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1 Introduction

The synapse is the storehouse of memories, both short-term and long-term,
and is the location at which learning takes place. There are trillions of synapses
in the brain, and in many ways they are one of the fundamental building blocks
of this extraordinary organ. As one might expect for such an important struc-
ture, the inner workings of the synapse are quite complex. This complexity,
along with the small size of a typical synapse, poses many experimental chal-
lenges. It is for this reason that mathematical models and computer simu-
lations of synaptic transmission have been used for more than two decades.
Many of these models have focused on the presynaptic terminal, particularly
on the role of Ca?t in gating transmitter release ( , ;

) Y ) I ) ) )

). The terminal is where neurotransmitters are released, and is the site of

several forms of short-term plasticity, such as facilitation, augmentation, and

depression ( , ). Mathematical modeling has been used

to investigate the properties of various plasticity mechanisms, and to refine
understanding of these mechanisms ( , ;
) ) ) ) ) ;

, : , ; , ). Importantly, model-

ing has in several cases been the motivation for new experiments (

; , ). In this chapter, we describe some of the mathemati-

cal models that have been developed for transmitter release and presynaptic

plasticity, and discuss how these models have shaped, and have been shaped

by, experimental studies.
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Notes Math. 1867, 173-202 (2005)
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2 Neurotransmitter Release is Evoked by Ca2?t Influx

Neurotransmitters are packaged into small spherical structures called vesi-
cles, which have a diameter of 30-50 nm. A presynaptic terminal may con-
tain tens or hundreds of filled vesicles, but typically only a fraction of these
are docked to the membrane and ready to be released. The docking stations
are called active zones, and the docked vesicles form the readily releasable
pool. When an electrical impulse reaches the synapse, ion channels selective
for calcium ions open and Ca?*t enters the terminal. Much of this Ca?T is
rapidly bound by buffer molecules, but a significant fraction remains free and
can bind to Ca?T acceptors associated with a docked vesicle. This causes the
vesicle to fuse with the cell membrane, allowing neurotransmitter molecules
to diffuse out of the vesicle and into the small space (the synaptic cleft)
separating the presynaptic and postsynaptic cells. The signal is passed to
the postsynaptic cell when the transmitter molecules bind to receptors in the
postsynaptic membrane, inducing a change in its membrane potential.

The key role that Ca?t plays in neurotransmitter release raises two ques-
tions. First, what is the nature of the Ca?t acceptors that, when bound,
result in vesicle fusion? Second, what is the nature of the Ca?* signal? Much
effort has gone into answering these questions. It was shown by

( ) that there is a fourth-power relation between the exter-
nal Ca?* concentration and transmitter release in a neuromuscular junction,
suggesting that each release site contains four Ca?t acceptors. Although the
identity of the acceptors is still under investigation, there is much evidence
suggesting that the protein synaptotagmin plays such a role ( ,

; , ). Once bound, does Ca?* unbind from an acceptor rapidly
or slowly once the membrane is repolarized and the Ca?T channels close?
Some data suggest the latter, providing a mechanism for short-term synaptic
enhancement ( , ;

The central question regarding the nature of the Ca?* signal is whether
vesicle fusion is gated by the Ca?* microdomain formed at the mouth of a
single open Ca?* channel, by overlapping microdomains from several open
channels, or by Ca?t from a large aggregate of channels. This should de-
pend on the location of the Ca?T acceptors. Are they located close to Ca2™
channels so that they respond primarily to the plume of Ca?t at the mouth
of an open channel, or are some of the acceptors farther away so that they
respond to a spatially averaged Ca?* signal? Questions regarding the influ-
ence of Ca®t channel and Ca?t acceptor geometry have been studied largely
through mathematical modeling, constrained by experimental studies of the
timing of transmitter release and the effects of exogenous Ca?* buffers.
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3 Primed Vesicles are Located Close to Ca?2t Channels

Once transmitter-filled vesicles have been transported to the terminal mem-
brane, they then dock and are primed for release. It is only the primed vesicles
that can fuse following a presynaptic action potential ( , ;

, ). Estimates of the number of primed vesicles per active zone
vary from 10 for the CA1 region of the hippocampus ( ,

) to 130 in cat rod photoreceptors ( , ). Early
work by ( ) demonstrated that a postsynaptic response can
occur within 200 us of an increase in the presynaptic Ca?* current. A subse-
quent mathematical study indicated that this temporal restriction constrains
the vesicle to be within 10’s of nanometers of an open Ca?* channel (

, ). A later study of the large chick calyx synapse demonstrated
that transmitter release can be evoked by the opening of a single Ca?*t chan-
nel, and occurs 200-400 ps after the channel opening ( , ). Further
evidence for the colocalization of channels and vesicles has been provided by
studies showing that proteins forming the core complex that associates the
vesicle with the terminal membrane, e.g. SNAP-25, syntaxin, and synaptotag-
min, bind to Ca?* channels in vertebrate synapses (

, ). Finally, the high concentration of Ca?* needed to evoke
vesicle fusion, 20 WM or more ( , ), can only be achieved
if the Ca?* source is located close to the Ca?* acceptors.

