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Preface

Many serious accidents have happened in the world where systems have been
large-scale and complex, and have caused heavy damage and a social sense of
instability. Furthermore, advanced nations have almost finished public infra-
structure and rushed into a maintenance period. Maintenance will be more im-
portant than production, manufacture, and construction, that is, more main-
tenance for environmental considerations and for the protection of natural
resources. From now on, the importance of maintenance will increase more
and more. In the past four decades, valuable contributions to maintenance
policies in reliability theory have been made. This book is intended to sum-
marize the research results studied mainly by the author in the past three
decades.

The book deals primarily with standard to advanced problems of mainte-
nance policies for system reliability models. System reliability can be mainly
improved by repair and preventive maintenance, and replacement, and relia-
bility properties can be investigated by using stochastic process techniques.
The optimum maintenance policies for systems that minimize or maximize
appropriate objective functions under suitable conditions are discussed both
analytically and practically.

The book is composed of nine chapters. Chapter 1 is devoted to an intro-
duction to reliability theory, and briefly reviews stochastic processes needed
for reliability and maintenance theory. Chapter 2 summarizes the results of
repair maintenance, which is the most basic maintenance in reliability. The
repair maintenance of systems such as the one-unit system and multiple-unit
redundant systems is treated. Chapters 3 through 5 summarize the results of
three typical maintenance policies of age, periodic, and block replacements.
Optimum policies of three replacements are discussed, and their several modi-
fied and extended models are proposed. Chapter 6 is devoted to optimum pre-
ventive maintenance policies for one-unit and two-unit systems, and the useful
modified preventive policy is also proposed. Chapter 7 summarizes the results
of imperfect maintenance models. Chapter 8 is devoted to optimum inspec-
tion policies. Several variant inspection models with approximate inspection
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policies, inspection policies for a standby unit, a storage system and inter-
mittent faults, and finite inspection models are proposed. Chapter 9 presents
five maintenance models such as discrete replacement and inspection mod-
els, finite replacement models, random maintenance models, and replacement
models with spares at continuous and discrete times.

This book gives a detailed introduction to maintenance policies and pro-
vides the current status and further studies of these fields, emphasizing math-
ematical formulation and optimization techniques. It will be helpful for reli-
ability engineers and managers engaged in maintenance work. Furthermore,
sufficient references leading to further studies are cited at the end of each
chapter. This book will serve as a textbook and reference book for graduate
students and researchers in reliability and maintenance.

I wish to thank Professor Shunji Osaki, Professor Kazumi Yasui and all
members of the Nagoya Computer and Reliability Research Group for their
cooperation and valuable discussions. I wish to express my special thanks to
Professor Fumio Ohi and Dr. Bibhas Chandra Giri for their careful reviews
of this book, and Dr. Satoshi Mizutani for his support in writing this book.
Finally, I would like to express my sincere appreciation to Professor Hoang
Pham, Rutgers University, and editor Anthony Doyle, Springer-Verlag, Lon-
don, for providing the opportunity for me to write this book.

Toyota, Japan Toshio Nakagawa
June 2005
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1

Introduction

Reliability theory has grown out of the valuable experiences from many de-
fects of military systems in World War II and with the development of modern
technology. For the purpose of making good products with high quality and
designing highly reliable systems, the importance of reliability has been in-
creasing greatly with the innovation of recent technology. The theory has
been actually applied to not only industrial, mechanical, and electronic engi-
neering but also to computer, information, and communication engineering.
Many researchers have investigated statistically and stochastically complex
phenomena of real systems to improve their reliability.

Recently, many serious accidents have happened in the world where sys-
tems have been large-scale and complex, and they not only caused heavy
damage and a social sense of instability, but also brought an unrecoverable
bad influence on the living environment. These are said to have occurred from
various sources of equipment deterioration and maintenance reduction due to
a policy of industrial rationalization and personnel cuts.

Anyone may worry that big earthquakes in the near future might happen
in Japan and might destroy large old plants such as chemical and power plants,
and as a result, inflict serious damage to large areas.

Most industries at present restrain themselves from making investments in
new plants and try to run current plants safely and efficiently as long as possi-
ble. Furthermore, advanced nations have almost finished public infrastructure
and will now rush into a maintenance period [1]. From now on, maintenance
will be more important than redundancy, production, and construction in
reliability theory, i.e., more maintenance than redundancy and more mainte-
nance than production. Maintenance policies for industrial systems and public
infrastructure should be properly and quickly established according to their
occasions. From these viewpoints, reliability researchers, engineers, and man-
agers have to learn maintenance theory simply and throughly, and apply them
to real systems to carry out more timely maintenance.

The book considers systems that perform some mission and consist of
several units, where unit means item, component, part, device, subsystem,
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equipment, circuit, material, structure, or machine. Such systems cover a very
wide class from simple parts to large-scale space systems. System reliability
can be evaluated by unit reliability and system configuration, and can be
improved by adopting some appropriate maintenance policies. In particular,
the following three policies are generally used.

(1) Repair of failed units
(2) Provision of redundant units
(3) Maintenance of units before failure

The first policy is called corrective maintenance and adopted in the case
where units can be repaired and their failures do not adversely affect a whole
system. If units fail then they may begin to be repaired immediately or may
be scrapped. After the repair completion, units can operate again.

The second policy is adopted in the case where system reliability can be
improved by providing redundant and spare units. In particular, standby and
parallel systems are well known and used in practice.

Maintenance of units after failure may be costly, and sometimes requires
a long time to effect corrective maintenance of the failed units. The most im-
portant problem is to determine when and how to maintain preventively units
before failure. However, it is not wise to maintain units with unnecessary fre-
quency. From this viewpoint, the commonly considered maintenance policies
are preventive replacement for units without repair and preventive mainte-
nance for units with repair on a specific schedule. Consequently, the object of
maintenance optimization problems is to determine the frequency and timing
of corrective maintenance, preventive replacement, and/or preventive mainte-
nance according to costs and effects.

Units under age replacement and preventive maintenance are replaced or
repaired at failure, or at a planned time after installation, whichever occurs
first. Units under periodic and block replacements are replaced at periodic
times, and undergo repair or replacement of failure between planned replace-
ments. It is assumed throughout Chapters 3 to 6 that units after any mainte-
nance become as good as new; i.e., maintenance is perfect, unless otherwise
stated. But, units after maintenance in Chapter 7 might be younger, however,
they do not become new; i.e., maintenance is imperfect. In either case, it may
be wise to carry out some maintenance of operating units to prevent failures
when the failure rate increases with age.

In the above discussions, we have concentrated on the behavior of operat-
ing units. Another point of interests is that of failed units undergoing repair.
We obtain in Chapter 2 reliability quantities of repairable units such as mean
time to failure, availability, and expected number of failures. If the repair of
a failed unit takes a long time, it may be better to replace it than to repair
it. This policy is achieved by stopping the repair if it is not completed within
a specified time, and by replacing a failed unit with a new one. This policy
is called a repair limit policy, and is a striking contrast to the preventive
maintenance policy.
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We need to check units such as standby and storage units whose failures
can be detected only through inspection, which is called ¢nspection policy.
For example, consider the case where a standby unit may fail. It may be
catastrophic and dangerous that a standby unit has failed when an original
unit fails. To avoid such a situation, we should check a standby unit to see
whether it is good. If the failure is detected then the maintenance suitable for
the unit should be done immediately.

Most systems in offices and industry are successively executing jobs and
computer processes. For such systems, it would be impractical to do mainte-
nance on them at planned times. Random replacement and inspection policies,
in which units are replaced and checked, respectively, at random times, are
proposed in Chapter 9.

For systems with redundant or spare units, we have to determine how
many units should be provided initially. It would not be advantageous to hold
too many units in order to improve reliability, or to hold too few units in order
to reduce costs. As one technique of determining the number of units, we may
compute an optimum number of units that minimize the expected cost, or the
minimum number such that the probability of failure is less than a specified
value. If the total cost is given, we may compute the maximum number of
units within a limited cost. Furthermore, we are interested in an optimization
problem: when to replace units with spare ones in order to lengthen the time
to failure.

Failures occur in several different types of failure modes such as wear,
fatigue, fracture, crack, breaking, corrosion, erosion, instability, and so on.
Failure is classified into intermittent failure and extended failure [2,3]. Fur-
thermore, extended failure is divided into complete failure and partial failure,
both of which are classified into sudden failure and gradual failure. Extended
failure is also divided into catastrophic failure which is both sudden and com-
plete, and degraded failure which is both partial and gradual.

In such failure studies, the time to failure is mostly observed on operating
time or calendar time, however, it is often measured by the number of cycles
to failure and combined scales. A good time scale of failure maintenance mod-
els was discussed in [4,5]. Furthermore, alternative time scales for cars with
random usage were defined and investigated in [6]. In other cases, the lifetimes
are sometimes not recorded at the exact instant of failure and are collected
statistically at discrete times. Rather some units may be maintained preven-
tively in their idle times, and intermittently used systems maintained after
a certain number of uses. In any case, it would be interesting and possibly
useful to solve optimization problems with discrete times.

It is supposed that the planning time horizon for most units is infinite. In
this case, as the measures of reliability, we adopt the mean time to failure, the
availability, and the expected cost per unit of time. It is appropriate to adopt
as objective functions the expected cost from the viewpoint of economics, the
availability from overall efficiency, and the mean time to failure from reliability.
Practically, the working time of units may be finite. The total expected cost



4 1 Introduction

until maintenance is adopted for a finite time interval as an objective function,
and optimum policy that minimizes it is discussed by using the partition
method derived in Chapter 8.

The known results of maintenance and associated optimization problems
were summarized in [7-11]. Since then, many papers have been published
and reviewed in [12-19]. The recently published books [20-25] collected many
reliability and maintenance models, discussed their optimum policies, and
applied them to actual systems.

Most of the contents of this book are our original work based on the book of
Barlow and Proschan: reliability measures, failure distributions, and stochas-
tic processes needed for learning reliability theory are summarized briefly in
Chapter 1. These results are introduced without detailed explanations and
proofs. However, several examples are given to help us to understand them
easily.

Some fundamental repair models in reliability theory are analyzed in Chap-
ter 2, and useful reliability quantities of such repairable systems are analyti-
cally obtained, using the techniques in Chapter 1. Several replacement policies
are contained systematically from elementary knowledge to advanced studies
in Chapters 3 through 5. Several preventive maintenance and imperfect poli-
cies are introduced and analyzed in Chapters 6 and 7. The results and methods
presented in Chapters 3 through 7 can be applied practically to real systems
by modifying and extending them according to circumstances. Moreover, they
might include scholarly research materials for further studies. The most im-
portant thing in reliability engineering is when to check units suitably and
how to seek fitting maintenance for them. Many inspection models based on
the results of Barlow and Proschan are summarized in Chapter 8, and would
be useful for us to plan maintenance schemes and to carry them into execu-
tion. Finally, several modified maintenance models are surveyed in Chapter 9,
and give further topics of research.

1.1 Reliability Measures

We are interested in certain quantities for analyzing reliability and mainte-
nance models. The first problem is that of how long a unit can operate without
failure, i.e., reliability, which is defined as the probability that it will perform
a required function under stated conditions for a stated period of time [26].
Failure might be defined in many ways, and usually means mechanical break-
down, deterioration beyond a threshold level, appearance of certain defects
in system performance, or decrease in system performance below a critical
level [4]. Failure rate is a good measure for representing the operating charac-
teristics of a unit that tends to frequency as it ages. When units are replaced
upon failure or are preventively maintained, we are greatly concerned with
the ratio at which units can operate, i.e., availability, which is defined as the
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probability that it will be able to operate within the tolerances at a given
instant of time [27].

This section defines reliability function, failure rate, and availability, and
obtains their properties needed for solving future optimization problems of
maintenance policies, which are treated in the sequel chapters.

(1) Reliability

Suppose that a nonnegative random variable X (X > 0) which denotes
the failure time of a unit, has a cumulative probability distribution F'(t) =
Pr{X < t} with right continuous, and a probability density function f(¢)
(0 <t < o0); e, f(t) =dF(t)/dt and F(t) = fot f(u)du. They are called
failure time distribution and failure density function in reliability theory, and
are sometimes called simply a failure distribution F(t) and a density function
ft).

The survival distribution of X is
Rit)=Pr{X >t} =1-F(t) = / f(u)du = F(t) (1.1)
t
which is called the reliability function, and its mean is

NEE{X}:/Oootf(t)dt:/oooR(t)dt (1.2)

if it exists, which is called MTTF (mean time to failure) or mean lifetime. It is
usually assumed throughout this book that 0 < p < oo, F(0—) = F(0+) =0,
and F(0c0) = limy_ o, F'(t) = 1; i.e., R(0) = 1 and R(oc0) = 0, unless otherwise
stated. Note that F'(t) is nondecreasing from 0 to 1 and R(t) is nonincreasing
from 1 to 0.

(2) Failure Rate

The notion of aging, which describes how a unit improves or deteriorates
with its age, plays a role in reliability theory [28]. Aging is usually measured
based on the term of a failure rate function. That is, failure rate is the most
important quantity in maintenance theory, and important in many different
fields, e.g., statistics, social sciences, biomedical sciences, and finance [29-31].
It is known by different names such as hazard rate, risk rate, force of mortality,
and so on [32]. In particular, Cox’s proportional hazard model is well known
in the fields of biomedical statistics and default risk [33,34]. The existing
literature on this model was reviewed in [35].
We define instant failure rate function h(t) as

ht) = =% = —= £ for F(t) < 1 (1.3)
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which is called simply the failure rate or hazard rate. This means physically
that h(t) At ~ Pr{t < X < t+A¢|X > t} represents the probability that a unit
with age ¢t will fail in an interval (¢,t + At] for small At > 0. This is generally
drawn as a bathtub curve. Recently, the reversed failure rate is defined by
f(®)/F(t) for F(t) > 0, where f(t)At/F(t) represents the probability of a
failure in an interval (¢ — At,t] given that it has occurred in (0, ¢] [36,37].
Furthermore, H(t) = ft

o Mu)du is a cumulative hazard function, and has
the relation

R(t)exp{ /O h(u)du}eH(t); ie.,  H(t)=—logR(t). (1.4)

Thus, F(t), R(t), f(t), h(t), and H(t) determine one another. In addition,
because e* > 1 + a, we have the inequalities

H(t) F(t)
TH(?ﬁ)SF(t)SH(t)Sm

which would give good inequalities for small ¢ > 0.
In particular, a random variable Y = H(X) has the following distribution

Pr{Y <t} =Pr{H(X)<t}=Pr{X <H ')} =1-e",

where H ™! is the inverse function of H. Thus, Y has an exponential distribu-
tion with mean 1, and E{H (X)} = 1. Moreover, 21 which satisfies H(z1) =1
is called characteristic life in the probability paper of a Weibull distribution.
This represents the mean lifetime that about 63.2% of units have failed until
time x1. Moreover, H(t) is called the mean value function and has a close re-
lation to nonhomogeneous Poisson processes in Section 1.3. In this process, xj
which satisfies H(zr) = k (k = 1,2,...) represents the time that the expected
number of failures is k when failures occur at a nonhomogeneous Poisson pro-
cess. The property of H(t)/t, which represents the expected number of failures
per unit of time, was investigated in [38].

We denote the following failure rates of a continuous failure distribution
F(t) and compare them [39,40].

(1) Instant failure rate h(t) = f(t)/F(t).
(

2) Interval failure rate h(t;x) = :H h(u)du/z = log[F(t)/F(t + )]/« for
x> 0.
(3) Failure rate \(t;z) = [F(t + x) — F(t)]/F(t) for = > 0.
) —

(4) Average failure rate A(t;z) = [F(t +x) — F(t /IH_T u)du for z > 0.

Definition 1.1. A distribution F' is IFR (DFR) if and only if A(¢;x) is
increasing (decreasing) in ¢ for any given z > 0 [7], where IFR (DFR) means
Increasing Failure Rate (Decreasing Failure Rate).

By this definition, we investigate the properties of failure rates.
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Theorem 1.1.

(i) If one of the failure rates is increasing (decreasing) in ¢ then the others
are increasing (decreasing), and if F is exponential, i.e., F(t) = 1 — e,
then all failure rates are constant in t, and h(t) = h(t;z) = A(t;x) = A

(ii) If F is IFR then A(t—x;2) < h(t) < A(t;x) < h(t+x), where A(t—x;x) =
A(0;t) for x > t.

(iii) If F is IFR then A(t;z) < h(t; x).
(iv) h(t;z) > A(t;2)/x and A(t;x) > A(t; ) /.
(v) h(t) =limg_o h(t;z) = limg 0 A(¢; 2) /2 = limg_,0 A(¢; ).

Proof.  The property (v) easily follows from the definition of h(t). Hence,
we can prove property (i) if we show that h(t) is increasing (decreasing) in
t implies h(t;x), A(t;x), and A(t;z) all are increasing (decreasing) in ¢. For
example, for t; < to,

Pl ] 2 ][] B2

implies that A(¢; x) is increasing (decreasing) if h(¢) is increasing (decreasing).
Similarly, we can prove the other properties.
Suppose that F' is IFR. Because
fv) f(u)

Fo) =" = F

< h(t+x) forv<t<u<t4+zx

we easily have property (ii).
Furthermore, letting

t+x t+x
Qz) = /t h(u) du /t F(u)du — a[F(t + 7) — F(1)
we have Q(0) = 0, and

dQ(z)
dx

t+x
= /t [h(t + ) — h(w)][F(t + ) — F(u)]du > 0

because both h(t) and F(t) are increasing in ¢. This proves property (iii).
Finally, from the property that F(t) is decreasing in ¢, we have

t+x t+x U t+x
/t F(u)du < 2F(t), /t IJ;((U)) du > F’it)/t f(u)du
(i

which imply property (iv). All inequalities in results
when F'is DFR. g

i) and (iii) are reversed

Hereafter, we may call the four failure rates simply the failure rate or
hazard rate. Furthermore, properties of failure rates have been investigated
in [8,28,41].
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Example 1.1. Consider a unit such as a scale and production system that
is maintained preventively only at time T' (0 < T < o0). It is supposed that
an operating unit has some earnings per unit of time and does not have any
earnings during the time interval if it fails before time 7. The average time
during (0,7 in which we have some earnings is

Io(T) = 0 x F(T) + TF(T) = TF(T)

and lp(0) = lp(o0) = 0. Differentiating lo(T") with respect to T and setting it
equal to zero, we have

F(T) -~ THT)=0; e, hT)=—.

Thus, an optimum time Ty that maximizes lo(7') is given by a unique solution
of equation h(T) = 1/T when F is IFR. For example, when F(t) =1 — e,
To = 1/X; i.e., we should do the preventive maintenance at the interval of
mean failure time.

Next, consider a unit with one spare where the first operating unit is
replaced before failure at time T (0 < T < oo) with the spare one which
will be operating to failure. Suppose that both units have the identical failure
distribution F'(t) with finite mean . Then, the mean time to either failure of
the first or spare unit is

ll(T):/O tdF(t)+F(T)(T+u):/O F(t)dt+ F(T)u

and 11 (0) = l1(c0) = p, and

diy(T)
dT

— F(D)[1 - uh(T)]

Thus, an optimum time 7 that maximizes I1(T") when h(t) is strictly increas-
ing is given uniquely by a solution of equation h(T) = 1/u. When the failure
rate of parts and machines is statistically estimated, Ty and 77 would be a
simple barometer for doing their maintenance. g

A generalized model with n spare units is discussed in Section 9.4. A prob-
ability method of provisioning spare parts and several models for forecasting
spare requirements and integrating logistics support were provided and dis-
cussed in [42,43].

Example 1.2. Suppose that X denotes the failure time of a unit. Then, the
failure distribution of a unit with age 7' (0 < T' < o0) is F/(t;T) = Pr{T <
X<t+TIX>T}y=\NT;t)=[F{t+T)— F(T)]/F(T), and its MTTF is

1

AIMHMZ(DLF@& (1.5)
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which is decreasing (increasing) from p to 1/h(co) when F' is IFR (DFR), and
is called mean residual life.

Furthermore, suppose that a unit with age T has been operating without
failure. Then, the relative increment of the mean time p when the unit is
replaced with a new spare one and [.” F(t)dt/F(T) when it keeps on operat-
ing [44] is

L(T) = F(T) [u - F(lT) /T h F(t) dt} = pF(T) — /T h F(t)dt

dL(T) =
“= = ()1 - (1))

Thus, an optimum time that maximizes L(T) is given by the same solution

of equation h(T) = 1/p in Example 1.1.

Next, consider a unit with unlimited spare units in Example 1.1, where
each unit has the identical failure distribution F'(¢) and is replaced before
failure at time T' (0 < T' < 00). Then, from the renewal-theoretic argument
(see Section 1.3.1), its MTTF is

l(T):/O tdF(t) + F(T)[T + 1(T)]; i.e., l(T):%/0 F(t)dt

(1.6)
which is decreasing (increasing) from 1/h(0) to u when F'is IFR (DFR). When
F is IFR, we have from property (ii),

F(T)

[EF(tydt = T [TFE@ e (L)

From these inequalities, it is easy to see that h(0) < 1/u < h(c0). 3

Similar properties of the failure rate for a discrete distribution {p; 720 can
be shown. In this case, the instant failure rate is defined as h,, = p,,/[1 — Py]
(n=0,1,2,...) and h,, < 1, where 1 — P, = P, = > e pj- A modified
failure rate is defined as A, = —log(P,11/P,) = —log(l — hy,,), and it is
shown that this failure rate is additive for a series system [45].

(3) Availability

Availability is one of the most important measures in reliability theory. Some
authors have defined various kinds of availabilities. Earlier literature on avail-
abilities was summarized in [7,46]. Later, a system availability for a given
length of time [47], and a single-cycle availability incorporating a probabilis-
tic guarantee that its value will be reached in practice [48] were defined. By
modifying Martz’s definition, the availability for a finite interval was defined
n [49]. A good survey and a systematic classification of availabilities were
given in [50].
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We present the definition of availabilities [7]. Let

2() = 1 if the system is up at time ¢
~ |0 if the system is down at time t.

(a) Pointwise availability is the probability that the system will be up at a
given instant of time [27]. This availability is given by

A(t) = Pr{Z(t) = 1} = B{Z(t)}. (1.8)

(b) Interval availability is the expected fraction of a given interval that the
system will be able to operate, which is given by

- /0 t A(u) du. (1.9)

(¢) Limiting interval availability is the expected fraction of time in the long
run that the system will be able to operate, which is given by
t

A= lim ! A(u) du. (1.10)

t—oo t 0

In general, the interval availability is defined as
1 t+x
Az, t+2) = n / A(u) du

and its limiting interval availability is

t+x
A(z) = lim % A(u) du for any z > 0.

The above three availabilities (a), (b), and (c) were expressed as instan-
taneous, average uptime, and steady-state availability, respectively [46].

Next, consider n cycles, where each cycle consists of the beginning of up
state to the terminating of down state.

(d) Multiple cycle availability is the expected fraction of a given cycle that
the system will be able to operate [47], which is given by

A(n) EE{%} (1.11)

where X; (Y;) represents the uptime (downtime) (see Section 1.3.2).
(e) Multiple cycle availability with probability is the value A, (n) that satisfies
the following equation [48]

Z@—l Xi }
Pri—=—"—"——>A,(n),=v for0<v<l. 1.12
{Ei—1(Xi+Yi) ( ) ( )
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Let U(t) (D(t)) be the total uptime (downtime) in an interval (0,¢]; i.e.,
U(t) =t — D(¢).

(f) Limiting interval availability with probability is the value A, (t) that sat-
isfies
Pr{Uit)ZAy(t)}V for0 <wv < 1. (1.13)
The above availabilities of a one-unit system with repair maintenance and
their concrete expressions are given in Section 2.1.1. The availabilities of mul-
ticomponent systems were given in [51].

A multiple availability which presents the probability that a unit should
be available at each instant of demand was defined in [52,53]. Several other
kinds of availabilities such as random-request availability, mission availability,
computation availability, and equivalent availability for specific application
systems were proposed in [54].

Furthermore, interval reliability is the probability that at a specified time,
a unit is operating and will continue to operate for an interval of duration [55].
Repair and replacement are permitted. Then, the interval reliability R(x;t)
for an interval of duration x starting at time t is

R(z;t) =Pr{Z(u) =1, t <u<t+uz} (1.14)

and its limit of R(xz;t) as t — oo is called the limiting interval reliability. This
becomes simply reliability when ¢ = 0 and pointwise availability at time ¢ as
x — 0. The interval reliability of a one-unit system with repair maintenance
is derived in Section 2.1, and an optimum preventive maintenance policy that
maximizes it is discussed in Section 6.1.3.

(4) Reliability Scheduling

Most systems usually perform their functions for a job by scheduling time. A
job in the real world is done in random environments due to many sources of
uncertainty [56]. So, it would be reasonable to assume that a scheduling time
is a random variable, and define the reliability as the probability that the job
is accomplished successfully by a system.

Suppose that a random variable S (S > 0) is the scheduling time of a job,
and X is the failure time of a unit. Furthermore, S and X are independent of
each other, and have their respective distributions W (¢) and F'(¢) with finite
means; i.e., W(t) = Pr{S <t} and F(t) = Pr{X < t¢}.

We define the reliability of the unit with scheduling time S as

R(W) = Pr{S < X} = /O T W) dr() = /O TRWawe)  (1L15)

which is also called expected gain with some weight function W (t) [7].
We have the following results on R(W).
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(1) When W (¢) is the degenerate distribution placing unit mass at time ¢, we
have R(W) = R(t) which is the reliability function. Furthermore, when
W (t) is a discrete distribution

0 for0<t< T}
Wt)y=<>  pi forT; <t<Tjyq (j=1,2,...,N—1)
1 fOI‘tZTN

we have
N
e

(2) When W(t) = F(t) for allt > 0, R(W) =1/2.

(3) When W(t) =1—e“! R(W)=1-— F*(w), and inversely, when F(t) =
1—e M RW) = W*(/\) where G*(s) is the Laplace-Stieltjes transform
of any function G(t); i.e., G*(s) = [, e™*'dG(t) for s > 0.

(4) When both S and X are normally distributed Wlth mean 4 and pe, and
variance o and o3, respectively, R(W) = ®[(u2 — p1)/+/03 + 0?], where
@(u) is a standard normal distribution with mean 0 and Variance 1.

(5) When S is uniformly distributed on (0,71, fo (t)dt/T, which

represents the interval availability during (0 T] and is decreasing from 1
to 0.

Ezxample 1.3. Some work needs to have a job scheduling time set up. If the
work is not accomplished until the scheduled time, its time is prolonged, and
this causes some losses to the scheduling.

Suppose that the job scheduling time is L (0 < L < co) whose cost is sL.
If the work is accomplished up to time L, it needs cost c¢;, and if it is not
accomplished until time L and is done during (L, 00), it needs cost ¢y, where
cf > c1. Then, the expected cost until the completion of work is

ClL)=ca1 Pr{S <L} +cyPr{S>L} +sL
= W(L)+cp[l = W(L)] + sL. (1.16)

Because limy,_,o C(L) = ¢y and limy_,o C(L) = oo, there exists a finite job
scheduling time L* (0 < L* < oo) that minimizes C(L).

We seek an optimum time L* that minimizes C(L). Differentiating C(L)
with respect to L and setting it equal to zero, we have w(L) = s/(c; — 1),

—wt

where w(t) is a density function of W (¢). In particular, when W (t) = 1 —e™“?,

we b= 5% (1.17)
Cf—C1

Therefore, we have the following results.

(i) If w > s/(cy — c1) then there exists a finite and unique L* (0 < L* < 00)
that satisfies (1.17).
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(ii) If w < s/(cy — c1) then L* = 0; i.e., we should not make a schedule for
the job. g

1.2 Typical Failure Distributions

It is very important to know properties of distributions typically used in relia-
bility theory, and to identify what type of distribution fits the observed data.
It helps us in analyzing reliability models to know what properties the failure
and maintenance time distributions have. In general, it is well known that
failure distributions have the IFR property and maintenance time distribu-
tions have the DFR property. Some books of [57,58] extensively summarized
and studied this problem deeply.

This section briefly summarizes discrete and continuous distributions re-
lated to the analysis of reliability systems. The failure rate with the IFR
property plays an important role in maintenance theory. At the end, we give
a diagram of the relationship among the extreme distributions, and define
their discrete extreme distributions, including the Weibull distribution. Note
that geometric, negative binomial, and discrete Weibull distributions at dis-
crete times correspond to exponential, gamma and Weibull ones at continuous
times, respectively.

(1) Discrete Time Distributions

Let X be a random variable that denotes the failure time of units which
operate at discrete times. Let the probability function be p; (k=0,1,2,...)
and the moment-generating function be P*(0); i.e., pr = Pr{X = k} and
P*(0) =Y 7, e"%py, for 0 > 0 if it exists.

(i) Binomial distribution
PE = (Z)pkq”_k forO<p<l,g=1—-p

E{X}=np, V{X}=npq, P*(0)=(pe’+q)"

n

N\ i n—i _ n! Yok n—k—1
2 (i)pq - (n—k:—l)!k!/o z(l-2) dz,

i=k+1

where the right-hand side function is called the incomplete beta function
[7, p. 39].
(ii) Poisson distribution
ey
k= He

P for A >0



14 1 Introduction

E{X}=V{X} =) P*(6) = exp[-A(1—¢%)].

Units are statistically independent and their failure distribution is F'(t) =
1 — e ™. Let N(t) be a random variable that denotes the number of
failures during (0,¢]. Then, N(¢) has a Poisson distribution Pr{N(t) =
k} = [(At)¥/kl]le=** in Section 1.3.1.

(iii) Geometric distribution

pe =pgt for0<g<1

q q * p
E{x}=1 x1— L prp =
x=1 vixy= 4 P =L
hi,=0p

The failure rate is constant, and it has a memoryless property, i.e., the
Markov property in Section 1.3.
(iv) Negative binomial distribution

PR = <ka>pa(q)k forg=1—-p>0,a>0

E{X}:%, V{X}=%7 P*<9>:(1pqe9> '

The failure rate is increasing (decreasing) for & > 1 (o < 1) and coincides
with the geometric distribution for a = 1.

(2) Continuous Time Distributions

Let F(t) be the failure distribution with a density function f(t). Then, its LS
transform is given by F*(s fo e st dF(t fo e St f(t)dt for s > 0.

(i) Normal distribution

1

£(t) = exp[—(t — 1)

202

= } for —co < < 00,0 >0
210

B{X}=pu, V{X}=o0>%

(ii) Log normal distribution

ft) =

1
(logtu)Q] for —oo < pp < 00,0 >0

\/ﬂat Xi

BOX) = exp{pot 302 ). VXD = expl2lu+0%)] - exp(zn-+ o?),

The failure rate is decreasing in a long time interval, and hence, it is fitted
for most maintenance times, and search times for failures.
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(iii) Exponential distribution
f)y=X?, F(t)=1—e? forA>0

1 1 . A
B(X}=5. ViX}=35 F'6) =5

h(t) = .

When a unit has a memoryless property, the failure rate is constant [59,
p. 74]. Thus, a unit with some age x has the same exponential distribution
(1 — e, irrespective of its age; i.e., the previous operating time does
not affect its future lifetime.

(iv) Gamma distribution

f(t) = 25~——e™ for \,a >0

a Q@ N A\
BX) =5 VX =g P = (25)
where I'(a) = fooo 2% te™®dx for a > 0. The failure rate is increasing
(decreasing) for a > 1 (o < 1) and this coincides with the exponential
distribution for o = 1. If failures of each unit occur at a Poisson process
with rate A, i.e., each unit fails according to an exponential distribution
and is replaced instantly upon failure, the total time until the nth failure
has f(t) = A"~/ (n—1)l]e= (n = 1,2,...) which is the n-fold con-
volution of exponential distribution, and is called the Erlang distribution.
(v) Weibull distribution

() = Aat* Lexp(=At*), F(t)=1—exp(=M\t*) for A\, a >0

BE{X}= A—l/ar(1 + ;)
V{X}= AQ/‘*{F<1 + z> - {F<1 + i)F}
h(t) = dat® L.

The failure rate is increasing (decreasing) for @ > 1 (o < 1) and this
coincides with the exponential distribution for oo = 1.

(3) Extreme Distributions

The Weibull distribution is the most popular distribution of failure times for
various phenomena [45,60], and also is applied in many different fields. The
literature on Weibull distributions was integrated, reviewed, and discussed,
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(The smallest extreme) (The largest extreme)
Type I t z | Typel
Aaexp(at — Xe®?) x=—t Aaexp(—at — e~ )
x x
r =logt x =logt
t t
Type IIT (Weibull) | ¢ x | TypeII
Aot Le= A" r=1/t Aat— @ le=A™"
t t
x=-1/t x=-1/t
x x
Type 11 t z | Type III
Aa(—t)~ o lemA=0"" r=1/t a(—t)@te A=

Fig. 1.1. Flow diagram among extreme distributions

and how to formulate Weibull models was shown in [61]. It is also called
the Type IIT asymptotic distribution of extreme values [29], and hence, it is
important to investigate the properties of their distributions.

Figure 1.1 shows the flow diagram among extreme density functions [62].
For example, transforming = = logt, i.e., t = e”, in a Type I distribution of
the smallest extreme value, we have the Weibull distribution:

aexp(az — Ae®®) dz = Aat® ! exp(—At¥) dt.

The failure rate of the Weibull distribution is Aat®~!, which increases with
t for @ > 1. Let us find the distribution for which the failure rate increases
exponentially. Substituting h(t) = Aae®* in (1.3) and (1.4), we have

f(t) = h(t) exp{— /Ot h(w) du] = Aae™ exp[—A(e™ — 1)]

which is obtained by considering the positive part of Type I of the smallest
extreme distribution and by normalizing it.

In failure studies, the time to failure is often measured in the number
of cycles to failure, and therefore becomes a discrete random variable. It has
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already been shown that geometric and negative binomial distributions at dis-
crete times correspond to exponential and gamma distributions at continuous
times, respectively. We are interested in the following question: what discrete
distribution corresponds to the Weibull distribution?

Consider the continuous exponential survival function F(t) = e~ . Sup-
pose that ¢ takes only the discrete values 0, 1, .... Then, replacing e~* by
¢, and t by k formally, we have the geometric survival distribution ¢* for
k=0,1,2,.... This could happen when failures of a unit with an exponen-
tial distribution are not revealed unless a specified test has been carried out
to determine the condition of the unit and the probability that its failures are
detected at the kth test is geometric.

In a similar way, from the survival function F(t) = exp[—(\t)?] of a
Weibull distribution, we define the following discrete Weibull survival func-
tion [63].

oo
ijz(q)ka fOI‘Oé>0,0<q<1 (k:071727)
j=k

The probability function, the failure rate, and the mean are

pe= (@) = (@*", hp=1— (g

B{X} =3 (@)
k=1
The failure rate is increasing (decreasing) for @ > 1 (o < 1) and coincides
with the geometric distribution for o = 1.
When a random variable X has a geometric distribution, i.e., Pr{X >
k} = ¢*, the survival function distribution of a random variable Y = X /e
for a > 0 is
Pr{Y >k} = Pr{X > k°} = (¢)*"

which is the discrete Weibull distribution. The parameters of a discrete
Weibull distribution were estimated in [64]. Furthermore, modified discrete
Weibull distributions were proposed in [65].

Failures of some units often depend more on the total number of cycles
than on the total time that they have been used. Such examples are switching
devices, railroad tracks, and airplane tires. In this case, we believe that a
discrete Weibull distribution will be a good approximation for such devices,
materials, or structures. A comprehensive survey of discrete distributions used
in reliability models was presented in [66].

Figure 1.2 shows the graph of the probability function p; for ¢ = 0.6
and o = 0.5, 1.0, 1.5, and 2.0, and Figure 1.3 gives the survival functions of
discrete extreme distributions as those in Figure 1.1.

Ezample 1.4.  Consider an n-unit parallel redundant system (see Exam-
ple 1.6) in a random environment that generates shocks at mean interval
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0.5

Fig. 1.2. Discrete Weibull probability function px = ¢** for ¢ = 0.6

Type|The smallest extreme The largest extreme

I qak(a>1,—oo<k<oo) 1—q°‘7k(a>1,—oo<k<oo)
I """ (a>0,—c0<k<0) 1—¢" " (a>0,0<k< o)
I |¢* («>0,0<k< ) 1—¢"M" (>0, —00 < k <0)

Fig. 1.3. Survival functions of discrete extreme for 0 < g < 1

0 [67]. Each unit fails with probability py at the kth shock (k = 1,2,...),
independently of other units. Then, the mean time to system failure is

n n
k k—1

pn =0 kS 1Y pi| — Do
k=1 j

oo k " n o >
sl Vs e [50]
k=0 j=1 =1

k=0 |j=k+1

where 22:1 = 0. For example, when shocks occur according to a discrete
Weibull distribution Y272, p; = ()FV" (k=1,2,...),

In particular, when o =1,
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" (n i 1
Hn = GZ (z>(_1) +11—7qi' ]
i=1

1.3 Stochastic Processes

In this section, we briefly present some kinds of stochastic processes for sys-
tems with maintenance. Let us sketch the simplest system as an example. It
is a one-unit system with repair or replacement whose time is negligible; i.e.,
a unit is operating and is repaired or replaced when it fails, where the time
required for repair or replacement is negligible. When the repair or replace-
ment is completed, the unit becomes as good as new and begins to operate.
The system forms a renewal process, i.e., a renewal theory arises from the
study of self-renewing aggregates, and plays an important role in the analysis
of probability models with sums of independent nonnegative random vari-
ables. We summarize the main results of a renewal theory for future studies
of maintenance models in this book.

Next, consider a one-unit system where the repair or replacement time
needs a nonnegligible time; i.e., the system repeats up and down alternately.
The system forms an alternating renewal process that repeats two different
renewal processes alternately. Furthermore, if the duration times of up and
down are multiples of a period of time, then the system can be described by a
discrete time parameter Markov chain. If the duration times of up and down
are distributed exponentially, then the system can be described by a contin-
uous time parameter Markov process. In general, Markov chains or processes
have the Markovian property: the future behavior depends only on the present
state and not on its past history. If the duration times of up and down are
distributed arbitrarily, then the system can be described by a semi-Markov
process or Markov renewal process.

Because the mechanism of failure occurrences may be uncertain in complex
systems, we have to observe the behavior of such systems statistically and
stochastically. It would be very effective in the reliability analysis to deal with
maintenance problems underlying stochastic processes, which justly describe
a physical phenomenon of random events. Therefore, this section summarizes
the theory of renewal processes, Markov chains, semi-Markov processes, and
Markov renewal processes for future studies of maintenance models. More
general theory and applications of renewal processes are found in [68, 69].

Markov chains are essential and fundamental in the theory of stochastic
processes. On the other hand, semi-Markov processes or Markov renewal pro-
cesses are based on a marriage of renewal processes and Markov chains, which
were first studied by [70]. Pyke gave a careful definition and discussions of
Markov renewal processes in detail [71,72]. In reliability, these processes are
one of the most powerful mathematical techniques for analyzing maintenance
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and random models. A table of applicable stochastic processes associated with
repairman problems was shown in [7].

State space is usually defined by the number of units that is functioning
satisfactorily. As far as the applications are concerned, we consider only a finite
number of states. We mention only the theory of stationary Markov chains
with finite-state space for analysis of maintenance models. It is shown that
transition probabilities, first-passage time distributions, and renewal functions
are given in terms of one-step transition probabilities. Furthermore, some
limiting properties are summarized when all states communicate.

We omit the proofs of results and derivations. For more detailed discussions
and applications of Markov processes, we refer readers to the books [59,73-75].

1.3.1 Renewal Process

Consider a sequence of independent and nonnegative random variables { X7, X»,
..}, in which Pr{X,; = 0} < 1 for all i because of avoiding the triviality. Sup-
pose that Xs, X3, ... have an identical distribution F(t) with finite mean
u, however, X; possibly has a different distribution F}(¢) with finite mean
p1, in which both Fj(t) and F(t) are not degenerate at time ¢t = 0, and
F1(0) = F(0) =0.
We have three cases according to the following types of Fi(t).

(1) If Fi(t) = F(t), i.e., all random variables are identically distributed, the
process is called an ordinary renewal process or remewal process for short.

(2) If Fi(t) and F(t) are not the same, the process is called a modified or
delayed renewal process.

(3) If Fy(t) is expressed as F(t fo [1 — F(u)]du/p which is given in (1.30),
the process is called an equzlzbmum or statwnary renewal process.

Example 1.5.  Consider a unit that is replaced with a new one upon fail-
ure. A unit begins to operate immediately after the replacement whose time
is negligible. Suppose that the failure distribution of each new unit is F'(t).
If a new unit is installed at time ¢ = 0 then all failure times have the same
distribution, and hence, we have an ordinary renewal process. On the other
hand, if a unit is in use at time ¢t = 0 then X; represents its residual lifetime
and could be different from the failure time of a new unit, and hence, we have
a modified renewal process. In particular, if the observed time origin is suffi-
aently large after the installation of a unit and X has a failure distribution
fo [1 — F(u)]du/p, we have an equilibrium renewal process. g

Lettlng Sp =20 X (n=1,2,...) and Sy = 0, we define N(t) =
max, {S, <t} which represents the number of renewals during (0, ¢]. Renewal
theory is mainly devoted to the investigation into the probabilistic properties
of N(t).

Denoting
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1 fort>0 ¢
FO ) = = F(”)tz/F(”*l)tf dF =1,2,...);
(t) {0 for t <0 (t) ; (t—u)dF(u) (n=1,2,...);

i.e., letting F'(™ be the n-fold Stieltjes convolution of F with itself, represents
the distribution of the sum Xs + X35+ --- + X, ;1. Evidently,

Pr{N(t) =0} = Pr{X; >t} =1 - Fy(t)
Pr{N(t) = n} =Pr{S, <t and S,41 >t}
=R )« FP" D@ —F ()« F™(E) (n=1,2,...), (1.18)

where the asterisk denotes the pairwise Stieltjes convolution; i.e., a(t) *b(t) =

3 b(t — ) da(u).
We define the expected number of renewals in (0,¢] as M (¢t) = E{N(t)},
which is called the renewal function, and m(t) = dM(t)/d¢, which is called

the renewal density. From (1.18), we have
=> kPr{N(t) =k} = ZFl « FE=1 (1), (1.19)
k=1

It is fairly easy to show that M () is finite for all ¢ > 0 because Pr{X; = 0} <
1. Furthermore, from the notation of convolution,

=F - ' (k) —u 1(u) = t — U 1lu .
F(t)+kz_:1/0F (t —u) dFy (v) /O[lJrMo(t ) dFy (u) (1.20)

t +/O mo(t — ) f1(u) du

where M(t) is the renewal function of an ordinary renewal process with dis-
tribution F; i.e., My(t) = S ro | F®(2), mo(t) = dMo(t)/dt = S5, F B (2),
and f and f; are the respective density functions of F' and F;. The LS trans-
form of M (t) is given by

M*(s)z/ooo e~ dM(t) = lle()() (1.21)

where, in general, @*(s) is the LS transform of &(t); i.e., *(s) = [~ e *'dd(s
for s > 0. Thus, M (t) is determined by Fi(t) and F( ). When Fi(t) = F(t),
My(t) = M(t), and Equation (1.21) implies F*(s) = M*(s)/[1 + M*(s)],
and hence, F(t) is also determined by M (t) because the LS transform deter-
mines the distribution uniquely. The Laplace inversion method is referred to
in [76,77].

We summarize some important limiting theorems of renewal theory for
future references.
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Theorem 1.2.
N(t 1
(i) With probability 1, % - — as t — oo.
1
Mt 1
(i) % — = as t — oo. (1.22)
1

It is well known that when Fy(t) = F(t) = 1 —e ¥/ M(t) = t/u for all
t > 0, and hence, M(t + h) — M (t) = h/u. Furthermore, when the process is
an equilibrium renewal process, we also have that M(t) = t/pu.

Before mentioning the following theorems, we define that a nonnegative
random X is called a lattice if there exists d > 0 such that » °  Pr{X =
nd} = 1. The largest d having this property is called the period of X. When
X is a lattice, the distribution F(¢t) of X is called a lattice distribution. On
the other hand, when X is not a lattice, F' is called a nonlattice distribution.

Theorem 1.3.

(i) If F is a nonlattice distribution,
h
M(t—l—h)—M(t)—>; as t — oo. (1.23)
(ii) If F'(t) is a lattice distribution with period d,

d
Pr{Renewal at nd} — m as t — 0. (1.24)

Theorem 1.4. If yy = [°t2dF(t) < oo and F is nonlattice,

t M2
Mit)=—4+-—=-1 1 5 t — 00. 1.25
(t) u+2u2 +o(1) as 00 (1.25)

From this theorem, M(t) and m(t) are approximately given by

t
M) ~-+22 1 me)~

1.2

1
I
for large t. Furthermore, the following inequalities of M (¢) when F is IFR are
given [7],

Piye bt cmp<HO ot

_ 1.27
H ~ Jo F(u)du (1.27)

N fOtF(u)du T
Next, let 6(t) = t — Sy and ¥(t) = Sn()4+1 — t, which represent the

current age and the residual life, respectively. In an ordinary renewal process,

we have the following distributions of §(¢) and ~(¢) when F' is not a lattice.
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Theorem 1.5.
Pr{5(t) < o} = {f(t) —Jo = w)dM () g ’ i z (1.28)
Pri(t) < 2} = F(t +2) — /0 (1= F(t+ 2 —u)] dM(u) (1.29)

and their limiting distribution is

tlirgo Pr{o(t) <z} = tlggc Pr{y(t) <z} = /t/ow[l — F(u)] du. (1.30)

It is of interest that the mean of the above limiting distribution is

1/°° B pg—
— z[l — F(x)|de = = + ———— 1.31
L el - P =f (131)

which is greater than half of the mean interval time p [68]. Moreover, the
stochastic properties of v(t) were investigated in [78,79].

If the number N (¢) of some event during (0, ] has the following distribution

n
Pr{N(t) =n} = %e*fm) (n=0,1,2,...) (1.32)
and has the property of independent increments, then the process {N(t),t >
0} is called a nonhomogeneous Poisson process with mean value function H (t).
Clearly, E{N(t)} = H(t) and h(t) = dH(t)/dt, i.e., H(t) = fg h(u)du, is
called an intensity function.

Suppose that a unit fails and undergoes minimal repair; i.e., its failure
rate remains undisturbed by any minimal repair (see Section 4.1). Then, the
number N (t) of failures during (0, ¢] has a Poisson distribution in (1.32). In
this case, we say that failures of a unit occur at a nonhomogeneous Poisson
process, and H (t) and h(t) correspond to the cumulative hazard function and
failure rate of a unit with itself, respectively.

Finally, we introduce a renewal reward process [73] or cumulative process
[69]. For instance, if we consider the total reward produced by the successive
production of a machine, then the process forms a renewal reward process,
where the successive production can be described by a renewal process and
the total rewards caused by production may be additive.

Define that a reward Y, is earned at the nth renewal time (n =1,2,...).
When a sequence of pairs {X,,,Y;,} is independent and identically distributed,

Y(t) = Zf:[:(tl) Y, is denoted by the total reward earned during (0,t]. When
successive shocks of a unit occur at time interval X,, and each shock causes
an amount of damage Y,, to a unit, the total amount of damage is given by

Y (t) [69,80).
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Yy Y Y3
Down state kAN PN —

Up state ) . ) . o
X1 Xo X3

Fig. 1.4. Realization of alternating renewal process

Theorem 1.6. Suppose that E{Y'} = E{Y,,} are finite.

Y(t E{Y
(i) With probability 1, % — L as t — oo. (1.33)
]

o) EY0) | BY)

; as t — oo. (1.34)

In the above theorems, we interpret a/u = 0 whenever p = oo and |a| < co.
Theorem 1.6 can be easily proved from Theorem 1.2 and the detailed proof
can be found in [73]. This theorem shows that if one cycle is denoted by the
time interval between renewals, the expected reward per unit of time for an
infinite time span is equal to the expected reward per one cycle, divided by
the mean time of one cycle. This is applied throughout this book to many
optimization problems that minimize cost functions.

1.3.2 Alternating Renewal Process

Alternating renewal processes are the processes that repeat on and off or
up and down states alternately [69]. Many redundant systems generate alter-
nating renewal processes. For example, we consider a one-unit system with
repair maintenance in Section 2.1. The unit begins to operate at time 0, and
is repaired upon failure and returns to operation. We could consider the time
required for repair as the replacement time. It is assumed in any event that the
unit becomes as good as new after the repair or maintenance completion. It is
said that the system forms an ordinary alternating renewal process or simply
an alternating renewal process. If we take the time origin a long way from the
beginning of an operating unit, the system forms an equilibrium alternating
renewal process.

Furthermore, consider an n-unit standby redundant system with r repair-
persons (1 < r < n) and one operating unit supported by n— 1 identical spare
units [7, p. 150; 81]. When each unit fails randomly and the repair times are
exponential, the system forms a modified alternating renewal process.
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We are concerned with only the off time properties and apply them to reli-
ability systems. Consider an alternating renewal process {X1,Y7, X2, Ya,...},
where X; and Y; (i = 1,2,...) are independent random variables with dis-
tributions F' and G, respectively (see Figure 1.4). The alternating renewal
process assumes on and off states alternately with distributions F' and G.

Let N(t) and D(t) be the number of up states and the total amount of
time spent in down states during (0, ¢], respectively. Then, from a well-known
formula of the sum of independent random variables,

Pr{Y1+ Yo+ --4+Y, <z|N(t)=n}Pr{N(t) =n}
=Pr{Vi+Yo+ - 4V, <a2}Pr{Xi+ -+ Xp<t—2a <X+ - +Xpn41}
=G (2)[F™(t — z) — FHD (¢ — )]

we have [82]
Pr{D(t) < x} — {fo_o G (z)[FM™(t —2) — FOtU(t —z)] fort >ux
1 for t < z.
(1.35)
Thus, the distribution of T5 = min{D(¢) > §} for a specified § > 0, which
is the first time that the total amount of off time has exceeded ¢, is given by
Pr{D(t) > 6}.

Next, consider the first time that an amount of off time exceeds a fixed
time ¢ > 0, where c is called a critically allowed time for maintenance [83].
In general, it is assumed that c¢ is_a random variable U with distribution
K. Let Y; = {V;Y;, < U} and U; = {U;U < Y;}. If the process ends
with the first event of {U < Yy} then the terminating process of interest
is {Xl,?l,Xg,ffz,...,XN,l,f/N,hXN,(N]N}, the sum of random variables
W = Zf:ll(Xl +Y;) + Xy 4 Uy, and its distribution L(t) = Pr{W < t}.

The probability that Y; is not greater than U and Y; <t is

t

B(t)=Pr{Y; <U,Y; <t} = [ K(u)dG(u)

and Y; is greater than U and U < t is
t
B(t) = Pr{U < Y, U < #} = / C(w) dK (u).
0

Thus, from the formula of the sum of independent random variables,

N-1
ZPr{Z Xi"'i;i)‘f'XN‘i‘ﬁNSt}

=1

= ZF(" « BM (1) % F(t) % B(t). (1.36)
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Therefore, the LS transform of L(t) is

L*(s) = m (1.37)

and its mean time is

T A O S J S GOK (1) dt

s»0 s IS K1) dG(t) (1.38)

In particular, when c is constant, the corresponding results of (1.37) and
(1.38) are, respectively,

F*(s)e™*°G(c)

L(s) = — F*(j) et da(e) (1.39)
Pt GOt (1.40)
G(o)

1.3.3 Markov Processes

When we analyze complex systems, it is essential to learn Markov processes.
This section briefly explains the theory of Markov chains, semi-Markov pro-
cesses, and Markov renewal processes.

(1) Markov Chain

Consider a discrete time stochastic process {X,,,n =0,1,2,...} with a finite
state set {0,1,2,...,m}. If we suppose that

Pr{Xn+1 = Z.n+1|AX0 =19, X1 =141,..., Xy = in}:Pr{Xn—&-l = Z.n+1|)(n = Zn}

for all states ig, 41, ..., in, and all n > 0, then the process {X,,,n =0,1,...}
is said to be a Markov chain. This property shows that, given the value of X,
the future value of X,, 1 does not depend on the value of X for 0 <k <n—1.
If the probability of X, 11 being in state j, given that X, is in state i, is
independent of n, i.e.,

then the process has a stationary (one-step) transition probability. We re-
strict ourselves to discrete time Markov chains with stationary transition
probabilities. Manifestly, the transition probabilities F;; satisfy P;; > 0, and
Z;'nzo Py =1

A Markov chain is completely specified by the transition probabilities P;;
and an initial probability distribution of X¢ at time 0. Let P denote the
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probability that the process goes from state i to state j in n transactions; or
formally,
PZ]L = PI‘{XTL_;,_k = ]|ch = Z}

Then,
Pr=> PipPy"  (r=0,1,...,n), (1.42)
k=0

where PJ = 1 and otherwise Pl% = 0 for convenience. This equation is known
as the Chapman—Kolmogorov equation.
We define the first-passage time distribution as
Fi=Pr{X, =4, Xs #j,k=1,2,...,n— 1|Xo =i} (1.43)
which is the probability that starting in state 4, the first transition into state
j occurs at the nth transition, where we define Fg =0 for all 4, j. Then,

n
pr=Y_FEPLh (n=1,2,...) (1.44)
k=0

and hence, the probability lez of the first passage from state i to state j at

the kth transition is determined uniquely by the above equation.
Furthermore, let M} denote the expected number of visits to state j in

the nth transition if the process starts in state i, not including the first at

time 0. Then,

Mp=>"Pf  (n=12,..), (1.45)
k=1

where we define M; = 0 for all i, j.
We next introduce the following generating functions.

o0 o0 o0

Pi(z) =Y _2"PL,  Fja)=Y_ 2"Fl,  Mj(z) =) "M

n=0 n=0 n=0

for |z| < 1. Then, forming the generating operations of (1.44) and (1.45), we
have [59]

P = gy BIO=F@P (£ (L)
X . P;j(z)*l . _P;}(Z) .,
ij(z) ST 1, sz(z) -1 (i # J)- (1.47)

Two states ¢ and j are said to communicate if and only if there exist
integers n; > 0 and no > 0 such that Pgl > 0 and PJZZ > 0. The period d(i)
of states ¢ is defined as the greatest common divisor of all integers n > 1 for
which PJ? > 0. If d(i) = 1 then state ¢ is said to be nonperiodic.
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Consider a Markov chain in which all states communicate. Such a chain is
called irreducible. We only consider the nonperiodic case. Then, the following
limiting results of such a Markov chain are known.

oo oo
S OFr=1,  py=) nFj<oo (1.48)
n=1 n=1

n

e M 1
lim M]: = E Pl=0c0, lim —2 = lim Pl=— < (1.49)
n— o0 J 1 J n—oo N n—oo 107
n=

for all i, j. Furthermore, lim, o Pj; = m; (j = 0,1,2,...,m) are uniquely
determined by a set of equations:

m=y mP; (j=012..m) Y m=L (1.50)
=0

(2) Semi-Markov and Markov Renewal Processes

Consider a stochastic process with a finite state set {0,1,2, ..., m} that makes
transitions from state to state in accordance with a Markov chain with station-
ary transition probabilities. However, in the process the amount of time spent
in each state until the next transition is not always constant but random.

