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Abstract. In this paper, we mainly extend entropy and subsethood
from intuitionistic fuzzy sets to general interval-valued intuitionistic
fuzzy sets, propose a definition of entropy and subsethood , offer a func-
tion of entropy and construct a class of subsethood function. Then from
discussing the relationship between entropy and subsethood, we know
that while choosing the subsethood, we can get some kinds of function
of entropy based on subsethood. Our work is also applicable to practical
fields such as: neural networks, expert systems, and other.

1 Introduction

Since L.A.Zadeh introduced fuzzy sets [1] in 1965, a lot of new theories treating
imprecision and uncertainty have been introduced. Some of them are extensions
of fuzzy set theory. K.T.Atanassov extended this theory, proposed the definition
of intuitionistic fuzzy sets (IFS, for short) ([3] [4]) and interval-valued intuition-
istic fuzzy sets (IV IFS, for short) [5], which have been found to be highly useful
to deal with vagueness out of several higher order fuzzy sets. And then, in the
year 1999, Atanassov defined a Lattice-intuitionistic fuzzy set [6].

A measure of fuzziness often used and cited in the literature is entropy first
mentioned in 1965 by L.A.Zadeh [2]. The name entropy was chosen due to an
intrinsic similarity of equations to the ones in the Shannon entropy [7]. But they
are different in types of uncertainty and Shannon entropy basically measures
the average uncertainty in bits associated with the prediction of outcomes in
a random experiment. This theory was extended and a non-probabilistic-type
entropy measure for IFS was proposed by Eulalia Szmidt, Janusz Kacprzyk
[8]. We extended it again onto general interval-valued intuitionistic fuzzy sets
(V IFS, for short) in this paper.

We organize this paper as follows: in section 2, at first, we define the definition
of V IFS , then discuss the relation between V IFS and some other kinds of
intuitionistic fuzzy sets. From the discussion, we make sure that all these sets
are subset of V IFS in the view of isomorphic imbedding mapping, and this
ensures that our work about the theory of entropy and subsethood is a reasonable
extension of FS, IFS and IV IFS. So according to section 2, theories in this
paper are feasible on all these kinds of intuitionistic fuzzy sets. In section 3, we
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mainly extend entropy [7] onto V IFS(X). Firstly, we give a reasonable definition
of A is less fuzzy than B on V IFS. For there is not always a comparable relation
between any two elements of L, which is a lattice. So we premise the definition of
A refines B with the discussion of the incomparable condition. Then we definite
entropy by giving the properties of A refines B in theorem 3.1. Finally from
theorem 3.2, we get a idiographic entropy function. In section 4, we definite a
class of subsethood function by three real functions. Then, from discussing the
relation between entropy and subsethood, we get a class of entropy function
which is useful in different conditions and eg 2 ensures that is reasonable. Thus,
while choosing the subsethood, we can get some kinds of function of entropy
based on subsethood.

2 Definitions and Quantities of Some Kinds of IFS

Throughout this paper, let X is a nonempty definite set,|X | = n.

Definition 2.1. An interval number over [0, 1] is defined as an object of the
form: a = [a−, a+] with the property: 0 ≤ a− ≤ a+ ≤ 1 .

Let L denote all interval numbers over [0, 1]. We define the definition of
relation (it is specified by “ ≤ ”):

a ≤ b⇔ a− ≤ b− and a+ ≤ b+ .
We can easily prove that “ ≤ ” is a partially ordered relation on L. So

< L, “ ≤ ” > is a complete lattice where
a ∨ b = [a− ∨ b−, a+ ∨ b+] , a ∧ b = [a− ∧ b−, a+ ∧ b+] ,∨

i∈I

ai = [
∨

i∈I

a−i
∨

i∈I

a+
i ] ,

∧

i∈I

ai = [
∧

i∈I

a−i ,
∧

i∈I

a+
i ] .

Let 1 = [1, 1] denotes the maximum of < L, “ ≤ ” > and 0 = [0, 0] denotes the
minimum of < L, “ ≤ ” >.

We define the “C” operation, where ac = [1 − a+, 1 − a−] .
We can easily prove that the complement operation “C” has the following

properties:
1. (ac)c = a , 2. (a∨b)c = (ac∧bc), (a∧b)c = (ac∨bc) ,
3. (

∨

i∈I

ai)
c =

∧

i∈I

ac
i , (

∧

i∈I

ai)
c =

∨

i∈I

ac
i , 4. If a ≤ b , then (ac ≥ bc) ∀a, b ∈ L .

Then we will give the definition of intuitionistic fuzzy sets on L .

Definition 2.2. A general interval valued intuitionistic fuzzy sets A on X is an
object of the form: A = {< x, µA(x), νA(x), x ∈ X >} ,
where µA : X → L and νA : X → L ,
with the property: 0 ≤ µA(x) ≤ νA(x)c ≤ 1 (∀x ∈ x).
For briefly, we denote A = {< x, µA(x), νA(x) >, x ∈ X} by A =< µA(x), νA

(x) > and denote µA(x) = [µ−
A(x), µ+

A(x)] ∈ L, νA(x) = [ν−A (x), ν+
A (x)] ∈ L .

