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Abstract. This paper studies an intelligent digital control for nonlinear
systems with multirate sampling. It is worth noting that the multirate
control design is addressed for a given nonlinear system represented by
Takagi–Sugeno (T–S) fuzzy models. The main features of the proposed
method are that it is provided that the sufficient conditions for stabiliza-
tion of the discrete-time T–S fuzzy system derived by the fast discretiza-
tion method in the sense of Lyapunov stability criterion, which is can be
formulated in the linear matrix inequalities (LMIs).

1 Introduction

Drawing upon recent progress in the Takagi–Sugeno (T–S) fuzzy-model-based
digital control, it is observed that a number of important works have used a
singlerate controller [1, 2, 4, 3, 9] to meet the stability requirements. The dig-
ital control problem was conducted as a stabilizing the discretized model of
continuous-time T–S fuzzy plant in [1, 2, 3] and a stabilizing the jumped fuzzy
system in [9]. However, their discretized model has the approximation error,
which is directly proportional to the sampling time. One gets better exact dis-
cretized model if one can A/D and D/A conversions faster. But faster A/D and
D/A conversions mean higher cost in implementation. In addition, the digital
control system is hybrid system involving continuous-time and discrete-time,
but their discussion in [1, 2, 3] only contained the stability of the digital control
system in the discrete-time domain. A multirate control approach [10,13,11,12]
can be an alternative. Interestingly, advantages of applying faster A/D and D/A
conversions are obtained by using A/D and D/A at different rates. Furthermore,
in [14], the stability of the closed-loop digital system is well guaranteed for suf-
ficiently fast sampling rate if the closed-loop discrete-time nonlinear system.

Motivated by the above observations, we develop an intelligent multirate
control for a class of nonlinear systems under the high speed D/A converter.
The main contribution of this paper is that we derive some sufficient conditions
in terms of the linear matrix inequalities (LMIs), such that the equilibrium
point is a globally asymptotically stable equilibrium point of the discrete-time
fuzzy model derived by the fast discretization in the sense of Lyapunov stability
criterion.
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2 Problem Statement

In the following, let T and T ′ be the sampling period and the control update
period, respectively. For convenience, we take T ′ = T

N for a positive integer
N , where N is an input multiplicity. Then, t = kT + lT ′ for k ∈ Z�0 and
l ∈ Z[0,N−1], where the indexes k and l indicate sampling and control update
instants, respectively.

Consider a nonlinear digital control system described by

ẋ(t) = f(x(t), ud(t)) (1)

for t ∈ [kT + lT ′, kT + lT ′ + T ′), (k, l) ∈ Z�0 × Z[0,N−1], where x(t) ∈ R
n is the

state vector, and ud(t) = ud(kT, lT ′) ∈ R
m is the multirate digital control input.

The control actions are switched with T ′ and N . Moreover, the digital control
signals are fed into the plant with the ideal zero-order hold.

To facilitate the control design, we will develop a simplified model, which can
represent the local linear input–output relations of the nonlinear system. This
type of models is referred as T–S fuzzy models. The fuzzy dynamical model
corresponding to (1) is described by the following IF–THEN rules [1, 2, 4, 3, 5, 6,
7, 8]:

Ri : IF z1(t) is about Γi1 and · · · and zp(t) is about Γip,
THEN ẋ(t) = Aix(t) + Biud(t) (2)

where Ri, i ∈ Iq = {1, 2, . . . , q}, is the ith fuzzy rule, zh(t), h ∈ Ip = {1, 2, . . . , p},
is the hth premise variable, and Γih, (i, h) ∈ Iq ×Ip, is the fuzzy set. Then, given
a pair (x(t), ud(t)), using the center-average defuzzification, product inference,
and singleton fuzzifier, the overall dynamics of (2) has the form

ẋ(t) = A(θ(t))x(t) + B(θ(t))ud(t) (3)

where A(θ(t)) =
∑q

i=1 θi(z(t))Ai, B(θ(t)) =
∑q

i=1 θi(z(t))Bi, θi(z(t)) = wi(z)/∑q
i=1 wi(z), wi(z) =

∏p
h=1 Γih(zh(t)), and Γih(zh(t)) is the grade of membership

of zh(t) in Γih.

3 Main Results

To develop the discretized version of (3), we apply the fast discretization tech-
nique [11] to (3). In specific, we first derive a multirate discretized version of (3),
and then we apply a discrete-time lifting technique to the multirate discrete-time
model. Connecting the fast-sampling operator and the fast-hold operator with
[kT + lT ′, kT + lT ′ + T ′), (k, l) ∈ Z�0 × Z[0,N−1], to (3) leads the multirate
discrete-time plant model.

Assumption 1. Suppose that θi(z(t)) for t ∈ [kT + lT ′, kT + lT ′ + T ′) is
θi(z(k+l)). Then, the nonlinear matrices

∑q
i=1 θi(z(t))Ai and

∑q
i=1 θi(z(t))Bi

of (3) can be approximated as the piecewise constant matrices A (θ(k + l)) and
B(θ(k + l)), respectively.



888 D.W. Kim, J.B. Park, and Y.H. Joo

Proposition 1. The multirate discrete-time model of (3) can be given by

x(k + l + 1) ≈ G(θ(k + l))x(k + l) + H(θ(k + l))ud(k + l) (4)

for t ∈ [kT + lT ′, kT + lT ′ + T ′), (k, l) ∈ Z�0 × Z[0,N−1], where G(θ(k + l)) =∑q
i=1 θi(z(k + l))Gi, H(θ(k + l)) =

∑q
i=1 θi(z(k + l))Hi, Gi = exp (AiT

′), and
Hi = (Gi − I)A−1

i Bi.