Let Q;;(t) denote the probability that after making a transition into state
i, the next process makes a transition into state j, in an amount of time less
than or equal to ¢. Clearly, we have Q;;(t) > 0 and Z;ﬁ:o Qij(00) = 1, where
Qi;(00) represents the probability that the next process makes a transition
into state j, given that the process goes into state i. We call the probability
Qi;(t) a mass function. Letting

Gij(t) = C% for Q”(OO) >0
then G;;(t) represents the conditional probability that the process makes a
transition in an amount of time less than or equal to t, given that the process
goes from state ¢ to state j at the next transition.

Let J,, denote the state of the process immediately after the nth transition
has occurred for n > 1 and let Jy denote the initial state of the process.
Then, the stochastic process {J,,n = 0,1,2,...} is called an embedded Markov
chain. If the process makes a transition from one state to another with one
unit of time, i.e., G;j(t) = 0 for t < 1, and 1 for ¢ > 1, then an embedded
Markov chain becomes a Markov chain. Furthermore, if an amount of time
spent in state ¢ depends only on state ¢ and is exponential independent of the
next state; Gy;(t) = 1 — e~ for constant \; > 0, the process is said to be a
continuous time parameter Markov process. In addition, the process becomes
a renewal process if it is only one state. If we let Z(t) denote the state of
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the process at time ¢, then the stochastic process {Z(t),¢ > 0} is called a
semi-Markov process. Let N;(t) denote the number of times that the process
visits state 4 in (0, ¢]. It follows from renewal theory that with probability 1,
N;(t) < oo for t > 0. The stochastic process {Ny(t), N1(t), Na(t),..., Nm(t)}
is called a Markov renewal process.

An embedded Markov chain records the state of the process at each tran-
sition point, a semi-Markov process records the state of the process at each
time point, and a Markov renewal process records the total number of times
that each state has been visited.

Let H;(t) denote the distribution of an amount of time spent in state 4
until the process makes a transition to the next state;

m

Hi(t) =) Q1)
=0

which is called the unconditional distribution for state i. We suppose that
H;(0) < 1 for all . Denoting

oo oo
i = / thi(t), Mij = / thij(t)
0 0
it is easily seen that
mi= Y Quij(00) i
§=0

which represents the mean time spent in state i.
We define transition probabilities, first-passage time distributions, and re-
newal functions as, respectively,
P;;(t) =Pr{Z(t) = j|Z(0) = i}
Fij(t) = Pr{N; (t) > 0]Z(0) = i}
M;;(t) = E{N;(t)|Z(0) = i}.
We have the following relationships for P;;(t), Fj;(t), and M;;(¢) in terms of
the mass functions Q;;(t).

k=070
Py(t) =Y [ Pult—wdQuin)  fori#] (1.52)
k=070
Fyt) = Q)+ / Fiy (¢ — ) dQu (1) (1.53)
k=

k=070
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Therefore, the mass functions Q;;(t) determine P;;(t), F;;(t), and M;;(t)
uniquely. Furthermore, we have

t
Palt) = 1 — Hy(t >+/ Palt - w) dFys(u) (1.55)
/ Pyt —u)dFy () fori# (1.56)
M;;(t) = / M;;(t — u) dFy;(u). (1.57)
Thus, forming the LS transforms of the above equations,
w1 — Hi(s)
Pji(s) = F5(s)P;(s) for i # j (1.59)
M;5(s) = Fij(s)[1 + Mj;(s)], (1.60)

where the asterisk denotes the LS transform of the function with itself.

Consider the process in which all states communicate, G;;(c0) = 1, and
i < oo for all 7. It is said that the process consists of one positive recurrent
class. Further suppose that each G;;(¢) is a nonlattice distribution. Then, we
have

Gij(c0) =1, iy <00

Hij = 1 + Z Qik(oo)/u'kj- (1'61)
k#j
Furthermore,
lim M;;(t) = / P;;(u)du = o0
t—o0 0 (1 62)
M;;(t 1 . '
lir11¢:—<oo7 hmPij(t)—n—J<oo
t—o00 t Mg t—o0 Mg

In this case, because there exist lim;_,o M;;(t)/t and lim;_, P;;(t), we also
have, from a Tauberian theorem that if for some nonnegative integer n,
lim,_,0 s"®*(s) = C then lim;_,oc P(t)/t" = C/nl,

M;;(t
lim My(t) _ lim sM;(s)
t—o0 s—0
1t (1.63)
tglgloaj(>_tli>nolo¥ 0 ()du_ll—%P()

1.3.4 Markov Renewal Process with Nonregeneration Points

This section explains unique modifications of Markov renewal processes and
applies them to redundant repairable systems including some nonregeneration
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points [84]. It has already been shown that such modifications give powerful
plays for analyzing two-unit redundant systems [85] and communication sys-
tems [86]. In this book, this is used for the one-unit system with repair in
Section 2.1, and the two-unit standby system with preventive maintenance in
Section 6.2.

It is assumed that the Markov renewal process under consideration has
only one positive recurrent class, because we restrict ourselves to applications
to reliability models. Consider the case where epochs at which the process
enters some states are not regeneration points. Then, we partition a state
space S into S = S*|JST (S* (N ST = ¢), where S* is the portion of the state
space such that the epoch entering state 7 (i € S*) is not a regeneration point,
and ST is such that the epoch entering state i (i € ST) is a regeneration point,
where S* and ST are assumed not to be empty.

Define the mass function Q;;(t) from state i (i € ST) to state j (j € S) by
the probability that after entering state ¢, the process makes a transition into
state 7, in an amount of time less than or equal to t. However, it is impossible
to define mass functions Q;;(¢) for ¢ € S*, because the epoch entering state ¢
is not a regeneration point. We define the new mass function Ql(fl’kz"“’km)(t)
which is the probability that after entering state i (i € ST), the process next
makes transitions into states k1, ko, ..., km (k1,k2,. .., kyn € S*), and finally,
enters state j (j € S), in an amount of time less than or equal to ¢. Moreover,
we define that H;(t) = 3 ,cqQu;(t) for i € ST, which is the unconditional
distribution of the time elapsed from state ¢ to the next state entered, possibly
1 itself.

(1) Type 1 Markov Renewal Process

Consider a Markov renewal process with m-1 states, that consists of ST = {0}
and S* = {1,2,...,m} in Figure 1.5. The process starts in state 0, i.e.,
Z(0) = 0, and makes transitions into state 1, 2, ..., m, and comes back to
state 0. Then, from straightforward renewal arguments, the first-passage time
distributions are

Foi(t) = Qo1 (1)
Fo(t) = Q5> V(w)  (j=23,....m) (1.64)
Fao(t) = Qo™ ™ (1),
the renewal functions are
Mox (t) = Qor(t) + Qbg ™™ (£) % Mox (£) = Qov(t) + Foo(t) Moy (1)
Mo;(t) = Q577771 (8) + Foolt) * Mo;(t)  (j=2.3,...,m) (1.65)

Moo (t) = Foo(t) + Foo(t) * Moo(t),

and the transition probabilities are
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Por(t) = Qo1 (1) — QS (1) + QL™ () % Poy (¢)

= Qu1(t) — QY () + Foo(t) * Por (t)
Poj(t) = Q5> 7V (t) — Q57 (1) + Foolt) * Poj(t) (7 =2,3,...,m)
Poo(t) =1 — Qou(t) + Foo(t) * Poo(t), (1.66)

W
W

where Q6,77 () = Qg™ ™ (1),
Taking the LS transforms on both sides of (1.65) and (1.66),

* _ Quu(s)
Mm@)—#&(s)
(1,2, =1) o
ng(s)w (j=23,...,m) (1.67)
Migls) = 7200
*(1) s
R
*(1,2, Jj—1) *(1,27 .7)
Py = T O T gy 06)
Piols) = T,

where note that »°7" Py;(s) = 1. From (1.67) and (1.68), the renewal func-
tions and the transition probabilities are computed explicitly upon inversion,
however, this might not be easy except in simple cases.

Example 1.6. Consider an n-unit parallel redundant system: When at least
one of n units is operating, the system is operating. When all units are down
simultaneously, the system fails and will begin to operate again immediately
by replacing all failed units with new ones. Each unit operates independently
and has an identical failure distribution F(t). The states are denoted by the
total number of failed units. When all units begin to operate at time 0, the
mass functions are

Qui(t) =1—[F(®)]"

n

Qo 1>(>Z(7)[F<t>]i[F(t>]”i (G=23,....n).  (1.69)

"\ 7
i=j

Thus, substituting the above equations into (1.67) and (1.68), we can obtain
the renewal functions and the transition probabilities. g
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O State with regeneration point

|:| States with nonregeneration point

Fig. 1.5. State transition diagram for Type 1 Markov renewal process

O State with regeneration point

|:| States with nonregeneration point

Fig. 1.6. State transition diagram for Type 2 Markov renewal process

(2) Type 2 Markov Renewal Process

Consider a Markov renewal process with ST = {0} and S* = {1,2,...,m}
in Figure 1.6. The process starts in state 0 and only is permitted to make a

transition into one state j € S*, and then return to 0.
The LS transforms of the first-passage time distributions, the renewal func-

tions, and the transition probabilities are
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Fyo(s ZQ*( g

Fyi(s) = Qi (s /12@*() (G=1,2,...m) (1.70)

i#]
Mg;(s) = % (G=12...,m) (1.71)
Binls) = - _12_?;?5)" &

Py(s) = onist :J))(S) (G=1,2,...,m). (1.72)

The process corresponds to a special one of Type 1 when m = 1. That is,
it is the simplest state space with one nonregeneration point. The process
takes two alternate states 0 and 1. When the epoch entering state 1 is also a
regeneration point, the process becomes an alternating renewal process (see
Section 1.3.2).

Example 1.7.  Consider a two-unit standby redundant system with repair
maintenance [85]. The failure distribution of an operating unit is F(¢) and
the repair distribution of a failed unit is G(¢). When an operating unit fails
and the other unit is on standby, the failed unit undergoes repair immediately
and the unit on standby takes over the operation. However, when an operating
unit fails while the other unit is under repair, the failed unit has to wait for
repair until a repairperson is free.
Define the following states.

State 0: One unit is operating and other unit is under repair.
State 1: One unit is operating and the other unit is on standby.
State 2: One unit is under repair and the other unit waits for repair.

The system generates a Markov renewal process with ST = {0} and S* =
{1,2}. Then, the mass functions are

Qo (t) = /t<>dG<> Qualt /G ) dF(u

a0 = [ cwarw. o= [ Fuadw.

Thus, we can obtain the reliability quantities of the system by using the results
of the Type 2 process.
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Many redundant systems and stochastic models can be described by the

Type 1 or Type 2 process, or mixtures and linkages of Type 1 and Type 2,
and the usual Markov renewal processes. g
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2

Repair Maintenance

The most basic maintenance policy for units is to do some maintenance of
failed units which is called corrective maintenance; i.e., when units fail, they
may undergo repair or may be scrapped and replaced. After the repair comple-
tion, units can operate again. A system with several units forms semi-Markov
processes and Markov renewal processes in stochastic processes. Such relia-
bility models are called repairman problems [1], and some useful expressions
of reliability measures of many redundant systems were summarized in [2, 3].
Early results of two-unit systems and their maintenance (see Section 6.2) were
surveyed in [4]. Furthermore, imperfect repair models that do not always be-
come like new after repair were proposed in [5,6] (see Chapter 7).

In this chapter, we are concerned only with reliability characteristics of
repairable systems such as mean time to system failure, availability, and ex-
pected number of system failures. Such reliability measures are obtained by
using the techniques of stochastic processes as described in Section 1.3.

In Section 2.1, we consider the most fundamental one-unit system and
survey its reliability quantities such as transition probabilities, downtime dis-
tribution, and availabilities. Another point of interest is the repair limit policy
where the repair of a failed unit is stopped if it is not completed within a
planned time T [7]. It is shown that there exists an optimum repair limit time
T* that minimizes the expected cost rate when the repair cost is proportional
to time. In Section 2.2, we consider a system with a main unit supported by
n spare units, and obtain the mean time to system failure and the expected
number of failed spare units [8]. Using these results, we propose several opti-
mization problems. Finally, in Section 2.3, we consider (n + 1)-unit standby
and parallel systems, and derive transition probabilities and first-passage time
distributions.

39
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2.1 One-Unit System

An operating unit is repaired or replaced when it fails. When the failed unit
undergoes repair, it takes a certain time which may not be negligible. When
the repair is completed, the unit begins to operate again. If the failed unit
cannot be repaired and spare units are not on hand, it takes a replacement
time which may not be negligible.

We consider one operating unit that is repaired immediately when it fails.
The failed unit is returned to the operating state when its repair is completed
and becomes as good as new. It is assumed that the switchover time from the
operating state to the repair state and from the repair state to the operating
state are instantaneous. The successive operating times between failures are
independently and identically distributed. The successive repair times are also
independently, identically distributed and independent of the operating times.
Of course, we can consider the repair time as the time required to make a
replacement. In this case, the failed unit is replaced with a new one, and its
unit operates as same as the failed one.

This system is the most fundamental system that repeats up and down
states alternately. The process of such a system can be described by a Markov
renewal process with two states, i.e., an alternating renewal process given in
Section 1.3 [9]. Many of the known results were summarized in [1,10].

This section surveys the reliability quantities of a one-unit system and
considers a repair limit policy in which the unit under repair is replaced with
a new one when the repair is not completed by a fixed time.

2.1.1 Reliability Quantities
(1) Renewal Functions and Transition Probabilities

In the analysis of stochastic models, we are interested in the expected number
of system failures during (0, t] and the probability that the system is operating
at time t. We obtain the stochastic behavior of a one-unit system by using
the techniques in Markov renewal processes.

Assume that the failure time of an operating unit has a general distribution
F(t) with finite mean p and the repair time of failed units has a general
distribution G(t) with finite mean 3, where & = 1 — & for any function @,
where, in general, u and (8 are referred to as mean time to failure (MTTF)
and mean time to repair (MTTR), respectively. To analyze the system, we
define the following states.

State 0: Unit is operating.
State 1: Unit is under repair.

Suppose that the unit begins to operate at time 0. The system forms a Markov
renewal or semi-Markov process with two states of up and down as shown in
Figure 1.4 of Section 1.3.2.



2.1 One-Unit System 41

Define the mass function @;;(t) from state i to state j by the probability
that after making a transition into state i, the system next makes a transition
into state j (4,7 = 0,1), in an amount of time less than or equal to time t.
Then, from a Markov renewal process, we can easily have

Qo1 (t) = F(t), Q1o(t) = G(1).

Let M;;(t) denote the expected number of occurrences of state j during
(0,t] when the system goes into state ¢ at time 0, where the first visit to state
7 is not counted when ¢ = j. Then, from Section 1.3, we have the following
renewal equations:

Mo1(t) = Qo (t) * [1 + My1(t)], Mio(t) = Quo(t) * [1 + Moo(t)],

and Mi1(t) = Q1o(t) * Mo1(t), Moo(t) = Qo1 (t) * M10( ), where the asterisk
denotes the pairwise Stieltjes convolution; i.e., a fo a(t — u)db(u).
Thus, forming the Laplace-Stieltjes (LS) transformb of both sides of these
equations and solving them, we have

o ene P
Mo () = T ()Qh(®) 1= Fr ()G (5) @1
Mi(s) = — Lol G'(8) (2.9)

1— Q4 (5)Q%(s) 1= F*(s)G*(s)

and M7, (s) = G*(s)M§1(s) = Mgy(s) = F*(s)M;y(s), where the asterisk of
the function denotes the LS transform with itself; i.e., &*(s fo e stdd(t
for any function @(t).

Furthermore, let P;;(¢) denote the probability that the system is in state
j at time t if it starts in state ¢ at time 0. Then, from Section 1.3,

Poo(t) =1 — Qoxr(t) + Qo1(t) * Pio(t)
Pll(t) =1- Qlo(t) + Q10(t) * P()l(t)

and Pio(t) = Quo(t) * Poo(t), Po1(t) = Qo1(t) * P11(t). Thus, again forming
the LS transforms,

Qo) 1-F(s)
o) = T s (@) T F ()G (3) (23)

Pli(s) = " , =
) g @) 1 P EC ()
and Py(s) = G*(s)Pjy(s), Pji(s) = F*(s)P;(s). Thus, from (2.1) to (2.4),
we have the following relations.

Po1(t) = Mo1(t) — Moo(t), Pio(t) = Myo(t) — Myq(t).

Moreover, we have
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Fr(s)[L = G*(s)]

)= T r e

. G (s)[L = F*(s)

ol = TP e

_ /O e StG(t — ) dMoy (u)

J_ /OooeStF(t —u) dMio(u);

i.e.,

P01 /Gt—u)dM01( ) P10 /Ft—u)dMlO( )

These relations with renewal functions and transition probabilities would be
useful for the analysis of more complex systems.

Next, let h(t) and r(t) be the failure rate and the repair rate of the unit,
respectively; i.e., h(t) = f(t)/F(t) and r(t) = g(t)/G(t), where f and g are
the respective density functions of F' and G. Then, from (2.1) to (2.4), we also
have ; .
min h(w)/ Pyo(u) du < Mp1(t) < max h(x)/ Pyo(u) du

0 0

<t <t

min T(x)/o Pyq(u)du < Myp(t) < max r(m)/o Pyq(u) du.

z<t z<t

All inequalities equal when both F' and G are exponential, which is shown in
Example 2.1.

There exist P; = limy_,o Pi;(t) and M; = limy_,o M;;(t)/t, independent
of an initial state i, because the system forms a Markov renewal process with
one positive recurrent. Thus, from (1.63) we have

1
My = lim sMZ(s) = —— =M 2.5
o = lim sMp(s) = - = M, (25)
. * 1%
Py =lim P, =—=1-P. 2.6
b= lim Poo(s) = =5 1 (2:6)

In general, it is often impossible to invert explicitly the LS transforms of
M;:(s) and Pj;(s) in (2.1) to (2.4), and it is very difficult even to invert them
numerically [11,12]. However, we can state the following asymptotic describing
behaviors for small ¢ and large t.

First, we consider the approximation calculation for small t. Reliability
calculations for small ¢ are needed in considering the near-term future security
of an operating bulk power system [13]. We can rewrite (2.3) as

Pio(s) = 1= F*(s) + F*(s)G"(s) = [F*(s)]?G"(s) +

Because the probability that the process makes more than two transitions in
a short time is very small, by dropping the terms with higher degrees than
F*(s)G*(s), we have

Foo(s) = 1= F7(s) + F*(s)G"(s);
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Poo(t) ~ F(t) + / "Gt — u) dF (u), 2.7)
0
Similarly,
P (¢ / Gt — u) dF (u) (2.8)
Moo(t)z/o Gt —uw)dF(w),  Mo(t) ~ F(1). (2.9)

Next, we obtain the asymptotic forms for large ¢ [9]. By expanding e %! in

a Taylor series on the LS transforms of F*(s) and G*(s) as s — 0, it follows
that
F*(s)=1—pus+

1
§(u2 +03)s” + o(s?)

G'(s)=1—=Ps+ 3 (62+05)s +o(s%),

where ai and 0‘% are the variances of F' and G, respectively, and o(s) is an
infinite decimal higher than s. Thus, substituting these equations into (2.1),

we have ) )
1 1 7 1 o, o3

Mii(s) = ——— = ——+ o+ P 4 o(1).
()= 85 T he B 22 T
Formal inversion of Mg (s) gives that for large t,
t p 1 ou+0j
Moy (t) = —— — —F— 4 - -0 o(1). 2.10
) ptB ptB 20 2+ B)? ot (210)
Similarly,
t 1 o.+o03
Mo(t) = —— — = + ——L- 4 0(1 2.11
()()() H‘i‘ﬁ 9 2(#/"'0')2 0( ) ( )
g g
Poolt — +o(1 Pyi(t) = —— +0o(1). 2.12
00(t) = s o(1), 01(t) s o(1) (2.12)

Ezample 2.1.  Suppose that F(t) = 1 —e ™ and G(t) = 1 — e~ (6 # \).
Then, it is easy to invert the LS transforms of Py (s) and Mg (s),

P01(t) _ L[l o ef()\+t9)t]

A+0
Ot A\ B
V0 = 575+ () 0o

Furthermore, for small ¢,

A
P()l(t) ~ — ef)‘t — efet), M()l(t) ~1-— e”‘t
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/Pm(t) for large ¢

\Pm(t)
\P(n(t) for small ¢

6.25 x 1072

100 200 300 400 500 600

Fig. 2.1. Comparisons of Py;(t)

and for large ¢,

A A6t A\
0=y M= 35+ ()

Figure 2.1 shows the value of Py (t) and the approximate values of Py (t)
for small ¢ and large ¢ when 1/\ = 1500 hours and 1/6 = 100 hours. In this
case, we can use these approximate values for about fewer than 100 hours and
more than 500 hours. This indicates that these approximations are compara-
tively fitted for a long interval of time ¢. g

Ezample 2.2.  When F(t) = 1 — (1 + At)e ™ and the time for repair is
constant (3,
* )‘2(]‘ — e—ﬂs)
Fgi(s) = (s + A2 — A2 Fs’

Furthermore, for small ¢,

0 fort < g

~1 —At
POl(t) ~1 (]. + )\t)e {1 _ [1 + )\(t - ﬁ)]e—)\(t—ﬁ) for t > 3

and for large ¢,

s

P()l(t) ~ m 1
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(2) Downtime Distribution

A quantity of most interest is the behavior of system down or system failure.
It is of great importance to know how long and how many times the system
is down during (0,¢], because the system down is sometimes costly and/or
dangerous. It was shown in [10] that the downtime distribution of a one-unit
system is given from the result of a stochastic process [14]. The excess time
which is the time spent in ¢ due to failures was proposed and its stochastic
properties were reviewed in [15,16]. Furthermore, the downtime distribution
was derived in the case where failure and repair times are dependent [17].

We have already derived in (1): the probability Ppi(t) that the system is
down at time ¢, the mean downtime fot Pp1 (u)du during (0, t], and the expected
number Mo (t) of system down during (0,¢]. Of other interest is to show (i)
the downtime distribution, (ii) the mean time that the total downtime during
(0,t] exceeds a specified level § > 0 for the first time, and (iii) the first time
that an amount of downtime exceeds a specified level c.

Suppose that the unit begins to operate at time 0. Let D(t) denote the
total amount of downtime during (0,¢]. Then, the distribution of downtime
D(t) is, from (1.35) in Section 1.3,

2(t,x) = Pr{D( ) <z}

n) (n _ pn+1) g
Z G )F —xz)—F (t—=2x)] fort>x (2.13)

1 for t < ax,

where F()(t) (G™(t)) denotes the n-fold Stieltjes convolution of F (G) with
itself, and FO(t) = GO (t) = 1 for t > 0 and 0 for t < 0. Equation (2.13) can
also be written as

Rt+zx,2) = Pr{D(t +z) <z}

_ZG”) FEM@ () — FOFD (1) (2.14)

which is called exzcess time [15]. Furthermore, the survival distribution of
downtime is

1—02t,z) =Pr{D(t) >z}

G (z) — GOV FCtD (¢t —2) fort >
_ e @IFCH 1 - 2) o15)
0 for t < x.

Takécs also proved the following important theorem.

Theorem 2.1. Suppose that u, 8 and U 0‘6 are the means and variances
of distributions F'(t) and G(t), respectlvely If 07 < 00 and aﬁ < 00 then
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[ pw-pwss) L[ ey
tL“P{\/[(ﬁ%)2+(u05)2]t/(u+ﬁ)3S} L o

That is, if the means and variances of F' and G are statistically estimated then

the probability of the amount of D(t) is approximately obtained for large ¢,
by using a standard normal distribution.

Next, let T5 = min{D(¢) > 0} be the first time that the total downtime
exceeds a specified level 6 > 0. Then, from (2.15),

Js(t) = Pr{Ts <t} = Pr{D(t) > 6}

=Y _[G"M(8) = GV P (¢ —5)  for t > 4. (2.17)
The mean time that the total time first exceeds ¢ is

ls = /OOOJ(;(t) dt=6+u§:G<">(5). (2.18)

n=0

Ezample 2.3.  Suppose that F(t) = 1 — e and the time for repair is
constant G [1, pp. 78-79]. Then, the downtime distribution is

[z/5] n
2(t,x) = Z Me‘“tﬂ“) fort > x
n=0 ’

1[5}

where [x] denotes the greatest integer contained in z. In addition, the expected
number of systems down during (0, ¢] is

and

[t/5]

I NF (L — Bj)ke— A=)
Mm(t):{ ] ZOZA (t ﬂj)

0

and the probability that the system is down at time ¢ is

[t/6] 5 N A(t—B7)
N (t — Bj)le =P
Py(t)=1—- E i

Jj=0

Finally, we consider the first time that an amount of a single downtime
exceeds a fixed time ¢ > 0, where c is considered to be a critically allowed
time for repair [18]. For example, we can give a fuel charge and discharge
system for a nuclear reactor that shuts down spontaneously when the system
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has failed more than time ¢ [19]. The distribution L(t) of the first time that
an amount of downtime first exceeds time ¢ is given by applying a terminating
renewal process. Then, from (1.39) and (1.40), the LS transform of L(t) and
its mean time [ are, respectively,

F*(s)e™*°G(c) - + [y G(t) dt.

PO =1re reracn = G

(2.19)

(3) Availability

We derive the exact expressions of availabilities for a one-unit system with
repair introduced in Section 1.1. Suppose that the unit begins to operate at
time 0.

(i) Pointwise availability: From (2.3),
A(t) = Poo(t) = F(t)x[1+F (t)xG(t)+F (t)«G(t)«F (t)«G(t)+- - ]; (2.20)

i.e.,
t
A(t) = F(1) + / Tt — ) dMoo(u)
0
and its LS transform is
1—F*(s)

S T )

(2.21)

Furthermore, when mg;(t) = dMp;(t)/dt exists, from the results (1) of
Section 2.1.1, we have

min h(z)A(t) < mo1(t) < maxh(x)A(t)

<t <t
Alt) = / Gt — wymon () du.
Thus, we have the inequality [20, p. 107]

A(t) < max h(z /Gt—u

<t
< max h(z) /0 Gilw)du < max h() (2.22)

which give the upper bounds of the unavailability at time ¢t.

(ii) Interval availability:

1 [ I

f/ A(u)du = = / Poo(u) du. (2.23)
tJo tJo
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(iii)

(iv)

(vi)

2 Repair Maintenance

Limiting interval availability:

woo MTTF
p+p5  MTTF +MTTR

which is sometimes called simply availability.
Multiple cycle availability:

n) = Y ™) () dG™ n = .
Am) = [ S ar@a ) 2. @)

Multiple cycle availability with probability: Because

n n oo
Pr{aZX¢ZZE} =/ G™ (az)dF™ (z) fora >0
i=1 i=1 0

ZT'L—IXi } /OO x
Priss—~ o 2Y¢ = GM(Z —g)dF™(z) for0<y<1.
{Z ) 0 (y ) (=)

A= tll)l’& P()()(t) = (224)

i (Xi +Y;
Thus, putting y = A, (n) in the above equation,
/0 G (A,,(n) x) dF'(z)=v (n=1,2,...). (2.26)

Interval availability with probability: Let U(t) denote the total amount
of uptime during (0,¢]; é.e., U(t) = t — D(t). Then, from the downtime
distribution in (2.13),
4
P {Ui) > y} — Pe(D(t) <t ty)
—Z G (t —ty)[F™ (ty) — FH D (ty)] for 0 <y < 1.
Thus, it is given by solving

Z G (¢t LJN[FM™ (LA, (1) — FOTY (1A, (1)) = v. (2.27)

Furthermore, the interval reliability is, from (1.14),

t
R(z;t) = F(t +z) + / F(t+ 2 —u)dMoo(u) (2.28)
0
and its Laplace transform is
[e%¢) 5T 7stF
R*(x;s :/ e S'R(x;t)dt = f . 2.29
(:9)= | (a:1) 1_F*<>G*() (2:29)

Thus, the limiting interval reliability is [21,22]

R(z) = lim R(x;t) = lim sR*(x;s) = m

t—00 s—0 w4+ (2.30)
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We give the exact expressions of the above availabilities for two particular
cases [10,23-26].

Ezample 2.4. When F(t) =1 —e > and G(t) = 1 — e~ %, the availabilities
are given as follows.
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(iii)
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° n(AG)"
o (n—1)!

7‘7‘.)
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—-
<

~

Y20 (=0, Ay)eP =D dy,

where I'( f;o u®~le~* du. In particular,

Q

0 b

A
log= for A#¥6
)\+(9_/\)2 og or \ #

0

? _
3 for A = 6.
(v) A,(n) is given by solving

n—1

Z<n +§ 7 1>{ ﬁ%ﬁi&%i} 1 }]{ A+9[1/(2V<n>)—1] } S

=0

In particular,
(1-v)8

AW =m0

(vi) A,(t) is given by solving

o~ MAL(D)

t(l_Au(t))
Hwﬂﬁ&ﬁym e My ~21 (2 w%%@»@]—m
0

where I (z) = Z;io(x/2)2j+1/ [F1G+ DY
The interval reliability is

0 A

R(a;t) {A+9+A+9

e(A+9ﬁ}eAm~—44@)FKx)

and its limiting interval reliability is
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Ezample 2.5. Suppose that F(t) = 1 — e and the time for repair is
constant (.

[t/8] N\
. N (= Bi) s
(i) A(t) = jgo #e A(t=B3)
R 1 [t/B] 3 At — Bi)F
(mzAMwM:E {] ;2;444fxum
1
(iii) A= A5
(iv) A(n) = n(nAB)"e™ T (—n,n\G).
In particular,
Al)=1- /\66)‘5/ ute " du.
AB

(v) A, (n) is given by solving

& [1ABA, (n)/(1 = Ay (n)))

7l exp[—nABA,(n)/(1 — A,(n))] = v.

™

j=0

In particular,
log(1/v)

AW = 55 o1

(vi) A,(t) is given by solving

[t(1-A,(t))/B]
> NG pl=AA, (1) =v. §

|
=0 J:

Finally, we give the example of asymptotic behavior shown in [1,26].

Ezample 2.6. We wish to compute the time T" when the probability that the
system is down more than 7" in ¢ = 10, 000 hours of operation is given by 0.90,
and the availability A, (¢) when v = 0.90. The failure and repair distributions
are unknown, but from the sample data, the estimates of means and variances

are:
_ 2 _ _ 2
p=1,000, o2=100,000, [=100, o2 = 400.

Then, from Theorem 2.1, when ¢ = 10, 000,

D(t) — Bt/ (1 + B) _ D(10,000) — 909.09
VB2 + (pos)?Tt](n+ B)? 102.56
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is approximately normally distributed with mean 0 and variance 1. Thus,

Pr{D(t) > T} = Pr { D(10,000) —909.09 _ T — 909.09}

102.56 ~ 102,56

L / h e /2 du = 0.90
~ u = Vu. .
V21 J(17-909.09)/102.56

Because ug = —1.28 such that (1/+/27) f;; e~%/2dy = 0.90, we have
T =909.09 — 102.56 x 1.28 = 777.81.

Moreover, from the relation U(t) =t — D(t), we have

. U(t)/t — p/(p+ B) P U Y LRy
’ {\/[(5%)2+(Wﬁ)2]/[t(u+ﬂ)3]> y} v IR
= 0.90.

Thus, we have approximately

o (Bou)? + (nog)*
O uo\/m — 0.896.

In this case, it can be said that with probability 0.90 the system will operate
for at least 89.6 percent of the time interval 10,000 hours. g

2.1.2 Repair Limit Policy

Until now, we have analyzed a one-unit system which is repaired upon failure
and then returns to operation without having any preventive maintenance
(PM). The first PM policy for an operating unit, in which it is repaired at
failure or at time 7', whichever occurs first, was defined in [27]. The optimum
PM policy that maximizes the availability was derived in [10]. We discuss
some PM policies in Chapters 6 and 7.

An alternative considered here is to repair a failed unit if the repair time
is short or to replace it if the repair time is long. This is achieved by stopping
the repair if it is not completed within a repair limit time, and the unit is
replaced. This policy is optimum over both deterministic and random repair
limit time policies [28]. We discuss optimum repair limit policies that minimize
the expected cost rates for an infinite time span. An optimum repair limit time
is analytically obtained in the case where the repair cost is proportional to
time.

Similar repair limit problems can be applied to army vehicles [29-33].
When a unit requires repair, it is first inspected and its repair cost is estimated.
If the estimated cost exceeds a certain amount, the unit is not repaired but
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is replaced. The authors further derived the repair limiting value, in which
the expected future cost per vehicle-year when the failed vehicle is repaired
is equal to the cost when the failed vehicle is scrapped and a new one is
substituted. They used three methods of optimizing the repair limit policies
such as simulation, hill-climbing, and dynamic programming. More general
forms of repair costs were given in [34]. Using the nonparametric and graphical
methods, several problems were solved in [35, 36].

Consider a one-unit system that is repaired or replaced if it fails. Let p
denote the finite mean failure time of the unit and G(t) denote the repair
distribution of the failed unit with finite mean (. It is assumed that a failure
of the unit is immediately detected, and it is repaired or replaced and becomes
as good as new upon repair or replacement.

When the unit fails, its repair is started immediately, and when the repair
is not completed within time T (0 < T < 00), which is called the repair limit
time, it is replaced with a new one. Let ¢; be the replacement cost of a failed
unit that includes all costs caused by failure and replacement. Let ¢,.(t) be the
expected repair cost during (0,¢t], which also includes all costs incurred due
to repair and downtime during (0, ¢], and be bounded on a finite interval.

Consider one cycle from the beginning of an operative unit to the repair
or replacement completion. Each cycle is independently and identically dis-
tributed, and hence, a sequence of cycles forms a renewal process. Then, the
expected cost of one cycle is

lex + o (TYG(T) + /0 e (£)dG(E) = 1 G(T / G(t) dey (¢

and the mean time of one cycle is

u+TG(T)+/OTth(t) —qu/OTG(t)dt.

Thus, from Theorem 1.6, the expected cost rate for an infinite span (see (3.3)
in Chapter 3) is
c1G(T) + fo t)de,(t

o) = :
(T) it 1 G dt (2.31)
It is evident that
C(0) = lim C(T) = % (2.32)
C(o0) = lim C(T) = w (2.33)

T— o0 ,U,+ﬂ

which represent the expected cost rates with only replacement and only repair
maintenance, respectively.

Consider the special case where the repair cost is proportional to time;
i.e., ¢ (t) = at® for a > 0 and b > 0. The repair cost would be dependent on
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downtime and repairpersons, both of which are approximately proportional
to time. In this case, the expected cost rate is

a1 G(T) +ab [ 'G(t) dt

Cc(T) = .
o pt [ G dt (2:34)
If [[°t*dG(t) = B < oo then
_ aB
C(o0) = pE (2.35)

We find an optimum repair limit time 7 that minimizes C(T). It is as-
sumed that there exists a density function g(t) of G(t) and let r(t) = g(t)/G(t)
be the repair rate. Then, differentiating C'(T") with respect to 7' and setting
it equal to zero yield

r(T)

B+ /OT G(t)dt| + G(T)

_ ab b1
1

If there exists a finite and positive T* that minimizes C(T), it has to sat-
isfy (2.36). Otherwise, an optimum repair limit time is 7% = 0 or T* = oc.
Consider the particular case of b = 1; i.e., ¢, (t) = at. Let

u+/OTG(t)dt

T
— / t=1G () dt} : (2.36)

0

=9 g

c1 ci(p+p)
where k might be negative. Substituting b = 1 into (2.36),

r(T) +G(T) =, (2.37)

C1

u+/OTG(t)dt

Letting Q(T) be the left-hand side of (2.37), we have
Q0) = pr(0)+1,  Q(o0) = (n+ B)r(0)
and furthermore, Q(7T') and r(T') are monotonic together. Hence, if r(¢) is

strictly decreasing and Q(0) > au/c1 > Q(00); i.e., 7(0) > k and r(o0) < K,
there exists uniquely a finite and positive 7 that minimizes C(T'), and

C(T*)=a—cir(T7). (2.38)

If r(0) < k then Q(T) < ap/cy and dC(T)/dT > 0 for any T > 0. Thus,
the optimum time is 7% = 0; i.e., no repair should be made. If r(cc) > K
then Q(T) > au/c1 and dC(T)/dT < 0 for any T' < co. Thus, the optimum
time is T = oo; i.e., no replacement should be made.

From the above discussions, we have the following optimum policy when
r(t) is continuous and strictly decreasing.
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Table 2.1. Optimum repair limit time 7" and expected cost rate C'(T*) when a = 3,
u =10, and ¢; = 10

)
0.1 0.062 0.989
02 | 0239 0953
0.3 | 0510  0.900
0.4 0.854 0.836
05 |1.252 0.766
0.6 |1.693 0.694
0.7 2.170 0.624
0.8 | 2682 0.557
0.9 | 3220 0.496
1.0 3.813 0.439

(i) If »(0) > k and r(c0) < K then there exists a finite and unique T
(0 < T* < o0) that satisfies (2.37), and the resulting cost rate is given
in (2.38).
(ii) If r(0) < k then T* = 0 and the expected cost rate is given in (2.32).
(iii) If r(oco) > K then T = oo and the expected cost rate is given in (2.35).

It is evident in the above result that if r(¢) is not decreasing then T* = 0
or T* = oco. In this case, if a/c; > 1/p+ 1/6 then T* = 0, and conversely,
ifa/ey < 1/p+1/8 then T* = oo. In other cases of b # 1, it is, in general,
difficult to discuss an optimum repair limit policy. However, it could compute
an optimum time 7™ that satisfies (2.36) if the parameters a, b, and G(t) are
specified.

Ezample 2.7.  Suppose that ¢.(t) = at and G(t) = 1 — eVt Then, r(t) =
6/(2v/t) which is strictly decreasing from infinity to zero. Then, from (2.37),
there exists a unique solution 7™ that satisfies

ap 1 _oJT O
s _(1— =
le 9( ¢ ) 2

and from (2.38), the expected cost rate is C(T*) = a—c10/(2vT*). Table 2.1
shows a numerical example of the optimum repair limit time 7% and the
resulting cost rate C'(T*) for § = 0.1 ~ 1.0 when a = 3, u = 10, and ¢; = 10. g

Ezample 2.8.  Suppose that c.(t) = at? and G(t) = 1 — e . Then,
from (2.36), there exists a unique solution T that satisfies

1—e 07T c10

Opd+1) 2a

because the left-hand side is strictly increasing from 0 to oo, and from (2.34),
the expected cost rate is C(T*) = 2aT* — ¢160. Table 2.2 shows a numerical
example of T* and C(T™*) for § when a = 3, p = 10, and ¢; = 10. g
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Table 2.2. Optimum repair limit time 7" and expected cost rate C'(T*) when a = 3,
u =10, and ¢; = 10

)
0.1 0.330 0.981
02 | 0489 0.931
0.3 | 0647 0.883
0.4 0.804 0.826
05 | 0961 0.763
0.6 |1.116  0.697
0.7 1.272 0.632
0.8 |1.428 0.568
0.9 |1.584 0.507
1.0 1.742 0.450

Until now, we have discussed the case where the repair cost is not estimated
when an operating unit fails. However, if the repair cost can be previously
estimated when an operating unit fails and the decision can be made as to
whether the failed unit should be repaired or replaced, the expected cost rate
is easily given by

aG(T) + [ e (t)dG(1)
p [l tdG)

Finally, we introduce the following earnings in specifying the repair limit
policy. Let eg be a net earning per unit of time made by the production of an
operating unit, e; be an earning gained for replacing a failed unit, and es be
an earning rate per unit of time while the unit is under repair, where both
e; and ey would usually be negative. Then, by the similar method to that of
obtaining (2.31), the expected earning rate is

C(T) = (2.39)

cop+ e1G(T) + es [ G(t) dt
p+ [ G dt '

C(T) = (2.40)

Checking up on these models with actual systems, modifying, and extend-
ing them, we could get an optimum repair limit policy.

2.2 Standby System with Spare Units

Most standby systems with spare units have been discussed only for the case
where any failed units are repaired and become as good as new upon the repair
completion. In the real world, it may be worthwhile to scrap some failed units
without repairing, depending on the nature of the failed units. For instance,
we have scrapped failed units according to the repair limit policy proposed in
Section 2.1.2.
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Consider the system with a main unit and n spare subunits that are statis-
tically not identical to each other, but any spare ones have the same function
as the main unit if they take over operation. The system functions as follows.
When the main unit fails, it undergoes repair immediately and one of the
spare units replaces it. As soon as the repair of the main unit is completed,
it begins to operate and the operating spare unit is available for further use.
Any failed spare units are scrapped. The system functions until the nth spare
unit fails; i.e., system failure occurs when the last spare unit fails while the
main unit is under repair. This model often occurs when something is broken
or lost, and we temporarily use a substitute until it is repaired or replaced.
We believe that this could be applicable to other practical fields.

We are interested in the following operating characteristics of the system.

(i) The distribution and the mean time to first system failure, given that n
spare units are provided at time O.

(ii) The probability that the number of failed spare units is exactly equal to
n and its expected number during (0, ¢].

These quantities are derived by forming renewal equations, and using them,
two optimization problems to determine an initial number of spares to stock
are considered.

We adopt the expected cost per unit of time for an infinite time span; i.e.,
the expected cost rate (see Section 3.1) as an appropriate objective function.
First, we compare two systems with (1) both main and spare units and (2)
only unrepairable spare units. Secondly, we do the preventive maintenance
(PM) of the main unit. When the main unit works for a specified time T
(0 < T < o0) without failure, its operation is stopped and one of the spare
units takes over operation. The main unit is serviced on failure or its age T,
whichever occurs first. The costs incurred for each failed unit and each PM
are introduced. Then, we derive an optimum PM policy that minimizes the
expected cost rate under suitable conditions.

2.2.1 Reliability Quantities

Suppose that the failure time of the main unit has a general distribution
F(t) with finite mean g and its repair time has a general distribution G(t)
with finite mean 3, where @ = 1 — & for any function. The failure time of
each spare unit also has a general distribution F(¢t) with finite mean pus,
even if it has been used before; i.e., the life of spare units is not affected by
past operation. It is assumed that all random variables considered here are
independent, and all units are good at time 0. Furthermore, any failures are
instantly detected and repaired or scrapped, and each switchover is perfect
and its time is instantaneous.

Let L;(t) ( = 1,2,...,n) denote the first-passage time distribution to sys-
tem failure when j spares are provided at time 0. Then, we have the following
renewal equation.
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Ln@»—F@>*{/¢GuodE@Mm

0

+HZL,L i( /F(J)() F§j+1>(u)]d0(u)} (n=1,2,...), (2.41)

where the asterisk represents the Stieltjes convolution, and FY )(t) (Jj =
1,2,...) represents the j-fold Stieltjes convolution of Fy(t) with itself and
Fgo) (t) = 1 for t > 0. The first term of the bracket on the right-hand side
is the time distribution that all of n spares have failed before the first repair
completion of the failed main unit, and the second term is the time distri-
bution that j (j = 0,1,...,n — 1) spares fail exactly before the first repair
completion, and then, the main unit with n — j spares operates again.

The first-passage time distribution L, (t) to system failure can be calcu-
lated recursively and determined from (2.41). To obtain L, (¢) explicitly, we
introduce the notation of the generating function of LS transforms;

& oS]
L*(z,5) = sz/ e "' dL;(t) for |z < 1.
j=1 70

Then, taking the LS transform on both sides of (2.41) and using the generating
function L*(z,s), we have

F(s) Y50, 21 [o7 e 'G(t) AR (1)
LJW@ZﬁMU?VﬂﬂWO—EﬁWmMW>

L*(z,s) = ,  (2.42)

where F*(s) = [;~ e *'dF(t
Moreover let [, denote the mean first-passage time to system failure.
Then, by a similar method to that of (2.41), we easily have

n—1

I = g+ / [ — B0 ]G () di + Z b / [FO) () — FU+D ()] dG ()
0
(n=1,2,...) (2.43)
and hence, the generating function is

EZ% zmlfay+z]1wk - P @)]G() at
Y5202 I (6) = FOTV (1] dG(0)

(2.44)

In a similar way, we obtain the expected number of failed spares during
(0,t]. Let p,,(t) be the probability that the total number of failed spares during
(0,] is exactly n. Then, we have
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polt) = (1) + F() [n( IG(0)+ m(t) = [ T dG(uﬂ (2.45)
0
Pat) = F(t) % { [P (t) = F 1) Gy
+ ) paj(t) */ [Fgﬂ(u) - Fgf“)(u)] dG(u)} (n=1,2,...).
7=0 0
Introducing the notation

p(z,8) = ZZ”/ e *tdp,(t) for|z| <1
0

we have, from (2.45) and (2.46),

p*(Z, 5) =

)

L= FH(s)[1 =132 2 fye =t d{[F9 (1) - FO D )]G ()}
L= F*(s) Y2720 20 [ [F (1) — POV (0] dG (1)
(2.47)

where note that p*(1, s) = lim,_,; p*(2,s) = 1. Thus, the LS transform of the
expected number M (t) = Y7, np,(t) of failed spares during (0, ¢] is

Z/ e~ dM(t) = lim P &%)
2—1 0z

_F(s) Jy e *tG(t) AM,(1)
o 1— F*(s)G*(s) ’ (2.48)

where M,(t) = Z;‘;l Fs(j)(t) is the renewal function of F(t). Furthermore,
the limit of the expected number of failed spares per unit of time is

M = lim M) = lim sM*(s) = —fooc M (t) dG(t).

2.4
t—oco  t 5—0 w4+ ( 9)

The result of M can be intuitively derived because the numerator represents
the total expected number of failed spares during the repair time of the main
unit and the denominator represents the mean time from the operation to the
repair completion of the main unit.

Ezxample 2.9. Suppose that G(t) = 1 —e~%. In this case, from (2.44), when
n spares are provided at time 0, the mean time to system failure is

ln=u+n<u+9> 1;;(;)@
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Note that by adding one spare unit to the system, the mean time increases a
constant & = (u+ 1/6)[1 — F¥(0)]/F(0). Furthermore, the LS transform of
the expected number of failed spares during (0, ¢] is

_ F*(s)F2(s +0)
{1-10/(s + O)|F*(s)}[1 — F(s +0)]

M*(s)

and its limit per unit of time is

£ (9)
(n+1/0)[1 = F(0)]

which is equal to 1/a; i.e., l, = p+n/M.y

2.2.2 Optimization Problems

First, we obtain the expected cost rate, by introducing costs incurred for each
failed main unit and spare unit. This expected cost rate is easily deduced from
the expected number of failed units. We compare two expected costs of the
system with both main unit and spares and the system with only spares, and
determine which of the systems is more economical.

Cost ¢y is incurred for each failed main unit, which includes all costs re-
sulting from its failure and repair, and cost ¢, is incurred for each failed spare,
which includes all costs resulting from its failure, replacement, and cost of it-
self. Let C(t) be the total expected cost during (0, ¢]. Then, the expected cost
rate is, from Theorems 1.2 and 1.6 in Section 1.3,

C = lim %t) =ci My +csM, (2.50)

t—o0

where M is the expected number of the failed main unit per unit of time,
and from (2.5), My = 1/(p+ ).
Thus, from (2.49) the expected cost rate is

c1 + cs fooo M, (t) dG(t)
w4+
which is also equal to the expected cost per one cycle from the beginning of

the operation to the repair completion of the main unit. If only spare units
are allowed then the expected cost rate is

C:

(2.51)

C
Co= 2. 2.52
o (2.52)

Therefore, comparing (2.51) and (2.52), we have C' < C; if and only if

o <o [“ 5 [T dG(t)]
Hs 0
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and vice versa.

In general, it is hard to compute the above costs directly. However, simple
results that would be useful in practical fields can be obtained in the following
particular cases. Because M;(t) > t/us — 1 [1, p. 53], if ¢1 > cs(p/ps + 1)
then C' > Cs. In the case of Example 2.9, we have the relation C' < C if and
only if
w+1/60 F*(0)

Hs 1- Fs* (6)

c1 < ¢

and vice versa.

Next, consider the PM policy where the operating main unit is preven-
tively maintained at time 7' (0 < T' < oco) after its installation or is repaired
at failure, whichever occurs first. The several PM policies are discussed fully
in Chapter 6. In this model, spare units work temporarily during the interval
of repair or PM time of the main unit. It is assumed that the PM time has the
same distribution G(¢) with finite mean [ as the repair time. The main unit
becomes as good as new upon repair or PM, and begins to operate immedi-
ately. The costs incurred for each failed main unit and each failed spare are
the same as ¢; and cg, respectively, as those in the previous model. The PM
cost co with ¢y < ¢; incurs for each nonfailed main unit that is preventively
maintained.

The total expected cost of one cycle from the operation to the repair or
PM completion of the main unit is

F(T) [cl +cs /0 OcMs(t) dG(t)] + F(T) [CQ +cs /0 OoMs(t) dG(t)]

and the mean time of one cycle is

T T
/ (t+B)dF(t) + F(T)(T + §) = / F(t)dt + .
0 0
Thus, in a similar way to that of obtaining (2.51), the expected cost rate is
&1 F(T) 4 ¢ F(T)
JTF@dt+8

where &1 = ¢ + ¢ f; M(t)dG(t) and ¢ = c2 + ¢, [y My(t)dG(t), and
C1 > Co from ¢1 > c¢o.

We find an optimum PM time T* that minimizes C(T). Clearly, C(0) =
é2/0 is the expected cost in the case where the main unit is always under
PM, and C(o0) is the expected cost of the main unit with no PM and is
given in (2.51). Let h(t) = f(t)/F(t) be the failure rate of F(t) with h(0)
lim; 0 h(t) and h(oo) = limyoo h(t), and k = &/[B(¢1 — é2)] and K
é1/[(p+ B)(¢1 — é2)]. Then, we have the following optimum policy.

C(T) = (2.53)

Theorem 2.2. Suppose that the failure rate h(t) is continuous and strictly
increasing.
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(i) If h(0) < k and h(oo) > K then there exists a finite and unique T
(0 < T* < o0) that satisfies

T
W) | [ Fwdes | - ) = 2 (2.54)
0 €L —C2
and the resulting expected cost rate is
C(T*) = (c1 — e2)W(T™). (2.55)

(ii) If A(0) > k then T = 0.
(iii) If h(oo) < K then T = oc.

Proof.  Differentiating C'(T) in (2.53) with respect to 7" and putting it equal
to zero, we have (2.54). Letting Q(T') be the left-hand side of (2.54), it is easily
proved that Q(0) = Bh(0), Q(c0) = (u + B)h(oo) — 1, and Q(T) is strictly
increasing because h(t) is strictly increasing. Thus, if h(0) < k and h(co) > K
then Q(0) < é2/(¢1 — é2) < Q(00), and hence, there exists a finite and unique
T* that satisfies (2.54) and minimizes C(T"). Furthermore, from (2.54), we
have (2.55).

If h(0) > k then Q(0) > é3/(¢1 — ¢2). Thus, C(T) is strictly increasing,
and hence, T* = 0. Finally, if h(co) < K then Q(o00) < ¢2/(é1 — é2). Thus,
C(T) is strictly decreasing, and 7™ = occ. 3

It is easily noted in Theorem 2.2 that if the failure rate h(t) is non-
increasing then T* = 0 or T* = oo. Similar theorems are derived in Sec-
tion 3.1.

