6. Universal Generating Function in Analysis
and Optimization of Special Types of Multi-state
System

6.1 Multi-state Systems with Bridge Structure

The bridge structure (Figure 6.1) is an example of a complex system for which the
u-function cannot be evaluated by decomposing it into series and parallel
subsystems. Each of the five bridge components can in turn be a complex
composition of the elements. After obtaining the equivalent u-functions of these
components one should apply the general composition operator in the form (1.20)
over all five u-functions of the components in order to obtain the u-function of the
entire bridge. The choice of the structure function in this composition operator
depends on the type of system.

By having the u-function of the entire bridge system, one can use it either
directly for evaluating the system performance measures (as shown in Section 3.3)
or use it as a u-function of an equivalent element that replaces the bridge structure
for evaluating the u-function of a higher level system when applying the block
diagram method.
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Figure 6.1. Bridge structure
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6.1.1 u-function of Bridge Systems

6.1.1.1 Flow Transmission Multi-state Systems

In order to evaluate the performance of the flow transmission MSS with the flow
dispersion, consider the flows through the bridge structure presented in Figure 6.1.
First, there are two parallel flows through components 1, 3 and 2, 4. To determine
the capacities of each of the parallel substructures composed from components
connected in series, the function ¢, (4.2) should be used. The function @y, (4.9)
should be used afterwards to obtain the total capacity of the two parallel
substructures. Therefore, the structure function of the bridge, which does not
contain diagonal component, is

¢(le Gz, G37 G4) = ¢par(¢ser(le GS)’ ¢ser(G27 G4)) (61)

and its total capacity for the flow transmission MSS with the flow dispersion is
equal to min{ G, G3}+min{G,, G,}.

The surplus of the transferred product on one of end nodes of component 5 can
be expressed as

s = max{(G,—G3),(G,—G4), 0} (6.2)

and the deficit of the transferred product on one of the end nodes of component 5
can be expressed as

d = max{(G3;—G)), (G4=Go), 0} (6.3)

The necessary condition for the existence of the flow through component 5 is
the simultaneous existence of a surplus on one end node and a deficit on the other
end: s # 0, d # 0. This condition can be expressed as (G| — G3)(G,— G4)<O0.

If the condition is met, the flow through the component 5 will transfer the
amount of the product which cannot exceed the capacity of the component Gs and
the amount of the surplus product s. The deficit d on the second end of component
5 is the amount of the product that can be transferred by the component that
follows the diagonal (component 3 or 4). Therefore, the flow through the diagonal
component is also limited by d. Thus, the maximal flow through the diagonal
component is min{s, d, Gs}.

Now we can determine the total capacity of the bridge structure when the
capacities of its five components are given:

¢DI(G1’ G23 G3s G49 GS) = min{G19 G3}+min{G23 G4}
+min{|G,~ G, |Ga— G|, Gs} x 1((G1~ G3)(Gy~ G4)<0) (6.4)

Now consider the performance of the flow transmission MSS without flow
dispersion. In such a system a single path between points A and B providing the
greatest flow should be chosen. There exist four possible pathsconsisting of groups
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of components (1, 3), (2, 4), (1, 5, 4) and (2, 5, 3) connected in a series. The
transmission capacity of each path is equal to the minimum transmission capacity
of the elements belonging to this path. Therefore, the structure function of the
entire bridge takes the form

H(G1, Ga, G, Gy, Gs) = max{min{G,,G3}
mln{ Gz,G4}, mln{ G],Gs,G4}, mln{ 62,65,63} } (65)

Note that the four parallel subsystems (paths) are not statistically independent,
since some of them contain the same elements. Therefore, the bridge u-function
cannot be obtained by system decomposition as for the series-parallel systems.
Instead, one has to evaluate the structure function (6.5) for each combination of
states of the five independent components.

6.1.1.2 Task Processing Multi-state Systems
In these types of system a task is executed consecutively by components connected
in series. No stage of work execution can start until the previous stage is entirely
completed. Therefore, the total processing time of the group of elements connected
in series is equal to the sum of the processing times of the individual elements.
First, consider a system without work sharing in which the parallel components
act in a competitive manner. There are four alternative sequences of task execution
(paths) in a bridge structure. These paths consist of groups of components (1, 3),
(2,4), (1,5,4) and (2, 5, 3). The total task can be completed by the path with a
minimal total processing time

T= min{t1+t3, I+, t1+1t5+1y, l2+t5+t3} (66)

where #; and G; = 1/¢; are respectively the processing time and the processing speed
of element j.

The entire bridge performance defined in terms of its processing speed can be
determined as

G = 1/T= ¢br(Gl, G27 G3’ G47 GS)
= max{ ¢ G1,G3), bier(G2,Ga), Pie(G1,G4,Gs), Pse(G2,G3,Gs)) } (6.7)

where ¢, is defined in Equation (4.5).

Now consider a system with work sharing for which the same three
assumptions that were made for the parallel system with work sharing (Section
4.1.2) are made. There are two stages of work performing in the bridge structure.
The first stage is performed by components 1 and 2 and the second stage is
performed by components 3 and 4. The fifth component is necessary to transfer
work between nodes C and D. Following these assumptions, the decision about
work sharing can be made in the nodes of bridge A, C or D only when the entire
amount of work is available in this node. This means that components 3 or 4
cannot start task processing before both the components 1 and 2 have completed
their tasks and all of the work has been gathered at node C or D.
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There are two ways to complete the first stage of processing in the bridge
structure, depending on the node in which the completed work is gathered. To
complete it in node C, the amount of work (1-a)x should be performed by
component 1 with processing speed G, and the amount of work ax should be
performed by component 2 with processing speed G, and then transferred from
node D to node C with speed G5 (« is the work sharing coefficient). The time the
work performed by component 1 appears at node C is t; = (1-a)x/G;. The time the
work performed by component 2 and transferred by component 5 appears at node
C is f,+15, where 1, = ax/G, and ts = o/Gs. The total time of the first stage of
processing is Tc = max{f, f,+1s}. It can be easily seen that 7 is minimized when
the « is chosen that provides equality #; = f,+#5s. The work sharing coefficient
obtained from this equality is @ = G,Gs/(GG,+GG5+G,Gs) and the minimal
processing time is

Tic = X(G2+Gs)/(G1G2+G,Gs+GGs) (6.8)

To complete the first stage of processing in node D, the amount of work (1-/)x
should be performed by component 2 with processing speed G, and the amount of
work fx should be performed by component 1 with processing speed G; and then
transferred from node C to node D with speed Gs. The minimal possible processing
time can be obtained in the same manner as 7'jc. This time is

Tip= X(G1+G5)/(G1 G+G, G5+G2G5) (69)

If the first stage of processing is completed in the node C, then the amount of
work (1-px should be performed by component 3 in the second stage of
processing, which takes time #; = (1-))x/G5_The rest of the work jyx should be first
transferred to node D by component 5 and then performed by component 4. This
will take time #s+2, = m/Gs+/Gy. Using the optimal work sharing (when
1 = l4+f5) with Y= G4G5/(G3G4+G365+G4G5) we obtain the minimal time of the
second stage of processing:

Toc = X(G4+G5)/(G3G4+G3G5+G4G5) (6 10)

Using the same technique we can obtain the minimal processing time when the
second stage of processing starts from node D:

Top= X(G3+G5)/(G3G4+G3G5+G4G5) (61 1)

Assuming that the optimal way of work performing can be chosen in node A,
we obtain the total bridge processing time T as

T= mln{ Tic+Trc, Tip+ TZD} (6 12)

where
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Tic+T>c = x[(G2+G5)/O'+(G4+G5)/7Z']
Tip+Top = x[(G1+G5)/O'+(G3+G5)/7Z']
[ G1G2+G1G5+G2G5
7= G3G4+G3G5+G4Gs
The condition Tjc+T,c < Tip+Typ is satisfied when (G,—G ) 7 < (G3s—Gy)o.

The expressions obtained can be used to estimate the processing speed of the
entire bridge:

G = UT = ¢(G\, Gz, G3, Gs, Gs)=07[(f+Gs)o+(e+Gs) 7l (6.13)

where
f= G4, e= G2 if (Gz—Gl)ﬂ'S (G3—G4)O'
f= G3, e= Gl if (Gz—Gl)ﬂ'> (G3—G4)G
6.1.1.3 Simplification Technique
Note that in the special case when one of the bridge elements is in a state of total

failure, the bridge structure degrades to a series-parallel one. All five possible
configurations of this degraded bridge are presented in Figure 6.2.

Figure 6.2. Degraded bridge structures in the case of single-element total failure

There is no need to use Equations (6.4), (6.5), (6.7) or (6.13) in order to
evaluate the structure function of the bridge when one of the random values
Gi,...,Gs is equal to zero. A simpler way to evaluate it is by using the reliability
block diagram technique.

The following simplification rules can be used when more than one element is
in a state of total failure:

1. If G| = G, = 0 or G; = G4 = 0 the total bridge performance is equal to zero.
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2.If Gy = G4, = Gs =0 or G, = G3 = Gs= 0 the total bridge performance is equal
to zero.

3. If any two out of three random values composing groups {G,, G, Gs} or
{Gy, G4, Gs} are equal to zero, the third value can also be zeroed. In this
case, the bridge is reduced to two components connected in a series (2, 4 and
1, 3 respectively).

Example 6.1

Consider a bridge consisting of five elements with performance distributions
presented in Table 6.1. The elements can have up to three states.

Table 6.1. Performance distributions for bridge elements

No. Component performance distribution

of State 0 State 1 State 2
element g P g p g p

1 0 0.10 6 0.60 8 0.30

2 0 0.05 7 0.95 - -

3 0 0.10 4 0.10 6 0.80

4 0 0.05 6 0.20 9 0.75

5 0 0.15 2 0.85 - -

The reliability and the performance deficiency for this bridge structure as
functions of system demand are presented in Figure 6.3 for the structure interpreted
as a system of four different types (numbered according to Table 4.4). The values
of the expected performances obtained for these four different systems are & =
8.23, £=6.33, £=3.87 and ¢=3.55.
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Figure 6.3. Reliability and performance deficiency for different types of bridge MSS
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6.1.2 Structure Optimization of Bridge Systems

By having the technique for determining the u-function of bridge subsystems, one
can apply it for solving structure optimization problems for systems with complex
topology consisting of series-parallel and bridge subsystems. The formulation of
the generalized structure optimization problem is similar to that presented in
Section 5.1.2.1:

An MSS consists of N components connected in series, in parallel, or
composing a bridge (according to a given reliability block diagram). Each
component is a subsystem that can consist of parallel elements with the same
functionality. For each component i, different versions of elements may be chosen
from the list of element versions available in the market. The optimal solution
corresponds to the minimal cost system configuration that provides the desired
level of the given system performance measure.

When the system reliability is optimized and no constraints are imposed on the
system configuration, the solutions for the structure optimization problem for the
bridge system always produce a degraded series-parallel system. This happens
because, from the reliability point of view, building a system with bridge topology
is not justified. Indeed, when no allocation constraints are imposed on the system,
the series-parallel solution is more reliable and less expensive than one based on
the bridge architecture. One can see that for an arbitrary bridge structure (Figure
6.1) the less expensive and more reliable solution can be obtained by uniting
elements of components 1 and 2 in component 1 and elements of components 3
and 4 in component 3 and by removing diagonal component 5. The existence of the
bridge systems is justified only when some constraints are imposed on the
allocation of the system elements or when the elements belonging to the same
component are subject to CCFs.

6.1.2.1 Constrained Structure Optimization Problems

Connecting the system components in a bridge topology is widely used in design
practice. There can be many different reasons for a system to take the bridge form.
For example:

- the bridge configuration of the system is determined by factors not related to
its reliability;

- in order to provide the redundancy on the component level the system should
have parallel functionally equivalent components;

- the system contains parallel functionally equivalent but incompatible
components;

- the number of elements that can be allocated within each component is
limited.

In order to take into account such constraints, when the optimal system
configuration is determined one has to modify the objective function in a way that
penalizes the constraint violation. The methodology of solving the structure
optimization problem for the systems containing series-parallel and bridge
structures presumes using the optimization problem definition and GA



270 The Universal Generating Function in Reliability Analysis and Optimization

implementation technique presented in Sections 5.1.2.1 and 5.1.2.2 and including
the corresponding penalties to the solution fitness.

The solution decoding procedure, based on the UGF technique, performs the
following steps:

1. Determines number of chosen elements n;;, for each system component and

each element version from the string a.

2. Determines u-functions u;,(z) of each version of elements according to their
PD gi(b), pi(D).

3.Determines u-functions of each component i (1<i<N) by applying the
composition operator ®¢,Par over u-functions of the elements belonging to this

component.
4.Determines the u-function of the entire MSS U(z) by applying the
corresponding composition operators using the reliability block diagram method

and composition operators ®¢,pﬂr , ®¢Ser and ®¢br.

5. Having the u-function of the entire system and its components, determines
their performance measures as described in Section 3.3.

6. Determines the total system cost using Equation (5.2).

7.Determines the solution’s fitness as a function of the MSS cost and
performance measure as

M—C(a)-m(1+|0-0*)(1- f(0,0%)-mn (6.14)

where m; and m, are penalty coefficients, M is a constant value and 7 is a measure
of constraint violation. For example, if it is important to provide the expected
performance ¢ of each bridge component j (1<j<5) at a level not less than &*, then
7 takes the form
5 *
n=7y max(¢ j =€ ;,0) (6.15)
j=1

If no more than /; elements can be allocated in each bridge component j, then 7
takes the form

B

5 J
n= Zmax(anb—Ij,O) (6.16)
j=1 b=1

If a pair of parallel components j and i should provide an identical nominal
performance (the components consist of two state elements with nominal
performances g;1(b) and g;1(b), then 7 takes the form

Bj B;
n=\2nppgj1b)— Xnygi ) (6.17)
b=1 b=1
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Example 6.2

Consider a power station coal transportation system that receives the coal carried
by sea [164]. There may be up to two separate piers where a ship with coal can be
berthed. Each pier should be provided with a separate coal transportation line. The
lines can be connected by an intermediate conveyor in order to balance their load.

This flow transmission system (with flow dispersion) contains six basic
components:

1, 2. Coal unloading terminals, including a number of travelling rail cranes for
the ship discharge with adjoining primary conveyors.

3, 4. Secondary conveyors that transport the coal to the stacker-reclaimer.

5. An intermediate conveyor that can be used for load balancing between the
lines.

6. The stacker-reclaimer that transfers the coal to the boiler feeders.
Each element of the system is considered to be a two-state unit. Table 6.2 shows
availability, nominal capacity, and unit cost for equipment available in the market.
The system demand is w = 1.

First consider an optimization problem in which the number of cranes at any
pier cannot exceed three because of allocation constraints. The penalty (6.16) with
I, =1,=3and I; = I, = I5s = o is incorporated into the solution fitness function.

Table 6.2. Characteristics of available system elements

Component Description  No. of version g p c

1 0.80 0.930 0.750

Crane with 2 0.60 0.920 0.590

1,2 primary 3 0.60 0.917 0.535
conveyor 4 0.40 0.923 0.400

5 0.40 0.860 0.330

6 0.25 0.920 0.230

1 0.70 0.991 0.325

3,4 Secondary 2 0.70 0.983 0.240
conveyor 3 0.30 0.995 0.190

4 0.25 0.936 0.150

1 0.70 0971  0.1885
Intermediate 2 0.60 0.993  0.1520

5 conveyor 3 0.40 0.981  0.1085
4 0.20 0.993  0.1020

5 0.10 0.990  0.0653

Stacker- 1 1.30 0.981 1.115

6 reclaimer 2 0.60 0.970 0.540
3 0.30 0.990 0.320

The results obtained for different values of required availability A* are
presented in Figure 6.4 (each element is marked by its version number). One can
see the modifications of the optimal structure of the system corresponding to
different levels of the availability provided. The simple series-parallel system
appears to be optimal when providing relatively little availability. In this case, the
single-pier system satisfies the availability requirement (note that in this case there
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are no constraints on the interchangeability of the piers, on the number of piers, or
on the number of ships to be discharged simultaneously).

gums
=

3 2
3 et

A*=0.9, A=0.953, C=3.185

A*=0.99, A=0.995, C=4.313

Figure 6.4. Optimal structures for a problem with allocation constraints

The bridge system becomes the best solution as A* grows and, finally, for
A* = 0.99 the system returns to the series-parallel configuration. In this case the
necessary redundancy of the ship discharge facilities is provided by the second pier
connected with the single coal transportation line by the intermediate conveyor.

Now consider the problem in which the equality of the total installed capacities
of components 1 and 2 is required to make the piers interchangeable (symmetry
constraint). To meet this requirement, the additional penalty (6.17) with j = 1 and
i = 2 is added to the solution fitness function.

The results obtained for different desired values of the system availability A*
are presented in Figure 6.5. One can see that the load-balancing diagonal element
(intermediate conveyor) appears only in the solutions with relatively high
availability.

A*=0.99, A=0.990, C=3.932

Figure 6.5. Optimal structures for a problem with symmetry constraints
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For the next example consider the existing obsolete coal transportation system
consisting of elements with low availability. This system can supply the boiler with
availability A = 0.532. The parameters of the components of the existing system
are presented in Table 6.3. The problem is to achieve a desired availability level A*
by including additional elements from Table 6.2 into the system.

Table 6.3. Structure of the obsolete system

Component  No. of parallel Parameters of
elements

elements g p

1 2 0.30 0.918

2 2 0.30 0.918

3 1 0.60 0.907

4 1 0.60 0.903

5 0 - -

6 1 1.00 0911

A*=0.99, A=0.990, C=2.235

Figure 6.6. Optimal structures for the system extension problem

The minimal cost solutions of the system extension problem in which the cost
of additional elements alone is considered obtained for this type of problem are
presented in Figure 6.6 (the elements belonging to the initial system are depicted
by grey rectangles).

Example 6.3

An alarm data-processing system has processing units of different types and data
transmission/conversion facilities (see Figure 6.7). The system is composed of the
following subsystems:

- primary data-processing subsystem containing components 1 and 2;

- alarm-type recognition subsystem containing components 3 and 4;

- data transmission subsystem (component 6);

- remote output data processing subsystem containing components 7 and 8;
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- decision-support subsystem containing components 9 and 10.

Figure 6.7. Structure of the alarm data-processing system

Table 6.4. Characteristics of available system elements

Component Description No. of version g P c
1 8.0 0.830 0.750
2 6.0 0.820 0.590
1,2 3 6.0 0.807 0.535
4 4.0 0.860 0.400
5 4.0 0.825 0.330
6 2.5 0.820 0.230
1 7.0 0.821 0.325
34 2 7.0 0.803 0.240
3 3.0 0.915 0.190
4 2.5 0.806 0.150
1 20.0 0.871 0.1885
Data transmission 2 18.0 0.893 0.1520
5 (conversion) 3 14.0 0.881 0.1085
units 4 12.0 0.893 0.1020
5 11.0 0.890 0.0653
Data 1 11.3 0.881 1.115
6 transmission 2 6.6 0.870 0.540
line 3 4.3 0.890 0.320
Output data 1 32 0.801 0.750
7,8 processing 2 2.8 0.827 0.590
unit 3 2.8 0.801 0.535
1 5.7 0.891 0.325
9,10 Decision-support 2 5.7 0.813 0.240
unit 3 5.3 0.925 0.220
4 4.25 0.836 0.150
Data transmission 1 70.0 0.971 0.031
11 (conversion) 2 60.0 0.993 0.025
units 3 40.0 0.981 0.020

Pairs of components {1, 3}, {2, 4}, {7, 9} and {8, 10} have compatible data
exchange protocols, whereas data transmission between pairs of components {1,
4}, {2, 3} and {7, 10}, {8, 9} requires its conversion, which can be performed by
components 5 and 11 respectively. The set of available versions of two-state
elements for each system component is presented in Table 6.4. The system
performance (processing speed) should be no less than w = 1. The structure
optimization problems were solved for two types of this task processing system:
with and without work sharing [165].

First, the solutions of the unconstrained optimization problem were obtained
for values of desired system reliability R* = 0.95 and R = 0.99. The parameters of
solutions obtained are presented in Table 6.5 and the optimal system structures are
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presented in Figures 6.8 and 6.9 (structures A and C). One can see that the simple
series-parallel system appears to be optimal in all of the cases.

Figure 6.8. Optimal structures of system without work sharing.
A: R* =0.95, no constraints; B: R* = (.95, constraints;
C: R* =0.99, no constraints; D: R* = 0.99, constraints

To force the GA to obtain the solution based on bridge structures, allocation
constraints were imposed that forbid allocation of more than two parallel elements
in all of the components except 5, 6 and 11. The parameters of the solutions
obtained are also presented in Table 6.5 and the optimal system structures are
presented in Figures 6.8 and 6.9 (structures B and D). The modification of the
structure of the system without work sharing for different levels of required
reliability is apparent. The transmission/conversion units appear unnecessary when
providing R>0.95, but one such unit is included in the system providing R>0.99.
For the system with work sharing, the use of a bridge diagonal element is more
justified because its contribution to the total performance increases.



276 The Universal Generating Function in Reliability Analysis and Optimization

B GO E
G 0 s G G
A

Figure 6.9. Optimal structures of system with work sharing.
A: R* =0.95, no constraints; B: R* = (.95, constraints;
C: R*=0.99, no constraints; D: R* = (0.99, constraints

The work sharing allows the system to perform faster. Therefore, less
expensive solutions were obtained for this type of system than for the system
without work sharing.

Table 6.5. Parameters of the obtained solutions

R* 0.99 0.95
Constraints No Yes No Yes
System without work sharing
C 7.750 8.195 5.715 6.140
R 0.9911 0.9901 0.9505 0.9503
£ 0.997 1.032 0.960 0.960
System with work sharing

C 4.960 5.1856 4.02500 4.2756
R 0.9901 0.9901 0.9511 0.9518
£ 1.801 1.744 1.425 1.445

The systems without work sharing have few different possible levels of
performance because the operator ® .. used in this case provides the same

performance level for many different system states. In the solutions presented, only
the system obtained for R* = 0.99 with allocation constraints (Figure 6.8D) has
different performance levels. The remainder have the single possible nonzero
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performance level because their components contain elements with the same
nominal performance rates. The system performance distributions for systems
without work sharing are presented in Figure 6.10A.