Let V IFS(X) denote all set of general interval valued intuitionistic fuzzy sets on
L . We define the relation “ ≤ ”: A ≤ B ⇔ µA(x) ≤ µB(x) and νA(x) ≥ νB(x) .
We can easily prove that ≤ is also a partially ordered relation on V IFS(X). So
< V IFS(X), “ ≤ ” > is a complete lattice where
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A ∨B = [µA(x) ∨ µB(x), νA(x) ∧ νB(x)] ,
∨

i∈I

Ai = [
∨

i∈I

µAi ,
∧

i∈I

νAi ] ,

A ∧B = [µA(x) ∧ µB(x), νA(x) ∨ νB(x)] ,
∧

i∈I

Ai = [
∧

i∈I

µAi ,
∨

i∈I

νAi ] .

We define the “C” operation, where Ac =< µA(x),νA(x) > . We can easily
prove that the complement operation “C” has the following properties:
1. (Ac)c = A , 2. (A∨B)c = (Ac∧Bc), 3. (

∨

i∈I

Ai)c =
∧

i∈I

Ac
i , (

∧

i∈I

Ai)c =
∨

i∈I

Ac
i ,

4. If A ≤ B, then (Ac ≥ Bc) ∀A,B ∈ V IFS(X).
So we know < V IFS(X), “ ≤ ” > is a complete lattice with complement . Let I
denotes the maximum of V IFS(X) and θ denotes the minimum of V IFS(X),
Where µI(x) = 1 , νI(x) = 0 , µθ(x) = 0 , νθ(x) = 1. Then we will discuss the
relationship between IV IFS(X)[5] and V IFS(X) .

Definition 2.3. An interval-valued intuitionistic fuzzy set on X ( IV IFS(X),
for short) is an object of the form B = {< x,MB(x), NB(x), x ∈ X >} .
Where MB : X → L and NB : X → L (∀x ∈ X) ,
With the condition 0 ≤M+

B (x) +N+
B (x) ≤ 1 (∀x ∈ X).

Proposition 2.1.IV IFS(X)[5]is a subset of V IFS(X) .

Proof. To any B belongs to IV IFS(X)[5], we have
B = {< x,MB(x), NB(x), x ∈ X >} , Where MB : X → L and NB : X → L
With the condition 0 ≤M+

B (x) +N+
B (x) ≤ 1 (∀x ∈ X) ,

that is 0 ≤ M+
B (x) ≤ 1 −N+

B (x) (∀x ∈ X). from definition 2.2 we can
easily prove 0 ≤ MB(x) ≤ NB(x)C ≤ 1 (∀x ∈ X). That is B belongs to
V IFS(X) . So IV IFS(X)[5] is a subset of V IFS(X) . We have an example here:

Eg1. Let A = {< x, [0, 0.3], [0, 0.8] >, x ∈ X} for [0, 0.8]c = [0.2, 1], [0, 0.3] ≤
[0.2, 1], we have A ∈ V IFS(X). But from 0.3 + 0.8 ≥ 1, we get A 	∈ V IFS(X).
Then we get IV IFS(X) ⊂ V IFS(X) and IV IFS(X) 	= V IFS(X). It
is shown in the Theorem 2.1 that in the view of isomorphism insertion, we
consider P (X) is a subset of V IFS(X).

Definition 2.4. A function P (X) → V IFS(X) ,where

µδ(A)(x) =
{

1 , if x ∈ A,
0 , if x 	∈ A

; νδ(A)(x) =
{

0 , if x ∈ A,
1 , if x 	∈ A

(∀A ∈ P (X)) .

Theorem 2.1.The function δ is a injection map reserving union, intersection
and complement.

Proof. Let Ai ∈ I ,
1. It is easy to prove that δ is a injection .
2. µδ(

∨

i∈I

Ai)(x) = 1 ⇔ x ∈ ∨

i∈I

Ai ⇔ ∃i0 ∈ I satisfying x ∈ Ai0 ,
∨

i∈I

µδ(Ai)(x) = 1 ⇔ ∃i0 ∈ I, µδ(Ai0 )(x) = 1 ⇔ ∃i0 ∈ I satisfying x ∈ Ai0 ,

That is µδ(
∨

i∈I

Ai)(x) =
∨

i∈I

µδ(Ai)(x) (∀x ∈ X) ,
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νδ(
∨

i∈I

Ai)(x) = 1 ⇔ x 	∈ ∨

i∈I

Ai ⇔ ∀i ∈ I there is x 	∈ Ai .
∧

i∈I

νδ(Ai)(x) = 1 ⇔ ∀i ∈ I, νδ(Ai)(x) = 1 ⇔ ∀i ∈ I , there is x 	∈ Ai .