Until now, it has been assumed that the time to the PM completion has
the same repair distribution G(t). In reality, the PM time might be smaller
than the repair time. So that, suppose that the repair time is G (¢) with mean
B1 and the PM time is Go(t) with mean (5. Then, the expected cost rate is
similarly given by

(o1 + s [2° M, (t) dGy ()] F(T)
[ea + e J5T M(0) AG2 (0] F(T)

o) = T+ i
) F(t)dt + B F(T) + B F(T)

(2.56)

Ezxample 2.10. Consider the optimization problem of ensuring that sufficient
numbers of spares are initially provided to protect against shortage. If the
probability « of occurrences of no shortage during (0, ¢] is given a priori, we
can find a minimum number of spares to maintain this level of confidence. One
solution of this problem can be shown by computing a minimum 7 such that
>oi o pi(t) > . If we need a minimum number of initial stocks during (0,t] on
the average without probabilistic guarantee, we might compute a minimum n
such that I, > t, or M (¢t) < n.
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Table 2.3. Optimum PM time T, its cost rates C(T7*), and C when 1/A; = 1,
1/6 =5,¢c1=10,c2 =1, and ¢s = 2

/N | T° _C(1) C
1 0.06 2.18 3.33
2 0.31 2.13 2.86
3 0.78 2.06 2.50
4 1.54 1.94 2.22
5 2.63 1.84 2.00
6 4.08 1.72 1.82
7 5.91 1.61 1.67
8 8.14 1.50 1.54
9 10.78 1.41 1.43
10 13.88 1.32 1.33

Next, compare two systems with main and spare units, and with only
spares, when F(t) = 1 — (1 + M)e ™, Fy(t) = 1 — exp(—A,t) and G(t) =
1 — e %. Then, from (2.51) and (2.52), the expected cost rates are

c1 + cs(As/0)
2/A+1/0 °

Thus, C < Cj if and only if ¢; < ¢s (2As/A) and vice versa.

Furthermore, when F(t) = 1 — (1 4+ At)e™*, the failure rate is h(t) =
A?t/(1 4 At) which is strictly increasing from 0 to A. Thus, from (i) of Theo-
rem 2.2, if A\(¢1 — é&) > 0(2¢é, — é1) then there exists a finite and unique T
(0 < T* < o0) that satisfies

C = Cy = AgCs.

1 AT Co

— T —(1—e M) = 2
SV (1=e™)
and the expected cost rate is

\2T*
C(T*) = W(Cl — 02).

Table 2.3 gives the optimum PM time T*, its cost rates C(T*), and C
with no PM for 2/\ when 1/A\; = 1,1/0 =5, ¢ = 10, co = 1, and ¢, = 2.
This indicates that when the mean failure time 2/ is small, the PM time T*
is small and it is very effective. In this case, because Cs = 2, we have that
C > C, for 2/X <5 and C(T*) > Cs for 2/A < 3.y

2.3 Other Redundant Systems

In this section, we briefly mention redundant systems with repair maintenance
without detailed derivations [37—40]. For the analysis of redundant systems,
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it is of great importance to know the behavior of system failure; i.e., the
probability that the system will be in system failure, the mean time to system
failure, and the expected number of system failures. For instance, if the system
failure is catastrophic, we have to make the time to system failure as long as
possible, by doing the PM and providing standby units.

2.3.1 Standby Redundant System

Consider an (n 4 1)-unit standby redundant system with n + 1 repairpersons
and one operating unit supported by n identical spares (refer to [40] for s (1 <
s < n+ 1) repairpersons). Each unit fails according to a general distribution
F(t) with finite mean p and undergoes repair immediately. When the repair is
completed, the unit rejoins the spares. It is also assumed that the repair time
of each failed unit is an independent random variable with an exponential
distribution (1 —e~%) for 0 < § < oo. Let £(t) denote the number of units
under repair at time ¢. The system is said to be in state k at time ¢ if £(¢) = k.
In particular, it is also said that system failure occurs when the system is in
state n + 1. Furthermore, let 0 = tg < t; < .-+ < t,, ... be the failure
times of an operating unit. If we define &,, = £(¢,, —0) (m = 0,1,...) then
&m represents the number of units under repair immediately before the mth
failure occurs. Then, we present only the results of transition probabilities
and first-passage time distributions.

The Laplace transform of the binomial moment of transition probabilities
pi(t) =Pr{(t) =kléo =4} (i =0,1,...,n;k=0,1,...,n+1) is

5= (F) [ pawa

k=r

k
_ (n+1)B,_41(0) > i1 (3)/B;(0) o )
T TS, ()/BE T hEeen Y

and ¥y = 1, where Zj_:lo =0, B_1(s) = Byp(0) =1 and
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F*(s+ j0) B
BT():JIOI—F*(S—FJQ) (T—O,l,Q,...)
_ 17 _FrGo) _
BT(O) = = 1— F*(]H) (T = 1727 )

Thus, by the inversion formula of binomial moments,

it = [ e patar=S (oo

r=k
(i=0,1,....,mk=0,1,...,n+1) (2.57)

n+1 r
kaZE:(—ly‘k(k>Wr (k=0,1,...,n+1). (2.58)

r=k
It was shown in [41] that there exists the limiting probability py for u < oco.
Next, the LS transform of the first-passage time distribution Fj(t) =
S Pr{én =k & Akfor j=1,2,....m—1,t, <t|& =i} is, for i <k,

st B Sts (5N /Bja(s)
/0 e " dF(t) = Zfié (k;rl)/Bj_l(s)

*

k(s) =

(k=0,1,...,n) (2.59)

and its mean time is

Lix = /OootdFik(t) —Mg Kk;rl> N <Z§1)] Bj11<0)

(k=0,1,...,n), (2.60)

where (;) = 0 for 5 > i. The mean time [;; when ¢ = —1 and k = n agrees
with the result of [37], where state —1 means the initial condition that one
unit begins to operate and n units are on standby at time 0.

The expected number My, (k= 0,1,...,n — 1) of visits to state k before
system failure is

M, = Xn:(_nr*k (;) B,.(O)ni1 (” + 1) lel(o) (k=0,1,...,n—1).

r=k Jj=r+1 J
(2.61)
Thus, the total expected number M of unit failures before system failure from
state 0 is ) -
- — [n+1 1
M=1+ My, = ( _ ) 2.62
2 M= 5 )5S 262

and the expected number of repairs before system failure is M — (n+41). It is
noted that pM is also the mean time to system failure I_;,, in (2.60).
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In the case of one repairperson, the first-passage time from state i to state
k for i < k coincides with that of queue G/M/1. Thus, for i < k [42],

_ 1t [1— F*(s)][Aix1(5) = div10]
L+ [1 = F*(s)]Ag41(s)

where d;, = 1 for ¢ = k and 0 for ¢ # k,

(k=0,1,...,n), (2.63)

ZAj(s)zj =22 {(1 —2){F*[s+0(1 —2)] — z}} for |z] < 1.

J=0

From the relation of transition probability and first-passage time distribution,
we easily have

t
pir(t) = / Pr—1k(t —u) dFjp_1(u)
0
¢
Prnnt1(t) = o™+ / Prns1(t —u) dFu, (u)
0

t
Fon(t) = /0 Fo_1n(t— u)@e_(’“ du.

Thus, forming the Laplace transforms of the above equations and using the
result of FJ (s),

Pins1(s) = 1+ [1 = F*(s)][Ai+1(s) — di+10]
i n+1 s+ [1— F*(s){sA4ns1(5) + 0[Ani1(s) + 0no — An(s)]}

1
Pn+1 = 1+ (MQ)[AnJrl(O) + 6po — An(O)}

(2.64)

(2.65)

2.3.2 Parallel Redundant System

Consider an (n + 1)-unit parallel redundant system with one repairperson.
Then, it can be easily seen that this system is equivalent to a standby system
with n+ 1 repairpersons as described in Section 2.3.1 wherein the notations of
failure and repair change one another. For instance, the transition probability
pik in (2.57) becomes the transition probability for the number of units under
operation. The LS transform of the busy period of a repairperson is

7,1_ T,L Bj—l S
F:;—ln(S) = Zy:LiIO (])/ ( )

Zj:o (njl) /Bj—l (5)

(2.66)

and its mean time is
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In addition, when a system has n + 1 repairpersons (i.e., there are as
many repairpersons as the number of units), we may consider only n one-unit
systems [1, p. 145]. In this model, we have

pa =% (1 )(" )P o0 [P 1 [P0
Ji J2
(2.68)
where the summation takes over j; +j2 =k, j1 <1, and jo» < n—1, and P;;(t)
(i, =0,1) are given in (2.3) and (2.4).
Finally, consider n parallel units in which system failure occurs where k
(1 <k < n) out of n units are down simultaneously. The LS transform of the
distribution of time to system failure and its mean time were obtained in [43],
by applying a birth and death process, and 2-out-of-n systems were discussed
in [4].
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3

Age Replacement

Failures of units are roughly classified into two failure modes: catastrophic
failure in which a unit fails suddenly and completely, and degraded failure
in which a unit fails gradually with time by its performance deterioration.
In the former, failures during actual operation might sometimes be costly
or dangerous. It is an important problem to determine when to replace or
preventively maintain a unit before failure. In the latter, maintenance costs
of a unit increase with its age, and inversely, its performance suffers some
deterioration. In this case, it is also required to measure some performance
parameters and to determine when to replace or preventively maintain a unit
before it has been degraded into failure state.

In this chapter, we consider the replacement of a single unit with catas-
trophic failure mode, where its failure is very serious, and sometimes may
incur a heavy loss. Some electronic and electric parts or equipment are typi-
cal examples. We introduce a high cost incurred for failure during operation
and a low cost incurred for replacement before failure. The replacements af-
ter failure and before failure are called corrective replacement and preventive
replacement, respectively. It is assumed that the distribution of failure time
of a unit is known a priori by investigating its life data, and the planning
horizon is infinite. It is also assumed that an operating unit is supplied with
unlimited spare units. In Section 9.4 we discuss the optimization problem of
maximizing the mean time to failure in the case of limited spare units. We
may consider the age of a unit as the real operating time or the number of
uses.

The most reasonable replacement policy for such a unit is based on its
age, which is called age replacement [1]. A unit is always replaced at failure
or time T if it has not failed up to time T', where T (0 < T' < 00) is constant.
In this case, it is appropriate to adopt the expected cost per unit of time
as an objective function because the planning horizon is infinite. Of course,
it is reasonable to adopt the total expected cost for a finite time span (see
Sections 8.6 and 9.2) and in consideration of discounted cost. It is theoretically

69



70 3 Age Replacement

shown in Chapter 6 that the policy maximizing the availability is the same
one as formally minimizing the expected cost.

Age replacement policies have been studied theoretically by many author.
The known results were summarized and the optimum policies were studied
in detail in [1]. First, a sufficient condition for a finite optimum time to exist
was shown in [2]. The replacement times for the cases of truncated normal,
gamma, and Weibull failure distributions were computed in [3]. Furthermore,
more general models and cost structures were provided successively in [4-12].
An age replacement with continuous discounting was proposed in [13,14], and
the comparison between age and block replacements was made in [15]. For
the case of unknown failure distribution, the statistical confidence interval of
the optimum replacement time was shown in [16-18]. Fuzzy set theory was
applied to age replacement policies in [19]. The time scale that combines the
age and usage times was given in [20,21]. Some chapters [22-24] of the recently
published books summarized the basic results of age and the other replacement
policies. Opportunistic replacement policies [1], in which a maintenance action
is taken to depend on states of systems, are needed for the maintenance of
complex systems. This area is omitted in this book (for example, see [25]).

In Section 3.1, we consider an age replacement policy in which a unit is
replaced at failure or at age T, whichever occurs first. When the failure rate is
strictly increasing, it is shown that there exists an optimum replacement time
that minimizes the expected cost [26]. Furthermore, we give the upper and
lower limits of the optimum replacement time [27]. Also, the optimum time is
compared with other replacement times in a numerical example. In Section 3.2,
we show three modified models of age replacement with discounting [26], age
replacement in discrete time [28], and age replacement of a parallel system [29].
In Section 3.3, we suggest extended age replacement policies in which a unit
is replaced at time T and at number N of uses, and discuss their optimum
policies [30]. Furthermore, some replacement models where a unit is replaced
at discrete times, and is replaced at random times are proposed in Sections. 9.1
and 9.3, respectively.

3.1 Replacement Policy

Consider an age replacement policy in which a unit is replaced at constant time
T after its installation or at failure, whichever occurs first. We call a specified
time T the planned replacement time which ranges over (0, co]. Such an age
replacement policy is optimum among all reasonable policies [31, 32]. The
event {T = oo} represents that no replacement is made at all. It is assumed
that failures are instantly detected and each failed unit is replaced with a
new one, where its replacement time is negligible, and so, a new installed unit
begins to operate instantly. Furthermore, suppose that the failure time Xj
(k =1,2,...) of each unit is independent and has an identical distribution
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Xl X4

O Planned replacement at time 7’ X Replacement at failure

Fig. 3.1. Process of age replacement with planned time T'

F(t) = Pr{X}, < t} with finite mean p, where ' = 1 — F throughout this
chapter; i.e., p = [ F(t)dt < oc.

A new unit is installed at time ¢ = 0. Then, an age replacement procedure
generates a renewal process as follows. Let {X;}7°, be the failure times of
successive operating units. Define a new random variable Z, = min{Xy, T}
(k=1,2,...). Then, {Z;}32, represents the intervals between replacements
caused by either failures or planned replacements such as shown in Figure 3.1.
A sequence of random variables {Z;}7°, is independently and identically
distributed, and forms a renewal process as described in Section 1.3, and has
an identical distribution

F(t) fort<T

3.1
1 fort>T. (3.1)

PI“{Zk S t} = {

We consider the problem of minimizing the expected cost per unit of time
for an infinite time span. Introduce the following costs. Cost ¢; is incurred for
each failed unit that is replaced; this includes all costs resulting from a failure
and its replacement. Cost co (< ¢;) is incurred for each nonfailed unit that
is exchanged. Also, let Ny(t) denote the number of failures during (0, ¢] and
N3 (t) denote the number of exchanges of nonfailed units during (0, ¢]. Then,
the expected cost during (0, ] is given by

C(t) = ct E{N1(t)} + c2 E{Ns(t)}. (3.2)

When the planning is infinite, it is appropriate to adopt the expected cost per
unit of time lim;_, o, C(¢)/t as an objective function [1].

We call the time interval from one replacement to the next replacement as
one cycle. Then, the pairs of time and cost on each cycle are independently and
identically distributed, and both have finite means. Thus, from Theorem 1.6,
the expected cost per unit of time for an infinite time span is

C(T) = lim C(t) _ Expected. cost of one cycle. (3.3)
t—oo ¢ Mean time of one cycle

We call C(T') the expected cost rate and generally adopt it as the objective
function of an optimization problem.
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When we set a planned replacement at time T' (0 < T' < oo) for a unit
with failure time X, the expected cost of one cycle is

A P{X <T}+cPr{X >T}=c1F(T) + coF(T)

and the mean time of one cycle is
T T -
/ MH$X§Q+TPHX>T}:/'MF@+TFG)
0 0

T*
= / F(t)dt.
0
Thus, the expected cost rate is, from (3.3),
c1F(T) + o F(T)
C(T) = —— (3.4)
Jo F(t)adt

where ¢; = cost of replacement at failure and co = cost of replacement at
planned time T with c3 < ¢;.
If T = oo then the policy corresponds to the replacement only at failure,
and the expected cost rate is
C1

C(0) = Th—l;Iclxu Cc(T) = . (3.5)

The expected cost rate is generalized on the following form,

T
o) = D AWM ter 36)
Jo F(t)adt

where ¢(t) =marginal cost of replacement at time ¢ [33, 34].

Furthermore, the expected cost per the operating time in one cycle is
[35, 36]

TC1 0002
dﬂ:A—?M®+AAme. (3.7)

In this case, an optimum time that minimizes C'(T) is given by a solution of
Th(T) = ca/(c1 — ¢2), where h(t) is the failure rate of F'(t).

Putting that F'(T,) =p (0 < p < 1), i.e., denoting T, by a pth percentile
point, the expected cost rate in (3.4) is rewritten as

Cp) = c1p+c2(1 —p)

SO F@yar

(3.8)

where F~!(p) is the inverse function of F(T,) = p. Then, the problem of
minimizing C(T") with respect to T' becomes the problem of minimizing C(p)
with respect to a pth percentile point [37]. Using a graphical method based
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0 T T —

Fig. 3.2. Expected cost rate C(T') of age replacement with planned time T’

on the total time on test (TTT) plot, an optimum time that minimizes C(p)
was derived in [38—41].

Our aim is to derive an optimum planned replacement time 7 that mini-
mizes the expected cost rate C(T') in (3.4) as shown in Figure 3.2. It is assumed
that there exists a density function f(t¢) of the failure distribution F'(¢) with
finite mean p. Let h(t) = f(t)/F(t) be the failure rate and K = ¢;/[u(c1 —c2)].

Theorem 3.1. Suppose that there exists the limit of the failure rate h(co) =
lim;_, o h(t), possibly infinite, as t — oo. A sufficient condition that C'(co) >
C(T) for some T is that h(co) > K.

Proof.  Differentiating log C(T") with respect to T yields

dlog C(T) _ (T (1 —e2)h(T) 1
aT aF(T)+eF(T)  [TF(t)dt
~ F(T) {(q—cﬁh(o@ — 1] for large T.

C1 12

Thus, if the quantity within in the bracket of the right-hand side is positive,
i.e., h(oco) > K, then there exists at least some finite 7" such that C(co) >
C(T) [2, p. 119]. g

In the above theorem, it has been assumed that there exists only the limit
of the failure rate. Next, consider the case that the failure rate h(¢) is strictly
increasing.

Theorem 3.2. Suppose that the failure rate h(t) is continuous and strictly
increasing.

(i) If h(co) > K then there exists a finite and unique T* (0 < T* < o) that
satisfies
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T
WT) / F(t)dt — F(T) = — (3.9)
0 €1 —C2
and the resulting expected cost rate is
C(T") = (c1 — c2)H(T™). (3.10)

(ii) If h(oo) < K then T™ = oo; i.e., a unit is replaced only at failure, and the
expected cost rate is given in (3.5).

Proof.  Differentiating C(T') in (3.4) with respect to T' and putting it equal
to zero imply (3.9). Letting

() =u1) [ F(oyat- )

it is proved that limr_,0 Q1(T) = 0, Q1(00) = limy 00 Q1(T) = ph(oo) — 1,
and Q1(T) is strictly increasing because for any AT > 0,

T+AT

T
h(T + AT)/0 F(t)ydt — F(T + AT) — h(T)/O F(t)dt+ F(T)
T+AT /T+AT

T
> (T + AT) / F)dt— h(T+ A7) [ F()dt — h(T) / T(t) dt
0 0

T
= [MT + AT) — h(T)]/0 F(t)dt >0

T

because h(T + AT) > [F(T + AT) — F(T)]/ [+ 2" F(t)dt.

If h(oo) > K then Q1(00) > ca/(c1 —cz). Thus, from the monotonicity and
the continuity of Q1(7T), there exists a finite and unique T* (0 < T* < o)
that satisfies (3.9) and it minimizes C(T'). Furthermore, from (3.9), we easily
have (3.10).

If h(oc0) < K then Q1(00) < ¢a/(c1 —¢2), d.e., Q1(T) < c2/(c1 — c2), which
implies dC(T")/dT < 0 for any finite T. Thus, the optimum time is 7* = oo;
i.e., a unit is replaced only at failure. g

It is easily noted from Theorem 3.2 that if the failure rate is nonincreasing
then the optimum replacement time is 7% = oco. It is intuitively apparent
because a used unit tends to have a longer remaining life than its replacement
unit. Such an intuition is made in the case of ¢; < ¢s.

In the case (i) of Theorem 3.2, we can get the following upper and lower
limits of the optimum replacement time 7.

Theorem 3.3.  Suppose that the failure rate h(t) is continuous, strictly
increasing, and h(co) > K. Then, there exists a finite and unique 7' that
satisfies h(T) = K, and a finite and unique T that satisfies

C2

Th(T) — /OT h(t) dt =

€1 —C2
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and consequently, T < T* < T.

Proof. It is evident that h(T) < F(T)/ [ F(t)dt for 0 < T < oo from (1.7)
because h(t) is strictly increasing. Thus, we have

O\(T) > ph(T) — 1. (3.11)

If h(t) is continuous, strictly increasing, h(0) < K, and h(oco) > K, then
there exists a finite and unique T that satisfies ph(T) — 1 = ¢z /(c1 — c2); i.e.,
h(T) = K. Therefore, we have T* < T from (3.11). If h(0) > K then we may
put that T = oo.

Also, letting

Q2(T) = Th(T) — /0 ' h(t) dt

we have that Q2(0) = 0 and
T T
Qa(T) - QuT) = Th(T) - [ h(e)dt—n(@) [ F(e)de+ F(T)
0 0
T
= [ m@ro - n + ronar

T P
> [ 10 - noFw)a=o

and hence, Q2(T) > Q1(T) for 0 < T' < oco. Thus, there exists a finite and
unique T that satisfies Q2(T") = ca/(c1 — c2), and T* > T'. g

Note that the function Q2(T") plays an important role in analyzing the
periodic replacement with minimal repair (see Section 4.2).

We have two advantages of introducing two such limits of 7' and T: One is
to use a suboptimum replacement time instead of 7%, and T becomes sharp
if T goes to large. Furthermore, if the failure rate were estimated from actual
data, we might replace a unit approximately before its failure rate reaches a
level K. The other is to use an initial guess for computing an optimum 7% in
Newton’s method or the successive approximations.

Next, let H(t) be the cumulative hazard function of F(t); i.e., H(t) =
fg h(u)du. Then, from Figure 4.2 in Chapter 4 and Theorem 3.3, we have
approximately H(T) = ca/(c; — ¢3). Thus, if T is a solution of H(T) =
¢2/(c1 — c2) then it might be one approximation of optimum time 7*.

Another simple method of age replacement is to balance the cost of re-
placement at failure against that at nonfailure; i.e., ¢; F(T) = coF(T). In this
case,

C2

F(T) = (3.12)

and a solution T}, to satisfy it represents a p (= ca2/(c1 + ¢2))th percentile
point of distribution F'(t).
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Example 3.1. 1In this numerical example, we show how two limits give better
approximations and compare them with other replacement times. When the
failure time has a Weibull distribution with a shape parameter m (m > 1),
i.e., F(t) = exp[—(At)™], we have
= lF(i + 1) h(t) = m ™™ 1
A \m ’

which is strictly increasing from 0 to co. Thus, an optimum replacement time
T* is given by unique solution of the equation:

T
m/\me—1/ exp[—(\t)™] dt + exp[—(A\T)™] = -
; Cc1 — C2
and
Tﬁ 1 -~ 1 o 1/(m—1)
DY |mI(1/m+1) c; —co
. T 1 e 1/m
=" A lm—1c —c
Fotfe "
A LC1 — C2

It can be easily seen that T < T for m < 2, T = T for m = 2, and T> T for
m > 2. _

Table 3.1 gives an optimum time T and its upper limit T, lower limit T, T
and T}, for m = 1.2, 1.6, 2.0, 2.4, 3.0, 3.4 when 1/X = 100. This indicates that
T becomes much better when m and ¢; /co are large. On the other hand, T is
good when m and ¢; /co are small. It is of great interest that the computation
of T}, is very simple, however, it is a good approximation to T for 2 <m < 3
and ¢ /co > 6. Near m = 2.4, it might be sufficient in actual fields to replace
a unit at a ca/(c1 + c2)th percentile point for ¢;/ca > 4. When the failure
distribution is uncertain, if the failure rate h(t), cumulative hazard H(t), or
pth percentile is statistically estimated, we should usually examine whether
such approximations can be used in practice.

Furthermore, when F(t) is a gamma distribution; .e., f(t) = [A(At)*/T'(«)]
x e~ optimum T* and the expected cost rate C(T*) are given in Table 9.1
of Chapter 9. g

3.2 Other Age Replacement Models

We show the following three modified models of age replacement: (1) age
replacement with discounting, (2) age replacement in discrete time, and (3)
age replacement of a parallel system. The detailed derivations are omitted and
optimum policies are given directly.
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7

Table 3.1. Comparative table of optimum time 7 and F(T™), its approximate

values T, T, f, and percentile 7, when 1/A = 100

m = 1.2
c1/ca « F(T") = ~
™ 00 L r T
2 | 1746 100 1746 382 100 47
4 227 93 230 153 40 28
6 124 73 136 100 26 21
10 68 47 92 61 16 14
20 35 24 71 33 9 8
40 19 12 62 18 5 5
60 13 8 59 13 3 3
100 8 5 57 8 2 2
m=1.6
cifea| . F(TY) ~
™ S0 T L T T
2 173 91 174 138 100 57
4 74 46 89 69 50 39
6 53 30 74 50 37 31
10 36 18 65 35 25 23
20 22 9 60 22 16 15
40 14 4 57 14 10 10
60 11 3 56 11 8 8
100 8 2 56 8 6 6
m = 2.0
ci/eca « F(T7) =~
™ w0 T L r T
2 110 70 113 100 100 64
4 59 30 75 58 58 47
6 46 19 68 45 45 39
10 34 11 63 33 33 31
20 23 5 59 23 23 22
40 16 3 58 16 16 16
60 13 2 57 13 13 13
100 | 10 1 57 10 10 10

(continued on next page)
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(Table 3.1 continued)

m = 2.4

3 -
<10 0 E T T

Cl/CQ

2 91 55 96 87 100 69
4 56 22 72 55 63 54
6 45 14 67 44 51 46
10 35 8 63 35 40 38

20 26 4 60 25 29 28
40 19 2 59 19 22 21
60 16 1 59 16 18 18
100 | 13 1 59 13 15 15
m = 3.0
c/ea| . FT™) = ~
™ 00 r 7T 5

2 81 41 87 79 100 74
4 55 16 71 55 69 61
6 47 10 67 46 58 54
10 38 5 64 38 48 46

20 30 3 63 30 37 37
40 23 1 62 23 29 29
60 20 1 62 20 26 25
100 17 1 61 17 22 21
m =34
c1/c2 « F(T) ~
T x 100 L T T

2 78 35 84 7 100 7
4 56 13 71 56 72 64
6 48 8 68 48 62 57

10 41 5 66 41 52 50
20 33 2 64 33 42 41
40 26 1 64 26 34 34
60 23 1 63 23 30 30
100 | 20 0 63 20 26 26

(1) Age Replacement with Discounting

When we adopt the total expected cost as an appropriate objective function
for an infinite time span, we should evaluate the present values of all replace-
ment costs by using an appropriate discount rate. Suppose that a continuous
discounting with rate a (0 < a < 00) is used for the cost incurred at replace-
ment time. That is, the present value of cost ¢ at time ¢ is ce™*! at time 0.
Then, the cost on one cycle starting at time ¢ is

Cleia(t+X)I(X<T) + 02€7a(t+T)I(XZT)a (3.13)



3.2 Other Age Replacement Models 79

where X is a random variable that denotes the failure time of an operating
unit on that stage and I4 is an indicator. The expected cost at each cycle
is the same, except for a discount rate, and hence, the total expected cost is
equal to the sum of discounted costs incurred on the individual stages.

We use the same notation as in the preceding policy except for a discount
rate a.. Let C(T; ) be the total expected cost for an infinite time span when
the planned replacement time is set by T' (0 < T < o0) at each stage. Then,
from (3.13), we have the following renewal equation.

C(T;a) = E{[c1 + C(T; oz)]efD‘XI(X<T) + [e2 + C(T; oz)}e*aT[(XZT)}
= [e1 + C(T; )] /O et AF (1) + [e2 + O(T; 0)]e °TF(T);  (3.14)

i.e.,

1 fOT et dF(t) + coe T F(T)

C(T;a) = e T (3.15)
. . aFY(a)
C(o0ia) = lim C(T;a) = m (3.16)

where F*(s) is the Laplace-Stieltjes transform of F(t); i.e., F*(s) Efoooe_“dF(t)
for s > 0. It is easy to see that lim,_,o «C(T'; a) = C(T") which represents the
expected cost rate in (3.4).
Letting

1 F*(a) + e[l — F* ()]

(c1 = e)[1 = F*(a)]/a
similar theorems corresponding to Theorems 3.1, 3.2, and 3.3 are given as
follows.

K(a) =

Theorem 3.4. There exists the limit of the failure rate h(co) = lim;—, oo h(t),
possibly infinite, as ¢ — co. A sufficient condition that C'(oco; ) > C(T; ) for
some finite T' is that h(oco) > K(«).

Theorem 3.5. Suppose that the failure rate h(t) is continuous and strictly
increasing.

(i) If h(co) > K(«) then there exists a finite and unique T* (0 < T™ < o0)
that satisfies

C2

1
P (3.17)

T T
h(T)/O e*atf(t)dt—/o e dF(t) =

and the total expected cost is

C(T*; ) = é(cl — e)h(T) — . (3.18)
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(ii) If h(oco) < K(a) then T* = oo, and the total expected cost is given
in (3.16).

It is noted in (3.17) that its left-hand side is strictly decreasing in «, and
hence, T* is greater than an optimum time in Theorem 3.2 for any a > 0. This
means that the replacement time becomes larger for consideration of discount
rates on future costs.

Theorem 3.6.  Suppose that the failure rate h(t) is continuous, strictly
increasing, and h(0) < K(a) < h(oo). Then, there exists a finite and unique
T that satisfies h(T) = K(«), and a finite and unique T that satisfies

1—eoT C2

WT) - /O " eathe) dt =

« C1 — C2

and T <T* <T.
Example 3.2. Consider a gamma distribution F(t) = (1 + At)e=*'. Then,

2 2 2
2

_ AT 7 K(a)201)\ + ca(a® + 2)a)

1+ M (c1 — ) (a+2N)

h(t)

The failure rate h(t) is strictly increasing from 0 to A. From Theorem 3.5, if
A > K(a), i.e., c1A > co(a + 2)), we make the planned replacement at time
T* which uniquely satisfies

(a+NT —1+e @NT ¢, a+A\?
1+ T o C1 — C2 A
and
C1 — C2 )\21—‘»<
a 14+ M\T*

Also from Theorem 3.6, we have the inequality

C(T"a) =

— C2.

122 + co(a® + 2)a)
(a+ A)[e1A — cala +2))]°

T <

For example, when o« = 0.1, A = 1, ¢; = 10, and ¢; = 1, T = 1.17,
T* = 0.69, C(T*;0.1) = 35.75, and C(00;0.1) = 47.62. Thus, we have 25%
reduction in cost by adopting the age replacement. g

(2) Age Replacement in Discrete Time

In failure studies for parts of airplanes, the time to unit failure is often mea-
sured by the number of cycles to failure. In actual situations, tires of jet
fighters are replaced preventively at 4 ~ 14 number of times of flights, which
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may depend on the kind of uses. In other cases, the lifetimes are sometimes
not recorded at the exact instant of failure and are collected statistically per
day, per month, or per year. For example, failure data of electric switching
devices in electric power companies are recorded as the number of failures [23].
In any case, it would be interesting and possibly useful to consider discrete
time processes [42].

Consider the time over an indefinitely long cycle n (n = 1,2,...) that a
single unit should be operating. A unit is replaced at cycle N (N =1,2,...)
after its installation or at failure, whichever occurs first. Let {p,}52; denote
the discrete failure distribution that a unit fails at cycle n. Cost ¢; is in-
curred for each failed unit that is replaced and cost ¢z (< ¢1) is incurred for
each nonfailed unit that is exchanged. Then, in a similar method to that of
obtaining (3.4), the expected cost rate is given by

N
1) 1Pt Z;‘;N+1 bj

N
Zj:l Zfi] bi

Let h, = pn/Z;oan (n = 1,2,...) be the failure rate of the discrete
distribution and p be the mean failure cycle B, W=y o0 npy < oo. Then,
Theorem 3.2 in continuous time process is rewritten as the discrete time one
of age replacement.

C(N) = (N=1,2,...).  (3.19)

Theorem 3.7. Suppose that h,, is strictly increasing.

(i) If hoo > K then there exists a finite and unique minimum N* (1 < N* <
o0) that satisfies

hN_HZZpL Zp]_q_CQ (N=1,2,...) (3.20)

j=li=j

and the resulting cost rate is
(Cl — CQ)hN* < C(N*) < (Cl — CQ)hN*+1. (321)
(ii) If hoo < K then N* = co

Note that 0 < A, < 1 from the definition of the failure rate in discrete
time. Thus, if K > 1, i.e., u < ¢1/(c1 — ¢2), then we do not need to consider
any planned replacement.

Ezxample 3.3. Suppose that the failure distribution is a negative binomial one
with a shape parameter 2; i.e., p, = np*¢" ' (n=1,2,...), whereg=1—p
(0 < p < 1). Then, u = (1 + q)/p, hn, = np*/(np + ¢) which is strictly
increasing from p? to p. From Theorem 3.7, if ¢;q > ¢2(1+¢q), we should make
the replacement cycle N* (1 < N* < oo) which is a unique minimum such
that
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(N+Dpl+q)+¢"2
Np+1 _01—62.

For example, when ¢; = 10, co = 1 and p = 9; i.e., p = 1/5, N* = 4. In
this case, the expected cost rate is C(N*) = 0.92 and that of no planned
replacement is C'(c0) = 1.11. g

(3) Age Replacement of a Parallel System

Consider a parallel redundant system that consists of N (N > 2) identical
units and fails when all units fail. Each unit has a failure distribution F(t)
with finite mean p.

Suppose that the system is replaced at system failure or at planned time
T (0 < T < o0), whichever occurs first. Then, we give the expected cost rate
as
aF(T)N + c;[1 — F(T)N] + Neo

Jo L= F(t)N]dt ’

where ¢; = cost of replacement at system failure, co = cost of replacement at
planned time T with co < ¢, and ¢y = acquisition cost of one unit. When
N = 1, this corresponds to the expected cost rate C'(T) in (3.4), formally
replacing ¢; with ¢; + ¢g and ¢; with ¢ + ¢p.

Let h(t) be the failure rate of each unit, which is increasing and h(co) =
lim;_, oo h(t). We seek an optimum time 7 that minimizes C(T'; N) for N > 2.
Differentiating C'(T'; N') with respect to T" and setting it equal to zero, we have

C(T;N) = (3.22)

c2 + Ncg
C1 — C2 ’

AT; N) /OT[I — F@®)N)dt — F(T)N = (3.23)

where NA@F(HN 1 — F()V]

1—F@)N
It is easy to see that A(¢; N) is strictly increasing when h(¢) is increasing, and
lim; 00 A(t; N) = h(00) because

At;N) =

NF@Y - F@ON _ NEF@O

L=FON S @

=1

Furthermore, it is clear from this result that the left-hand side of (3.23) is
strictly increasing from 0 to pyh(co) — 1, where puy = [;°[1 — F(t)V]dt is the
mean time to system failure.

Therefore, we have the following optimum policy.

(i) If pyh(oo) > (c1 + Neg)/(c1 — c2) then there exists a finite and unique
T* (0 < T* < 00) that satisfies (3.23) and the resulting cost rate is

C(T*; N) = (c1 — e)MT™; N). (3.24)
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(ii) If pyh(oco) < (c1+Ncp)/(c1—c2) then T* = oo; i.e., the system is replaced
only at system failure, and

c1+ Neg

C(oo;N) = e

(3.25)

Moreover, the maintenance of k-out-of-n systems was analyzed in [43-45].

3.3 Continuous and Discrete Replacement

Almost all units deteriorate with age and use, and eventually, fail from either
cause. If their failure rates increase with age and use, it may be wise to replace
units when they reach a certain age or are used a certain number of times. This
policy would be effective where units suffer great deterioration with both age
and use, and are applied to the maintenance of some parts of large complex
systems such as switching devices, car batteries, railroad pantographs, and
printers.

This section suggests an extended age replacement model that combines
the continuous replacement as described in Section 3.1 and the discrete re-
placement in (2) of Section 3.2 as follows. A unit should operate for an infinite
time span and is replaced at failure. Furthermore, a unit begins to operate
at time 0, and is used according to a renewal process with an arbitrary dis-
tribution G(t) with finite mean 1/6 = [;~[1 — G(t)]dt < co. The probability
that a unit is used exactly j times during (0, t] is G (t) — GUTY(t), where
GU(t) (j = 1,2,...) denotes the j-fold Stieltjes convolution of G(t) with
itself and G(®)(t) = 1 for t > 0. The continuous distribution of failures due
to deterioration with age is F(t), and the discrete distribution of failures due
to use is {p;}32;, where F'(t) and p; are independent of each other, and the
failure rates of both distributions are h(t) = f(¢)/F(t) and h; = p;/(1—Pj_1)
(j=1,2,...), respectively, where P; =>7_,p; (j =1,2,...) and P, =0.

It is assumed that a unit is replaced before failure at time T' (0 < T < c0)
of age or at number N (N = 1,2,...) of uses, whichever occurs first. Then,
the probability that a unit is replaced at time T is

N—
F(T) Y (1= P)IGYU(T) = GUHI(T)] (3.26)

Jj=0

[y

because the probability that the number of uses occurs exactly j times (j =
0,1,...,N —1) until time T is GU)(T) — GU+(T), and the probability that
it is replaced at number N is

(1— Py) /0 ' F(t) dGM) (1). (3.27)
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Thus, by adding (3.26) and (3.27), and rearranging them, the probability that
a unit is replaced before failure is

N

T
(lPN){l/O 1—GMN ()] dF } Z 1—GU(T)). (3.28)

The probability that a unit is replaced at time ¢ (0 < ¢ < T') by the failure
due to continuous deterioration with age is

N-1

T
—P) / GO (1) — G (1) dF (1) (3.29)

=0

and the probability that it is replaced at number j of uses (j =1,2,...,N) is

N T )
S s / F(1)dG9) (1), (3.30)
j=1 70
Thus, the probability that a unit is replaced at failure is
N-1 T T
Z{(l -2 [ 1690 - IV @)AF®) + i [ FO dGU“)(t)} .
3=0 0 0
(3.31)
It is evident that (3.28) + (3.31) = 1 because we have the relation
N A N-1 ‘ A
(1= Pa)[L =GN @]+ p[t =GP (1) =) (1 - PGV () - GUTD(1)].
Jj=1 j=0

The mean time to replacement is, referring to (3.26), (3.27), and (3.31),

N-1 .
TR(T))_ (1= F)ED(T) - GU(D)] + (1—PN>/O tF(t)dGM (1)
j=0
N-1 T ]
- (4) G+1) .
+J_0{1 /Ot[G (t) - GU+ ()]dF()+pj+1/tF()dG+ ()}
N-1
/ G(J)() G(j+1)(t)]F(t)dt. (3.32)
J=0

Therefore, the expected cost rate is, from (3.3),

(e — )05 {1 - fo - G (1] dF (1)

+ i [ F(t) dGU+D ( )} te
C(T,N) = T : — . (3.33)
S = P [ IGO(t) = GO @) F(t) dt
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where ¢; = cost of replacement at failure and ¢y = cost of planned replacement
at time T or at number N with ¢ < ¢;.

This includes some basic replacement models: when a unit is replaced
before failure only at time T,

S/ oo )
C(T) = lim C(T,N)= 2— (e — C2iF(T) 22:1 piG (r)
e doieipi fo L= GO@)]F(t)dt

In particular, when p; =0 (j = 1,2,...), i.e., a unit fails only by continuous
deterioration with age, the expected cost rate C'(T) agrees with (3.4) of the
standard age replacement.

On the other hand, when a unit is replaced before failure only at number

(3.34)

N

)

_ _ (N)
C(N) = lim C(T,N) = — n (Cl 2= P Jy” G(E) A (1)
T=eo =0 (1= F; ) o (G (t) — GUAD ()] F(t) dt
(3.35)
When F(t) = 1 for t > 0, i.e., a unit fails only from use, C(N)/0 agrees
with (3.19) of the discrete age replacement. Finally, when T' = co and N = oo,
i.e., a unit is replaced only at failure,

C= lim C(N) a

e T - GO ()t (3.36)

(1) Optimum T*

Suppose that G(t) = 1 — e~ and GU(t) = 1 — S [(6) /il e~ (j =
1,2,...). Then, the expected cost rate C(T') in (3.34) is rewrltten as

a —(a - 62)F(T) > iso(1=P)[(OT)! /j!] e="T
S0 (L= Py) fy [(68)3 /51 e F (t) dt

We seek an optimum 7% that minimizes C(T') when the failure rate h(t)

of F(t) is continuous and strictly increasing with h(oco) = lims—, o h(t), and

the failure rate h; of {p] 1 is increasing with he, = lim;_, o hj, where h(co)
may possibly be 1nﬁn1ty

O(T) = (3.37)

Lemma 3.1. If the failure rate h; is strictly increasing then
N (0T /4
> j—o Pi+1[(0T)7 /5]
Sito(l = PIOT) /5]

is strictly increasing in 7" and converges to hyy1 as T — oo for any integer
N.

(3.38)
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Proof.  Differentiating (3.38) with respect to T', we have

N .
ey
B

0 (OT)1-1
(S0, B)[OT) /71 {Z““

j=0 Jj=

;N

*ZPJH ; ;! }

The expression within the bracket of the numerator is

N N
oT) 1
(g ) P)(1 = Pj)(hj+1 — hit1)
j=1
N j—1
(OT)7-1 0T
Z (j—1)! Z( Zl) (1= F)(1 = Pj)(hjt1 — hita)
Jj=1 i=0 ’
N Tyt
+Z ]—1)' Z Pi)(1 = Pj)(hjt1 — hit1)
.7:1 ’I:j

N )it J—1 i
Z (0T (6T) (1= P)(1 = Pj)(hj+1 — hit1)(j —i) >0
—1 i=0

.

which implies that (3.38) is strictly increasing in T'. Furthermore, it is evident
that this tends to hy41 as T — 0.

Lemma 3.2. If the failure rate h(t) is continuous and strictly increasing
then -
Jy (6t)Ne=0 dF (1)

[ (0)Ne=0tF(t) t

(3.39)

is strictly increasing in N and converges to h(T) as N — oo for all T > 0.
Proof.  Letting

q(T) = /T(Qt)NHe_et dF(t) /T(et)Ne—“”F(t) dt

0 0

T T
_ / (0N e~ dF (1) / (00N e~ F (1) dt,

0 0

it is easy to show that limp_,0¢(7) = 0, and

% — (0T)Ne T F(T) /0 :EBt)Ne’GtF(t)(HT — 0t)[0(T) — h(t)] dt > 0
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because h(t) is strictly increasing. Thus, ¢(T") is a strictly increasing function
of T from 0, and hence, ¢(T) > 0 for all T > 0, which shows that the quantity
in (3.39) is strictly increasing in N.

Next, from the assumption that h(t) is increasing,

S @t)Ne 0 aF(t)
[ (6t Ne=0tF(t) t

< n(T).

On the other hand, we have, for any § € (0,7,

fOT(et)Nefat AF(t) fT_‘S(@t) ~6t QR (¢ +fT S(0HNe 0t AP (t)
fOT(Ht)Ne—GtF(t) at f ((‘)t)Ne 0tF(t dt‘*’fT 5(61) Ne—6tF(t) dt
T =) 7 ()N e T (1) dt
T O N e F () At + [ (0t) Ve~ F(t) dt
- T - 9)
1+ [ 00t N e 0 F (1) dt /f;lé(@t)Ne*“f(t) dt} '

The quantity in the bracket of the denominator is

fT—(s(e ) —QtF(t) d - GT /T—(S( t )N dt R O N R
— — as 0.
fT N e F(t)dt ~ OF(T) T-6
Therefore, it follows that
T
(Ot)Ne 0t dF (¢
(T —6) < lim Jo ( ()<hT)

N—>oof (6t) Ne— (-)tF( ) dt -
which completes the proof because ¢ is arbitrary and h(t) is continuous. g

Letting

O 0 pinalOTY /3 \ &= p [T 00 o
{h(T)+Z;o_o(l_Pj)WT)j/j”}jZO(l [ Pty dt

> 9T) ot
E —F¢€
Jj=0

we have the following optimum policy that minimizes C(T') in (3.37).

Theorem 3.8. Suppose that the failure rate h(¢) is strictly increasing and
h; is increasing.
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= [h(00) + Ohoo] ia —-Pj) /OOO @e*tf(t) dt —1

C2

(3.40)

€1 —C2
then there exists a finite and unique 7% (0 < T™ < oo) that satisfies
C2

QT) = (3.41)

C1 — C2

and the resulting cost rate is

C(T*)(Clcz){h(T*)+ e S\ ED } (3.42)

Y imo(L=P)[(6T~)7 /5]

(ii) If Q(00) < ca/(e1 — ¢2) then T* = oo; i.e., we should make no planned
replacement and the expected cost rate is

C(OO)ETIEI;C(T):Z Py) [[(6t)i /e~ 0TF(t) dt’

Proof.  Differentiating C'(T) in (3.37) with respect to 7" and setting it equal
to zero, we have (3.41). First, we note from Lemma 3.1 that when h; is
increasing, {0377 pj+1[(0T) /5'1}/{3272(1 = P;)[(6T)? /5!]} is increasing in
T and converges to Oho, as T' — co. Thus, it is clearly seen that dQ(T)/dT >
0, and hence, Q(T) is strictly increasing from 0 to Q(o0).

Therefore, if Q(00) > ca/(c1 — ¢3) then there exists a finite and unique
T* (0 < T* < o0) that satisfies (3.41), and the expected cost rate is given
n (3.42). Conversely, if Q(00) < c2/(c1 — ¢2) then C(T) is strictly decreasing
to C(00), and hence, we have (3.43) from (3.37). g

(3.43)

In particular, suppose that the discrete distribution of failure times is
geometric; i.e. pJ =p¢ ! (j =1,2,...), and the Laplace-Stieltjes transform
of F(t) is F*(s) = [;° e *!dF(t). In this case, if

C1 1
h > pl -1
(00) > p {01—02 1— F*(pd) }
then there exists a finite and unique T* that satisfies

h(T) /O " () dr /0 gy =

€1 —C2

and the resulting cost rate is
C(T") = (er = e2) [M(T™) + pl]
which correspond to (3.9) and (3.10) in Section 3.1, respectively.
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(2) Optimum N*
The expected cost rate C'(N) in (3.35) when G(t) =1 — e~ % is

e —(c1 —e2)(1—Pn) 372 N fo [(0t)7/4!]e 0t dF ()

C(N) =
) >im0 (1= Py) [o7[(00)7 /e~ F (1) di
(N=1,2,...). (3.44)
Letting
| [T Net dR(t) Nl ®(08)) gy
L(N):{fogo(et)Ne"tF() +0 N+1}J§_:O / (j!) e OVF(t) dt

- 1—(1—PN)Z/OOO(0jt|)je—“dF(t) (N=1,2,...)
j=N '

we have the following optimum policy that minimizes C'(V).
Theorem 3.9. Suppose that h(t) is increasing and h; is strictly increasing.
(i) If

L(co) = lim L(N)

N —o0

= [h(00) + O] > (1 - / (9?) e F(t)dt — 1
7=0

4!
C2

C1 — Co
then there exists a finite and unique minimum N* that satisfies

C2

L(N) >

e —co

(N=1,2,...). (3.45)

(ii) If L(co) < ¢a/(c1 — ¢2) then N* = 0o, and the expected cost rate is given
n (3.43).

Proof.  From the inequality C(N+1) > C'(N), we have (3. 45) Recalling that
from Lemma 3.2 when h(t) is increasing, [[,;~(0t)Ne % dF(t)]/[ [, (0t)Ne "
F(t)dt] is increasing in N and converges to h(oo) as N — oo, we can clearly
see that L(NN) strictly increases to L(co).

Therefore, if L(co) > ca/(c1 — c2) then there exists a finite and unique
minimum N* (N* = 1,2,...) that satisfies (3.45). Conversely, if L(co) <
ca/(c1 — ¢2) then C(N) is decreasing in N, and hence, N* = co.

It is of great interest that the limit L(c0) is equal to Q(o0) in (3.40).
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In particular, suppose that the failure distribution F'(¢) is exponential, i.e.,
F(t) = 1 — e, and the probability generating function of {p;} is p*(z) =
> 21 pi# for |2] < 1. In this case, if

A C1 1
oo > 5 {cl —c 1—p[0/(0+N)] 1}

then there exists a finite and unique minimum that satisfies

o V' Y 0\’ e
h — i > N=12,...
i 0-n() -E(rh) zatn et

and the resulting cost rate is

C(N*)

C1 — C2

Ohy- < — A< b6hy41

which corresponds to (3.20) and (3.21) in (2) of Section 3.2.

(3) Optimum T* and N*

When G(t) = 1 — e~ %, the expected cost rate C(T, N) in (3.33) is rewritten
as

(e1 = e2) S35 {0 = Py) g 1007 /321" dF (1)
+pjs1 fo [(0t)7/§!)e Pt F(t)dt ¢ + co
S0 (1= By) J (67 /e F (¢) d

We seek both optimum 7 and N* that minimize C (T, N) when h(t) is contin-
uous and strictly increasing to co and h; is strictly increasing. Differentiating
C(T, N) with respect to T and setting it equal to zero for a fixed N, we have

—

O(T,N) = (3.46)

QUTEN) = 016—202’ (3.47)
where
Q(T;N) =
03520 pi+1l(T)] /g N O e
" j ——e V'F(t)dt
{ O S a- R }]_0 / A
N-1 . '
01) —6s 4 00 g
J_o{ /o ! dF(Hpj“/o T F(t)dt}.

It is evident that limp_0 Q(T; N) = 0 and limy_,o Q(T; N) = oco. Further-
more, we can easily prove from Lemma 3.1 that Q(T’; N) is strictly increasing
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in T'. Hence, there exists a finite and unique 7* that satisfies (3.47) for any
N > 1, and the resulting cost rate is

C(T*,N) _ (Cl _02) {h(T*) ezj =0 p]"rl[(eT* /j'] } (348)

Ym0 (1= P67 /3
Next, from the inequality C(T, N + 1) — C(T,N) > 0 for a fixed T > 0,

(3.49)

where

L(N;T) =

T _ot j
{9hN+1+ Jo (0)7e™ " dE(t }Z 1-P /T (9?) e OF(t)dt

N (Gt)Ne OLF(t

N—-1 T T .
_ s (Gt)fe_at A 00t o
jZ::O {(1 Pg)/o . dF(t)+pj+1/0 i F(t) dt}

4!

From Lemma 3.2, L(N;T) is strictly increasing in N because

N

L(N +1L,T) - L(N;T) =Y (1-F)) /T (6t

=0 o J!

Jo OONHLeT0 AR [T (O Ne " dP(t) -,
SN+ F (@) dt [ (6)Ne~OtF(t) dt '

e O F(t)dt

X {9(h1\/+2 — hN+1) +

In addition, because T" and N have to satisfy (3.47), the inequality (3.49) can
be rewritten as

Yol pia[(0T)7 /] S @t)Ne 0 dF(t)
0<h —
{ SN - Pyl(eT) /J.]}+

It is noted that the left-hand side of (3.50) is greater than h(T") as N — oo
from Lemma 3.2. Thus, there exists a finite N* that satisfies inequality (3.50)
for all T > 0.

From the above discussions, we can specify the computing procedure for
obtaining optimum 7™ and N*.

OGO > h(T). (3.50)
0 €

1. Compute a minimum N to satisfy (3.45).

2. Compute Ty, to satisfy (3.47) for Nj, (k=1,2,...).

3. Compute a minimum Ny to satisfy (3.50) for T}, (k=1,2,...).

4. Continue the computation until Ny = Ngi1, and put Ny = N* and
T, =T7".
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Table 3.2. Optimum time 7" and its cost rate C'(T™), optimum number N* and
its cost rate C'(N™), optimum (7", N*) and its cost rate C'(T”, N*) when F(t) =
1 —exp(=At?), pj = jp*¢’ !, and A = mp?/[4(1 + ¢)°]

p | T" C(T") N C(N") ((T%, N*) C(I",N7)
0.1 | 50 05368 5 05370 ( 61, 5) 05206
0.05 | 9.8 02497 10 0.2495 ( 11.5, 10)  0.2457
0.02 | 24.3 0.0955 24 0.0954 ( 26.8, 25)  0.0947
0.01 | 48.3 0.0470 48 0.0470 ( 52.0, 50)  0.0469
0.005) 96.5 0.0233 96 0.0233 (101.6, 99)  0.0233

Ezample 3.4. We give a numerical example when G(t) = 1 —e™ %, F(t)
is a Weibull distribution [1 — exp(—At?)], and {p;} is a negative binomial
distribution p; = jp*¢’' (j = 1,2,...), where ¢ = 1 — p. Furthermore,
suppose that A = mp?/[4(1 + ¢)?]; i.e., the mean time to failure caused by use
is equal to that caused by deterioration with age.

Table 3.2 shows the optimum T*, C(T*), N*, C(N*) and (T*, N*),
C(T*,N*) for ¢y = 10, ¢ = 1, and p = 0.1, 0.05, 0.02, 0.01, 0.005. This
indicates that expected cost rates C(T*) and C(N*) are almost the same,
C(T*,N*) is a little lower than these costs, and (T, N*) are equal to or
greater than each value of T* and N*, respectively. If failures due to contin-
uous deterioration with age and discrete deterioration with use occur at the
same mean time, we may make the planned replacement according to a time
policy of either age or number of uses. g
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4

Periodic Replacement

When we consider large and complex systems that consist of many kinds of
units, we should make only minimal repair at each failure, and make the
planned replacement or do preventive maintenance at periodic times. We con-
sider the following replacement policy which is called periodic replacement
with minimal repair at failures [1]. A unit is replaced periodically at planned
times kT (k = 1,2,...). Only minimal repair after each failure is made so
that the failure rate remains undisturbed by any repair of failures between
successive replacements.

This policy is commonly used with complex systems such as computers
and airplanes. A practical procedure for applying the policy to large motors
and small electrical parts was given in [2]. More general cost structures and
several modified models were provided in [3-11]. On the other hand, the policy
regarding the version that a unit is replaced at the Nth failure and (N —
1)th previous failures are corrected with minimal repair proposed in [12]. The
stochastic models to describe the failure pattern of repairable units subject
to minimal maintenance are dealt with [13].