In contrast, the systems with work sharing have many possible performance
values depending on their states, because the failure of each element affects the
ability of the corresponding component to participate in the work sharing. The
performance distributions for systems with work sharing are presented in Figure
6.10B.
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Figure 6.10. System reliability as a function of demand.
A: system without work sharing; B: system with work sharing

6.1.2.2 Structure Optimization in the Presence of Common Cause Failures

When the system components are subject to CCFs, the separation of elements
among different parallel components can improve the overall system survivability
(see Section 5.2.1). Such separation can justify the appearance of a bridge
structure.

Consider, for example, an MSS containing two components A and B connected
in series (Figure 6.11A). The components consist of M and L different elements
respectively. All elements belonging to the same component are of the same
functionality and are connected in parallel. The components A and B are subject to
total CCF (they can be destroyed by hostile environments with the probabilities v
and vp respectively). The component destruction means that all of its elements are
damaged and cannot perform their task. The system survivability is defined as the
probability that a given demand w is met. This probability is affected by both the
failures of the elements and the vulnerability of the components.

To enhance the system’s survivability its components can be separated into two
independent subcomponents. Let {1, ..., M} and {1, ..., L} be sets of numbers of
elements belonging to components A and B respectively Theelements’ separation
problem can be considered as a problem of partitioning these sets inttwo mutually
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disjoint subsets. The partition can be represented by the binary vectors x = {xa;:
1<j<M} and xg = {xg;: 1<j<L}, where x,j, xgj€{0,1} and two elements i and j
belong to the same subset if and only if x,; = x,; or xg; = xp; for components A and
B respectively.

Actually, the separation leads to the appearance of two independent parallel
subsystems containing components connected in series: 1, 3 and 2, 4 (see Figure
6.11C). In these systems, components 1 and 2 have the same vulnerability as the
basic component A, and components 3 and 4 have the same vulnerability as the
basic component B. Usually, the separation disconnects component 1 from
component 4 and component 2 from component 3 (for example, when components
1 and 3 are spatially separated from components 2 and 4). To provide a connection
between these components, a diagonal component 5 can be included that delivers
an output of component 1 to the input of component 4 or an output of component 2
to the input of component 3. The diagonal component can also consist of different
multi-state elements. This component can also be characterized by its vulnerability
Vs.

The problem of bridge structure optimization is to find the optimal separation
x4, xp of elements from components A and B which provides the maximal system
survivability for the given demand w when the structure of the diagonal component
is given:

S(xa, XB,Va,VB,Vs,W) —> mMax (6.18)

The separation solution can be represented in the GA by the binary string a,
which is a concatenation of the binary vectors x and xg. The following procedure
determines the fitness value for an arbitrary solution defined by the string a.

1. According to a, determine lists of elements belonging to components 1, 2, 3

and 4.

2. For 1<i<5, determine the u-function of the entire component i using the

composition operator ®¢,per over the u-functions of elements belonging to this

component (the list of elements belonging to the diagonal component is given).
3. In order to incorporate the component vulnerability into its u-function, apply
the & operator (4.58) with v = v; over the u-function of the component.

4. Determine the u-function of the entire bridge system using the composition
operator ®,, —over the u-functions of its components.

5. Determine the system survivability index S for the given demand w and
evaluate the solution fitness as S(a).

Example 6.4

Consider a system initially consisting of two components connected in series (see
Figure 6.11A). The first component consists of 12 two-state elements and the
second consists of eight two-state elements. All of the elements within each
component are connected in parallel. The sets of elements belonging to the
components consist of pairs of identical elements (six pairs for the first component
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and four pairs for the second one). This provides the possibility of symmetric
separation. Parameters of elements of each pair are presented in Table 6.6.

Figure 6.11. Special cases of bridge structure

It is assumed that the elements belonging to each component are subject to total
CCFs (external impact) and the probability of the CCF (component vulnerability)
is the same for each component.

Table 6.6. Parameters of MSS elements

No. of No. of G )4
component element

1 8.0 0.830

2 6.0 0.820

1,2 3 6.0 0.807
4 4.0 0.860

5 4.0 0.825

6 2.0 0.820

1 15.0 0.821

2 10.0 0.803

3,4 3 10.0 0.815
4 5.0 0.806

1 6.0 0.871

5 2 4.0 0.893

To enhance the system’s survivability, each component can be divided into two
subcomponents and a diagonal component consisting of two parallel elements can
be included (Figure 6.11B). The parameters of the element belonging to diagonal
component 5 are also presented in Table 6.6.

The system is interpreted first as a flow transmission one with flow dispersion
and then as a task processing one without work sharing. The optimal solutions were
obtained for both types of system for the same parameters of elements [166]. The
system demands are w = 25 and w = 4 for the flow transmission system and the task
processing system respectively. Solutions were obtained for three different values
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of component vulnerability: v = 0 (pure reliability optimization problem), v = 0.05

and v=0.5.

The bridge structures providing the maximal survivability for the flow
transmission system are presented in Table 6.7 and for the task processing system
in Table 6.8. These solutions are compared with solutions having no component
separation (Figure 6.11A) and with solutions having symmetric separation. The
lists of elements belonging to each component, as well as the corresponding system

survivability index S(w) and mean performance &, are presented for each solution.

Table 6.7. Solutions for flow transmission system (vulnerability variation)

Solution System structure v=0 v=0.05 v=0.5
description No. of Elements S P S P S P
component included
1 114466
Optimal 2 223355
for v =0.05 3 112 0.9968 48.268 0.9333 43.957 0.2837 12.713
4 23344
1 123456
2 123456
Symmetric 3 1234 0.9968 48.266 0.9244 43.969 0.2565 12.722
4 1234
Optimal 1 112233445566
forv=0 2 -
(no 3 11223344 09974 48518 0.9001 43.787 0.2493 12.129
separation) 4 )
1 23345566
Optimal 2 1124
forv=0.5 3 113 0.9960 48.185 0.9319 43.870 0.2866 12.652
4 22344
Table 6.8. Solutions for task processing system (vulnerability variation)
Solution System structure v=0 v =0.05 v=0.5
description No. of Elements S € S € S &
component included
Optimal 1 223346
for v=0.05 2 114556
and for 3 1144 0.9990 4.434 09841 4.381 0.4255 2.047
v=03 4 2233
1 123456
2 123456
Symmetric 3 1234 0.9983 5.135 09820 5.058 0.4221 2.325
4 1234
Optimal 1 112233445566
forv=0 2 -
(no 3 11223344 09990 5.168 0.9016 4.664 0.2497 1.292
separation) 4
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One can see that, when the probability of CCFs in the components is neglected
(v = 0), the best solution is one without elements separation. The optimal solutions
for different values of component vulnerability can differ (as in case of the flow
transmission system, where the optimal solution for v = 0.05 is not optimal for v =
0.5 and vice versa). For both types of system the optimal solutions are not
symmetric.

The solution that provides the maximal system survivability for a given
demand w does not necessarily provide the greatest system mean performance.
Indeed, the system resources are distributed in such a way that maximizes only the
probability of demand w satisfaction, while the rest of the performance levels can
be provided with probabilities lower than those obtained by an alternative solution.
In Figure 6.12 one can see S(w) functions for three different solutions for both
types of system when v = 0.05. While the probability Pr{G=w} for the optimal
solutions is maximal, the probabilities Pr{G=w'} for w>w is often greater for the
symmetric solution and the solution without separation. Note that the greatest
mean performance ¢ is achieved for the symmetric solutions for both types of
system.

It is interesting that the optimal solution for the task processing system when
v = 0.05 cannot even provide a processing speed G>4.44, while the rest of the
solutions provide a processing speed G = 5.22 with a probability close to 0.85.
Indeed, the fastest elements in the optimal solution are located in components 1
and 3. Therefore, the path including only these two elements with nominal
processing speeds g;; = 8 and g3; = 15 does not exist in this solution, since the two
elements are not directly connected, though they are through the diagonal element.
In the remainder of the solutions such a path exists. Creating the fastest path by
exchanging elements between components 3 and 4 in the optimal solution
improves the system’s average processing speed (it grows from ¢ = 4.381 to ¢ =
4.968); however, this drastically decreases the system’s survivability for the given
demand w =4 (from S(4) = 0.984 to S(4) = 0.848).

In order to estimate the effect of diagonal element parameters on the optimal
separation, compare the optimal solution obtained above (Figure 6.11B) with two
extreme cases. In the first case (Figure 6.11C) no diagonal component is available:
Pr{Gs = 0} = 1. In the second case (Figure 6.11D), no capacity limitations are
imposed on the fully reliable diagonal component: Pr{Gs = «} = 1. The solutions
obtained for both types of system are presented in Tables 6.9 and 6.10.

Table 6.9. Solutions for flow transmission system (different diagonal elements)

Solution System structure Case B Case C Case D
description No. of Elements S & S £ S &
component ___included
1 114466
Optimal 2 223355
for case B 3 112 0.9333 43.957 0.9038 42.306 0.9432 44.505
4 23344
1 1124
Optimal 2 23345566
for cases C 3 112 0.9328 43911 0.9053 42.202 0.9445 44.500
and D 4 23344
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One can see that the optimal separation solutions coincide in cases B and C for
the flow transmission system and in cases C and D for the task processing system.
Obviously, the highest system survivability is achieved for case D and the lowest
for case C.

Table 6.10. Solutions for task processing system (different diagonal elements)

Solution System structure Case B Case C Case D
description No. of Elements S & S & S &
component included
1 223346
Optimal 2 114556
for cases B 3 1144 09841 4.381 0.9841 4.370 0.9862 5.026
and C 4 2233
1 1234455
Optimal 2 12366
for case D 3 123 0.9820 5.057 0.9820 5.045 0.9914 5.113
4 12344
1 1
PR - s __q_ﬁ_—e
= 1
0.8 A 1
= 0.95
1 -
.
0.6 1
094~ ==="=====-*
1
0.4 4
0.85 - —=
0.2
0 T T T T T 0.8 T T T T T
0 10 20 30 40 50 60 0 1 2 3 4 5
Symmetric = = :No separation Symmetric = = +No separation
———Optimal ———Optimal
A B

Figure 6.12. System survivability as function of demand for different element
separation solutions in flow transmission system (A) and in task processing system (B)

6.2 Multi-state Systems with Two Failure Modes

Systems with two failure modes consist of statistically independent devices
(elements) that are all to operate in the same two modes (the operation commands
in each mode arrive at all the elements simultaneously). Each element can fail in
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either of two modes. A typical example of systems with two failure modes are
switching systems that not only can fail to close when commanded to close but can
also fail to open when commanded to open. Two different types of switching
system can be distinguished:

- flow transmission systems, in which the main characteristic of each switching
device is the flow controlled by this device (for example, fluid flow valve);

- task processing systems, in which the main characteristic of each switching
device is the switching time of this device (for example, electronic diode).

The study of the systems with two failure modes started as early as in the
1950th [167-169] and still attracts interest of researchers [170-173]. In 1984,
Barlow and Heidtman [14] suggested using a generating function method for
computing k-out-of-n reliability of systems with two failure modes.

The aforementioned studies consider only reliability characteristics of elements
composing the system. In many practical cases, some measures of element
(system) performance must be taken into account. For example, fluid-transmitting
capacity is the performance of fluid valves and of switching systems that consist of
such valves, while operating time is the performance of electronic switches and of
switching systems that consist of such switches. Each system element can be
characterized in each mode by its nominal performance and the element fails if it is
unable to provide its nominal performance. A system can have different levels of
output performance depending on its structure and on the combination of elements
available at any given moment. Therefore, the system is multi-state.

The system is considered to be in an operational state if its performance rate in
open mode G, satisfies condition F,(G,,w,)=1 and its performance rate in

closed mode G_ satisfies condition F, (G.,w.)=1, where w, and w, are the

required levels of system performance in the open and closed modes respectively
and F, and F_. are the acceptability functions in open and closed modes

respectively.

Since the failures in open and closed modes, which have probabilities
Q, =Pr{F,(G,,w,)=0} and Q. =Pr{F_.(G_.,w.) =0} respectively, are mutually
exclusive events and the probabilities of both modes are equal to 0.5 (each
command to close is followed by a command to open and vice versa), the entire
system availability can be defined as

A=1-05(Q,+0.) (6.19)

In order to characterize the expected performance of MSSs with two failure
modes, one has to evaluate this index for both its modes: &, and &..

Having u-functions U,(z) and U.(z) representing the system performance
distributions in open and closed modes, one can obtain the probabilities Q, and Q.
and the expected performance rates &, and & using the technique presented in
Section 3.3 over U,(z) and U.(z) respectively.

Usually, the switching systems consist of elements with total failures. Each
element j has nominal performance rates g ;,and g ., performance rates in fault
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state g, and g j., and probabilities of normal functioning pj, and pj. in open and

closed modes respectively. The individual u-functions of the system element can
be defined as

g g
Uin(2)=piz " +(=pj)z""
s /0 . s . (6.20)
wje(2)=pjez " +A=pj)z™"

In order to obtain the system u-functions U,(z) and U.(z), one has to determine
the parameters of the u-functions of individual system elements (6.20) and define
the structure functions used in the composition operators for both modes. Having
these u-functions one can easily evaluate the system availability using Equation
(6.19) and operators (3.8) and (3.12):

Ao, w=1-05[1- EWU,(2) @ ") +1- E(U.(2) ® %) ]

= 05[ EW,(2) @)+ EU(2)® ")) (6.21)

In the following sections we consider two typical switching systems.

6.2.1 Flow Transmission Multi-state System

In this model the performance of the switching element (flow valve) is defined as
its transmitting capacity. To determine the u-function of an individual element j in
the closed mode, note that in the operational state, which has the probability p;, the
element should transmit a nominal flow f; (g;c = fj) and in the failure state it fails to
transmit any flow (g je= 0). Therefore, according to (6.20), the u-function of the

element takes the form
_ fj 0
ujc(2)=pjz’ +(10-pj)z (6.22)

In the open mode the element has to prevent the flow transmission through the
system. If it succeeds in doing this (with probability p;,), then the flow is zero (gj,
= 0), and if it fails to do so the flow is equal to its nominal value in the closed
mode (g jo =Jj ). The u-function of the element in the open mode takes the form

Ujo(2) = p,-ozo +(1- p,-o)zf-f (6.23)

The structure functions for subsystems of elements connected in a series, in
parallel or composing a bridge structure for the flow transmission MSS with flow
dispersion are defined by Equations (4.2), (4.9) and (6.4) respectively. Using the



6 UGF in Analysis and Optimization of Special Types of Multi-state Systems 285

reliability block diagram method one can obtain the u-function of the arbitrary
system by consecutively applying the corresponding composition operators.

Note that the u-function of a subsystem containing » identical parallel elements
(Djc = DPe> Pjo = Do» fj = f for any j) can be obtained by applying the operator
®. (u(2),...,u(z)) over n functions u(z) of an individual element represented by

(6.22) or (6.23). The u-function of this subsystem takes the form

n

n! k n—k _kf
Uz)= Y ————pka-p, 6.24
(2) ,E:Ok!(n—k)!p (I-p)" "z (6.24)

for the closed mode and

n n!
U()=Y —— prhkq_p yk & 6.25
(Z) ,Eok!(n—k)!po ( po) Z ( )

for the open mode. The u-function of a subsystem containing » identical elements
connected in a series can be obtained by applying operator ® i, over n functions

u(z) of an individual element. The u-function of this subsystem takes the form

Ud2) = plz! + (- pH2° (6.26)
for the closed mode and

U(2) =[1= (1= po)"1z° + (1= p)" 2’ 6.27)

for the open mode.

To determine the system’s reliability one has to define its acceptability
function. For the flow transmission system, it is natural to require that in its closed
mode the amount of flow should not be lower than the demand w,, while in the
open mode it should not exceed a value of w,. Therefore, the conditions of the
system’s success are

F(Ge,w,) = I(GCZWC) and Fy(Go,w,) = I(GOSWO) (628)

6.2.2 Task Processing Multi-state Systems

In this type of switching system the task of each element is to connect (or
disconnect) a circuit. Since the task processing in each mode is associated with a
single switching action, the performance of element j is defined not as its
processing speed but as its operation time.
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To determine the u-function of an individual element with total failures (for
example, an electronic diode) in closed and open modes, note that the element j
operates in times g;. = t;. and gj, = t;, with the probabilities p;. and pj, respectively.
If the element fails to operate, then its operation time is equal to infinity
(g jo = g jc =). Therefore, according to (6.20), the u-functions of the element for

the two modes take the form

t; )
Uin(2)=pjpz”” +U-pj)z
s /o s (6.29)

t.
ujc(z) = chZ < +(1_pjc)zoo

If several elements are connected in parallel within a subsystem, then the
subsystem disconnection is completed only when all the elements including the
slowest one are opened. Therefore, the operation time of n elements in the open
mode is equal to the greatest of the operation times of the elements. The structure
function for the open mode takes the form

bpar (GpoeersGy) = max({G..... G, } (6.30)

For n elements connected in series, the first disconnected element disconnects
the subsystem in the open mode. Therefore, the structure function takes the form

#er(Gi.....G,) = min{Gy...., G, } (6.31)

If n elements are connected in parallel within a subsystem, then the first
connected element makes the subsystem connected. Therefore, the operation time
of the group of elements in closed mode is equal to the least of the operation times
of the elements. The structure function for the closed mode takes the form

bpar (Gi.r.Gy) = min{G.....G, ) (6.32)

For n elements connected in series, all of the elements, including the slowest
one, should be connected to make the subsystem connected in the closed mode.
Therefore, the structure function takes the form:

Geer (Gy,...,G,) = max{Gy,...,G,, } (6.33)

Combining the two operators one can obtain a u-function representing the
performance distribution of an arbitrary series-parallel system in both modes. Note
that the u-function of a subsystem containing » identical parallel elements is

Uo(2)=[1-(1-p)" 1z + (1= p)"z” (6.34)
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for the closed mode and
Uo(2)=phz' +(1-py)z” (6.35)

for the open mode. The u-function of a subsystem containing » identical elements
connected in series takes the form

Uc(2) = plz'e +(1- plz” (6.36)
for the closed mode and
Uog(2)=[1-(1=py)" Iz + (11— py)" z* (6.37)

for the open mode.

In order to evaluate the operation time of a bridge structure, notice that there
are four possible parallel ways to connect input and output of the bridge (see
Figure 6.1): through groups of elements {1, 3} or {2, 4} or {1, 5, 4} or {2, 5, 3}
connected in series. Therefore, the entire bridge operation time can be obtained as

¢br(GI, Gz, G3’ G4$ GS)

= ¢par(¢ser(Gla G3)’ ¢ser(G27 G4)’ ¢ser(Gl’ GS’ G4)’ ¢ser(G2’ G57 G'i)) (638)
For the open mode this expression takes the form

¢br(G|a Gz’ GB’ G45 GS)

= max(min(G;, G3),min(G,, G,),min(G;, Gs, G4),min(G,, G5, G3)) (6.39)
and for the closed mode it takes the form

¢br (Gls GZv G3’ G47 GS)

=min(max(G,;, G3),max(G,, G4),max(G;, Gs, G,),max(G,, Gs, G3)) (6.40)

For a system in which operation time is the crucial factor, it is natural to require

that in its closed and open modes the operation times should not exceed the values
w. and w, respectively. The system’s acceptability functions are

F(Gewe) = 1(G=we) and Fo(Go,wo) = (Go<w,) (6.41)

Having these acceptability functions one can easily evaluate the system’s
availability using Equation (6.21).
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Since, in the worst case, the operation time of the entire system is equal to
infinity, determining the expected operation time makes no sense. A more natural
way of evaluating expected performance is by using the conditional expected
operation time (expected operation time given the system manages to operate). In
this case, Equation (3.7) with the acceptability functions Fy(G,) = 1(G,<x) and
F.(G.) = 1(G.<») should be used.

Example 6.5

Consider a switching series-parallel subsystem consisting of three elements 1-3
connected as depicted in Figure 6.13. The elements are characterized by their
availability and performance level (transmitting capacity f) in open and closed
modes. The parameters of the system elements are presented in Table 6.11 (first
three rows). The u-functions of the individual elements according to (6.22) and
(6.23) are

U16(2) = 0.872°+0.132"; u10(z) = 0.89z'+0.112°
Ur0(2) = 0.782°+0.2227; ure(z) = 0.8277°+0.187°
30(2) = 0.822°+0.182%; us(z) = 0.912%3+0.092°

Figure 6.13. Reliability block diagram of MSS with two failure modes

In order to determine the system performance distribution in the open and
closed modes we have to obtain the u-function of the entire system using
composition operators over the u-functions of individual elements.

Uy (2) =l110(2) @ 110 (2)®uu30(2)
=[(0.877°+0.13z"°) ® (0.787°+0.222™)] ® (0.82z°+0.187*")
= (0.97142°+0.0286z') ® (0.82°+0.182>°)

= 0.79657°+0.02347'°+0.17497*°+0.005 17"
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U.(2) =[u(2) HC? MZC(Z)]@M3C(Z) U,(z)

=[(0.89z'7+0.11z°) ® (0.827°+0.182%)] ® (0.91z*°+0.097°)

min +

= (0.7298z'%+0.27027°) ® ( 0.91z*°+0.092°)

= 0.66417*+0.0657z'+0.24597>°+0.02437°

Having the system u-functions for the open and closed modes one can
determine the expected flows through the system in these modes by applying the
operator (3.11):

& = 0.7965x0+0.0234x1.5+0.1749x2.5+0.0051x4 = 0.4927
& = 0.6641x4+0.0657x1.5+0.2459%2.5+0.0243%x0 = 3.3697
Assume that in the closed mode the amount of flow should exceed w, = 2,

while in the open mode it should not exceed w, = 0.5. Applying Equation (6.21)
with acceptability functions (6.28) we obtain

EWU.(2) (F@ 2)=0.6641x1(4>2)+0.0657x1(1.522)+0.2459x1(2.5>2)

+0.0243x1(0=2) = 0.6641+0.2459 = 0.91

EWU,(2) 1@ 0.5)=0.7965x1(0<0.5)+0.0234x1(1.5<0.5)

+0.1749x1(2.5<0.5)+0.0051x1(4<0.5) = 0.7965

A2,0.5) = 0.5( EU:(2)®2)+ EUo(2) ®0.5))

=0.5(0.91+0.7965) = 0.85325

Example 6.6

Consider a switching system with the configuration presented in Figure 6.13. Each
one of the ten system elements is characterized by its availability and nominal
performance rate in open and closed modes. In the case of a flow transmission
system, the performance of an element is its transmitting capacity f. In the case of a
system of electronic switches, the performance of an element is determined by its
operation times in open mode #, and in closed mode f.. The parameters of the
system elements are presented in Table 6.11.