That is νδ(
∨

i∈I

Ai)(x) =
∧

i∈I

νδ(Ai)(x) (∀x ∈ X). So we have δ( ∨

i∈I

Ai) =
∨

i∈I

δ(Ai).

3. Similarly, we can prove δ(
∧

i∈I

Ai) =
∧

i∈I

δ(Ai) ,

4. µδ(Ac)(x) = 1 ⇔ x ∈ Ac ⇔ x 	∈ A , (1)
νδ(Ac) = 1 ⇔ x 	∈ Ac ⇔ x ∈ A , (2)

µ(δ(A))c(x) = ν(δ(A))(x) = 1 ⇔ x 	∈ A , (3)
ν(δ(A))c(x) = µ(δ(A))(x) = 1 ⇔ x ∈ A . (4)

From (1) and (3) we have
µδ(Ac)(x) = µ(δ(A))c(x) (∀x ∈ X) , νδ(Ac) = ν(δ(A))c(x) (∀x ∈ X) .

Then we get δ(Ac) = (δ(A))c. So δ is a injection map reserving union, intersec-
tion and complement. In the view of imbedding mapping, we may consider P (X)
as the subset of V IFS(X). Let F (X) is the class of all fuzzy sets proposed
by L.A.Zadeh, let ξ: F (x) → V IFS(X) , ξ(F ) = A =< µA(x), νA(x) > ,
µA(x) = [F (x), F (x)] , νA(x) = [1 − F (x), 1 − F (x)] .
So that the injection ξ holds union, intersection and complement.
In the same way, we may also consider F (X) as the subset of V IFS(X)in the
view of imbedding mapping.

Definition 2.5. An intuitionistic fuzzy set on X (IFS(X) , for short) is an
object of the form: A = {< x, µA(x), νA(x), x ∈ X >} ,
where µA : X → [0, 1] and νA : X → [0, 1] ,
with the property: 0 ≤ νA(x) + µA(x) ≤ 1 (∀x ∈ x).

Let’s discuss the relationship between IFS(X)[4] and V IFS(X) .
Let η: IFS(X) → V IFS(X) Where any C belongs to IFS(X)[4],

C = {< x, α(x), β(x) >, x ∈ X} (α(x) + β(x) ≤ 1),
η(C) = A =< µA(x), νA(x) >, µA(x) = [α(x), α(x)] , νA(x) = [β(x), β(x)] .

Similarly we have IFS(X) is the subset of V IFS(X) in the view of imbedding
mapping. All the above ensure that what we get in this paper are feasible on
P (X), F (X), IFS(X) and IV IFS(X).

A method of judging whether set A ∈ V IFS(X) is a subset of P (X), is
given by the following theorem .

Theorem 2.2. Let A ∈ V IFS(X) , so we have A ∨Ac = I ⇔ A ∈ δ(P (X)) .

Proof. “ ⇒ ” Let A =< µA(x), νA(x) > , from definition 1) we have:
Ac =< νA(x), µA(x) >, µA∨Ac = µA(x) ∨ νA(x), νA∨Ac = µA(x) ∧ νA(x) .

From µA(x)∨νA(x) = 1 , we have µ−
A(x)∨ν−A (x) = 1 ; (1)

From µA(x)∧νA(x) = 0 , we have µ+
A(x)∧ν+

A (x) = 0 . (2)
There are two different cases:
1. If ν+

A (x) = 0 , then we have ν−A (x) = 0 , that is νA(x) = 0 , and from (1)
we have µ−

A(x) = 1 . So we get µ+
A(x) = 1, that is µA(x) = 1 ;

2. If µ+
A(x) = 0 then we have µ−

A(x) = 0 , that isµA(x) = 0 .
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And from (1) we have ν−A (x) = 1 . So we get ν+
A (x) = 1 that is νA(x) = 1

. So we know that for any x belongs to X , µA(x) and νA(x) can only
be 0 or 1 with the following property: µA(x) = 1 ⇔ νA(x) = 0 . Let
K = {x|x ∈ X,µA(x) = 1} , from definition we have: µδ(K)(x) = 1 ⇔ x ∈ K ⇔
µA(x) = 1 ; νδ(K)(x) = 0 ⇔ x ∈ K ⇔ µA(x) = 1 ⇔ νA(x) = 0 (∀x ∈ X) . So
we get µδ(K)(x) = µA(x), νδ(K)(x) = νA(x) (∀x ∈ X) . That is δ(K) = A .
“ ⇐ ” It is straight-forward .

Corollary 2.1. A ∧Ac = θ ⇔ A ∈ δ(P (X)) .
From proposition 2.2 to proposition 2.4, we give some qualities of V IFS.

Proposition 2.2. Let A ∈ V IFS(X),then we have:
1. µA(x) = 1 ⇒ νA(x) = 0 (∀x ∈ X), 2. νA(x) = 1 ⇒ µA(x) = 0 (∀x ∈ X).

Proof. 1. For νA(x) ≤ (µA(x))c = (1)c = 0 , we have νA = 0 . Similarly we can
prove 2.

