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Abstract. One mechanism for the onset of arrhythmias is abnormal
impulse initiation such as ventricular ectopic beats. These may be caused
by abnormal calcium (Ca2+) cycling. The Luo-Rudy model was used to
simulate the dynamics of intracellular Ca2+ ([Ca2+]i) handling and the
initiation of ectopic beats in virtual ventricular myocytes and tissues.
[Ca2+]i in the reduced Ca2+ handling equations settles to a steady state
at low levels of intracellular sodium ([Na+]i), but oscillates when [Na+]i
is increased. These oscillations emerge through a homoclinic bifurcation.
In the whole cell, Ca2+ overload, brought about by inhibition of the
sodium-potassium pump and elevated [Na+]i, can cause autorhythmic
depolarisations. These oscillations interact with membrane currents to
cause action potentials that propagate through one dimensional virtual
tissue strands and two dimensional anisotropic virtual tissue sheets.

1 Introduction

Cardiac arrhythmias such as ventricular tachycardia and fibrillation are a major
cause of morbidity and mortality in developed countries. Ca2+ overload in car-
diac myocytes is well known to be a cause of delayed afterdepolarisations, where
an action potential is followed by triggered activity [1, 2, 3, 4, 5]. This is a distinct
arrhythmogenic mechanism from autorhythmicity, where spontaneous depolari-
sations occur from the resting membrane potential and do not necessarily require
a preceding action potential [1]. Here we use virtual ventricular myocytes and
tissues to investigate the role of Ca2+ in causing such autorhythmicity.

Normally, regular membrane potential (V ) oscillations (the action potentials)
in ventricular myocytes drive regular intracellular calcium ([Ca2+]i) oscillations,
but under conditions of sarcoplasmic reticulum (SR) Ca2+ overload, Ca2+ is
spontaneously released from the SR [3], causing [Ca2+]i oscillations indepen-
dently of V oscillations. These [Ca2+]i oscillations can be arrhythmogenic if
they interact with the cell membrane and produce transient inward currents that
depolarise V past threshold. The transient inward currents that respond to spon-
taneous SR Ca2+ release could be the Na+-Ca2+ exchange current INaCa and/or
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the Ca2+-activated non-specific current Ins(Ca) [6, 7]. Propagation of these au-
torhythmic depolarisations into surrounding tissue is dependent on the size of
the autorhythmic focus and on the cell-cell coupling within the tissue.

One mechanism of inducing Ca2+ overload is block of the Na+-K+ pump
current INaK, as seen during ischemia [8] and digitalis intoxication [9, 10] for
example. The consequent build up of [Na+]i reduces the effectiveness of the
Na+-Ca2+ exchanger at removing Ca2+ from the cell and intracellular Ca2+

concentrations become elevated [9].
Mathematically, the conditions that lead to this type of autorhythmicity can

be identified using bifurcation analysis: at a bifurcation the qualitative behaviour
of a system changes, from a single stationary solution to oscillatory activity, for
example. Several previous studies have used mathematical models of atrial and
Purkinje fibre cells and tissues to investigate autorhythmicity brought about by
abnormal Ca2+ handling. Varghese & Winslow [11] examined the stability of the
equations describing the Ca2+ subsystem in the DiFrancesco-Noble model [12]
of the cardiac Purkinje fibre. Using a clamped voltage between -40 and -100 mV
and constant [Na+]i (a step justified by the slow dynamics of [Na+]i compared
to [Ca2+]i), they found a single stationary solution for [Ca2+]i at low values
of [Na+]i. As [Na+]i was increased, a supercritical Hopf bifurcation led to an
unstable fixed point and stable periodic [Ca2+]i oscillations. These oscillations
were shown to alter regular V oscillations in the complete model [13]. Winslow
et al. [14] showed that inhibition of the Na+-K+ pump in an atrial cell model
[15] resulted in [Na+]i overload and [Ca2+]i oscillations driving V oscillations.
When a compact subset of around 1000 [Na+]i overloaded cells were placed
in the centre of a two-dimensional (2-D) tissue composed of 512 × 512 cells,
the depolarisations could propagate out into the surrounding quiescent tissue.
Recently, Joyner et al. [16] examined how a spontaneously depolarising focus
leads to excitation of sheets of atrial and ventricular cell models, while Wilders
et al. [17] examined the effects of tissue anisotropy on propagation from an
autorhythmic focus in a virtual ventricular sheet.

We used the Luo-Rudy dynamic (LRd00) model of the ventricular myocyte
[18] to: (i) identify bifurcations that lead to autorhythmicity; (ii) induce [Ca2+]i
overload and ectopic beats in single myocytes and (iii) characterise the conditions
required for propagation of these beats in one dimensional (1-D) and 2-D virtual
ventricular tissues.