This chapter summarizes the periodic replacement with minimal repair
based on our original work with reference to the book [1]. In Section 4.1, we
make clear the theoretical definition of minimal repair, and give some use-
ful theorems that can be applied to the analysis of optimum policies [14].
In Section 4.2, we consider the periodic replacement policy in which a unit
is replaced at planned time T and any failed units undergo minimal repair
between replacements. We obtain the expected cost rate as an objective func-
tion and analytically derive an optimum replacement time 7™ that minimizes
it [15]. In Section 4.3, we propose the extended replacement policy in which a
unit is replaced at time T or at the Nth failure, whichever occurs first. Using
the results in Section 4.1, we derive an optimum number N* that minimizes
the expected cost rate for a specified T' [16-18]. Furthermore, in Section 4.4,
we show five models of replacement with discounting and replacement in dis-
crete time [15], replacement of a used unit [15], replacement with random and
wearout failures, and replacement with threshold level [19]. Finally, in Sec-

95
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tion 4.5, we introduce periodic replacements with two types of failures [16]
and with two types of units [20].

4.1 Definition of Minimal Repair

Suppose that a unit begins to operate at time 0. If a unit fails then it undergoes
minimal repair and begins to operate again. It is assumed that the time for
repair is negligible. Let us denote by 0 = Yy < Y; < --- <Y, < --. the
successive failure times of a unit. The times between failures X,, =Y, —Y,,_1
(n=1,2,...) are nonnegative random variables.

We define to make minimal repair at failure as follows.

Definition 4.1. Let F(t) = Pr{X; <t} fort > 0. A unit undergoes minimal
repair at failures if and only if

F(t+x)—F(t)

Pr{X, < z|Xi+Xo+ - +X,_ 1=t} = )

(n=2,3,...) (4.1)

for 2 > 0, ¢t > 0 such that F(t) < 1, where F =1 — F.

The function [F(t+x) — F(t)]/F(t) is called the failure rate and represents
the probability that a unit with age ¢ fails in a finite interval (¢,¢ + z]. The
definition means that the failure rate remains undisturbed by any minimal
repair of failures; i.e., a unit after each minimal repair has the same failure
rate as before failure.

Assume that F(t) has a density function f(¢) and h(t) = f(t)/F(t), which
is continuous. The function h(t) is also called the instantaneous failure rate
or simply the failure rate and has the same monotone property as [F (¢t +x) —
F(t)]/F(t) as shown in Section 1.1. Moreover, H(t) = fot h(u)du is called the

cumulative hazard function and satisfies a relation F(t) = e~ H(®),
Theorem 4.1. Let G,(x) = Pr{Y¥, < z} and F,(z) = Pr{X,, < a}
(n=1,2,...). Then,

Gn(x)zl—nz_:[Hg)]jeH(m) (n=1,2,...) (4.2)
j=0 '

Fn(x)zl—/oooF(t—i—x)(nQ)!h(t)dt (n=2,3,...). (4.3)

Proof. By mathematical induction, we have
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Gi(x) = Fi(z) = F(x)
Gpy1(z) = / Pr{X,+1 <z —t|Y, =t} dG,(t)
0

_ /z F(z) — F(t) [H()]"
0 F(t) (n—1)!

F(&)dt

O HOV we me [THO
=1 2 i e e /0 1) h(t)dt
zl_zn: [H(x)]JefH(z) (n—l ) )

Similarly,

Foii(x) :/0 Pr{X,11 < z|Y, =t} dG,(t)

:/OOF(H‘E) F(t) [H(t)]" !
0 F(t) (n—1)!

F(b)dt

- OOOF(IH—I) [(n(t)}:)ll h(t) dt (n=1,2,...). g

It easily follows from Theorem 4.1 that

E{Y,} = /G Z/ ‘Hmd (n=1,2,...) (4.4)

oo T n—1
E{Xn}:E{Yn}fE{Yn_l}:/o [?75_)]1)1 H@ 4z (n=1,2, ).

In particular, when F(t) = 1 —e ™, i.e., H(t) = M,
n—1

J
Fo(z)=1—e 7", Gp(x)=1- ()\x') e (n=1,2,...)
J!
=0

<.

Let N(t) be the number of failures of a unit during [0,t]; i.e., N(t) =
max,{Y, < t}. Clearly,

pn(t) =Pr{N(t) =n} =Pr{Y,, <t < Y11} = Gp(t) — Gny1(t)

HO™
:%e H® (n=0,1,2,...) (4.6)
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and moreover,
E{N(t)} = VAN()} = H(t); (4.7)

that is, failures occur at a non-homogeneous Poisson process with mean-value
function H(t) in Section 1.3 [21].

Next, assume that the failure rate [F(t+2)—F(t)]/F(t) or h(t) is increasing
in ¢ for x > 0, t > 0. Then, there exists lim;_, o h(t) = h(co), which may
possibly be infinity.

Theorem 4.2. If the failure rate is increasing then F{X,} is decreasing

in n, and converges to 1/h(c0) as n — oo, where 1/h(c0) = 0 whenever
h(o0) = 0.
Proof. Let

which represents the mean residual lifetime of a unit with age ¢. Then, () is
decreasing in ¢ from the assumption that [F(¢t +x) — F(t)]/F(t) is increasing,
and

. . 1 *©_ 1
Jim () = t%m/t Fleyde = 70

Furthermore, noting from (4.1) that
E{Xny1} = E{y(Yn)}
and using the relation Y,, 11 > Y,,, we have the inequality
E{Xyi1} = E{7v(Ya)} < E{y(Yo-1)} = E{Xn} (n=12,...).

Therefore, because Y,, — 0o as n — 0o, we have, by monotone convergence,

Jim B0} =

which completes the proof. g

Theorem 4.3. If failure rate h(t) is increasing then

Sy ATH @)™ /nl} £(2) dt
Sy {H )] /n)F () dt

is increasing in n and converges to h(T') as n — oo for any T > 0.

(4.8)

Proof.  Letting



4.1 Definition of Minimal Repair 99
T T
aT>zL£ Uf@n”“fu>d5£ H O] F () dt
T T -
- / H O f(t) dt / H ()" F (1) dt
0 0

we obviously have that limr_, ¢(T) = 0, and because h(t) is increasing,

dg(T)
ar

= [H(T)]”F(T)/O [HOPF@)[H(T) — HO][T) - h(t)] dt > 0.

Thus, ¢(T) is increasing in T from 0, and hence, ¢(T") > 0 for all T > 0, which
implies that the function (4.8) is increasing in n.

Next, to prove that the function (4.8) converges to h(T) as n — oo, we
introduce the following result. If ¢(¢) and (t) are continuous, ¢(b) # 0 and
¥(b) # 0, then for 0 < a < b,

oy Ja OO o(0)

oo [Pyny(tyde () (49)

For, putting t = bz, ¢ = a/b, ¢(bx) = f(z), and ¥(bz) = g(x), Equation (4.9)
is rewritten as L

L@ dr )

n—oo fcl ang(x)dz  9(1)

This is easily shown from the fact that

1
lim (n+1)/ 2" f(z)dz = f(1)

n—oo

for any ¢ (0 < ¢ < 1). Thus, letting H(¢t) = = in (4.8) and using (4.9), it
follows that

o @y wa et de
noeo [HHEFE)dt 2o [0 gnea /n(H-1(x)) da

= n(T),

where H~!(z) is the inverse function of x = H(t). g

In particular, when F(t) =1 — e~

Jy (H® ) de
S AH @) /Y F () dt

Let G(t) represent any distribution with failure rate r(t) = g(t)/G(t) and
finite mean, where ¢(t) is a density function of G(t) and G =1 — G.

A (n=0,1,2,...).

Theorem 4.4. If both A(t) and r(t) are continuous and increasing then
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Jo A[H®]" 1/(n — DBG@) f(#) dt
fo )ty GR)F(t) dt

is increasing in n and converges to h(co) + r(c0) as n — oo.

(4.10)

Proof. Integrating by parts, we have
CH@G ~[CHB" A <[H(t)]"
/O 1] G(t)f(t) dtf/O TG dt +/0 S F(t)g(t)dt.

First, we show

Jo TH@®)]"G(1)f(#) dt

S H@IMGOF(t) dt
is increasing in n when h(t) is increasing. By a similar method to that of
proving Theorem 4.3, letting

(4.11)

T o T o o
o(T) = / HOT() £(t) dt / OG0T (t) dt
T T
- / H®O"T() £(t) dt / HOTOF () dt

for any T > 0, we have limy_,0 ¢(T) = 0 and dq(T")/dT > 0. Thus, ¢(T) > 0
for all T' > 0, and hence, the function (4.11) is increasing in n. Similarly,

Jo H®)"F(t)g(t) dt
Jo H®F()G(t) dt
is also increasing in n. Therefore, from (4.11) and (4.12), the function (4.10)

is also increasing in n.
Next, we show that

(4.12)

lim = h(o0). (4.13)

Clearly,
Jo H(®"G(t)f(t) dt
PrETeFos <"
On the other hand, we have, for any 7" > 0,
L H@G"G@) f(E)dt fo "G(t)f(t)dt + [ [H®)]"G() f(t)dt
I H "G (t)F ()dt fo é HF () dt + [ [H()]"G)F(t)dt
fT |"G(t)F(t)dt
fo t)dt + f » [HO"G()F(t) dt
h(T)

T+ YT HOPGOF®) dt /[ HOPGOF() dty
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Furthermore, the bracket of the denominator is, for T' < T7,

o HOI'GWOF (@ At _ [H(D)]" fy CH)F () dt
r HOIGOF@) At~ [T HOGOF(?) dt

Thus, we have
CH GG () f(t) dt
h(oco lim <9 — h(T
)= B e r@a ="

lim <% — = r(c0). (4.14)

Therefore, combining (4.13) and (4.14), we complete the proof. g

From Theorems 4.3 and 4.4, we easily have that for any function ¢(t) that
is continuous and ¢(¢) # 0 for any ¢t > 0, if the failure rate h(t) is increasing
then

T n
Jo {IH®]" /nl}e(t)f(¢) dt
T —
Jo {H®/nl}e(t) F(t) dt
is increasing in n and converges to h(T") as n — oo for any T > 0.
In all results of Theorems 4.2 through 4.4 it can easily be seen that if the

failure rates are strictly increasing then E{X,}, the functions (4.8), (4.10),
and (4.15) are also strictly increasing.

(4.15)

4.2 Periodic Replacement with Minimal Repair

A new unit begins to operate at time ¢ = 0, and when it fails, only minimal
repair is made. Also, a unit is replaced at periodic times kT (k = 1,2,...)
independent of its age, and any unit becomes as good as new after replace-
ment (Figure 4.1). It is assumed that the repair and replacement times are
negligible. Suppose that the failure times of a unit have a density function
f(t) and a distribution F(t) with finite mean p = [;° F(t)dt < oo and its
failure rate h(t) = f(t)/F(t).

Consider one cycle with constant time T' (0 < T' < co) from the planned
replacement to the next one. Let ¢; be the cost of minimal repair and ¢y be
the cost of the planned replacement. Then, the expected cost of one cycle is,
from (3.2),
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(k—=1)T kT (k+1)T
O—x %——%—0 % % o
O Planned replacement X Minimal repair at failure

Fig. 4.1. Process of periodic replacement with minimal repair

ClE{Nl(T)} + CQE{NQ(T)} = ClH(T) + co

because the expected number of failures during one cycle is E{N{(T)} =

fOT h(t)dt = H(T) from (4.7). Therefore, from (3.3), the expected cost rate
is [1, p. 99],

1
c(T) = f[clH(T) + e (4.16)
If a unit is never replaced (i.e., T = o0) then limp_,oo H(T)/T = h(oco) if it
exists, which may possibly be infinite, and C(c0) = limyp_, oo C(T) = c1h(0).
Furthermore, suppose that a unit is replaced when the total operating time
is T. Then, the availability is given by

_ T
_T+51H(T)+5z’

where 1 = time of minimal repair and (2 = time of replacement. Thus, the
policy maximizing A(T) is the same as minimizing the expected cost rate
C(T) in (4.16) by replacing §; with ¢;.

We seek an optimum planned time 7™ that minimizes the expected cost
rate C(T) in (4.16). Differentiating C(T') with respect to T and setting it
equal to zero, we have

A(T)

(4.17)

T
Th(T) - H(T)=2 o / tdn(t) = 2. (4.18)
Cc1 0 C1
Suppose that the failure rate h(t) is continuous and strictly increasing.
Then, the left-hand side of (4.18) is also strictly increasing because

(T + AT)W(T + AT) — H(T + AT) — Th(T) + H(T)
T+AT

= T[h(T + AT) — h(T)] + / [W(T + AT) — h(t)]dt > 0
T

for any AT > 0. Thus, if a solution 7™ to (4.18) exists then it is unique, and
the resulting cost rate is

C(T*) = 1 h(T™). (4.19)

In addition, if [ tdh(t) > cz/c1 then there exists a finite solution to (4.18).
Also, from (4.18),
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h(T*)
I L H(T)
h(T)
0 T*

T —

Fig. 4.2. Optimum 7T for failure rate h(T")

ThT) — H(T) > Tyh(T) — H(T})

for any T' > T4. Thus, if h(t) is strictly increasing to infinity then there exists
a finite and unique 7™ that satisfies (4.18).
When h(t) is strictly increasing, we have, from Theorem 3.3,

Th(T) — /OT h(t)dt > h(T) /OTF(t) dt — F(T)

whose right-hand side agrees with (3.9). That is, an optimum 7 is not greater
than that of an age replacement in Section 3.1. Thus, from Theorem 3.2, if
h(o0) > (1 + ¢2)/(uer) then a finite solution to (4.18) exists.

Figure 4.2 shows graphically an optimum time 7™ given in (4.18) for the
failure rate h(T). If h(T') were roughly drawn then T* could be given by the
time when the area covered with slash lines becomes equal to the ratio of
¢a/c1. So that, when h(T') is a concave function, H(T*) > ca/c1, and when
h(T) is a convex function, H(T*) < ca/c;. For example, when the failure
distribution is Weibull, i.e., F(t) = 1 —exp(—t™) (m > 1), H(T™*) > c2/c; for
1<m<2 =cy/er form=2and < ¢3/¢q for m > 2. If the cumulative hazard
function H (t) were statistically estimated, the replacement time that satisfies
H(T) = cg/cq could be utilized as one indicator of replacement time [22] (see
Example 3.1 in Chapter 3).

If the cost of minimal repair depends on the age ¢ of a unit and is given
by ¢1(t), the expected cost rate is

o(T) = =

7 (4.20)

/T C1 (t)h(t) dt + co
0

Finally, we consider a system consisting of n identical units that operate
independently of each other. It is assumed that all are replaced together at
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times kT (k= 1,2,...) and each failed unit between replacements undergoes
minimal repair. Then, the expected cost rate is

C(T:n) = %[nclH(T) e, (4.21)

where ¢; = cost of minimal repair for one failed unit, and ¢, = cost of planned
replacement for all units at time 7.

4.3 Periodic Replacement with Nth Failure

A unit is replaced at time T or at the Nth (N = 1,2,...) failure after its
installation, whichever occurs first, where T is a positive constant and pre-
viously specified. A unit undergoes only minimal repair at failures between
replacements. This policy is called Policy IV [12].

From Theorem 4.1, the mean time to replacement is

T T
TPr{Yy >T} +/ tdPr{Yy <t} = / Pr{Yy >t} dt
0 0

N—-1 T
- Z/ () i

where p;(t) is given in (4.6), and the expected number of failures before re-
placement is

N-1
JPH{N(T) = j} + (N — 1) Pr{Yy < T}
7=0
—N-1- Z_:(N—l—j)pj(T).
j=0

Therefore, from (3.3), the expected cost rate is

e [N =1- 2V WV 1= )y (1)) + o

C(N;T) =
( ) Zjvol opj()dt

(N=1,2,...),

(4.22)

where ¢; = cost of minimal repair and ¢, = cost of planned replacement at
time T or at number N. It is evident that

C(oo;T) = ]\}grloo C(N;T) = %[clH(T) + ¢

which agrees with (4.16) for the periodic replacement with planned time 7'
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Let T* be the optimum time that minimizes C(co;T) and is given by
a unique solution to (4.18) if it exists, or T* = oo if it does not. We seek
an optimum number N* such that C(N*;T) = miny C(N;T) for a fixed
0 < T < 00, when the failure rate h(t) is continuous and strictly increasing.

Theorem 4.5. Suppose that 0 < T* < oc.

(i) T > T™* then there exists a finite and unique minimum N* that satisfies

L(N;T) > ZQ (N=1,2,...), (4.23)
where
L(N;T)EZ?;ij(T)Zjv o fy pi(t)dt
fo pN(t)dt
N—-1
—[N=1=) (N—-1-jp;(T)| (N=12,...).
j=0

(ii) ¥ T < T* or T* = oo then no N* satisfying (4.23) exists.

Proof.  For simplicity of computation, we put C(0;7) = oo. To find an
N* that minimizes C'(N;T) for a fixed T, we form the inequality C(N +
T) > C(N;T), and have (4.23). Hence, we may seek a minimum N* that
satisfies (4.23).
Using the relation

5 [H(Jpwem): /OT [Hgl”dp(t) (N=0,12,...)
j=N+1 ' '

we have, from Theorem 4.3,

L(N +1;T) — L(N;T)

. j N+1pj(T) Z;)ONPJ(T)
Z/ it [fOpNH()dt [ pa(t)dt

and
L(ooiT) = lim L(N;T)=Th(T) - H(T)

which is equal to the left-hand side of (4.18) and is strictly increasing in 7'

Suppose that 0 < T* < co. If L(oo;T) > ¢a/cq, i.e., T > T*, then there
exists a finite and unique minimum N* that satisfies (4.23). On the other
hand, if L(oco;T) < ¢3/e¢y, i.e., T < T*, then C(N;T) is decreasing in N, and
no solution satisfying (4.23) exists. Finally, if 7% = oo then no solution to
(4.23) exists inasmuch as L(oco;T) < ca/cq for all T g
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This theorem describes that when a unit is planned to be replaced at time
T > T* for some reason, it also should be replaced at the N*th failure before
time T'.

If ¢y is the cost of planned replacement at the Nth failure and c3 is the
cost at time T, then the expected cost rate in (4.22) is rewritten as

& Nfl—zf:f(zvfl—j)pj(n]
+e2 32y pi(T )+C3ZJ o pi(T)

S5 Jo pit)dt |
Similar replacement policies were discussed in [23-33].

Next, suppose that a unit is replaced only at the Nth failure. Then, the
expected cost rate is, from (4.22),

(V) = dim ov;T) = AW DFe o ()

N—-1
T—o0 2] 0 0 p]()dt

In a similar way to that of obtaining Theorem 4.5, we derive an optimum
number N* that minimizes C(N).

C(N:T) = (4.24)

Theorem 4.6. If h(co) > ca/(pe1) then there exists a finite and unique
minimum N* that satisfies

L(N)>—= (N=12,...) (4.26)
C1
and the resulting cost rate is
C1 C1
w o <OWN') € m———, (4.27)
Jo o pne—a(t)dt Jo pn- () dt

where

N—1 poo
L(N) = lim L(N;T) = ZF@; o (D df —(N-1) (N=1,2,...).
T—00 Jo pw(t)dt
Proof. The inequality C(N +1) > C(N) implies (4.26). It is easily seen that
L(N +1) — L(N) > 0 from Theorem 4.2. Thus, if a solution to (4.26) exists
then it is unique.
Furthermore, we have the inequality

o)
KW= e

because [ pn(t)dt is decreasing in N from Theorem 4.2. Therefore, if

(4.28)

lim _r > &
N—roo fo pn(t)dt 1

)
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i.e., if h(oo) > ca/(pc1), then a solution to (4.26) exists, and it is unique.
Also, we easily have (4.27) from the inequalities L(N* — 1) < ¢2/c; and
L(N*) Z 02/61. 1

Suppose that h(co) > ca/(per). Then, from (4.28), there exists a finite and

unique minimum N that satisfies

/oopN(t)dtgﬁ (N=1,2,...) (4.29)
0

and N* < N.

Ezample 4.1.  Suppose that the failure time of a unit has a Weibull distribu-
tion; i.e., F(t) = exp(—t™) for m > 1. Then, h(t) is strictly increasing from
0 to infinity, and

[ O g - LI 1)
0 !

m (N +1)

N-1 ;
= HOP gy gy _ TN +1/m)
Z/ i =TT

Thus, there exists a finite and unique minimum that satisfies (4.26), which is
given by

C2 —C1

N*{ ]+1,

(m—1)cy

where [z] denotes the greatest integer contained in z. g

4.4 Modified Replacement Models

We show the following modified models of periodic replacement with mini-
mal repair at failures: (1) replacement with discounting, (2) replacement in
discrete time, (3) replacement of a used unit, (4) replacement with random
and wearout failures, and (5) replacement with threshold level. The detailed
derivations are omitted and optimum policies for each model are directly
given.

(1) Replacement with Discounting

Suppose that all costs are discounted with rate o (0 < @ < 00). In a similar
way to that for obtaining (3.14) in (1) of Section 3.2, the total expected cost
for an infinite time span is

c1 fOT e h(t)dt + cpe™ T
1—eoT '

C(T;a) = (4.30)
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Differentiating C'(T; &) with respect to T and setting it equal to zero

1— —aT T
I / eoth(t)dt = 2 (4.31)
(0% 0 C1
and the resulting cost rate is
C(T*; a) = %h(T*) — C2. (432)

Note that lim,_,0 «C(T;a) = C(T) in (4.16), and (4.31) agrees with (4.18)
as o — 0.
(2) Replacement in Discrete Time

A unit is replaced at cycles kN (k = 1,2,...) and a failed unit between
planned replacements undergoes only minimal repair. Then, using the same
notation and methods in (2) of Section 3.2, the expected cost rate is

C(N):% oY hite| (N=12..) (4.33)

and an optimum number N* is given by a minimum solution that satisfies

N
Nhysr— > by zzﬁ (N=1,2,...). (4.34)

=1 !

(3) Replacement of a Used Unit

Consider the periodic replacement with minimal repair at failures for a used
unit. A unit is replaced at times kT (k = 1,2,...) by the same used unit with
age x, where x (0 < x < o00) is previously specified. Then, the expected cost
rate is, from (4.16),

C(T;x) =

T+z
= e / h(t) dt + es(2) | | (4.35)
where ¢; = cost of minimal repair and ¢3(z) = acquisition cost of a used unit
with age x which may be decreasing in x. In this case, (4.18) and (4.19) are
rewritten as

Th(T + z) — / o h(t)dt = CQC(I) (4.36)

C(T*;x) = c1h(T* + x). (4.37)

Next, consider the problem that it is most economical to use a unit of a
certain age. Suppose that z is a variable, and inversely, T" is constant and cq ()
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is differentiable. Then, differentiating C'(T'; z) with respect to x and setting it
equal to zero imply

BT + 2) — hz) = —2&) (4.38)

C1

which is a necessary condition that a finite  minimizes C(T; z) for a fixed T

(4) Replacement with Random and Wearout Failures

We consider a modified replacement policy for a unit with random and wearout
failure periods, where an operating unit enters a wearout failure period at a
fixed time Tp, after it has operated continuously in a random failure period. It
is assumed that a unit is replaced at planned time T+ T}, where Tj is constant
and previously given, and it undergoes only minimal repair at failures between
replacements [34, 35].

Suppose that a unit has a constant failure rate A for 0 < ¢t < Tp in a
random failure period and A+ h(t —Tp) for t > T} in a wearout failure period.
Then, the expected cost rate is

ClH(T) + co

T;Ty) =
C( ) 0) Cl)\+ T+T0

(4.39)

Thus, if h(t) is strictly increasing and there exists a solution T* that satisfies

C2

(T +To)(T) = H(T) = (4.40)
1
then it is unique and the resulting cost rate is
C(T*;Ty) = er[A + W(T™)]. (4.41)

Furthermore, it is easy to see that T* is a decreasing function of Ty because
the left-hand side of (4.40) is increasing in Tj for a fixed T'. Thus, an optimum
time T is less than the optimum one given in (4.18) as we have expected.

(5) Replacement with Threshold Level

Suppose that if more failures have occurred between periodic replacements
then the total cost would be higher than expected. For example, if more than
K failures have occurred and the number of K parts is needed for providing
against K — 1 spares during a planned interval, an extra cost would result
from the downtime, the ordering and delivery of spares, and repair. Let N(T')
be the total number of failures during (0,7] and K be its threshold number.
Then, from (4.16) and (4.6), the expected cost rate is
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C(T;K) = % [t H(T) + ¢a + es Pr{N(T) > K}]
= % aH(T) +ca+cs > pi(T)|, (4.42)

j=K

where c3 = additional cost when the number of failures has exceeded a thresh-
old level K.

4.5 Replacements with Two Different Types

Periodic replacement with minimal repair is modified and extended in several
ways. We show typical models of periodic replacement with (1) two types of
failures and (2) two types of units.

(1) Two Types of Failures

We may generally classify failure into failure modes: partial and total failures,
slight and serious failures, minor and major failures, or simply faults and
failures. Generalized replacement models of two types of failures were proposed
in [36-40].

Consider a unit with two types of failures. When a unit fails, type 1 failure
occurs with probability p (0 < p < 1) and is removed by minimal repair, and
type 2 failure occurs with probability 1 — p and is removed by replacement.
Type 1 failure is a minor failure that is easily restored to the same operating
state by minimal repair, and type 2 failure incurs a total breakdown and needs
replacement or repair.

A unit is replaced at the time of type 2 failure or Nth type 1 failure,
whichever occurs first. Then, the expected number of minimal repairs, i.e.,
type 1 failures before replacement, is

N
N bp—p
. - for0<p<1

(N=DpN+) G- 1-p) =< 1-p =P

Jj=1 N-1 forp=1.

Thus, the expected cost rate is, from (4.25),
N
1_
C(N;p)zcl[(p PO/A=pltez g, ) (4.43)

S [ pi(t)dt

for 0 < p < 1, where ¢; = cost of minimal repair for type 1 failure and
co = cost of replacement at the Nth type 1 or type 2 failure. When p — 1,
C(N;1) =lim,_; C(N;p) is equal to (4.25) and the optimum policy is given
in Theorem 4.6. When p = 0, C(N;0) = ca/u, which is constant for all N,
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and a unit is replaced only at type 2 failure. Therefore, we need only discuss
an optimum policy in the case of 0 < p < 1 when the failure rate h(t) is
strictly increasing. To simplify equations, we denote p, = fooo [F(t)Pdt =
Jo T e PH® dt. When p = 1, 1y = p which is the mean time to failure of a
unit.

Theorem 4.7. (i) If h(oo) > [c1p + c2(1 — p)]/[c1(1 — p)p1—p] then there
exists a finite and unique minimum N*(p) that satisfies

L(Nip) > 2 (N=12,...), (4.44)
C1
where
Jj N
L(N:p) = Simo P Iy pi0)dt _p—p (N=1,2,...).
fo o ( )dt 1—p

(ii) If h(oo) < [e1p + c2(1 — p)]/[e1(1 — p)pa—p] then N*(p) = oo, and the
resulting cost rate is

alp/(L=p)l+c

4.45
o (4.45)

Clooip) = lim C(N:ip) =

Proof.  The inequality C(N + 1;p) > C(N;p) implies (4.44). Furthermore,
it is easily seen from Theorem 4.2 that L(N;p) is an increasing function of N,
and hence, limy_,oo L(N;p) = p1—ph(c0) — [p/(1 —p)]. Thus, in a similar way
to that of obtaining Theorem 4.6, if h(co) > [e1p + c2(1 — p)]/[e1(1 — p)p1—p)]
then there exists a finite and unique minimum N*(p) that satisfies (4.44). On
the other hand, if h(co) < [e1p+c2(1—p)]/[c1(1—p)p1—p] then L(N; p) < ca/c1
for all N, and hence, N*(p) = oo, and we have (4.45). g

It is easily noted that OL(N;p)/dp > 0 for all N. Thus, if h(co) > [c1p +
c2(1 = p)]/[e1(1 = p)pra—p) for 0 < p < 1 then N*(p) is decreasing in p, and
N > N*(p) > N*, where both N* and N exist and are given in (4.26) and
(4.29), respectively.

Until now, it has been assumed that the replacement costs for both the
Nth type 1 failure and type 2 failure are the same. In reality, they may be
different from each other. It is supposed that ¢, is the replacement cost of the
Nth type 1 failure and c3 is the replacement cost of the type 2 failure. Then,
the expected cost rate in (4.43) is rewritten as

C(N;p)zcl[(p_pN)/( Plten+es(=p%) (v o )

Z] 0 p fo p] dt
(4.46)

Ezample 4.2.  We compute an optimum number N*(p) that minimizes the
expected cost rate C(N;p) in (4.46) when F(t) = exp(—t"™) for m > 1. When



112 4 Periodic Replacement

¢y = cs3, it is shown from Theorem 4.7 that N*(p) exists uniquely and is
decreasing in p for 0 < p < 1. Furthermore, when p = 1, N*(p) is given in
Example 4.1. If ¢; + (¢3 — ¢2)(1 — p) > 0 then N*(p) is given by a minimum
value such that

(L-p)I(N +1) leﬂn t1m) |y aptes(l—p)

I'(N +1/m) I'(j+1) e+ (eg—c2)(1—p)

7=0

It is easily seen that N*(p) is small when ¢1/co or c3/cq for co > ¢ is large.
Conversely, if ¢; + (¢3 — ¢2)(1 — p) < 0 then N*(p) = oo.

Table 4.1. Variation in the optimum number N*(p) for probability p of type 1
failure and ratio of c3 to c2 when m = 2 and ¢1/c2 = 0.1

» cs/c2

08 09 10 12 15 20 3.0
01] o0 oo 30 6 2 1 1
02| 00 oo 27 6 3 1 1
03] co 220 24 6 3 2 1
04] 0o 112 22 7 3 2 1
0628 39 17 7 4 2 1
07164 25 15 8 5 3 2
08126 17 13 8 6 4 2
0914 12 11 9 7 5 4
1.0 10 10 10 10 10 10 10

Table 4.1 gives the optimum number N*(p) for probability p of type 1
failure and the ratio of cost c3 to cost ca when m = 2 and ¢;/¢ = 0.1. Tt
is of great interest that N*(p) is increasing in p for ¢ > ca, however, it is
decreasing for ¢ < ¢o. We can explain the reason why N*(p) is increasing in
p for c3/co. If ¢3 > co then the replacement cost for type 1 failure is cheaper
than that for type 2 failure and the number of its failures increases with p, and
so, N*(p) is large when p is large. This situation reflects a real situation. On
the other hand, if c3 < ¢ then it is not useful to replace the unit frequently
before type 2 failure, however, the total cost of minimal repairs for type 1
increases as the number of its failures does with p. Thus, it may be better to
replace the unit preventively at some number N when p is large. Evidently,
N*(p) is rapidly increasing when c; is small enough. g

(2) Two Types of Units
Most systems consist of vital and nonvital parts or essential and nonessen-

tial units. If vital parts fail then a system becomes dangerous or incurs high
cost. It would be wise to make replacements or overhauls before failure at
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periodic times. The optimum replacement policies for systems with two units
were derived in [42-48]. Furthermore, the optimum inspection schedule of a
production system [49] and a storage system [50] with two types of units was
studied.

Consider a system with two types of units that operate statistically in-
dependently. When unit 1 fails, it undergoes minimal repair instantaneously
and begins to operate again. When unit 2 fails, the system is replaced with-
out repairing unit 2. Unit 1 has a failure distribution F}(¢), the failure rate
hi(t) and Hy(t) = fg hi(u)du, which have the same assumptions as those in
Section 4.2, whereas unit 2 has a failure distribution F»(¢) with finite mean
po and the failure rate ho(t), where F; =1 — F; (i = 1,2).

Suppose that the system is replaced at the time of unit 2 failure or Nth
unit 1 failure, whichever occurs first. Then, the mean time to replacement is

N-1 .00 o .
j;o /0 tp; () AP (1) + /0 1o (H)py—1 (E)hy (1) dt = ;O /0 oty (1) dt,

where p;(t) = {[H,(t)]7 /5 e~ 1) (j = 0,1,2,...), and the expected number
of minimal repairs before replacement is

N-1 00 .
;j/o pj(t)sz(t)-i-(N—l)/o Fo(t)pn—1(t)ha(t) dt

N-2 oo
:g / Fa(t)p; (H)ha (1) dt,

where Zj;lo = 0. Thus, the expected cost rate is

1 SN [ Fo(t)p (t)ha (£) At + ¢
C(N) = L=g=0 Jo = 2 /%) N=1,2,..). (447
) Sy Fa(t)p (1) dt ( b D

When Fy(t) =1 for t > 0, C(N) is equal to (4.25), and when Fy(t) = 1 for
t <T and 0 for ¢t > T, this is equal to (4.22).
We have the following optimum number N* that minimizes C(N).

Theorem 4.8.  Suppose that hq(t) is continuous and increasing. If there
exists a minimum N* that satisfies

LIN)>2 (N=1,2,..) (4.48)

then it is unique and it minimizes C'(N), where
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:fooofz( v —1(t)ha () dt <= [
L) =i ]_OA Fa(t)p; () dt

- Z_:/OOOF2(t)pj(t)h1(t)dt (N=1,2,...).

Proof.  The inequality C(N + 1) > C(N) implies (4.48). In addition,

L(N +1) - Z/ Falt)p; (t
Joo Falpn()a(t)dt [J° Fa(t)pn- 1(>h1(t)dt]

>0

X

Jo” Fa(t)pna(t) dt Jo" Fa(t)pn(t) dt

because [, Fa(t)pn (t)h1(t)dt/ [ Fa(t)pn1(t)dt is increasing in N from
Theorem 4.4, when hy(¢) is increasing. Thus, if a minimum solution to (4.48)
exists then it is unique. g

Furthermore, we also have, from Theorem 4.4,

L(oc) = Jim L(N) = palhs (o) + ha(o0)] — /0 Fo(t)ha (£) d.
Thus, if hy (t)+ha(t) is strictly increasing and hy(c0)+hg(00) > (1/p2)[(c2/c1)
+ J57 Fa(t)hy(t) dt] then there exists a finite and unique minimum N* that
satisfies (4.48). For example, suppose that ha(t) is strictly increasing and hq (¢)
is increasing. Then, because L(00) > poha(00), if ha(co) > ca/(u2c1) then a
finite minimum to (4.48) exists uniquely.

If ¢o is the replacement cost of the Nth failure of unit 1 and c3 is the
replacement cost of unit 2 failure, then the expected cost rate C(N) in (4.47)
is rewritten as

1 Y00 Jo T Fa(t)ps(t)ha (1) dt + e [y Fa(t)pn—1(t)ha(t) dt
+ 3 [1— [7 Fa(t)pn—1(t)ha(t) dt]
S T Fat)p; () dt
(N=1,2,...). (4.49)

C(N) =
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5

Block Replacement

If a system consists of a block or group of units, their ages are not observed
and only their failures are known, all units may be replaced periodically in-
dependently of their ages in use. The policy is called block replacement and
is commonly used with complex electronic systems and many electrical parts.
Such block replacement was studied and compared with other replacements
n [1,2]. Furthermore, the n-stage block replacement was proposed in [3,4].
The adjustment costs, which are increasing with the age of a unit, were intro-
duced in [5]. More general replacement policies were considered and summa-
rized in [6-10]. The block replacement of a two-unit system with failure de-
pendence was considered in [11]. The optimum problem of provisioning spare
parts for block replacement was discussed in [12] as an example of railways.
The question, “Which is better, age or block replacement?”, was answered
in [13].

This chapter summarizes the block replacement from the book [1] based
mainly on our original work: In Sections 5.1 and 5.2, we consider two periodic
replacement policies with planned time 7 in which failed units are always
replaced at each failure and a failed unit remains failed until time 7". We ob-
tain the expected cost rates for each policy and analytically discuss optimum
replacement times that minimize them [14]. In Section 5.3, we propose the
combined model of block replacement and no replacement at failure in Sec-
tions 5.1 and 5.2, and discuss the optimization problem with two variables [15].
In Section 5.4, we first summarize the periodic replacements in Section 4.1 and
Sections 5.1 and 5.2, and show that they are written theoretically on general
forms [14]. Next, we introduce four combined models of age, periodic, and
block replacements [16,17].

5.1 Replacement Policy

A new unit begins to operate at time ¢ = 0, and a failed unit is instantly
detected and is replaced with a new one. Furthermore, a unit is replaced

117
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(k=0T ET (k+1)T
——O0—%—%—X%X-0 03 X O
X  Replacement at failure O Planned replacement

Fig. 5.1. Process of block replacement

at periodic times kT (k = 1,2,...) independent of its age. Suppose that
each unit has an identical failure distribution F'(¢) with finite mean u, and
FM(t) (n = 1,2,...) is the n-fold Stieltjes convolution of F(t) with itself;
i, FOO () = [ FO-D(t—u)dF(u) (n=1,2,...) and FO(t) =1 for t > 0.

Consider one cycle with constant time 7" from the planned replacement to
the next one (see Figure 5.1). Let ¢; be the cost of replacement for a failed unit
and co be the cost of the planned replacement. Then, because the expected
number of failed units during one cycle is M (T) = > o7 | F(™(T) from (1.19),
the expected cost in one cycle is, from (3.2) in Chapter 3,

ClE{Nl(T)} + CQE{NQ(T)} = ClM(T) + co.

Therefore, from (3.3), the expected cost rate is

1

c(T) = ?[clM(T) + co). (5.1)
If a unit is replaced only at failures, i.e., T = oo, then limy_, .o M(T)/T = 1/u
from Theorem 1.2, and the expected cost rate is

C(c0) = lim O(T) =

o) = Tgnoo o 1% '
Next, compare the expected costs between age replacement and block re-
placement. Letting A(T) = 1 F(T) + coF(T) and B(T) = ey M(T) + co, we

have the renewal equations [18],

B(T) = A(T) + / TB(T —#)dF(t) or B(T)=A(T)+ / TA(T — 1) dM(t);

i.e., A(T) and B(T) determine each other.

We seek an optimum planned replacement time 7* that minimizes C(T") in
(5.1). It is assumed that M (t) is differentiable and define m(t) = dM(t)/dt,
where M(t) is called the renewal function and m(t) is called the renewal
density in Section 1.3. Then, differentiating C'(T") with respect to T" and setting
it equal to zero, we have

Tm(T) = M(T) = 2. (5.2)
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M(T)
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Fig. 5.2. Optimum 7" for renewal density m(T")

This equation is a necessary condition that there exists a finite T, and the

resulting cost rate is
C(T*) = eym(T™). (5.3)

Figure 5.2 shows graphically an optimum time 7™ on the horizontal axis
given in (5.2) for the renewal density m(T), and the expected cost rate
m(T*) = C(T*)/cy1 on the vertical axis.

Let 02 be the variance of F(t). Then, from (1.25), there exists a large T
such that C(T) < C(o00) if cafer < [1 = (02/p?)]/2 [19].

In general, it might be difficult to compute explicitly a renewal func-
tion M(t). In this case, because F(™(t) < [F(t)]", we may use the following
upper and lower bounds [13].

%{01 [F(l)(T) + F(2)(T)] + e} < C(T) S%{Cl [F(l)(T) + F(Q)(T)
+ F(T?/F(T)] 4 ca}.  (5.4)

Next, consider a system with n identical units that operate independently
of each other. It is assumed that all units together are replaced immediately
upon failure. Then, the expected cost rate is

C(T;n) = %[clnM(T) + ¢, (5.5)

where ¢; = cost of replacement at each failure and ¢y = cost of planned
replacement for all n units at time 7.

Suppose that all costs are discounted with rate o (0 < @ < 00). In similar
ways to those of obtaining (3.15) in (1) of Section 3.2 and (4.30) in (1) of
Section 4.4, the total expected cost for an infinite time span is

¢ fOT e~ 'm(t) dt + cge= T
1 —eoT )

C(T;a) = (5.6)
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Fig. 5.3. Process of no replacement at failure

Differentiating C'(T; &) with respect to T' and setting it equal to zero,

1 —e—T T
L / e=tm(t) dt = 2 (5.7)
« 0 C1
and the resulting cost rate is
C(T*;a) = %m(T*) — . (5.8)

5.2 No Replacement at Failure

A unit is always replaced at times kT (k = 1,2,...), but it is not replaced at
failure, and hence, it remains in failed state for the time interval from a failure
to its detection (see Figure 5.3). This can be applied to the maintenance model
where a unit is not monitored continuously, and its failures can be detected
only at times kT and some maintenance is done [20].

Let ¢; be the downtime cost per unit of time elapsed between a failure and
its replacement, and co be the cost of planned replacement. Then, the mean
time from a failure to its detection is

T T
/ (T — 1) dF(t) = / Ft) dt (5.9)
0 0

and the expected cost rate is

1 T
o) =7 cl/ Flt)dt +cs). (5.10)
0
Differentiating C'(T") with respect to 7" and setting it equal to zero,
T e T e
TF(T) —/ F(t)ydt=—=or / tdF(t) = —. (5.11)
0 1 0 1

Thus, if i > ¢5 /¢y then there exists an optimum time 7 that uniquely satisfies
(5.11), and the resulting cost rate is

C(T*) = e F(T*). (5.12)

Figure 5.4 graphically shows an optimum time 7™ on the horizontal axis
given in (5.11) for the distribution F'(T), and the expected cost rate F'(T™) =
C(T*)/c1 on the vertical axis.
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Fig. 5.4. Optimum 7™ for distribution F(T')

5.3 Replacement with Two Variables

In the block replacement model, it may be wasteful to replace a failed unit
with a new one just before the planned replacement. Three modifications of
the model from this viewpoint have been suggested. When a failure occurs
just before the planned replacement, it remains failed until the replacement
time [19,21,22] or it is replaced with a used one [23-26]. An operating unit with
young age is not replaced at planned replacement and remains in service [27,
28].

We consider the combined model of block replacement in Section 5.1 and
no replacement at failure in Section 5.2. Failed units are replaced with a new
one during (0, Tp], and after Tp, if a failure occurs in an interval (Tp,T'), then
the replacement is not made in this interval and the unit remains failed until
the planned time T'. Using the results of a renewal theory in Section 1.3, the
expected cost rate is obtained, and the optimum 77 and 7™ to minimize it
are analytically derived. This is a problem of minimizing an objective func-
tion with two dependent variables, which extends the standard replacement
problem. This is transformed into a problem with one variable and is solved
by the usual calculus method.

A unit is replaced at planned time 7. If a unit fails during (0,7Tp] for
0 < Ty < T then it is replaced with a new one, whereas if it fails in an interval
(To,T') then it remains failed for the time interval from its failure to time
T. Let y(x) denote the residual life of a unit at time = in a renewal process.
Then, from (1.29) in Section 1.3, the distribution of vy(z) is given by

Gt;z) =Pr{y(z) <t} = Fla +1) — /01 F(x+t—u)dM (u). (5.13)

Thus, the mean time from a failure to replacement time 7' in an interval
(To,T) is
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T—To T—-To
/ (T — Ty — 1) dG(t: Ty) = / G(t: Ty) dt.
0 0

Therefore, in similar ways to those of obtaining (5.1) and (5.10), the expected
cost rate is

T—Ty

ClM(To)+CQ +03/ G(t,To) dt
0

C(Ty, T) ; (5.14)

T

where ¢; = cost of replacement at failure, co = cost of planned replacement,
and ¢z = downtime cost from a failure to its detection. This is equal to (5.1)
when T = Tp, and to (5.10) when Ty = 0 by replacing ¢z with ¢;.

We seck optimum times T and 7™ that minimize C(Tp, T'). Differentiating
C(Ty,T) with respect to Ty for a fixed T" and setting it equal to zero,

T-To o
/ F(t)dt = 2. (5.15)
0 C3

We consider the following three cases.

Case 1. If ¢z < ¢1/p then C(Tp,T) is increasing in Tp, and hence, Tif = 0
and the expected cost rate is

C(0,T) = %

co t+C3 /OT F(t) dt|. (516)

Replacing ¢; with ¢3 in Section 5.2, we can obtain an optimum policy.

Case 2. If c3 > ¢1/p then there exists a unique a (0 < a < 00) that satisfies
Jo F(t)dt = c1/cs. Thus, Ty =T —a (a < T < o0) and the problem of mini-
mizing C(Ty, T') for both Ty and T corresponds to the problem of minimizing
C(T — a,T) as follows.

C(T —a,T)= % [clM(T —a)+cr+cs /Oa G(t;T —a) dt} (5.17)

Differentiating C'(T — a,T) with respect to T" and setting it equal to zero,

TG(a;T—a)—/OuG(t;T—a)dt—M(T—a) /an(t)dt:Z (5.18)

which is a necessary condition that a finite 7* minimizes C(T — a,T). In
general, it is very difficult to discuss whether a solution T" to (5.18) exists.

Case 3. Suppose that ¢z > ¢1/p and m(t) is strictly increasing. Let Q(T; a)
be the left-hand side of (5.18). Then, using the renewal equation of m(t):
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—I—/Otf(t—u)m u)du

T—a
f(T) — F(a)m(T — a) + ; F(T —u)ym(u) du]

we have the inequality

dQ(T; a)

=T
dT

/f — wym(u) du — Fa)m(T - a)

+ | ij(T —u)m(u) du}
> TF(a)[m(T) — m(T — a)] > 0.

Furthermore, from (1.30) in a renewal process,
-
G(t;T)—>f/ F(u)du as T — oo
HJo

and from (1.25),

T ope
MT)=—-—+5—-1+0(1 as T — oo,
)=+ g~ 1+o(l)

where 15 is the second moment of F(t); i.e., py = [ t*dF(t). Thus,

Qa:a) = /G[F(a) ~ (8]t >0
0
Q(o0;a) = lim Q(T;a)

/F dt<—+ )—// u) dudt.

From the above discussion, we can obtain the following optimum policy.

(i) If Q(a;a) > ca/c3 then a solution to (5.18) does not exist, and C(T'—a;T')
is increasing in T'. Hence, Tjj = 0 by putting 7' = a, and T™ is given by a
solution of equation

C2

TF(T) - /OT Fltydi= 2

and
C(0;T*) = s F(T™).

(i) If Q(a;a) < ca/cs < Q(oo;a) then there exists a unique T*(a < T < 00)
that satisfies (5.18), and hence, T = T* — a and

C(Ty,T*) = e3G(a; TY).



124 5 Block Replacement

(iii) If Q(o0,a) < co/cg then T§ = oo; d.e., a unit is replaced only at failure
and C(o0,0) = ¢1/p.

Ezample 5.1.  Suppose that f(t) = te~'. Then, the renewal density is m(t) =
(1 — e~2")/2 which is strictly increasing, and hence, Q(T;a) is also strictly
increasing from 2 — (2 +2a+a?)e™® to 2 — [2+ (7a/4) + (a®/2)]e~*. Thus, we
have the following optimum policy.

(i) If e3 < /2 then T = 0 and T = oo, and C(0, 00) = c3.
(ii) If c2/2 < 3 < ¢1/2, or ¢3 > ¢1/2 and (¢1 — c2)/cs > (1 + a)ae™® then
Ty = 0 and T* is given by a solution of the equation

Q2+20 +THe T =2-2
cs

and )
C0,T*) =c3[l — (1 +T"e 1],

where a satisfies uniquely the equation

2 (2+a)e = 2.
cs

(iii) If ¢5 > ¢1/2 and [(3/4) + (a/2)]ae™® < (¢1 — ¢2)/cs < (1 + a)ae™, then
Ty =T"—aand T* (a < T* < 00) is given by

C2

1
2(1—e"%)+ ;e_“[T—a— 2—(1+T)(1+e 2T-2) - 501 —e—2<T—a>)} ==
C3

and a
C(Ty,T*) =c3 {1 —e [1 + 5(1 +e Mo )} } .
(iv) If c3 > ¢1/2 and (¢1 — ¢2)/c3 < [(3/4) + (a/2)]ac™® then T§ = T* = oo,
and C(oo,00) = ¢1/2.
Table 5.1 gives the optimum times 75 and 7™, and the expected cost rate

C(T§,T*) for ¢y = 5,¢2 = 1,¢3 = 1,2,...,10. For the standard replacement
policy in Section 5.1, when ¢ > 4c¢o, the optimum time uniquely satisfies

4
1—(1427)e 2 =22
C1
and the resulting cost rate is
* ‘1 —27*
c(T) = 5(1 —e ).

In this case, T* = 1.50 and C'(T™) = 2.38. This indicates that the maintenance
with two variables becomes more effective as cost cg is smaller. g
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Table 5.1. Variation in optimum times Ty and 7", expected cost rate C'(Tg,T™")
for c3 when f(t) =te™ c1 =5, and ca = 1

e | Io T° O, 1)
1 0 267 075
2 0 1.73 1.03
3 0 1.40 1.23
4 0 1.22 1.38
5 0 1.10 1.51
6 0.11  1.03 1.62
7 0.22 1.00 1.71
8 033 099 1.80
9 |04l 099  1.86
10 | 048 099  1.92

5.4 Combined Replacement Models

This section represents the results of periodic replacements in Sections 4.2,
5.1, and 5.2 on the general forms. It is theoretically shown that these replace-
ment models come to the same one essentially. Furthermore, we propose the
combined replacement models of age, periodic, and block replacements. These
modified and extended replacements would be more realistic than the usual
ones, and moreover, offer interesting topics to reliability theoreticians.

5.4.1 Summary of Periodic Replacement

In general, the results of periodic replacements in Sections 4.2, 5.1, and 5.2
are summarized as follows. The expected cost rate is

oT) =+

T , (5.19)

T
¢ / o(t)dt + co
0

where @(t) is h(t), m(t), and F(t), respectively. Differentiating C(T") with
respect to T' and setting it equal to zero,

C2

Tgo(T)—/o ot)dt=2 or /Otdgo(t):—. (5.20)

(&1 C1
If there exists T™ that satisfies (5.20) then the expected cost rate is
C(T*) = c1(T). (5.21)
For the periodic replacement with discounting rate a > 0,

1 fOT e~ p(t) dt + coe=T
1—eoT

C(T;a) = (5.22)
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1—eoT Co

T
o(T) — /0 e=tio(t) dt — (5.23)

« C1

C(T*;a) = Lp(T%) — ¢ (5.24)
!
Moreover, the expected cost rate is rewritten on a general form

1
O(T) = Z[B(T) + ),
where @(T) is the total expected cost during (0, 7], and the optimum policies
were discussed under several conditions in [29-31]. Furthermore, if the main-
tenance cost depends on time ¢ and is given by ¢(t), the expected cost rate
is [32]

C(T) = =

T
T /0 c(t)p(t) dt + co

Finally, we consider a system consisting of n units that operate indepen-
dently of each other and have parameter function ¢;(t) (i =1,2,...,n). It is
assumed that all units are replaced together at times kT (k = 1,2,...). Then,
the expected cost rate is

o(T) = 2

b

n T
Z C; / (,Dl(t) dt + ¢
i=1 0

where ¢; = cost of maintenance for each failed unit. Such group maintenance
policies for multiunit systems were analyzed in [33-36], and their overviews
were presented in [37, 38].

If the failure rate h(t), renewal density m(¢), and failure distribution F'(¢)
are statistically estimated and graphically drawn, we could derive roughly
optimum replacement T on the horizontal axis and the expected cost rate
C(T*)/c1 on the vertical axis from Figures 4.2, 5.2, and 5.4.

=l

5.4.2 Combined Replacement

This section summarizes the combined replacement models of age, periodic,
and block replacements.

(1) Periodic and No Replacement at Failure

We propose the combined model of periodic replacement with minimal repair
at failures in Section 4.2 and no replacement at failure in Section 5.2: A unit
is replaced at planned time T', where T is given by a solution to (4.18) and
minimizes C(T) in (4.16). If a unit fails during (0,75] (0 < Ty < T) then

it undergoes only minimal repair at failures, whereas if it fails in an interval
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(Th,T) then the minimal repair is not made and it remains failed until the
planned time T

Consider one cycle from time ¢ = 0 to the time that a unit is replaced at
planned time T'. Then, the total expected cost in one cycle is given by the
sum of the minimal repair cost during (0, Tp], the planned replacement cost,
and the downtime cost when a unit fails in an interval (Tp,T"). The mean
downtime from a failure to the replacement is

1 T 1 r_
meéuuwﬁm:T_n—meLF@@

Thus, from (4.16) in Section 4.2, the expected cost rate is

1 r_
T Ty — ) /TO F(t) dt] } . (5.25)

where ¢; = cost of minimal repair at failure, c; = cost of planned replacement
at time T, and c¢3 = downtime cost per unit of time from a failure to its
replacement. This is equal to (4.16) when T = Tp, and (5.10) when Ty = 0 by
replacing c3 with ¢;.

We seck an optimum 7§ that minimizes C(Tp;T) for a fixed T when the
failure rate h(t) is strictly increasing. Differentiating C'(Tp; T') with respect to
Ty and setting it equal to zero, we have

1 T— - C1
meLFwa_%. (5.26)

1
C(Ty;T) = T {C1H(To) +catcs

It is easy to see that the left-hand side of (5.26) is strictly decreasing in Tp

from fOT F(t)dt to 0, because h(t) is strictly increasing. Thus, we have the
following optimum policy.

(i) If fOT F(t)dt > c1/c3 then there exists a finite and unique T that satisfies
(5.26). In this case, optimum 7§} is an increasing function of T' because
the left-hand side of (5.26) is increasing in T

(i) If fOT F(t)dt < c1/c3 then Tg = 0; i.e., no minimal repair is made.