Proposition 2.3. A ∨Ac 	= θ (∀A ∈ V IFS(X))

Proof. Let A =< µA(x), νA(x) >
then Ac =< νA(x), µA(x) >, A ∨Ac =< µA(x) ∨ νA(x), νA(x) ∧ µA(x) >.
If A ∨Ac = θ , then we have µA(x) ∨ νA(x) = 0, νA(x) ∧ µA(x) = 1 .
It is contradiction. Hence A ∨Ac 	= θ (∀A ∈ V IFS(X)).

Proposition 2.4. Let A ∈ V IFS(x) ,Then we have νA∨Ac(x) = νA∧Ac(x) ⇔
µA(x) = νA(x) (∀x ∈ X) .
Proof. ” ⇒ ” From the definition2.2,

νA∨Ac(x) = νA(x) ∧ µA(x) = [ν−A (x) ∧ µ−
A(x), ν+

A (x) ∧ µ+
A(x)] ,

νA∧Ac(x) = νA(x) ∨ µA(x) = [ν−A (x) ∨ µ−
A(x), ν+

A (x) ∨ µ+
A(x)] .

From νA∨Ac(x) = νA∧Ac(x) ,
we have ν−A (x) ∧ µ−

A(x) = ν−A (x) ∨ µ−
A(x) , ν+

A (x) ∧ µ+
A(x) = ν+

A (x) ∨ µ+
A(x) .

So we get ν−A (x) = µ−
A(x), ν+

A (x) = µ+
A(x) . That is νA(x) = µA(x) .

“ ⇐ ” It is straight-forward .

3 Entropy on VIFS

De Luca and Termini [12] first axiomatized non-probabilistic entropy. The De
Luca-Termini axioms formulated for intuitionistic fuzzy sets are intuitive and
have been wildly employed in the fuzzy literature. To extend this theory, firstly
we definite the function as follows:

Definition 3.1. M : V IFS(X) → [0, 1], where ∀A ∈ V IFS(x) ,
M(A) = 1

2n

∑

x∈X

[2 − ν−A (x) − ν+
A (x)] (∀x ∈ X) .
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Proposition 3.1. To any A ∈ V IFS(X), M(A) = 0 ⇔ ν−A (x) = ν+
A (x) = 1 ⇔

A = θ (∀x ∈ X).

Proof. M(A)=0 ⇔ 2 − ν−A (x) − ν+
A (x) = 0 (∀x ∈ X) ,

for ν−A (x) ≤ 1, ν+
A (x) ≤ 1 ,we have M(A) = 0 ⇔ ν−A (x)=ν+

A (x)=1 (∀x ∈ X) .
From proposition 2.2, we have µA(x) = 0 . So we have µA(x)=µθ(x), νA(x)=
νθ(x) . That is A = θ , henceM(A)=0 ⇔ ν−A (x)=ν+

A (x) = 1 ⇔ A = θ (∀x ∈ X).

Proposition 3.2. Let A,B ∈ V IFS(X) , then we have A ≥ B ⇒
M(A)≥M(B) .

Proof. For A ≥ B , then we have νA(x) ≤ νB(x) (∀x ∈ X) . So we have
ν−A (x) ≤ ν−B (x), ν+

A (x) ≤ ν+
B (x) .

Hence
∑

x∈X

[2−ν−A (x)−ν+
A (x)] ≥ ∑

x∈X

[2 − ν−A (x) − ν+
A (x)] . That isM(A) ≥M(B) .

Proposition 3.3. Let A,B ∈ V IFS(X) , then we have
νA(x) ≤ νB(x) and M(A) ≥M(B) ⇔ νA(x) = νB(x) (∀x ∈ X) .

Proof. “ ⇐ ”It is straight-forward.
“ ⇒ ” For νA(x) ≤ νB(x) , we have ν−A (x) ≤ ν−B (x) and ν+

A (x) ≤ ν+
B (x) .

So we get 2 − ν−A (x) − ν+
A (x) ≥ ν−B (x) − ν+

B (x) (∀x ∈ X). If there is a x0 ∈ X ,
let one of the following two inequations ν−A (x) < ν−B (x), ν+

A (x) < ν+
B (x)

establish, then we have
M(A) =

∑

x �=xo, x∈X

[2 − ν−A (x) − ν+
A (x)] + [2 − ν−A (x0) − ν+

A (x0)]

>
∑

x �=xo, x∈X

[2 − ν−B (x) − ν+
B (x)] + [2 − ν−B (x0) − ν+

B (x0)]

= M(B) .
This is contrary to M(A) = M(B) . So for any x ∈ X ,we have ν−A (x) = ν−B (x) ,
ν+

A (x) = ν+
B (x) . That is νA(x) = νB(x) (∀ ∈ X) .