2 Numerical Methods

LRd00 models the ventricular action potential using an ordinary differential
equation (ODE) that describes the rate of change of V :

dV

dt
=

−1

Cm
Iion , (1)

where Cm = 1µF cm−2 is membrane capacitance and Iion is the sum of ionic
currents through the cell membrane. Iion is composed of voltage gated channel
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currents modelled using Hodgkin-Huxley formalism [19], as well as currents car-
ried by other channels, pumps and exchangers. Ionic concentrations are modelled
using the ODE:

d[B]

dt
=

−IB · Acap

V olC · zB · F
, (2)

where [B] is the concentration of ion B, IB the sum of the currents carrying ion B,
Acap is capacitive membrane area, V olC the volume of the compartment whose
concentration is being updated, zB the valency of ion B and F is the Faraday
constant. Parameter values and equations describing the ionic currents can be
found in [18, 20, 21, 22, 23]. Equations describing gating variables were solved us-
ing the scheme of Rush & Larsen [24], and equations of the form (1) and (2) using
an explicit Euler method. The source code, written in C/C++, can be found at
http://www.cwru.edu/med/CBRTC/LRdOnline/LRdModel.htm. Two variants
of the model were used: one describing the Ca2+ handling system, the other
describing a single myocyte. These were incorporated into 1-D and 2-D tissues.

2.1 Calcium Handling Equations

We reduced the LRd00 equations to those describing the Ca2+ handling system
by applying a V clamp and using an adiabatic approximation where [Na+] and
[K+] remain constant [11, 25]. V -dependent gates take on their steady-state val-
ues and, as V , [Na+] and [K+] are constant, any ionic currents that contribute
only to the rate of change of these variables were removed from the system.
The LRd00 equations were therefore reduced to four ODEs describing the rate
of change of total [Ca2+] in the network SR, junctional SR, intracellular and
extracellular spaces. [Ca2+]i is dependent on [Na+] via INaCa and on V via the
driving force of the membrane currents and the V -dependent gates of the L-type
Ca2+ channel (gates d and f) and the T-type Ca2+ channel (gates b and g).
[Na+]i and V were therefore treated as control parameters.

2.2 Modified Single Myocyte

The complete LRd00 virtual endocardial cell was modified to induce [Ca2+]
overload: 100% INaK inhibition, Ins(Ca) increased twofold, [CSQN]th decreased
to 7.0 mM, and the time constants of activation and inactivation of Irel,jsrol in-
creased to 5 ms. In all Ca2+ handling and single myocyte integrations, a time
step of dt = 0.01 ms was used.

2.3 One- and Two-Dimensional Tissues

A 15 mm 1-D tissue strand composed of equal fractions of endocardial, midmy-
ocardial and epicardial tissue [22], and a 60 × 60 mm 2-D anisotropic endocardial
tissue sheet were used to investigate the propagation of autorhythmic depolari-
sations. In the 1-D tissue, the rate of change of V is given by a reaction-diffusion
equation:
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∂V

∂t
= Dx

∂2V

∂x2
−

1

Cm
Iion , (3)

and in the 2-D tissue:

∂V

∂t
= Dx

∂2V

∂x2
+ Dy

∂2V

∂y2
−

1

Cm
Iion , (4)

where D is a diffusion coefficient, and x and y denote directions perpendicu-
lar to and parallel to fibre axis, respectively. No-flux boundary conditions were
imposed at the edges of each geometry. Ca2+ overloaded tissue, composed of
modified LRd00 myocytes as described in Sect. 2.2, was located on the endocar-
dial border of the 1-D strand or the centre of the 2-D sheet. Diffusion coefficients
of Dx = 0.06 mm2 ms−1 and Dy = 0.1 mm2 ms−1 were used, giving conduction
velocities for solitary plane waves of 0.4 and 0.54 m s−1 in the x and y directions,
respectively. A time step of dt = 0.02 ms and a space step of dx = dy = 0.1 mm
were used in both 1-D and 2-D simulations. Computation time was decreased
when running 2-D simulations by tabulating the values of V -dependent expo-
nential functions for values of V between −100 and 100 mV with a resolution of
0.1 mV. Linear approximation was used for functions where V fell between the
tabulated values.