4 Reaction-Diffusion Equations

Many models have been developed of Ca?* diffusion in the presynaptic termi-
nal or near the plasma membrane of endocrine cells ( ,
; ) ; ) ; ) )

) b ) ) ) b
, , ). Most of these include mobile Ca?* buffers. Examples of
endogenous mobile buffers are calbindin-D28k and calretinin. Examples of ex-
ogenous mobile buffers are the Ca?t chelators EGTA and BAPTA, and the
fluorescent dye fura-2. The Ca?*-buffer reaction diffusion equations have the
form

0Ca _ p.?Ca+ R (1)
ot
OB

‘%;;tcszCVQBC—R (3)

where Ca is the intraterminal free Ca2t concentration, B is the free buffer
concentration, and BC' is the concentration of Ca?* bound to buffer. It is
assumed here that there is one mobile buffer, but others can be included in
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a natural way. The diffusion coefficients of the three species are D., D;, and
Dy.. The Ca?* binding reaction (R) is given by

R=—kTBCa+k BC (4)

where kT and k~ are the binding and unbinding rates, respectively. Physio-
logical values for the diffusion coefficients and kinetic rates can be found in
(1992); (1989), and (1997). If
the buffer diffuses at the same rate whether Ca?* is bound or not (Dy, &~ D..),
then the total concentration of buffer, By = B + BC, is described by
0BT 9
— =D Br . 5
ot b /" DT (5)
From this, we see that if By is initially uniform, then it remains uniform. It
is then possible to eliminate (2), replacing (4) with

R =—kt(Br — BC)Ca+ k™ BC . (6)

At the boundary (the terminal membrane), Ca?" influx through an open
channel is described by

D, Ca=ica/(2FA) (7)

where ic, is the single channel Ca?* current, F is Faraday’s constant, and A
is the channel cross-sectional area. More detailed descriptions of the reaction-
diffusion equations and their numerical solution can be found in the modeling
papers cited earlier and in ( ).

5 The Simon and Llinas Model

One of the earliest models of Ca?* dynamics in the presynaptic terminal was
developed by ( ). The goal of this modeling study was
to determine the spatial and temporal distribution of Ca?* in the squid giant
synapse, a common experimental system due to its large size, during and
following depolarization of the presynaptic terminal. Unlike several earlier
models, the focus was on the Ca?* microdomains that form at open channels.

This study produced three main predictions: (1) The opening of a Ca?™
channel results in a microdomain where the Ca?* concentration is greatly
elevated above the spatial average of the concentration in the terminal (the
bulk Ca’" concentration). (2) Within a microdomain, the steady-state
concentration is achieved very rapidly (<1 us) relative to the open time of the
channel. (3) The macroscopic Ca?* current (I¢,) is not a good determinant
of the microscopic distribution of Ca?* in the terminal. It is the microscopic
distribution that is most important for transmitter release, given the colocal-
ization of channels and vesicles. Two other important observations were made.
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First, stationary buffers have no effect on the steady-state Ca?* concentra-
tion in a microdomain, but do influence the time required to reach a steady
state. Second, in the vicinity of a channel the Ca?* concentration is roughly
proportional to icq, the single-channel Ca?* current.

The spatial extent of a microdomain depends greatly on the magnitude
of the flux through the open channel, which itself depends on the voltage
driving force, the difference between the membrane potential and the Ca?*
Nernst potential (V' — Vo). When V is low (the terminal is hyperpolarized)
the probability that a channel is open is small. However, the driving force
is large, so the magnitude and extent of a microdomain formed at the rare
open channel is large. In contrast, when V is elevated (the terminal is depo-
larized) the channel open probability is near one, but now the driving force is
small. Hence, when V' is relatively low there will be few open channels, each
producing a large Ca?T microdomain. When V is high there will be many
open channels, each producing a small microdomain. In the latter case there
could be significant overlap of microdomains, while in the former case this is
unlikely to occur.

The importance of thinking in terms of the microscopic Ca?* distribution,
rather than in terms of the macroscopic Ca?* current, is demonstrated nicely
by an experiment performed in the squid giant synapse by
( ). Here, the terminal was voltage clamped and the presynaptic current
was recorded. The postsynaptic response, postsynaptic current, was measured
simultaneously. This was done for test pulses ranging from —33mV to 57mV
from a holding potential of —70mV (Fig. 1). In each case, the bulk of the
postsynaptic response occurred after the membrane potential was returned to
its low holding potential. This is in spite of the fact that the time integral of
the macroscopic Ca?* current I, was larger during the depolarized test pulse
than following the return to the holding potential. The reason for this is that
during the depolarization Ca?* channels open, but the accompanying Ca2*
microdomains are small. When V is returned to its hyperpolarized holding
potential the driving force is instantaneously increased, resulting in a rapid
spike in I, called a tail current (this is not resolved in Fig. 1). Thus, before
the channels have a chance to close large microdomains are formed, and these
evoke the bulk of the transmitter release.

6 Steady-State Approximations
for Ca?T Microdomains

The colocalization of vesicles and Ca’t channels suggests that transmitter
release is gated by single or overlapping Ca?* microdomains. This, combined
with the calculations from Simon and Llinds that a steady state is achieved
rapidly in a microdomain, has motivated two steady-state approximations for
the Ca?* concentration in a microdomain. The first, the excess buffer ap-
proximation (EBA), assumes that mobile buffer is present in excess and
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Fig. 1. Recordings of presynaptic Ca?' current (Ic.) and postsynaptic current
(P.s.c.) at voltage-clamped terminals (Vpre) of the squid giant synapse. Tail currents
are not visible. Reprinted with permission from Augustine et al. (1985)

cannot be saturated. It was first derived by ( ), and would be valid,
for example, in the saccular hair cell where the endogenous buffer calbindin-
Dogk is present in millimolar concentrations ( , ), or in cells dia~

lyzed with a high concentration of a Ca?* chelator.
The steady-state EBA is:

g

Ca=—
“ 2w D.r

eir//\ + Capk (8)
where ¢ is the Ca?t flux through an open channel, r is the distance from
the channel, and Cayy is the bulk Ca?t concentration. The parameter X is
the characteristic length, which determines the spatial extent of the mi-
crodomain. The characteristic length depends on the Ca?* diffusion constant,
the buffer binding rate, and the bulk free buffer concentration:

D,
Aﬂ/kﬁBbk' 9)

Figure 2 shows the graph of the EBA for two different values of A\. For the
larger )\, the Ca?* concentration is larger at each location and the microdo-
main has a greater spatial extent. The dependence of A on D, and k™t (or Byy)
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Fig. 2. The steady state Ca?' concentration as a function of distance from an
open Ca®' channel, calculated with the EBA (8) using two different values of the
characteristic length A

is illustrated in Fig. 3. The characteristic length increases as the square root
of the Ca?* diffusion rate, agreeing with the intuition that the microdomain
extends farther when diffusion is more rapid. In contrast, the characteristic
length, and the extent of the microdomain, declines when either the buffer
binding rate or the buffer concentration is increased.