Definition 3.2. Let A,B ∈ V IFS(X) with the following properties:
1. If µB(x) ≥ νB(x), then µA(x) ≥ µB(x) and νA(x) ≤ νB(x) ,
2. If µB(x) < νB(x), then µA(x) ≤ µB(x) and νA(x) ≥ νB(x) ,
3. If µB(x) and νB(x) is incomparable, there are two conditions:

1). If µ−
B(x) ≥ ν−B (x) , then there are four inequations as follow:

(1)µ−
A(x) ≥ µ−

B(x) , (2)µ+
A(x) ≤ µ+

B(x) , (3)ν−A (x) ≤ ν−B (x) , (4)ν+
A (x) ≥ ν+

B (x) .
2).If µ−

B(x) < ν−B (x) then there are four inequations as follow:
(5)µ−

A(x) ≤ µ−
B(x) , (6)µ+

A(x) ≥ µ+
B(x) , (7)ν−A (x) ≥ ν−B (x) , (8)ν+

A (x) ≤ ν+
B (x) .

Thus we call that A refines B (that is A is less fuzzy than B).

Theorem 3.1. LetA,B ∈ V IFS(X) , and A refines B, then we have
1. (A ∧Ac) ≤ (B ∧Bc) , 2. (A ∨Ac) ≥ (B ∨Bc) .

Proof. We prove inequation 1 first:
1. If µB(x) ≥ νB(x) from definition 3.2, we have µA(x) ≥ µB(x) and
νA(x) ≤ νB(x) . Then we have µA(x) ≥ µB(x) ≥ νB(x) ≥ νA(x) .



48 X.-d. Liu, S.-h. Zheng, and F.-l. Xiong

Hence µA∧Ac(x)=µA(x) ∧ νA(x)=νA(x), µB∧Bc(x) = µB(x) ∧ νB(x) = νB(x) ,
νA∧Ac(x) = µA(x) ∨ νA(x) = µA(x) , νB∧Bc(x)=µB(x)∨ νB(x)=µB(x) .

So µA∧Ac(x) ≤ µB∧Bc(x) , νA∧Ac(x) ≥ νB∧Bc(x) .
2. If µB(x) < νB(x) , from definition 3.2, we have µA(x) ≤ µB(x) and
νA(x) ≥ νB(x) . Then we have µA(x) ≤ µB(x) ≤ νB(x) ≤ νA(x) .
Hence µA∧Ac(x) = µA(x)∧νA(x) = µA(x), µB∧Bc(x) = µB(x)∧νB (x) = µB(x) ,

νA∧Ac(x) = µA(x) ∨ νA(x) = νA(x), νB∧Bc(x) = µB(x)∨νB(x) = νB(x) .
So µA∧Ac(x) ≤ µB∧Bc(x) , νA∧Ac(x) ≥ νB∧Bc(x) .
3. In the case of µB(x) and νB(x) is incomparable, there are still another two
different cases:
1). If µ−

B(x) ≥ ν−B (x) (9), for µB(x) is not larger than νB(x), we have
µ+

B(x) ≤ ν+
B (x)(10). From (1), (3) and (9) we get µ−

A(x) ≥ µ−
B(x) ≥ ν−B (x) ≥

ν−A (x). So we have µ−
A(x) ≥ ν−A (x) (11) and from (2), (4) and (10) we get

µ+
A(x) ≤ µ+

B(x) ≤ ν+
B (x) ≤ ν+

A (x). So we have µ+
A(x) ≤ ν+

A (x) (12). Then from
(9) and (10), we have
µB∧Bc(x) = µB(x)∧ νB(x) = [µ−

B(x)∧ ν−B (x), µ+
B(x)∧ ν+

B (x)] = [ν−B (x), µ+
B(x)] ,

νB∧Bc(x) = µB(x) ∨ νB(x) = [µ−
B(x) ∨ ν−B (x), µ+

B(x) ∨ ν+
B (x)] = [µ−

B(x), ν+
B (x)] .

In the same way, from (11) and (12), we get µA∧Ac(x) = [ν−A (x), µ+
A(x)] and

νA∧Ac(x) = [µ−
A(x), ν+

A (x)] . Then from (2) and (3), we get µA∧Ac(x) ≤
µB∧Bc(x) . From(1) and (4) we get νA∧Ac(x) ≥ νB∧Bc(x) .
2). If µ−

B(x) < ν−B (x) (13), for µB(x) is not less than νB(x), we have µ+
B(x) ≥

ν+
B (x) (14). From (5), (13) and (7), we get µ−

A(x) ≤ µ−
B(x) < ν−B (x) ≤ ν−A (x).

Hence µ−
A(x) < ν−A (x) (15), and from (6),(14) and (8), we get µ+

A(x) ≥ µ+
B(x) ≥

ν+
B (x) ≥ ν+

A (x). Henceµ+
A(x) ≥ ν+

A (x) (16). Then from (13)and (14), we have
µB∧Bc(x) = µB(x) ∧ νB(x) = [µ−

B(x) ∧ ν−B (x), µ+
B(x) ∧ ν+

B (x)] = [µ−
B(x), ν+

B (x)],
νB∧Bc(x) = µB(x) ∨ νB(x) = [µ−

B(x) ∨ ν−B (x), µ+
B(x) ∨ ν+

B (x)] = [ν−B (x), µ+
B(x)].