In order to determine the system PD in the open and closed modes one has to
obtain the u-function of the entire system using the composition operators over u-
functions of the individual elements u,(z)-1010(z) and u.(z)-u.10(z) respectively.
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Table 6.11. Parameters of MSS elements

Flow transmission model

No. of f De Do
element Task processing model
1 o Pe Po
1 3.0 1.5 0.89 0.87
2 5.0 35 0.82 0.78
3 3.5 25 0.91 0.82
4 25 3.0 0.85 0.82
5 3.0 25 0.80 0.76
6 3.0 3.0 0.80 0.78
7 4.0 3.0 0.91 0.85
8 4.0 4.5 0.84 0.79
9 5.3 2.5 0.93 0.91
10 5.0 2.7 0.92 0.90

First, consider the system to be a combination of flow valves (flow
transmission system with flow dispersion). The flow through the system can vary
in the range of 0.0-7.0. In the closed mode the expected flow is & = 5.306. The
probability that the system provides the maximal flow in the closed mode is Pr{G,
=7} = 0.30. In the open mode the expected flow is & = 0.303 and the probability
that the system totally prevents the flow is Pr{G. = 0} = 0.892. The system failure
is defined as its inability to provide at least the required constant level of flow w. in
its closed mode and to prevent the flow exceeding w, in its open mode. The failure
probabilities in both modes as functions of demand w are presented in Figure
6.14A. Note that Q.(w.) is an increasing function (the greater the demand, the
tougher the condition G.>w,), while Q,(w,) is a decreasing function (the greater the
demand, the easier the condition G,<w,). The entire system availability A(w,,w.) as
a function of maximal allowable flow in the open mode w, and minimal required
flow in the closed mode w, is presented in Figure 6.15A.

Now consider the system to be a combination of electronic switches (task
processing system). The probabilities that the system is able to operate in the open
and closed modes (operation time is less than infinity) are Pr{G,<o} = 0.892 and
Pr{G.<o} = 0.990. When G,<x, the time needed by the system to disconnect its
input from output in the open mode cannot be less than 3 and greater than 4.5. The
conditional expected operation time is &, = 3.02. When G <o, the time needed by

the system to connect its input with output in the closed mode cannot be less than 3
and greater than 5.3. The conditional expected operation time is &, = 3.23. When

the system failure is defined as its inability to switch within the required time (w,
and w, in open and closed modes respectively), the failure probabilities in both
modes are functions of this time. The functions Q,(w,) and Q.(w.) are presented in
Figure 6.14B. The entire system availability as a function of required switching
times in the open and closed modes A(w,,w.) is presented in Figure 6.15B.
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Figure 6.14. Failure probabilities as functions of demand.
A: flow transmission system; B: task processing system
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Figure 6.15. System availability as function of demands in open and closed modes.
A: flow transmission system; B: task processing system

The duality of roles of parallel and series connection of units in the two
operation modes creates a situation in which any change in system configuration
that increases system availability in an open mode can decrease it in a closed mode
and vice versa [170, 171]. Therefore, the optimal system configuration should be
found that provides the maximal overall system availability (6.21).
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There exist two types of structure optimization problem when the systems with
two failure modes are considered. The first one is an extension of the well-known
redundancy optimization problem. In this problem, one has to determine the
number of parallel elements (with identical functionality) for each system
component when the system structure (topology of the reliability block diagram
representing interaction of the components) is given. The algorithms for solving
this problem were studied in [174, 175] for the binary-state systems without
respect to the element performances. The second problem is to find the
configuration (topology of the reliability block diagram) for a given set of elements
that provides the greatest possible system availability. This problem was
formulated and solved in [173] for the binary-state systems (also without respect to
the element performances). In the following sections, algorithms for solving the
two system optimization problems for MSSs with two failure nodes are presented.

6.2.3 Structure Optimization of Systems with Two Failure Modes

6.2.3.1 Problem Formulation

A system consists of N components connected according to a block diagram. Each
component of type i contains a number of different switching elements connected
in parallel. Different versions and numbers of elements may be chosen for any
given system component. Element operation in open and closed modes is
characterized by its availability and nominal performance rate.

For each component i there are B; element versions available. A vector of
parameters gi,(b), gi(b), pi(b) and p;.(b) can be specified for each version b of
element of type i. The structure of system component i is defined by the numbers
of parallel elements of each version n;, for 1<b<B;. The vectors n;={n(i,b)} (1<i<N,
1<b<B;) define the entire system structure.

For a given set of vectors {n,, ..., ny}, the entire system fault probabilities
Oo(Wy, ny, ..., ny) and Q.(w,, ny, ..., ny) can be obtained for both modes. The
requirement of providing the desired system availability in open and closed modes
can be formulated as follows:

QO(WO, ny..., nN)SQ*O, QC(WC, ny ..., nN) gQ*c, (642)

where Q*, and Q% are maximal allowable levels of system unavailability in open
and closed modes respectively.

Having the given system structure, one can also determine the expected system
performance in the both modes &,(n, ..., ny) and &(ny, ..., ny). While satisfying
the availability requirements (6.42), one can desire to obtain expected system
performance values as close to some specified values £*, and &*; as possible. The
proximity between expected system performance and the desired level can be of
different importance in open and closed modes.

Now consider two possible formulations of the problem of system structure
optimization.
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Formulation 1. Find system configuration {n,..., ny} that provides maximal
system availability:

A(WO’WCa ng,..., nN)
=1-0.5(Qy,(Wy,ny,....,0p5) + Q. (W, 1y, ..., ny)) = max (6.43)
Formulation 2: find system configuration {n;, ..., ny} that provides the

maximal proximity of expected system performance to the desired levels for both
modes, while satisfying the availability requirements:

ale,(ng,...,n —e |+(0-a)|e n,...,n — &, |-> min
| 0(1 N) ol ( )l c(l N) C| (644)

. *
subject to Qy,(Wo,ny,...,nN) < Oy, Qc(We,ny,...,nN) <0,

where constant « reflects the relative importance of the open mode over the closed
mode (0<a<1). Note that for the task processing systems the measures &, and &,
should be substituted by the corresponding conditional measures £, and £,.

6.2.3.2 Implementing the Genetic Algorithm
The solution encoding is the same as described in Section 5.1.2.2, where the
element g; of the integer string a defines the number of parallel elements for each
component i and version b (the relation between i, b and j is determined by
Equation (5.10)).

In order to let the GA look for the solution meeting requirements (6.43) or
(6.44), the following universal expression of solution quality (fitness) is used:

M-ale(a)-¢*, |-(—a)|e.(a)-e*, |

(6.45)
— r(max{0,Q, (@) — 0 *,} + max{0,Q.(a) -0 *.})

where 7 and M are constants much greater than the maximal possible value of
system output performance.
The case when Q%*,=Q%*. =0corresponds to formulation (6.43). Indeed,

since x is sufficiently large, the value to be minimized in order to maximize the
fitness is 7(Qo+Q). On the other hand, when Q*, =Q%*. =1 all availability

limitations are removed and expected performance becomes the only factor in
determining the system structure.

The solution decoding procedure determines n;, for each system component i
and each element version b from the string a and determines the performance
measures of the system separately for open and closed modes according to the
algorithm described in Section 5.1.2.2. Then it determines the solution fitness
using expression (6.45).
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Example 6.7

Consider a system of electronic switches consisting of four components connected
in series [176]. Each component can contain a number of switches connected in
parallel. The elements in each component should belong to a certain type. (For
example, each component can operate in a different medium, which causes specific
requirements on the switches.) Each element version is characterized by element
parameters: availability and performance rates (operation times in open mode ¢,
and in closed mode ¢.). The problem is to find the optimal system configuration by
choosing elements for each component from the lists of versions presented in Table
6.12.

Table 6.12. Parameters of electronic switches

No. of component Version of element t, 1. Do De
1 5.80 3.00 0.81 0.76
2 4.60 3.30 0.85 0.79
1 3 4.50 3.50 0.86 0.75
4 4.00 3.10 0.84 0.76
1 1.80 1.20 0.84 0.78
2 2 1.81 1.30 0.86 0.72
3 1.85 1.10 0.89 0.70
1 2.00 1.90 0.82 0.80
3 2 2.10 1.92 0.87 0.81
3 2.10 1.89 0.89 0.73
1 3.60 3.30 0.85 0.78
4 2 4.00 2.80 0.87 0.77

Table 6.13 contains the results obtained for a system that is considered to be in
normal condition if the switching time in both modes is not greater than w, = w, =
5; the desired operation time is &%, = &*. = 0. The conditional expected value £ is
estimated for switching time distributed in the range of allowable values (0, 5). It is
assumed that the operation speed is equally important in both modes: o = 0.5.
Three solutions were obtained for different levels of desired availability in both
modesQ*,=0%.=0, 0% =0%,=0.035 and Q*,=0%.=0.05.

Table 6.13. Solutions obtained for the system of electronic switches

Component  Q'=0'=0 0'=0"=0.035 Q°=0"=0.05

1 32,193 451 I¥3,1%4 TF1,6%3,1%4
2 543 343 343

3 3%2 342 343

4 42 542 7%2

0, 0.030 0.035 0.050

0. 0.014 0.034 0.046

A 0.978 0.965 0.952

z, 2213 2.076 1.997

& 3.301 3.001 3.000
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Observe that the solution maximizing the system availability (first formulation
corresponding toQ*, =Q*. =0) has a relatively small number of elements.

Further growth of the number of elements decreases the system availability. One
can see that, with the growth of availability requirements, the system availability
increases by the price of the increase of expected switching time. The failure
probability distributions in closed and open modes for the solutions obtained are
presented in Figure 6.16. Note that the requirement to improve the conditional
expected values of system performance contradicts the requirement to maximize
the system availability defined as its ability to reach a threshold level of the
performance.

1 1
—
Oc o RN R R Er e Qo I .

0.9 4 0.9 4 g\y
0.8 4 0.8 q
0.7 1 071
0.6 0.6
0.5 T T T 0.5 ; ; .

29 3.1 33 we 35 3.7 39 5 25 we 35 45 55

Q*o=Q%c=0 —o— Q*0=0%c=0.035 Q*o=Q%c=0 —o— Q%0=0%c=0.035
= = =Q%=0%=0.05 = = = Q%=Q%=0.05

Figure 6.16. Failure probability distributions for the system of electronic switches

6.2.4 Optimal Topology of Systems with Two Failure Modes

6.2.4.1 Problem Formulation

The problem of optimizing a series-parallel MSS configuration is the following:
find the series-parallel configuration of a given number of statistically independent
units that provides maximal system availability when the units can experience two
failure modes and are characterized by different performance rates and availability
indices.

6.2.4.2 Implementing the Genetic Algorithm

According to its definition, any series-parallel system is either a single unit or it is
two series-parallel subsystems connected in series or in parallel. Therefore, any
such system can be represented by a binary tree. One of the possible representations
was suggested in [173], where tree leaf nodes correspond to the primary units from
which the configuration is built and the rest of the nodes are distinguished by the
way the two children of the node are joined. As was shown in [173], such a binary
tree can be easily represented by a symbolic string (post-order traversal) in which
symbols from the set {1,...,N} correspond to unit numbers and symbols from the
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set {S, P} correspond to types of connection (S for series one and P for parallel
one).

For example, the binary tree corresponding to the system presented in
Figure6.17A can be represented by the following string: 12P3S45PP. The main
disadvantage of this representation is that different strings can represent the same
configuration, since the order of substrings representing the two child subtrees of
any junction does not matter (observe that the system from Figure 6.17A can also
be represented by the string 45P12P3SP). This causes situations in which the GA
population is overwhelmed with different strings representing identical solutions.
Such situations slow the algorithm convergence.

Figure 6.17. Binary tree representation of series-parallel system

In order to simplify the representation and to reduce the number of cases in
which the same configuration is represented by different trees (strings), the
following rule was introduced in [177] to determine the types of connection: for
each node joining two child subtrees, determine the minimal number among the
numbers of units belonging to the left child subtree x;. and right child subtree xg. If
X1.<xg, then the subtrees are joined in parallel; if x;>xg, then they are joined in
series.

Using this simplified representation one obtains a new configuration by
swapping child subtrees of a given node (see Figure 6.17B) and does not need to
distinguish nonleaf tree nodes (P or S), since they no longer determine the type of
connection.

We use the following rule to represent the binary tree corresponding to a series-
parallel configuration by a string: all numbers corresponding to units should appear
in the string in the order that they appear in the tree from left to right. Each time
that all of the numbers corresponding to subtrees connected by some node appear
on the left-hand side of the given position in the string, the sign * representing the
node should be inserted in this position.
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Example 6.8

Consider the tree presented in Figure 6.17A. The corresponding string
representation is 312**45%* where the underlined substring represents subsystem
I and the double underlined substring represents subsystem II. Since for the root
node xp = 1 and xg = 4, the subsystems I and II are connected in parallel. To
make them connected in series, one just has to swap corresponding substrings and
obtain string 45*312***, corresponding to the configuration presented in Figure
6.17B.

Note that, in the representation given, the last position of the string is always
occupied by *, representing the root node of the tree. Therefore, this string element
provides no information and can be removed. Since the total number of nonleaf
nodes in the binary tree with N leafs is N—1, the string representing series-parallel
configuration of N units should contain 2(N—1) elements.

Not every arbitrary string can represent a feasible solution. Indeed, consider
string 3**1245%*. Since each node sign * corresponds to two subtrees that the node
connects, it should follow at least two unit numbers. In order to make an arbitrary
solution feasible, in all cases where there are not enough numbers from the left-
hand side of the node sign *, one has to find the closest number following the node
sign * on the right-hand side and insert it immediately before the sign. (For the
string given, such a procedure first produces string 31**245% and, when repeated,
produces a feasible string 31%2*%45%).

The simplest way to represent solution strings in the GA is by using
permutations of integer numbers {1,...,2(N—1)} and by treating all the numbers
greater than N as node signs * (for example, string 31827456 can be treated as
31#%2%45%).

The following is a procedure for system availability evaluation based on
decoding the system configuration from an arbitrary permutation a of integer
numbers ranging from 1 to 2(N—1). The procedure enables the obtaining of u-
functions U,(z) and U.(z) for the entire system, by applying composition operators
over the corresponding u-functions of individual units in sequence determined by
the system configuration encoded by a string a = (a;,..., axy—). To store the
intermediate u-functions, a stack memory is used that allows binary subtrees (and
corresponding u-functions) to be treated in order that is encoded by the string.

With each u-function u(z) representing a subtree, we associate a number x(u(z))
equal to the smallest one from among the numbers of units belonging to the
subtree.

The procedure performs the following steps:

1. Assigns number of string element i = 1.

2. If a;<N (a; corresponds to the number of the unit), assign x( Ug, (2)) = a,

place unit u-function u, (z) to the stack and go to step 5.

If a; >N (a; corresponds to nonleaf node sign *) go to step 3.

3. If there are no fewer than two u-functions in the stack, go to step 4, else find
string element a; closest to a; (j>i), which corresponds to the number of the unit
(a;<N). Remove the element g; from the string, shift all the elements a;, ..., a;_; one
position right and place element g; into position i. Return to step 2.
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4. Remove the upper u-function u'(z) and second one from the top u"(z) from
l/t"(Z)

u"(z) (parallel

the stack. Obtain the new u-function u"(z)either as u"(z) = ul(z)®f/’ser

(series connection) if x(u'(z)) < x(u"(z))or as u"(z) = u'(2) ®¢par

connection) if x(u'(z)) > x(u"(2)).
Obtain index x(u"(z)) = min{x(u'(z)),x(u"(z))}. Place the new u-function
u"(z) and the index x(u"(z)) into the stack.

5. Increment i by one. If i<2(N—1), return to step 2, else obtain the entire system
u-function U(z) as described in step 4.

Repeating steps 1-5 with the unit u-functions and composition operators
corresponding to open and closed modes, one finally obtains the system u-
functions U,(z) and U,(z) and determines the system’s availability using Equation
(6.21). The solution fitness is equal to the system’s availability.

Since the solution of the optimization problem considered is represented by
permutations of integer numbers (which corresponds to the sequencing problem),
the corresponding fragment crossover operator and the mutation procedure that
swaps two string elements (discussed in Section 1.3.2.6) are to be used. The
following example illustrates the use of the fragment crossover operator, mutation
procedure, and solution correction algorithm (used within the solution decoding
procedure) for obtaining new feasible solutions from two parents.

Example 6.9

Consider two parent strings P1 and P2, representing configurations presented in
Figure 6.18:

P1:12345678
P2:42657183

The fragment crossover operator is applied twice with the roles of the parents
reversed. After applying the crossover with a randomly determined fragment, we
obtain two offspring solutions O1 and O2 (the elements belonging to the fragment
are underlined):

O1: 42156783
02:12465378

After applying the mutation procedure to O1 and O2, we obtain strings S1 and S2:

S1:42356781
S2:17465328

(the two randomly chosen positions are underlined).

Note that string S2 is infeasible (according to the feasibility rule presented in
Section 3.2, the node sign 7 should follow at least two unit numbers representing
two subtrees connected by the node). During the solution decoding procedure it is
transformed into the string
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S2:14756328

The final solutions, as well as the intermediate ones, are also presented in Figure
6.18.

P2 —-
+
L2 1
CROSSOVER

02

AN
{31
MUTATION /

S2
3 ] [ 1 H 4 ]
[S ]

Figure 6.18. Examples of series-parallel configurations obtained by GA procedures

[2 H 3]

Example 6.10

Consider a set of 10 fluid flow valves. Each valve is characterized by its
availability in open and closed modes (p,, p.), and by the nominal flow
transmitting capacity f. These parameters are presented in Table 6.14. We want the
flow to be not less than w, in the closed mode and not greater than w, in the open
(disconnected) mode.

Three different system configurations were found by the GA for the different
desired system transmitting capacities in open and closed modes: configuration A
for w,. =5, w, = 0.1, configuration B for w. = 7, w, = 0.1, and configuration C for
w. = 10, w, = 3. These configurations are presented in Figure 6.19. The
probabilistic distributions of flows through the system in closed and open modes
for the configurations obtained are presented in Figure 6.20 in the form of
cumulative probabilities Pr{G.>w.} and Pr{G,<w,}. Table 6.15 contains system
fault probabilities Q, and Q. and availability index A obtained for each
configuration for all the three demand combinations (w., w,). Note that each
configuration, though being the best for a certain combination (w., w,), does not
provide the greatest system availability for the two other combinations.
Configuration A can not provide flow f = w, = 10 in the closed mode even when all
the units are available

Note that while the configurations obtained seem to be not realistic for pure
switching systems they are relevant when one considers the configuration of
different types of flow transmission equipment (pumps, filters, etc.) having alarm
valves aimed at preventing the flow in the case of contingency.
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Table 6.14. Parameters of fluid flow valves

No. of unit f Pe Po
1 2.0 0.86 0.82
2 2.0 0.92 0.88
3 2.5 0.95 0.89
4 2.5 0.95 0.89
5 3.0 0.90 0.86
6 3.0 0.90 0.86
7 4.0 0.87 0.83
8 4.0 0.84 0.80
9 5.0 0.87 0.81
10 5.0 0.82 0.80

Table 6.15. Reliability characteristics of the obtained solutions

Solution we=5.0, w,=0.1 w=7.0,w,=0.1 w=10.0, w,=3.0
0. 0.059 0.489 1.000
A Qs 0.032 0.032 0.008
A 0.955 0.739 0.000
0. 0.017 0.045 0.208
B Qs 0.119 0.119 0.089
A 0.932 0.918 0.852
0. 0.002 0.004 0.042
C Qs 0.323 0.323 0.110
A 0.837 0.836 0.924

Figure 6.19. Optimal configurations obtained for the system of fluid flow valves



6 UGF in Analysis and Optimization of Special Types of Multi-state Systems 301

1 -
1 =
"
0.8 -.
47 |
< 06 : ; N
2 fa ! ;
S . S
& 04 "I =
=%
L"I
0.2 : - =
|
0 T T T T T T U 0.6 T T T T T T T T T
0 2 4 6 8 10 12 14 16 18 0123456782910
w
A B—--C A B==— = C

Figure 6.20. Cumulative probabilities Pr{G.>w.} and Pr{G,<w, }for the fluid flow
valves configurations obtained

6.3 Weighted Voting Systems

The weighted voting system (WVS) consists of n independent voting units that
provide a binary decision or abstain from voting. Each unit has its own individual
weight. The system accepts the proposition 7 if the cumulative weight of the units
supporting this proposition is at least the prespecified fraction 7 of the cumulative
weight of all non-abstaining units. The system abstains if all # units abstain. In all
other cases, the system rejects proposition /. The system fails if it does not accept
the proposition that should be accepted, does not reject the proposition that should

be rejected, or abstains from voting.

This can be modelled by considering the system input I being either 1
(proposition to be accepted) or 0 (proposition to be rejected) which is supplied to
each unit. Each unit j produces its decision (unit output) d;(/) which can be 1, 0, or
x (in the case of abstention). Inequality dj(/) # I means that the decision made by
the unit is wrong. The above listed errors can be expressed as

1. d{0) =1 (unit fails stuck-at-1)
2. di(1) = 0 (unit fails stuck-at-0)
3. di(I) = x (unit fails stuck-at-x)

Accordingly, the reliability of each unit j can be characterized by the
probabilities of these errors: qOI(i) for the first one, qlo(/) for the second one, qlx(i)
and qOX(D for the third one, where q,-m(/) is Pr{d(l) = m | I =i} (note that stuck-at-x
probabilities can be different for inputs i =0 and i =1).