A second approximation, the rapid buffer approximation (RBA), is
based on the assumption that the Ca?t buffer is fast compared to the Ca?*
diffusion rate ( , ). This leads to local equilibration, so
that at each location the Ca?t and buffer are in equilibrium. Thus,
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Fig. 3. The dependence of the characteristic length on the Ca" diffusion coefficient
and the buffer binding rate
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KBtot

B=—"-
K+ Ca

(10)
where K is the dissociation constant (K = k= /k*) of the buffer. With this
approximation, buffer may be saturated when the Ca?* concentration is high,

such as near an open Ca?* channel, in contrast with the EBA where buffer
does not saturate. Indeed, for the RBA

}Lr% B=0 (11)

while for the EBA
}LH(I] B =~ By . (12)
See ( ) for a summary of the two approximations. An asymp-

totic analysis of the approximations and conditions on their validity is given

in ( ).

The steady state RBA was derived by ( ). For a single mobile
buffer and a single Ca?* source (channel), it is:
Ca=(~D.K + 5o+ D.Cay, = Dy By + V@) /2D, (13)
where
Q= (DCK + 2% + D.Cayy, — DbBbk)2 +4D.Dy Byt K . (14)

This approximation and the EBA were extended to multiple sources (open
channels) in ( ).

7 Modeling the Postsynaptic Response

Neurotransmitter molecules released from the presynaptic terminal diffuse
across the narrow synaptic cleft (=20nm) and can bind to receptors in the
postsynaptic cell. These receptors may be linked directly to an ion channel
(ionotropic receptors) or may activate second messengers, thus provid-
ing an indirect link to ion channels (metabotropic receptors). We focus
here on models of the action of ionotropic receptors, which are simpler than
those of metabotropic receptors. For a description of both types of models see
( | 1994).

The postsynaptic membrane contains voltage-gated ion channels that give
rise to an ionic current [j,,, and ligand-gated channels that give rise to a
synaptic current Igy,,. The postsynaptic voltage Vo5t changes in time accord-
ing to
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de ost

Cm dt

= —(fion + Lsyn) (15)

where Iyn = gsyn(t)(V — Viyn) and Vg, is the reversal potential for the
channel (for ionotropic glutamate receptors, for example, Vyyn =~ 0mV). The
time-dependent synaptic conductance gsy, has been modeled in two ways: us-
ing an a-function and using a kinetic description. The a-function was first
employed by ( ) to describe the synaptic response in a passive den-
drite. Tt is convenient to write this in terms of dimensionless time, T' = t/7,,,
and the dimensionless parameter o = T,,, /tpeak. Here, ¢ is the time after the
synaptic event, and tpeak is the time after the synaptic event at which gsyn
reaches its peak value. The parameter 7,,, = R,;,C,, is the membrane time
constant (R,, is the membrane resistance, equal to 1/gion), which determines
how rapidly the postsynaptic membrane responds to changes in current. Fi-
nally, the synaptic conductance written in terms of the a-function is:

gsyn(T) = gsynaTe_aT (16)

where ggyn is a parameter that sets the size of the response.

Synaptic conductance using (16) is shown following a synaptic event in
Fig. 4. Notice the rapid rise and slow fall in conductance that is characteristic
of the actual postsynaptic response. We have plotted gsyn for two values of
the parameter o, demonstrating how doubling « affects the time course of
the synaptic conductance. The conductance has been normalized to facilitate
comparison of the time courses.

-
o

Normalized gsyn
o
(&)}

©

o
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»
©

Fig. 4. Normalized synaptic conductance modeled with an a-function. T is the
dimensionless time following the synaptic event. Conductance is plotted for two
different values of the parameter «

The a-function approach has some disadvantages. First, it does not provide
for the summation and saturation of postsynaptic responses. Second, it does
not describe receptors/channels with multiple states. An alternative approach
is to simulate the postsynaptic response using a kinetic model for the receptor.
An excellent description of this approach is given in ( ).
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The simplest receptor has two states, closed and open, and can be de-
scribed by the following kinetic scheme:

a(L)

c 0

—

B

where C' represents the closed state, O represents the open state, a(L) is the
receptor activation rate that depends on the ligand concentration (L), and
[ is the receptor deactivation rate. Letting O also represent the fraction of
activated receptors (or open ionotropic channels) and noting that 1 — O is
the fraction of non-activated receptors, one can use the law of mass action to
obtain:

dO
= = 1=0) =50, (17)

where o and 3 values for the appropriate receptor type would be used. Then,
gsyn(t) = GsynO. One would then include (17) with the differential equations
describing the postsynaptic voltage and any activation or inactivation vari-
ables. A big advantage of this approach is that receptors with complicated
kinetics can be readily converted to differential equations and incorporated
into the postsynaptic compartment of the model.