Proof. The proof is omitted due to lack of space.

Assumption 2. Suppose that the firing strength θi(z(t)), for t ∈ [kT, kT + T )
is θi(z(k)).

Proposition 2. Given the system (4) for l ∈ Z[0,N−1], a lifted sampled input

ũd(k) =

⎡

⎢
⎢
⎢
⎣

ud(kT )
ud(kT + T ′)

...
ud(kT + NT ′ − T ′)

⎤

⎥
⎥
⎥
⎦

∈ R
mN (5)

leads a lifted system

x(k + 1) ≈ G̃(θ(k))x(k) + H̃(θ(k))ũ(k) (6)

for t ∈ [kT, kT + T ) , k ∈ Z�0, where G̃(θ(k)) = GN (θ(k)) and H̃(θ(k)) =[
GN−1(θ(k))H(θ(k)) GN−2(θ(k))H(θ(k)) · · · H(θ(k))

]
.

Proof. The proof is omitted due to lack of space.

We convert the multirate digital control problem to the solvability of LMIs.
For the system (6), we consider the following multirate feedback controller u(k) =
Kl(θ(k))x(k) and have the lifted control input represented as

ũ(k) = K̃(θ(k))x(k) (7)

where K̃(θ(k)) =
[
KT

0 (θ(k)) KT
1 (θ(k)) · · · KT

N−1(θ(k))
]T

, Kl(θ(k)) = K0(θ(k))
× (G(θ(k)) + H(θ(k))K0(θ(k)))l, and K0(θ(k)) =

∑q
i=1 θi(z(k))K0i.

The next theorem provides the sufficient conditions for the stabilization in
the sense of the Lyapunov asymptotic stability for (6).

Theorem 1. The given system (6) under (7) is globally asymptotically stable in
the sense of Lyapunov stability criterion if there exist Q = QT � 0 and constant
matrices Fi such that

[
−Q ∗

GiQ + HiFi −Q

]

≺ 0 i ∈ [1, q] (8)
[

−Q ∗
GiQ+HiFj+GjQ+HjFi

2 −Q

]

≺ 0 i < j ∈ [1, q] (9)

where ∗ denotes the transposed element in symmetric position.

Proof. The proof is omitted due to lack of space.
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4 Closing Remarks

This paper proposed the multirate control design using the LMI approach for
the fuzzy system. Some sufficient conditions were derived for stabilization of the
discretized model via the fast discretization. Future work will be devoted to the
extension to the nonautomonous system.

References

1. Joo Y. H., Shieh L. S., and Chen G.: Hybrid state-space fuzzy model-based con-
troller with dual-rate sampling for digital control of chaotic systems. IEEE Trans.
Fuzzy Syst. 7 (1999) 394-408

2. Chang W., Park J. B., Joo Y. H., and Chen G.: Design of sampled-data fuzzy-
model-based control systems by using intelligent digital redesign. IEEE Trans.
Circ. Syst. I. 49 (2002) 509-517

3. Lee H. J., Kim H., Joo Y. H., Chang W., and Park J. B.: A new intelligent digital
redesign for T–S fuzzy systems: global approach. IEEE Trans. Fuzzy Syst. 12
(2004) 274-284

4. Chang W., Park J. B., and Joo Y. H.: GA-based intelligent digital redesign of
fuzzy-model-based controllers. IEEE Trans. Fuzzy Syst. 11 (2003) 35-44

5. Wang H. O., Tanaka K., and Griffin M. F.: An approach to fuzzy control of nonlin-
ear systems: Stability and design issues. IEEE Trans. Fuzzy Syst. 4 (1996) 14-23

6. Tananka K., Kosaki T., and Wang H. O.: Backing control problem of a mobile
robot with multiple trailers: fuzzy modeling and LMI-based design. IEEE Trans.
Syst. Man, Cybern. C. 28 (1998) 329-337

7. Cao Y. Y. and Frank P. M.: Robust H∞ disturbance attenuation for a class of
uncertain discrete-time fuzzy systems. IEEE Trans. Fuzzy Syst. 8 (2000) 406-415

8. Tananka K. and Wang H. O.: Fuzzy control systems design and analysis: a linear
matrix inequality approach. John Wiley & Sons, Inc. (2001)

9. Katayama H. and Ichikawa A.: H∞ control for sampled-data fuzzy systems. in
Proc. American Contr. Conf. 5 (2003) 4237-4242

10. Hu L. S., Lam J., Cao Y. Y., and Shao H. H.: A linear matrix inequality (LMI)
approach to robust H2 sampled-data control for Linear Uncertain Systems. IEEE
Trans. Syst. Man, Cybern. B. 33 (2003) 149-155

11. Chen T. and Francis B.: Optimal Sampled-Data Control Systems. Springer-Verlag
(1995)

12. Francis B. A. and Georgiou T. T.: Stability theory for linear time-invariant plants
with periodic digital controllers. IEEE Trans. Automat. Contr. 33 (1988) 820-832

13. Shieh L. S., Wang W. M., Bain J., and Sunkel J. W.: Design of lifted dual-rate
digital controllers for X-38 vehicle. Jounal of Guidance, Contr. Dynamics 23 (2000)
629-339

14. Nesic D. and Teel A. R.: A framework for stabilization of nonlinear sampled-Data
systems based on their approximate discrete-time models. IEEE Trans. Automat.
Contr. 49 (2004) 1103-1122


	Introduction
	Problem Statement
	Main Results
	Closing Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