To make a decision about the proposition acceptance, the system incorporates
all of the unit decisions into a unanimous system output D in the following manner:
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1, if > yidi(Dzt ¥ oy, > y;#0
d,(D#x d,(D#x d,(D%x
DIy={0, if T wd;(h<r ¥ v, T w;#0 (646)
d (I d (I d (I
d,(D%x

where y; is the nonnegative weight of an individual unit j which expresses its
relative importance in the WVS and 7 is a threshold factor which determines what
fraction of the overall weight of voted units should correspond to those that
approve the proposition to make it accepted by the entire system.

The entire system output distribution is characterized by WVS output
probabilities O;,, = Pr{D(I) = m | I = i}, where me {0, 1, x}. The system fails if
D(I) # I. The entire WVS reliability can be defined as R = Pr{D(/) = I}. One can
see that the system reliability is a function of the reliabilities of its units. The
reliability characteristics of the WVS units, as well as the probability distribution
of the propositions, Py, = Pr{/ = 0} and P, = Pr{/ = 1}, can be elicited from
historical statistics. In technical systems, probabilities of different kinds of error
can be obtained for each unit with a high precision by intensive testing. The entire
WVS reliability also depends on the unit weights and the threshold. The proper
choice of these parameters can improve the WVS reliability without improving the
reliability of the voting units.

6.3.1 Evaluating the Weighted Voting System Reliability

Let us define the total weight of WV'S units supporting proposition 7 as ¥#;':

Vi= ¥ wd() (6.47)
d(I)#x

and the total weight of units voting for the proposition rejection as ¥’

vi= 3 w;(-d;) (6.48)
d (Iyx

The decision rule (6.46) can now be rewritten as follows:

L, if wleowlaw?) wliwlzo
D(I)=10, if ¥)<yw}l+v?) wi+v? =0 (6.49)

x, it vl+wd=o0
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Following this expression, the condition D(/) = 0 can be rewritten as

¥ < () (6.50)
or
(1-9¥'-r¥° <0 (6.51)
This gives one a simple way of tallying the units' votes: each unitj adds a value
of (1-7)y; to the total WVS score if it votes for the proposition’s acceptance, a

value of —zy; if it votes for proposition’s rejection, and nothing if it abstains. The
proposition is rejected if the total score is negative.

6.3.1.1 Universal Generating Function Technique for Weighted Voting System
Reliability Evaluation

Using the UGF approach one can describe the distributions of the random output
Gj; of an individual three-state voting unit j for input i as

2 )
u(z)= % puz* (6.52)
k=0
where fori =1

Pjo = 611((])), gjo = ~TY;
pp=ai{ =0-q@ -at). gn=0-0y, (6.53)
szqu(fc), gip =0

and fori =0

pio=a5. g =(-7)y;

pi=ai) =(-ai —afl). gy =-w, (6.54)
P2 =4(()'Q’ gpp =0

In each voting unit, state 0 corresponds to an incorrect decision, state 1
corresponds to a correct decision, and state 2 corresponds to an abstention.

The total random WVS score G; for input / = i is equal to the sum of the
random outputs of » individual voting units:

G, =

1

G, (6.55)
1

M

J
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Therefore, the u-function of the system score Uj(z) can be obtained using the
following composition operator:

Ulz) = © (uin(2), -, un(2)) (6.56)

Since the function (6.55) possesses commutative and associative properties, the
u-function of the entire WVS can be obtained recursively by the consecutive
determination of u-functions of the arbitrary subsets of the elements. For example
it can be obtained by the recursive procedure

Uin(2) =ujn(2), Uiy (2) = U1 (2) @1ty (2) for 1<msn
Ui(2) =U;(2) (6.57)

In this procedure, U im(2) represents the score distribution of the WVS subsystem

consisting of the first m voting units.

Note that, while the total number of different possible WVS states is 3", many
of these states can result in the same values of score G;. Therefore, the total number
of terms Uj(z) can be less than 3" because of the like terms collection.

Using the criterion of proposition rejection as an acceptability function
F(G;) = 1(G; <0) we obtain the proposition rejection probability Q:

Qio=Pr{D() =0 | I =i} = E(F(G))) (6.58)
which is equal to the sum of the coefficients of the terms with the negative

exponents in Uy(z).
Having O)( one can easily obtain Qy; as

01=1-01-01.  where 0y, = ﬁqufg) (6.59)
j=
Events / = 0 and / = 1 are mutually exclusive. Therefore, the entire WVS
reliability Pr{D(/) = I} can be defined as
Pr{D()=0|1=0} Pr{I=0}+Pr{D()=1|I=1} Pr{I=1} (6.60)
and calculated as follows:
R = PyQootP1011= PoQootP1(1-Q10—01x) (6.61)

Example 6.11
Consider a WVS with
I’IZZ,P():P1 :O.S, 7=0.6
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gn"=0.02, g10"=0.02, go,'" = g1, "= 0.01, y; =5
%1(2) =0.02, (]10(2) =0.05, %xm = (I1x(2) =0.02, y» =3
Then
(I-9p1=2,(1-9y, =12, —tyy = -3, —tyr, = 1.8
U (2) = 1072(22% 4972 +2%), uy1(z) = 10722z >+972%+2°)
up(z) = 10722224962 " ¥422°), upa(z) = 1072(5z 4932 2+22%)

u-functions for the entire WVS are

Uo1(2) = g1 (2), Uy (2) = uion(z) ® up(2)

= 10742 +42"+1922° 422" 4224967 8+1947 "2 +1947 8+93127*%)

Un(2)=up(2), Ua(2) = un@ ® ui2)

=107 10z **+4z+186z *+57 +22°+932' +4852°2+1942°+90212>7)

The terms with negative exponents are marked in bold. To obtain Qo and Qg
one should calculate the sums of the coefficients of the marked terms:

Qoo = 1074(96+194+194+9312) = 0.9796
010 =107(10+4+186+5) = 0.0205

In accordance with (6.59) O, = qlx(l)qlx(z) =0.01x0.02 = 0.0002. In accordance
with (6.61) the WVS reliability is

R=PyQoo*+P1(1-010-01,)=0.5x0.9796+0.5x(1-0.0205-0.0002)=0.97945

It should be noted that, owing to the additive property of the structure function,
when adding a unit to an already evaluated system the new system does not need to
be evaluated from scratch. Instead, the operator ®, should be applied to the u-
functions of the evaluated system and to the new unit. Moreover, the associative
property of the structure function allows the reliability of the WVS to be easily
evaluated when it is combined from a number of subsystems for which
corresponding u-functions are already obtained.
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6.3.1.2 Simplification Technique
Consider the u-function U ;m(2) that represents the distribution of the score G;,, of

the WVS subsystem A, consisting of first m voting units.
Let V; be the sum of the weights of the units from i to #n:

n
Vi= Xy, (6.62)
Jj=i

One can see that V. represents the sum of the weights of WVS units not
belonging to A,

The maximal possible value of the WVS score after the remainder of the units
add their votes is éim + (1-7)V,1 (if all of the units from m+1 to n vote for the
proposition acceptance) and the minimal possible value of the WVS score is
(N;im —7V,+1 (if all of the units from m+1 to »n vote for the proposition rejection).

Therefore, if

G H1 =DV < 0 (6.63)

the proposition will be rejected independently of the states of the units m+1, ..., n.
(We will refer to the u-function terms corresponding to the realizations of the score

G;,, meeting condition (6.63) as O-terms). Indeed, in each 0-term the realization of

im
the score Gim is low enough to prevent the total system score from being positive.

Therefore, there is no need to continue the calculations by combining the states of
the remainder of the units with the states corresponding to O-terms. The sum of the
probabilities of all of the possible combinations of the units m+1, ..., n is equal to
unity. Therefore, the total overall probability of the unit state combinations in

which the score éim guarantees the proposition rejection is equal to the sum of the

coefficients of the O-terms in the u-function U im(2).
If

Gy ~TVmi12 0 (6.64)

then there is no chance that WVS will reject the proposition even if the units m+1,
..., nvote for its rejection. (We will refer to the u-function terms corresponding to

the realizations of the score G;,, meeting condition (6.64) as 1-terms.) Combining

any l-term of U ;m(2) with any terms corresponding to the not-yet-considered

units cannot produce a term with a negative score. Therefore, this term cannot
participate in determining the ;. This means that all of the 1-terms can be
removed from the u-function without affecting the resulting value of Q.

The technique described allows one to evaluate the entire WVS reliability using
the following algorithm.
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1. For each voting element j, define the two u-functions u(z) and u,,(z) in the
form (6.52) using Equations (6.53) and (6.54).

2. Assign 010= 0w = 0, Upy(2) =10 (2), U1 (2) = up (2).
3.Fori=0,1and m=2, ...,n(voting units can be ordered arbitrarily):
- remove 1-terms and 0-terms from U im-1(2);
- add the coefficients of the removed 0-terms to Qj;
-obtain U,y (2) = Uy 1 (2) ® 4wy (2).

3. Add the coefficients of the negative terms in U;(z) = U in(2) 10 Op.

4. Calculate the fault probability of O;; using Equation (6.59).
5. Calculate the WVS reliability R using Equation (6.61).

Example 6.12

Consider the WVS from Example 6.11 and apply to it the suggested simplification
technique. For the given WVS:

Vo=ys=3,—-1Vh= -1.8, (1-9)V,= 1.2

First, assign

010=000 =0
Ton(2) = gy (2) =102 +972 2+
ﬁl 1(2)=uy(2) :10_2(21 _3+97_22+20)

The 1-terms in the u-functions are underlined; the 0-terms are marked in bold.
The coefficients of the 0-terms are added to Oy and Q:

Qo =0.97, 010 =10.02

After removal of the O-terms and the 1-terms one obtains
Upi(z) = 0.012°
Uy1(z)=0.012"

The u-functions for two voting units are

Upy(2) =Uy1(2) ® ugy(z) = 1072°22" 24962 74+22°)

= 10742z *+96713+22°%)
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Upr(2)=U;1(2) ® up(z) = 10725271 5+9321+22°)

— 104(5Z—1.8+93zl.2+220)

After adding the coefficients of the negative terms (marked in bold) from
U 12(2) to Oy one obtains the same values of Oy and Qy as in Example 6.11:

Qoo = 0.97+0.0096 = 0.9796, O, =0.02+0.0005 = 0.0205

6.3.2 Optimization of Weighted Voting System Reliability

While the reliabilities of the voting units usually cannot be changed when the WVS
is built, the weights and the threshold can be chosen in such a way that maximizes
the entire system reliability. The WVS optimization problem is, therefore,
formulated as follows.

Find the units' weights and the threshold value that maximize the reliability of
the WVS consisting of units with the given fault probabilities:

R(y,...,w,, 1) —>max (6.65)

For an existing WVS with given weights the "tuning" problem can arise in
which just the threshold value maximizing the system reliability should be found
subject to changing conditions. For example, having information about the
probability distribution between propositions that should be accepted or rejected
(P; and Py), one can modify the threshold value to achieve the greatest reliability.

Note that the reliability characteristics of WVS units, as well as the
propositions’ probability distributions, can be elicited from the historical statistics
without respect to changes in WVS weights and threshold variation.

6.3.2.1 Implementing the Genetic Algorithm

The natural representation of a WVS weight distribution is by an »-length integer
string in which the value in the jth position corresponds to the weight of the jth unit
of the WVS. One can see that multiplying all the unit weights by the same value
does not affect the WVS output defined by rule (6.46). Therefore, the unit weights
can be normalized in such a way that the total weight V; is always equal to some
constant c¢. The normalized weights from arbitrary integer string a = (ay,...,a,) are
obtained as follows:

vi=acl Sa, (6.66)
m=1

The range in which the integer numbers are generated affects the precision of
weights determination.
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For each given weight distribution (determined by the string @), the solution
decoding procedure obtains the optimal value of the WVS threshold #(a, Py, P;) by
solving the single-variable optimization problem

R(a, Py, P,, 7) > max (6.67)
and uses the optimal value of the system reliability obtained as the solution fitness.

Example 6.13

Consider a target identification WVS consisting of five voting units making their
decisions based on different properties of the target [75]. The voting unit weights
for the system can be represented in the GA by an arbitrary integer vector of length
5. In this example we used ¢ = 10 and generated the elements of vector a in the
range (0, 100). For such parameters, the vector (25 10 55 62 38) produces,
according to (6.66), weights y; = 1.316, y», = 0.526, w3 = 2.895, w = 3.263, and
Ys = 2.0.

The reliability indices of the voting units g;0” ¢, and ¢, are presented in
Table 6.16.

Table 6.16. Parameters of WVS units

No. of unit 1 2 3 4 5
an? 002 006 007 008 0.18
g0 0.08 000 005 016 0.12
g1o” 0.15 0.18 007 012 0.6
a1 020 000 005 016 0.12
v 24862 1.8784 2.4033 1.6851 1.5470

The optimal weights of units obtained by the GA-based optimization procedure for
Py=P;=0.5 are also presented in this table.

The optimal value of threshold is 7= 0.412, for which the system reliability is
R=0.982.

To estimate the effect of the input probability distribution on WVS reliability,
the optimal threshold values and corresponding system reliabilities were obtained
for the WVS with the obtained weights, and for WVS with equal weights as a
functions of P; (Py = 1-P;). These functions are presented in Figure 6.21, where
7(Py) and R(P)) correspond to a WVS with optimal weights obtained for P, = 0.5,
and 7*%(P;) and R*(P)) correspond to a WVS with equal weights. Note that optimal
weights obtained for P; = 0.5 are not optimal for P, # 0.5, but they provide greater
WVS reliability than equal weights on the whole range 0<P<I.
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Figure 6.21. Optimal threshold value and WVS reliability as functions of P,

6.3.3 Weighted Voting System Consisting of Voting Units with
Limited Availability

In the WVS model considered in Section 6.3.1, all the voting units were assumed
to be fully available (unit unavailability and stuck-at-x failure were not
distinguished). In practice, one can deal with separate data concerning unit
availability and probabilities of unit failure (wrong decision or abstention) when
the unit is in its operating condition.

Two types of WVS can be defined with respect to their treatment of unavailable
voting units. In the system of type 1, the unit stuck-at-x failure state and unit
inoperable state cannot be distinguished by the system or the system cannot react
to information about unit unavailability by changing its weights and threshold. The
absence of a unit's output is interpreted by the WVS of this type as abstention from
voting. In the system of type 2, the unavailable state of a unit and its abstention
from voting can be distinguished and the WVS parameters can be adjusted to
optimize its performance for each combination of available voting units.

In the system of type 1, the parameters (weights and threshold) can be chosen
only once. The optimal WVS parameters obtained for the system with fully
available units can be far away from optimality when the voting units have limited
availability. In this section we demonstrate the incorporation of data about units
availability into the procedure of parameters optimization for WVS of type 1. For
the WVS of type 2 the parameter optimization procedure for fully available units
presented in Section 6.3.2 should be applied each time the change of set of
available units is detected.

Consider the voting unit j that can be in one of two states: s; = 1 if the unit is
available and s; = 0 if it is unavailable. Let the operational availability of unit j be
Pr{s; = 1} = a;. The unit can produce output d(/) # x only if it is available
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Therefore, for the given / = i andfor each decision me {0, 1}of the individualunit
J
Prid(ly=m|I=i} =Pr{d()=m|I=i,s5;=1} Pr{s;= 1}
:ajqi(’zl) (6.68)

When the unit is not available (s; = 0), its output is interpreted by the WVS of
type 1 as di(/) = x. The same output can also be produced by the unit when it is
available but indecisive. Therefore:

Pr{d()=x|I=i}=Pr{s;=0}

+Pr{d()=x |I=i,5,= 1} Pris;=1}=1-a; +a;q%) (6.69)

Since the output distribution of the available unit is represented by the
u-function (6.52)-(6.54), and since each unit j adds the value of zero to the total
WVS score when d{(/) = x, one can obtain the u-function L?l-i (z) representing the

output distribution of the unit, which has the availability ¢, using the following
operator -

i1y(2) = Ky (2)) = au () + (1 - a;)z° (6.70)

The u-function itij (2) has the same form as the u-function u;(z) (6.52)-(6.54),

except that its coefficients are

Pjo=a;pPj
ﬁjlzajpjl
Pp=ajpp+l-a; (6.71)

Using the algorithm presented in Section 6.3.1.2 over u-functions ﬁij (z),one can

obtain the reliability of WVS consisting of units with limited availability.

Example 6.14

Consider the WVS of type 1 consisting of four voting units with reliability indices
presented in Table 6.17. The optimal weights of units y; obtained for the WVS
with fully available units for Py = P, = 0.5 are also presented in this table. The
optimal value of the threshold is 7= 0.58, for which the system reliability is R =
0.891. Taking into account the limited availability of voting units (availability
indices ¢; for the units are also presented in Table 6.17), one obtains much lower
reliability R, = 0.815 for a WVS with the same weights and threshold. The
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reliability of a WVS consisting of units with limited availability can be improved if
the unit availability values are included in the reliability estimation procedure
while the optimization problem is solved. The optimal weights y*; obtained for the
system are presented in Table 6.17. The optimal value of the threshold is 7* = 0.4,
for which the system reliability is R* , = 0.846. Including information about voting
unit availability into the WVS parameters optimization problem enables the system
reliability to be improved.

Table 6.17. Parameters of WVS units with limited availability

Unitno. ¢ go” qo? q10” g1 7 v Irb;

1 0.76 0.00 0.35 0.35 0.00 2759 3459 0.071
2 0.80 0.34 0.10 0.23 0.10  0.172 1.541 0.044
3 0.82 0.11 0.07 0.36 0.06  3.060 2.444  0.065
4 0.78 0.30 0.12 0.07 0.00  4.009 2.556 0.056

In order to find weaknesses in the WVS design and to suggest modifications for
system upgrade or to determine the optimal voting unit maintenance policy one has
to perform the unit availability importance analysis. According to the definition
(4.71), the Birnbaum importance index for the WVS element j can be obtained as

Irbj = R—Rjo (6.72)

where R;; is theWVS reliability when the voting unit j is fully available and the
remainder of the units have their availability o;; R is the WVS reliability when the
voting unit j is unavailable.

An improvement in availability of the unit with the highest importance /zb;
causes the greatest increase in WVS reliability.

To determine the voting unit importance in the WVS of type 1, one has to apply
the algorithm presented in Section 6.3.1.2 twice: the first time substituting ¢; = 1 in
(6.71) to obtain R;;, and the second time substituting ¢; = 0 in (6.71) to obtain R),
and then to use Equation (6.72).

Example 6.15

The availability importance indices /zb; of voting units of the WVS from Example
6.14 were obtained for optimal weights w* and threshold 7* [178]. These indices
are presented in Table 6.17. The unit availability importance does not depend on
the availability of this unit, but it depends strongly on the availability of the rest of
units. This dependence is linear. Figure 6.22 presents dependencies of unit
importance indices on the availability of voting unit 1. It should be noted that the
relative importance of units can vary with variation of unit availability. For
example, unit 4 is the most important one in the WVS for ¢1<0.6, but it becomes
the least important one when ¢;>0.92.
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Figure 6.22. Voting unit availability importance as a function of availability ¢

In an adjustable WVS (WVS of type 2), the optimal weights and threshold are
found for each combination of voting units available at the moment. Each Ath
combination is represented as the subset 4, of the set A of all of the WVS units.
The total number of possible combinations (subsets of A) in the WVS consisting of
n units is 2". Let yj(4,) and 7 (4,) be the optimal parameters of the WVS consisting
of fully available voting units belonging to 4,, and R,(4;) is the reliability of this
WYVS with the optimal parameters. The entire reliability of the WVS of type 2 can
be obtained as follows:

R = Z[R (4p) e, [T0-a,)] (6.73)
ecly ezl

In order to distinguish the availability of voting unit j, this expression can be
rewritten as follows:

n—1

2
R=a; Z[R (up UG M, 0-a,)]

€Uy eE L)
oh— 1
+(-a; ) Z[R (1) T, TTA-a,)] (6.74)
ey igup

where u;, =4, \{j}. Using (6.74), one can determine the availability importance
of the voting unit; as
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n—1

2
Igh, =0R/0a; =" ¥ [Ry(uy UG Te, T1(0-a,)]
h=1 ecuy  egup
2n—1
- 2[Ry () T, 1101 -a,)] (6.75)
h=1 ecuy  eguy
which is the same as
2}’!
Igb; = Y [GhRa(Ay) Tl T1(1- )] (6.76)
h=1 eely egldy
where
WUa;=1), j&
&, = ) 6.77)
Ve, Jje,

For a WVS in which voting units have high availability, the terms multiplied
by (1-¢«,) can be neglected and, therefore, Equation (6.76) can be approximated as

follows:

Ty < Ra =R 1 6
a; e=1

In some WVSs of type 2, only the threshold value can be adjusted according to
different combinations of available units, whereas unit weights remain the same.
Let w1, ..., y, be the constant unit weights and 7«(4,) be the optimal threshold
obtained for the given weights for the WVS consisting of fully available voting
units belonging to 4. For the fixed weights and the optimal threshold 7(4,) one can
obtain the reliability R,'(/1;) of subsystem A4,. Substituting in Equations (6.76) and
(6.78) R(A;) with R,'(4;), one obtains the availability importance index IB;" for
unitj .

Example 6.16

Consider the WVS from Example 6.14. The maximal reliability values obtained by
the optimization procedure for each possible combination of WVS units are
presented in Table 6.18. Note that R,'(4;) (obtained for fixed weights y; from
Table 6.17) is always not greater than R,(4;). Indeed, optimizing both weights and
threshold results in better reliability than that obtained by optimizing just the
threshold.
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Table 6.18. WVS reliabilities for possible combinations of
available voting units

A R An) Ry (An) An RAAn) Ry (An)
%] 0 0 {2,3} 0.740 0.740
) 0.650 0.650 (2,4} 0.795 0.789
2 0.615 0.615 (3.4} 0.808 0.804
{3} 0.700 0.700 {1,2,3} 0.867 0.866
(4} 0.755 0.755 (12,4} 0.868 0.829
(1.2} 0.772 0.755 (134 0889 0.889
{1,3} 0.872 0.859 {2,3,4} 0.843 0.837
(1.4} 0.838 0817 {1234} 0891 0.891

The voting unit availability importance indices /zb; and Ixb;" are presented in
Table 6.19. Observe that the relative importance of units differ for different types
of WVS adjustment. For example, availability of unit 1 is most important for a
WVS with adjustable weights and threshold, whereas in a WVS with adjustable
threshold the most important is availability of unit 3.