8 A Simple Model

In this section the release of transmitter and the postsynaptic response will be
demonstrated with a simple model ( , ). This model assumes that
each releases site is 10nm from a Ca?* channel, and uses the steady-state
RBA for the Ca?t concentration near the channel. Because of the channel
colocalization, the stochastic openings and closings of the channel would be
reflected in the dynamics of transmitter release. To arrive at a deterministic
model, we assume that the release site senses the average domain Ca?*
concentration rather than the stochastic Ca?t signal from the colocalized
channel:

Cap = Capp (18)

where Cap, is the microdomain Ca?t concentration 10nm from the channel
and p is the probability that the channel is open. See
( ) for a discussion of the validity of this deterministic approximation.

It is next assumed that each release site has a single low-affinity Ca2*
binding site (the properties of the Ca?* acceptors are discussed later in more
detail), with a dissociation constant of 170 uM. The differential equation for
the fraction of bound Ca?* acceptors, s, is then:
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% — ki Can(1—s) — ko s (19)
where kF = 0.015 ms~'uM~" is the Ca?" binding rate and k; = 2.5 ms™! is
the unbinding rate.

For the postsynaptic response, we assume that the concentration of re-
leased transmitter is proportional to the probability of transmitter release
(s). We then use a two-state model for the postsynaptic receptor, with fast
kinetics and a reversal potential of 0mV.

The components of neurotransmission simulated with this model are shown
in Fig. 5. A presynaptic action potential is generated that peaks at the time
indicated by the dashed line (Fig. 5A). During the downstroke of the impulse
the Ca?* microdomains are largest (similar to the large tail currents described
earlier), so the average domain Ca?T concentration peaks shortly after the
peak of the impulse (Fig. 5B). The rise in domain Ca?* causes a spike in the
release probability (Fig. 5C), which in turn results in a relatively rapid rise
and slow decay in the postsynaptic membrane potential (Fig. 5D). The rapid
rise is due to Isyn, which is activated during the spike in release probability.
The slow decay in Vs reflects the membrane properties of the postsynap-
tic compartment. Thus, we see that the postsynaptic response occurs several
milliseconds after the presynaptic impulse, consistent with experimental ob-
servations. Also, the postsynaptic potential outlasts the presynaptic signal
that initiated it. This allows the postsynaptic potential to summate during a
train of presynaptic impulses (Fig. 6).
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Fig. 5. Simulation of transmitter release and a postsynaptic response. The postsy-
naptic response is delayed several milliseconds from the presynaptic impulse, and it
is longer lasting
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Fig. 6. Simulated postsynaptic response to a presynaptic train of impulses. The
postsynaptic membrane time constant and the stimulus frequency determine the
degree of summation in the postsynaptic response

9 Short-Term Plasticity

The synapse is highly plastic, exhibiting several forms of short-term and long-
term plasticity. Long-term plasticity occurs in both presynaptic and postsy-
naptic regions and typically involves insertion of receptors or channels into
the membrane and/or targeted gene expression. Short-term plasticity is often
accomplished without any structural modifications to the synapse, and can
be due to things such as Ca?t accumulation, activation of second messen-
gers, and phosphorylation ( , ). Our focus will be on
short-term plasticity.

Short-term plasticity is often measured using a paired-pulse protocol. Here,
the presynaptic neuron is stimulated twice, with an interstimulus interval of
dt. The postsynaptic response, either current or potential, is recorded for each
stimulus, and the ratio of the second response to the first is the measure of
plasticity, SP, = Py/P;. If SPy > 1 then the second response is facilitated; if
S P, < 1 then the second response is depressed. The duration of the facilitation
or depression is determined by increasing §t until SP, =~ 1.

Another protocol used to measure plasticity is to apply an impulse train
(often called a “tetanus”) to the presynaptic neuron and record the postsy-
naptic response throughout the train. Then SP,, = P,,/P; provides a measure
of the enhancement or depression of the nth response relative to the first. It is
not uncommon for S P, to indicate enhancement at the beginning of the train
and depression later in the train, as various plasticity mechanisms compete
with different time scales. A variation of this stimulus protocol is to induce
a “conditioning” impulse train and then, at a time 6t following the train, to
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induce a single impulse, the “test stimulus”. The ratio of the postsynaptic
responses to the test stimulus with and without the conditioning train then
provides a measure of plasticity induced by the train. Often ¢ is varied to
determine the time constant of decay of the plasticity.

Synaptic enhancement occurs at several time scales. Facilitation occurs
at the fastest time scale, and is often measured using a paired-pulse protocol
(Fig. 13). This type of enhancement is often subdivided into F1 facilitation,
which lasts tens of milliseconds, and F2 facilitation, which lasts hundreds of
milliseconds. Augmentation develops during an impulse train, and grows
and decays with a time constant of 5-10sec. Finally, post-tetanic potenti-
ation is like augmentation in that it is induced by an impulse train, however
it is longer-lasting, with a time constant of ~ 30sec. The distinct time con-
stants for the various forms of enhancement suggest that they are produced
by different mechanisms.

Synaptic depression is observed in most central nervous system synapses
and less frequently in neuromuscular junctions. In central synapses, the post-
synaptic response typically declines throughout a train of presynaptic stimuli
(Fig. 7), or first rises and then declines later in the train. In many cases the
degree of depression increases with the stimulus frequency ( ,

; , ), although in some cases the opposite is
true ( , ). This difference in the frequency dependence of
depression suggests at least two mechanisms for this form of plasticity.

