS(X)) , then from
proposition 3.1, we know that M (A V A¢) # 0, and then from AV A€ > AN A°©
and proposition 3.2, we know M(AV A°) > M(A A A°), that is

0<o(4) = %EQO‘:;; < 1. So the definition of is reasonable.

Theorem 3.2. ¢ is entropy.

Proof.

L.o(A)=0& M(ANAY) =0 ANA =0 Ac§(P(X)) .

2.0(A)=1 M(ANA®)=M(AV A°) .

For AV A¢ > AN AS, we get vavac(x) < vapac(z) , (Vx € X) . So from
proposition 3.3, we have vayac(x) = vapac(z) (Vz € X). And from proposition
2.4, we get pa(z) =va(z) (Vo € X).

3. If A refines B, we have A A A° < B A B¢. From proposition 3.2, we have
M(ANA)S M(B A B€). And from AV A® > BV B¢, we have M(AV A°)

> M(BV B¢). So we get %EQCQC; < %Egcgzg, that is o(A4) < o(B) .

4. Tt is straight-forward.
So we constructed a class of entropy function on VIF'S.

4 Subsethood on VIFS

Definition 4.1. A real function Q : IFS(X) x IFS(X) — [0,1] is called
subsethood, if @ has the following properties:

1.QA,B)=0& A=1,B=0, 2. If A<B=Q(A,B)=1,

3.If A> B and Q(A,B) =1, then A= B,

4. IfA<B<C, then Q(C,A) >Q(C,B),Q(C,A) < (Q(B, A)).

Definition 4.2. We define the function f : VIFS(X) x VIFS(X) — [0,1] by
J(4,B) = 5; { & minll (o iz (2) = up(a) +1), 9 (w3 () = v (@) + 1))

+ 3 minflLg(e(ri(a) ~ (o) + 1. 6(5 (@) = v @) + )]}
where ¢: [0,2] — [0, 2] and 4: [0, 2] — [0, 2] with the following properties:
Loa>f=gla) > e(B),d(@) >P(B) (a8 €0,2]),

2 pla) =25 a=2p(8) =0 B=0,

3 (1) = (1) =1.

And the function g : [0,2] x [0,2] — [0, 2] with the following properties:
La>p=gley) <g(B7), 9(v,0)>g9(v,8)  (a,8,7€10,2]),
2. g(a, ) =0 a=2,6=0,

3.9(1,1)=1.
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Theorem 4.1. f is subsethood.
Proof. Let A,B € VIFS(X)

1. For each z € X, we have us(r) = Livi(x) = 0,pp(z) = 0 and vy(z) = 1
Then 9(p(pa (@) = pp(@) + 1), vy (2) —vp(z) +1)) =0,
g(e(pa (@) = nj (@) + 1), 9 (Vi (2) —VE( )+1))=0.

So we get f(I,0) =0 .
On the contrary, If f(A, B) =0, Then for each € X , We have

9(p(pa(z) — ppl) +1), Yy () —vp(r)+1))=0.
And then (3 (2) — pp(e) + 1) =2 $lus () —v5(x) +1)=0.
Sowecanget (u,(z)—pg(z)+1)=2 (1), (vi(x)—vg(@)+1)=0 (2).
From (1), we have p,(z) = pg(x) +1 . for py(z) < 1,ug(x) > 0, We have

i@ =1, pp() =0
From (2), we have v (z) = v, () +1 . Similarly, we haver (z) = .
By the same way, we can prove uf(z) = 1,vi(z) = 0,uf5(= ) = 0, and
v (x) = 1. Thus we have pa(x) =1 ,va(x) =0 ,up(z) =0, a
that is A=17 and B =196 .
2.If A< B, then for each z € X, we have ua(z) < pp(x) and va(z) > vg(z).
So we have the following four inequations:
1) =40 FLS 1 (o) i)

x

1
VA B( Y+1>1.
Then we have  p(uy (2) — pg(e) +1) <1, P(uh(e) —ph(z) +1) <1,
p(va(@) —vp@) +1) 2 1, pi(e) —vgle) +1) =1,
And then we have
9(p(pa(x) — pp(x) +1), 0y (z) —vp(e) +1)) 2 g(1,1) =1,
g 9(ep(ua(a) = pp(x) + 1), 9 () (@) —vp(z) +1)) 2 g(1,1) =1
o we get
f(A,B) = 5 {> min[L, g(p(uy (x) — pp(z) +1),¢(vy (x) — vp(z) + 1))
) + X min[L, g(p(ps () — pp(x) + 1), (v) (@) - vi(z) + 1))}
3. If f(ATB) -: 1, then for each z € X, we have
9(p(py (2) = pp(@) +1), (v (2) —vp(@) + 1) 2 1,
9(p(ph () — pp(a) +1) vy () —vg(z) +1)) > 1.
And from A > B, we have pa(z) > ;LB(J:) Alx) < pp(x) (V€ X). So we
have the following four inequations: u A( )—