Table 6.19. Unit availability importance indices
for WVS with adjustable parameters

Unit no. Ixb, Ieb)*
1 0.080 0.078
2 0.022 0.020
3 0.059 0.082
4 0.063 0.061

One can use Equation (6.78) to estimate the unit’s availability importance only
when the unit’s availability is very high. For example, consider the availability
importance indices obtained for the given WVS when the availability of all of its
units is 0.99. Table 6.20 contains unit availability importance indices obtained
using the exact expression (6.76) and the approximate expression (6.78). The
indices take similar values. Table 6.21 contains the same indices obtained for a
WVS with the availability of all of its units equal to 0.95. In this case, the
difference between the values obtained by the exact and approximate expressions
is much greater. Observe that, in both cases, substituting the exact availability
importance values with their approximations does not violate the order of units
when they are arranged according to their relative importance. Therefore, Equation
(6.78) can be used to identify the most important element in the WVS.

Table 6.20. Exact and approximate values of unit
availability importance indices (a ;= 0.99)

Uit geb, Tby Igbl o Tgbl
1 0.0492 0.0464 0.0552 0.0527
2 0.0029 0.0023 0.0028 0.0023
3 0.0249 0.0230 0.0632 0.0609
4 0.0253 0.0232 0.0264 0.0244
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Table 6.21. Exact and approximate values of unit
availability importance indices (« ;= 0.95)

‘ig“ Igb;  Igb;  Igb}  Tgb}
1 00547 0.0410  0.0588  0.0466
2 0.0053  0.0021  0.0049  0.0021
3 00301  0.0203 00652  0.0538
4 00314 00205  0.0317  0.0215

6.3.4 Optimization of Weighted Voting Systems in the Presence
of Common Cause Failures

When the voting units of a WVS are subject to CCFs caused by external impacts,
the system’s survivability can be enhanced by the proper separation of the units. In
this section we consider the optimal unit separation problem that is analogous to
the one considered in Section 5.2.1 for series-parallel systems. We assume that the
units not separated from one another belong to the same CCG and can be destroyed
by the same impact (total CCF).

Since the voting units have different decision probability distributions, the way
in which they are partitioned into CCGs strongly affects the system’s survivability
(defined as the probability of making correct decisions). The way the units are
separated and the values of the adjustable parameters of the WVS (weights and
threshold) are interdependent factors affecting WVS survivability. Therefore, the
WYVS survivability maximization problem is to find the optimal separation of units,
their weights, and the system threshold value.

6.3.4.1 Problem formulation

A WYVS consists of n voting units with the given decision probability distributions
q;o(i), Qil(/) Qix(/)~ The units can be separated into B independent groups (see, for
example, Figure 6.23), where B can vary from 1 (all of the units are gathered
within a single group) to » (all of the units are separated from one another). It is
assumed that all of the units belonging to the same group can be destroyed by the
total CCF with probability v, which characterizes the WVS vulnerability. The
destroyed units cannot produce positive or negative decisions and, therefore, are
considered as abstaining ones.
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Figure 6.23. Example of WVS with separated voting units

The units' separation problem can be considered as a problem of partitioning a
set A of n items into a collection of B mutually disjoint subsets A, (1<b<B). Each
set can contain from 0 to » elements. The partition of set A can be represented by
the vector x = {x;: 1<j<n}, where x; is the number of the subset to which element j
belongs. The weights of voting units in the WVS can be represented by the vector
v ={y;: 15<n}.

The WVS survivability optimization problem is formulated as follows. Find the
vectors x (when no more than B different CCGs are allowed) and y and the
threshold value 7that maximizes the system’s survivability S = Pr{D(/) = I}.

6.3.4.2 Evaluating Survivability of Weighted Voting Systems with Separated
Common Cause Groups
Consider a separated group of voting units 4,. Let the score distribution for this

group be represented by the u-function Uiﬂ b(z). Note that, since all of the units

belonging to A, can be destroyed with the probability v, the probability of each
state of the group (corresponding to a realization of its random score) should be
multiplied by the probability of the group survival: 1-v. If the group is destroyed,
then the entire WVS considers all of the units belonging to A, as abstaining. This
corresponds to the total score of group 4, = 0.

The score of zero can be obtained when all of the units of group A, are
indecisive or unavailable (because of internal causes) or when they are destroyed
by the total CCF. Therefore, the overall probability that the score of separated
group A, = 0 for input /=i is

Pr{ N d;(I)=x|I=i}=v+(1-v) [1q’ (6.79)
JE€Ap JeAp

To incorporate the group vulnerability into its score distribution one has to

apply the operator & (4.58) over the u-function U ll b(z2)
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EU (2) = 1= )U (2) +12° (6.80)

For the given distribution of voting units among CCGs one has to obtain the u-

functions U ll b (z) for each group Ay:
4 - -
U; b(2) :(?(uil(z),...,uin(z)) (6.81)

where

- ul] (Z), if Xj =i
i (2) = (6.82)
1, if Xj #1

The u-functions Uj(z) for the entire WVS can then be obtained as

Ui (2) = @ (2. £U2 (). £ B (2)) (6.83)

After obtaining Uy(z) and U,(z) one has to determine the system’s survivability
following steps 3-5 of the algorithm presented in Section 6.3.1.2.

6.3.4.3 Implementing the Genetic Algorithm

Let the WVS have » units that can be distributed among B groups. The system
parameters are represented by the n-length integer string a = (ay, ..., a,) with
values of elements ranging in the interval (0,100B). In order to allow the value of g;
to represent both the weight of the jth unit and the number of the group to which it
belongs, the following decoding procedure is used:

x;=La/100 1, y' = mod,go(a;) (6.84)

The unit weights are further normalized in such a way that their total weight is
always equal to some constant c:

N
y,= l//f,-c/kZV//L (6.85)
=1

In our GA we used ¢ =10.
Consider the example in which the parameters of a WVS consisting of n = 6
units and up to B =5 groups are determined by the following string:

a= (264,57, 74,408, 221, 23)
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Using (6.84) we obtain: x; = x5 = 3, x = x3=x = 1, x4 = 5, vector of the unit
weights before normalization y = (64, 57, 74, 8, 21, 23) and Z?le//’j =2417.

Now, using (6.85) with constant ¢ = 10 we obtain the vector of the normalized
unit weights:

v =(2.59,2.31, 3.00, 0.32, 0.85, 0.93)

The WVS threshold 7 is not determined by the string of system parameters. For
each set of parameters determined by a solution string @, WVS survivability S
remains a function of the single argument zz When WVS survivability is evaluated
for a given set of parameters by the solution decoding procedure, this procedure
determines the value of 7 maximizing S. The maximal S obtained is considered to
be a solution fitness, which is used to compare different solutions.

Example 6.17

Consider a WVS from [179] consisting of five voting units with the failure
probabilities presented in Table 6.22. The solutions obtained for Py = P1= 0.5 and
for vulnerability v = 0.2 are presented in Table 6.23. The solutions were obtained
for each possible number of separated groups 1<B<5. Table 6.23 contains voting
unit weights and the WVS threshold for each solution obtained. It also contains for
each unit the number of the group the unit belongs to. The values of the system’s
survivability are presented for each solution.

Table 6.22. Parameters of voting units

No. of unit q()[(j) qox(j) qlo(j) q],c(j)
1 0.25 0.27 0.06 0.21
2 0.06 0.40 0.15 0.23
3 0.24 0.08 0.19 0.30
4 0.26 0.31 0.24 0.20
5 0.35 0.13 0.04 0.22

Table 6.23. Parameters of obtained solutions

No. of B=1 B=2 B=3 B=4 B=5
voting No. of Unit No.of Unit No.of Unit No.of Unit No.of Unit
unit group weight group weight group weight group weight group weight
1 1 2.381 1 1.969 1 2.263 1 2.413 1 2.302

2 2.275 2 2.563 2 2.514 2 2.297 2 2474
3 1 1.905 2 1.875 2 1.844 3 1.919 3 1.856
4 1 1.085 2 1.531 1 1.034 3 1.047 4 0.997
5 1 2.354 1 2.063 3 2.346 4 2.326 5 2.371
T 0.560 0.553 0.564 0.563 0.563
S 0.710 0.824 0.843 0.850 0.852

The WVS survivability as a function of group vulnerability v is presented in
Figure 6.24 for each of the solutions obtained. It can be seen that, for B=1, Sis a
linear function of v. For B>1 the dependencies are polynomial. It can also be seen
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from Figure 6.24 that the separation into two groups has the greatest effect on the
system’s survivability, whereas further separation leads to a smaller improvement
of S. The growth of the group’s vulnerability makes the separation more beneficial
from the survivability improvement standpoint.

0.75 A ""».‘\

~
0.7 -
0.65 | T~
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0 B=5 — — B=3 =g " 03
....... B=2 —-—--B=]

Figure 6.24. WVS survivability as a function of group vulnerability
6.3.5 Asymmetric Weighted Voting Systems

The reliability of a WVS consisting of a given set of voting units can be further
improved by taking advantage of the knowledge about the statistical asymmetry of
the units (asymmetric probabilities of making correct decisions with respect to the
input 7). In such a WVS, each voting unit j has two weights: 1’ > which is assigned
to the unit when it votes for the proposition rejection, and J» which is assigned to
the unit when it votes for the proposition acceptance. As in the case of the regular
(symmetric) voting systems, the proposition is rejected by the WVS if the total
weight of the units voting for its acceptance is less than a prespecified fraction 7 of
the total weight of the non-abstaining units.

6.3.5.1 Evaluating the Reliability of Asymmetric Weighted Voting Systems
The decision rule in the asymmetric WV takes the form

D(=x, if ¥ @)+yH=0 (6.86)
d;j(I)=x

otherwise:



6 UGEF in Analysis and Optimization of Special Types of Multi-state Systems 321

L if Y yidhze X wid(D+yd-d; ()]

di(l di(l
pay={ I e ) (687)
0, if > Wjdj([)<7 > [Wjdj(1)+Wj(l—dj(1))]
dj(I)%x dj(I#x

From this rule we can obtain the condition that D(/) = 0:

(I-1) ¥ wd;(D-1 ¥ yii-d;(1)<0 (6.88)
d;j(H#x dj(I)#x

This provides a way for tallying the units' votes: each unit j adds the value of
(1-9y' ; to the total WVS score if it votes for proposition acceptance, a value of
—-TY Oj if it votes for proposition rejection, and nothing if it abstains. The
proposition is rejected if the total score is negative.

One can define the terms of the u-functions (6.52) of the individual voting units
as follows:

i 0
Pjo =C]10()), gj0=";

0 —(1-

pi=4d" =0-4%-4f)). gn=0-w) (6.89)

Pj2 =611O;f’ gjp=0
fori=1and

} 1
Pjo qu{, gjo=~1-1y;
0
pi=aly=0-44 4. gp=-w" (6.90)
P2 =q{, g2=0
for i = 0 and obtain the system reliability applying steps 2-5 of the algorithm
presented in Section 6.3.1.2.

It can be easily seen that the conditions (6.63) and (6.64) in the simplification
technique should be replaced in the case of the asymmetric WVS by the conditions

G H(1=DV' 1 < 0 (691)
and

Gip —TVi12 0 (6.92)

respectively, where
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i L
Vim= Xy, ,fori=0,1 (6.93)
Jj=m

Example 6.18

Given

n=2P,=P=05,7=0.6
and that the parameters of the first voting unit are

gn"=0.02, ¢10" = 0.02, g0,V = ¢,V =0.01, ¢’ =2, y', =4
and the parameters of the second voting unit are

go'? =0.02, g,0” = 0.05, 90, = ¢, = 0.02, v, =3, y', =1

then:

(-9y' =16, -y’ =-12, 1-9y', =04, —ry°, =18
For the given weights of the second unit:
Vo, =y%=31vL1=yH=1
—7%=-18,(1-9rV',=04
The u-functions of the units are
uo1(z) = 107222 4972 24+2°), uy1(z) = 10722z % +972"0+2%)
up(z) = 1072(22°44962 ' ¥422°), upn(z) = 1072527 #+932244+22%)

There are no 1-terms in ug(z) and u;,(z). The O-terms are marked in bold.
First, assign

Qo= Q10=0
Ug1(2) =g (2), Up1(2) =u(2)
After the O-terms removal we obtain

0o =0.97, 01 = 0.02

Uy (2) = 0.022"°4+0.012°, U}(z) = 0.972"%+0.012°
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The u-functions for two voting units are

Upy(2) =Up1(2) ® ugp(z) = 107422"5+2%)(22°4+9627%+22°)

= 10744274192z **+4z"+22°4+967 19+22"),

Upp(2)=U;1(2) ® upp(z) = 1074972"0+12%)(52 7#+93%4+22°)

= 107(485z *?+90212°+194z" °+57 18+93.4+22°)

The terms with the negative exponents are marked in bold. Finally we obtain:
Qoo = 0.97+0.0192+0.0096 = 0.9988
010=10.02+0.0485+0.0005 = 0.0690

01 = ¢ 0q1,® = 0.01x0.02 = 0.0002

R = PyQootPi(1-010-01x)
=0.5%x0.9988+0.5%x(1-0.069-0.0002) = 0.9648

6.3.5.2 Optimization of Asymmetric Weighted Voting Systems
The parameter optimization problem for asymmetric WVSs can be formulated as
follows:

R(l/loly ‘//11, ERRE] V/Om ‘//lm T) — max (694)

The natural representation of a WVS weight distribution is by a 2n-length
integer string a in which the values in @y ; and ay; correspond to the weights w’;
and 1_,- respectively. The unit weights can be normalized in such a way that the
total weight is always equal to some constant c. The normalized weights from
arbitrary integer string a = (ay, ..., a»,) are obtained as follows:

0 2n 1 2n
!//J = Clzj_1C/.Zai, l//J = azjc/.Za,- (695)

i=1 i=l1

where c is a constant.

The solution decoding procedure determines the value of 7 maximizing R for
given unit weights. The obtained maximal R(a) is considered as a solution fitness,
which is used to compare different solutions.
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Example 6.19

Consider a WVS consisting of five voting units with reliability indices presented in
Table 6.24 [180]. The optimal weights of units obtained for a symmetric WVS
(y= l//oj =y ;) and for an asymmetric WVS when Py = P, = 0.5 are also presented
in this table. The optimal values of the threshold, the decision probabilities, and the
reliability of symmetric and asymmetric WVS obtained are presented in Table
6.25.

Table 6.24. Parameters of voting units

No. of unit 1 2 3 4 5
qoi 0.224 0.243 0.208 0.000 0.204
Gos 0.209 0.077 0.073 0.249 0.168
G0 0.287 0.219 0.103 0.197 0.133
qix 0.025 0.106 0.197 0.014 0.067
v 1.155 1.763 1.915 3.040 2.128
(symmetric WVS)

w! 0.402 1.796 2.848 0.526 0.557
v’ 0.372 0.124 0.031 2.693 0.650

Table 6.25. Parameters of optimal WVSs

Symmetric WVS  Asymmetric WVS

T 0.48 0.30
Qoo 0.927 0.958
Qo 0.073 0.042
QOox 4.9E-05 4.9E-05
O 0.054 0.051
On 0.946 0.949
Oix 4.9E-07 4.9E-07

R 0.936 0.954

Observe that the asymmetric WVS is more reliable than the symmetric one.
The system reliability as a function of the threshold value is presented in Figure
6.25A for the both WVSs with weights from Table 6.24 (note that for 7 = 0

n . n . n K n .
R=FR(1- [1g{}) and for z=1, R=Fy(1- [1qf - [1q{))+ P T14{{)
j=1 j=1 = j=1

For an existing WVS with given weights, the "turning" problem can arise in
which just the threshold value maximizing the system reliability should be found
subject to changing conditions. For example, based on information about the
probability distribution P; between propositions that should be accepted or rejected,
one can modify the threshold value to achieve the greatest reliability. To estimate
the effect of the input probability distribution on WVS reliability, the optimal
threshold values, and the corresponding system reliabilities were obtained for the
two WVSs as functions of P;. These functions are presented in Figure 6.25B,
where 7(P;) and R(P;) correspond to the asymmetric WVS and 7*(P;) and R*(P;)
correspond to the symmetric WVS (weights of the both WV Ss are optimal for P, =
0.5).
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Figure 6.25. WVS reliability as a function of threshold and input reliability
distribution

6.3.6 Weighted Voting System Decision-making Time

This section addresses the aspect of the WVS decision-making time. In many
technical systems the time when the output (decision) of each voting unit is
available is predetermined. For example, the decision time of a chemical analyzer
is determined by the time of a chemical reaction. The decision time of a target
detection radar system is determined by the time of the radio signal return and by
the time of the signal processing by the electronic subsystem. In both these cases
the variation of the decision times for a single voting unit is usually negligibly
small.

On the contrary, the decision time of the entire WVS composed of voting units
with different constant decision times can vary because in some cases the decisions
of the slow voting units do not affect the decision of the entire system since this
decision becomes evident after the faster units have voted. This happens when the
total weight of the units voting for the proposition acceptance or rejection is
enough to guarantee the system’s decision independently of the decisions of the
units that have not yet voted. In such situations, the voting process can be
terminated without waiting for the slow units' decisions and the WVS decision can
be made in a shorter time.

6.3.6.1 Determination of Weighted Voting System Decision Time Distribution

Assume that each voting unit j needs a fixed time # to produce its decision and all
the WVS units are arranged in order of the dec1s1on time increase: #<t;;;. In this
case, u-functions U, (z) represent the distribution of score G obtalned by the
voting of m fastest units. As was shown in Section 6.3.1.2, the 1 terms and 0-terms
in the u-function Ulm (z) correspond to combinations of decisions of the first m
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units that guarantee the entire WVS decision (proposition acceptance and rejection
respectively) independent of the decisions of the rest of the units. The sum of the
coefficients of these terms in Uj;,,(z) is equal to 7;,, the conditional probability that
the WVS decision can be made at time #, given the system input is i. By
determining 7, as the sum of the coefficients of the removed 0-terms and 1-terms
for each u-function U, (z) in step 3 of the algorithm presented in Section 6.3.1.2,
we obtain the probabilities that the WVS decision time is equal to 7,

Having the WVS decision time distribution represented by values of 7;, and ¢,

form=1, ..., n we obtain the expected WVS decision-making time as
n n
e=FRy X omtm + B X Timly, (6.96)
m=1 m=1
Example 6.20

Consider a WVS with parameters
n=3, Ph=P;=0.5,7=0.6
The parameters of the three voting units are:
gn"” =0.02, 10" = 0.02, g0V = ¢,V = 0.01, v, =3, y' =5, 1=1
g0 =0.02, 410 =0.05, g0 = 1P =0.02, %, =4, y', =3, ,=2
g0 =0.01, 410”=0.03, 0, = 1, = 0.0, y*5 =3, y'3=2, =4
For the given parameters we have
(-9y' =2, (1-9y',=12,(1-9)y's =0.8
—tp’ =-1.8, -y’ =24, —1p% =18
and
P, =T(l//02+ 1/103) =0.6x7=4.2, = 2'1//03 =0.6x3=1.8, /%, =0
(=)= (=)' ') =-04x8 =32
(=)' =(=1)y'35=-04x2=-08, (=1)V'; =0
The u-functions for the individual voting units are

uoi(z) = 102Q22%42"+97z7"%), uy1(z) = 10722z *+2°+972%)
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ugp(z) = 10722z 4224962 2%), upa(z) = 107(52 > 4+22"+932'?)
ug3(2) = 1072(12°%49927"%), uy3(2) = 10723z *+972°%)
First, we assign
Qoo =011=0
Up1(2) =ug1(2), Uy (2) =y (2)

The u-functions uy;(z) and u,,(z) contain neither 1-terms nor O-terms. This means
that the WVS cannot make any decision based on voting of the first unit and

7 =71 =0

We also can add nothing to Qy and Q). The u-functions for the subsystem
consisting of two units are

Up(2) =Uy(2) ® ugy(2) = 107422 +2°4+97271%)(22' 2+22°+962724)

= 1074222 +422+1922 4422 24+22°4967 2441942 05+1947 18+9312774)

Upr(2)=U11(2) ® upp(z) = 104227 5+2"49722)(52 244+22°+932'2)

=10*(10z **+4z ¥ +1862 " +57 **+22°+932" 244852 04+19422490212°%)

In these u-functions, the 1-terms are underlined and the O-terms are marked in
bold.
The sums of the coefficients of all of the marked terms are

Zp = 1074 (4+4+96+194+9312) = 0. 961

7o = 1074 (10+4+5+194+9021) = 0.9234
The sums of coefficients of 0-terms are

Qoo =1074(96+194+9312) = 0.9602

016=107"*(10+4+5) = 0.0019

After removing the marked terms, the #-functions take the form

Uy (2) = 107419227 %44+22'2+22"+19427°%)
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Upp(2) = 10741862 5+22°+932' 2+4852704)

The UGF for a subsystem consisting of three units is
Ups(2) = Upa(2) ® uos(e)
= 107192z "*+22"*4+22°+1942 %) (12°%+9927"¥) = 1076(1922"*
+2270422841942°24+190087 >2+1987 "5+1987 " *+192067 )
Uy3(2) = Upy(2) ® u13(2)
=107°(1862 "6+22"+932"*+4852 M3z *+97:"%) = 107°(5587 >4

+67 18427977064 145577224+18042224+1942°44+902 12> °+470452"4

In the final u-function, all of the terms are either 1-terms or 0-terms. Summing the
coefficients of the terms we obtain

oz = 107°(192+2+2+194+19008+198+198+19206) = 0.039
713 = 107°(558+6+279+1455+18042+194+9021+47045) = 0.0766
and adding the coefficients of 0-terms to Qj, we obtain
Qoo = 0.9602+107°(19008+198+198+19206) = 0.99881
O10= 0.0019+107%(558+6+279+1455) = 0.004198
Since Q) = ‘hx(l) q.? CI1x(3) =0
011 =1- 010=0.995802
The WVS reliability is
R =PyQy + P10 = 0.5x0.99881+0.5x0.995802 = 0.997306
The expected decision time is

£=0.5(0. 961x2 + 0.039x4) + 0.5(0.9234x2 + 0.0766x4) = 2.1156
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6.3.6.2 Weighted Voting System Reliability Optimization Subject to Decision-time
Constraint

The number of combinations of unit decisions that allow the entire system’s
decision to be obtained before the outputs of all of the units become available
depends on the unit weights distribution and on the threshold value. By increasing
the weights of the fastest units one makes the WVS more decisive in the initial
stage of voting and, therefore, reduces the mean system decision time by the price
of making it less reliable.