0.emv

50ms

Fig. 7. The postsynaptic response depresses throughout a train of presynaptic im-
pulses in this pyramidal neuron from the rat cortex. Reprinted with permission from

( )

10 Mathematical Models for Facilitation

The mechanism for facilitation of transmitter release has been debated for
more than three decades, ever since ( ) and

( ) suggested that facilitation is due to the buildup of Ca?* bound
to release sites. It has been clear from the beginning that Ca?t plays a key
role, but the difficulties inherent in measuring Ca?* microdomains, and the
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small size of the synapse, has obscured the mechanism by which Ca?t pro-
duces facilitation. Thus, mathematical models of various facilitation mecha-
nisms have been developed, and predictions from these models compared with
experiments. Three main mechanisms for facilitation have been postulated:
(1) residual free Ca?*, (2) residual bound Ca?", and (3) saturation of endoge-
nous Ca?* buffers. Models for each of these will be discussed below, beginning
with a series of models developed by Zucker and colleagues for a residual free
Ca?* mechanism of facilitation.

11 Residual Free Ca?t Models

The Fogelson-Zucker model ( , ) was developed to
describe transmitter release and its facilitation in the squid giant synapse.
The authors first considered a model in which Ca?* diffuses in one dimen-
sion. Cylindrical coordinates were used, and it was assumed that Ca?* enters
through the whole surface membrane of the terminal and diffuses only in the
radial direction. The model included stationary buffers. The authors also con-
sidered a 3-dimensional Ca?* diffusion model where Ca?* enters through an
array of channels in the terminal membrane. Each channel was considered
to be a point source on the boundary. Transmitter release was modeled as a
power of the free Ca>* concentration in the terminal, R = kCa},. The sto-
ichiometry n = 5 was chosen to best fit experimental data on facilitation in
the squid synapse.

The main result of this work was that during a train of impulses the
free Ca?* concentration in the terminal could accumulate, and could poten-
tially account for the facilitation in transmitter release observed in the squid
synapse. That is, since R = kCag,c and since Capy builds up during the im-
pulse train, the release from each impulse is facilitated relative to that from
the previous impulse. Importantly, this model predicts that it is the diffusion
of Ca?* that determines both transmitter release and its facilitation, and that
other factors such as the kinetics of Ca?* binding to or unbinding from the
release sites, or the effects of mobile buffers, are secondary.

The Fogelson-Zucker model motivated many experimental studies aimed
at testing this residual free Ca?* mechanism for facilitation. Parnas and col-
leagues pointed out that the Fogelson-Zucker model failed to account for sev-
eral experimental findings ( , ). In particular, facilitation has
been shown to be very dependent on temperature, while the diffusion of Ca?*
would only be weakly temperature dependent. They also pointed to some early
experiments by Datyner and Gage, who studied the shape of the release time
course during facilitation and with different concentrations of external Ca2*
by normalizing the peaks of the responses ( , ). Induc-
ing a train of three presynaptic impulses at 65 Hz, they found that although
the response clearly facilitated, the normalized time course was invariant
throughout the train (Fig. 8). Similarly, they found time course invariance
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Fig. 8. The normalized release time course is invariant during a 65 Hz train of three
stimuli that produces facilitation. Responses to the first (circles), second (triangles),
and third stimulus (squares) normalized to have the same peak values. Reprinted
with permission from Datyner and Gage (1980)

when comparing the response in low external Ca?t and high external Ca?*t
(the latter produced a larger peak response). Parnas and colleagues pointed
out that the Fogelson-Zucker model did not exhibit time course invariance. A
final criticism of the model was that the colocalization of low-affinity Ca2*
acceptors and Ca?T channels makes it unlikely that a small (sub-micromolar)
buildup in the Ca?t concentration could have a significant effect on the mag-
nitude of Ca?* release.

A second-generation residual free Ca?T model that addressed these prob-
lems was developed by ( ). As in the earlier model,
intraterminal Ca2* diffused in three dimensions. Now, however, the Ca2™
binding kinetics at Ca?* acceptors on the release sites were included. The
authors assumed that there are four identical low-affinity acceptors (denoted
by X) that act as triggers to secretion, and a high-affinity site (denoted by
Y") that is responsible for facilitation. The kinetic relations are:

akf 3k} 2k} kit
X+Ca_—2CaX+Ca_—CaxX+Ca_— CazX +Ca — CayX
kg 2k, 3k, 4k,
and
ke
Y +Ca — CaY.
ky

Release occurs when all four X sites are bound and the Y site is bound,
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kit
Ca4X + CaY : R

ko

The binding kinetics are converted to differential equations using the law of
mass action.

As in the Fogelson-Zucker model, most of the facilitation in this model is
due to the buildup of free Ca?*. During a train of impulses Ca?T accumulates
and binds to the high-affinity Y sites, which bind and unbind Ca?*t slowly.
These slow rates average the fast Ca?*t signals generated by impulses during
an impulse train, and make this a hybrid residual free Ca?* /residual bound
Ca?* model. The temperature dependence of facilitation is easily explained
as a temperature-dependent effect on Ca?* binding to the Y site. In addition,
the normalized release time course is relatively invariant during a facilitating
train and when the external Ca?* concentration is changed.

Following publication of the Yamada-Zucker model a key experiment was
performed showing that facilitation, augmentation, and post-tetanic potenti-
ation were all reduced following activation of the photolabile Ca?* chelator
diazo-2 ( , ). This chelator has low Ca?* affinity un-
less photolyzed by UV light, which greatly increases the affinity. Diazo-2 was
injected iontophoretically into an isolated crayfish motor neuron. Following
injection, a train of presynaptic impulses was induced and the end junction
potential (e.j.p.) recorded. The response was clearly facilitated by the end
of the 10-impulse train. This facilitation was reduced by half (but not elimi-
nated) when a UV light flash was applied prior to the test impulse at the end
of the train (Fig. 9). Since UV light increases the Ca®* affinity of diazo-2 to
a value similar to that of BAPTA, the natural conclusion was that the pho-
toactivated diazo-2 buffered down the residual free Ca?* and thereby reduced
the facilitation. Additional experiments using the Ca?* chelators BAPTA and
EGTA generally support the hypothesis that residual free Ca?t is a key ele-
ment of facilitation and other forms of short-term enhancement (

, ; , ). It should be noted, however, that some
labs have found that Ca?* chelators have no effect on facilitation (
: ; ; ).