i @) +1 > 1, pf () = i () +1 >
Lvy(@) —vg(x) +1<1,vi(z) —vi(x )+1 <1.UHA#B,
of the four inequations given above would be never equal:
1) If py(x) — pp(z) +1 > 1, then we have
9012 (@) — (@) + 1), 0(v3 (2) — v (@) + 1))
< (105 () — v (2) + 1))
<g(1,1) < 1. Tt is contradiction.
2)If ph(x) — ph(z) +1 > 1, then we have
9ok (@) — ph (@) + 1), 00} (@) — v (@) + 1))
< oL 6w (@) - () 1 1)
< g(l, 1) =1. It is contradiction.

then at least one
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3) If v, (z) —vg(x) +1 < 1, then we have
9(p(pa () — pplx) +1),¢(vy (2) —vg(z) +1))
< 9@ (@) - pp(x) +1),1)
<g(1,1)=1. Tt is contradiction.
4) If v} (x) — v (z) +1 < 1, then we have
9P () — 1h (@) + 1), 0 (2) — v (2) + 1))
< g(p(ui(x) — ph(x) +1),1)
<g(1,1)=1. It is contradiction.
So we have A = B.
4. Let A< B < C (A,B,C € VIFS(X)) ,then for each x belongs to X, we

have pa(x) < pup(x) < pe(z) and va(z) > vp(x) > vo(z). So we have
pg () = pa (@) = po(@) — pp(e)  vo(e) — vy (2) <vg(z) —vp(e)
- pe() = ph(@) > pi(e) — g (@), vi(z) —va(z) < vh(z) —vg() .
en we get
H(CA) = g { min[L, g(p(ne (@) — py (2) + 1), 9 (v () — vy (2) +1))]
+ > min[L, g(p(pué(x) — ph(x) +1), (Vs (@) —vi(z) +1))}
< A min[l g(e(nc(z) — np(r) +1), (v (2) — v (@) +1)]
+ 3 min[l, g(p(ud(x) — pp () +1), 0w (@) — vg (@) + 1))}
= f(C,B) .
In the same way, we can prove f(C,A) = f(B, A) .

Eg2. For ¢,7:[0,2] —[0,2],9:[0,2] x [0,2] — [0,2], p(z) = 2,¢(y) = v,
g(z,y) =[(2— x) + y] x 1. It is straight-forward to prove that ¢ and ¢ has the
following qualities: 1). > 8 = ¢(a) > o(0),9¥(a) > (), (o, €[0,2]) .
2).pla)=2a=2;Y(B)=05=0. 3. p(1)=9(1)=1.
And to g , it also has qualities as follows:

1).a>p=g(a,y) <g(B,7),9(7,2) > g(v,8) (o, 8,7 €[0,2]) ,

2). g(a,f) =0 a=2,6=0, 3).9(1,1)=1.

It is shown in theorem 4.2. the relationship between entropy and subsethood on
VIFS.

Theorem 4.2. Let @ is subsethood, p: VIFS(X)—[0,1], where
p(A) =Q(AV A, AN A°) (VA € VIFS(X)), then we have p is entropy.

Proof. 1. VA € §(P(X)) for AVA*=1,ANA° =0, we have
p(A)=Q(AV A, ANA®) =Q(1,0)=0.

On the contrary, if p(4) = Q(AV A°, AN A°) =0 . Then we have

AV A =T, ANA° =0, so weget VA € §(P(X)) .

2. If E(A) =1 that is Q(AV A°, AN A°) =1 and AV A° > AN A°. Then we

have AV A° = A A A°. So we get pa(x) =va(x) ;

On the contrary, if pa(z) = va(z), we have AV A° = A A A°, So we may get
Q(AV A°,ANA%)=E(A) =1.

3. If A refines B, then we have AANA® < BA B¢ < BV B¢ < AV A°, sowe can get

E(A)=Q(AV A, ANA°) < Q(BV B, ANA°) <Q(BV B°, BA B°) < E(B).

4. E(A)=Q(AV A°ANA%) = Q(A°V A, A° N A) = E(A°) .
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From theorem 4.1 and theorem 4.2, we can construct a class of reasonable sub-
sethood and entropy function, which are useful in different practical conditions.

5

Conclusion

In this paper, we offered different kinds of entropy function and subsethood
function and they would be practical in different experiments. would be practical
in different experiments.
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