In the same way, from (15) and (16), we get µA∧Ac(x) = [µ−
A(x), ν+

A (x)]
and νA∧Ac(x) = [ν−A (x), µ+

A(x)]. Then from (5) and (8), we get µA∧Ac(x) ≤
µB∧Bc(x). From(6) and (7), we get νA∧Ac(x) ≥ νB∧Bc(x).

Summary, we get inequation 1. (A ∧ Ac) ≤ (B ∧Bc). From inequation 1. ,
we can easily get inequation 2. (A ∨Ac) ≥ (B ∨Bc).

Then we can define the definition of entropy on V IFS.
The De Luca-Termini axioms[12] were formulated in the following way. Let

E be a set-to-point mapping E : F (X) → [0, 1] . Hence E is a fuzzy set defined
on fuzzy sets. E is an entropy measure if it satisfies the four De Luca and
Termini axioms:
1. E(A) = 0 iff A ∈ X(A non-fuzzy) , 2. E(A) = 1 iff µA(x) = 0.5 for ∀x ∈ X,
3. E(A) ≤ E(B) if A is less fuzzy than B, i.e., if µA ≤ µB when µB ≤ 0.5 and
µA ≤ µB when µB ≥ 0.5 ,
4.E(A) = E(Ac) .
Since the De Luca and Termini axioms were formulated for fuzzy sets, we
extend them for V IFS.

Definition 3.3. A real function E : V IFS(X) → [0, 1] is an entropy measure
if E has the following properties:
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1.E(A) = 0 ⇔ A ∈ δ(P (X)) , 2.E(A) = 1 ⇔ νA(x) = µA(x) (∀x ∈ X) ,
3.E(A) ≤ E(B) if Arefines B , 4.E(A) = E(Ac) .

Definition 3.4. Let σ: V IFS(X) → [0, 1], where any A ∈ V IFS(X), we have
σ(A) = M(A∧Ac)

M(A∨Ac) (∀x ∈ X).
From proposition 2.3, we know that A ∨ Ac 	= θ(∀A ∈ V IFS(X)) , then from
proposition 3.1, we know that M(A ∨Ac) 	= 0, and then from A ∨Ac ≥ A ∧Ac

and proposition 3.2, we know M(A ∨Ac) ≥M(A ∧Ac), that is
0 ≤ σ(A) = M(A∧Ac)

M(A∨Ac) ≤ 1 . So the definition of is reasonable.

Theorem 3.2. σ is entropy.

Proof.
1. σ(A) = 0 ⇔M(A ∧AC) = 0 ⇔ A ∧Ac = θ ⇔ A ∈ δ(P (X)) .
2. σ(A) = 1 ⇔M(A ∧Ac) = M(A ∨Ac) .
For A ∨ Ac ≥ A ∧Ac, we get νA∨Ac(x) ≤ νA∧Ac(x) , (∀x ∈ X) . So from
proposition 3.3, we have νA∨Ac(x) = νA∧Ac(x) (∀x ∈ X). And from proposition
2.4, we get µA(x) = νA(x) (∀x ∈ X).
3. If A refines B, we have A ∧Ac ≤ B ∧Bc. From proposition 3.2, we have
M(A ∧Ac)≤M(B ∧Bc). And from A ∨Ac ≥ B ∨Bc, we have M(A ∨Ac)
≥M(B ∨Bc). So we get M(A∧Ac)

M(A∨Ac) ≤ M(B∧Bc)
M(B∨Bc) , that is σ(A) ≤ σ(B) .

4. It is straight-forward.
So we constructed a class of entropy function on V IFS.

4 Subsethood on VIFS

Definition 4.1. A real function Q : IFS(X) × IFS(X) → [0, 1] is called
subsethood, if Q has the following properties:
1. Q(A,B) = 0 ⇔ A = I,B = θ, 2. If A ≤ B ⇒ Q(A,B) = 1,
3. If A ≥ B and Q(A,B) = 1, then A = B,
4. If A ≤ B ≤ C, then Q(C,A) ≥ Q(C,B), Q(C,A) ≤ (Q(B,A)).

Definition 4.2. We define the function f : V IFS(X) × V IFS(X) → [0, 1] by
f(A,B) = 1

2n { ∑

x∈X

min[1, g(ϕ(µ−
A(x) − µ−

B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1))]

+
∑

x∈X

min[1, g(ϕ(µ+
A(x) − µ+

B(x) + 1), ψ(ν+
A (x) − ν+

B (x) + 1))]} .
where ϕ: [0, 2] → [0, 2] and ψ: [0, 2] → [0, 2] with the following properties:
1. α > β ⇒ ϕ(α) > ϕ(β), ψ(α) > ψ(β) (α, β ∈ [0, 2]),
2. ϕ(α) = 2 ⇔ α = 2;ψ(β) = 0 ⇔ β = 0 ,
3. ϕ(1) = ψ(1) = 1 .
And the function g : [0, 2]× [0, 2] → [0, 2] with the following properties:
1. α > β ⇒ g(α, γ) < g(β, γ), g(γ, α) > g(γ, β) (α, β, γ ∈ [0, 2]) ,
2. g(α, β) = 0 ⇔ α= 2, β= 0 ,
3. g(1, 1) = 1 .
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Theorem 4.1. f is subsethood.