(2) Periodic and Age Replacements

We consider two combined models of periodic and age replacements and obtain
optimum replacement policies. First, suppose that if a unit fails during (0, Tp]
then it undergoes minimal repair at failures. However, if a unit fails in an
interval (T, T) then it is replaced with a new one before time T', whereas if
it does not fail in an interval (Ty,T') then it is replaced at time 7.

Because the probability that a unit fails in an interval (Typ,T') is [F(T) —
F(Ty)]/F(Tp), the mean time from T} to replacement is
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T

(T — Ty)F(T) + / (t — To) dF (1)

To

1
F(Ty)

1 r_
= ) /;P 0 F(t)dt

and the expected cost rate is
c1 H(To) + c2 + c3[F(T) — F(To)]/F(To)
To + fT (t) dt/ (To)

where ¢; and ¢z are given in (5.25) and ¢z = additional cost of no planned
replacement at failure. This corresponds to periodic replacement in Section 4.2
when Ty = T, and age replacement in Section 3.1 when Ty = 0.

We seek an optimum 7§ that minimizes C(Tp; T), where a finite T satisfies
(4.18) when h(t) is strictly increasing. Differentiating C(Tp,T) in (5.27) with
respect to Ty and setting it equal to zero,

C(Ty,T) = ; (5.27)

Q1(To;T) = c2 + 3 — e, (5.28)
where T
Ql(TO; T) = Tﬁio[clf(To) — CgF(T)] — ClH(To).
Jr, F(t)dt

Also, we have QQ1(0;T) = 0, and differentiating Q1 (7o;T") with respect to Tp,

dQl(To; T) _ T()F(To) le(To) - Cgf(T)

—an T — T — — c1h(To)

0 Jr, F(t)dt Jr, F(t)dt

First, suppose that ¢s > ¢;. Then, @Q1(0;T) < c2 + ¢3 — ¢1, limp 7
Q1(To;T) = —oo for ¢ > ¢; and limyp, 7 Q1(To; T) = ¢z for ¢z = ¢1. Fur-
thermore, putting d@Q,(Tp; T)/dTy = 0 and arranging it, we have

T
WT) [ Ft)dt — F(Ty) = —2F(T). (5.29)
To C1
Thus, if c3 F(T) > 01 [1-h(0 fo t)dt] then dQq(To; T)/dTy < 0. Conversely,
if 3F(T) < c1[l—h fo t)dt] then (5.29) has one solution in 0 < Ty < T,

and its extreme value is
Ql(To; T) = [Toh(To) — H(T())] < C2

inasmuch as th(t) — H(t) is an increasing function of ¢ and Th(T) — H(T) =
ca/c1. In both cases, Q1(T0;T) < ca + ¢z — ¢y for all Tp(0 < Ty < T); i.e
C(Ty; T) is decreasing in Ty, and hence, T§ = T.

Next, suppose that ¢ < ¢1. Then, Q1(Tp; T) is strictly increasing in Tj be-
cause dQ1(Tp; T)/dTy > 0 from (ii) of Theorem 1.1 and limy, 7 Q1(T0; T) =
00. If eo + ¢3 > ¢; then Q1(0;T) < ¢ + ¢3 — ¢1, and hence, there exists a
unique T} (0 < T§ < T') that satisfies (5.28), and it minimizes C(Tp;T'). On
the other hand, if ¢y 4+ ¢3 < ¢ then Q1(0;T) > ¢3 + ¢3 — ¢1. Thus, C(Ty; T)
is increasing in Tp, and hence, T = 0.

From the above discussion, we have the following optimum policy.
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(i) If ¢cg > ¢1 then T§ = T i.e., a unit undergoes only minimal repair until
the replacement time comes.
(ii) If c2 + ¢3 > ¢ > c3 then there exists a unique T (0 < T < T) that
satisfies (5.28), and the resulting cost rate is
a1 F(Tg) — esF(T)
T —_
fTo* F(t)dt

and the expected cost rate is between two costs:

C(TET) = (5.30)

eth(T) < O(TT) < erh(T).

(iii) If ¢1 > co + 5 then T = 0; i.e., a unit is replaced at failure or at time T,
whichever occurs first.

This policy was called the (Tp, T') policy, and it was proved that if co+c3 >
c1 > c¢g and h(t) is strictly increasing to infinity then there exist finite and
unique 73 and 7% (0 < T < T < 00) that minimize C(Tp; T) in (5.27) [39].
Some modified models of this policy were proposed in [40-44].

Next, suppose that if a unit fails during (0, 7] then it undergoes minimal
repair at failures. However, a unit is not replaced at time T and is replaced
at the first failure after time T or at time 77 (T3 > T'), whichever occurs first,
where T satisfies (4.18).

Changing Ty and 7" into T and T3 in (5.27), the expected cost rate is

o) = AT T e +TC3EF(T1) —FOIAT) (5.31)
T+ [, F(t)dt/F(T)

This corresponds to periodic replacement when 7" = T3, and age replacement
when T' = 0. We seek an optimum 75 that minimizes C(T3;T) for a fixed T
given in (4.18) when h(t) is strictly increasing. Differentiating C(T4;T) with
respect to T and putting it to zero,

Q2(T1;T) = 2TI(T), (5.32)
c3
where
o Jp' Ftydt|  F(Ty) - F(T)
QT) =) | T4 = | = =y

From the assumption that h(t) is strictly increasing, Q2(77;T) is also strictly
increasing with Q2(7;T) = Th(T') and

T f;"if(t) dt

Q2(00; T) = lim Qo(Ty;T) = h(oo) =)

T1—>OO

— 1.

Thus, if ¢5 > ¢; then Q2(T;T) > (¢1/e3)Th(T), and Ty = T. Conversely, if
c3 < ¢ and h(oco) > K(T) then Q2(T;T) < (c1/¢3)Th(T) < Q2(c0; T'), where
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K(T) — (Cl/CS)Th(T) +1
T+ [JF(t)dt/F(T)

Hence, there exists a finite and unique T3 that satisfies (5.32), and it min-
imizes C(T1;T). Finally, if ¢3 < ¢; and h(co) < K(T') then Qz(o0;T) <
(c1/e3)Th(T), and T = .

Therefore, we have the following optimum policy.

(i) If ¢; < ¢3 then Ty = T i.e., a unit is replaced only at time T'.
(ii) If ¢4 > ¢35 and h(oco) > K(T') then there exists a finite and unique T7
(T < T} < 00) that satisfies (5.32) and the resulting cost rate is

C(Ty:T) = esh(TY). (5.33)

(iii) If 1 > ¢3 and h(oo) < K(T') then T = oo; i.e., a unit is replaced at the
first failure after time 7', and the expected cost rate is C(oco; T) = s K (T).

We compare C(Tp; T) and C(T1;T) when ¢z 4+ ¢3 > ¢; > ¢3 and h(co) >
K(T). From (5.30) and (5.33), if

T

F(T) + h(T7) / F(t)dt

Tg

C1 1

>
¢~ F(Iy)

then the replacement after time T is better than the replacement before time
T i.e., a unit should be replaced late rather than early, and wvice versa.

We consider the cases of T} = oo and c3 = 0; i.e., a unit undergoes
minimal repair at failures until time T, and after that, it is replaced at the
first failure [45]. In this case, the expected cost rate is, from (5.31),

. e ctH(T) +co
O(T) = Jim O(TT) = 7 RO} (5.34)

By a similar method to the previous models, we have the following results.

(i) If ¢; > o then T* = 0; i.e., a unit is replaced at each failure.
(ii) If ¢1 < o and Q3(00) > (ca — ¢1)/cy1 then there exists a finite and unique

T* that satisfies
C —C1

Qs(T) = o (5.35)
where FD)
_ TFT)
and the expected cost rate is
C(T*) = al(1”) (5.36)

e F(t)dt
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(iii) If ¢; < 2 and Q3(00) < (c2 — ¢1)/c1 then T = o0; i.e., a unit undergoes
only minimal repair at any failure.

Note that when the failure rate h(t) is strictly increasing, Q3(T) is also strictly
increasing and

TF(T
TET) g1y > TH(T) - H(T) = Tih(T) — H(T))
Jr F(t)dt
for any T > Ty. Thus, if h(t) is strictly increasing to infinity then Q3(o0) = 0o
and there exists a finite and unique 7™ that satisfies (5.35).

(3) Block and Age Replacement

We consider two combined models of block and age replacements. First, sup-
pose that if a unit fails during (0, Tp] then it is replaced at each failure. How-
ever, if a unit fails in an interval (Tp,T") then it is replaced with a new one
before time T', whereas if it does not fail in (7p,T) then it is replaced at time
T.

From (5.13) in Section 5.3, the probability that a unit fails in an interval
(1o, T) is

To
G(T —To;Tp) = F(T) — F(T —t)dM(t)
0

and the mean time to replacement after time Ty is

T—To o T TOﬁ
0 0

Thus, the expected cost rate is

C(T(],T) _ ClM(T0)+§24;03G(T T(),To) (537)
To+ [, "G(t:;Tp)dt
This corresponds to age replacement when 7, = 0 and block replacement
when T = Tj.

Next, suppose that if a unit fails during (0,7 then it is replaced at each
failure. However, a unit is not replaced at time T', and is replaced at the first
failure after time 7" or at time Ty (71 > T), whichever occurs first. Then,
changing T and T into 7" and T} in (5.37), the expected cost rate is

ClM( ) + co + CgG(Tl - T T)
T+ TG T) dt
This corresponds to age replacement when 7" = 0 and block replacement when
T, ="T.
Moreover, if a unit is replaced at the first failure after time 7" and c¢3 = 0,
the expected cost rate is

(5.38)

C(T)= lim C(Ty;T) = ClM(T)+02
T o0 ’ T+ [ F@)dt+ [ [y, Fu) du] dM (1)

. (5.39)
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(4) Block and Periodic Replacements

A unit is replaced at each failure during (0, 7p] and at planned time T (T <
T). However, if a unit fails in an interval (Tp,T) then it undergoes minimal
repair. Then, from (1.28) in Section 1.3, the expected number of failures in
(To,T) is

/ P T — ) — H(Ty — 0] dPeo(Ty) < Ty — 1)
0
To
= F(Ty)[H(T) — H(To)] + /O [H(T —t) — H(Tp — t)]F(Tp — t) dM(t),

where §(t) = age of a unit at time ¢ in a renewal process. Thus, the expected
cost rate is

il M(Tp) + c2 + es{F(To)[H(T) — H(T)]

T, — ,  (5.40)
+ [ "[H(T —t) — H(To — t)|F(To — t) dM (t)}

1

C(Ty;T) = T

where ¢; = cost of replacement at failure, co = cost of planned replacement
at time 7', and c3 = cost of minimal repair. This corresponds to periodic
replacement when 7y = 0 and block replacement when T = Tj.
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6

Preventive Maintenance

An operating unit is repaired or replaced when it fails. If a failed unit under-
goes repair, it needs a repair time which may not be negligible. After the repair
completion, a unit begins to operate again. If a failed unit cannot be repaired
and spare units are not on hand, it takes a replacement time that might not
be negligible. A unit forms an alternating renewal process that repeats up and
down states alternately in Section 1.3.2. Some reliability quantities such as
availabilities, expected number of failures, and repair limit times have already
been derived in Chapter 2.

When a unit is repaired after failure, i.e., corrective maintenance is done,
it may require much time and high cost. In particular, the downtime of such
systems as computers, plants, and radar should be made as short as possible
by decreasing the number of system failures. In this case, to maintain a unit
to prevent failures, we need to do preventive maintenance (PM), but not to
do it too often from the viewpoints of reliability and cost.

The optimum PM policy that maximizes the availability was first derived
in [1]. Optimum PM policies for more general systems were discussed in [2-6].
The PM policies for series systems by modifying the opportunistic replacement
[7] and for a system with spare units [8, 9] were studied. The PM model
where the failure distribution is uncertain was considered in [10]. Furthermore,
several maintenance models in Europe were presented and a good survey of
applied PM models was given in [11]. The PM programs of plants and aircraft
were given in [12-15]. Several imperfect PM policies where a unit may not be
new at PM are discussed in Chapter 7.

In this chapter, we summarize appropriate PM policies that are suitable
for some systems: In Section 6.1, we consider the PM of a one-unit system and
obtain the reliability quantities such as renewal functions and transition prob-
abilities [2]. Using these results, we derive optimum PM policies that maximize
the availabilities, the expected earning rate, and the interval reliability [16]. In
Section 6.2, we consider the PM of a two-unit standby system and analytically
derive optimum policies that maximize the mean time to system failure and
the availability [17-19]. In Section 6.3, we propose the modified PM policy

135
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which is planned at periodic times, and when the total number of failures has
exceeded a specified number, the PM is done at the next planned time [20].
This is applied to the analysis of restarts for a computer system, the number
of uses, the number of shocks for a cumulative damage model, and the number
of unit failures for a parallel system.

6.1 One-Unit System with Repair

Consider a one-unit system. When a unit fails, it undergoes repair immedi-
ately, and once repaired, it is returned to the operating state. It is assumed
that the failure distribution of a unit is a general distribution F'(¢) with finite
mean p = [~ F(t)dt, where F =1 — F, and the repair distribution G1(t) is
also a general distribution with finite mean (.

We discuss a preventive maintenance policy for a one-unit system with
repair. When a unit operates for a planned time 7' (0 < T < oo) without
failure, we stop its operation for PM. The distribution of time to the PM
completion is assumed to be a general distribution G5(¢) with finite mean s,
which may be different from the repair distribution G1(t).

It was pointed out [2] that the optimum PM policy maximizing the avail-
ability of the system is reduced to the standard age replacement problem as
described in Section 3.1 if the mean time [3; to repair is replaced with the
replacement cost ¢; of a failed unit and the mean time (> to PM with the
cost g of exchanging a nonfailed unit.

6.1.1 Reliability Quantities

We derive renewal functions and transition probabilities of a one-unit system
with repair and PM, using the same regeneration-point techniques found in
Section 1.3.3 on Markov renewal processes. The expected number of system
failures and the availability are easily given by these functions and probabili-
ties, respectively.

To analyze the above system, we define the following system states.

State 0: Unit is operating.
State 1: Unit is under repair.
State 2: Unit is under PM.

These system states represent the continuous states of the system and the
system makes a Markov renewal process (see Figure 6.1). We can obtain re-
newal functions and transition probabilities by using the same techniques as
those in Section 1.3.

Let M;;(t) (4,7 = 0,1,2) be the expected number of visits to state j
during (0, t], starting from state ¢. For instance, Moz (t) represents the expected
number of exchanges of nonfailed units during (0, ], given that a unit began
to operate at time 0.
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Fig. 6.1. Process of one-unit system

For convenience, we define D(t) as the distribution of a degenerate random
variable placing unit mass at T' (0 < T < 00); i.e., D(t) =0 for t < T and 1
for t > T'. Then, by considering the transitions between the system states, we
have the following renewal-type equations of M;;(t).

MOO / D dF( ) * MlO( ) A F(u) dD(u) * Mgo(t)

Mo (t) = /0 D(u) dF(u) * Mia(t) +/O F(u)dD(u) = [1 + Mas(t))
Gi(

Mio(t) = Gi(t) * [L+ Moo (t)]  (i=1,2)
Myj(t) = Gi(t) * Moj(t),  Ma;(t) = Ga(t) x Mo;(t) (5 =1,2),

fot b(t — u)da(u) for any a(t) and b(t), and ¥ = 1 — ¥ for any distribution ¥.

Let LZ/*( ) be the Laplace—Stieltjes (LS) transform of any function ¥(t);
i.e., U*(s fo e s'd¥(t) for s > 0. Forming the LS transforms of the above
equatlons we have

where the asterisk represents the Stieltjes convolution; i.e., a(t) * b(t) =

T S
My (s) = / e~ AF (1) My (s) + e~ *TF(T) Mp(s)
T
My (s) = / e~ AF(t)[1 + My (s)] + e~ TF(T) Mg (s)

T
Mgy (s) = /O e AF () Miy(s) + e TF(T)[1+ M3y (s)]

Mip(s) = Gi(s)[L+ Mgo(s)] (i =1,2)
Myj(s) = Gi(s)Mg;(s),  Mgyj(s) = Go(s)Mg;(s) (4 =1,2).

Thus, solving the equations for Mg;(s) (j = 0,1,2), we have
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Gi(s) fi e AF(t) + Gy (s)e—*TF(T)

Maols) = 1—Gi(s) [ estdF(t) — Gy(s)e sTF(T) (61)

M, (s) = Jo_ e~ dF(t) 6.2)
o 1—Gi(s) [ et AF () = Gy (s)e T F(T)

My (s) = e FUT) (6.3)

1—Gi(s) [ e=stdF(t) — Gy(s)e—sTF(T)

Furthermore, from (1.63), the limiting values M; = lim;_,o Mo;(t)/t =
limg_.q sng(s); i.e., the expected numbers of visits to state j per unit of
time in the steady-state are

1

Mo = Jo F(t)dt + BLF(T) + 6o F(T) (6.4)

M= F(T) _ -
fO F(t) dt + ﬁlF(T) + ﬁQF(T)

v o (6.6)

T TE@ 1 BF(T) + fF(T)

Next, let P;;(t) (i,j = 0,1,2) be the transition probability that the system
is in state j at time ¢, starting from state ¢ at time 0. Then, in a similar way,
we have the following renewal equations of the transition probabilities.

Pos(t) = / w) Pyy(0) + / Flu)dD(w) * Py, (1) (G =1.2)
O(t):GZ( )*PO(](t) (Z:]. 2)
Pj(t) = Gi(t) + Gi(t) = Po;(t) (1 =1,2)
Plg(t):Gl( )*Pog(t), Pgl(t):Gg( )*P()l(t)

Thus, forming the LS transforms and solving them for Po*j(s) (j=0,1,2),

o 1— [l e st dF(t) — e *TF(T)
Foole) =1~ Gi(s) [l emst dF(t) — Gi(s)e—TF(T) (6.7)
_ [1-Gi(s)] Jy e dF(#)
1-Gj(s fo e~stdF(t) — Gi(s)e sTF(T)
_ [L - G3(s)leTF(T)
1-Gi(s) [ e=stdF(t) — G3(s)esTF(T)

(6.8)

(6.9)

Furthermore, the limiting probabilities P; = lim;_, oo P;;(t) = lims_o P (s)
are
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Jo F(t)at

Py — _ (6.10)
[T F@)dt + B1F(T) + B F(T)

P B F(T) _ (6.11)
Jy F(t)dt + B F(T) + B F(T)

P — BoF(T) (6.12)

Jy F@)dt+ 4 F(T) + BF(T)
where Py + P, + P, = 1. It is of great interest to have the relation that
Py = BiM; (j =1,2).

Also, note that the probability Py (t) represents the pointwise availability
of the system at time ¢, given that a unit began to operate at time 0, and
Py1(t) + Poa(t) is the pointwise unavailability at time ¢. It is also noted that
the limiting probability Py represents the steady-state availability, and P; + P
is the steady-state unavailability.

6.1.2 Optimum Policies
(1) Availability

We derive an optimum PM time 7™ maximizing the availability Py that is a
function of 7. From (6.10), Py is rewritten as

}%:V/ | BIF(T) + B (T)
fo F(t)dt

Thus, the policy maximizing Py is the same as minimizing the expected cost
rate C(T) in (3.4) by replacing §; with ¢; (i = 1,2). We have the same
theorems as those in Section 3.1 under the assumption that 5, > (5.

(6.13)

(2) Expected Earning Rate

Introduce the following earnings in specifying the PM policy. Let ey be a
net earning per unit of time made by the production of an operating unit.
Furthermore, let e; be an earning rate per unit of time while a unit is under
repair and es be an earning rate per unit of time while a unit is under PM.
Both e; and e; are usually negative, and may be ey > e3 > e;. Then, from
(6.10) to (6.12), the expected earning rate is

€o fo t)dt + eip1 F(T) + 23 F(T)

E(T) = ey P, P, P =
(H=alralital=""r (ﬁﬂ+mF()+@Fﬁ>

(6.14)

We can also obtain an optimum policy that maximizes E(T) by a similar
method. If ey = 0, i.e., we consider no earning of the operating unit, then
E(T) agrees with that of [22, p. 42].
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(3) Emergency Event

Suppose that a unit is required for operation when an emergency event oc-
curs. A typical example of such a model is standby generators in hospitals
or buildings whenever the electric power stops. In any case, it is catastrophic
and dangerous that the unit has failed when an emergency event occurs. We
wish to lessen the probability of such an event by adopting the PM policy.

It is assumed that an emergency event occurs randomly in time; i.e., it
occurs according to an exponential distribution (1 —e™*") (0 < a < 00) [23].
Then, the probability 1 — A(T) that the unit has failed when an emergency
event occurs is

1= A = [P0 + Pralo] d(1 - )
= Py (@) + Poa(a).
Thus, from (6.8) and (6.9), we have

A(T) = Jo_oe” " F(t)dt . (6.15)
1—Gi(a) [ et dF(t) — G3(a)e>TF(T)

We can derive an optimum policy that maximizes A(T') by a similar method,
under the assumption that G5(a) > G7(«); i.e., the PM rate of a nonfailed
unit is greater than the repair rate of a failed unit.

6.1.3 Interval Reliability

Interval reliability R(x,Tp) is defined in Chapter 1 as the probability that at
a specified time T, a unit is operating and will continue to operate for an
interval of time z. In this section, we consider the case where Ty is distributed
exponentially. A typical model is a standby generator, in which T} is the time
until the electric power stops and z is the required time until the electric
power recovers. In this case, the interval reliability represents the probability
that a standby generator will be able to operate while the electric power is
interrupted.

Consider a one-unit system that is repaired upon failure and brought back
to operation after the repair completion. The failure time has a general distri-
bution F(t) with finite mean g and the repair time has a general distribution
G(t) with finite mean 3. We set the PM time T' (0 < T' < o0) for the operating
unit. However, the PM of the operating unit is not done during the interval
[To, To + x] even if it is time for PM. It is assumed that the distribution of
time to the PM completion is the same as the repair distribution G().

Similar to (2.28) in Section 2.1, we obtain the interval reliability R(T'; x, Tp):

To
R(T, Z, To) = F(TO —+ I’)E(Tg) —+ /0 F(TO +x — U)E(TO — u) dMOO (U),
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where My (t) represents the expected number of occurrences of the recovery
of operating state during (0, ¢], and its LS transform can be given by putting
G1 = G2 = G in (6.1). Thus, forming the Laplace transform of the above
equation, we have

R*(T;x,s) = / e T R(T; 2, Ty) dTy
0

sz [T+ st
_ S P ﬁ;(t) @ (6.16)
1—G*(s) + sG*(s) [, e stF(t)dt

Thus, the limiting interval reliability is

R(T;z)= lim R(T;z,Tp) = liII(l) sR*(T;x, s)
S—

To—o0
[T at
- Froues (6.17)

and the interval reliability when Tj is a random variable with an exponential
distribution (1 —e™) (0 < a < 00) is

R(T;z,a) = /000 R(T;z,Tp)d(1 — e *T0) = aR*(T; 2, a0). (6.18)

It is noted that R(T;x) and R(T;x, o)/« agree with (2.30) and (2.29), re-
spectively, in the case of no PM; i.e., T = cc.

First, we seek an optimum PM time that maximizes the interval reliability
R(T;z) in (6.17) for a fixed z > 0. Let A(t;x) = [F(t + x) — F(t)]/F(t) for
t > 0. Then, both \(t;z) and h(t) = f(t)/F(t) are called the failure rate and
have the same properties as mentioned in Section 1.1. It is noted that h(t)
has already played an important role in analyzing the replacement models in
Chapters 3 and 4. Let

o Ftydt+3
w+ B

Then, we have the following optimum policy.

K, = 1 — R(oc0; z).

Theorem 6.1. Suppose that the failure rate A(¢; ) is continuous and strictly
increasing in ¢ for x > 0.

(i) If A(oo;x) > K then there exists a finite and unique T* (0 < T™ < o0)
that satisfies

T T
AT 2) /O F(t)dt+ 8| — /O [F(t)-F(t+z)]dt=8  (6.19)

and the resulting interval reliability is

R(T*;z) = 1 — \(T*; ). (6.20)
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(ii) If Moo;z) < Kj then T* = o0; i.e., no PM is done.

Proof.  Differentiating R(T;x) in (6.17) with respect to T and putting it
equal to zero, we have (6.19). Letting @Q1(7T") be the left-hand side of (6.19),
it is easy to prove that Q1(T) is strictly increasing,

Q1(0) = lim Q1(T) = BF (x)

T—0

Qo) = Jim Qu() = Aoia)u+9) - [ "F () a.

If M(oo;x) > K; then Q1(00) > 8 > Q1(0). Thus, from the monotonicity and
the continuity of Q1(T), there exists a finite and unique T™* that satisfies (6.19)
and maximizes R(T; z). Furthermore, from (6.19), we clearly have (6.20).

If A(oo; z) < K then Q1(00) < 05 i.e., R(T; x) is strictly increasing. Thus,
the optimum PM time is T = oco. g

It is of interest that 1 — A(T™*; x) in (6.20) represents the probability that
a unit with age T does not fail in a finite interval (T*,T* + z].

In the case (i) of Theorem 6.1, we can get the following upper limit of the
optimum PM time T™.

Theorem 6.2. Suppose that the failure rate A(; x) is continuous and strictly
increasing, A(0;x) < K1 < A(oo;x). Then, there exists a finite and unique T
that satisfies \(T;z) = Ky and T* < T.

Proof. From the assumption that A(t;x) is strictly increasing, we have

MT;z) < for 0 < T < 0.

S [F(t) = F(t+2))dt
Jo F(t)dt

Thus, we have the inequality
Q1(T) > NTs2)(u+ 08) — / F(t)dt for 0 < T < 0.
0
Therefore, if there exists T that satisfies
r —
NTia)u+9) - [ F(tyde =5,
0

i.e., N(T;z) = Ky, then T* < T. It can be seen that T is finite and unique
inasmuch as A(T; ) is strictly increasing, and A(0;z) < Ki < A(oo;x). If
A(0; z) > K, then we may take T = oco.

If the time for PM has a distribution G3(t) with mean (3 and the time
for repair has a distribution G1(t) with mean (1, then the limiting interval
reliability is given by
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R(T;x) =

THz 4
Jo () ?t . (6.21)

Jy F(t)dt + BLF(T) + B F(T)

Next, we consider the optimum PM policy that maximizes the interval
reliability when Ty is distributed exponentially. From (6.16) and (6.18),

ae®” fZT+T e ' F(t)dt
aG*(a) [ e=otF(t)dt + 1 — G*(a)

R(T;z,a) = (6.22)

Let

1 — F*()G*(a) — aG*(a)e™[ e F(t) dt

Ks(e) 1- F*(a)G*(a)

=1-G"(a)R(o0; z, @v).

Then, in similar ways to those of obtaining Theorems 6.1 and 6.2, we can get
the following theorems without proof.

Theorem 6.3. Suppose that the failure rate \(¢; ) is continuous and strictly
increasing.

(i) If A(oo; ) > Ka(a) then there exists a finite and unique 7% (0 < T™* < 00)
that satisfies

ANT;2) |1 -G (a) + oG (a) /OT e ™ F(t)dt

T
— aG*(a) /O e F(t) ~F(t+2)]dt=1—G*(a)  (623)

and the resulting interval reliability is

R(T*;z,0) = [1— \T*;2)]. (6.24)

(i1) If A(oo;z) < Ka(ar) then T* = oo.

Theorem 6.4. Suppose that the failure rate \(¢; ) is continuous and strictly
increasing, A(0;z) < Kz(a) < A(oo;z). Then, there exists a finite and unique
T that satisfies \(T;z) = Ko(ar), and T* < T.

FEzample 6.1.  We compute the PM time 7™ that maximizes the limiting
interval reliability R(T;x) in (6.17) numerically when F(t) = 1 — (14 At)e™*;
that is,

Az -z
At;z)=1— <1+ 1+>\t>e

2/N(1 —e ™) —ze ™ 48
2/A+ 13 '

K, =
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Table 6.1. Dependence of interval of time z in the optimum time T, the upper
bound T, the interval reliabilities R(T™;2) and R(co;z) when 8 =1 and 2/X = 10

T* T R(T*;z) R(oo;z)

00 00 0.819 0.819
16.64 17.00 0.732 0.731
10.60 11.50 0.654 0.649
8.43 9.66 0.583 0.572
7.30 8.75 0.517 0.502
6.60 8.20 0.457 0.438
6.12 7.83 0.402 0.381
5.77 7.57 0.352 0.330
5.50 7.38 0.307 0.286
5.30 7.22 0.267 0.246
5.13 7.10 0.231 0.211

— =
D ©0-1ooh Wi~y

The failure rate A(¢; x) is strictly increasing with A(0; x) = F(z) and A(co; z) =
1 — e **. From (i) of Theorem 6.1, if x < 3 then we should do no PM of the
operating unit. Otherwise, the optimum time 7™ is a unique solution of the
equation

M (z— ) —2(1—e ) = (1+ \z)3

and

AT
T*. _ 1 —)m.
R(T";2) <+1+>\T*>e

From Theorem 6.2, we have the upper limit T of 7*:

z+ Az +1)8
x—f3 ’

Table 6.1 presents T, R(T*;z), R(co;x), and T for x = 1, 2, ..., 11 when
w=2/A=10and g =1.y

NT* <

6.2 Two-Unit System with Repair

We discuss a system that consists of one operating unit with one standby unit,
where the repair and PM are considered. Such a system is called a two-unit
standby redundant system with repair and PM. Two PM policies, strict PM
and slide PM were considered and the method of approximating the optimum
PM policy that maximizes the mean time to system failure (MTTF) was
obtained in [24]. It was shown in [25] that the MTTF of the same system with
PM is greater than that of a similar system with only repair maintenance.
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The replacement of a two-unit system was considered in [26-28], where at
the failure points of one unit, the other unit is replaced if its age exceeds a
control limit. The maintenance strategy for a two-unit standby system with
waiting time for repair was obtained in [29]. The opportunistic replacement
policies for two-unit systems [30,31] and imperfectly monitored two-unit par-
allel systems [32] were examined. The early results of two-unit systems were
extensively surveyed in [33].

We adopt a slide PM policy which is explained below, and derive optimum
PM policies that maximize the MTTF and the availability. It is noted that in
this section, the availability refers to the steady-state availability.

6.2.1 Reliability Quantities

Consider a standby redundant system that consists of two identical units. The
failure time of an operating unit has a general distribution F'(¢) with finite
mean u, and its repair time also has a general distribution G1(t) with finite
mean 1. When an operating unit fails and the other unit is in standby state,
a failed unit undergoes repair immediately and a standby unit takes over its
operation. However, when an operating unit fails while the other unit is still
under repair, a new failed unit has to wait until a failed unit under repair is
completed by a repairperson. This situation means system failure.

It is assumed that a failed unit recovers its functioning as good as new
upon the repair completion, and that a standby unit neither deteriorates nor
fails during the standby interval. Furthermore, each switchover is perfect and
instantaneous, where each switchover is made when an operating unit fails,
a failed unit undergoes repair, and the other standby unit takes over its op-
eration. Two units are alternately used for its operation as described above.
Even if system failure occurs, the system can operate again upon the repair
completion. Thus, the system assumes up and down states repeatedly.

Next, we adopt the same PM policy as in Section 6.1. When a unit operates
for a planned time T' (0 < T' < co) without failure, we stop the operation of a
working unit for PM. It is assumed that the time to the PM completion has a
general distribution Ga(t) with finite mean (32, and after PM, a unit recovers
its operation as good as new.

Also, the following two assumptions are made.

(1) The PM of an operating unit is done only if the other unit is on standby.

(2) An operating unit, which forfeited the PM due to assumption (1), un-
dergoes PM just upon the repair completion of a failed unit or the PM
completion.

Assumption (1) can be thought of as avoiding the situation when the PM of
an operating unit causes system failure. Another reason is that the PM of an
operating unit can be done only when a repairperson is free. However, if we
make only assumption (1), an operating unit, which forfeited the PM because
of assumption (1), undergoes no PM forever. This contradicts the concept of
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Fig. 6.2. State-transition diagram of a two-unit standby system with PM

the PM policy. Thus, we make assumption (2) which seems to be reasonable
in practice.
To analyze the above system, we define the following system states.

State —1: One unit begins to operate and the other unit is on standby.
State 0: One unit is operating and the other unit is on standby.

State 1: One unit is operating and the other unit is under repair.
State 2: One unit is operating and the other unit is under PM.
State 3: One unit is under repair or PM and the other unit waits for

repair.

We consider the epochs or time instants at which the system makes a
transition into the states. State —1 represents an initial state and transits
to State 0 in the time zero. The epochs for States 1 and 2 are regeneration
points. However, the epoch for State 0 is not a regeneration point except for
the transition from State —1, and represents that the repair or PM of one unit
is completed while the other unit is operating. The epoch for State 3 is also
not a regeneration point and represents that an operating unit fails while the
other unit is under repair or PM, and means that system failure occurs.

The system states defined above are regarded as those of Markov renewal
processes with finite-state space as described in Section 1.3 (see Figure 6.2).
Let us define the mass function Q;;(t) from state i (i = —1,1,2) to state j
(j = 0,1,2,3) as the probability that after making a transition into state 4,
the system next makes a transition into j in an amount of time less than or
equal to time t. Then, from the method similar to that of Section 1.3.4, we
have the following mass functions.

Q n(t) = /0 D(u) dF (u) (6.25)

Q1a(t) = /0 F(u)dD(u) (6.26)
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Qio(t) /F )dGi(u), Qis(t /G YdF(u) (i=1,2), (6.27)

where D(t) is the distribution of a degenerate random variable placing unit
mass at T, and & = 1 — @ for any function.

Noting that epochs for States 0 and 3 are not regeneration points, we
define new mass functions QZ(»;C) (t) from state i to state j (¢,7 = 1,2) via state

k (k =0,3). That is, ng)(t) represents the probability that after making a
transition into state ¢, the system next makes a transition into state k and
finally into state j, in an amount of time less than or equal to time ¢.

The following cases in State 1 are considered.

(1) After the repair completion of a failed unit, an operating unit fails.

(2) An operating unit is stopped operating for PM.

(3) After the failure of an operating unit, the repair of the other failed unit
is completed.

In the case (1), the system comes back to state 1 via state 0:
t

Q)= | D(u)Gi(u)dF(u). (6.28)
0

In the case (2), two exclusive cases are further considered. (a) After the repair
completion of a failed unit, the PM of an operating unit begins or (b) the
PM of an operating unit comes before the repair completion of a failed unit.
In this case, the PM is not done from assumption (1). After that, when the
repair of a failed unit is completed and an operating unit has not yet failed,
the PM of an operating unit is done from assumption (2). In either case, the
system goes to State 2 via 0:

O ¢ / F(u)Gy(u)dD(u) + /O F(u)D(u) dGy (u). (6.29)

In the case (3), the system comes back to State 1 via State 3, irrespective of
the PM:

Vo= ' Plu) 6 (u). (6.30)

In a similar fashion, substituting G1(t) into Gz(t) in (6.28), (6.29), and
(6.30), respectively, we have

QW / D(u)Ga(u) dF (u) (631)
QW (¢ / F(u)Ga(u) dD(u / F(u)D(u) dGa(u) (6.32)
Qs / F(u)dGa(u (6.33)

Note that we do not need to consider Q(é) (t) from Assumption (1).
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(1) First-Passage Time Distribution

We derive the first-passage time distribution to system failure and its MTTF,
using the above mass functions. Let Fj;(t) (i = —1,1,2;5 = 1,2,3) denote
the first-passage time distribution from the epoch for state i to the epoch for
state j.

First, consider the first-passage time distribution Fj;(t) (¢,j = 1,2). Recall
that the epochs for States 1 and 2 are the regeneration points, but the epochs
for States 0 and 3 are not. Then, from the renewal-theoretic arguments,

Fa®) = QY0+ QY ®) + Q5 ()« Fu(t)  (i=1,2)
Fot) = Q5 )+ QY + QP @)+ Fat) (1 =1,2),
where the asterisk denotes the Stieltjes convolution.
Next, consider the first-passage time distribution Fi3(t) (i = 1,2). Then,
we have the following renewal-type equation.
Fis(t) = Qus(t) + QY (1) % Fis(t) + Q) (1) * Fos () (i =1,2).
If the system starts from State —1 then

F_lg(t) = Q—ll(t) * Flg(t) + Q-lg(t) * F23(t).

Taking the LS transform of the above equations and solving them for F*5(s),
we have

1 ($){Q15()[L — Q5L ()] + Q18 (5)Q33(s)}
+ Q7 15(5){Q33()[1 — Q1 ()] + Q31" Q15(5)}
[1- Q3" (9L - Q1 ()] — Qi ()Q51" (s)

which is the LS transform of the first-passage time distribution to system
failure, starting from State —1.
Therefore, the mean time to system failure is

= dF* 1- F*
l—13(T) = / tdF_lg(t) = — lim _13(8) — 1im —13(5)
0

s—0 dS s—0 S
{m+ [y [+ GiO]F (1) dt} [} [az + G2(t)] dF(2)
e+ o e+ Go(OIF () A1 — [ a1 + Ga ()] dF (1)}

(6.34)

Fri5(s) =

(6.35)
a1 [} g2 + Ga(O)] AF(8) + g2{1 — [} [@1 + G1 ()] dF (1)}
{1+ q) = [l + Gt ]@MH%J}2+%®MNW
I 1s(T) = + {1+ q2) — [7 g2 + G2()]F () dt} [ [q1 + G1(t)] dF ()
o q{l — [ a2 + Go ()] dF @}+@J;ql+amﬂdFu> ’

(6.36)
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where
qiE/OOOGi(t)dF(t), fyiE/OooGi(t)F(t)dt (i=1,2).

Consider some special cases of PM policies. In the first case, an operating
unit undergoes the PM immediately upon the repair or PM completion. In
this case, setting T'= 0 in (6.35), we have

1-13(0) = qt/ooo Go(t)F(t) dt. (6.37)

In the second case where no PM is done, setting 7' = oo in (6.36),

I 13(00) = 1 <1 + 1) . (6.38)

q1

(2) Transition Probabilities

We derive transition probability from state ¢ to state j by the method similar
to that of obtaining Fj;(t). Let P;;(t) denote the transition probability that
the system is in state j (j = 0,1,2,3) at time ¢, starting from the epoch for

state ¢ (¢ = —1,1,2) at time 0. From the renewal-theoretic arguments,
Pio(t) = Qo) — Q1 (£) — Q1) (£) + Fia () * Pro(t) + Fia(t) * Pao(t)
Pii(t) =1 = Qio(t) — Quz(t) + Fy(t) x Py(t)
Piy(t) = Qiz — Q1Y (1) + Fin ()  Pia(t) + Fiolt) # Pas(t) (i =1,2)
Plg(t):Flg(t)*PQQ( )7 P21(t>:F21(t)*P11( )

If the system starts from State —1 then

P_1o(t) =1—-Q_11(t) — Q-12(t) + Q_11(t) * Pro(t) + Q_12(t) * Pao(t)
P_1j(t) = Q-11(t) x Prj(t) + Q-12(t) * P2;(t) (7 =1,2,3).

We can explicitly obtain the LS transforms P; (s) of transition probabilities
P;;(t).

In particular, the limiting probabilities P; = lim; o Pij(t) = lims_,o P;5(s)
are:

1 T — 1 T —
Po=— | Gi®)Ft)dt+— [ Go(t)F(t)dt (6.39)
711 Jo Y22 Jo
P = ;J /0 GOFHd (=12 (6.40)
P = 1 G1(t)F(t)dt + 1 Go(t)F(t) dt, (6.41)

711 Jo Y22 Jo
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where
_ J7 Gi(t)dF(t)
711—B1+/ Gi(t)F(t)dt + ﬁﬁ/ Ga(t)F () de 1—Tf;3°G2(t)dF<t)
1— [7 Ga(t)dF(t)
Yoo = Bo + / Ga(t)F(t)dt + | 1 + / G1(t)F(t)dt f;"TGl(t) T

It is evident that Py + P, + P, + P3s = 1, Py + P; + P; represents the steady-
state availability and Ps represents the steady-state unavailability.

6.2.2 Optimum Policies

It is interesting to derive optimum PM times T* that maximize the mean time
I(T) =1_13(T) in (6.35) and the availability A(T') = Py+ P, + P, in (6.39) and
(6.40). Tt is assumed that G1(t) < Ga(t) for 0 < t < o0; i.e., the probability
that the repair is completed up to time ¢ is less than the probability that the
PM is completed up to time t. Let h(t) = f(t)/F(t) be the failure rate with
h(o0) = limy—y o0 h(t).

First, we give the optimum PM policy that maximizes {(T") in (6.35). Let

@1 Ga(t) — q2G1(t)

Ll()E q1 — 42

k= q727 K, = -
q172 — 427 .U((h - Q2)

Theorem 6.5. Suppose that G1(t) < Ga(t) for 0 < t < 0o, and the failure
rate h(t) is continuous and strictly increasing.

(i) If h(oco) > K1, q172 > g2, and h(0) < kq, or h(co) > K and ¢172 <
@271, then there exists a finite and unique T* (0 < T™* < c0) that satisfies

h(T) /0 Ly (t)F(t)dt + /0 Oofl(t)F(t)dt - /O Ly(t)dF(t)

_auy L AF®) + a2 fo" Li(t) dF ().
q1 — q2

(6.42)

(ii) If h(oo) < K; then T* = oo; i.e., no PM is done, and the mean time is
given in (6.38).

(iil) If 172 > g2y and h(0) > ky then T = 0; i.e., the PM is done just upon
the repair or PM completion.

Proof.  First note that ¢1 > g2, v1 > 72, and L1(¢) > 0 from the assumption
G1(t) < Ga(t) for 0 < t < co. Further note that
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S p—
/ L) F(t)dt = L2720
0 q1 — Qg2

Differentiating I(T) in (6.35) with respect to T and putting it equal to zero
imply (6.42). Letting the left-hand side of (6.42) be denoted by Q1 (T'), we
have

dQ:(T) _ dn(T)
dr 4T

/ L F@ i+ / T TOFW) a

Q1(0) = lim Qu(T) = h(0) /0 R AOA0N
Qulo0) = Jim Q1) = ph(ox) ~ [ L) dF ()

Thus, if g172 > goy1 then Q1(T") is continuous and positive for T > 0, and is
strictly increasing. Furthermore, let

@ fyS Li(t) dF(t) + g2 [y~ La(t) dF (t)
q1 — 42

If h(0) < k1 and h(oco) > K; then Q1(0) < Ky < Q1(00). Therefore, there
exists a finite and unique 7% (0 < T* < oo) that satisfies (6.42), and it
maximizes {(T"). If h(0) > k; then Q1(0) > 0. Thus, I(T") is strictly decreasing
in T, and hence, T* = 0. If h(oo) < K7 then Q1(00) < 0. Thus, {(T) is strictly
increasing in 7', and hence, T* = oo; i.e., no PM is done.

On the other hand, if ¢172 < g2y then @Q1(0) < 0, Q}(0) < 0, and
Q' (c0) > 0. Furthermore, it is easy to see that there exists a unique solu-
tion Ty to d@Q1(T)/dT = 0 for 0 < T < oo, Thus, Q1(T) is a unimodal
function, and hence, Q1(7T) is strictly increasing during the interval [T, c0).
If 172 = @271 then Q1(0) = 0 and @Q1(7T) is strictly increasing. In both
cases, i.e., q172 < @271, if h(00) > K then there exists a finite and unique T*
(0 < T™ < o0) that satisfies (6.42). Conversely, if h(oo) < K; then Q1 (T) < K
for any finite T'. Thus, the optimum PM time is T = co. g

Ky = > 0.

By a similar method to that of Theorem 6.4, if there exists T' that satisfies
h(T) = K; then T* < T.

Next, we derive the optimum PM policy that maximizes the availability.
From (6.39) and (6.40), the availability is given by

A(T) EP0+P1+P2
i+ Ji GLEF() dt)[1 — [ Go(t) dF(2)]

[
+ [y + fy Ga(®)F(t)dt] [ G1(t) dF (1)
ﬁﬁLG1<mw—ﬁ%wﬁw'
)

(6.43)

+ [B2 +f0 Go2(t)F(t)dt] [° Gi(t)dF(t)
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When an operating unit undergoes PM immediately upon the repair or
PM completion, the availability is

et —q)r
A0) = @b+ (1—aq)b2 (6.44)

When no PM is done, the availability is

- 1%
O (6.45)

Let
Pi E/(;OOGl(t)F(t) dt:ﬁi—’yi (i: 1,2)
p1Ga(t) — p2Gi(2)

Lo(t) =
=) P1— P2
ky = P1Q2+Pz(1—q1)7 Ky = P1 _
p1B2 — p2/h p(p1 — p2)

Theorem 6.6. Suppose that G1(t) < Ga(t) for 0 < t < oo, and the failure
rate h(t) is continuous and strictly increasing.

(i) If h(oco) > Ka, p1f2 > p2f1, and h(0) < ks, or h(co) > Ky and pifs <
P21, then there exists a finite and unique T (0 < T < o) that satisfies

h(T) /0 Lo (t)F(t) dt + /O oofz(t)dt - /0 Ly(t)dF(t)

_ iy L) dF(t) +p2 [ La(t) dr(t).
P1 — P2

(6.46)

(ii) If h(oo) < Ky then T* = oo; i.e., no PM is done, and the availability is
given in (6.45).

(iil) If p1 B2 > p2f1 and h(0) > ko then T* = 0, and the availability is given in
(6.44).

Proof.  Differentiating A(T') in (6.43) with respect to 7" and putting it equal
to zero imply (6.46). In a similar method to that of proving Theorem 6.5, we
can prove this theorem. g

By a similar method to that of Theorem 6.4, if there exists T that satisfies
h(T) = Ky then T* < T.

It has been shown that the problem of maximizing the availability is for-
mally coincident with that of minimizing the expected cost [19].

Example 6.2. We give two numerical problems: to maximize the mean time
to system failure, and to maximize the availability. For the two problems, we
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assume that G;(t) = 1 — exp(—0;t) (02 > 61) and F(t) = 1 — (1 + At)e .
It is noted that the failure distribution is a gamma distribution with a shape
parameter 2, and the failure rate h(t) = A\?t/(1+At) which is strictly increasing
from 0 to A.

Consider the first problem of maximizing the mean time to system failure.

Then, we have
A 2
q; (/\+9i) (i ,2)

Li(t) = (A +62)%e %" — (A +6,)% !
= A+ 02)2 — (A +0,)2

From Theorem 6.5, if A < Ki; d.e., (A +62)? < 2(\ + 61)2, we should do no
PM of the operating unit. If (A + 62)? > 2(X\ + 61)?, we should adopt a finite
and unique PM time T* that satisfies

{2AT + e [(A 4 62)% — (A +61)?)

_)\2(6—(>\+92)T _ e—()\+91)T)} — ()\ + 92)2.

14T

The above equation is derived from (6.42). In this case, the mean time to
system failure is

1 x .
UT") = ag= (AT + e M [N+ 601)% 4+ N2 — N2e~ AHOTTY

Furthermore, from the inequality 7% < T, we have

()\ + 92)2

T <
(A +02)2 —2(\ + 67)2

which is useful in computing T*.

Table 6.2 shows the numerical examples of the dependence of the mean PM
time 1/65 in the optimum PM time T* and the other quantities when A = 2
and 6, = 1. For instance, if §5 = 8 then T* = 0.292, and its associated mean
time is {(T™*) = 4.447. If we do no PM, d.e., T = oo, we have [(c0) = 3.250.
Thus, we have [[(T*) — [(00)]/I(c0) x 100% = 36.8% gain in time by adopting
the optimum PM policy.

Let us now consider the second problem of maximizing the availability.
Then, we have

)\2
PE= 0,00+ 0,)2
o) = 20 B2)%e” %" — 61 (A + 61)%e !
2 Oo(N+02)2 —01(A+01)2

(i=1,2)
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Table 6.2. Dependence of the mean PM time 1/6; in the optimum time 7" when
2/A=1hr, 1/6; =1 hr, and {(co) = 3.250 hr

0 | T i) T 00%
3.0 | 1.750 3.263 0.4
4.0 [ 0.857 3.398 4.6
50 | 0.557 3.618 11.3
6.0 | 0.435 3.876 19.2
7.0 | 0.349 4.156 27.9
8.0 [ 0.202 4.447 36.8
9.0 [ 0.251 4.745 46.0
10.0{ 0.219 5.047 55.3

From Theorem 6.6, if A < Ko, i.e., O2(\ + 02)% < 201 (XA + 61)2, we should do
no PM of the operating unit. If (X + 02)? > 2601 () + 01)?, we should adopt
PM with finite and unique time 7™ that satisfies

1
T (AT + e M) [02(A + 62)% — 01(A + 61)°]
— N2 (pe” AT — e OFOITY L = 9y (X + 6,)

which is derived from (6.46). In this case, the availability is

A(T*) o 91(}\ -+ 91)2(2>\T* + e—)\T*) . )\2916_(>‘+91)T*
TN + 01()\ + 01)2(2>\T* ¥ e*AT*) — )\20167()‘+91)T* .

Furthermore, from the inequality 7% < T, we have

Oa(\ + 02)?
92()\ + 92)2 — 204 ()\ + (91)2 '

VAT

Table 6.3 shows the numerical examples of the dependence of the mean
PM time 1/65 in the optimum time T* and the other quantities when \ = 2
and 91 =1. 1

6.3 Modified Discrete Preventive Maintenance Policies

This section proposes a new preventive maintenance policy which is more
practical in the real world than the usual PM policies [20]. Failures of a unit
occur at a nonhomogeneous Poisson process and the PM is planned at periodic
times kT (k =1,2,...) to prevent failures, where T meaning a day, a week, a
month, and so on, is given. If the total number of failures equals or exceeds a
specified number N, the PM should be done only at the next planned time,
and otherwise, no PM would be done; i.e., we postpone PM until more than
N failures have occurred. Of course, we may consider PM as replacement.
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Table 6.3. Dependence of the mean PM time 1/6; in the optimum time 7" when
2/A=1hr, 1/6; =1 hr, and A(c0) = 0.643

0, | T AT ARAE) ) 100%
2.0 | 1.038 0.698 85
3.0 | 0.402 0.729 13.4
4.0 | 0.257 0.757 17.7
5.0 | 0.191 0.779 21.2
6.0 | 0.153 0.797 24.0
7.0 | 0.128 0.812 26.4
8.0 0.110 0.825 28.4
9.0 | 0.096 0.837 30.2
10.0] 0.086  0.847 3L.7

This is a modification of the policy where a unit undergoes replacement at
the number of NV failures in Section 4.3, and would be practical in many cases
because the PM is done only when an operating unit is idle. For example, when
T = 6 days, the PM is done at the next Sunday if more than N failures have
occurred from the previous PM to the end of this week. Moreover, this would
be more economical than the usual periodic policy in Section 4.2, inasmuch
as we employ PM only if some failures have occurred.

We derive the expected cost rate of a unit, using the theory of Poisson
processes, and determine an optimum number N* of failures before PM that
minimizes the expected cost rate. It is given by a unique solution of the equa-
tion when the intensity function h(t) of a Poisson process is strictly increasing
to infinity. Furthermore, we consider the model where a unit fails with a cer-
tain probability due to faults and the PM is done if more than N faults have
occurred, and discuss an optimum policy. Finally, we suggest three PM models
where the PM is done by counting the number of occurrences of use, shock,
and unit failure.

These models are actually applied to the PM of a computer system: the sys-
tem stops because of intermittent faults of transient failures [34] due to noise,
temperature, power supply variations, and poor electric contacts. The PM
should be done on weekends if more than N faults or failures have occurred.
For similar reasons, these could be applied to equipment with microcomput-
ers such as numerical control motors and machines, and more extensively to
some machines in the factories of manufacturing companies. This policy was
applied to the PM of hard disks [35] and a phased array radar [36].

6.3.1 Number of Failures

Consider a unit that should operate for an infinite time span. It is assumed
that:

(1) Failures occur at a nonhomogeneous Poisson process with an inten-
sity function h(t), and a mean-value function H(t) = fot h(u) du rep-
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resents the expected number of failures during (0,t], and p;[H(t)] =
{[H®)) /5 e H® (j = 0,1,2,...) is the probability that j failures ex-
actly occur durlng (0,1].

(2) The PM is planned at times kT (k = 1,2,...) where a positive T (0 <
T < 00) is given. A unit becomes like new by PM; i.e., the time returns
to zero after PM.

(3) If the total number of failures exceeds a specified number N (N =
1,2,...), the PM is done at the next planned time. Otherwise, a unit
is left as it is.

(4) A unit undergoes minimal repair at each failure in Section 4.1. The repair
and PM times are negligible; i.e., the time considered here is measured
only by the total operating time of a unit.

(5) An intensity function h(¢) is continuous and strictly increasing.

The probability that the PM is done at time (k + 1)T (k = 0,1,2,...),
because more than N failures have occurred during (0, (k + 1)T] when the
number of failures was less than N until time kT, is

N-1 [ete
> p[HED)] Y pilH((k+ 1)T) — H(kT))
7=0 i=N—j

N— N-1 N—j—1

pi[HET)] = > pi[H( Z pilH((k +1)T) — H(KT)]

=0 =0 i=0
-1

I
Zw

{p; [H(ET)] = p;[H((k +1)T)]}

0o N—j—1 N—j—1
because Zi:N—j pz{] =1- Zi:OJ piH» and Z =0 pJ( )Zi:oj pi(b) =
Z;V;Ol pj(a+b) by the property of a Poisson process in Section 1.3. Thus, the
mean time to PM is

9] N-1
D k1T Y {p[HET)] — pi[H((k + 1)T)]}
k=0 j=0

<.

o] N-1 0o N—-1
=Te> (k+1) J= (k+1)) " pi[H((k+ 1)T)]
k=0 ]:0 k=0 7=0
co N-1
=T > p[H(kT)). (6.47)
k=0 j=0

Furthermore, the expected number of failures when the PM is done at time
(k+1)Tis
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N-1 ')

p] Z Z"’j pz k"'l) ) H(kT)]
=0 1=N—j
= ST lHKT) S ip [ ((k + 1)T) — HGET))
=0 i=N

Exchanging the summations and noting that (;) = 0 for ¢ < j, we can show
that this is equal to

co N—1 .