3 Bifurcations in the Calcium Handling Equations

We determined behaviour of the Ca2+ handling equations by numerical integra-
tion over a period of 120 s, where [Ca2+]i either settled to a stationary stable
state or oscillated. Fig. 1A is a bifurcation diagram showing stationary stable
states and amplitudes of oscillations, where V is clamped at -90 mV and [Na+]i is
the bifurcation parameter. The periods of the oscillations are shown in Fig. 1B.
As [Na+]i is increased to ∼16.1 mM, large period oscillations emerge. The period
of the oscillations decreases rapidly as the bifurcation parameter is further in-
creased, indicative of a homoclinic bifurcation rather than the Hopf bifurcation
identified in the DiFrancesco-Noble Purkinje fibre model by Varghese & Winslow
[11]. Fig. 1C shows [Ca2+]i oscillations, with V = −90 mV, [Na+]i = 20 mM and
initial Ca2+ concentrations as in the normal LRd00 model ([Ca2+]i = 79 nM
at t = 0 ms). In this case, minimum and maximum [Ca2+]i is 171 and 928 nM,
respectively, giving an amplitude of 757 nM and a period of 1194 ms. Fig. 1D
shows the dynamics of the system in [Na+]i-V parameter space for values of
[Na+]i between 0 and 20 mM and for values of V between −110 and −40 mV.

4 Whole Cell Calcium and Voltage Oscillations

In Sect. 3 we showed that, under certain conditions, [Ca2+]i in LRd00 can oscil-
late independently of membrane potential oscillations. By unclamping the volt-
age, it is possible to observe whether these [Ca2+]i oscillations can drive transient
inward currents strong enough to take the membrane potential past threshold
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Fig. 1. Bifurcation analysis of the calcium handling equations in LRd00. A: Bifurca-
tion diagram with V clamped at −90 mV, showing steady state values and oscillation
amplitudes of [Ca2+]i. For low values of [Na+]i, [Ca2+]i settles to a steady state. Oscil-
lations emerge when [Na+]i is increased to ∼16.1 mM. B: The periods of the oscillations
shown in A. As oscillations emerge the period is large, then decreases rapidly as [Na+]i
is further increased. C: [Ca2+]i oscillations with V clamped at −90 mV and [Na+]i
at 20 mM. D: [Ca2+]i dynamics in [Na+]i-V parameter space. Dynamics are classified
according to behaviour during the first 120 s of integration, and can either oscillate or
settle to a steady state

to induce autorhythmic depolarisations. That is, we can observe whether the
[Ca2+]i oscillations can drive V oscillations.

[Na+]i was clamped at 20 mM, a value that results in [Ca2+]i oscillations in
the Ca2+ handling system at LRd00 resting V of approximately −88 mV (see
Fig. 1D). [K+]i was clamped at 125 mM [11]. Integration of this modified LRd00
model revealed that [Ca2+]i oscillations drive V oscillations through the action of
transient inward currents. Fig. 2A shows these autorhythmic depolarisations oc-
curring during the first 10 s of integration. The cell initially depolarises at around
t = 3.34 s, with the action potential having an upstroke velocity of 184 mVms−1,
a peak V of 28 mV and an action potential duration (APD90) of 192 ms. Figs. 2B
and 2C show the transient inward currents that cause V to increase past thresh-
old. When INaCa is operating in forward mode, Ca2+ is extruded from the cell
and Na+ is brought in at a ratio of 1:3, and consequently the net current is
inward (i.e. depolarising). Ins(Ca) carries both Na+ and K+ and so net Ins(Ca)
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Fig. 2. Autorhythmic activity in a single modified LRd00 myocyte. A: [Ca2+]i oscilla-
tions (dotted line) interact with the cell membrane, resulting in repetitive autorhythmic
depolarisations (solid line). Both INaCa (B) and Ins(Ca) (C) are transiently inward, de-
polarising currents immediately before the depolarisation. In B and C, currents are
shown as solid lines, V as dotted lines. Note that currents have been calculated for
1 cm2 of membrane, and that negative current amplitudes indicate inward currents

is dependent on the sum of both these component currents. Under physiological
conditions, the Na+ current carried by Ins(Ca) is a depolarising inward current,
while the K+ current is a hyperpolarising outward current. Immediately before
the depolarisation, both INaCa (Fig. 2B) and Ins(Ca) (Fig. 2C) become relatively
large depolarising inward currents in response to Ca2+ release from the SR.
This is in contrast to the other inward currents – the fast Na+ current and the
L- and T-type Ca2+ currents – that increase in amplitude only in response to
the depolarisation (not shown). Block of either INaCa or Ins(Ca) causes a reduc-
tion of the membrane response to spontaneous SR Ca2+ release, and V remains
sub-threshold: the transient inward current is only large enough to take V to
threshold when both INaCa and Ins(Ca) are included.