The rapid rate at which facilitation was reduced by activated diazo-2 was
at odds with the slow-unbinding facilitation site postulated by Yamada and
Zucker. However, if the unbinding rate were increased to satisfy the Kamiya-
Zucker experiment, then the dynamics of the Y site would be determined more
by the opening and closing of the colocalized channel than by the residual free
Ca?*. For this reason, the Zucker group formulated a new model of transmitter
release and facilitation in which the high-affinity facilitation site is located
away from a Ca2* channel ( , ). In this model, three low-affinity
X sites are postulated, at a distance of 10-20nm from a Ca?t channel. The
high-affinity Y site is postulated to lie 80-100nm from the nearest Ca’*t
channel. The kinetics are basically the same as in the Yamada-Zucker model,
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Fig. 9. Facilitation following a 50 Hz train of 10 impulses was reduced following
UV activation of the photolabile Ca®* chelator diazo-2. Data from a crayfish motor
neuron. Reprinted with permission from Kamiya and Zucker (1994)

except that the Y site is now assumed to unbind Ca?* rapidly, allowing the
model to reproduce the Kamiya-Zucker experiment.

The Tang et al. model also aimed to reproduce the authors’ experiments
showing that both the accumulation and the decay of facilitation are affected
by the fast high-affinity Ca?* buffer fura-2 and that facilitation grows supra-
linearly during an impulse train ( , ). Unfortunately, the com-
puter software developed for the model had several errors, and although the
model originally seemed to reproduce most of the data, once the errors were
corrected the fit to the data was not good ( , ). However,
once the corrected model was recalibrated, it was able to reproduce most of
the data, but not all, from Tang et al. Significantly, the model was able to
produce supralinear faciliation, and the facilitation was reduced when a high-
affinity buffer was simulated (Fig. 10). The success of the model simulations
required several stringent assumptions. It was necessary to assume that the
high-affinity buffer fura-2 is immobilized and the Ca2* diffusion coefficient is
reduced fivefold near the active zone, possibly due to tortuosity. It was also
necessary to reduce the diffusion coefficient of fura-2 100-fold in the rest of
the terminal ( , ). Since these assumptions are questionable,
it would seem that while this latest implementation of the residual free Ca?t
hypothesis captures some features of facilitation, significant modifications are
needed to fully explain the phenomenon.
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Fig. 10. In the model of Matveev et al. (2002), faciliation grows supralinearly during
a pulse train. The degree of facilitation is reduced by simulated application of the
high-affinity buffer fura-2. Reprinted with permission from Matveev et al. (2002)

12 A Residual Bound Ca?*T Model for Facilitation

The mechanism originally proposed by Katz and Miledi (1968) and Rahami-
moff (1968), that facilitation is due to the accumulation of Ca** bound to
release sites, fell out of favor as models for a residual free Ca?t mechanism
established the dominant paradigm. This paradigm was challenged by an alter-
nate hypothesis of Stanley ( , ) that was implemented as a math-
ematical model by ( ). This was based on experimental
data from the squid giant synapse suggesting that the Ca?* cooperativity
of transmitter release decreased during facilitation, and that the steady-state
facilitation increased in a step-like fashion with the stimulus frequency (

, ). Bertram et al. showed that both of these phenomena could be
explained if one assumed that each release site has four Ca?* acceptors with
differing Ca2?* affinities and unbinding rates.

In this model, each Ca?* acceptor can be described by a first order kinetic

scheme,

kT

J

Uj + Ca : Bj

kS

J
where U; represents an unbound acceptor (j = 1—4, for the four acceptors)
and B; represents a Ca2?*-bound acceptor. Release occurs when all four ac-

ceptors are occupied,
R = B1BsB3B, . (20)

Binding and unbinding rates, k:jf and k:J_ respectively, were chosen to produce
steps in the frequency-dependence of facilitation. These gave unbinding time
constants (1/k;) of 2.5, 1s, 10ms, and 0.1ms, and dissociation constants
(k;/kj) of 108 nM, 400nM, 200 uM, and 1,334 uM for the four acceptors
(denoted S1-Sy).
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Fig. 11. Illustration of the residual bound Ca®" model of facilitation by Bertram
et al. (1996). Each box represents a Ca?T acceptor. Reprinted from Bertram and
Sherman (1998)

The mechanism by which step-like facilitation is produced with this model
is illustrated in Fig. 11. Prior to the first presynaptic impulse none of the
acceptors are occupied. With the first impulse, a colocalized Ca?* channel
opens, and Ca?* entering through the channel forms a microdomain. In this
illustration, Ca?* within the microdomain binds to three of the four accep-
tors. Since one acceptor remains unbound the vesicle does not fuse with the
membrane. After the first impulse Ca?* unbinds from the acceptor with the
smallest unbinding time constant (site S;). However, if the second impulse ar-
rives before Ca?t can unbind from sites S; and S5 then Ca2t from this second
impulse must only bind to two of the four acceptors to induce vesicle fusion
and transmitter release. In this way, using a residual bound Ca?* mechanism,
the release probability is facilitated. The reduced number of sites needed to
gate facilitated release accounts for the drop in the Ca2t cooperativity re-
ported by Stanley, and the three distinct slow unbinding rates account for the
three steps in the frequency-dependence of facilitation. Because facilitation in
this model is due to slow Ca?t unbinding rather than buildup of free Ca2*,
the mechanism would be highly temperature dependent. Also, simulations
and mathematical analysis showed that the release time course exhibits the
required invariance properties (Bertram et al., 1996; Bertram and Sherman,
1998). However, this model does not account for the reduction of facilitation
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caused by Ca?*t chelators. In particular, it does not reproduce the results of
the Kamiya-Zucker diazo-2 experiment, unless modified to include effects of
residual free Ca?t as well as residual bound Ca?*.