> ;,(;) [H(ET)[H((k +1)T) — H(ET))' e H({:+DT)
Y ae ‘H““”T){[H«k + 1))
- (]) (TP [H((k + )T) — HET)

NE
S
=
>
-

= +1)T) > pi[H((k+1)T)] - H(T
j=N-1 j=N-1

—[H((k+1)T) = H(KT)] Z pi[H (KT)]

Using the relation Z;’;N pi[]=1- Z;.V;Ol p;[] and summing it over k from
0 to oo, the expected number of failures, i.e., minimal repairs before PM, is
e’} N—-1
S H((k+1)T) = HkT)] > p;[H(ET)]. (6.48)
k=0 j=0

Therefore, from Theorem 1.6 in Chapter 1 and (3.3), the expected cost rate
is
1 SntolH((k + )T) = H(KT)| 300 pi[H(KT)] + e
TZk 023 =0 py[ (KT
(N=12,...), (6.49)

Ci(N) =

where ¢; = cost of minimal repair and ¢y = cost of planned PM.

We find an optimum number N* that minimizes Cy(N). Let

> emo H((k+ 1)T) — H(KT)|pn [H (KT)]
> ko PN [H (KT)]

Then, we have the following theorem.

q(N) = (N=1,2,...).
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Theorem 6.7. When h(t) is strictly increasing, ¢1(N) is also strictly in-
creasing and limy oo q1(N) = h(00).
Proof.  From the notation of ¢; (), we have
@1(N+1)—q(N)
D oreolH((k+1)T) — H(ET)]pn1[H(KT)] 3272 pn [H(GT)]
_~ DpmoH((k+ 1)T) — H(KT)|p [H(KT)] 32520 pa-1 [H (GT)]
Y oheo 1 [H(KT)] 3272 pn[H(GT))]

The numerator on the right-hand side is

NIH{Z[H«HU )~ H(T)lpy[H(KT)] ZpN H(KT) - (JT)]}
k=0
(e%S) k
- {Z[H(<k+1>T>—H(kT)MH(kT)]ZpN[HuT)][H(kT)—H(jT)]
k=0 j=0
oo k
=Y on[HET)] Y [H((j+1)T H(jT)]pN[H(jT)][H(kT)—H(jT)]}
k=0 j=0

X
-5 {Zm (HOT)) Y px HGT)H(T) — H(T)
k=0 j=0
x [H((k+1)T)— HkT) - H((j +1)T) + H(jT)]} >0

because h(t) is strictly increasing.

Next, prove that limy o ¢1 (V) = h(c0). We easily obtain g1 (N) < h(co)
for any finite IV, and hence, we need only to show that limy_,oc ¢1 (V) > h(00).
For any positive number n, g1 (N) is rewritten as

> k=0 H((k + 1)T) — H(KT)|pn [H (KT)]

+ 2k [H (R + 1)T) — H(ET)|pn [H (KT)]
Y k=0 PNIH(KT)] + 3202, 1 P [H(ET))]

< h(nT)

T 1 ko [HET))/ 352, p [H(ET)]}

a1 (N) =

and
n N
lim Zk opN[H(kT)] < lim Z{HUCT)} o[ H ((n+1)T)—H (nT)]

=0.
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Therefore,

lim ¢ (N) > h(n)

N—o0
which completes the proof, because n is arbitrary. g

From Theorem 6.7, it is easy to see that

Ci(o) = Jim Cy(N) = Clhfo).

(6.50)

Thus, if an intensity function h(t) tends to infinity as t — oo, there exists a
finite N* to minimize C;(N).

We derive an optimum number N* that minimizes the expected cost rate
C1(N) in (6.49) when h(t) is strictly increasing.

Theorem 6.8. Suppose that h(t) is continuous and strictly increasing.

(i) If Li(00) > co/cy then there exists a finite and unique minimum that
satisfies

LiN)>2 (N=1,2,...) (6.51)

and the resulting expected cost rate is given by

caqr(N*—=1) <TCi(N*) < c1q1(N7¥), (6.52)
where
oo N-—1
LN = a(N) S S py[HKD)
k=0 j=0
fe'e) N-—1
= > [H(k+1)T pilH (N=1,2,...).
k=0 J:O

(ii) If L1(00) < ¢a/cq then N* = oo; i.e., the PM is not done and the expected
cost rate is given in (6.50).

Proof.  Forming the inequality Cy (N + 1) > C1(N), we have

00 co N—-1
CI{Z[ ((k + 1)T)—H(KT)] ij > pilH
k=0 k=0 j=0

oo N-1 oco N
—Z (k+1)T pilH ZZPj[H(kT)]}
j:O k=0 3=0
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Dividing both sides by ¢1 Y- p. o pn[H (KT)] and arranging them,

oo N-—1 0o N—1
N) YYD plHKD) =Y [H((k+1)T) = HKT)) Y py[HKT)] > 2
k=0 j=0 k=0 =0 1

which implies (6.51). Furthermore, from Theorem 6.7,

co N—-1

Li(N+1) = Li(N) = [ (N + 1) =i (N)] Y Y p[H(ET)] >0
k=0 j=0

and hence, L1(N) is also strictly increasing. Therefore, if L;(c0) > ¢2/c1 then
there exists a finite and unique minimum N* that satisfies (6.51), and from
Li(N*—=1) < cafcr and L1 (N*) > ca/c1, we have (6.52).

Next, we investigate the limit of L1 (). In a similar way to that of proving
Theorem 6.7, we can easily have

Yol H((k+ 1)T) - HRT) )5 py[H (k)]

1(V) >
() S o S by H(KT)]
Thus,
Ly(N) > qi(N Zpo
i (k+1)T) — H&D)po[H(KT)] (N =2,3,...)
k=0

which implies

i 120 2 169 ol
— Y [H((k+1)T) — H(ET)|po[H (kT)).
k=0

Therefore, if h(oco) > T'C1(1)/c1 then (6.51) has a finite solution in N.

From the above discussion, we can conclude that if h(t) is strictly in-
creasing to infinity, then there exists a unique minimum N* such that
Li(N) > co/c¢q and it minimizes Cy(N) in (6.49). g

6.3.2 Number of Faults

Faults of a unit occur at a nonhomogeneous Poisson process with an intensity
function A(t). A unit stops its operation due to faults and the restart is made
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instantaneously by the detection of these faults. The restart succeeds with
probability « (0 < a < 1) and the unit returns to a normal condition. On the
other hand, the restart fails with probability 6 = 1 — «a, and the unit needs
repair. Then, if the total number of successes of restart is more than IV, the
PM can be done at the next scheduled time. A unit becomes like new by PM
or repair, and the times for faults, restarts, PMs and repairs are negligible.
The other assumptions are the same as those in Section 6.3.1.

Let Fj(t) be the probability that a unit survives because all restarts are
successful during (0, ¢]. Then,

Fp(t) = Z Pr{unit survives to time ¢ | j faults} x Pr{j faults in (0,¢]}

_ i i, H ()] = e=BHO). (6.53)

Furthermore, the probability that the PM is done at time (k + 1)T (k =
0,1,2,...), because more than N restarts have succeeded until (k+1)T when
j(j=0,1,2,...,N — 1) successful restarts were made during (0, kT, is

oIp,(HKT)] S alpH((k+1)T) — H(KT)]

Jj=0 i=N-—j

= > o {p;[H(kT)Je HHUDD=HED] — p [ (K + 1)T)]}.
§=0

Thus, the probability that the PM is done before failure is

oo N—1
> o {p;[H(ET))e HHDD=HEDL _ i [H((k 4+ 1)T)]}
k=0 j=0
o N-—1
=1-Y [Fs(kT) = Fs((k+1)T)] Y pjlaH (kT)]. (6.54)
k=0 7=0

Similarly, the probability that a unit undergoes repair before PM is

oco N—-1 oo
ZZajpj Zlfa H((k+1)T)— H(kT)]
k=0 j=0 =0
oo N-1
= [Fp(kT) — Fa((k+ 1)T)] Y _ p;laH(KT)] (6.55)
k=0 7=0

It is evident that (6.54) + (6.55) = 1. Similarly, the mean time to PM or
repair is
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[ N-1
D k+ DT ol {p;[H(KT) e PHGHITI=HEDL _ o (H((k 4 1)T)]}
k=0 Jj=0
oo N-1 (k+1)T
+3 N alp[H(KD)] Zo/ﬁ ’ tp;[H(t) — H(KT)]h(t) dt
k=0 j=0
(k+1)T _ Nl
=3 / F(t)dt Y pjlaH (kT)). (6.56)
k=0 kT 7=0

Therefore, if we neglect all costs resulting from restarts then the expected
cost rate is, from (6.54), (6.55), and (6.56),

(c1 — e2) 52 o[Fo(KT) ~ Ea((k D) SN plaH (T + 3

Pyl ofkk+1 dt27 =0 pJ[O‘H(kT)]
(N=1,2,...), (6.57)

Ca2(N) =

where ¢; = cost of repair and ¢y = cost of PM.

It is assumed that ¢; > co because the repair cost would be higher than
the PM cost in the actual field, and ug = [~ Fg(t) dt < oo is the finite mean
time to need repair. Let

32 G [Fs(kT) — Fo((k + )T)|pw[aH (KT)]
S22 o ST Fy(t) dt pi [aH (KT))

2(N) = (N=1,2,...).

Theorem 6.9. When h(t) is strictly increasing, go(N) is also strictly in-
creasing and limy o q2(IN) = Sh(0).

Proof.  We use the following notations.

(k+1)T
By = e*aH(kT>/ Fpa(t)dt (k=0,1,2,...)
kT

Cy = e HED[F 3 (kT) — Fs((k +1)T))]. (k=0,1,2,...).
Then, ¢2(NV) is written as

2ol H(FT) Gy
ko H(ET)IN By

In a similar way to that of Theorem 6.7, it is easy to prove that when h(t) is
strictly increasing,

g@2(N) =

Bh(kT) < % <Bh((k+1)T),  q(N +1) —ga(N) > 0.

Thus, we have
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and for any positive number n,
Bh(nT) < lim go(N) < Bh(0)
N—oc0

which completes the proof. g
From this theorem, it is easy to see that

Ca(o0) = lim Ca(N) = /%. (6.58)

We derive an optimum number N* that minimizes Co(N) in (6.57).
Theorem 6.10. Suppose that h(t) is continuous and strictly increasing.

(1) If Bugh(oo) > c1/(c1 — c2) then there exists a finite and unique minimum
that satisfies

C2

LQ(N)EC — (N=1,2,...) (6.59)
and the resulting cost rate is
(Cl — CQ)QQ(N* — 1) < CQ(N*) < (Cl — CQ)(]Q(N*)7 (660)
where
0o (k+1)T N-1
LV =eMY. [ Fa®dt Y plat(7)
k=07 KT j=0
oo N-1
= [Fp(kT) = Fa((k+ DT _pjlaH(kT)] (N =1,2,...).
k=0 j=0

(ii) If Bugh(oo) < c¢1/(c1 — ) then N* = oo; i.e., we should do no PM, and
Cy(0) is given in (6.58).

Proof.  From the inequality Co(N + 1) > C3(N), we have

[eS) N
(e1 = e2) | S {FokT) = Fa((k+ DT)} S pylaH (kT)]
k=0 j=0

00 (k+1)T N-1
<> [ Feldt Y plar ()
k=0" kT j=0
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0o N-1
=Y [Fs(kT) = Fp((k+1)T)] > pjlaH (kT)]
7=0

k=0
00 (k+1)T N
> / Fy(t)dt > pjlaH(kT)]
k=0 kT 3=0
(k+1)T
>6Y / Fo(t) dt pu[aH (k7).

k=07 kT

(k+1)T 75 -
Dividing both sides by (c1 — ¢2) > g [or t)dt py[aH (KT)] implies
Ly(N) > —2

C1 — Co

Using Theorem 6.9,

Ly(N +1) — La(N)

(k+1)T N

— (V1) - (V)] Y / Fat)dt S pilaH(KT)] > 0
k=0 kT

lim Ly(N) = Bugh(oo) —

N— o0

Therefore, similar to Theorem 6.8, we have the results of Theorem 6.10. g

FEzample 6.3. A computer system stops at certain faults according to a
Weibull distribution with shape parameter 2; i.e., H(t) = At2. The restart
succeeds with probability « and fails with probability 8 [37]. If the total
number of successes of restarts exceeds a specified number N, the PM can be
done at the next planned time. Then, from Theorem 6.10, there always exists
an optimum number N* (1 < N* < co) that satisfies (6.59).

Table 6.4 gives N* for T' = 24 hours, 48 hours, a = 0.8, 0.85, 0.90, 0.95,
and ¢1/ce = 1.5, 2.0, 3.0 when 1/A = 720 hours. Also, the mean time to N
faults is given by

> (N +3)
LN E/ ton—1[H()]h(t) dt = ———==.
0 VA
For example, when T' = 24 and o = 0.9, pun~ = 133, 84, 52 hours for N* = 25,
10, 4 hours, respectively, and on the average, we may employ PM at about
1 time per 6 days, 1 time per 4 days, and 1 time per 3 days for cost rates
c1/ca = 1.5, 2.0, and 3.0. g

Up to now, we have assumed that the times for repairs and PMs are negli-
gible. If the PM and the repair require the mean times 6, and 61, respectively,
then the expected cost rate in (6.57) can be rewritten as
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Table 6.4. Optimum number N* that minimizes C2(N) when H(t) = At? and
1/A = 720 hours

T = 24 hours T = 48 hours
o c1/c2 c1/e
1.5 20 3.0 | 15 20 3.0
0.80 12 5 1 9 5 1
0.85 18 7 3 18 7 1
0.90 25 10 4 21 8 1
0.95 52 20 9 42 19 7

(1601 — e202) Y2 o [F(KT) — F((k + 1)T)]
x Y0y ylaH (KT)] + c26
S0 SOV () de SN pylaH (RT))
+ (01— 02) S5 [F(KT) — F((k + D)T)] 300" pjlaH (KT)] + 62
(N=1,2,...), (6.61)

where ¢; = cost per unit of time for repair and ¢ = cost per unit of time for
PM.

6.3.3 Other PM Models
(1) Number of Uses

Uses of a unit occur at a nonhomogeneous Poisson process with an intensity
function A(t). A unit deteriorates with use and fails at a certain number of
uses. The probability that a unit does not fail at use j is o; (0 < a; < 1)
(j =1,2,...). Then, if the total number of uses exceeds N, the PM of a unit
is done at the next planned time (k + 1)7.

By the method similar to that of Section 6.3.2, the probability that the
PM is done before failure is

> pilH(
k=0 j=0

and the probability that a unit fails is

1Y Pui(@)pilH((k+1)T) — H(kT)]

i —Jj

DD pHED)) Y [@5(a) — Bivy(@)lpiH((k+ 1)T) — H(KT)],

k=0 j=0 i=0

where @;(a) = ajas...q; (i = 1,2,...) and Pp(«) = 1. Furthermore, the
mean time to PM or failure is
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STk + DT p[HED)] Y Gij(a)pi[H((k+ 1)T) — H(KT)]
k=0 7=0 i=N—j
oo N—1 [e%) (k+1)T
Y D pIHED)]D [@irj(a) — Bivjia(a)] / tpi[H (t) — H(KT)]h(t) dt
k=0 j=0 i=0 kT
co N-1 (k+1)T
:ZXM]szﬁW / pilH(t) — H(kT)]dt.
k=0 j=0

Therefore, the expected cost rate is
(e1 = €2) Xopso Yoimg D H(KT)] 3052 [@(cr) = iy ()]
X pilH((k+1)T) = H(ET)] + c»

H(k
S o SN D [H (KT 25 o Biej () [ Tp [H () — H(KT)) dt
(N=1,2,...), (6.62)

C3(N) =

where ¢; = cost of failure and ¢y = cost of PM. In particular, when ®;(a) = o,
C3(N) agrees with Co(N) in (6.57).

(2) Number of Shocks

Shocks occur at a nonhomogeneous Poisson process with an intensity function
h(t) [38]. A unit fails at a certain number of shocks due to damage done by
shocks. When the total amount of damage has exceeded a failure level Z
(0 < Z < ), a unit fails. If the total number of shocks exceeds N before
failure, the PM is done at the next planned time (k + 1)T" [20].

Let G(z) be the distribution of an amount of damage produced by each
shock. Then, the probability that a unit fails at shock j is GU~1(2) -G (Z),
where G)(Z) denotes the j-fold Stieltjes convolution of G' with itself. Thus,
replacing @;(a) in (6.62) with G(*)(Z) formally, the expected cost rate can be
derived as

(c1 —c2) Zk 0 ZJ =0 py[ (KT)] E?io[G(j)(Z) - G(Hj)(z)]
X pilH((k+1)T) — H(KT)] + ¢

S oSN U H(RT) G (2) [ Ty, [H (1)~ H(KT)] dt
(N=1,2,...). (6.63)

C4(N) =

(3) Number of Unit Failures

Consider a parallel redundant system with n (n > 2) units in which each unit
has an identical failure distribution F'(¢). The system fails when all of n units
have failed. If the total number of unit failures exceeds N (1 < N <n —1)
before system failure, the PM is done at time (k + 1)T". The probability that
the system fails before PM is
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i Zl ( > WIF((k+1)T) — F(kT)]"™?

k=0 j=

and the probability that the PM is done before system failure is

iNZI( ) ni1<n P j) [F((k+1)T) = F(RT) TF((k+1)T)]" "

k=0 j=0 i=N—j

Furthermore, the mean time to system failure or PM is

0o N-1 n—j—1 n— i )
Sl 011 Y (M)ireny S (" )i+ um) - Foy
k=0 —o \J i=N—j

N-1, DT ,
LS (M) [ eatre -

kT

oo N-1,. ; (k+1)T . .
& ._0<')[F(kT”/k {[FRT)" = [F(RT) = F(6)]" 7} dt.

T

Therefore, the expected cost rate is

(e1—02) S pe o iy (O P (KT [F((k+1)T) — F (KT))"

+ ncy + c2
C5(N) = ‘
) ZiioZ”*l () IERT))P
ST F(RT))—T — [F(RT) — F(1)]" 7} dt
(N=1,2,....,n—1), (6.64)

where cg = cost of one unit, ¢; = cost of system failure, and ¢ = cost of PM.

It is very difficult to discuss analytically optimum policies for the above
models, however, it would be easy to calculate C;(N) (i = 3,4,5) with a
computer and obtain optimum numbers N* numerically. By making some
modifications in these models, they could be applied to actual models and
become interesting theoretical studies as well.
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7

Imperfect Preventive Maintenance

The maintenance of an operating unit after failure is costly, and sometimes, it
requires a long time to repair failed units. It would be an important problem
to determine when to maintain preventively the unit before it fails. However,
it would be not wise to maintain the unit too often. From this viewpoint, com-
monly considered maintenance policies are preventive replacement for units
with no repair as described in Chapters 3 through 5 and preventive mainte-
nance for units with repair discussed in Chapter 6. It may be wise to maintain
units to prevent failures when their failure rates increase with age.

The usual preventive maintenance (PM) of the unit is done before failure
at a specified time T after its installation. The mean time to failure (MTTF),
the availability, and the expected cost are derived as the reliability measures
for maintained units. Optimum PM policies that maximize or minimize these
measures have been summarized in Chapter 6. All models have assumed that
the unit after PM becomes as good as mew. Actually, this assumption might
not be true. The unit after PM usually might be younger at PM, and occa-
sionally, it might be worse than before PM because of faulty procedures, e.g.,
wrong adjustments, bad parts, and damage done during PM. Generally, the
improvement of the unit by PM would depend on the resources spent for PM.

It was first assumed in [1] that the inspection to detect failures may not be
perfect. Similar models such that inspection, test, and detection of failures are
uncertain were treated in [2,3]. The imperfect PM where the unit after PM
is not like new with a certain probability was considered, and the optimum
PM policies that maximize the availability or minimize the expected cost were
discussed in [4-7]. In addition, the PM policies with several reliability levels
were presented in [8].

It is imperative to check a computer system and remove as many unit
faults, failures, and degradations as possible, by providing fault-tolerant tech-
niques. Imperfect maintenance for a computer system was first treated in [9)].
The MTTF and availability were obtained in [10-12] in the case where al-
though the system is usually renewed after PM, it sometimes remains un-

171
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changed. The imperfect test of intermittent faults incurred in digital systems
was studied in [13].

Two imperfect PM models of the unit were considered [14,15]: the age
becomes = units of time younger at each PM and the failure rate is reduced
in proportion to that before PM or to the PM cost. The improvement factor
in failure rate after maintenance [16,17] and the system degradation with
time where the PM restores the hazard function to the same shape [18] were
introduced. Furthermore, the PM policy that slows the degradation rate was
considered in [19].

On the other hand, it was assumed in [20-22] that a failed unit becomes
as good as new after repair with a certain probability, and some properties
of its failure distribution were investigated. Similar imperfect repair models
were generalized by [23-31]. Also, the stochastic properties of imperfect re-
pair models with PM were derived in [32,33]. Multivariate distributions and
their probabilistic quantities of these models were derived in [34-36]. The
improvement factors of imperfect PM and repair were statistically estimated
in [37-40]. The PM was classified into four terms of its effect [41]: perfect
maintenance, minimal maintenance, imperfect maintenance, and worse main-
tenance. Some chapters [42-44] of recently published books summarized many
results of imperfect maintenance.

This chapter summarizes our results of imperfect maintenance models that
could be applied to actual systems and would be helpful for further studies in
research fields. It is assumed in Section 7.1 that the operating unit is replaced
at failure or is maintained preventively at time 7'. Then, the unit after PM
has the same failure rate as before PM with a certain probability. The ex-
pected cost rate is obtained and an optimum PM policy that minimizes it is
discussed analytically [5]. Section 7.2 considers several imperfect PM models
with minimal repair at failures: (1) the unit after PM becomes as good as new
with a certain probability; (2) the age becomes younger at each PM; and (3)
the age or failure rate after PM reduces in proportion to that before PM. The
expected cost rates of four models are obtained and optimum policies for each
model are derived [15].

Section 7.3 considers a modified inspection model where the unit after in-
spection becomes like new with a certain probability. The MTTF, the expected
number of inspections, and the total expected cost are obtained [45,46]. Fur-
thermore, an imperfect inspection model with two human errors is proposed.
Section 7.4 considers the imperfect PM of a computer system that is main-
tained at periodic times [12]. The MTTF and the availability are obtained,
and optimum policies that maximize them are discussed. Finally, Section 7.5
suggests a sequential imperfect PM model where the PM is done at successive
times and the age or failure rate reduces in proportion to that before PM. The
expected cost rates are obtained and optimum policies that minimize them
are discussed [47]. It is shown in numerical examples that optimum intervals
are uniquely determined when the failure time has a Weibull distribution.
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The following notation is used throughout this chapter. A unit begins to
operate at time 0, and has the failure distribution F'(¢) (¢ > 0) with finite
mean g and its density function f(t) = dF(t)/dt. Furthermore the failure
rate h(t) = f(t)/F(t) and the cumulative hazard function H (¢ fo
where =1 — &.

7.1 Imperfect Maintenance Policy

All models have assumed until now that a unit after any PM becomes as good
as new. Actually, this assumption might not be true. It sometimes occurs
that a unit after PM is worse than before PM because of faulty procedures,
e.g., wrong adjustments, bad parts, and damage done during PM. To include
this, it is assumed that the failure rate after PM is the same as before PM
with a certain probability, and a unit is not like new. This section derives the
expected cost rate of the model with imperfect PM, and discusses an optimum
policy that minimizes it.

Consider the imperfect PM policy for a one-unit system that should oper-
ate for an infinite time span.

1. The operating unit is repaired at failure or is maintained preventively
at time T (0 < T < o), whichever occurs first, after its installation or
previous PM.

2. The unit after repair becomes as good as new.

3. The unit after PM has the same failure rate as it had before PM with
probability p (0 < p < 1) and becomes as good as new with probability
g=1-p

4. Cost of each repair is ¢; and cost of each PM is ¢s.

5. The repair and PM times are negligible.

Consider one cycle from time ¢ = 0 to the time that the unit becomes as
good as new by either repair or perfect PM. Then, the expected cost of one
cycle is given by the sum of the repair cost and PM cost;

C(T;p) = ¢; Pr{unit is repaired at failure}
+ c2 Pr{expected number of PMs per one cycle}. (7.1)

The probability that the unit is repaired at failure is

zpf / AF() = 19> P TFT) (72)

(G-1T j=1

and the expected number of PMs including perfect PM per one cycle is

o0

Z]fl J= 1/ dF(¢ Jqu]pj YF(T) = Zp] YF(T).  (7.3)

j=1 (G-1T j=1
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Furthermore, the mean time of one cycle is

Zp] 1/T tdF(t +qZpJ Zp] / F(t)dt.

G-nT (G-1T
(7.4)

Thus, substituting (7.2) and (7.3) into (7.1), and dividing it by (7.4), the
expected cost rate is, from (3.3),

e1 [L=g X5, P FGT) | + 0 305, p )

C(T;p) = o A
P! f(Jj—l)T F(t)dt

(7.5)

We clearly have
C(0;p) = lim C(T;p) =00,  C(oosp) = lim C(Tip) == (7.6)
T—0 T— o0 I

which is the expected cost for the case where no PM is done and the unit is
repaired only at failure.
We seek an optimum PM time T that minimizes C(T'; p). Let

YR G
)= > P F () w7

Then, differentiating C'(T; p) with respect to T and setting it equal to zero,

H(T;p) Y p/~ 1/ dt—qZpﬂ 'F(T) = —2—,  (18)
G-1T

c1qg—c
= = 14 — €2

where ¢1q — c2 # 0. Denoting the left-hand side of (7.8) by Q(T; p), we easily
have that if H(t; p) is strictly increasing then Q(T'; p) is also strictly increasing
from 0 and

Q(oosp) = lim Q(T;p) = pH(o0;p) — 1. (7.9)

It is assumed that H(¢;p) is strictly increasing in ¢ for any p. Then, we
have the following optimum policy.

(1) If c1qg > c2 and H(oo;p) > c1q/[p(c1g — c2)] then there exists a finite and
unique 7™ that satisfies (7.8), and the resulting cost rate is

C(T*;p) = (c1 - C;) H(T*:p). (7.10)

(ii) If ¢1g > ¢ and H(oo;p) < c1q/[p(c1g — ¢2)], or c1g < ¢o then T = oo;
i.e., no PM should be done, and the expected cost is given in (7.6).



7.2 Preventive Maintenance with Minimal Repair 175

Table 7.1. Optimum PM time 7™ and expected cost rate C'(T™;p) for p when ¢1 = 5
and c2 =1

p ™ C(T";p)
0.00 | 1.31 2.27
0.01 | 1.32 2.27
0.05 1.36 2.30
0.10 | 1.43 2.34
0.15 | 1.52 2.37
0.20 | 1.64 2.40
0.25 | 1.80 2.43
0.30 | 2.02 2.45
0.35 2.33 2.47
0.40 | 2.79 2.49

When p = 0, i.e., the PM is perfect, the model corresponds to a standard age
replacement policy, and the above results agree with those of Chapter 3.

Ezample 7.1. Suppose that F(t) is a gamma distribution with order 2; i.e.,
F(t)=1-(1+t)e"t. Then, H(t;p) in (7.7) is

t(14 pe™")
1—pe~t+t(1+ pe?)

H(t;p) =

which is strictly increasing from 0 to 1. Thus, if ¢1q > 2¢co then there exists a
finite and unique T* that satisfies (7.8), and otherwise, T* = occ.

Table 7.1 gives the optimum PM time 7™ and the expected cost rate
C(T*;p) for p = 0.0 ~ 0.4 when ¢; = 5 and co = 1. Both T* and C(T™*;p)
are increasing when the probability p of imperfect PM is large. The reason is
that it is better to repair a failed unit than to perform PM when p is large. g

7.2 Preventive Maintenance with Minimal Repair

Earlier results of optimum PM policies have been summarized in Chapter 6.
However, almost all models have assumed that a unit becomes as good as new
after any PM. In practice, this assumption often might not be true. A unit
after PM usually might be younger at PM, and occasionally, it might become
worse than before PM because of faulty procedures.

This section considers the following four imperfect PM models with mini-
mal repair at failures.

(1) The unit after PM has the same failure rate as before PM or becomes as
good as new with a certain probability q.

(2) The age becomes x units of time younger at each PM.

(3) The age or failure rate after PM reduces to at or bh(t) when it was ¢ or
h(t) before PM, respectively.
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(4) The age or failure rate is reduced to the original one at the beginning of
all PMs in proportion to the PM cost.

For each model, we obtain the expected cost rates and discuss optimum PM
policies that minimize them. A numerical example is finally given when the
failure time has a Weibull distribution.

(1) Model A — Probability

Consider the periodic PM policy for a one-unit system that should operate
for an infinite time span.

1. The operating unit is maintained preventively at times kT (k= 1,2,...),
and undergoes only minimal repair at failures between PMs (see Chap-
ter 4).

2. The failure rate h(t) remains undisturbed by minimal repair.

3. The unit after PM has the same failure rate as it had before PM with
probability p (0 < p < 1) and becomes as good as new with probability
q=1—p.

4. Cost of each minimal repair is ¢; and cost of each PM is cs.

. The minimal repair and PM times are negligible.

6. The failure rate h(t) is strictly increasing.

Ut

Consider one cycle from time ¢ = 0 to the time that the unit becomes as
good as new by perfect PM. Then, the total expected cost of one cycle is

[e] . 3T 0o ) 3T
> g [cl/ h(t)dt + jeo | = cqup]_l/ h(t)dt+ 2 (7.11)
j=1 0 0

=1 1
and its mean time is
> TPl == (7.12)
i=1 1
Thus, dividing (7.11) by (7.12) and arranging them, the expected cost rate is
1 = T
Ca(T;p) = = |14 Zp]_l/ h(t)dt + ¢y | . (7.13)

We seek an optimum PM time T that minimizes C'4 (T’; p). Differentiating
Ca(T;p) with respect to T and setting it equal to zero,

00 ) 3T cs
pr—l/o tdh(t) = (7.14)
j=1

c1¢?

whose left-hand side is strictly increasing from 0 to fooo tdh(t), which may be
possibly infinity. It is clearly seen that [t dh(t) — oo as h(t) — oco.
Therefore, we have the following optimum policy.
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Fig. 7.1. Process of Model B

(i) If f;~ tdh(t) > c2/(c1¢®) then there exists a finite and unique T* that
satisfies (7.14), and the resulting cost rate is

Ca(T*p) = c1g® Y _ P~ Gh(§T"). (7.15)

j=1
(i) If [y~ tdh(t) < ca/(c1¢?) then T* = oo, and the expected cost rate is

Ca(oo;p) = Th_r)réC Ca(T;p) = c1¢*h(0).

(2) Model B — Age
The process in Model B is shown in Figure 7.1.

3. The age becomes z units younger at each PM, where z (0 < z < T) is
constant and previously specified. Furthermore, the unit is replaced if it
operates for the time interval NT (N =1,2,...,00).

4. Cost of each minimal repair is c;, cost of each PM is ¢y, and cost of
replacement at time NT is c3 with c3 > co.

1, 2, 5, 6. Same as the assumptions of Model A.
The expected cost rate is easily given by

N-1 74j(T-x)

1
CB(N;T,:c):ﬁ Clz/‘(T : h(t)dt + (N — 1)ea + c3
0 Ji(r—a

(N=1,2,...). (7.16)
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It is trivial that the expected cost rate is decreasing in x because the failure
rate h(t) is increasing.

We seek an optimum replacement number N* (1 < N* < oo) that
minimizes Cp(N;T,z) for specified T > 0 and z. From the inequality
Cp(N +1;T,z) > Cp(N;T,z), we have

(c3 —c2)

L(N;T,x) > - (N=1,2,...), (7.17)
1
where
T+N(T—z) N-1 T+4j(T-=z)
L(N;T,z) = N/ h(t)dt — / h(t)dt
N(T—-xz) j=0 (T —x)

N-1 T
:Z/ {hlt + N(T —2)] — hlt + j(T — 2)]}dt (N =1,2,...).
j=0 70

In addition, we have

L(N +1;T,z) — L(N; T, )
_(N+ 1)/T{h[t + (N+1)(T—2)] — hlt + N(T—2)]} dt > 0.

Therefore, we have the following optimum policy.

(i) If L(oo;T,x) = Umy_yoo L(N;T,2) > (c3 — ¢2)/c1 then there exists a
finite and unique minimum N* that satisfies (7.17).

(i) If L(oo; T, z) < (c3 — c2)/c1 then N* = oo, and the expected cost rate is

Cp(oo;T,x) = lim Cp(N;T,x) = c1h(c0) + =

N—o00 T

We clearly have N* < oo if h(t) = oo as t — 0.

(3) Model C — Rate

It is assumed that:

3. The age after PM reduces to at (0 < a < 1) when it was t before PM; i.e.,
the age becomes t(1 — a) units of time younger at each PM. Furthermore,
the unit is replaced if it operates for NT.

1, 2, 4, 5, 6. Same as the assumptions of Model B.
The expected cost rate is

1 N-1 (A;+1)T
Co(N:Toa) = clz/” h(£) dt + (N — D)ea + 3
i=0 /A
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where A; =a+a’+---+d’ (j=1,2,...) and Ay = 0.
We can have similar results to Model B. From the inequality Co(N +
17Ta a) Z CC(N;T7G')5

L(N;T,a) > 636;@ (N=1,2,...), (7.19)
1
where
(AN+1)T (A; +1)T
L(N;T,a)EN/ dth/ (N=1,2,...)
ANT

which is strictly increasing in N.
Therefore, we have the following optimum policy.

(i) If L(co; T, a) > (c3—cg)/c1 then there exists a finite and unique minimum
N* that satisfies (7.19).
(i1) If L(oco;T,a) < (cg3 — ¢2)/cq then N* = co.
If the age after the jth PM reduces to a;t when it was t before the jth PM,
we have the expected cost C.(N;T,a;) by denoting that A; = a1 + a1a2 +
+ajaz...a; (j=1,2,...) and 4g = 0.
Next, it is assumed that:

3. The failure rate after PM reduces to bh(t) (0 < b < 1) when it was h(t)
before PM.

The expected cost rate is

1 N-1 ) G+nT
Co(N;T.b) == | ]go bJ/jT h(t)dt + (N — 1)eg + ¢3
(N=1,2,...)  (7.20)
and (7.19) is rewritten as
LIN;T,h) > 2 =2 (N=1,2,...), (7.21)
C1
where
(N+1> N-l g+1>T
L(N;T,b)szN/ bJ/ t)dt (N=1,2,...)
NT j=0 JjT

which is strictly increasing in N.

If the failure rate becomes h;(t) for jT <t < (j + 1)T between the jth
and (j 4+ 1)th PMs, the expected cost rate in (7.20) is written in the general
form

CC(N;T Clz/ dt+( —1>CQ+03 .
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(4) Model D — Cost

Models B and C have assumed that the age reduced by PM is independent of
PM cost. In this model, it is assumed that:

3. The age or failure rate after PM is reduced in proportion to PM cost cs.
4. Cost of each minimal repair is ¢; and cost of each PM is ¢y. Furthermore,
the cost ¢y with ¢y > ¢ is the initial cost of the unit.

1, 2, 5, 6. Same as the assumptions of Model A.

First, suppose that the age after PM reduces to [1 — (c2/co)](z + T) at
each PM when it was x + T immediately before PM. If the operation of the
unit enters into the steady-state then we have the equation

(1 - CQ) (x+T)=z, e, x= (CO - 1) T. (7.22)

Co Co

Thus, the expected cost rate is

1 T
CD(T;CQ) = T [Cl h(t+x) dt+62
0
1 (co/c2)T
=—=|C / h(t) dt + co (723)
T | Jieofen)-1ir

Differentiating Cp(T'; ¢p) with respect to T and setting it equal to zero,
(co/c2)T
/ tdn(t) = 2. (7.24)
[(co/c2)—1]T !

Next, suppose that the failure rate after PM reduces to [1—(ca2/co)|h(z+T)
at each PM where it was h(z + T') before PM. In the steady-state, we have

(1 - CQ) h(z +T) = h(z) (7.25)

Co

and the expected cost rate is

T
Cp(T;co) :% [cl/ h(t 4 x)dt + co (7.26)
0

Thus, the age after PM is computed from (7.25), and hence, an optimum PM
time T is computed by substituting « into (7.26) and changing T' to minimize
it.

We have considered four imperfect PM models and have obtained the
expected cost rates. It is noted that all models are identical and agree with
the standard model in Section 4.2 when p = 0 in Model A, N = 1 in Models B
and C, and ¢y = ¢o in Model D.
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Example 7.2. We finally consider an example when the failure time has a
Weibull distribution and show how to determine optimum PM times. When
F(t) =1 —exp(—=At™) (A > 0,m > 1), we have the following results for each
model.

(1) Model A

The expected cost rate is, from (7.13),

1
— [e1g T g(m) + ca] ,

Ca(T;p) = T

where g(m) = ¢ Zj‘;l p?~15™ which represents the mth moment of the geo-
metric distribution with parameter p. The optimum PM time is, from (7.14),

1
C2 /m

c1gA(m — 1)g(m)

*

(2) Model B
The expected cost rate is, from (7.16),

CB(N; T7 1‘)
N—1
= e oA ST+ 5T = o)™ = (T = )™} + (¥ = ez e
7=0

and from (7.17),

Z{ [T+ N(T = )" = [T + (T = )" = [N(T — )" + [H(T — )]}

C3 — C2

)\Cl

whose left-hand side is strictly increasing in IV to oo for 0 < x < T. Thus,
there exists a finite and unique minimum N* (1 < N* < c0).

(3) Model C
The expected cost rate is, from (7.18),
N—

Cc(N, T’7 CL) f— Cl)\Tm (A])m] + (N — 1)C2 + C3
]:0

,_.
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and from (7.19),

N-—1
T [(An +1)™ = (4 + )™ — (An)™ + (4)™] >
=0

C3 — C2
/\Cl

whose left-hand side is strictly increasing in IV to oo because m > 1. Thus,
there exists a finite and unique minimum N* (1 < N* < o0). Furthermore,
the left-hand side of the above equation is increasing in T for a fixed N and
m, and hence, the optimum N* is a decreasing function of T

(4) Model D

The expected cost rate is, from (7.23),
Co(Tico) = 2 Lenr [(©) Z (2 1) 4.
(i) =73 o o 2
and the optimum PM time is, from (7.24),

Ll)\(m —1) {(co/c2§72n " Tlcojea) — 1]m}} 1/m.

Similarly, the expected cost rate in (7.26) is

T =

Cp(T;c) = % {at\T™[D™ — (D = 1)™] + ¢2}

and hence, the optimum PM time is

T ={ Do }l/m ’
where

1
1—[1- (02/00)}1/(7“71). '

D

7.3 Inspection with Preventive Maintenance

In this section, we check a unit periodically to see whether it is good, and
at the same time, provide preventive maintenance. For example, we test a
unit, and if needed, we make the overhaul and the repair or replacement of
bad parts. This policy could actually be applied to the models of production
machines, standby units, and preventive medical checks for diseases [23]. The
standard inspection policy is explained in detail in Chapter 8.
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We consider a modified inspection model in which the unit after inspection
has the same age as before with probability p and becomes as good as new
with probability g. Then, we obtain the following reliability quantities: (1)
the mean time to failure and (2) the expected number of inspections until
failure detection. When the failure rate is increasing, we investigate some
properties of these quantities. Furthermore, we derive the total expected cost
and the expected cost rate until failure detection. Optimum inspection times
that minimize the expected costs are given numerically where the failure time
has a Weibull distribution. Moreover, we propose two extended cases where
the age becomes younger at each inspection; i.e., the age becomes x units
of time younger at each inspection and the age after inspection reduces to at
when it was t before inspection. Finally, we consider two types of human error
at inspection and obtain the total expected cost.

7.3.1 Imperfect Inspection

Consider the periodic inspection policy with PM for a one-unit system that
should operate for an infinite time span.

1. The operating unit is inspected and maintained preventively at times kT’
(k=1,2,...) (0<T < ).

2. The failed unit is detected only through inspection.

3. The unit after inspection has the same failure rate as it had before in-
spection with probability p (0 < p < 1) and becomes as good as new with
probability g =1 — p.

4. Cost of each inspection is ¢; and cost of time elapsed between a failure
and its detection per unit of time is cs.

5. Inspection and PM times are negligible.

Let I(T;p) be the mean time to failure of a unit. Then, we can form the
renewal-type equation:

[eS) 5T
IT;p) = Z {pjlf( tdF(t) + '~ 'qF (jT) [T + l(T;p)]}- (7.27)

1T

The first term in the bracket on the right-hand side is the mean time until it
fails between (j—1)th and jth inspections, and the second term is the mean
time until it becomes new at the jth inspection, and after that, it fails. By
solving (7.27) and arranging it,
%) i i+1)T +—
S0 (ST () at
2o P{F(T) = Fl(j + DT}

In particular, when p = 0, i.e., the unit always becomes as good as new
at each inspection,

UT;p) =

(7.28)
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1

T
T30) = 575 /O F(t) dt (7.29)

which agrees with (1.6) in Chapter 1. When p = 1, i.e., the unit after inspec-
tion has the same failure rate as before inspection, I(T;1) = u which is the
mean failure time of the unit.

Next, let M(T;p) be the expected number of inspections until failure de-
tection. Then, by a similar method to that of obtaining (7.27),

p) =[P HFIG - DT =F(GT)}+ 9/~ qFGT)j+M(T:p)]

j=1
SR EGD
MO = S TG PG+ 0Ty 70
In particular,
M(T:0) = —— . M(T:1) = if(ﬁ). (7.31)

F(T)’ 2

It is easy to see that
. G+1T
TR+ U1 < [ F)d < TFG)
5T
because F(t) is a nonincreasing function of t. Thus, from (7.28) and (7.30),
T[M(T;p) — 1] < UT;p) < TM(T;p). (7.32)

Furthermore, it has been proved in [16] that if the failure rate is increasing
then both I(T; p) and M (T; p) are decreasing functions of p for a fixed T'. From
this result, we have the inequalities

1 T_
<UT) < Fs | P (7.33)
3. FUT) < M(Tip) < et (7.34)

where all equalities hold when F' is exponential.
The total expected cost until failure detection is (see Equation (8.1) in
Chapter 8),
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Table 7.2. Optimum inspection time T for p and m when ¢; = 10 and ¢2 = 1

m

P10 15 20 25 30
0.00| 97 171 236 289 330
0.01| 97 170 234 286 328
0.05| 97 168 228 275 314
010 | 97 164 219 262 295
020 97 158 204 237 260
030 97 151 189 214 231
040 | 97 144 175 195 207

C(T;p) =Z{ / e e~ 014w

Jj=1

+W1FUHKM+QTM@

Solving the above renewal equation with respect to C'(T’;p), we have

C(T:p) = (1 + 2T) X020 P F(T) — 233 [ VT Bt at
P S PH{EGT) — FlG+1)T]}
= (c1 + T)M(T; p) — c2l(T's p). (7.35)

It is easy to see that limr_,0 C(T;p) = limy_o C(T;p) = oo. Thus, there
exists a finite and positive T* that minimizes the expected cost C(T’; p). Also,
from the relation of (7.32), we have

AlUTS) < o(1:p) < (i) + o, (7.36)
Example 7.3. We give a numerical example when the failure time has a
Weibull distribution with shape parameter m (m > 1). Suppose that F(t) =
exp[—(At)™], 1/X =500, ¢; = 10, and ¢ = 1. Table 7.2 presents the optimum
inspection time 7™ that minimizes the expected cost C'(T’; p) for several values
of p and m. It is noted that optimum times T™* are independent of p for the
particular case of m = 1. Except for m = 1, they are small when p is large.
The reason is that when the failure rate increases with age, it is better to
inspect early for large p. g

7.3.2 Other Inspection Models

Consider two inspection models with PM where the age becomes younger at
each inspection. It is assumed that the age becomes z (0 < z < T') units of
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time younger at each inspection. Then, the probability that the unit does not
fail until time ¢ is

S(t;T,x) = Nk(T—z); t—kT] H j(T—x);T] for kT <t<(k+1)T
(7.37)

where \(t;2) = [F(t + ) — F(t)]/F(t) is the probability that the unit with
age t fails during (¢,¢ + z]. Thus, the mean time to failure is

(k+1)T
I(T; x) :Z/}CT S(t; T, x)dt

S krfli ‘ fkk((j? ::))"FT t) dt
=Y Jl;[o NJ(T — z);T) T ] (7.38)

where [, t= 1, and the expected number of inspections until failure detection
is

00 k—1
M(Tv ‘T) - Z k)‘[k(T - ‘T)a T] H )‘[j(T - I),T]
k=0 7=0
oo k
=> [T - 2);11. (7.39)
k=03=0

Next, it is assumed that the age after inspection reduces to at (0 < a < 1)
where it was t before inspection. Then, in similar ways to those of obtaining
(7.38) and (7.39),

o kfli (A+1)T F(t) dt
_ 7. AT
I(T;a) = kzzo }:Io NA;T;T) 7 (7.40)
oo k
M(T;a) =Y [[MAT: 7], (7.41)
k=0 j=0

where A; =a+a’>+ - +ad’ (j=1,2,...) and Ay = 0.

Note that the mean times [(T'; ) and the expected numbers M (T’; -) of three
models are equal in both cases of p=a = 0 and x = T (i.e., the unit becomes
as good as new by perfect inspection), and p = a = 1 and « = 0 (i.e., the unit
has the same age by imperfect inspection). Furthermore, substituting (7.38),
(7.39) and (7.40), (7.41) into (7.35), respectively, we obtain two expected costs
until failure detection.
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7.3.3 Imperfect Inspection with Human Error

It is well known that a high percentage of failures in most systems is directly
due to human error [48]. There are the following types of human error when
we inspect a standby unit at periodic times kT (k =1,2,...) [2,49-51]:
1. Type A human error: The unit in a good state, i.e., in a normal condition,
is judged to be bad and is repaired.
2. Type B human error: The unit in a bad state, i.e., in a failed state, is
judged to be good.

It is assumed that the probabilities of type A error and type B error are
« and 3, respectively, where 0 < o+ 8 < 1. Then, the expected number of
inspections until a failed unit is detected is

- 0j—1 _ —
jZ:jojﬁ -9 =15

Consider one cycle from time ¢ = 0 to the time when a failed unit is
detected by perfect inspection or a good unit is repaired by type A error,
whichever occurs first. Then, the total expected cost of one cycle is given by

C(T;a,B) = i(l —ay Vj(jﬂ)Tcl (j + 1:6> dF(t)

=0 T

G+1)T
+aci(j+ 1D)F((j +1)T) +/T ¢ (]T—|— % —~ t) dF(t)
= (c1 + 2T 5. Z (1—a)[F(T) — F((j + 1)T))
> G+1)T
+) (1-a)F(G+1)T 70221704 / Ft)dt. (7.42)
7=0

When o = § = 0, i.e., the inspection is perfect, Equation (7.42) is equal to
that of a standard periodic inspection policy (see Section 8.1).
In particular, when F(t) = 1 — e~ **, the expected cost is rewritten as

1—e /1 —=p)+e T ¢ 1—e AT

1—(1—a)e AT A1 (1—a)e AT
(7.43)

C(T;,8) = (1 + T

Differentiating C(T'; o, ) with respect to T and setting it equal to zero,

)‘Tfl

€ C1

3 1-p1l-—a)e M -(1-a-3T= a(1 —a—f). (7.44)

Note that the left-hand side of (7.44) is strictly increasing from 0 to co. There-
fore, there exists a finite and unique T* that satisfies (7.44).




188 7 Imperfect Preventive Maintenance

7.4 Computer System with Imperfect Maintenance

Periodic maintenance of a computer system is imperative in order to inspect
and remove as many component faults, failures, and degradations as possible.
In most cases, it has been assumed that the system becomes like new and op-
erates normally after maintenance. However, the system occasionally becomes
worse for one or more of the following reasons:

(1) Hidden faults and failures that are not detected during maintenance;

(2) Human errors such as wrong adjustments and further damage done during
maintenance; or

(3) Replacement with faulty parts.

It is useful to develop an imperfect maintenance strategy for a computer

system.
This section considers a system that is maintained at periodic times kT
(k = 1,2,...). Due to imperfect PM, one of the following results occurs:

the system is not changed, is renewed, or is put in a failed state and needs
repair. The MTTF and availability of the system are derived by the usual
probability calculations. Furthermore, we calculate an optimum PM time T*
that maximizes the availability, and show that T™* is determined by a unique
solution of an equation under certain conditions. A numerical example is given
for a triple redundant system that fails when two or more units have failed.

A computer system begins to operate at time 0 and should operate for an
infinite time span.

1. The system is maintained preventively at periodic times kT (k =1,2,...)
(0 < T < 00).
2. The failed system is repaired immediately when it fails, and becomes as
good as new after repair.
3. One of the following cases after PM results.
(a) The system is not changed with probability p; viz, PM is imperfect.
(b) The system becomes as good as new with probability po; viz, PM is
perfect.
(¢) The system fails with probability ps; viz, PM fails, where p1 +pa+ps =
1 and py > 0.
4. The mean times to repair actual failure in case 2 and maintenance failure
n (c¢) are 81 and By with 51 > (s, respectively.
5. The PM time is negligible.

The probability that the system is renewed by repair upon actual failure
is

ZP1 / dF(t) = (1—p1) Z “'F(T), (7.45)

G-nT —

the probability that the system is renewed by perfect maintenance is



7.4 Computer System with Imperfect Maintenance 189
oo
1
p2 Y i F(T), (7.46)
j=1

and the probability that the system is renewed by repair after maintenance
failure is

ps Y vl F(T), (7.47)
j=1

where (7.45) 4 (7.46) + (7.47) = 1.
Furthermore, the mean time of one cycle from time ¢ = 0 to the time when
the system is renewed by either repair or perfect maintenance is

o T o o
SH [ B+ e ) Y T8 FT)
j=1 -1 j=1

oo ) jTi
=(1-pm) Zp{‘l/o F(t)dt. (7.48)

Therefore, the mean time to failure is

UT'; p1,p2,p3) :Z{pjl_l/ tdF(t)
j=1

G-1T
+p] ' F(T) p2(5T + U(T; p1, p2,p3)) + p3jT] };

i.e.,

JT 7=

L—p) Xl ] F(rydt
1—p 352, pl ' F(jT)

which agrees with (5) of [11] when p3 = 0, and (9) of [13].
The availability is, from (6.10) in Chapter 6,

UT;p1,p2,p3) = (7.49)

L—p) X2, p [Ty at

(1—p) 352, P JTTF () At + Bops Y52, pl 7 F(T)
A=) 52, Pl FGT)

A(T;p1,p2,p3) =

(7.50)

which agrees with (10) of [11] when ps = 0.
First, we seek an optimum PM time 77 that maximizes MTTF I(T'; p1, p2, p3)
in (7.49). It is evident that
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1(0; p1,p2,p3) = lim U(T;p1,p2,p3) =0
T50
l(00;p1, p2:p3) = Nm U(T:py, p2.p3) = p. (7.51)
Thus, there exists some positive T} (0 < T} < oo) that maximizes I(T'; p1, p2, p3)-

Differentiating {(T"; p1, p2, p3) with respect to T and setting it equal to zero,
we have

H(T;p1) Z / dt—i—Zpl "F(§T) = - (7.52)

j=1

where -

[e's) -1 . .
Ej:l P ifGT)
S p EGT)

It can be shown that the left-hand side of (7.52) is strictly increasing from
1/(1 = p1) to pH(oc0;p1)/(1 — p1) when H(t;p1) is strictly increasing. Thus,
the optimum policy is:

H(T;p) =

(i) If H(T;py) is strictly increasing and H(oo;p1) > (1—p1)/(pp2) then there
exists a finite and unique 75 that satisfies (7.52), and the resulting MTTF
is
1—p

p2H(Ty;p1)

(ii) If H(T;p1) is nonincreasing, or H(T’; py) is strictly increasing and H (co; p1) <

(1 —=p1)/(pp2), then T} = oco; viz, no PM should be done, and the MTTF
is given in (7.51).

Z(Tl*;plaPQaPS) = (753)

Next, we seek an optimum PM time 73 that maximizes the availability
A(T; p1,p2,p3) in (7.50). Differentiating A(T; p1, p2, p3) with respect to T and
setting it equal to zero imply

17 ﬁl
H(T;p1) Zm / dt+Jle1 FUT) = 5 s (754)

Note that 81(1 — p1) > Baps because 81 > [s.
Thus, we have a similar optimum policy to the previous case. Also, it is of
interest that T} > Ty because 51 /[31(1 — p1) — Baps] < 1/po.