In applications where the WVS should make many decisions in a limited time,
the expected system decision time is considered to be a measure of its
performance. Since the units' weights and threshold affect both the WVS's
reliability and its expected decision time, the problem of the optimal system
turning can be formulated as follows: find the voting units' weights and the
threshold that maximize the system reliability R while providing the expected
decision time ¢ not greater than a prespecified value &*:

R(WOI, (//11, oo 1//0,,, Wl,,, 7) — max
subject to &(y°y, vy, ..., v’ v, D<&* (6.97)

The solution encoding for solving this problem by the GA is the same as in
Section 6.3.5.2. The only difference is in the solution fitness formulation. In the
constrained problem, the fitness of a solution defined by the integer string a is
determined as R(a)—z max(&-£*,0), where xis a penalty coefficient.

Example 6.21

A WVS consists of six voting units with the voting times and fault probabilities
presented in Table 6.26. The optimal voting unit weights and thresholds and the
parameters of the optimal WVS obtained for ¢* = 35 (when Py=0.7, Py=0.5,
Py=0.3) are presented in Tables 6.27 and 6.28.

Table 6.26. Parameters of voting units

No. of unit j t; g” 70" q10” 77
1 10 0.22 0.31 0.29 0.12
2 12 0.35 0.07  0.103 0.30
3 38 0.24 0.08 0.22 0.15
4 48 0.10 0.05 0.2 0.01
5 55 0.08 0.10 0.15 0.07
6 70 0.08 0.01 0.10 0.05

The system abstention probabilities do not depend on its weights and threshold.
For any solution, Qp, = 0.868x10" and Q;, = 1.89x107".

It can be seen that for Py # 0.5 the WVS takes advantage of the knowledge
about statistical asymmetry of the input and provides greater reliability than in the
case where Py = 0.5. Observe that when Py>0.5 the WVS provides Oy greater than
O\, and vice versa when Py<0.5 Q<O ,.
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The R vs. ¢ trade-off curves for the WVS are presented in Figure 6.26. These
curves are obtained by solving the optimization problem (6.97) for different values
of time constraint £*.

Table 6.27. Optimal unit weights for &* = 35

No. of unit 5

Jj 1 2 3 4 6
v 0.018 0.240 0.564 0.300 0.388 0.476
Ppo=0.7 0 1.958 0.018 0.370 2.487 1.005 0.176
L 0.017 2367 0.497 0.017 0.635 1.475
Ppo=0.5 v’ 2.281 0.360 0.189 1.561 0.566 0.034
v 0.019 2597 1.243 0.019 0.019 0.742
Ppo=0.3 v 1.688 0.334 0.204 1.967 0.909 0.260

Table 6.28. Parameters of WVS optimal for £* = 35

P0:0.7 P(]:O.S P0:0.3
T 0.76 0.50 0.45
Qoo 0.9798 0.9005 0.8477
Ooi 0.0202 0.0995 0.1523
O 0.1611 0.0719 0.0283
On 0.8389 0.9281 0.97166
R 0.9375 0.9143 0.9345
& 34.994 34.987 34.994
0.97 4
R
0.92
0.87 1
0.82 1
0.77 T T T T T T T T

15 20 25 30 35 e 40 45 50 55 60
—— Po=0.7 Po=0.5 — — Po=0.3

Figure 6.26. Reliability vs. expected decision time for Py = 0.7, Py =0.5, P,=10.3

6.3.7 Weighted Voting Classifiers

The weighted voting classifier (WVC) should classify objects belonging to a set of
H classes. When an object belonging to some class / (1</<H) is presented to the
system, its classification decision D(J) is based on the classification decisions made
by a set of » independent voting units. Each unit j while identifying objects from



6 UGEF in Analysis and Optimization of Special Types of Multi-state Systems 331

class / generates its individual classification decision di(/)e{l, ..., H}. This
decision can be correct d(/) = I or incorrect di(/) # 1. The unit can also abstain from
voting dy(/) = 0 (note that the abstention is always considered to be the wrong
decision because / # 0). Each unit j has its individual weight y; depending on the
importance of its decision to the entire system.

Given the outputs of the individual units, the WVC can calculate for each
classification decision /4 (0<h<H) the sum of the weights of the units supporting
this decision:

vi- Y (6.98)

The decision /' that obtained the greatest sum of the weights is determined as

wl>wl for 1I<h<H (6.99)

(if there are several such decisions any of them can be chosen at random). The
second best decision 42" can be determined as

W >wh for any h=h (6.100)

There exist two different ways of making the entire WVC decision. The first one is
based on a plurality voting rule. Using this rule, the entire WVC output is
calculated as follows:

hv’ y/;f S W}l"
D(I) = - (6.101)
0, SU[ = T]

which means that the WVC is able to classify the input if there exists an ultimate
majority of weighted votes corresponding to some output 4'. One can see that the
system abstains from making a decision in two cases:

- all the units abstain from making a decision;

- more than one decision has the same support while the remaining decisions
are supported less.

The second manner of decision making is based on a threshold voting rule.
Using this rule, the WVC output is calculated as follows:

B, s
D(I) = (6.102)
0, otherwise
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where, according to (6.62), V; is the sum of the weights of all of the voting units. If
72> 0.5, then no more than one decision can satisfy the condition 'z”l-h >7V,. The
greater 7, the less decisive the WVC. Indeed, the system is inclined to abstain when
7 grows, since a lower number of combinations of voters outputs produces the
winning decisions.

The entire WVC reliability can be defined as the probability that it makes the
correct decisions: R = Pr{D(J) =1}.

Each system unit has the probabilities of incorrect classification and abstention.
It is natural that the probability of incorrect output depends on the class of the
input object for each unit (for example, in target detecting systems some targets
can be unrecognizable by speed detectors while highly recognizable by heat
radiation detectors and vice versa). The same is true for the unit abstention
probability Pr{d(/) = 0}. Therefore, to define the probabilistic behavior of units
one has to determine their fault probabilities q,h(j) for 1<i<H, 0<h<H (h # i), 15j<n,

where ¢/ =Prid ;(I)=h|1=1}.

Conditional unit success (correct classification) probability, given the system
input is / = i, can be determined, therefore, as

¢ =Prid;(D=i|I=i}=1- % ¢ff (6.103)
0<h<H h+i

The probability of correct classification of an object belonging to class i by the
entire WVC r; = Pr{D(I) = I | I = i} depends on the probabilities ¢;". Since the
correct identifications of the objects belonging to different classes are mutually
exclusive events, one can obtain the entire system reliability as

Mz

R=5Pr (6.104)

~
Il
—_

where the probabilities P; = Pr{/ = i} for 1<i<H define the input probability
distribution. (In the most common special case of evenly distributed input

R L
= 7).
HEl )

The different states of WVC can be distinguished by the unit output distribution
(UOD). WVC consisting of »n voting units can have (H+1)" different states
corresponding to different combinations of unit outputs (each unit can produce
H+1 different outputs). Each WVC state can be characterized by a distribution of
the weights of the units supporting different classification decisions named voting
weight distribution (VWD).

Note that some different UODs can result in the same VWD. (For example, in a
WVCwithn=3, yy =y, =1and 5 =2, UOD di(]) =1, d({) = | and d5(/) =0
results in the same VWD ¥’ = ¥!' = 2 as that of UOD ai(l) =0, d(I) = 0,
d5(I) = 1). From the entire WVC output point of view, these different UODs are
indistinguishable and, therefore, can be treated as the same state.
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To define the VWD of a classifier in state & one can use vector
gr=1{gr(h)}, 1<h<H, in which g, (h)is equal to ‘I’}’ in state k. Using the UGF

approach one can describe distributions of random VWD G; of an individual unit j
as

()= 3 gD 6.105
HU(Z) kzoql'k z ( . )

In this u-function each state £ has the probability qz(kj ) and corresponds to the

unit output di(/) = k (when I = i) and, therefore, to VWD g Jk in which

l//j, l:k

(6.106)
0, i#k

gjk(i)z{

(for k=0, corresponding to element abstention, the vector contains only zeros).

Since the total weight of votes supporting any classification decision in the
WVC is equal to the sum of weights of individual units supporting this decision,
the resulting system VWD G can be obtained by summing the random VWDs G;
(1<j<n) of individual voters. Therefore, the distribution G can be represented by
the u-function

Uz) = ® (un(2), ..., ui(2)) = 3 pipz%* (6.107)
* k

(note that in this operator the exponents are obtained as sums of vectors, not scalar
variables). Since the procedure of vector summation possesses commutative and
associative properties, the wu-function of the entire WVC can be obtained
recursively by the consecutive determination of u-functions of arbitrary subsets of
elements. For example, it can be obtained by the recursive procedure (6.57).

By following the decision rule (6.101) one can obtain the entire WVC output in

each state & (for each term of U, (z) ) as

x, grp(x)> max gy (h)
Dk(]) _ . 1<h<H h#x (6108)
0, otherwise

By following the decision rule (6.102) one can obtain the entire WVC output in

each state k (for each term of U, (z) ) as
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X, gp(x)>1h
Dy (1) = (6.109)

0, otherwise

The correct classification corresponds to states in which Dy (/) =iwhen [ =i

and, therefore, to those u-function terms (further referred to as cc-terms) for which

g, ())> max gy (h)for plurality voting or g (i) > V] for threshold voting.
I<h<H h#i

Using the acceptability function

1, D(I)=i

F,~(G)={Q D)1 (6.110)

over U; (z) representing all the possible WVC classification results, one can obtain

the probability of successfully identifying the object of class i for plurality voting
as follows:

5, =E(Fi(G) =X pyl(gr()> max gy (h)) (6.111)
X 1<h<H h#i

and for threshold voting as follows:

1 = E(F,(G) = 2 pil(gi ) > 1) (6.112)

Example 6.22

Consider a WVC consisting of two units (» = 2) that classifies objects belonging to
three different classes (H = 3). The probabilities of wrong classification for each
type of input object are presented in Table 2.29, as well as the probabilities of
correct classification calculated in accordance with (6.103).

Table 6.29. Parameters of WVC units

Unit 1 Unit 2
i=1 i=2 i=3 i=1 i=2 i=3
h=1 0.94 0.01 0.06 0.68 0.3 0.01
qin h=2 0.02 0.95 0.05 0.3 0.63 0.01
h=3 0.04 0.02 0.85 0.01 0.05 0.97
h=0 0.0 0.02 0.04 0.01 0.02 0.01

Note that unit 2 can scarcely distinguish objects of class 1 and 2 whereas
specializing in the identification of objects of class 3. On the contrary, unit 1
specializes in recognizing objects of classes 1 and 2. Weights of units are y; = 2
and y; = 1. Input probability distribution is P; = P, = P; = 1/3. The threshold value
is 7 =0.5 (7, =1.5).
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The u-functions of individual units are as follows:
u (2) = 1072(942%%+2290+47%)
s (2) = 10’2(682(100) 130201004 ,(001) +Z<000))
for objects of class 1;
1o (2) = 1072(2(20(» 1+957(02011.9(002) 5 (000))
up(z) = 10’2(302(1°°)+63z(01°)+52(0°1)+2z(°°°))
for objects of class 2;
u31(2) = 1072(622°0+52(020+8 570021 4,(000))
u32(z) — 10—2(2(100)+Z(010)+97Z(001)+Z(000))

for objects of class 3.
The u-functions for the entire WVC are as follows:

Ui(2)= un(2) ® uin(2) = 1074(6392z°"+1362129+2722192+28207 1"
+6OZ(030)+1202(012)+L(201)+22(021)+4Z(003)+w+22(020)+42(002))

for objects of class 1;
Us(2) = u(2) ® un(z) = 1074(302°%0+28507129+6021+602"°”
+632%19+59857 % +1262"12+1262 11V +5-%V+475. 2D +102%
+10200+427200+1907%0+421%2)+ 42077

for objects of class 2;

Us(2) = u31(2) ® u3p(z) = 107462500+ 5,120+857102044,(190) 4 6,C10)

+SZ(030)+85z(012)+4Z(010)+5 822(201)_,’_4852(021)+8245z(003)+388 (001)
+6Z(2OO)+5Z(020)+85z(002)+4z(000))
for objects of class 3.

The cc-terms in these u-functions are marked in bold for the plurality voting
rule and are underlined for the threshold voting rule. The terms corresponding to
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WVC abstention are marked in italics for the plurality voting and are double
underlined for the threshold voting. The probability of correct classification for
each class can now be obtained as the sum of the coefficients of cc-terms for the
corresponding u-function:

1 =1074(6392+2820+94+94) = 0.94

r, = 107%(2850+5985+126+475+190) = 0.9626

ry=107*(85+85+8245+388+85) = 0.8888
for plurality voting and

r=107%(6392+2820+94+94) = 0.94

r, = 107%(2850+5985+475+190) = 0.95

ry = 1074(85+85+8245+85) = 0.85

for threshold voting.
The entire WVC reliability is

R =(0.94+0.9626+0.8888)/3 = 0.9305
for plurality voting and
R =(0.94+0.95+0.85)/3 =0.9133
for threshold voting. Note that the probability of recognizing objects of class 3 is
much lower than the same for classes 1 and 2.
The probabilities of WVS abstaining are
Pr{D()=0|/=1}=0.0
Pr{D()=0|1=2} =Pr{DI)=0]7=3} =0.0004
for plurality voting and
Pr{D(I)=0|1=2} = 107*(60+126+10+4) = 0.02
Pr{D(/)=0]|7=3} = 107*(4+4+388+4) = 0.04

for threshold voting. One can obtain the probability of wrong classifications for
both types of system as
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PH(D() # 1} = £ (-1 ~Pr{D() =0 = })
i=1

For the plurality voting WVC this index is equal to 0.069 and for the threshold
voting it is equal to 0.067. One can see that the plurality voting WVC is more
"decisive". It provides both correct and incorrect decisions with greater probability
than the threshold voting classifier (even with the minimal possible threshold
factor) and has a smaller abstention probability.

The description of the simplification technique used in the WVC reliability
evaluation algorithm, as well as algorithms for solving the WVC optimization
problem, can be found in [59, 181, 182].

6.4 Sliding Window Systems

The linear multi-state sliding window system (SWS) consists of # linearly ordered,

statistically independent, multi-state elements (MEs). Each ME ; has the random

performance G; and can be in one of k; different states. Each state ic {0, 1, ...,

k—1} of ME j is characterized by its fixed performance rate g; and probability
k-1

pir = Pr{G; = g } (where > p ji =1). The SWS fails if the performance rates of
i=0

any 7 consecutive MEs do not satisfy some condition. In terms of acceptability
function, the failure criteria can be expressed as

n—r+l1

F(G,...,G,) = Elf'(Gh,...,Gh+r_1) =0 (6.113)

where F' is the acceptability function for the entire SWS and f'is the acceptability
function for any group of r consecutive MEs. For example, if the sum of the
performance rates of any r consecutive MEs should be not lower than the demand
w, then Equation (6.113) takes the form

n—r+l  h+r-1

F(GpG)= ] 1 3G, 2w)=0 (6.114)
h=1 m=h

The special case of SWS where all of the » MEs are identical and have two states
with performance rates of 0 and 1, w = r—k+1 and the acceptability function takes
the form (6.114) is a k-out-of-r-from-n:F system.
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6.4.1. Evaluating the Reliability of the Sliding Window Systems

The algorithm for evaluating the reliability of the sliding window system is very
similar to that described in Section 2.4 for a k-out-of-r-from-n:F system.

6.4.1.1 Implementing the Universal Generating Function
The u-function representing p.m.f. of the random performance rate of ME j G;
takes the form:

k-1 y
uj(x)= 3 pjiz®s (6.115)
i=0

The performance of a group consisting of r MEs numbered from A to h+r—1 is
represented by the random vector Gy, =(Gy,...,Gj,,_1) consisting of random

performance values corresponding to all of the MEs belonging to the group.

Having the p.m.f. of independent random variables Gy, ..., G4, One can
obtain the p.m.f. of the random vector G;, by evaluating the probabilities of each
combination of realizations of these values. Doing so by a recursive procedure,
one can first obtain the p.m.f. of the r-length vector (0, ..., 0, G,) (corresponding to
a single ME), then obtain the p.m.f. of r-length vector (0, ..., 0, Gy, Gpy)
(corresponding to a pair of MEs), and so on until obtaining the p.m.f. of the vector
(Gha LEXY) G/1+r71)~

Let the u-function U_,,,(z) represent the p.m.f. of a vector consisting of r—h +1
zeros and random values from G, to G,_;. This u-function represents the PDs of
ME:s from 1 to i — 1. In order to obtain the PD of a group of MEs from 1 to A, one
has to evaluate all possible combinations of the realizations of a random vector
,...,0, Gy, ..., G;_)) and a random variable G,. Therefore, the u-function U,(z),
representing the p.m.f. of the random vector G; = (G;....,G, ), can be obtained by

assigning

Ui_(2) =75° (6.116)

where the vector g, consists of r zeros and the consecutive application of the shift
operator ® (2.63):
“—

U7r+h+1 (Z) = U7r+h(Z) @ uh(Z) for h = 1’ e I (61 17)

where the procedure x<—y over arbitrary r-length vector x and value y shifts all of
the vector elements one position to the left, x(s—1) = x(s) for s = 2, ..., r in
sequence, and adds the value y to the right position, x(r) = y. (The first element of
vector x disappears after applying the operator).
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Having the PD of the first » MEs, one can obtain the PD of the next group of
MEs (from 2 to r+1) by estimating all of the possible combinations of random
vector values represented by U;(z), and random variable G, represented by
u;+1(2). Note that the performance G, does not influence the PD of this group.
Therefore, in order to obtain the vector G, one has to remove G; from vector G,
and replace it with G,,,. By replacing the first element of the random vector with
the new element corresponding to the following ME, one obtains vectors
corresponding to the next groups of MEs.

By applying the shift operator Ci) further for 4 = r+1, ..., n one obtains the u-

functions for all of the possible groups of r consecutive MEs: Uy(2), ..., U,_+1(2).
The SWS contains exactly n—r+1 groups of r consecutive MEs, with each ME
belonging to no more than r groups.
E,-1
Let u-function Uy(z)= Y ;28" for 1<h<n—r+1 represent the p.m.f. of vector
i=0
G,. By summing the probabilities of all of the realizations gj; of vector G,
producing zero values of the acceptability function f(G;) = f(Gy,....,Gj4,—1), one

can obtain the probability of failure Q) of the hth group of r consecutive MEs:

E,_
0y = E(- f(Gy) = 0, WU, () = 31— f(gn)) (6.118)
i=0

Consider the uwu-function U,(z). For each combination of values of
G415 Gpyp—1» 1t contains exactly k;, different terms corresponding to different

values of G, which takes all of the possible values of the performance rate of ME
h. After applying the operator ® ., G, disappears from the vector G, and is

replaced with Gy,;. This produces k;, terms in Uy, (z), corresponding to the same
value of vector G,,;. Collecting these like terms, one obtains a single term for each
vector Gy,;. Therefore, the number of different terms in each u-function U,(z) is

h+r-1
equal to Ej, = []k;.
i=h
By applying the operator §; (6.118) over Uj(z) one can obtain the probability
0y, that the group consisting of MEs #, ..., h+r—1 fails. If for some combination of

MEs' states the group fails, the entire SWS fails independently of the states of the
MEs that do not belong to this group. Therefore, the terms corresponding to the
group failure can be removed from U,(z), since they should not participate in
determining further state combinations that cause system failures. This
consideration lies at the base of the following algorithm for SWS availability
evaluation:

1. Assign: x = 0; U_.41 (2)= Zgo. Determine the u-functions of the individual
ME:s using (6.115).
2. Main loop. Repeat the following for Ai=1, ..., n:
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2.1. Obtain U_, 41 (2) = U_psp (2) (i) up(z).

2.2.If hzr add value 67 (Uj,1-,(2))to x and remove all of the terms with

the exponents producing the zero acceptability function from Uj,_(2).
3. Obtain the SWS availability as R = 1—x.

Example 6.23

Consider an SWS with five MEs (n = 5) in which the sum of the performance rates
of any three (r = 3) adjacent MEs should not be less than four. Each ME has two
states: total failure (corresponding to a performance rate of zero) and functioning
with a nominal performance rate. The nominal performance rates of the MEs from
1toSare 1, 2,3, 1 and 1 respectively.