13 A Model for Facilitation Based on Buffer Saturation

Another mechanism for facilitation was suggested by simulations of Ca?* and
buffer diffusion near a membrane ( , ; , ).
In this model, Ca?* buffer saturates during an impulse train, so that the
amount of free Ca?t introduced near the membrane by an impulse increases
throughout the train, producing facilitated transmitter release.

The conditions in which buffer can saturate and produce facilitation were
clarified in a study by ( ). They found that robust facili-
tation can be achieved either by a global saturation of a highly mobile buffer
(like fura-2 or BAPTA) in the entire presynaptic terminal, or saturation of
an immobile buffer local to the release sites. Figure 12 shows how facilitation
occurs with this mechanism. Here a 100 Hz train of equal Ca?* current pulses
is applied to the model terminal. A mobile buffer is present at a concentration
of 500 uM (free buffer concentration is plotted in the bottom panel). The free
Ca?* concentration a distance of 60 nM from a cluster of channels is shown in
the middle panel. During the first pulse Ca?* concentration rises and binds

Ca

o | LU
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0 10 20 30 40
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Fig. 12. In this simulation by Matveev et al. (2004) the free Ca®>" concentration rises
to a higher level with each successive pulse of Ca?t current, due to the saturation
of mobile buffer. Reprinted with permission from Matveev et al. (2004)
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to buffer, transiently reducing the free buffer concentration. Between the first
and second pulse much of the Ca?* is extruded from the terminal, but some re-
mains in equilibrium with the buffer. This residual binding to buffer decreases
the amount of buffer available to chelate Ca?* during the second pulse, so the
free Ca®* concentration rises to a higher level during the second pulse (middle
panel), resulting in facilitated transmitter release.

There is recent experimental evidence supporting the buffer saturation
mechanism for facilitation. ( ) examined terminals of GABA-
ergic interneurons in the mouse neocortex and mouse hippocampal mossy fiber
terminals. Both of these contain the endogenous fast Ca?* buffer calbindin-
D28k (CB), and facilitation is robust. In the interneuron synapses, CB knock-
out eliminated the facilitation. However, facilitation was rescued by addition
of the exogenous buffer BAPTA. That is, in these terminals addition of a
high-affinity buffer increased facilitation, contrary to what would be expected
if facilitation were due to either residual free or bound Ca?*. Another prop-
erty of the buffer saturation mechanism is that facilitation should increase
when the external Ca?T concentration is raised, since the resulting greater
Ca?t influx would produce more buffer saturation. In other models of facili-
tation this maneuver would decrease facilitation ( ) ).
showed that in the CB-containing mossy fiber terminals the facilitation in-
creased when external Ca?* concentration was raised (Fig. 13). Interestingly,
they also showed that a second type of excitatory synapse in the hippocam-
pus, the Schaffer collateral to CAl pyramidal cell synapse, has properties
consistent with a residual free Ca?* mechanism for facilitation. Further, in
CB knockouts in mossy fiber synapses, facilitation was reduced but not lost.
The residual facilitation had all the properties expected from a residual free
Ca?* mechanism (Fig. 13).

The study by Blatow et al. (2003) not only provides strong evidence for the
buffer saturation mechanism for facilitation, but it also serves as an excellent
demonstration that different facilitation mechanisms may exist in different
synapses, and that facilitation in some synapses may be due to a combination
of mechanisms.

14 Synaptic Depression

Use-dependent depression of transmitter release is common in central synapses.
This is reflected in a reduction in the magnitude of the postsynaptic current
elicited by action potentials in an impulse train (Fig. 7). One mechanism for
this is the partial depletion of the readily releasable pool of vesicles (

, ). Simply put, prior impulses reduce the number of primed
vesicles that can be released by subsequent impulses. The recovery time from
this form of depression is determined by the time required to refill the readily
releasable pool.
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Fig. 13. In mossy fiber (MF) terminals containing CB, paired pulse facilitation
becomes larger as the external Ca®" concentration is increased. In Schaffer collateral
(SC) synapses, facilitation decreases. In MF terminals with CB knocked out, the
effect of external Ca®" on facilitation is the same as in SC terminals. Reprinted
with permission from Blatow et al. (2003)

An interesting link between depression and information processing was
made by ( ) and ( ). Cortical
and neocortical neurons receive synaptic input from thousands of afferents,
which fire at rates ranging from a few Hz to several hundred Hz. If synapses
responded linearly to the presynaptic impulse frequency, then high-frequency
inputs would dominate low-frequency inputs. Depression prevents this from
happening by acting as a gain control, reducing the responses to impulses in
high-frequency trains proportionally to the frequency of the train. That is, if
A(r) denotes the steady state postsynaptic response amplitude to an impulse
in a train of frequency r, then for r sufficiently large A(r) o< 1/r in cortical and
neocortical synapses. Thus, the total synaptic conductance during one second
of stimulation, rA(r), is approximately constant at all frequencies above some
threshold (Fig. 14). In this way, low- and high- frequency trains are equalized.