Proof. Let A,B ∈ V IFS(X)
1. For each x ∈ X , we have µI(x) = 1, νI(x) = 0, µθ(x) = 0 and νθ(x) = 1.
Then g(ϕ(µ−

A(x) − µ−
B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1)) = 0 ,

g(ϕ(µ+
A(x) − µ+

B(x) + 1), ψ(ν+
A (x) − ν+

B (x) + 1)) = 0 .
So we get f(I, θ) = 0 .

On the contrary, If f(A,B) = 0 , Then for each x ∈ X , We have
g(ϕ(µ−

A(x) − µ−
B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1)) = 0 .

And then ϕ(µ−
A(x) − µ−

B(x) + 1) = 2 , ψ(ν−A (x) − ν−B (x) + 1) = 0 .
So we can get (µ−

A(x)−µ−
B(x)+1) = 2 (1), (ν−A (x)−ν−B (x)+1) = 0 (2) .

From (1), we have µ−
A(x) = µ−

B(x) + 1 . for µ−
A(x) ≤ 1, µ−

B(x) ≥ 0 , We have
µ−

A(x) = 1 , µ−
B(x) = 0 .

From (2), we have ν−B (x) = ν−A (x)+1 . Similarly, we haveν−A (x) = 0, ν−B (x) = 1 .
By the same way, we can prove µ+

A(x) = 1, ν+
A(x) = 0, µ+

B(x) = 0, and
ν+

B (x) = 1 . Thus we have µA(x) = 1 , νA(x) = 0 , µB(x) = 0 , and νB(x) = 1 ,
that is A = I and B = θ .
2. If A ≤ B , then for each x ∈ X , we have µA(x) ≤ µB(x) and νA(x) ≥ νB(x).
So we have the following four inequations:

µ−
A(x) − µ−

B(x) + 1 ≤ 1 , µ+
A(x) − µ+

B(x) + 1 ≤ 1 ,
ν−A (x) − ν−B (x) + 1 ≥ 1 , ν+

A (x) − ν+
B (x) + 1 ≥ 1 .

Then we have ϕ(µ−
A(x) − µ−

B(x) + 1) ≤ 1 , ψ(µ+
A(x) − µ+

B(x) + 1) ≤ 1 ,
ϕ(ν−A (x) − ν−B (x) + 1) ≥ 1 , ψ(ν+

A (x) − ν+
B (x) + 1) ≥ 1 .

And then we have
g(ϕ(µ−

A(x) − µ−
B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1)) ≥ g(1, 1) = 1 ,

g(ϕ(µ+
A(x) − µ+

B(x) + 1), ψ(ν+
A (x) − ν+

B (x) + 1)) ≥ g(1, 1) = 1 .
So we get
f(A,B) = 1

2n{
∑
min[1, g(ϕ(µ−

A(x) − µ−
B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1))

+
∑
min[1, g(ϕ(µ+

A(x) − µ+
B(x) + 1), ψ(ν+

A (x) − ν+
B (x) + 1))}

= 1 .
3. If f(A,B) = 1, then for each x ∈ X , we have

g(ϕ(µ−
A(x) − µ−

B(x) + 1) , ψ(ν−A (x) − ν−B (x) + 1)) ≥ 1 ,
g(ϕ(µ+

A(x) − µ+
B(x) + 1) , ψ(ν+

A (x) − ν+
B (x) + 1)) ≥ 1 .

And from A ≥ B, we have µA(x) ≥ µB(x), µA(x) ≤ µB(x) (∀x ∈ X). So we
have the following four inequations: µ−

A(x)−µ−
B(x)+1 ≥ 1, µ+

A(x)−µ+
B(x)+1 ≥

1, ν−A (x) − ν−B (x) + 1 ≤ 1, ν+
A (x) − ν+

B (x) + 1 ≤ 1. If A 	= B , then at least one
of the four inequations given above would be never equal:
1) If µ−

A(x) − µ−
B(x) + 1 > 1, then we have
g(ϕ(µ−

A(x) − µ−
B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1))

< g(1, ψ(ν−A (x) − ν−B (x) + 1))
≤ g(1, 1) ≤ 1. It is contradiction.

2)If µ+
A(x) − µ+

B(x) + 1 > 1, then we have
g(ϕ(µ+

A(x) − µ+
B(x) + 1), ψ(ν+

A (x) − ν+
B (x) + 1))

< g(1, ψ(ν+
A (x) − ν+

B (x) + 1))
≤ g(1, 1) = 1. It is contradiction.
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3) If ν−A (x) − ν−B (x) + 1 < 1, then we have
g(ϕ(µ−

A(x) − µ−
B(x) + 1), ψ(ν−A (x) − ν−B (x) + 1))

< g(ϕ(µ−
A(x) − µ−

B(x) + 1), 1)
≤ g(1, 1) = 1. It is contradiction.