5 Propagation

Propagation of an action potential from a localised area into the surrounding
tissue is dependent on several factors. In 1-D and 2-D tissues, both the size of the
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focus from which the action potential propagates and the cell-cell coupling within
and between the autorhythmic and quiescent tissues are important. Additionally
in 2-D tissues, the degree of anisotropy present and the curvature of the wavefront
both affect propagation.

A minimum of 3.4 mm of Ca2+ overloaded tissue located on the endocar-
dial border was required to produce repetitive propagation of action potentials
through the 1-D heterogeneous tissue strand. Fig. 3A is a space-time plot show-
ing these depolarisations emerging from the autorhythmic focus and propagat-
ing along the strand during the first 5 s of integration. The initial depolarisation
propagates with a wavefront velocity of 0.4 m s−1, taking 28.8 ms to reach the
epicardial border from the edge of the autorhythmic focus. The period of the
depolarisations in the autorhythmic focus is ∼1072 ms during the first 5 s, de-
creasing with time presumably as ionic concentrations accumulate or deplete
(due to Na+-K+ pump inhibition) and affect membrane conductance. As no-
flux boundary conditions are used, the liminal length (the minimum amount of
excited tissue located in the middle of a strand required to produce bi-directional
propagation) is 6.8 mm. Here we used a spatially homogeneous diffusion coeffi-
cient of Dx = 0.06 mm2 ms−1. However, alterations in cell-cell coupling (modelled
as the diffusion coefficient, D), either within the autorhythmic focus, within the
quiescent tissue, or at the interface of the two, will affect the behaviour of these
tissues and, therefore, the liminal length required for propagation [26].

In the 2-D anisotropic endocardial tissue, repetitive propagation of autorhyth-
mic depolarisations from a central circular focus occurred with a minimum focus
radius of 5 mm, giving a liminal area of 79 mm2. This radius is larger than the
3.4 mm in the 1-D strand as the excitatory current provided by the autorhythmic
focus must distribute over a larger area due to the curved border of the 2-D focus
[27], even though increasing anisotropy has been shown to decrease the liminal
area [17]. With LRd00 cell dimensions of 100 × 22 µm [18], the liminal area
is composed of nearly 36,000 cells. This is in comparison to the liminal area of
∼1,000 cells found by Winslow et al. [14] using an atrial cell network model. Fig-
ures 3B-E show snapshots of the propagation of a single action potential through
the tissue at times 910, 935, 960 and 1120 ms, respectively. As well as the direct
effects of cell-cell coupling (i.e., the passive electrical properties of the tissue),
the geometry of the wavefront also affects propagation [27]: the wavefront here
is not a simple plane wave but is curved due to the circular autorhythmic focus,
and this convex wavefront curvature acts to reduce conduction velocity. Thus
the shape of the autorhythmic focus (and therefore the shape of the propagating
wavefront) affects propagation. Additionally, the degree of anisotropy will affect
conduction velocity through this mechanism, as the wavefront is less convex in
the direction of lower cell-to-cell coupling, with this discrepancy increasing as the
wave propagates (compare, for example, Figs. 3B and 3C). Both these mecha-
nisms cause a decrease of conduction velocity; as the wavefront geometry changes
with distance from the focus, wavefront conduction velocity will also change.
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Fig. 3. Propagation of autorhythmic depolarisations in virtual tissues. A: Space-time
plot showing propagation from a 3.4 mm autorhythmic focus located on the endocardial
border of a 15mm heterogeneous LRd00 virtual tissue strand. B-E: Snapshots showing
propagation from an autorhythmic focus 5 mm in radius, located in the centre of a 60
× 60 mm 2-D anisotropic endocardial LRd00 virtual tissue sheet, at t = 910, 935, 960
and 1120ms, respectively

6 Conclusions

We have shown that Ca2+ overload, brought about via inhibition of the Na+-K+

pump, can cause propagating autorhythmic activity in virtual ventricular my-
ocytes and tissues of the LRd00 family. [Ca2+]i in the Ca2+ handling equations
settles to a steady state at low levels of [Na+]i, but oscillates when [Na+]i is in-
creased; these oscillations emerge via a homoclinic bifurcation. In the whole cell,
the [Ca2+]i oscillations interact with the membrane currents INaCa and Ins(Ca)

to cause autorhythmic depolarisations that, if spatially localised, can propa-
gate through 1-D heterogeneous virtual tissue strands and 2-D homogeneous
anisotropic virtual tissue sheets. The shape of the 2-D focus and the degree of
tissue anisotropy affect both the liminal area of the focus and the conduction of
the wavefront through the 2-D tissue.
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