The u-functions of the individual MEs are:

ui(z) = pro2+p1iz's us(z) = pao+pnz’, us(2)=px 2 +p37’
0 1 0 1
uy(2) = paoZ +puiz , us(2) = psoz +psi12
First, we assign
x=0, U,(z) =790
Following step 2 of the algorithm, we obtain

U.L(@) = Ux(z) (i) uy(z))= 2009 @ (PIOZO+P1121) = PloZ(O’O’O)"'Pl 12(0’0’1)

Un(@) = U4(2) ® (@) = (102 ™"V +pniz™*") ® (oo +p212’)

01,2
_pIOPZOZ )+P11P202 )+P10P21Z )+P1P Z( )

Ui\(z) = Uy(z) ? u3(z)

0,1,2 0 3
= (P10P20Z )+P11P202 )+P10P2 Z )+P11P211( )) @ (p30z +p3127)

= P23 V12302 1302 P+ 1pap e

0,0,3
+P1111720P317.( )+P1 1P20P312 +P 10P21P31Z )+P1 1P21P%12 P

The terms of U,(z) with exponents in which sums of elements are less than 4
are marked in bold. Following step 2.2 of the algorithm, we obtain

X = P1oP20P30FP11P20P30HP10P21P230 P 1021230 P 10P20P31
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After removing the marked terms, U,(z) takes the form

1,03 023 123
Ui(2) = pupapnz " +piopaipn 2 +pipapn >

Applying further the ® operator, we obtain
Ux(2)= Ui(2) ® us(2)

—(P11P20P3|Z )+P|0P21P312 )+P1|P21P312 ))@(]740Z0+P4|Z])
= P11P20P31P40Z(0’3’0)+P10P21P3 1P4OZ(2’3’0)+P1 1P21P31P40 720
+P11P20P31 P41 P +P10P21P31P41 o )+P11P21P31P412 D

Following step 2.2 of the algorithm, we modify x as follows:

X = ProP20P30tP11P20P30tP10P21P30tP11P21P30P 10P20P311P 11 P20P31 P40

After removing the marked term and collecting like terms, U,(z) takes the form:

Ux(2) =P21P31P4OZ )+P11P20P21P41Z )+P21P31P412 D

Following steps 2.1 and 2.2 of the algorithm we obtain
Us(2) = Ua(2) ® us(2)
= (P21P31P40Z )+P11P20P%1P412 +P21P31P41Z )) Ci) (P5020+P51ZI)
= papspals "+ 11paop3ipapsec V+papsipapse
+P21P31P40P5|Z )+P1|P20P%1P41P512 )+P21P%1P41P51Z D

After adding the coefficient of the marked term to x we have
X = proP20P30tP11P20P301P10P21P30TP 1021030 P 10P20P31FP11 P20P31 P40
+P21P31 P40 P50

Finally:

R=1-x=1-p3o—p31[p10P20+(P11P20+P21P50)P40]
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6.4.1.2 Simplification Technique

Note that the first elements of vectors g in the u-function U,(z) do not participate
in determining U, (z) (according to the definition of the procedure x<—y), which
leads to producing k, like terms in U, (z). In order to avoid excessive term
multiplication procedures in operator ® ., one can perform a like term collection

in Uy(z). To do this, one can, after step 2.2 of the algorithm, replace the first
elements in all vectors of U,(z) with zeros and collect like terms.
The algorithm can be further simplified if the SWS acceptability function takes

the form (6.114). Consider the sth term qhszg hs of a wu-function U,(z) after
replacing the first element g, (1) of vector g, with zero. If g;_, is the greatest
possible value of the performance rate of the (h+r)th ME and

,
28 <w—gp., (6.119)
i=2

any combination of the term g z%" with terms of u,,(z) produces terms

corresponding to SWS failure. This means that, in the u-function U,,,(z), all of the

terms with coefficients ¢qpp;.,; should be removed and the sum of the
corresponding coefficients should be added to x. Since 25.26’_1 Ph+ri =1, the sum
of these coefficients is equal to ¢gj. In order to avoid k., redundant term
multiplication procedures, one can remove the term g,,z%" meeting condition

(6.119) from U,(z) and add its coefficient to x.

In order to reduce the algorithm computation complexity considerably using
the considerations described above, one has to apply to any newly obtained u-
function U,(z) (in step 2 of the algorithm) for m = 0, ..., n— the following
operator @, which:

- replaces all of the first elements of vectors g, with zeros;

- collects like terms in the u-function,;

- removes the terms meeting (6.119) and adds the coefficients of the replaced

terms to x.

Example 6.24

Consider the Example 6.23 and apply to it the simplification technique. First, we
obtain

W—§3 =4-3=1, w—§4= W—§5 =4-1=3

The operator @ applied to

0,0,0 0,1,0 0,02 01,2
Uo(2) =I71(1120Z( )+P11P202( )+P10P21Z( )+P1117212( )

0)

removes the term pmpzoz(o’o’ , since 0+0+0<w—g3 = 1, and adds pjgpy to x. After

applying the operator, Uy(z) takes the form
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0,1,0 0,02 0,12
¢’(U0(Z))=P11P202( )+I710P212( )+P11P21Z( )

Following steps 2.1 and 2.2 of the algorithm, we obtain

Ui(2) = (pUo(2) ® u3(2))
= 1P20Z(0’1’0)+P10P212(0’0’2)+P 1 1P21Z(O’1’2) C? (P3OZO+P31Z3)

(1,0,0) (0,2,0) 1,2,0) )

=PuP20P3yz T HP10P PR +pupn s +p1paopnz

02,3 123
+P10P21P31Z( )+P11P21P312( )

Applying the operator ¢ that removes the terms meeting condition (6.119)
(marked in bold) one obtains

X = piop20tP11P20P30P10P21P30 P 11P21 P30s

A(U1(2)) = p1ipaop3iz* >V +paipsiz >

Further:

Ux(@) = (@U1(2) © 14(2)) = pripaopsiz ™ +paipsnz ) © (pao+paiz))

(0,3,0) )

2,30 03,1 23,1
=P1uPD20P31P 402 +P21P31P4OZ( )+P11P20P31P41Z( )+P21P31P412(

Applying the operator @ over U,(z) one obtains

X = P1oP20tP11P20P30P10P21P30P11P21 P3otP11P20P31P40

A(Ux(2)) = p21p3 1P40Z(0’3’0)+(P1 1P20tD21)P3 1P411(0’3’ b

For the last group of MEs:
Us(z) = (((Ux(2)) @ us(z))
= (P21P31P4OZ(0’3’0)+(P| 1P20+P21)P31p412(0’3’|)) ?_9 (PSOZO"'Pslzl)

(3,0,0)

= pap3Pal 02O+ (D1 1P+ P3P aps0 Y

3,01 31,1
+P21P31P40P502( )+(011P20+P21)P31P41P502( )

X = P1oP20tP11P20P30P10P21P30P11P21P30HP 11P20P31P 401 P21P31P 40P 50

Finally:
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R=1-x

= 1=p1oP20—P11P20P30—P10P21P30—P11P21P30—P11P20P31P 40— P21P31P40P50

Taking into account that piopa0 = pioP20P30+P 10020031, One obtains the same
result:

R = 1-p3g=p31[p1op20+ (P11 P20+P21 P50)Pao]

Using the SWS reliability evaluation procedure described, one can analyze the
effect of demand variation on the overall system reliability.

Example 6.25

Consider the two following SWSs [183]. The first one consists of 10 identical
three-state MEs. The probabilities of the MEs' states are pj = 0.1, p;; = 0.3, pj, =
0.6. The corresponding performance rates are gjo=0, g = 1, g = 3.

The SWS reliability, as a function of constant demand w, is presented in Figure
6.27A for different r (2<r<10). Note that, because the cumulative performance of
groups of MEs takes a finite number of discrete values, the R(w) is a step function.
One can see that the greater the r, the greater the SWS reliability for the same w.
This is natural, because the growth of r provides growing redundancy in each

group.

0.8 |50 0.8 -

0.6 0.6
R R
0.4 0.4
0.2 4 0.2 4
0 + o-f-a- 0 - 5 ¢ J
0 3 6 9 12 15 18 21 24 27 30 0 3 6 9 121518 21 24 27 30 33 36 39 42
w w
——r=2 —Oo—r=3 —A—r=4 —>—r=5 —*—r=6 ——r=2 —0—y=3 ——r=4 —o—r=5 —*—r=06
——r=7 =8 —+—r=9 ——r=]10 —o—r=7 =8
A B

Figure 6.27. Reliability of SWS as a function of w and r
(A: SWS with 10 identical MEs. B: SWS with eight different MEs)

The second SWS consists of eight different MEs. The number of states of these
MEs varies from two to five. The performance distributions of the MEs are
presented in Table 6.30. The SWS reliability as a function of constant demand w is
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presented in Figure 6.27B for different r (2<r<8). Observe that the functions R(w)
for the second SWS have more steps than the functions R(w) for the first one.
Indeed, different MEs produce a greater variety of levels of cumulative group
performance rates than the identical ones.

Table 6.30. Parameters of SWS elements

No. of ME 1 2 3 4 5 6 7 8
Noof p G p g p & p & P & P & P & 7P
state
0 003 0 010 0 0.17 0.05
1 022 2 010 1 0.83 0.25
2 075 5 040 2 - - 040
3 - - 040 4 - - 030
4

oo

(=]

0.08
0.20
0.15
0.45
0.12

0.01 0.20
0.22 0.10
0.77 0.10

- - 0.60

0.05
0.25
0.70

o)}
AN WO
[ SR e
w kO
wn A~ W o
N B~ O

6.4.2 Multiple Sliding Window Systems

The existence of multiple failure criteria is a common situation for complex
systems, especially for consecutive-type systems. In this section we consider an
extension of the linear SWS model to a multi-criteria case. In this multiple sliding
window system (MSWS) a vector r = (r;: 1<i<Y) is defined such that r<r;, and
1< r<n for any i. The system fails if for any i (1<i<Y) at least one of the functions f;
over the performance rates of any r; consecutive MEs is equal to zero. The entire
MSWS acceptability function takes the form

Yy n-r+l

F(Gi.G)=T1 T1fi(GposGpoy ) =0 (6.120)
i=1  h=1

The introduction of the linear MSWS model is motivated by the following
examples.

Example 6.26

Consider a sequence of service stations in which each station should process the
same sequence of n different tasks. Each station i can process r; incoming tasks
simultaneously according to the first-in-first-out rule using a limited resource w;.
Each incoming task can have different states and the amount of the resource
needed to process the task is different for each state of each task. The total resource
needed to process r; consecutive tasks should not exceed the available amount of
the resource w;. The system fails if in at least one of the stations there is no
available resource to process 7; tasks simultaneously.

The simplest example of such a model is a transportation system in which n
randomly ordered containers are carried by consecutive conveyors characterized by
a different length and allowable load. The number of containers r; that are loaded
onto each conveyor i is defined by its length. The transportation system fails if the
total load of any one of the conveyors is greater than its maximal allowed load w;.
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An example of the transportation system is presented in Figure 6.28. The
system consists of Y = 3 conveyors and transports n = 14 randomly ordered
containers of four types (each type m is characterized by its weight g,,). The first
conveyor can simultaneously carry r; = 2 containers, the second and third
conveyors can carry r, = 6 and r; = 3 containers respectively. The maximal
allowable loads of conveyors 1, 2 and 3 are w, w, and w; respectively. The system
fails if the total weight of any two adjacent containers is greater than wy, or if the
total weight of any six adjacent containers is greater than w,, or if the total weight
of any three adjacent containers is greater than wj. The weight of the jth container
in the line can be represented by a random value G;: G; €{g1,82.83,84}. The

acceptability function for each conveyor i can be determined as
h+r, -1

Fi(Ghoes Gy ) =10 Y Gj<wy), 1<i<3
j=h

for any group of r; adjacent containers starting with sth one (r; =2, r, = 6, r3=3).
The system reliability (defined as its expected acceptability) takes the form

315-r h+r-1
R=E(T] IT 1¢ X G; <w;)), where =2, =0, r5=3

i=l h=1  j=h
r3=3,
W3
=
r1=2,

-@DE
81 82 83 8a

%

Figure 6.28. Example of transportation MSWS

Example 6.27

Consider a heating system that should provide a certain temperature along several
lines with moving parts placed at different distances from the heaters. The
temperature at each point of the line i is determined by a cumulative effect of r;
closest heaters. Each heater consists of several electrical heating elements. The
heating effect of each heater depends on the availability of its heating elements and,
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therefore, can vary discretely (if the heaters are different, then the number of
different levels of heat radiation and the intensity of the radiation at each level are
specific to each heater). In order to provide the temperature, which is not less than
some specified value at each point of line i, any r; adjacent heaters should be in
states where the sum of their radiation intensity is greater than the minimum
allowed level w;. The system fails if any group of r; adjacent heaters provides the
cumulative radiation intensity lower than w;.

I‘2=5
l']—3

A/ﬂ\/ﬂ\/ﬂ\l\&/ﬂ\/ﬂ\& A/ﬂ\/ﬂ\

/7 \/ X V VY
/ /\/\/\/\/\/\/\/\/\/ /\ \
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Figure 6.29. Example of manufacturing MSWS

In the example presented in Figure 6.29 there are 12 heaters providing random
radiation intensity G; (1<j<12). The parts located at any point of the close conveyor
are heated by three adjacent heaters. The cumulative heating intensity along this
conveyor should not be lower than w,. The parts located at any point of the remote
conveyor are heated by five adjacent heaters. The cumulative heating intensity
along this conveyor should not be lower than w,. The system fails if any three
adjacent heaters fail to provide the desired heating intensity w; or if any five
adjacent heaters fail to provide the desired heating intensity w,. The acceptability
function for each conveyor i can be defined as

h+r; -1

[:(GhonGy ) =10 3 G2 wp), 1<i<2
j=h

which corresponds to any group of r; adjacent heaters starting with the sth one (r,
= 3, = 5)
The system reliability takes the form

2 13-r;, h+r,—1
R=E([] [TIC X Gj=2w;)), where r;=3,r,=5
i=l h=1  j=h

A variety of other systems also fit the model: quality control systems that detect
deviations from given values of parameters in product samples, combat systems
that should provide certain fire density along a defence line, efc.
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6.4.2.1 Evaluating the Multiple Sliding Window System Reliability
Let the u-function U —ry+l (z) take the form (6.116) where the vector g, consists of

ry zeros. According to the algorithm presented in Section 6.4.1.1, by applying the
operator (6.117) for & = 1, ..., n one obtains distributions for all of the possible
random vectors of performance rates of ry consecutive MEs.

Note that the vectors of length ry considered also contain all of the possible
vectors of the smaller length. For any r;<ry the last r; elements of vectors in the
exponents of u-functions U_,,, 114, (2), U_p 124, (2) ... U_y 414, (2) represent

all of the possible vectors of performance rates of r; consecutive MEs. Therefore,
in each u-function U_, ,1,;(z) obtained by the recursive operator (6.117) for

ri<h<n, one can obtain the failure probability of groups of r; consecutive MEs for
any ri<h<ry satisfying the condition ri<h by applying operators 0 (U_, 1,4(2))

in which acceptability functions f; take as arguments r; the last elements of vectors
from the exponents of the u-function. These considerations lead to the following
algorithm for MSWS reliability evaluation:

L Assign:x =0; U_, 11(2) = 250 . Determine the u-functions of the individual

MEs using (6.115).
2. Main loop. Repeat the following forA=1, ..., n:
2.1. Obtain U—ry +h+1 (2)= U—ry+h(z) E? un(2).

22. Fori=1, .., Y:if h2r; add value 67 (U_,, ;441(2))to x and remove

from U_, ,j,1(z) terms with the exponents in which the last r; elements

produce zero acceptability function f;.
3. Obtain the SWS availability as R = 1—x.
Alternatively, the system reliability can be obtained as the sum of the coefficients
of the last u-function U_,, .41 (2).

Example 6.28

3
Consider an MSWS withn=5,Y=2,r =3, rn =4, fi(x;, x3, x3) = 1( X X; >5),
j=1

4
Hx, X2, X3, xg) = 1(X x i >6). Each ME has two states: total failure
j=1
(corresponding to a performance rate of zero) and functioning with a nominal
performance rate. The nominal performance rates of the MEs are 2, 2, 3, 1, and 2.

In the initial step of the algorithm, a value of zero is assigned to x. The u-
functions of the individual MEs are

0 2 0 2 0 3
u1(2) = p1oz +p11z°, Ux(z) = P20z +p21z-, u3(z) = p3pz +p3i1z

0 1 0 2
u4(2) = paoZ P41z, us(2) = psoz +psiz
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Since, in the MSWS considered, ry = r, = 4, the initial u-function takes the form
U.s(z) = 70000

Following step 2 of the algorithm we obtain:
forh=1

0,0,0,0 0 2 0,0,0,0 0,0,02
Ux(z) = Us(2) @ u(z) = 7 ) @ P10z +p1iz) =PIOZ( )+P11Z( )

forh=2

Uo(2) = Ua2) ® () = (pro2 P 4p1iz %) © (paoz+pn2’)

0,0,0,0 0,0,2,0 0,0,0.2 00,22
= P10P20Z( )+P1 1P20Z( )+P 10P212( )+P1 1P211( )

forh=3

Uy(z) = U_i(z) C? u3(z)

0,0,0,0 0,0,2,0 0,0,02 0,022 0 3
= (Plol?zoZ( )+P11P202( )+P10P212( )+P1 1P212( )) (? (P30Z +p312°)

(0,0,0,0)

= P23 "V upap 302

(0,0,2,0) (0,2,2,0)

+P10P21P302 tPup2pP302

(0,0,0,3) 3)

02,03 0,023 02,2,
+P10P20P312 +p1 1P20P31Z( )+P10P21P31Z )+P1 1P21P312(

In this step, operator Hfl should be applied to Uy(z). The terms of Uy(z) with
fi =0 are marked in bold. The value of Hfl (Uy (2)) is added to x:

X = proP2o0P30tP11P20P30tP10P21P30P1P21P30P 10P20DP31

After removing the marked terms, Uy(z) takes the form

0.2.0.3 0,023 0223
Uy(z) = p 1172017312( )+P10P21P312 )+P1 1[?21[7312( )

Proceeding for 4 = 4 we obtain

Ui(z)=U, (2) (i) us(z) = (Pripaop3iz P +p1p2ps 20

(2,0,3,0)

tPi |P2|P311(0'2’2’3)) (? (P4OZO+P4|Z]) = P11D20231P402

0.2.3.0 2230 2,0,3,1
tP10P21P3 1£4OZ( )+171 1P21P3 1P4OZ( )+P11P20P31P41Z( )
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0,2,3,1 223,
+P10P21P3 1P41Z( )+P 11P21P3 1P41Z( )

Both operators Hfl and sz should be applied to U(z). The terms of U,(z)

with f; = 0 are marked in bold; the terms with f5 = 0 are underlined. One can see
that in the first term both f; = 0 and f, = 0, in the second term only f, = 0, and in the
fourth term only f; = 0. First, the value of

0, (U1(2)) = p11P20p31P40+P11P20P31P41

is added to x and the terms with f; = O are removed. Then, in the remaining u-
function U,(z), the value of

0, (Ui(2)) = p1or21P31P40

is added to x and the terms with f, = 0 are removed.
After removing all of the marked terms, U,(z) takes the form

2,230 0,2,3,1 2231
Ui(z) =p 1P21P31P4OZ( )+P10P21P31P4IZ( )+P1 1P21P31P412( )

Finally, for h =5

Ux(z) = Ui(2) C? us(2)) = (P11pap31paoz™ O 4pipapaipaz

+p1p21P3 1P412(2’2’3’1)) @ (P5020+P5122) =.2112212312402501(2’3’0’0)

(2,3,1,0) (23.0.2)

+(P10+HP11)P P3P 4P 502 +P11P21P31P40P512

23,12
+(P1o+P1)P21P31P41D5 1Z( )

The terms of U,(z) with f; = 0 are marked in bold and the terms with f;, = 0 are
underlined. After adding the value of

0, (Ux(2)) = p1ip21p31PaoPso+(Pro+p11)P21P31P41P50

to x and removing the corresponding terms from U,(z), this u-function does not
contain terms with f, = 0. Now x is equal to the system unreliability and R = 1—x.
The final u-function U,(z) takes the form

Ux(z) = pup> 1P31P40P512(2’3’0’2)+(P10+P1 DP21P31P4 1P51Z(2’3’I’2)

23,02 23,12
= P11P21P31P4oPs 1Z( )+P21P3 1P41Ps5 1Z( )
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The system reliability can also be obtained as the sum of the coefficients of the
resulting u-function:

R = p11p21p31PaoPs1+P21p31P41P51 = P2ip3iPsi(1=piopao)

Example 6.29

An MSWS withn=10,Y =3, r, =3, r, =5, r; = 7 consists of identical two-state
elements. Total failure of the elements corresponds to a performance rate of 0, and
a normal state corresponds to performance rate of 1. The reliability of each element
Jj is p;; = 0.8. The system fails if the total performance of any r; adjacent elements is
less then w;. The graphs of the MSWS reliability as a function of the demands w,
w, and ws are presented in Figure 6.30.

When w; = r; the system becomes a series one and its reliability is equal to
0.8" = 0.1074. Observe that the variation of demands w; do not necessarily
influence the system’s reliability because of failure criteria superposition. For
example, satisfying one of the system success conditions

11=r h+r-1
[T1C 26, 2w =1
h=1  m=h

for ry = 3, w; = 2 guarantees satisfying this condition for r, = 5, w, = 3. Therefore,
the reliability of the MSWS with wy = 2 does not depend on w, if w,<3.

w3=0 wi=5 wi=6

Figure 6.30. Reliability of MSWS as a function of demands

Satisfying the system success condition for r, = 5, w, = 4 guarantees satisfying
this condition for r, = 3, wy = 2. Therefore, the reliability of the MSWS with w, =4
does not depend on wy if w;<2.

Satisfying the system success condition for r; = 7, w3 = 6 guarantees satisfying
this condition for both r; =3, w; =2 and r, = 5, w, = 4. Therefore, the reliability of
the MSWS with w3 = 6 does not depend on w; if w;<2 and does not depend on w; if
W2S4 .
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6.4.3 Element Reliability Importance in Sliding Window System

The elements' importance measures and the methods of their evaluation for SWSs
are the same as for the series-parallel systems. In order to evaluate the importance
measures one has to apply the technique described Section 4.5 using the algorithm
for SWS reliability evaluation instead of the series-parallel block diagram method.
For SWSs consisting of identical elements it may be important to know how the
improvement of all of the elements’ reliability influences the entire system’s
reliability. In order to obtain this importance measure one has to calculate the
values of the system reliability for the different values of element reliability,
simultaneously changing parameters of the u-functions of all of the elements.

Example 6.30

Consider an MSWS with n =10, Y =2, r; = 3, r, = 5. The MSWS consists of
identical two-state elements. Total failure of the elements corresponds to a
performance rate of 0, and anormal state corresponds to a performance rate of 1.
The system fails if the total performance of any r; adjacent elements is less than w;.