4) If ν+
A (x) − ν+

B (x) + 1 < 1, then we have
g(ϕ(µ+

A(x) − µ+
B(x) + 1), ψ(ν+

A (x) − ν+
B (x) + 1))

< g(ϕ(µ+
A(x) − µ+

B(x) + 1), 1)
≤ g(1, 1) = 1. It is contradiction.

So we have A = B.
4. Let A ≤ B ≤ C (A,B,C ∈ V IFS(X)) ,then for each x belongs to X , we
have µA(x) ≤ µB(x) ≤ µC(x) and νA(x) ≥ νB(x) ≥ νC(x). So we have

µ−
C(x) − µ−

A(x) ≥ µ−
C(x) − µ−

B(x) , ν−C (x) − ν−A (x) ≤ ν−C (x) − ν−B (x) ,
µ+

C(x) − µ+
A(x) ≥ µ+

C(x) − µ+
B(x) , ν+

C (x) − ν+
A (x) ≤ ν+

C (x) − ν+
B (x) .

Then we get
f(C,A) = 1

2n{
∑
min[1, g(ϕ(µ−

C(x) − µ−
A(x) + 1), ψ(ν−c (x) − ν−A (x) + 1))]

+
∑
min[1, g(ϕ(µ+

C(x) − µ+
A(x) + 1), ψ(ν+

C (x) − ν+
A (x) + 1))}

≤ 1
2n{

∑
min[1, g(ϕ(µ−

C(x) − µ−
B(x) + 1), ψ(ν−c (x) − ν−B (x) + 1))]

+
∑
min[1, g(ϕ(µ+

C(x) − µ+
B(x) + 1), ψ(ν+

C (x) − ν+
B (x) + 1))]}

= f(C,B) .
In the same way, we can prove f(C,A) = f(B,A) .

Eg2. For ϕ, ψ : [0, 2] → [0, 2], g : [0, 2] × [0, 2] → [0, 2], ϕ(x) = x, ψ(y) = y,
g(x, y) = [(2 − x) + y] × 1

2 . It is straight-forward to prove that ϕ and ψ has the
following qualities: 1). α > β ⇒ ϕ(α) > ϕ(β), ψ(α) > ψ(β), (α, β ∈ [0, 2]) .
2). ϕ(α) = 2 ⇔ α = 2 ; ψ(β) = 0 ⇔ β = 0 . 3). ϕ(1) = ψ(1) = 1 .
And to g , it also has qualities as follows:
1). α > β ⇒ g(α, γ) < g(β, γ), g(γ, α) > g(γ, β) (α, β, γ ∈ [0, 2]) ,
2). g(α, β) = 0 ⇔ α= 2, β= 0 , 3).g(1, 1) = 1 .
It is shown in theorem 4.2. the relationship between entropy and subsethood on
V IFS.

Theorem 4.2. Let Q is subsethood, ρ: V IFS(X) → [0, 1], where
ρ(A) = Q(A ∨Ac, A ∧Ac) (∀A ∈ V IFS(X)), then we have ρ is entropy.

Proof. 1. ∀A ∈ δ(P (X)) for A ∨Ac = I, A ∧Ac = θ , we have
ρ(A) = Q(A ∨Ac, A ∧Ac) = Q(I, θ) = 0 .

On the contrary, if ρ(A) = Q(A ∨Ac, A ∧Ac) = 0 . Then we have
A ∨Ac = I, A ∧Ac = θ , so we get ∀A ∈ δ(P (X)) .
2. If E(A) = 1 that is Q(A ∨ Ac, A ∧ Ac) = 1 and A ∨ Ac ≥ A ∧Ac. Then we
have A ∨Ac = A ∧Ac. So we get µA(x) = νA(x) ;
On the contrary, if µA(x) = νA(x), we have A ∨ Ac = A ∧ Ac, So we may get

Q(A ∨Ac, A ∧Ac) = E(A) = 1.
3. If A refines B, then we haveA∧Ac ≤ B ∧Bc ≤ B ∨Bc ≤ A ∨Ac, so we can get
E(A) = Q(A ∨Ac, A∧Ac) ≤ Q(B ∨Bc, A ∧Ac) ≤ Q(B ∨Bc, B ∧Bc) ≤ E(B).
4. E(A) = Q(A ∨Ac, A ∧Ac) = Q(Ac ∨A,Ac ∧A) = E(Ac) .
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From theorem 4.1 and theorem 4.2, we can construct a class of reasonable sub-
sethood and entropy function, which are useful in different practical conditions.

5 Conclusion

In this paper, we offered different kinds of entropy function and subsethood
function and they would be practical in different experiments. would be practical
in different experiments.
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