Ezample 7.4. Consider a triple redundant system that consists of three units,
and fails when two or more units have failed. This system is a 2-out-of-3 system
and is applied to the design of a fail-safe system. The failure distribution of
the system is F(t) = 3e= — 2e73!, and the mean time to failure is u = 5/6.
In addition, we have
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1 o s
63 p glemt —em %)

Y22 P i (Bem 2t — 2e73it)
H(0;p1) =0, H(oco;p1) =2

H(t;py) =

dH (t; p1 1 e o i N L
6(dt >:E 62])]1 1]2(e 23t_e 3]t)zp{ 1](6 23t_e 3gt>
j=1 j=1
= YR = 3e ) S pf (e — 207
j=1 j=1
1 | &S , , o
_ ) Zzplﬁ 2( j)(ge—zt _2e—Jt)e—2(z+])t >0,
j=11i=1
where

2

D= Zp{_lj(3e*2jt — 2¢7 1)
j=1

Thus, H(t;p1) is strictly increasing from 0 to 2.
Therefore, if 1 —p; > (5/2)(B2/61)ps then there exists a finite and unique
T that satisfies

Hdin) Z e BT) 41— e YT

+3 Pl BeHT — 20T = A
ZP1 ( ) B1(1 — p1) — Baps

and otherwise, T5 = oo.

Table 7.3 shows the optimum PM time Ty (x102) for p; = 1073, 1072,
1071 p3 =107%, 1073, 1072, 1071, and B2/B1 = 0.1, 1.0. For example, when
p1 = 0.1, p3 = 0.01, and B2/ = 0.1, T3 = 1.72 x 1072, If the MTTF of
each unit is 10* hours then Tj = 172 hours. These results indicate that the
system should be maintained about once a week. Furthermore, it is of great
interest that the optimum Tj depends considerably on the product of S/6;
and p3, but depends little on p;. When (82/31)ps = 1074, 1073, 1072, 1071,
the approximate optimum times 75 are 0.005,0.018, 0.06, 0.28, respectively. g

7.5 Sequential Imperfect Preventive Maintenance

We consider the following two PM policies, by introducing improvement fac-
tors [15,52] in failure rate and age for a sequential PM policy [53,54]: the PM
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Table 7.3. Optimum PM time T35 (x10?) to maximize availability A(T’;p1, p2, p3)
for p1, p2 and B2/

B2/B81 =0.1 [ B2/B61 = 1.0

P3 P1

107 1072 107! | 107®* 1072 107!
107 [ 0.183 0.181 0.166 | 0.582 0.578 0.529
1072 | 0.582 0.578 0.529 | 1.88 1.87 1.72
1072 | 1.88 1.87 1.72 | 642 6.37 5098
107 | 642 6.37 598 | 281 281 27.6

is done at fixed intervals Ty (k= 1,2,..., N — 1) and is replaced at the Nth
PM; if the system fails between PMs, it undergoes only minimal repair. The
PM is imperfect as follows.

(1) The age after the kth PM reduces to axt when it was t before PM.
(2) The failure rate after the kth PM becomes bih(t) when it was h(t) in the
period of the kth PM.

The imperfect PM model that combines two policies was considered in [55].

The expected cost rates of two models are obtained and optimum sequences
{T}}} are derived. When the failure time has a Weibull distribution, optimum
policies are computed explicitly.

(1) Model A — Age

Consider the sequential PM policy for a one-unit system for an infinite time
span. It is assumed that (see Figure 7.2):

1. The PM is done at fixed intervals Ty, (k= 1,2,..., N — 1) and is replaced
at the Nth PM; i.e., the unit is maintained preventively at successive
times Ty < Ty + 1o < ---<Ty+ 15+ ---+ Ty_1 and is replaced at time
T+ 15+ -+ Ty, where Ty = 0.

2. The unit undergoes only minimal repair at failures between replacements
and becomes as good as new at replacement.

3. The age after the kth PM reduces to ait when it was ¢t before PM; i.e.,
the unit with age ¢t becomes t(1 — a;) units of time younger at the kth
PM, where 0 =ag <ay; <as <---<ay <1.

4. Cost of each minimal repair is c¢;, cost of each PM is ¢y, and cost of
replacement at the Nth PM is c3.

5. The times for PM, repair, and replacement are negligible.

The unit is aged from ag—1(Tp—1 + ar—2Tk—2+ -+ ap—2ak—3...a2a1711)
after the (k—l)th PM to Tk—|—ak_1(Tk_1—|—ak_2Tk_2+- et Qp—20k—3. .. agalTl)
before the kth PM, i.e., from ar_1Yi_1 to Yy, where Yy, =Ty +ap_ 1T+ -+
ak—10k—2 + -+ asa1Ty (k= 1,2,...), which is the age immediately before
the kth PM. Thus, the expected cost rate is
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o1 Yope 1f,€ 1Yk t)dt + (N—1)ca +c3
—1 (1 - ak)Yk + YN
(N=1,2,...)  (7.55)

Ca(Y1,Ys,... . Yn) =

because Tj, = Y, — ar—1Y%—1 and Zi\le T = ,]j:_ll(l —ap)Yr + Y.

To find an optimum sequence {Yj} that minimizes C(Y1,Y2,...,Yn),
differentiating C4(Y7,Y2,...,Yx) with respect to Y; and setting it equal to
zero,

h(Yk) — akh(akYk)
1—ay
ah(Yn) = Ca(Y1,Ya,..., Yn). (7.57)

=n(Yy) (k=1,2,...,N—1) (7.56)

Suppose that Y (0 < Yy < o0) is fixed. If h(t) is strictly increasing then
there exists some Yy (0 <Yy < Yy) that satisfies (7.56), because

hMYn) — aph(arYn)
1-— ar

h(0) — axh(0)

h(Y;
l—ak < (N)7

> h(Yn).

Furthermore, if dh(t)/dt is also strictly increasing then a solution to (7.56) is
unique.

Thus, substituting each Y}, into (7.57), its equation becomes a function of
Yn only which is

N—
Z 1fak Y. +Yn
k=

Z/ 7(N71)CQ+03
ak—1Yk—1 €1 7

(7.58)

where each Yy, (k=1,2,...,N — 1) is given by some function of Yy. If there
exists a solution Yy to (7.58) then a sequence {Y;} minimizes the expected
cost Cy(Y7,Ya,...,YN).

Finally, suppose that Y7,Y3, ..., Yy are determined from (7.56) and (7.58).
Then, from (7.57), the resulting cost rate is ¢1h(Yy), which is a function of
N. To complete an optimum PM schedule, we may seek an optimum number
N* that minimizes h(Yy).

From the above discussion, we can specify the computing procedure for
obtaining the optimum PM schedule.

1. Solve (7.56) and express Yy (k=1,2,...,N — 1) by a function of Yy.
2. Substitute Yy into (7.58) and solve it with respect to Yy .

3. Determine N* that minimizes h(Yy).

4. Compute T} (k=1,2,...,N*) from Ty, = Y}, — ar—1Yi—1.
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(2) Model B — Failure rate

3. The failure rate after the kth PM becomes bih(t) when it was h(t) before
PM; i.e., the unit has the failure rate Bih(t) in the kth PM period, where

1=by <by <by <+ <byoy, By = [[}gb; (k=12,...,N) and
1=B1<By<---< Bp.

1, 2, 4, 5. Same as the assumptions of Model A.
The expected cost rate is
N T
C1 Zk:l Bk 0 h(t) de + (N — ].)CQ +c3

T +To+--+1Tn
(N=1,2,...). (759

Cp(T,Ts,...,Ty) =

Differentiating Cp(T1,Ts, ..., Tn) with respect to Ty and setting it equal to
zero, we have

Bih(Th) = Bah(Tz) = - - = BnW(Tn) (7.60)
ClBkh(Tk) :CB(Tl,TQ,...,TN) (k:172,...,N). (761)

When the failure rate is strictly increasing to infinity, we can specify the
computing procedure for obtaining an optimum schedule.

1. Solve Bih(Ty) = D and express Ty, (k=1,2,...,N) by a function of D.
2. Substitute T} into (7.60) and solve it with respect to D.
3. Determine N* that minimizes D.

Example 7.5. Suppose that the failure time has a Weibull distribution; i.e.,
h(t) = mt™=! for m > 1. From the computing procedure of Model A, by
solving (7.56), we have

17ak 1/(m—1)
Y, = Yy  (k=1,2,...,N—1). (7.62)
1—ap

Substituting Y} into (7.58) and arranging it,

1/m
N -1
- | Welete | (7.63)
(m - 1)01 k=0 dk
where
1 1/(m—1)
dk_(lak)< a’“) (k=0,1,2,...,N —1).

1—ap?

Next, we consider the problem that minimizes
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(N— 1)62 +c3
N-1

Ca(N) =
k=0 dp,

(N=1,2,..) (7.64)

which is the same problem as minimizing h(Yy), i.e., Ca(Y1,Ys,...,Yn).
From the inequality C4(N + 1) > C4(N), we have

LA(N)223 (N=1,2,...), (7.65)
2
where
N—-1 d
Ly =S E_(N-1) (N=1,2...). (7.66)
k=0 N

If dy, is decreasing in k then L4 (N) is increasing in N. Thus, there exists a
finite and unique minimum N* that satisfies (7.65) if L4(0c0) > c3/ca.

We show that dj, is decreasing in k from the assumption that ax < ap41.
Let g(z) = (1—2)™/(1—2™) (0 < z < 1) for m > 1. Then, g(z) is decreasing
from 1 to 0, and hence,

(=) (1= )"

m m
1—aj 1—ak_+1

which follows that dy > dj1. Furthermore, if a — 1 as kK — oo then

lim dy = lim[g(z)]Y/ ™™ = 0;
k— o0 z—1
i.e., LA(N) — 0o as N — o0, and a finite N* exists uniquely.

Therefore, if ay, — 1 as k — oo then an N* is a finite and unique minimum
that satisfies (7.65), and the optimum intervals are T} = Y, — ax—1Yr—1
(k=1,2,...,N*), where Y}, and Yx are given in (7.62) and (7.63).

For Model B, by solving Byh(T}) = D, we have

D\ Vm-D
T, = k=1,2,...,N). 7.67
k (mBk) ( » 4 ) ) ( )

Substituting T}, into (7.61) and arranging it,

(m—1)/m
(N — 1)62 +c3

D =
N 1/(m—1
Ll (1= 55) S [ /mBi /D
which is a function of N. Let us denote D by D(N). Then, from the inequality

D(N+1)> D(N), an N* to minimize D is given by a unique minimum that
satisfies

(7.68)

C3

(N=1,2,...), (7.69)
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Table 7.4. Optimum N* and PM intervals of Model A when ¢i/c2 =3

63/62 2 5 10 20 40
N* 1 2 4 7 11
T 0.54 0.82 1.07 1.40 1.84
Ty 0.82 0.43 0.56 0.74
Ty 0.28 0.36 0.48
Ta 0.92 0.27 0.35
Ts 0.21 0.28
Te 0.18 0.23
T7 1.13 0.20
Ts 0.17
Ty 0.15
T 0.14
T11 1.45

Table 7.5. Optimum N* and PM intervals of Model B when ¢i/c2 = 3

cs/ea 2 5 10 20 40
N* 2 3 4 5 6
7y | 0.77 1.06 137 1.82 245
T | 052 0.71 092 121 1.64
Ts 0.43 055 0.73 0.98
Ty 0.31 042 0.56
Ts 0.23 0.31
Ts 0.17

where

N 1/(m—1)
LB(N)Z(Bg;Fl) —(N=1) (N=1,2,...)
k=1

which is increasing in N because By, is increasing in k. Also, if By — oo as
k — oo then Lp(N) — oo as N — oo, and hence, a finite N* exists uniquely
in (7.69), and the optimum intervals T} (k =1,2,...,N*) are given in (7.67)
and (7.68).

Tables 7.4 and 7.5 present the optimum number N* and the PM intervals
T, Ty, ..., Tx for cs/ca = 2, 5, 10, 20, 40, where ¢1/co = 3, m = 2, and
ar, = k/(k+1), b, =1+k/(k+1) (k=0,1,2,...). These examples show
that Ty > T > --- > T for Model B, but Ty > T3 > Ty for cs/co = 10, 20,
40 of Model A. This indicates that it would be reasonable to do frequent PM
with age, but it would be better to do the last PM as late as possible because
the system should be replaced at the next PM. Figure 7.2 shows the graph of
Model A for time and age when c3/co = 10. g
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References

1. Weiss GH (1962) A problem in equipment maintenance. Manage Sci 8:266-277.

2. Coleman JJ, Abrams 1J (1962) Mathematical model for operational readiness.
Oper Res 10:126-133.

3. Noonan GC, Fain CG (1962) Optimum preventive maintenance policies when
immediate detection of failure is uncertain. Oper Res 10:407-410.

4. Chan PKW, Downs T (1978) Two criteria for preventive maintenance. IEEE
Trans Reliab R-27:272-273.

5. Nakagawa T (1979) Optimal policies when preventive maintenance is imperfect.
IEEE Trans Reliab R-28:331-332.

6. Nakagawa T (1979), Imperfect preventive-maintenance, IEEE Trans Reliab R-
28:402.

7. Murthy DNP, Nguyen DG (1981) Optimal age-policy with imperfect preventive
maintenance. IEEE Trans Reliab R-30:80-81.

8. Zhao YX (2003) On preventive maintenance policy of a critical reliability level
for system subject to degradation. Reliab Eng Syst Saf 79:301-308.



198

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

7 Imperfect Preventive Maintenance

Ingle AD, Siewiorek DP (1977) Reliability models for multiprocess systems with
and without periodic maintenance. 7th International Symposium Fault-Tolerant
Computing:3-9.

Helvic BE (1980) Periodic maintenance on the effect of imperfectness. 10th
International Symposium Fault-Tolerant Computing:204-206.

Yak YW, Dillon TS, Forward KE (1984) The effect of imperfect periodic mainte-
nance of fault-tolerant computer system. 14th International Symposium Fault-
Tolerant Computing:66—70.

Nakagawa T, Yasui K (1987) Optimum policies for a system with imperfect
maintenance. IEEE Trans Reliab R-36:631-633.

Chung KJ (1995) Optimal test-times for intermittent faults. IEEE Trans Reliab
44:645-647.

Nakagawa T (1980) Mean time to failure with preventive maintenance. IEEE
Trans Reliab R-29:341.

Nakagawa T (1980) A summary of imperfect preventive maintenance policies
with minimal repair. RAIRO Oper Res 14:249-255.

Lie CH, Chun YH (1986) An algorithm for preventive maintenance policy. IEEE
Trans Reliab R-35:71-75.

Zhang F, Jardine AKS (1998) Optimal maintenance models with minimal repair,
periodic overhaul and complete renewal. IIE Trans 30:1109-1119.

Canfield RV (1986) Cost optimization of periodic preventive maintenance. IEEE
Trans Reliab R-35:78-81.

Park DH, Jung GM, Yum JK (2000) Cost minimization for periodic maintenance
policy of a system subject to slow degradation. Reliab Eng Syst Saf 68:105-112.
Brown M, Proschan F (1983) Imperfect repair. J Appl Prob 20:851-859.
Fontenot RA, Proschan F (1984) Some imperfect maintenance models. In:
Abdel-Hameed MS, Cinlar E,; Quinn J (eds) Reliability Theory and Models.
Academic, Orlando, FL:83-101.

Bhattacharjee MC (1987) New results for the Brown—Proschan model of imper-
fect repair. J Statist Plan Infer 16:305-316.

Ebrahimi N (1985) Mean time to achieve a failure-free requirement with imper-
fect repair. IEEE Trans Reliab R-34:34-37.

Natvig B (1990) On information based minimal repair and the reduction in
remaining system lifetime due to the failure of a specific module. J Appl Prob
27:365-375.

Zhao M (1994) Availability for repairable components and series systems. IEEE
Trans Reliab 43:329-334.

Block HW, Borges WS, Savits TH (1985) Age-dependent minimal repair. J Appl
Prob 22:370-385.

Abdel-Hameed MS (1987) An imperfect maintenance model with block replace-
ments. Appl Stoch Models Data Analysis 3:63-72.

Kijima M (1989) Some results for repairable systems with general repair. J Appl
Prob 26:89-102.

Stadje W, Zuckerman D (1991) Optimal maintenance strategies for repairable
systems with general degree of repair. J Appl Prob 28:384-396.

Makis V, Jardine AKS (1993) A note on optimal replacement policy under
general repair. Eur J Oper Res 69:75-82.

Doyen L, Gaudoin O (2004) Classes of imperfect repair models based on reduc-
tion of failure intensity or virtual age. Reliab Eng Syst Saf 84:45-46.



32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

References 199

Wang H, Pham H (1996) Optimal age-dependent preventive maintenance poli-
cies with imperfect maintenance. Int J Reliab Qual Saf Eng 3:119-135.

Li HJ, Shaked M (2003) Imperfect repair models with preventive maintenance.
J Appl Prob 40:1043-1059.

Shaked M, Shanthikumar JG (1986) Multivariate imperfect repair. Oper Res
34:437-448.

Sheu SH, Griffith WS (1991) Multivariate age-dependent imperfect repair. Nav
Res Logist 38:839-850.

Sheu SH, Griffith WS (1992) Multivariate imperfect repair. J Appl Prob 29:947—
956.

Malik MAK (1979) Reliable preventive maintenance scheduling. AIIE Trans
11:221-228.

Whitaker LR, Samaniego FJ (1989) Estimating the reliability of systems subject
to imperfect repair. J Amer Statist Assoc 84:301-309.

Guo R, Love CE (1992) Statistical analysis of an age model for imperfectly
repaired systems. Qual Reliab Eng Inter 8:133-146.

Shin I, Lin TJ, Lie CH (1996) Estimating parameters of intensity function and
maintenance effect for reliable unit. Reliab Eng Syst Saf 54:1-10.

Pulcini G (2003) Mechanical reliability and maintenance models. In: Pham H
(ed) Handbook of Reliability Engineering. Springer, London:317-348.
Nakagawa T (2000) Imperfect preventive maintenance models. In: Ben-Daya M,
Duffuaa SO, Raouf A (eds) Maintenance, Modeling and Optimization. Kluwer
Academic, Boston:201-214.

Nakagawa T (2002) Imperfect preventive maintenance models. In: Osaki S (ed)
Stochastic Models in Reliability and Maintenance. Springer, New York:125-143.
Wang H, Pham H (2003) Optimal imperfect maintenance models. In: Pham H
(ed) Handbook of Reliability Engineering. Springer, London:397—414.
Nakagawa T (1980) Replacement models with inspection and preventive main-
tenance. Microelectron Reliab 20:427-433.

Nakagawa T (1984) Periodic inspection policy with preventive maintenance.
Nov Res Logist Q 31:33—40.

Nakagawa T (1988) Sequential imperfect preventive maintenance policies. IEEE
Trans Reliab 37:295-298.

Dhillon BS (1986) Human Reliability with Human Factors. Pergamon, New
York.

Gertsbakh I (1977) Models of Preventive Maintenance. North-Holland, Amster-
dam.

Badia FG, Berrade MD, Campos CA (2001) Optimization on inspection inter-
vals based on cost. J Appl Prob 38:872-881.

Badia FG, Berrade MD, Campos CA (2002) Optimal inspection and preventive
maintenance of units with revealed and unrevealed failures. Reliab Eng Syst Saf
78:157-163.

Ng YW, Avizienis A (1980) A unified reliability model for fault-tolerant com-
puters. IEEE Trans Comp C-29:1002—1011.

Nakagawa T (1986) Periodic and sequential preventive maintenance policies. J
Appl Prob 23:536-542.

Nguyen DC, Murthy DN (1981) Optimal preventive maintenance policies for
repairable systems. Oper Res 29:1181-1194.

Lin D, Zuo MJ, Yam RCM (2001) Sequential imperfect preventive maintenance
models with two categories of failure modes. Nav Res Logist 48:172-183.



8

Inspection Policies

System reliability can be improved by providing some standby units. Espe-
cially, even a single standby unit plays an important role in the case where
failures of an operating unit are costly and/or dangerous. A typical example is
the case of standby electric generators in nuclear power plants, hospitals, and
other public facilities. It is, however, extremely serious if a standby generator
fails at the very moment of electric power supply stoppage. Hence, frequent
inspections are necessary to avoid such unfavorable situations.

Similar examples can be found in army defense systems, in which all
weapons are on standby, and hence, must be checked at suitable times. For
example, missiles are stored for a great part of their lifetimes after delivery.
However, their reliabilities are known to decrease with time because some
parts deteriorate with time. Thus, it would be important to test the functions
of missiles as to whether they can operate normally. We need to check them
periodically to monitor their reliabilities and to repair them if necessary.

Earlier work has been done on the problem of checking a single unit. The
optimum schedules of inspections that minimize two expected costs until fail-
ure detection and per unit of time were summarized in [1]. The modified
models where checking times are nonnegligible, a unit is inoperative during
checking times, and checking hastens failures and failure symptoms, were con-
sidered in [2-5]. Furthermore, the availability of a periodic inspection model [6]
and the mean duration of hidden faults [7,8] were derived. The downtime cost
of checking intervals for a continuous production process [9,10] and two types
of inspection [11,12] were proposed. The optimum inspection policies for more
complicated systems were discussed in [13-20]. A good survey of optimization
problems for inspection models was made in [21].

It was difficult to compute an optimum solution of the algorithm presented
by [1] before high-power computers were popular. Nearly optimum inspection
policies were considered in [22-28]. A continuous inspection intensity was in-
troduced and the approximate checking interval was derived in [29,30]. Using
these approximate methods, some modified inspection models were discussed
and compared with other methods [31-37].

201



202 8 Inspection Policies

All failures cannot be detected upon inspection. The imperfect inspection
models were treated in [38-41], and the parameter of an exponential failure
distribution was estimated in [42]. Furthermore, optimum inspection models
for a unit with hidden failure [43] were discussed in [44]. In such models, even
if a unit fails, it continues to operate in hidden failure, and then, it fails. Such
a type of failure is called unrevealed fault [45], pending failure [25], or fault
latency [47].

Most faults occur intermittently in digital systems. The optimum periodic
tests for intermittent faults were discussed in [48-50]. A simple algorithm to
compute an optimum time was developed in [51], and random test for fault
detection in combinational circuits was introduced in [52].

It is especially important to check and maintain standby and protective
units. The optimum inspection models for standby units [53-57] and protec-
tive devices [59-61] were presented. Also, the following inspection maintenance
to actual systems was done: building, industrial plant, and underwater struc-
ture [62-64]; combustion turbine units and standby equipment in dormant
systems and nuclear generating stations [65-67]; productive equipment [68];
fail-safe structure [69]; manufacturing station [70]; automatic trips and warn-
ing instruments [71]; bearing [72]; and safety-critical systems [73]. Moreover,
the delay time models were reviewed in [74,75], where a defect arises and be-
comes a failure after its delay time, and were applied to plant maintenance [76].

This chapter reviews the results of [1] and mainly summarizes our own
results of inspection models. In Section 8.1, we briefly mention the results
of [1], and consider the inspection model with finite number of checks [77].
In Section 8.2, we summarize four approximate inspection policies [31-35,78].
In Section 8.3, we derive two optimum inspection policies for a standby unit
as an example of an electric generator [53]. In Section 8.4, we consider the
inspection policy for a storage system required to achieve a high reliability,
and derive an optimum checking number until overhaul that minimizes the
expected cost rate [80-83]. In Section 8.5, we discuss optimum testing times
for intermittent faults [49,50]. Finally, in Section 8.6, we rewrite the results
of a standard model for inspection policies for units that have to be operating
for a finite interval [84,85]. It is shown that the proposed partition method is
a useful technique for analyzing maintenance policies for a finite interval. The
inspection with preventive maintenance and random inspection is covered in
Sections 7.3 and 9.3, respectively.

8.1 Standard Inspection Policy

A unit should operate for an infinite time span and is checked at successive
times Ty, (k =1,2,...), where Ty = 0 (see Figure 8.1). Any failure is detected
at the next checking time and is replaced immediately. A unit has a failure
distribution F'(t) with finite mean p whose failure rate h(t) is not unchanged
by any check. It is assumed that all times needed for checks and replacement
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| | | e —e—0—
T T T3 Th—1 Ty

X  Failure O  Detection of failure

= Downtime from failure to detection

Fig. 8.1. Process of sequential inspection with checking time T},

are negligible. Let ¢; be the cost of one check and ¢y be the loss cost per unit
of time for the time elapsed between a failure and its detection at the next
checking time, and c3 be the replacement cost of a failed unit. Then, the total
expected cost until replacement is

o Try1
Ol(Tl,Tg, .. ) = Z/ [Cl(k + 1) + CQ(TkJ’_l — t)] dF(t) + c3
k=0 " Tk
=Y [e1+ co(Thpr — Ti)]F (Tk) — cop + cs, (8.1)
k=0

where throughout this chapter, we use the notation ¢ =1 — .
Differentiating the expected cost C1(T1,T5,...) with T} and putting it
equal to zero,
F(Tk) — F(Tk_l) _ Cil
f(Tk) Co
where f is a density function of F. The optimum checking intervals are de-

creasing when f is PFy (Pélya frequency function of order 2), and Algorithm
1 for computing the optimum inspection schedule is given in [1].

Algorithm 1

Tyi1 — Tj, = (k=1,2,...), (8.2)

1. Choose Ty to satisfy ¢; = co fOTl F(t)dt.

2. Compute Ty, T3, ... recursively from (8.2).

3. If any 0 > 0x_1, reduce T and repeat, where 0 = Tpy1 — Tk. If any
0 < 0, increase T} and repeat.

4. Continue until 77 < T < ... are determined to the degree of accuracy
required.

Clearly, because the mean time to replacement time is ZziO(TkH —

T )F(T}), the expected cost rate is, from (3.3) in Chapter 3,

1Y peo F(Th) — cap + c3
S oheo (D1 — Ti) F(T)
In particular, when a unit is checked at periodic times and the failure time
is exponential, i.e., Ty = kT (k =0,1,2,...) and F(t) = 1 — e~ *, the total
expected cost is

CQ(T17T2,...)E + co. (83)
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c1 + eT C2
Gl =7=cw X

The optimum checking time 7™ to minimize (8.4) is given by a unique solution
that satisfies

+ c3. (8.4)

A (14 AT) = 24, (8.5)
C2

Similarly, the expected cost rate is
c1 — (ca/X —c3)(1 — e T

CQ(T) = T + ca. (86)

When ¢3/A > c3, the optimum T is given by solving

1-(14+AT)e = 4

= e (8.7)

The following total expected cost for a continuous production system was
proposed in [9].

- 0 Thy1
Cy(T0, Ts,...) = Z/ lex(k + 1) + e2(Ths1 — To)] dF (L) + 3
k=0 Ty

=a iF(Tk) +c2 i(TkJrl = To)[F(T) = F(Tis1)] + cs.
k=0 k=0
(8.8)

In this case, Equation (8.2) can rewritten as

F(Tp41) = 2F(Tp) + F(Tp-1) a1
f(Tk) Ca
(k=1,2,...). (8.9)

Thyr — 2Tp +Ti—q =

In general, it would be important to consider the availability more than the
expected cost in some production systems [86,87]. Let 3; be the time of one
check and (3 be the replacement time of a failed unit. Then, the availability
is, from (3) of Section 2.1.1,

S F(t)dt
S olBt 4 Topr — TW]F(Tk) + B3

A(Tl,TQ,...) =

Thus, the policy maximizing A(T},T5,...) is the same one as minimizing
Cy(T1,Tz,...) in (8.1) by replacing ¢; = 3; (i =1,3) and ¢3 = 1.

Next, we consider the inspection model with a finite number of checks,
because a system such as missiles involves some parts that have to be replaced
when the total operating times of checks have exceeded a prespecified time
of quality warranty. A unit is checked at times Ty (k= 1,2,...,N — 1) and
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is replaced at time T (N = 1,2,...). The periodic inspection policy was
suggested in [86], where a system is maintained preventively at the Nth check
or is replaced at failure, whichever occurs first. We may consider replacement
as preventive maintenance or overhaul.

In the above finite inspection model, the expected cost when a failure is
detected and a unit is replaced at time T}, (k=1,2,...,N) is

N T

> / [c1k + co(Ty — t) + 3] AF (t)

k=1"Tk—1

and the expected cost when a unit is replaced without failure at time Ty is
(01N + Cg)F(TN)

Thus, the total expected cost until replacement is

N—

J— TN p—
Z c1+ ¢c2 Tk+1 Tk)]F(Tk) —02/ F(t)dt—‘rCS.
k=0 0

,_.

Similarly, the mean time to replacement is

N—-1
Z / TpdF(t) + TNF(Ty) = Y (Thyr — Th)F(T).
Tk—1 k=0

Therefore, the expected cost rate is

o YN o ! (Tk)—c2 N E(t) A+ e
+ c2

k:o "(Tys1 — Ty)F(Ty)

In particular, when T}, = kT (k = 1,2,...,N) and F(t) = 1 — e, the
expected cost rate is

OQ(TlvTQ;"'aTN) =

(8.10)

c 1 c3A
CQ(T) = % — ﬁ(l _ e_AT) (CQ — ]__e?)/\JVT) + Co. (811)

Differentiating Co(T') with respect to T' and putting it to 0, we have

) 3 oy C3ANTe ANT(1 — 2T
(Al—e_)\IVT> [17(1+)\T)e ] — (1_e—)\NT)2 =C1. (812)

Denoting the left-hand side of (8.12) by Qn(T), limr_0Qn(T) = —c3/N
and limy_,o QN (T) = co/\ — c3. First, we prove that Qn(T") is an increasing
function of T for ca/A > ¢1 + ¢3. It is noted that the first term in Qn(7T)
is strictly increasing in 7. Differentiating —Te N7 (1 —e=T) /(1 — e ANT)?2
with respect to T,
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APNT(1 = e T) (1 4+ 7V — (1= e M) (1 — o7 4 ATe ™)),

where A = e *NT /(1 — e 213 > 0 for T > 0. Denoting the quantity in the
bracket of the above equation by Ly (T,

Li(T)=1—-e MM =1+ )>0
Ly (T) = Ly(T) = (1 —e MAT(1 — Ne T 4 Ne AVHDT)
_ (1 _ e—/\T)e—)\NT]

>(1—e )21 — (N 4 1)e MT4 Ne VDT 5

Hence, Ly (T) is strictly increasing in N. Thus, Ly(T) is always positive
for any N, and the second term of Qn(T') is an increasing function of T,
which completes the proof. Therefore, there exists a finite and unique Ty
(0 < T} < o0) that satisfies (8.12) for ca/A > ¢1 + ¢3, and it minimizes Co(T)
in (8.11).

Next, we investigate properties of Tx. We prove that Qn(T) is also an
increasing function of N as follows. From (8.12),

Qn+1(T) = Qn(T) = cs(1 — e )1 — Ex(T)]

1— (14 AT)e N (N 4+ 1)e AT
Ex(T)Exma (@) <EN<T>2 T Enm (T2 )]

where En(T) = 1—e *NT . The first term in the bracket of the above equation
is positive. The second term can be rewritten as
N (N4 DeT  NEy (TP - (N 4+ 1) Ey (1)
En(T?  Exa(T)? Ex(T) i (T)?

and the numerator of the right-hand side is

NEN1(T)? = (N +1)e " En(T)?

_ e—)\T[N(e)\T o 1)(1 _ e—)\(2N+1)T) _ (1 _ e—)\NT)2] > 0.

Hence, Qn(T) is a strictly increasing function of N because Qn4+1(T) —
Qn(T) > 0. Thus, T} decreases when N increases. When N = 1, we have
from (8.12),

Jom3T = (c1 + c3)A

1— (14 AT (8.13)
C2
and when N = oo,
A
1— (14 \T)e M = 924 8.14
(1+AT)e Y (8.14)

Because [(¢1 + ¢3)A]/ca > 1A/ (ca — c3A), we easily find that T < T < TY,
where T} and T are the respective solutions of (8.13) and (8.14).



8.2 Asymptotic Inspection Schedules 207

Table 8.1. Optimum checking time T3 when ¢; = 10, c2 = 1, and ¢3 = 100

A=1.0x10"3 A=11x10"3 A=12x10"3
m
1.0 1.1 1.2 13[1.0 1.1 1.2 13[1.0 1.1 1.2 1.3
564 436 355 309|543 423 347 307|526 412 341 307
396 315 259 223|380 304 251 219|367 294 245 217
328 268 224 193|314 258 216 188|303 249 210 185
289 243 206 178|277 233 198 173|267 225 192 169
264 228 195 170|253 218 188 165|243 210 181 161
246 217 189 165|236 208 181 160|226 200 174 156
233 210 184 162223 200 176 157|214 192 170 154
222 204 181 161(212 194 173 156|204 186 167 153
214 200 179 160|204 190 171 155|196 182 165 152
207 196 178 160|197 187 170 155|189 179 163 152

=

© 0~ O U Wi

—_
=]

The condition of ca/A > ¢1 + ¢3 means that the total loss cost until the
whole life of a unit is higher than the sum of costs of checks and replacements.
This would be realistic in the actual field.

Ezample 8.1. 'We compute the optimum checking time T’y that minimizes
Cy(T) in (8.11) when F(t) = 1 — exp(=At"™) (m > 1). When m = 1, it
corresponds to an exponential case. Table 8.1 shows the optimum time Ty
for A = 1.0 x 1073, 1.1 x 1073, 1.2 x 1073 /hour, m = 1.0, 1.1, 1.2, 1.3 and
N=1,2,...,10 when ¢; = 10, co =1, and ¢z = 100. This indicates that T’y
decreases when A\, m, and N increase, and that a unit should be checked once
every several weeks. g

8.2 Asymptotic Inspection Schedules

The computing procedure for obtaining the optimum inspection schedule was
specified in [1]. Unfortunately, it is difficult to compute Algorithm 1 numeri-
cally, because the computations are repeated until the procedures are deter-
mined to the required degree by changing the first checking time. To avoid
this, a nearly optimum inspection policy that depends on a single parameter
p was suggested in [22]. This policy was used for Weibull and gamma distri-
bution cases [23,24]. Furthermore, the procedure of introducing a continuous
intensity n(t) of checks per unit of time was proposed in [29,30]. This section
summarizes four approximate calculations of optimum checking procedures.

(1) Periodic Inspection

When a unit is checked at periodic times kT (k = 1,2,...), the total expected
cost is, from (8.1),
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C\(T) = ZE{D} + u] + 2 B{D} + cs, (8.15)

where E{D} =37, fOT [F(t + kT) — F(kT)] dt, which is the mean duration
of time elapsed between a failure and its detection.
Suppose that F(t) has the piecewise linear approximation:

F({t+kT)— F(kT) = %[F((k +1)T)—-F(kT)] (0<t<T). (8.16)
Then, E{D} = T/2; i.e., the mean duration of undetected failure is half the
time between the checking times. The result is also given when the failure
times between successive checking times are independent and distributed uni-
formly. In this case, the optimum checking time is 77 = /(2¢14)/co. This time
is also derived from (8.5) by putting e’” ~ 1 4+ AT + (AT')2/2 approximately
and A =1/p.

(2) Munford and Shahani’s Method

The asymptotic method for computing the optimum schedule was proposed
in [22]. When a unit is operating at time Tj_1, the probability that it fails in
an interval (Tj_1,Ty] is constant for all k; i.e.,

F(Ty) — F(Tk-1)

) =p (k=1,2,...). (8.17)

This represents that the probability that a unit with age T}, _; fails in interval
(Tk—1,Ty] is given by a constant p. Noting that F(71) = p, Equation (8.17)
can be solved for T}, and we have

F(Ty) = ¢* or T, =F 1(q’“) (k=1,2,...), (8.18)
where g =1 —p (0 < p < 1). Thus, from (8.1), the total expected cost is
c > _
Ci(p) = gl +022quk 'p— cop+ cs. (8.19)
k=1

We seek p that minimizes C;(p) in (8.19). It was assumed in [28] that p is not
constant and is an increasing function of the checking number.

(3) Keller’s Method

An inspection intensity n(t) is defined as follows [29]: n(¢)dt denotes the prob-
ability that a unit is checked at interval (¢,t + dt) (see Figure 8.2). From this
definition, when a unit is checked at times T}, we have the relation

/Tkn(t)dt:k (k=1,2,...). (8.20)
0
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any size is 1 //
n(t) d
0 Ty T, T35 T, Tj

Fig. 8.2. Inspection intensity n(t)

Furthermore, suppose that the mean time from the failure at time ¢ to its
detection at time ¢t + a is half of a checking interval, the same as obtained in

case (1). Then, we have
t+a 1
du = -
/t n(u) du 5

which can be approximately written as

and hence, a = 1/[2n(¢)]. By the same arguments, we can easily see that
the next checking interval, when a unit was checked at time T}, is 1/n(T})
approximately.

Therefore, the total expected cost in (8.1) is given by

Cn(t)) = /0 h [cl /0 () du + 2;?15)} dF(t) + 3
_ /OOOF(t) [cln(t) + 622:(%)} dt + cs, (8.21)

where h(t) = f(t)/F(t) which is the failure rate. Differentiating C'(n(t)) with
n(t) and putting it to zero,

n(t) = %c(lt) (8.22)

Thus, from (8.20), the optimum checking time is given by the equation:
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g -
k;:/o Jazhtdt (=120, (8.23)

The inspection intensity n(t) was also obtained in [36] by solving the Eu-
ler equation in (8.21), and using n(t), the optimum policies for models with
imperfect inspection were derived in [88].

In particular, when F(t) = 1—e~*!, the interval between checks is constant,
and is 4/2¢1/(Aca) which agrees with the result of case (1). It is of great
interest that a function 1/2c;/(Ace) evolves into the same form as an optimum
order time of a classical inventory control model [89], by denoting ¢; and co
as the ordering cost per order and holding cost per unit of time, respectively,
and A as the constant demand rate for an inventory unit.

(4) Nakagawa and Yasui’s Method
When T, is sufficiently large, we may assume approximately [79]
Thi1—Th+e=T,—Th_1. (8.24)

It is easy to see that if f is PFy then € > 0 because the optimum checking
intervals are decreasing [1]. Further substituting the relation (8.24) into (8.2),

R O (I

€ >0 8.25
C2 f(Tn) ( )
because f(t) > f(T,,) for t <T,, and large T;,. Thus, we have 0 < e < ¢q/ca.

From the above discussion, we can specify the computation for obtaining
the asymptotic inspection schedule.

Algorithm 2

1. Choose an appropriate € from 0 < & < ¢1/co.
2. Determine a checking time T, after sufficient time for required accuracy.
3. Compute T,,_1 to satisfy
F(Tn> - F(Tnfl) C1
T,—T, 1—¢c= _
n n—1 f(Tn) Cs

4. Compute T,,_1 > T,,—2 > ... recursively from (8.2).
5. Continue until Ty, < 0 or Tiy1 — T > Tk.

Example 8.2. Suppose that the failure time has a Weibull distribution with
a shape parameter m; i.e., F(t) = 1 — exp[—(\t)™].

(1) Periodic inspection. The optimum checking time is

)\Tvl _ {22\26111(1 N nll):|1/2.
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Table 8.2. Comparisons of Nakagawa, Barlow, Munford, and Keller policies when
F(t) =1 — exp[—(At)?], 1/X = 500, and c1/c2 = 10

Nakagawa Barlow Munford Keller

k T, = 1500 p=0.215
e=5b =45

1| 2196 207.1 205.6  205.6 246.0 177.8
2 | 318.7 308.9 | 307.6 307.6 347.9 282.3
3| 402.0 393.5 | 392.3 3923 426.1 369.9
4| 476.4  468.7 | 467.5  467.5 492.0 448.1
5 | 544.8 537.6 | 536.4 536.5 550.1 520.0
6 | 608.7 6019 | 600.7 600.8 602.6 587.2
7| 669.1 662.6 | 661.5 661.6 650.9 650.8
8 | 726.6 7204 | 719.2 7194 695.8 711.4
9 | 7817 7758 | T74.6 T74.8 738.0 769.5
10| 834.8 829.1 | 827.8 828.2 777.9 825.5
11| 886.1 880.6 | 879.3 879.7 815.9 879.6
12| 935.8 930.5 | 929.1 929.7 852.2 932.2
13| 984.1 979.0 | 9774 978.3 887.0 983.3
141 1031.1 1026.2 | 1024.5 1025.6 920.5 1033.1

(2) Munford and Shahani’s method. From (8.19), we obtain p that minimizes

>\Cl 1 1/m oo
g(p) =—+(log=) Y k"¢ 'p
pbe2 q 1

and the optimum checking intervals are

1/m
)\Tk=<klogq> (k=1,2,...).
(3) Keller’s method. From (8.23),

C1

2/(m+1)
2mA™cy }

Ty, = [(m + 1)k

In particular, when m = 1, Ty, = k+v/2c¢1/(Aca).

Table 8.2 shows the comparisons of the methods of Barlow et al., Munford
et al., Keller, and Nakagawa et al., when m = 2, 1/A = 500, ¢1/co = 10.
Nakagawa and Yasui’s method gives a fairly good approximation of Barlow’s
one. In particular, when we choose € = 4.5, the results are almost the same as
the sequence of optimum checking times. The computation of Keller’s method
is very easy, and this method would be very useful for obtaining checking times
in the actual field. g
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8.3 Inspection for a Standby Unit

In this section, we consider an inspection policy for a single standby electric
generator. We check a standby generator frequently to guarantee the upper
bound of the probability that it has failed at the time of the electric power
supply stoppage, but to reduce unnecessary costs do not check it too fre-
quently.

The details of the model are described as follows.

(1) The failure time of a standby generator has a general distribution F'(¢)
and its failure is detected only at the next checking time.

(2) A failed standby generator, which was detected at some check, undergoes
repair immediately and its repair time has a general distribution G(t).

(3) The time required for the check is negligible and a standby generator
becomes as good as new upon inspection or repair.

(4) The next checking time is scheduled at constant time 7' (0 < T < o0)
after either the prior check or the repair completion.

(5) Costs ¢g and ¢; are incurred for each repair and check, respectively, and
cost ¢y is incurred for the failure of a generator when the electric power
supply stops, where co > ¢y > ¢;.

(6) The policy terminates with the time of electric power supply stoppage,
which occurs according to an exponential distribution (1 —e™%%).

Under the assumptions above, we consider two optimization problems: (a)
an optimum checking time 7™ that minimizes the expected cost until the
time of electric power supply stoppage, and (b) the largest T such that the
probability that a generator has failed at the time of electric power supply
stoppage is not greater than a prespecified value .

To obtain the expected cost of the inspection model as described above,
we derive the expected numbers of checks and repairs of a standby electric
generator, and the probability that it has failed at the time of electric power
supply stoppage.

As an initial condition, it is assumed for convenience that a generator goes
into standby and is good at time 0. Furthermore, for simplicity of equations,
we define D(t) = 0 for t < T and = 1 for t > T} i.e., D(t) is a degenerate
distribution at time 7.

Let H(t) be the distribution of the recurrence time to the state that a
standby generator is good upon inspection or repair completion. Then, we
have

H(t) = /0 t F(u) dD(u) + [ /0 t F(u) dD(u)] «G(2), (8.26)

where the asterisk represents the Stieltjes convolution. Equation (8.26) can be
explained by the first term on the right-hand side being the probability that a
standby generator is good upon inspection until time ¢, and the second term
the probability that a failed generator is detected at a check and its repair is
completed until time t.
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In addition, let My(t) and M (t) be the expected numbers of repairs of a
failed generator and of checks of a standby generator during (0, t], respectively.
Then, the following renewal-type equations are given by

Mo(t /F )dD(u) + H(t) * Mo(t) (8.27)
My(t) = D(t) + H(t) * My(t). (8.28)

Thus, forming the Laplace-Stieltjes (LS) transforms of (8.26), (8.27), and
(8.28), respectively, we have

H*(s) = e *T[F(T) + F(T)G*(s)] (8.29)
efsTF(T) efsT
Mj(s) = ———— M{(s) = ———— .
where throughout this section, we denote the LS transform of the function by
the corresponding asterisk; e.g., G*(s) = [;* e**dG(t) for s > 0.

Next, let P(t) denote the probablhty that a standby generator has failed
at time ¢; i.e., a standby generator, which is not good, will be detected at the
next check or a failed generator, which was detected at the prior check, is now
under repair. Then, the probability that a standby generator is good at time
t is given by

P(t)=F(t)D(t) + H(t) = P(t).

Forming the LS transform of P(t), we have

i sestF(t)dt

L-F(s) = 1— H*(s)

(8.31)

We consider the total expected cost until the time of electric power supply
stoppage. Note that the inspection model of a standby generator may involve
at least the following three costs: the costs ¢y and ¢y incurred by each repair
and each check, respectively, and the cost ¢y incurred by failure of a standby
generator when the electric power supply stops.

Suppose that the electric power supply stops at time ¢. Then, the total
expected cost during (0, ] is given by

C(t) = coMo(t) + e1 My (t) + e P(1).

Thus, dropping the condition that the electric power supply stops at time ¢
from assumption (6), we have the expected cost:

T)= / E’(t)aefat dt = coMg (o) + 1 M7 (@) + c2P* ()
0

which is a function of T'. Using (8.30) and (8.31), C1(T) can be written as
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e TegF(T) + 1] — e fT ae TF(t)dt
auT) = 1— e oT[F(T) + F?T)G*(a)] e (8.32)

It is evident that

C1(0) = lim Cy(T) = oo, Ci(o0) = lim C1(T) = coF*(a)

T—0 T—o00

which represents the expected cost for the case where no inspection is made.

We seek an optimum checking time 77 that minimizes the expected cost
C1(T) given in (8.32). Differentiating log C;(T') with respect to T, we have,
for large T,

d[lOg 01 (T)] - Oée_aT CQG*<OZ) —Cyp — C1
dT - o F*(a)

—G*(a)] .

Thus, if the quantity in the bracket on the right-hand side is positive; i.e.,
cG*(a)[1 — F*(a)] > ¢o + ¢, (8.33)

then there exists at least some finite 7" such that C;(c0) > C1(T'), and hence,
it is better to check a standby generator at finite time 7.

In general, it is difficult to discuss analytically an optimum checking time
T* that minimizes C;(7T). In particular, consider the case where F(t) = 1 —
e M and G(t) = 1 for t > 0; i.e., the failure time is exponential and the repair
time is negligible. Then, the resulting cost is

e—aT[co(l_e—)\T) Tl + 02[1_e—aT_L(1_e—(a+)\)T)]
) = 1 _e-oTl ot . (8.34)

Differentiating C (T) with respect to T and setting it equal to zero,

Coe—)\T |:1+2(1 _ e—aT):| + ¢y |:1 _ e—)\T_ ﬁ(l _ e—(a+>\)T):| = co + c1,
(8.35)
where the left-hand side is strictly increasing in the case of co > [(a+\)/a]cy,
and conversely, nonincreasing in the case of ca < [(a + \)/a]cg. Further note
that the left-hand side is ¢y as T — 0 and [o/(a+ N)]eg as T — oo.
Therefore, we have the following results from the above discussion.

(i) If ca > [(a+ A)/a](c1 + ¢o) then there exists a finite checking time T7
that satisfies (8.35), and the resulting cost is

Cl(T*) —Cy —C1 —Cy — <62 — Coa Z A)e)‘T*. (836)

(ii) If c2 < [(a 4+ A)/a](c1 + ¢o) then T5 = oo; i.e., no inspection is made, and
C1(00) = c2[A/(a+ A)].
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Note that the inequality of co > [(a+ \)/a](c1 + ¢o) has been already derived
from (8.33).

It is also of interest to make the probability as small as possible by checks,
that a standby generator has failed at the time of electric power supply stop-
page. If the probability is prespecified, we can compute a checking time T;
such that P*(«a) < ¢; i.e.,

[ et dF(t) — e T F(T)G*(a)
| e oT[F(T) + F(D)C ()] (8:37)

For instance, if the repair time is negligible, i.e., G*(«) = 1, then the left-hand
side of (8.37) is strictly increasing in 7. Hence, there exists a unique checking
time T that satisfies

[T F(t)aet dt

e ¢ (8.38)

for sufficiently small € > 0.

Until now, we have assumed that a standby generator becomes as good as
new upon inspection. Next, we make the same assumption as the previous ones
except that the failure rate of a standby generator remains undisturbed by
any inspection. This assumption would be more plausible than the previous
model in practice, however, the analysis becomes more difficult. Then, the
expected cost until the time of electric power supply stoppage is [53]

co Yoo e MIF((k = 1)T) — F(KT)]
+eays e MTE((k - 1)T) — eol — F*(a)]

Co(T) = 1— G*(a) S e~k T[F((k — 1)T) — F(kT)]

e (8.39)

It is evident that C5(0) = oo and Cy(00) = co F* (). Furthermore, for large T,

d[log C5(T)] ~ go—oT c2G* (@) — g — ¢

dT e F* (o) — @)

Thus, if c2G*(a)[1 — F*(a)] > co + ¢1, then there exists at least some finite
T such that Cy(oc0) > C2(T'), which agrees with the results of the previous
model.

It is very difficult to obtain analytically an optimum time 73 that min-
imizes Cy(T) in (8.39). It is noted, however, that the expected cost Co(T)
agrees with (8.34) in the special case of F(t) = 1 — e * and G(t) = 1 for
t>0.

Ezample 8.3.  We give a numerical example where F(t) = (1 + At)e™** and
G(t) = (1 + 0t)e™%, both of which are the gamma distribution with shape
parameter 2. Table 8.3 shows the optimum checking times T} and T35 for the
mean failure time 2/A and cost ¢p, when ¢y = 30 dollars, ¢; = 3 dollars,
1/6 = 12 hours, and 1/« = 1460 hours; i.e., the electric power supply stops
6 times a year on the average. It has been shown that both of the checking
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Table 8.3. Dependent of mean failure time 2/A and cost ¢z in optimum checking
times 77" and Ty when ¢o = 30, ¢1 = 3, 1/6 =12, and 1/a = 1460

c2 =150 | ¢z = 250 | ¢z = 350
2/\ [Ty T3 | Ty 13 | Iy 13
1200 | 292 480 | 249 308 | 224 241
1600 | 368 535 311 354|279 280
2000 | 439 594 369 399 330 318
2400 | 507 656 | 424 445|379 356
2800 | 572 720 | 477 491|425 393
3200 | 635 783|528 537|469 430
3600 | 697 848 | 578 582|512 467
4000 | 757 914|626 628 | 554 503

times are increasing if 2/ is increasing and are decreasing if ¢ is increasing.
In addition, 75" becomes greater than 75 when co and 2/A are large enough. g

8.4 Inspection for a Storage System

A system such as missiles is in storage for a long time from delivery to the
actual usage and has to hold a high mission reliability when it is used [90].
After a system is transported to each firing operation unit via the depot, it
is installed on a launcher and is stored in a warehouse for a great part of
its lifetime, and waits for its operation. Therefore, missiles are often called
dormant systems.

However, the reliability of a storage system goes down with time because
some kinds of electronic and electric parts of a system degrade with time
[91-95]. The periodic inspection of stored electronic equipment was studied
and how to compute its reliability after ten years of storage was shown in [96].
We should test and maintain a storage system at periodic times to hold a
high reliability, because it is impossible to check whether a storage system
can operate normally.

In most inspection models, it has been assumed that the function test can
clarify all system failures. However, a missile is exposed to a very severe flight
environment and some kinds of failures are revealed only in such severe con-
ditions. That is, some failures of a missile cannot be detected by the function
test on the ground. To solve this problem, we assume that a system is divided
into two independent units: Unit 1 becomes new after every test because all
failures of unit 1 are detected by the function test and are removed com-
pletely by maintenance, but unit 2 degrades steadily with time from delivery
to overhaul because all failures of unit 2 cannot be detected by any test. The
reliability of a system deteriorates gradually with time as the reliability of
unit 2 deteriorates steadily.
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This section considers a system in storage that is required to achieve a
higher reliability than a prespecified level ¢ (0 < ¢ < 1). To hold the reliability,
a system is tested and is maintained at periodic times NT (N =1,2,...), and
is overhauled if the reliability becomes equal to or lower than ¢. A test number
N* and the time N*T 4+t until overhaul, are derived when a system reliability
is just equal to ¢. Using them, the expected cost rate C(T) until overhaul is
obtained, and an optimum test time 7™ that minimizes it is computed. Finally,
numerical examples are given when failure times of units have exponential
and Weibull distributions. Two extended models were considered in [82,97],
where a system is also replaced at time (N + 1)T', and may be degraded at
each inspection, respectively.

A system consists of unit 1 and unit 2, where the failure time of unit ¢
has a cumulative hazard function H;(t) (i = 1,2). When a system is tested at
periodic times NT (N =1,2,...), unit 1 is maintained and is like new after
every test, and unit 2 is not done; i.e., its hazard rate remains unchanged by
any tests.

From the above assumptions, the reliability function R(t) of a system with
no inspection is

R(t) = e H1(O—H2(®), (8.40)

If a system is tested and maintained at time ¢, the reliability just after test is
R(tyo) = e H2(),
Thus, the reliabilities just before and after the Nth test are, respectively,
R(NT_o) = e H1(D~H2NT) - R(NT, ) = e H2(NT), (8.41)

Next, suppose that the overhaul is performed if a system reliability is equal
to or lower than ¢. Then, if

e—Hl(T)—Hz(NT) >q> e—H1(T)—H2[(N+1)T] (842)

then the time to overhaul is NT + to, where to (0 < to < T') satisfies

ele(to)*Hz(NTthO) =q. (843)

This shows that the reliability is greater than ¢ just before the Nth test and
is equal to ¢ at time NT + tg.

Let ¢; and co be the test and the overhaul costs, respectively. Then, de-
noting the time interval [0, NT +to] as one cycle, the expected cost rate until
overhaul is given by
Necy +c2
NT +ty

We consider two particular cases where the cumulative hazard functions
H;(t) are exponential and Weibull ones. A test number N* that satisfies (8.42),
and to that satisfies (8.43), are computed. Using these quantities, we compute
the expected cost C(T', N) until overhaul and seek an optimum test time T7*
that minimizes it.