1 &
R 3 1
I4b
0.75 1
2 4
0.5 4
14
0.25
04 0
0 02 04 06 p 08 1 0 0.5 p 1
—o—wi=1, w2=2 —Oo—wi=1, w2=3 —o—wi=1, w2=2 —Oo—wi=1, w2=3
—>*—w1=2, w2=3 —A—wi1=2, w2=4 —*—w1=2, w2=3 —A—wi1=2, w2=4
A B

Figure 6.31. SWS reliability (A) and elements' reliability importance (B)
as functions of the elements' reliability

In Figure 6.31A one can see the reliability of the MSWS considered as a
function of p for different combinations of w; and w,. For the same p, the system
reliability decreases with the growth of w; and w,. The elements' Birnbaum
reliability importance indices 1,6 = dR/dp as functions of p are presented in Figure
6.31B. One can see that, until a certain level of p corresponding to a maximal I4b,
the more reliable the elements the greater the entire system benefits from further
improvement of the elements’ reliability. After achieving the maximal value of I,b,
the influence of the element’s reliability improvement on the system’s reliability is
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drastically reduced (this means that further improvement of the elements’
reliability is less justified).

With the growth of w; and w,, the element’s reliability corresponding to the
maximal reliability importance moves toward the greater values.

In SWSs consisting of nonidentical elements, different elements play different
roles in providing for the system’s reliability. Evaluating the relative influence of
the element’s reliability on the reliability of the entire system provides useful
information for tracing system bottlenecks.

Example 6.31

Consider an SWS with n = 10 and r = 3 [184]. The parameters of the two-state
system elements are presented in Table 6.31. Total failure of any element j
corresponds to a performance rate of 0, and a normal state corresponds to a
performance rate of g;;. The element’s reliability is p;;. The system fails if the
cumulative performance of any three adjacent elements is less than the demand w.
The system’s reliability as a function of demand w is presented in Figure 6.32A.

Table 6.31. Parameters of SWS elements

No. of elementj 1 2 3 4 5 6 7 8 9 10

i 0.87 090 0.83 095 092 0.89 080 0.85 0.82 095
i1 200 200 400 300 100 400 100 200 300 200
1 0.8 R
R Iabj ! '
0.75 | 0.6 1 Co.,
0.5+ 0.4 . —
0.25 02 | —L
L[
——| —_d
0 T T T 0 ‘|_
0 200 400 600 0 200 w 400 600
5 — — -j=7 8 - =9
A B

Figure 6.32. SWS reliability (A) and the elements' reliability importance (B)
as functions of demand

The reliability importance indices for several elements as functions of the
system’s demand are presented in Figure 6.32B. Observe that the relative
importance of the elements changes with the demand variation. For example, when
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100<w<200, element 8 is the most important one, whereas when 200<w<300 this
element becomes less important than element 9. This means that in making a
decision about the system’s reliability enhancement one has to take into account
the range of the possible demand levels.

One can see that for some w the importance of the elements can be equal to
zero. This means that these elements have no influence on the entire SWS
availability and can be removed. Indeed, consider element 5 when 200<w<300.
This element belongs to three triplets with the following nominal performance
rates {g3; = 400, g4 = 300, gs; = 100}, {g4 = 300, gs; = 100, gs; = 400}, {gs51 =
100, g¢1 =400, g7; = 100}. The cumulative performance rate of the first triplet is
greater than w if at least one of elements 3 and 4 works and is less than w if both of
these elements fail. The cumulative performance rate of the second triplet is greater
than w if at least one of elements 4 and 6 works and is less than w if both of these
elements fail. The cumulative performance rate of the third triplet is greater than w
if element 6 works and is less than w if this element fails. The state of element 5
does not affect the value of the acceptability function for any one of the three
triplets.

6.4.4 Optimal Element Sequencing in Sliding Window Systems

Having a given set of MEs, one can achieve considerable reliability improvement
of the linear SWS by choosing the elements' proper arrangement along a line.
Indeed, it can be easily seen that the order of the tasks’ arrivals to the service
system (Example 6.26) or allocation of heaters along a line (Example 6.27) can
strongly affect the system’s entire reliability. For the set of MEs with a given
performance rate distribution, the only factor affecting the entire SWS reliability
(for fixed r and w) is the sequence of MEs. Papastavridis and Sfakianakis [185]
first considered the optimal element arrangement problem for SWSs with binary
elements having a different reliability. In this section, the optimal element
arrangement problem is considered for the general SWS model. This problem is
formulated as follows: find the sequence of MEs in the SWS that maximizes the
system reliability.

6.4.4.1 Implementing the Genetic Algorithm
In order to represent the sequence of n MEs in the SWS in the GA one can
consider a line with n consequent positions and use a string @ = (ay, ..., a,) in
which a; is equal to the number of the position occupied by ME j (see Section
1.3.2.4). One can see that the total number of different arrangement solutions
(number of different possible vectors a) is equal to n! (number of possible
permutations in a string of n different numbers).

The solution decoding procedure should apply the algorithm for SWS
reliability determination for the given sequence of MEs represented by string a.
The solution’s fitness is equal to the value of system reliability R(a, r, w) obtained.
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Example 6.32

Consider an SWS with n = 10 [186]. The parameters of the system MEs are
presented in Table 6.32. Three element sequencing solutions were obtained by the
GA for the SWS with r =3 (for w = 6, w = 8 and w = 10) and three solutions were
obtained for the same SWS with r =5 (for w = 10, w = 15, w = 20). These solutions
are presented in Table 6.33. The system’s reliability as a function of demand w is
presented in Figure 6.33 for the ME sequences obtained. One can see that the
greater r, the greater the SWS reliability for the same w. This is natural, because
the growth of r provides a growing redundancy in each group.

Table 6.32. Performance distributions of SWS elements

No.of ME 1 2 3 4 5 6 7 8 9 10

State p 8 p 8 pP & P & P & P & P & P & P & P &
0 0.03 0 0.10 0 0.17 0 0.05 0 0.08 0 0.01 0 020 0 0.05 0 020 0 0.05 O
1 022 2 010 1 0.83 6 025 3 020 1 022 4 0.10 3 025 4 0.10 3 0.25 2
2 075 5 040 2 - - 040 5 0.15 2 077 5 0.10 4 070 6 0.15 4 0.70 6
3 - -0404 - -03060454 - -0605 - -055 - -
4 - - o oo L0125 - - - e e e
1 1

R R

0.8 - - 0.8
0.6 - 0.6
0.4 0.4 -

02 1 . 02 4
0 j j j = 0 T T T T

0 4 w8 12 16 0 5 10 w15 20 25
——o— optimal for w=6 ——o——optimal for w=10
----- optimal for w=8 - = = - - optimal for w=15
optimal for w=10 optimal for w=20
A B

Figure 6.33. Reliability of SWS with the optimal element arrangements
as function of demand. A: for r =3; B: forr=35

Table 6.33. Parameters of the solutions obtained

r w R Sequence of SWS elements
6 0931 2 1 6 5 4 8 7 10 3 9
3 8 0788 5 1 8 9 6 4 7 3 10 2
10 0536 5 9 3 1 4 7 10 8 6 2
10 0990 2 5 1 4 6 8 10 3 7 9
3 15 086 9 7 3 101 6 8 4 5 2
20 0420 2 5 4 8 3 6 10 7 1 9
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Note that, for solutions which provide the greatest SWS reliability for a certain
w, the reliability for the rest of the values of w is less than for the solutions optimal
for those values of w. Indeed, the optimal allocation provides the greatest system
probability of meeting just the specified demand by the price of reducing the
probability of meeting greater demands.

6.4.5 Optimal Uneven Element Allocation in Sliding Window
Systems

While the problem of the optimal ordering of tasks’ arrivals to the service system
(Example 6.26) presumes the arrival of one task at a time (only one task can be in
each position in the service line), in the problem of the optimal arrangement of
heaters (Example 6.27) we can assume that »n positions are distributed along a line
and the heaters may be allocated unevenly at these positions (several heaters can be
gathered at the same position while some positions remain empty).

In many cases such uneven allocation of the MEs in an SWS results in greater
system reliability than the even allocation.

Example 6.33

Consider a simple case in which four MEs should be allocated within an SWS
with four positions. Each ME j has two states: a failure state with a performance of
0 and a normal state with a performance of 1. The probability of a normal state is
D> the probability of a failure is g; = 1-p;. For r = 3 and w = 2, the system succeeds
if each three consecutive positions contain at least two elements in a normal state.
Consider two possible allocations of the MEs within the SWS (Figure 6.34):

A. MEs are evenly distributed among the positions.

B. Two MEs are allocated at second position and two MEs are allocated at third
position.

-~

~~o - -

Figure 6.34. Two possible allocations of MEs in an SWS

In case A, the SWS succeeds either if no more than one ME fails or if MEs in
the first and fourth positions fail and MEs in the second and third positions are in a
normal state. Therefore, the system reliability is
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Ra = p1papspatqipop3PatD1gapsPatPiP2qaPatP1Pap3qatqiPapsqas
For identical MEs with p; = p
Ry =p*+4qp™+q’p’

In case B, the SWS succeeds if at least two MEs are in a normal state. The
system reliability in this case is

Rp = p1popapat+qi1pap3pa+p1Gop3patpiP2qspat+piPap3qas
+q1G203Pa+q1P2q3Patq1P2D3qatP192q3PatP1GoP3qatP1P2q3qa

For identical MEs
Ry = p*+4qp’+64°p’

One can see that the uneven allocation B is more reliable:
Ry = Ry=5¢"p’=5(1-p)’p’

Consider now the same system when w=3. In case A the system succeeds only
if it does not contain any failed ME:

Ra = pipapaps

In case B it succeeds if it contains no more than one failed element:

Ry = p1pop3patq\papspatpi1gopspatpiD2gapatp1Pap3qa

For identical MEs:
Ra=p*, Ry = p*+4qp’ and Rg—R, = p*+dqp’—p* = 4(1-p)p’

Observe that, even for w = 4, when in case A the system is unable to meet the
demand (R4, = 0) because w>r, in case B it still succeeds with probability

Ry = pipsp3ps.

In this section we consider a general optimal allocation problem in which the
number of MEs m is not necessarily equal to the number of positions n (m # n) and
an arbitrary number of elements can be allocated at each position (some positions
may be empty):

The SWS consists of n consecutively ordered positions. At each position any
group of MEs can be allocated. The allocation problem can be considered as a
problem of partitioning a set of m items into a collection of n mutually disjoint
subsets. This partition can be represented by the integer string a = (a;: 1</<m),
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1<a;<n, where q; is the number of the position at which ME j locates. It is assumed
that the SWS has the acceptability function (6.114). The total performance of the
group of the MEs located at the same position is equal to the sum of the
performances of these MEs. The empty position can be represented by an element
with the constant performance of zero.

For any given integer string @, the GA determines the solution fitness (equal to
the SWS reliability) using the following procedure:

1. Assign i; (z) = 2’ foreach i=1, ..., n, corresponding to SWS positions.

Determine u-functions u;(z) for each individual ME j (1<j<m) in the form
(6.115) in accordance with their performance distributions.
2. According to the given string a for each j = 1, ..., m modify ﬁaj (z)as

follows:
ﬁa_, (2) = ftaj (Z)(?uj(z) (6.121)

3. Apply the algorithm for SWS reliability evaluation described in Section 6.4.1
over n u-functions u; (z).

Example 6.34

Consider an SWS with n = 10 positions in which m = 10 identical binary MEs are
to be allocated [187]. The performance distribution of each ME j is p;; = Pr{G;=1}
=09, p=Pr{G;=0} =0.1.

Table 6.34 presents allocation solutions obtained for different » and w (number
of identical elements in each position). The reliability of the SWS corresponding to
the allocations obtained is compared with its reliability corresponding to the case
when the MEs are evenly distributed among the positions. One can see that the
reliability improvement achieved by the free allocation increases with the increase
of r and w. On the contrary, the number of occupied positions in the best solutions
obtained decreases when r and w grow. Figure 6.35 presents the SWS reliability as
a function of demand w for » = 2, r = 3 and r = 4 for even ME allocation and for
unconstrained allocation obtained by the GA.

Table 6.34. Solutions of ME allocation problem (SWS with identical MEs)

Position r=2,w=1 r=3, w=2 r=4, w=3
1
2 2 1
3 3
4 2 5
5 3
6 2
7 5
8 2 3
9
10 2
Reliability
Free allocation 0.951 0.941 0.983
Even allocation 0.920 0.866 0.828

Improvement 3.4% 8.7% 18.7%
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Figure 6.35. Reliability of SWS with identical MEs for different » and ME allocations

Example 6.35

Consider the SWS allocation problem from Example 6.32, in which n = m = 10,
r =3 and w = 10. The best ME allocation solutions obtained by the GA are
presented in Table 6.35 (list of elements located at each position).

Table 6.35. Solutions of ME allocation problem (SWS with different MEs)

m=10 m=9 m=38 m="7
Position Even allocation Uneven allocation
1 5
2 9 1
3 3 6,7, 10 2,5,8,9 3,6 7
4 1
5 4 2,5 7 3
6 7 1,4 1,4 57,8 6
7 10
8 8 3,8,9 3 4 4,5
9 6 6 1,2 2
10 2
Reliability 0.536 0.765 0.653 0.509 0.213

The best even allocation solution obtained in Example 6.32 improves
considerably when the even allocation constraint is removed. One can see that the
best unconstrained allocation solution obtained by the GA in which only 4 out of
10 positions are occupied by the MEs provides a 42% reliability increase over even
allocation. The system reliability as a function of demand for the even and
unconstrained allocations obtained is presented in Figure 6.36.

Table 6.35 also presents the best allocations of the first m MEs from Table 6.32
(form =9, m = 8 and m = 7). Observe that uneven allocation of nine MEs in the
SWS still provides greater reliability than does even allocation of 10 MEs.
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Figure 6.36. Reliability of SWS with different MEs

6.4.6 Sliding Window System Reliability Optimization in the
Presence of Common Cause Failures

In many cases, when SWS elements are subject to CCFs, the system can be
considered as consisting of mutually disjoint CCGs with total CCFs. The origin of
CCFs can be outside the system’s elements they affect (external impact), or they
can originate from the elements themselves, causing other elements to fail.
Usually, the CCFs occur when a group of elements share the same resource
(energy source, space, efc.)

Example 6.36

Consider the manufacturing heating system from Example 6.27 and assume that
the power to the heaters is supplied by B independent power sources (Figure 6.37).
Each heater is connected to one of these sources. The heaters supplied from the
same source compose the CCG. Each source has a certain failure probability.
When the source fails, all of the heaters connected to this source (belonging to the
corresponding CCG) are in a state of total failure. Therefore, the failure of any
power source causes the CCF in the heating system.

Figure 6.37. Example of SWS with several CCGs
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6.4.6.1 Evaluating Sliding Window System Reliability in the Presence of Common
Cause Failures
The u-function u(z) representing the p.m.f. of the random performance rate of ME
J G; takes the form (6.115) only when the element is not the subject of CCF.

We assume that the performance rate of element j when it is a subject of CCF is

equal to zero. The u-function corresponding to this case takes the form u?( )= 2.

The u-functions wui(z) and qu(z) represent, therefore, conditional performance
distributions of the performance rate of element ;.

Let the entire SWS consists of a set A of n ordered MEs and has B independent
CCGs. Each CCG can be in two states (normal state and failure). The failure
probability of CCG i is f;. It can be seen that the total number of the combinations
of CCG states is 22. Each CCG i can be defined by a subset 4; < A such that

B
7 —1&, ; = 10] 1+e 6
/Il ﬂ’lﬂﬂ‘g @ ] ( 122)

i=1

Let binary variable s; define the state of CCG i such that s;= 1 corresponds to
the normal state of the group and s; = O corresponds to failure of the group. When
s; = 1 the performance of each ME j belonging to A; is a random value having the
distribution determined by its u-function u;(z). When s;= 0 the performance of each
ME belonging to 4; is equal to zero, which corresponds to the u-function uoj(z).
One can connect the state s; of each individual CCG with a number of state
combination /4 in the following way:

s(hy=mods |1/271 | (6.123)

When h varies from O to 2°~1 one obtains all the possible combinations of
states of CCGs using Equation (6.123) for 1<i<B.
The probability of each CCG state combination £ is

B
an =1 M- gy (6.124)
i=1

If one defines the u-function of each ME 1<j<n as

W), if jed, s=0

ﬁj(z) = (6.125)
Uj (z), otherwise

and applies the algorithm for SWS reliability evaluation (described in Section
6.4.1) over u-functions u j(z), then one obtains the conditional probability of the

SWS success r, when the CCG state combination is A. Since all of the 2%
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combinations of CCG states are mutually exclusive, in order to calculate the
unconditional probability of the SWS success (SWS reliability) one can apply the
following equation:

2B
R= zthh (6126)
h=0

Now we can evaluate the SWS reliability using the following algorithm:
1. Assign R = 0. For each j (1<j<n) determine two u-functions ui(z) (in
accordance with Equation (6.115) and uoj(z) =7
2. Repeat the following for =0, ..., 28_1.
2.1.Fori=1, ..., B determine s,(h) using Equation (6.123).
2.2. Determine g, (the probability of CCG state combination /) using
Equation (6.124).
2.3.Foreach i =1, ..., B determine the numbers of elements belonging to the
CCG i and define the u-functions of these elements i (@) in accordance with

Equation (6.125).
2.4. Determine ry (the conditional SWS reliability for CCG state combination
h) applying the procedure described in Section 6.4.1 over u-functions i j(2)

(1<j<n) for a given demand w.
2.5. Add the product g;r;, to R.

6.4.6.2 Optimal Distribution of Multi-state Elements among Common Cause
Groups

The way the MEs are distributed among CCGs strongly affects the SWS reliability.
Consider a simple example in which SWS with r = 2 consists of four MEs
composing two CCGs. Each ME has two states with performance rates of 0 and 1.
The system demand is 1. When 4, = {1, 2} and 4, = {3, 4} each CCF causes the
system's failure. When 4, = {1, 3} and 4, = {2, 4} the SWS can succeed in the case
of a single CCF if both MEs not belonging to the failed CCG are in the operational
state.

The elements' distribution problem can be considered as a problem of
partitioning a set A of n MEs into a collection of B mutually disjoint subsets A;
(1<i<B). Each set can contain from 0 to n elements. The partition of set A can be
represented in the GA by the integer string a = {q;: 1<j<n}, 0<aq;<B, where g; is the
number of the subset to which ME j belongs: j e ﬂaj .

Example 6.36

Consider the SWS with n = 10 from Example 6.32 [188]. The parameters of the
system’s MEs are presented in Table 6.32. It is assumed that the failure probability
f; of each CCG i is equal to 0.2.

First, distribution solutions were obtained by the GA for a SWS with fixed B.
The solutions that provide the greatest SWS reliability for a certain demand w
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provide a reliability for the remainder of the values of w that is less than the
reliability of the optimal solutions for those values of w. Indeed, the optimal

allocation provides the greatest system probability of meeting just the specified
demand by the price of reducing the probability of meeting other demands.
Therefore, the optimal distribution solution depends on system demand. The
solutions obtained for different demands for SWS with r = 3 and » = 5 when B = 2
are presented in Table 6.36.

When r = 3, solution A is optimal for demand O<w<3 and solution B is optimal
for demand 3<w<5. When r = 5, solution D is optimal for demand 7<w<11 and
solution E is optimal for demand 12<w<16. The system reliabilities, as functions of
demand for the solutions obtained, are presented in Figure 6.38. The solutions C
(for r = 3) and F (for r = 5), in which adjacent elements belong to different CCGs,
are presented for comparison. These solutions provide lower SWS reliability than
the optimal ones.

Table 6.36. Solutions of ME grouping problem obtained for B = 2

r Distribution of MEs
{1,4,6,7,9,10} {2,3,5, 8}
{1,2,4,5,7,8,10} {3,6,9}
{1,3,5,7,9} {2,4,6, 8, 10}
{1,2,5,6,7,10} {3,4,8,9}
}
}

3

{1,2,3,6,7,8} {4,5,9, 10
{1.3,5,7,9}{2,4,6,8, 10

o m g0 w >

A —o—B —C D —o—E F

Figure 6.38. SWS reliability for the best ME distribution solutions obtained for B = 2

Observe that with the growth of w the difference of system reliability provided
by the different distribution solutions becomes negligible. This is because, when w
is great, the system becomes intolerant to any common supply failure without
regard to the structure of the failed CCG.

The problem of choosing the optimal number of CCGs is also of interest. The
increase in the number of CCGs reduces the damage caused by a single CCG to the
system, but, on the other hand, it increases the probability that at least one CCG has
failed. Therefore, when the system does not tolerate the loss of even a small portion
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of its elements (which happens when w is great), the increase of B decreases the
system's overall reliability. The smaller the system demand w, the greater the
benefit from the elements’ distribution among different CCGs. Table 6.37 presents
the solutions obtained for the given SWS for different B. For each B>1 the solution
that provides the system's reliability greater than the reliability of a system with a
single CCG for the greatest w is chosen (this means that for the given B, the
solution presented is better than the solution with B = 1 for a given demand w*,
but, when the demand is greater than w*, no distribution solution with B CCGs
exists that outperforms the single CCG solution).

Table 6.37. Solutions of ME grouping problem obtained for different B

>~

Distribution of MEs
{1,2,3,4,5,6,7,8,9, 10}
{1,2,3,6,7,8} {4,5,9, 10}
{1,4,7,10} {2,5,8} {3,6,9}
{1,4,6,7,9,10} {2, 3,5, 8}
{1,4,5,6,9,10} {3,4,7, 8}
{1,5,6,10} {2,4,7,9} {3, 8}
{1,5,6,10} {2,7} {3,8} {4,9}
{1,6} {2,7} {3,8} {4,9} {5, 10}

r

3

AW =W N =

The SWS reliabilities as functions of demand for the solutions obtained are
presented in Figure 6.39. The single CCG solution is the worst for the small
demands and the best for the great demands. On the contrary, the solutions with B
= r, in which any r adjacent elements belong to different CCGs, provide the
greatest system reliability for small demands and provide the lowest system
reliability for great demands. The solutions with 1<B<r provide intermediate
values of system reliability. Therefore, when the number of CCGs is not fixed, the
greatest reliability solution is either with B = r for low demands or with B = 1 for
great demands.

R R
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Figure 6.39. SWS reliability for the best ME distribution solutions obtained for
different B