Suppose that an impulse train is applied at frequency r and the system
reaches a steady state. Now suppose that the frequency is suddenly changed
by Ar. Before the system has established its new steady state, the change in
the synaptic response (AR) is

AR = ArA(r) =~ Ar/r . (21)
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Fig. 14. In synapses of cortical neurons, the steady state postsynaptic response
amplitude A(r) has a 1/r dependence on the stimulus frequency r. The total synap-
tic response per second of stimulus, rA(r), is roughly constant above a threshold
frequency. Reprinted with permission from Abbott et al. (1997)

Thus, an increase from 10 Hz to 11 Hz (Ar/r = 0.1) will have the same initial
effect as an increase from 100 Hz to 110 Hz (Ar/r = 0.1). That is, the change
in the initial response is proportional to the relative change in the input
frequency ( , ; , ). The ability of
neurons to sense relative changes in stimuli is a highly desirable feature, and
it is remarkable that a mechanism for this is something as simple as depletion
of resources.

15 G Protein Inhibition of Presynaptic Ca?t Channels

Depletion of the readily releasable vesicle pool is not the only mechanism
for synaptic depression. Another common mechanism is through the action
of G proteins. The presynaptic terminal contains various G protein-coupled
receptors. These receptors are activated by a variety of ligands, including
the neurotransmitters GABA, adenosine, glutamate, dopamine and serotonin
( , ). Binding of a ligand molecule to a receptor activates the associ-
ated G protein. The G protein is a heterotrimer, with «, 3, and 7 subunits.
When activated, GTP replaces GDP bound to the G protein, and the Ga
subunit dissociates from the G~ dimer, which remains tethered to the mem-
brane. Once activated in this way, G3v can bind to Ca?* channels, putting
them into a reluctant state, with a decreased opening rate and an increased
closing rate ( , ).

The agonist for the G protein-coupled receptor can be a hormone, or it can
be released from the postsynaptic neuron, or from the presynaptic terminal
itself (Fig. 15). In fact, many synapses have G protein-coupled autorecep-
tors that are specific for the transmitter released from the terminal (



196 R. Bertram

Fig. 15. Transmitter released from the presynaptic terminal (1) can bind to a G
protein-coupled autoreceptor (2), activating the associated G protein (3). The G3~v
dimer can then bind to a Ca?* channel (4), putting it into a reluctant state

, ) and G protein-mediated autoinhi-
bition has been demonstrated under physiological conditions (
) )'

An interesting feature of G protein inhibition of Ca?* channels is that in
most cases the inhibition is relieved by membrane depolarization. This is due
to the unbinding of GAv from the Ca®* channel ( )
Thus, depolarization of the terminal has two opposing effects. One is to elicit
transmitter release, which results in activation of G proteins through autore-
ceptor binding. The increased G protein activation tends to inhibit further
transmitter release. The second effect of depolarization is to cause activated
G proteins to unbind from the Ca?* channels, relieving the inhibition. Thus,
the overall effect of the G protein pathway will depend upon which of these
two opposing actions dominates.

A mathematical model for the action of G proteins on Ca?t channels

was developed by ( ). This model was subsequently
simplified and coupled to a model of transmitter release and autoreceptor
binding ( , ). Through numerical simulations, it was

shown that G protein autoinhibition acts as a high-pass filter, allowing high-
frequency trains of impulses to pass from the presynaptic to the postsynaptic
cell, while low-frequency trains are filtered out ( ). The high-
frequency trains are transmitted since the mean membrane potential of the
synapse is elevated during such trains, relieving the G protein inhibition. Low-
frequency trains result in less transmitter release, and thus a lower level of
G protein activation, but those G proteins that are activated are much more
effective at inhibiting Ca?™ channels and subsequent transmitter release.
One role of the G protein-induced high-pass filtering could be to remove
noise, in the form of low-frequency signals, from a neural system. For example,
consider a neural network in which a 5-by-5 input layer of neurons innervates
a 5-by-5 output layer. Suppose that the G protein pathway operates in each
of the input layer synapses. Finally, suppose that a signal in the input layer
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is degraded by low-frequency noise (Fig. 16A). Here, the signal is a spatial
pattern (an X) consisting of high-frequency impulse trains in 5 of the input
layer neurons. Other input-layer neurons produce impulse trains at various
lower frequencies (color and size coded in Fig. 16). Because of the filtering
action of G proteins, the signal is transmitted to the postsynaptic cells, while
the noise is attenuated (Fig. 16B). Thus, the G protein pathway effectively
increases the spatial contrast of the “image”.

A Input Layer
5r = " . [ | n
4 - = [ ] [ ] [ ] | I
>3+ = n [ ] n "
2 = | L] | =
1r = m [ [ ] [ I
B Output Layer
L . . 4
L . 4
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Fig. 16. G protein-mediated high-pass filtering can increase the spatial contrast of
an image by increasing the signal-to-noise ratio. (A) A 5 x 5 grid of input cells fires
at various frequencies r (Black, 7 > 100 Hz; red, 70 < r < 100; green, 40 < r < 70;
blue, 10 < r < 40; yellow, r < 10). (B) Each cell in the 5 X 5 output layer recieves
synaptic input from one cell in the input layer. As a result of autoinhibition of the
presynaptic transmitter release, the signal-to-noise ratio in the output layer is much
greater than that in the input layer. Reprinted from ( )

16 Conclusion

Mathematical modeling and computer simulations have played a large role in
unveiling the mechanisms of synaptic transmitter release and its short term
plasticity. Yet, while progress has been made, there is much that remains
unclear. For example, none of the models of facilitation can account for all
of the key features of the experimental data from the crayfish neuromuscular
junction. How should these models be modified or combined to better account
for the data? What is the best way to model Ca?T in the terminal? Solving
3-dimensional reaction diffusion equations is the most accurate method, but is
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the simpler approach of using steady state approximations sufficient in many
cases? The answer to this will certainly depend on the extend of overlap of
Ca?* microdomains at the release sites, which may vary greatly from synapse
to synapse. It appears that there is still a great deal of modeling and analysis
of transmitter release and its plasticity that can be done, in parallel with
the many experimental studies that are being performed with ever-improving
tools.
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