C(T,N) = (8.44)
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(1) Exponential Case

When the failure time of units has an exponential distribution, i.e., H;(t) =
Ait (i =1,2), Equation (8.42) is rewritten as

1

1
log — < AT < log —, (8.45)
q q

1
Na+1 (N-1)a+1

where A = M+ Xy and a = Ho(T)/[H1(T)+ Ha(T)] = X2/A (0 < a < 1) which
represents an efficiency of inspection [90], and is widely adopted in practical
reliability calculation of a storage system.

When a test time T' is given, a test number N* that satisfies (8.45) is
determined. Particularly, if log(1/q) < AT then N* = 0, and N* diverges as
AT tends to 0. In this case, Equation (8.43) is

1
N*XoT + Mty = log a (846)

From (8.46), we can compute ty easily. Thus, the total time to overhaul is

1 1
N*T +tyg=N*"(1—a)T + Xlogf (8.47)
q
and the expected cost rate is
N*Cl + c2

C(T, N*) (8.48)

N*(l—a)T—i—%log%'

When a test time T is given, we compute N* from (8.45) and N*T + ¢
from (8.47). Substituting these values into (8.48), we have C'(T, N*). Changing
T from 0 to log(1/q)/[A(1 —a)], because AT is less than log(1/¢)/(1 —a) from
(8.45), we can compute an optimum T* that minimizes C(T, N*). In the
particular case of AT > log(1/q)/(1 — a), N* = 0 and the expected cost rate
is C(T,0) = ca/tg = Aea/log(1/q).

Example 8.4. Table 8.4 presents the optimum number N* and the total
time A\(N*T + t9) to overhaul for AT when ¢ = 0.1 and ¢ = 0.8. For example,
when AT increases from 0.203 to 0.223, N* = 1 and A(N*T + t;) increases
from 0.406 to 0.424. In accordance with the decrease in AT, both N* and
A(N*T + tp) increase as shown in (8.45) and (8.47), respectively.

Table 8.5 gives the optimum number N* and time AT* that minimize
the expected cost C(T,N) for ¢a/c1, a and ¢, and the resulting total time
A(N*T* 4+ ty) and the expected cost rate C(T*, N*)/\ for ¢; = 1. These
indicate that A\T™ increases and A(N*T™* + t3) decreases when c¢;/ce and a
increase, and both AT and A\(N*T* + () decrease when ¢ increases. g
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Table 8.4. Optimum inspection number N* and total time to overhaul A\(N*T +to)
for AT when a = 0.1 and ¢ = 0.8

AT N AN'T + to)
[0.223, 00) 0 [0.223,00)

(0.203,0.223)| 1 [0.406,0.424)
[0.186,0.203)| 2 [0.558,0.588)
[0.172,0.186) | 3  [0.687,0.725)
0.159,0.172) | 4 [0.797,0.841)
[0.149,0.159) | 5  [0.893,0.940)
[0.139,0.149)| 6  [0.976,1.026)
(0.131,0.139)| 7 [1.050,1.102)
[0.124,0.131)| 8  [1.116,1.168)
(0.117,0.124)| 9  [1.174,1.227)
(0.112,0.117)| 10  [1.227,1.280)

Table 8.5. Optimum inspection time AT™, total time to overhaul A(N*T +t), and
expected cost rate C'(T")/A

c2/er a g |[N® AT XN'T*+to) C(T*,N*)/A
10 0.1 0.8 8 0.131 1.168 15.41
50 0.1 0.8 ] 19 0.080 1.586 43.51
10 0.5 038 2 0.149 0.372 32.27
10 0.1 09 7 0.062 0.552 32.63

(2) Weibull Case

When the failure time of units has a Weibull distribution; i.e., H;(t) = (A;t)™
(i =1,2), Equations (8.42) and (8.43) are rewritten as

1 1 1/m 1 1 1/m
log — <NM<{——————log—
{a[(N+1>m—1]+1 qu} = {a[Nm—l]H qu}

m m 1 1
(I—a)ty' +a(NT +to)™ = WIOgQ’

respectively, where A" = A\* + A\3* and

I ¢ MY
T+ Ha(T) AL

When an inspection time T is given, N* and t( are computed from (8.49)
and (8.50). Substituting these values into (8.44), we have C(T, N*), and chang-
ing T from 0 to [log(1/¢)/(1—a)]"/™ /A, we can compute an optimum T* that
minimizes C(T, N*).
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Inspection time AT —

Fig. 8.3. Relation between AT and C(7")/\ in the exponential case

Ezample 8.5. When the failure time of unit ¢ has Weibull distribution {1 —
exp[—(\it)1?]} and ¢; = 1, ¢a = 10, @ = 0.1, and ¢ = 0.8, Figure 8.3 shows
the relationship between AT and C(T, N*)/A, and that the optimum time is
AT* = 0.230 and the resulting cost rate is C(T*, N*)/A = 11.19. In this case,
the optimum number is N* =5 and the total time is A(N*T™ +t5) = 1.34. g

8.5 Intermittent Faults

Digital systems have two types of faults from the viewpoint of operational
failures: permanent faults due to hardware failures or software errors, and
intermittent faults due to transient failures [98,99]. Intermittent faults are
automatically detected by the error-correcting code and corrected by the er-
ror control [100, 101] or the restart [102, 103]. However, some faults occur
repeatedly, and consequently, will be permanent faults. Some tests are ap-
plied to detect and isolate faults, but it would waste time and money to do
more frequent tests.

Continuous and repetitive tests for a continuous Markov model with inter-
mittent faults were considered in [48]. Redundant systems with independent
modules were treated in [46]. Furthermore, they were extended for non-Markov
models [98] and redundant systems with dependent modules [104].

This section applies the inspection policy to intermittent faults where the
test is planned at periodic times kT (k= 1,2,...) to detect these faults (see
Figure 8.4). We obtain the mean time to detect a fault and the expected
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T T T
?/\/\/\
T T
—— Operating state = Fault state O  Detection of fault

Fig. 8.4. Process of periodic inspection for intermittent faults

number of tests. In addition, we discuss optimum times 7™ that minimize the
expected cost until fault detection, and maximize the probability of detect-
ing the first fault. An imperfect test model where faults are detected with
probability p was treated in [50].

Suppose that faults occur intermittently; i.e., a unit repeats the operating
state (State 0) and fault state (State 1) alternately. The times of respective
operating and fault states are independent and have identical exponential
distributions (1 —e™*) and (1 —e~%) with # > \. The periodic test to detect
faults is planned at times k7" (k = 1,2,...). It is assumed that the faults of a
unit are investigated only through test which is perfect; i.e., faults are always
detected by test when they occur and are isolated. The time required for test
is negligible.

The transition probabilities Py;(t) from state 0 to state j (j = 0,1) are,
from Section 2.1,

0 A A
— 7 4 7 (o) _ _—(+0)t
Poo(t) el . Pou(t) /\+9(1 e ).

Using the above equations, we have the following reliability quantities. The
expected number M (T') of tests to detect a fault is

];) 4 1)[Poo(T) Poy (T) = Pml( ) (8.51)
the mean time [(T") to detect a fault is
) = 3+ DT (DY P (7) = et (8.52)

the probability Py(T') that the first occurrence of faults is detected at the first
test is

T
Py(T) = / e 0T \e Mt = ﬁ(e”‘T —e T, (8.53)
o _

the probability P;(T) that the first occurrence of faults is detected at some
test is
Pi(T) = Py(T) + e Py(T),



222 8 Inspection Policies

i.e.,
X e M e
TO—)\ 1—e AT

and the probability Qx(T) that some fault is detected until the Nth test is

0T
P (T)

(8.54)

QN(T) =1~ [Poo(T)". (8.55)

Using the above quantities, we consider the following four optimum poli-

cies. The expected cost until fault detection is, from (8.51) and (8.52),
c1 + T

C(T)=cM(T (T) = ——F—— 8.56

(T) = aM(T) + l(T) = L (3.56)

where ¢; = cost of one test and co = operational cost rate of a unit. We seek

an optimum time 775 that minimizes C(T'). Differentiating C(T") with respect

to T and setting it equal to zero imply

1 c
MH+OT _ 8.57
A+0 (e ) ) (8:57)
The left-hand side of (8.57) is strictly increasing from 0 to infinity. Thus, there
exists a finite and unique T3 that satisfies (8.57).
We derive an optimum time 73 that maximizes the probability Py(T).
From (8.53), it is evident that limp_,o Py(T) = 0, and

dPy(T) A
dr 60—

(0T — Ne™ AT,

Thus, by putting dPy(T")/dT = 0 because § > A, an optimum 7% is

logf — log A
Ty =——. 8.58
Furthermore, we derive a maximum time T3 that satisfies P (T) > q1; i.e.,
the probability that the first occurrence of faults is detected at some test is
greater than a specified ¢; (0 < g1 < 1). It is evident that limp_,o Py (T) = 1,
limp_,o P1(T) =0, and

dP(T) X e 0T
AT~ 60—\ (1 —eAT)

S0 —1) = AT —1)] <0.

Thus, Py (T) is strictly decreasing from 1 to 0, and hence, there exists a finite
and unique T3 that satisfies Py (T) = q;.

Next, suppose that the testing times T; (¢ = 1,2, 3) are determined from
the above results. The probability that a fault is detected until the Nth test
is greater than ¢ (0 < g2 < 1) is QN (T") > g2. Thus, a minimum number N*
that satisfies [Poo(T7)]N <1 —qq is
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Table 8.6. Optimum time 77 to minimize C(7) and maximum time 73 to satisfy
P(T) > a

17 Ty

0/A ci/es q1 (%)

1 5 10 50 100 | 50 60 70 80 90
1.2 {0.80 1.39 1.70 2.50 2.87|1.29 0.96 0.68 0.43 0.20
1.510.85 1.49 1.82 2.70 3.10|1.33 0.99 0.69 0.44 0.20
2.010.90 1.60 1.97 293 3.37|1.38 1.02 0.71 0.44 0.21
5.0 11.03 1.86 2.30 3.49 4.03|1.49 1.07 0.74 0.45 0.21
10.0{1.09 197 245 3.73 432|154 1.10 0.75 0.46 0.21
50.0|1.14 2.07 2.59 3.95 4.59|1.58 1.12 0.76 0.46 0.21

Table 8.7. Optimum time 75 to maximize Py(7") and minimum number N* such
that Qn(15) > ¢2

N*

O/x| Ts g2 (%)

50 60 70 80 90
12[109]2 2 3 4 5
15[(122(2 2 3 4 6
20(139(3 3 4 5 7
5012015 6 8 10 14
10.0(2.56 | 8 11 14 19 26
50.014.00 | 36 48 62 83 119

. [log(l — q2)

= Tog Poo(17) Poo(Ti*)} +1 (8.59)

where [z] denotes the greatest integer contained in x.

Ezample 8.6. Suppose that 6/ = 1.2, 1.5, 2.0, 5.0, 10.0, 50.0; i.e., all times
are relative to the mean fault time 1/0. Table 8.6 presents the optimum time
T} that minimizes the expected cost C(T') in (8.56) for ¢1/co = 1, 5, 10, 50,
100, and the maximum time T3 that satisfies P,(T) > ¢; for ¢ = 50, 60, 70,
80, 90 (%). Table 8.7 shows the optimum time T3 that maximizes Py(T") and
minimum number N* that satisfies Qn(T5) > ¢o.

For example, when /X = 10 and ¢; /¢ = 10, the optimum time is T} =
2.45. In particular, when 1/\ = 24 hours and 1/6 = 2.4 hours, the test should
be done at about every 6 (= 2.45 x 2.4) hours. To maximize the probability of
detecting the first fault at the first test, Ty = 2.01 for /A = 5.0. If the same
test in this case is repeated ten times, a fault is detected with more than 80%
probability from Table 8.7. Furthermore, if the test is done at T3 = 0.45, the
probability of detecting the first fault is more than 80% from Table 8.6.

We have adopted the testing time 77 in cost, and T3 and T35 in probabilities
of detecting the first occurrence of faults. In particular, the result of Ty =
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(log @ —log A) /(6 — A) is quite simple. If X and 6 vary a little, we can compute
T5 easily and should make the next test at time 75. These testing strategies
could be applied to real digital systems by suitable modifications. g

8.6 Inspection for a Finite Interval

Most units would be operating for a finite interval. Practically, the working
time of units is finite in actual fields. Very few papers treated with replace-
ments for a finite time span. The optimum sequential policy [1] and the asymp-
totic costs [105,106] of age replacement for a finite interval were obtained.

This section summarizes inspection policies for an operating unit for a
finite interval (0,5] (0 < S < o0) in which its failure is detected only by
inspection. Generally, it would be more difficult to compute optimum inspec-
tion policies in a finite case than those in an infinite one. We consider three
inspection models of periodic and sequential inspections in Section 8.1, and
asymptotic inspection in Section 8.2.

In periodic inspection, an interval S is divided equally into N parts and a
unit is checked at periodic times kT (k =1,2,...,N) where NT = S. When
the failure time is exponential, we first compute a checking time in an infinite
case, and using the partition method, we derive an optimum policy that shows
how to compute an optimum number N* of checks in a finite case.

In sequential inspection, we show how to compute optimum checking times.
Such computations might be troublesome, because we have to solve some
simultaneous equations, however, they would be easier than those of Algo-
rithm 1 in Section 8.1 as recent personal computers have developed greatly.

In asymptotic inspection, we introduce an inspection intensity and show
how to compute approximate checking times by a simpler method than that
of the sequential one. Finally, we give numerical examples and show that the
asymptotic inspection has a good approximation to the sequential one.

(1) Periodic Inspection

Suppose that a unit has to be operating for a finite interval (0,.5] and fails
according to a general distribution F'(t) with a density function f(t). To detect
failures, a unit is checked at periodic times kT (k = 1,2,..., N). Then, from
(8.1), the total expected cost until failure detection or time S is

N-1 , (k+1)T
vy =3 / {er(k + 1) + ea[(k + 1T — 4]} dF(t) + e NF(NT) + ¢
k=0 kT

_ <01 n @J\f)Nz—:lF(lj\f) - CQ/OSF(t) dt+c; (N=1,2,...). (8.60)

k=0
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Table 8.8. Approximate time 7~", optimum number N*, and time 7" = S/N*, and
expected cost C'(N*) for S = 100, 50 and ¢1/c2 = 2, 5, 10 when A = 0.01

S | ei/es T N* T* C(N")/ca
2 | 19.355 5 200 76.72

100 5 |30.040 3 333 85.48
10 41.622 2 50.0 96.39
2 | 19.355 3 16.7 47.85

50 | 5 [30.040 2 25.0 53.36
10 41.622 1 50.0 60.00

It is evident that limy_o C(N) = oo and
s
0(1):C1+62/ F(t)dt—FCg.
0

Thus, there exists a finite number N* (1 < N* < co) that minimizes C(N).
In particular, assume that the failure time is exponential; i.e., F(t) =
1 — e~ **. Then, the expected cost C(N) in (8.60) can be rewritten as

S\ 1—e™ 28
To find an optimum number N* that minimizes C(N), we put T = S/N.
Then, Equation (8.61) becomes
1— e—AS B 072

OT) = (a+el)y— =7 —

(1—e ) +cs. (8.62)

Differentiating C'(T') with respect to T and setting it equal to zero, we have

A
A (14 M) = 22 (8.63)
C2
which agrees with (8.5). Thus, there exists a finite and unique T (0 < T' < o0)
that satisfies (8.63).
Therefore, we show the following partition method.

(i) If T < S then we put [S/T] = N and calculate C(N) and C(N + 1) from
(8.61), where [x] denotes the greatest integer contained in z. If C(N) <
C(N +1) then N* = N, and conversely, if C(N) > C(N + 1) then N* =
N+1.

(i) If T > S then N* = 1.

Note that T gives the optimum checking time for an infinite time span in an
exponential case.

Example 8.7.  Table 8.8 presents the approximate checking time f, the
optimum checking number N*, and time T* = S/N*, and the expected cost
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C(N*) = C(N*) + (c2/N)(1 — e*5) — ¢5 for S = 100, 50 and ¢1/c; = 2,
5, 10 when A = 0.01. If S is large then it would be sufficient to compute
approximate checking times 7. g

Ty 15 T3 ITn-1 Tn

Fig. 8.5. Process of sequential inspection in a finite interval

(2) Sequential Inspection

An operating unit is checked at successive times 0 < T} < Ty < -+ < Ty,
where Tp = 0 and Ty = S (see Figure 8.5). In a similar way to that of
obtaining (8.60), the total expected cost until failure detection or time S is

Tk+1 .
Z/ Cl k+1 +CQ(Tk+1—t)]dF()+61NF(TN)+63

(N=1,2,...). (8.64)

Putting that 0C(N)/0T) = 0, which is a necessary condition for minimizing
C(N), we have

F(Tk) — F(kal) _ g
f(Tk) C2

and the resulting minimum expected cost is

Thy1 — T =

~ S N-1
E(N) = C(N) + ez /0 Ft)dt—cs = [e1 + ea(Tos — To)|F(T)
k=0
(N=1,2,...). (8.66)

For example, when N = 3, the checking times 77 and 75 are given by the
solutions of equations

_FT)-F(M) «a
ThRETTm o

F(Tl) C1

() e
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Table 8.9. Checking time T} and expected cost é(N) for N = 1,2,...,8 when
S =100, ¢1/c2 =2, and F(t) =1— e M

N 1 2 3 1 5 6 7 8
T 100 64.14 509 441 403 381 368 36.3
T, 100 771 66.0 600 562 543 533
Ts 100 840 754 705 67.8 66.6
T, 100 88.6 823 789 77.3
Ts 100 911 879 859
Ts 100 949 925
T 100 97.2
Ty 100

C(N)/c2[102.00 93.55 91.52 91.16 91.47 92.11 92.91 93.79

and the expected cost is

C(3) =c1 + Ty + [(31 =+ CQ(TQ — Tl)}F(Tl) =+ [Cl =+ CQ(S — TQ)}F(TQ)

From the above discussion, we compute T} (k = 1,2,..., N — 1) which
satisfies (8.65), and substituting them into (8.66), we obtain the expected
cost C(N). Next, comparing C(N) for all N > 1, we can get the optimum
checking number N* and times T} (k=1,2,...,N*).

Ezample 8.8. Table 8.9 gives the checking time Ty, (k= 1,2,...,N) and the
expected cost C(N) for § = 100 and ¢; /¢, = 2 when F(t) = 1 — exp(—At2).
In this case, we set that the mean failure time is equal to S; i.e.,

> a2 1 ™
dt==4/—-=28.
/0 ¢ 2\ 2\

Comparing é(N) for N =1,2,...,8, the expected cost is minimum at N = 4.
That is, the optimum checking number is N* = 4 and optimum checking times
are 44.1, 66.0, 84.0, 100. g

(3) Asymptotic Inspection

Suppose that n(t) is an inspection intensity defined in (3) of Section 8.2.
Then, from (8.21) and (8.64), the approximate total expected cost is

C2

s t o s
C(n(t)) :/0 {Cl/o n(u)du + 2n(l) dF(t)+ClF(S)/0 n(t)dt+(03. |
8.67

Differentiating C(n(t)) with n(t) and setting it equal to zero, we have (8.22).
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We compute approximate checking times Ty (k=12,...,N —1) and
checking number N using (8.22). First, we put that

/ Cgh _
261 o

and [X] = N, where [z] is defined in policy (i) in (1). Then, we obtain Ay

(0 < Ay < 1) such that
S
AN/ ,/Lh(t) dt = N
0 201

and define an inspection intensity as

~ h(t
() = Ay 20 (8.68)
201
Using (8.68), we compute checking times T}, that satisfy
Ty,
/ n(t)dt =k (k=1,2,...,N), (8.69)
0

where Tp = 0 and Ty = S. Then, the total expected cost is given in (8.66).

Next, we put N by N + 1 and do a similar computation. At last, we
compare C(N) and C(N + 1), and choose the small one as the total expected
cost C(N) and the corresponding checking times Ty, (k = 1,2,...,N) as an
asymptotic inspection policy.

FEzample 8.9. Consider a numerical example when the parameters are the
same as those of Example 8.8. Then, because A = 7/4 x 104, n(t) = \/\t/2,

[X] = N =4, and Ay = (12/100)/+/7/200, we have that 7n(t) = 6/t /105.
Thus, from (8.69), checking times are

T
— Vidt=—T? =k  (k=1,2,3).
/0 1000\[ 250 T ( 2,3)

Also, when N =5, Ay = (15/100)/+/7/200, and 7(t) = 3/t /4 x 102. In this

case, checking times are

T 3/2
/0 400\fdt 200 =k (k=1,2,3,4).

Table 8.10 shows the checking times and the resulting costs for N = 4 and
5. Because C(4) < C(5), the approximate checking number is N = 4 and its
checking times Tk are 39.7, 63.0, 82.5, 100. These checking times are a little
smaller than those in Table 8.9, however, they are closely approximate to the
optimum ones. g
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Table 8.10. Checking time T and expected cost a(N) for N =4, 5 when S = 100,
cifca =2,and F(t) =1— e

N 1 5
1 39.7 34.2
2 63.0 54.3
3 82.5 71.1
4 100.0 86.2
5 100.0
C(N)/ca|  91.22 91.58

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

Barlow RE, Proschan F (1965) Mathematical Theory of Reliability. J Wiley &
Sons, New York.

Luss H, Kander Z (1974) Inspection policies when duration of checkings is non-
negligible. Oper Res Q 25:299-309.

Luss H (1976) Inspection policies for a system which is inoperative during in-
spection periods. AIIE Trans 9:189-194.

Wattanapanom N, Shaw L (1979) Optimal inspection schedules for failure de-
tection in a model where tests hasten failures. Oper Res 27:303-317.

B. Sengupta (1980) Inspection procedures when failure symptoms are delayed.
Oper Res 28:768-776.

Platz O (1976) Availability of a renewable, checked system. IEEE Trans Reliab
R-25:56-58.

Schneeweiss WG (1976) On the mean duration of hidden faults in periodically
checked systems. IEEE Trans Reliab R-25:346-348.

Schneeweiss WG (1977) Duration of hidden faults in randomly checked systems.
IEEE Trans Reliab R-26:328-330.

Munford AG (1981) Comparison among certain inspection policies. Manage Sci
27:260-267.

Luss H (1983) An inspection policy model for production facilities. Manage Sci
29:1102-1109.

Parmigiani G (1993) Optimal inspection and replacement policies with age-
dependent failures and fallible tests. J Oper Res Soc 44:1105-1114.

Parmigiani G (1996) Optimal scheduling of fallible inspections. Oper Res
44:360-367.

Zacks S, Fenske WJ (1973) Sequential determination of inspection epochs for
reliability systems with general lifetime distributions. Nav Res Logist 3 20:377—
386.

Luss H, Kander Z (1974) A preparedness model dealing with N systems oper-
ating simultaneously. Oper Res 22:117-128.

Anbar D (1976) An asymptotically optimal inspection policy. Nav Res Logist Q
23:211-218.

Teramoto T, Nakagawa T, Motoori M (1990) Optimal inspection policy for a
parallel redundant system. Microelectron Reliab 30:151-155.

Kander Z (1978) Inspection policies for deteriorating equipment characterized
by N quality levels. Nav Res Logist Q 25:243-255.



230

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

8 Inspection Policies

Zuckerman D (1980) Inspection and replacement policies. J Appl Prob 17:168—
177.

Zuckerman D (1989) Optimal inspection policy for a multi-unit machine. J Appl
Prob 26:543-551.

Qiu YP (1991) A note on optimal inspection policy for stochastically deterio-
rating series systems. J Appl Prob 28:934-939.

Valdez-Flores C, Feldman RM (1989) A survey of preventive maintenance mod-
els for stochastically deteriorating single-unit systems. Nav Logist Q 36:419-446.
Munford AG, Shahani AK (1972) A nearly optimal inspection policy. Oper Res
Q 23:373-379.

Munford AG, Shahani AK (1973) An inspection policy for the Weibull case.
Oper Res Q 24:453—458.

Tadikamalla PR (1979) An inspection policy for the gamma failure distributions.
J Oper Res Soc 30:77-80.

Sherwin DJ (1979) Inspection intervals for condition-maintained items which
fail in an obvious manner. IEEE Trans Reliab R-28:85-89.

Schultz CR (1985) A note on computing periodic inspection policies. Manage
Sci 31:1592-1596.

Senna V, Shahani AK (1986) A simple inspection policy for the detection of
failure. Eur J Oper Res 23:222-227.

Chelbi A, Ait-Kadi D (1999) An optimal inspection strategy for randomly failing
equipment. Reliab Eng Sys Saf 63:127-131.

Keller JB (1974) Optimum checking schedules for systems subject to random
failure. Manage Sci 21:256-260.

Keller JB (1982) Optimum inspection policies. Manage Sci 28:447-450.

Kaio N, Osaki S (1984) Some remarks on optimum inspection policies. IEEE
Trans Reliab R-33:277-279.

Kaio N, Osaki S (1986) Optimal inspection policies: A review and comparison.
J Math Anal Appl 119:3-20.

Kaio N, Osaki S (1986) Optimal inspection policy with two types of imperfect
inspection probabilities. Microelectron Reliab 26:935-942.

Kaio N, Osaki S (1988) Inspection policies: Comparisons and modifications.
RAIRO Oper Res 22:387-400.

Kaio N, Osaki S (1989) Comparison of inspection policies. J Oper Res Soc
40:499-503.

Viscolani B (1991) A note on checking schedules with finite horizon. RAIRO
Oper Res 25:203-208.

Kaio N, Dohi T, Osaki S (1994) Inspection policy with failure due to inspection.
Microelectron Reliab 34:599-602.

Weiss GH (1962) A problem in equipment maintenance. Manage Sci 8:266—-277.
Coleman JJ, Abrams 1J (1962) Mathematical model for operational readiness.
Oper Res 10:126-138.

Morey RC (1967) A criterion for the economic application of imperfect inspec-
tions. Oper Res 15:695-698.

Apostolakis GE, Bansal PP (1977) Effect of human error on the availability of
periodically inspected redundant systems. IEEE Trans Reliab R-26:220-225.
Srivastava MS, Wu YH (1993) Estimation & testing in an imperfect-inspection
model. IEEE Trans Reliab 42:280-286.

Gertsbakh I (1977) Models of Preventive Maintenance. North-Holland, New
York.



44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

References 231

Nakagawa T (1982) Reliability analysis of a computer system with hidden fail-
ure. Policy Inf 6:43-49.

Phillips MJ (1979) The reliability of a system subject to revealed and unrevealed
faults. Microelectron Reliab 18:495-503.

Koren I, Su SYH (1979) Reliability analysis of N-modular redundancy systems
with intermittent and permanent faults. IEEE Trans Comput C-28:514-520.
Shin KG, Lee YH (1986) Measurement and application of fault latency. IEEE
Trans Comput C-35:370-375.

Su SYH, Koren I, Malaiya YK (1978) A continuous-parameter Markov model
and detection procedures for intermittent faults. IEEE Trans Comput C-27:567—
570.

Nakagawa T, Motoori M, Yasui K (1990) Optimal testing policy for a computer
system with intermittent faults. Reliab Eng Sys Saf 27:213-218.

Nakagawa T, Yasui K (1989) Optimal testing-policies for intermittent faults.
IEEE Trans Reliab 38:577-580.

Chung KJ (1995) Optimal test-times for intermittent faults. IEEE Trans Reliab
44:645-647.

Ismaeel AA, Bhatnagar R (1997) Test for detection & location of intermittent
faults in combinational circuits. IEEE Trans Reliab 46:269-274.

Nakagawa T (1980) Optimum inspection policies for a standby unit. J Oper Res
Soc Jpn 23:13-26.

Thomas LC, Jacobs PA, Gaver DP (1987) Optimal inspection policies for
standby systems. Commun Stat Stoch Model 3:259-273.

Sim SH (1987) Reliability of standby equipment with periodic testing. IEEE
Trans Reliab R-36:117-123.

Parmigiani G (1994) Inspection times for stand-by units. J Appl Prob 31:1015—
1025.

Vaurio JK (1995) Unavailability analysis of periodically tested standby compo-
nents. IEEE Trans Reliab 44:512-517.

Chay SC, Mazumdar M (1975) Determination of test intervals in certain re-
pairable standby protective systems. IEEE Trans Reliab R-24:201-205.
Inagaki T, Inoue K, Akashi H (1979) Improvement of supervision schedules for
protective systems. IEEE Trans Reliab R-28:141-144.

Inagaki T, Inoue K, Akashi H (1980) Optimization of staggered inspection sched-
ules for protective systems. IEEE Trans Reliab R-29:170-173.

Shima E, Nakagawa T (1984) Optimum inspection policy for a protective device.
Reliab Eng 7:123-132.

Christer AH (1982) Modelling inspection policies for building maintenance. J
Oper Res Soc 33:723-732.

Christer AH, Waller WM (1984) Delay time models of industrial inspection
maintenance problems. J Oper Res Soc 35:401-406.

Christer AH, MacCallum KL, Kobbacy K, Bolland J, Hessett C (1989) A system
model of underwater inspection operations. J Oper Res Soc. 40:551-565.

Sim SH (1984) Availability model of periodically tested standby combustion
turbine units. IIE Trans 16:288-291.

Sim SH, Wang L (1984) Reliability of repairable redundant systems in nuclear
generating stations. Eur J Oper Res 17:71-78.

Sim SH (1985) Unavailability analysis of periodically tested components of dor-
mant systems. IEEE Trans Reliab R-34:88-91.



232

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

8 Inspection Policies

Turco F, Parolini P (1984) A nearly optimal inspection policy for productive
equipment. Inter J Product Res 22:515-528.

Young PJ (1984) Inspection intervals for fail-safe structure. IEEE Trans Reliab
R-33:165-170.

Cassandras CG, Han Y (1992) Optimal inspection policies for a manufacturing
station. Eur J Oper Res 63:35-53.

Sherwin DJ (1995) An inspection model for automatic trips & warning instru-
ments. In: Proceedings Annual Reliability and Maintainability Symposium:271—
274.

Garnero MA, Beaudouin F, Delbos JP (1998) Optimization of bearing-
inspection intervals. In: Proceedings Annual Reliability and Maintainability
Symposium:332-338.

Bukowski JV (2001) Modeling and analyzing the effects of periodic inspection
on the performance of safety-critical systems. IEEE Trans Reliab 50:321-329.
Baker R (1996) Maintenance optimisation with the delay time model. In:
Ozekici S (ed) Reliability and Maintenance of Complex Systems. Springer, New
York:550-587.

Christer AH (2002) A review of delay time analysis for modelling plant main-
tenance. In: Osaki S (ed) Stochastic Models in Reliability and Maintenance.
Springer, New York:89-123.

Jia X, Christer AH (2003) Case experience comparing the RCM approach
to plant maintenance with a modeling approach. In: Blischke WR, Murthy
DNP (eds) Case Studies in Reliability and Maintenance. J Wiley & Sons, New
York:477-494.

Ito K, Nakagawa T (1997) An optimal inspection policy for a storage system
with finite number of inspections. J Reliab Eng Assoc Jpn 19:390-396.
Nakagawa T, Yasui K (1979) Approximate calculation of inspection policy with
Weibull failure times. IEEE Trans Reliab R-28:403-404.

Nakagawa T, Yasui K (1980) Approximate calculation of optimal inspection
times. J Oper Res Soc 31:851-853.

Ito K, Nakagawa T (1992) Optimal inspection policies for a system in storage.
Comput Math Appl 24:87-90.

Ito K, Nakagawa T (1995) An optimal inspection policy for a storage system
with high reliability. Microelectron Reliab 35:875-886.

Ito K, Nakagawa T (1995) Extended optimal inspection policies for a system in
storage. Math Comput Model 22:83-87.

Ito K, Nakagawa T (1995) An optimal inspection policy for a storage system
with three types of hazard rate functions. J Oper Res Soc Jpn 38:423-431.
Nakagawa T, Mizutani S, Igaki N (2002) Optimal inspection policies for a fi-
nite interval. The Second Euro-Japan Workshop on Stochastic Risk Modelling,
Insurance, Production and Reliability:334-339.

Mizutani S, Teramoto K, Nakagawa T (2004) A survey of finite inspection mod-
els. In: Tenth ISSAT International Conference on Reliability and Quality in
Design:104-108.

Vaurio JK (1999) Availability and cost functions for periodically inspected pre-
ventively maintained units. Reliab Eng Sys Saf 63:133-140.

Biswas A, Sarkar J, Sarkar S (2003) Availability of a periodically inspected
system, maintained under an imperfect-repair policy. IEEE Trans Reliab 52:311—
318.



References 233

88. Leung FK (2001) Inspection schedules when the lifetime distribution of a single-
unit system is completely unknown. Eur J Oper Res 132:106-115.

89. Harris FW (1915) Operations and Costs. AW Shaw Company, Chicago.

90. Bauer J et al. (1973) Dormancy and power on-off cycling effects on electronic
equipment and part reliability. RADC-TR-73-248 (AD/A-768619).

91. Cottrell DF et al. (1974) Effects of dormancy on nonelectonic components and
materials. RADC-TR-74-269 (AD/A-002838).

92. Malik DF, Mitchell JC (1978) Missile material reliability prediction handbook—
Parts count prediction (AD/A-053403).

93. Trapp RD et al. (1981) An approach for assessing missile system dormant reli-
ability. BDM/A-81-016-TR(AD/A-107519).

94. Smith Jr HB, Rhodes Jr C (1982) Storage reliability of missile material program-
Storage reliability prediction handbook for part count prediction (AD/A-
122439).

95. Menke JT (1983) Deterioration of electronics in storage. In: Proceedings Na-
tional SAMPE Symposium:966-972.

96. Martinez EC (1984) Storage reliability with periodic test. In: Proceedings An-
nual Reliability and Maintainability Symposium:181-185.

97. Tto K, Nakagawa T (2000) Optimal inspection policies for a storage system with
degradation at periodic tests. Math and Comput Model 31:191-195.

98. Malaiya YK, Su SYH (1981) Reliability measures for hardware redundancy
fault-tolerant digital systems with intermittent faults. IEEE Trans Comput C-
30:600-604.

99. Castillo X, McConnel SR, Siewiorek DP (1982) Derivation and calibration of a
transient error reliability model. IEEE Trans Comput C-31:658—671.

100. Rao TRN (1968) Use of error correcting codes on memory words for improved
reliability. IEEE Trans Reliab R-17:91-96.

101. Cox GW, Carroll BD (1978) Reliability modeling and analysis of fault-tolerant
memories. IEEE Trans Reliab R-27:49-54.

102. Castillo X, Siewiorek DP (1980) A performance-reliability model for computing
systems. 10 th International Symposium Fault-Tolerant Comput:187—-192.

103. Nakagawa T, Nishi K, Yasui K (1984) Optimum preventive maintenance poli-
cies for a computer system with restart. IEEE Trans Reliab R-33:272-276.
104. Malaiya YK (1982) Linearly corrected intermittent failures. IEEE Trans Reliab

R-31:211-215.

105. Christer AH (1978) Refined asymptotic costs for renewal reward processes. J
Oper Res Soc 29:577-583.

106. Ansell J, Bendell A, Humble S (1984) Age replacement under alternative cost
criteria. Manage Sci 30:358-367.



9

Modified Maintenance Models

Until now, we have dealt primarily with the basic maintenance models and
their combined models. This chapter introduces modified and extended main-
tenance models proposed mainly by the author and our co-workers. These
models further reflect the real world and present more interesting topics to
theoretical researchers.

In Section 9.1, we convert the continuous models of age, periodic, and
block replacements and inspection to discrete ones [1]. These would be useful
for the cases where: (i) an operating unit sometimes cannot be maintained at
the exact optimum time for some reason such as shortage of spare units, lack
of money or workers, or inconvenience of time required to complete the main-
tenance, and (ii) a unit is usually maintained in idle times. We have already
discussed the optimum inspection policies for a finite interval in Section 8.6.
In Section 9.2, we propose the models of periodic and block replacements for
a finite interval because the working times of most units would be finite in
the actual field. It is shown that the optimum policies are easily given by
the partition method obtained in Section 8.6, using the results of optimum
policies for basic models [2,3].

In Section 9.3, we suggest the extended models of age, periodic, and block
replacements in which a unit is replaced at either a planned or random time.
Furthermore, we consider the random inspection policy in which a unit is
checked at both periodic and random times. These random maintenance poli-
cies would be useful for units in which maintenance should be done at the
completion of their work or in their idle times [4,5]. In Section 9.4, we con-
sider the optimization problems of when to replace a unit with n spares,
and derive an optimum replacement time that maximizes the mean time to
failure [6]. In Section 9.5, we apply the modified age replacement policy in
Section 9.1 to a unit with n spares; i.e., we convert the continuous optimiza-
tion problem in Section 9.4 to the discrete one. Finally, other maintenance
policies are collected concisely in Section 9.6.

235
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9.1 Modified Discrete Models

An operating unit sometimes cannot be replaced at the exact optimum times
for some reason: shortage of spare units, lack of money or workers, or incon-
venience of time required to complete the replacement. Units may be rather
replaced in idle times, e.g., weekend, month-end, or year-end. An intermit-
tently used system would be preventively replaced after a certain number of
uses [7,8].

This section proposes modified replacement policies that convert the stan-
dard age, periodic, block replacement, and inspection models treated in Chap-
ters 3, 4, 5, and 8 to discrete ones. The replacement is planned only at times
ET (k =1,2,...), where T (0 < T < 00) is previously given and refers to
a day, a week, a month, a year, and so on. Then, the following replacement
policies are considered.

(1) Age replacement: A unit is replaced at time NT or at failure.

(2) Periodic replacement: A unit is replaced at time NT and undergoes only
minimal repair at failures.

(3) Block replacement: A unit is replaced at time NT and at failure.

(4) Inspection: A unit is replaced at time NT or at failure that is detected
only through inspection.

The above four discrete replacement models are one modification of the con-
tinuous ones. These would be more economical than the usual ones if a re-
placement cost at time NT is less than that of the replacement time.

Suppose that the failure time of each unit is independent and has an
identical distribution F'(¢) with finite mean p and the failure rate h(t) =
f(t)/F(t), where f is a density function of F and F = 1 — F. We obtain
the expected cost rates of each model, using the usual calculus methods of
replacement models, and derive optimum numbers N* that minimize them.
These are given by unique solutions of equations when the failure rate h(t) is
strictly increasing.

(1) Age Replacement

The time is measured only by the total operating time of a unit. It is assumed
that the replacement is planned at times kT (k =1,2,...) for a fixed T' > 0;
i.e., the replacement is allowed only at periodic times k7. This would be more
useful than the continuous-time models if replacement at the weekend is more
convenient and economical than that during weekdays. A unit is replaced at
time NT or at failure, whichever occurs first, where any failure is detected
immediately when it fails.
From (3.4) in Chapter 3, the expected cost rate is given by
cyvy = AN +eP(NT) -y ) (9.1)

JNTE(t) at
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where ¢; = cost of replacement at failure, and ¢y = cost of planned replace-
ment at time NT with ¢ < ¢3.

Suppose that the failure rate h(t) is continuous and strictly increasing
with h(00) = lims—, oo h(t). We seek an optimum number N* that minimizes
C1(N). Forming the inequality C1(N + 1) > C1 (), we have

F((N+1)T) = F(NT) ("7
JE/J;—H)T (1) dt ) F(t)dt F(NT)201—C2

C2

From the assumption that the failure rate h(t) is strictly increasing,

F((N+1)T)—F(NT) h(NT)>F(NT) F((N V7).

(N+1)T
N F(t)dt f( oy F t)dt

h(N+1)T) >

Thus, denoting the left-hand side of (9.2) by Lq(N),

Li(N)—Li(N—-1) =

NT_ F((N+1)T) = F(NT) F(NT)-F((N-1T)
0 Fle)dt EDTE () dt Sy F(t)dt =0

lim Li(N) = ph(oco) —

N—oc0
Therefore, the optimum policy is as follows.

(i) If h(oo) > c1/[(c1 — c2)p] then there exists a finite and unique minimum
N* that satisfies (9.2).

(ii) If h(oo) < ¢1/[(c1 — e2)p] then N* = oo; i.e., a unit is replaced only at
failure and Cy(00) = ¢1/p.

Ezample 9.1. Suppose that F(t) is a gamma distribution; i.e., its density
function is f(t) = [AMAt)®/I(a)]e ™ for a > 1 whose failure rate h(t) is
strictly increasing from 0 to A. Then, Table 9.1 presents the optimum time
T* that minimizes the expected cost rate C'(T) in (3.4) of age replacement
in Chapter 3, and the resulting cost rate C'(T*), and the optimum number
N* and C;(N*) for a = 2, 3,4, T = 8, 48, 192, 2304 when ¢; = 10, ¢ = 1,
1/X =103, 10*. It can be easily seen that N* and C;(N*) are approximately
equal to T*/T and C(T*), respectively, when T is small. For example, a
unit works for 8 hours a day for 6 days, and is idle on Sunday. Then, when
1/A = 103 hours and o = 3, a unit should be replaced at 20 weeks, i.e., 5
months, if it has not failed. g
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Table 9.1. Comparisons with optimum time T, expected cost rate C(T*)/A, and

9 Modified Maintenance Models

optimum number N*, expected cost rate C1(N*)/\ when ¢; = 10,¢c2 =1

/A =10°
a=2 a=3 a=4
T* C(T*)/\ T* C(T*)/A T* C(T*)/A
680.13 3.643 983.18 1.764 1400.7 1.074
T N*  Ci(N*)/A| N* Ci{(N*)/A| N* Ci(N*)/X
8 85 3.643 123 1.764 175 1.074
48 14 3.643 20 1.764 29 1.074
192 4 3.657 5 1.764 7 1.075
2304 1 4.478 1 2.352 1 1.292
/X = 10"
a =2 a=3 a=4
T C(T*)/A T C(T*)/A T* Cc(T*)/A
6801.3 3.643 9831.8 1.764 14007 1.074
T N*  Ci(N*)/A| N~ 1(N*)/Al N*  Ci(N™)/A
8 850 3.643 1229 1.764 1751 1.074
48 142 3.643 205 1.764 292 1.074
192 35 3.643 51 1.764 73 1.074
2304 3 3.644 4 1.768 6 1.074

(2) Periodic Replacement

A unit is replaced at time NT and undergoes only minimal repair at failures
between replacements; namely, its failure rate remains undisturbed by minimal
repair. It is assumed that the repair and replacement times are negligible. The
other assumptions are the same ones as age replacement.

Let H(t) be a cumulative hazard function of a unit; i.e., H(t) = fot
Then, from (4.16) in Chapter 4, the expected cost rate is

h(u)du.

CQ(N) ClH(NT) +Cg] (N = 1,2,...), (93)

1
B NT[
where ¢; = cost of minimal repair at failure, and c; = cost of planned replace-
ment at time NT'.

Suppose that h(t) is continuous and strictly increasing. Then, from the
inequality Co(N + 1) > Cy(N),

NH((N +1)T) — (N + )H(NT) > 2

N:
C1 (

1,2,...). (9.4)

Denoting the left-hand side of (9.4) by Lo (V) and Ls(0) = 0,

Ly(N) = Ly(N — 1) = N/OT[h(t + NT) — h(t+ (N = 1)T)]dt > 0

Ly(N) > T[h(NT) — h(T)).
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Thus, Lo(N) is also strictly increasing and

lim Lo(N) > T[h(co) — h(T)].

N—o00
If h(t) is strictly increasing to infinity then there exists a finite and unique
minimum N*(1 < N* < o) that satisfies (9.4).

For example, when F(t) = 1 — exp[—(A\t)™] and H(t) = (A\t)™ for m > 1,
an optimum N* (1 < N* < c0) is given by a unique minimum integer such
that
C2
NN+ = (N+1)N™ > ———.
(V41" = (VN >

(3) Block Replacement

A unit is replaced at time NT and at each failure. Failures of a unit are
detected immediately when it fails. The other assumptions are the same ones
as age replacement.

Let M(t) be the renewal function of F(t); i.e., M(t) = Z;il FU(t),
where FU)(t) is the j-fold Stieltjes convolution of F(t). Then, from (5.1) in
Chapter 5, the expected cost rate is

C3(N) ClM(NT)+CQ] (N:LQ,...), (95)

_ 1 [
- NT
where ¢; = cost of replacement at each failure, and cs = cost of planned
replacement at time NT. From the inequality C3(N + 1) > C3(N),

NM((N+1T)— (N+1)M(NT)> 2  (N=1,2,...). (9.6)
C1
Suppose that a density function of F(t) is f(t) = A2te™™ and M(t) =
(At/2) — (1/4) + (1/4)e~ 2. Denoting the left-hand side of (9.6) by L3(N),
1 1
Ls(N) = ;[1+ Ne 22XNADT _ (N 4 1)e=2NT)) lim Ly(N) = 5

N—oc0

%6—2)\(N—1)T(1 _ e—2/\T>2

Therefore, the optimum policy is as follows:

L3(N) — Ly(N — 1) = > 0.

(1) If ca/c1 < 1/4 then there exists a finite and unique minimum N* (1 <
N* < 00) that satisfies

1— (N4 1)e 2T 4 Nem2AWNFDT > dez
C1

(ii) If ea/c; > 1/4 then N* = oo; i.e., a unit is replaced only at failure.
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Next, suppose that a unit is replaced only at time NT and remains failed
until the next replacement time. Then, from (5.10) in Section 5.2,

NT

C1 F(t) dt + o
0

1

04(N):ﬁ

(N=1,2,...),  (9.7)

where ¢; = downtime cost per unit of time for the time elapsed between a
failure and its replacement and cs = cost of planned replacement at time NT.
From the inequality C4(N + 1) — C4(N) > 0,

(N+1)T NT B
N/ F(t)dt — (N +1) F(t)chtzc—2 (N=1,2,...). (9.8)
0 0 1
Denoting the left-hand side of (9.8) by L4(INV), it is evident that L4(N) is
increasing and

Ly(N) > TF(NT) — /T F(t)dt.
0

Thus, if fOT F(t)dt > ca/c; then there exists a finite and unique minimum N*
(1 < N* < 00) that satisfies (9.8).

(4) Inspection

The inspection is planned at times kT (k = 1,2,...) for a fixed T > 0 and
a failed unit is detected only by inspection. Then, a unit is replaced at time
NT or at failure detection, whichever occurs first. It is assumed that both
inspection and replacement times are negligible. The other assumptions are
the same ones as age replacement.

From (8.3) in Chapter 8, the expected cost rate is

ayily JSVTIG + )T — ] dF(t) + e B
C5(N) = TSR (N=1,2,...),

(9.9)

where ¢; = downtime cost per unit of time for the time elapsed between a
failure and its detection, and ¢ = cost of planned replacement at time NT.

Suppose that the failure rate h(t) is continuous and strictly increasing.
Then, from the inequality Cs5(N + 1) > C5(N),

NT (N+1)T - N-1

— F(t)dt — Co

F(t)dt — ¥~ F(iT)> = (N=1,2, 9.10
U Fr) o UD ). (910)
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Ls(N)—Ls(N—-1) =
 [TIFA+NT)—F(NT) F(t+(N—1)T)—F((N-1)T)
F(4jT) — —
0

— dt > 0.
iz F(NT) F(N-1T)

Iflimy oo [F(t+NT)—F(NT)]/F(NT) = 1for any t > 0 then limy oo L5(N) =
w. Therefore, the optimum policy is

(i) If & > ca/cq then there exists a finite and unique minimum N*(1 < N* <
o0) that satisfies (9.10).
(ii) If p < cg/cq then N* = oo.

In particular, the failure time is uniformly distributed on (0,nT); i.e.,
f(t) =1/(nT) for 0 < t < nT. Then, the expected cost rate is

_ a(NT/2n) +co
Cs(N) = NT[1 = (N —1)/2n]

(N=1,2,...,n).

The optimum number N* is given by a unique minimum such that

NN+ DT _ 4es

N=12 ... —1).
nin—N) — ¢ ( r &y )

The optimum policy is as follows.

(i) If (n—1)T >4cg/cy then 1 < N* <n—1.
(if) If (n — 1)T < 4cg/cy then N* = n; d.e., a unit should be replaced after
failure.

For example, when n = 10 and T = 10, N* =1, 2, 4,5, 7, 8, 9, 9, 10,
respectively, for co/c; = 0.05, 0.1, 0.5, 1, 3, 5, 10, 20, 30.

9.2 Maintenance Policies for a Finite Interval

It is important to consider practical maintenance policies for a finite interval,
because the working times of most units are finite in the actual field. This
section converts the standard replacement models to the models for a finite
interval, and derives optimum policies for each model, using the partition
method derived in Section 8.6. Very few papers treated with replacements
for a finite interval. In this section, we have considered the inspection model
for a finite working time and given the optimum policies, by partitioning the
working time into equal parts.

This section proposes modified replacement policies that convert three
standard models of periodic replacement in Chapter 4, block replacement,
and no replacement at failure in Chapter 5 to replacement models for a finite
interval. The optimum policies for three replacements are analytically derived,
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using the partition method. Furthermore, it is shown that all equations for
the three replacements can be written on general forms.

A unit has to be operating for a finite interval [0, S]; i.e., its working time
is given by a specified value S (0 < S < 00). To maintain a unit, an interval
S is partitioned equally into N parts in which it is replaced at periodic times
kT (k = 1,2,...,N) as shown in Figure 8.5, where NT = S. Then, we
consider the replacement with minimal repair, the block replacement, and no
replacement at failure.

(1) Periodic Replacement

A unit is replaced at periodic times kT (k = 1,2,..., N) and any unit becomes
as good as new at each replacement. When a unit fails between replacements,
only minimal repair is made. It is assumed that the repair and replacement
times are negligible.

Suppose that the failure times of each unit are independent, and have the
failure rate h(t) and the cumulative hazard function H(t). Then, from (4.16)
in Chapter 4, the expected cost of one interval [0, 7] is

~ S
Cl(l) = ClH(T) +c2 = CIH(N) + ca,

where ¢; = cost of minimal repair at failure, and co = cost of planned replace-
ment at time k7. Thus, the total expected cost until time S is

Cl(N)ENél(l):N[clH(f[) +c2] (N=1,2,...).  (9.11)

We find an optimum partition number N* that minimizes Cy (N) in (9.11).
Evidently,

Cl(l) = ClH(S) + c2, Cl(oo) = lim Cl(N> = 0.

N —o0

Thus, there exists a finite N* (1 < N* < co0) that minimizes C; (NN). Forming
the inequality Cy (N + 1) — C1(N) > 0, we have

1 S 1
NH($) = (N+1D)H(55) ~ e

(N=1,2,...). (9.12)

When the failure time has a Weibull distribution, i.e., H(t) = AM™ (m >
1), Equation (9.12) becomes

! G

s™ (N=1,2,...). (9.13)

Nm—1 — (N+1)ym—1 C2

Because it is easy to prove that [1/x]* —[1/(x+1)]¢ is strictly decreasing in x
for 1 <z < oo and a > 0, the left-hand side of (9.13) is strictly increasing in
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N to oo. Thus, there exists a finite and unique minimum N* (1 < N* < 00)
that satisfies (9.13).

To obtain simply an optimum N* in another method, putting that T =
S/N in (9.11), we have

(9.14)

C\(T) = S {ClH(T)“?} .

T

Thus, the problem of minimizing C1(T") corresponds to the problem of the
standard replacement with minimal repair given in Section 4.2. Let T be a so-
lution to (4.18) in Chapter 4. Then, using the partition method in Section 8.6,
we have the following optimum policy.

(i) If T < S then we put [S/T] = N and calculate Cy(N) and Cy(N + 1)
from (9.11). If C1(N) < Ci(N + 1) then N* = N, and conversely, if
Ci(N) > Cy(N +1) then N* =N + 1.

(ii) T > S then N* = 1.

(2) Block Replacement

A unit is replaced at periodic times kT (k = 1,2, ..., N) and is always replaced
at any failure between replacements. This is called block replacement and was
already discussed in Chapter 5.

Let M(t) be the renewal function of F(t); i.e., M(t) = 3272, FU)(t). Then,
from (5.1), the expected cost of one interval (0,77 is

~ S
02(1) = ClM(T) + co = ClM(N) + Ca,

where ¢; = cost of replacement at each failure, and ¢y = cost of planned
replacement at time k7. Thus, the total expected cost until time S is

Co(N) = NC(1) = N {clM(;) + CQ} (N=1,2,...).  (9.15)

From the inequality Co(N + 1) — Co(N) > 0,

1 ¢l
NM($)— (N +1)M(537) 2, W=Lz.) (9.16)

and putting that T'= S/N in (9.15),

. (9.17)

M(T
Co(T) = S {Cl ( )“2]
which corresponds to the standard block replacement in Section 5.1.
Therefore, by obtaining T which satisfies (5.2) and applying it to the
optimum policy (i) or (ii), we can get an optimum replacement number N*

that minimizes Cy(N).



244 9 Modified Maintenance Models
(3) No Replacement at Failure

A unit is replaced only at times kT (k = 1,2,...) as described in Section 5.2.
When the failure distribution F'(t) is given, the expected cost of one interval
(0,T) is, from (5.9),

_ T S/N
03(1)501/ F(t)dt+02261 F(t)dt+02,
0 0
where ¢; = downtime cost per unit of time for the time elapsed between a
failure and its replacement. Thus, the total expected cost until time S is

S/N
C5(N) = NCs(1) = Nlcl/o F(t)dt + cy (N=1,2,...). (9.18)

Because

N —oc0

S
Cy(1) = c1/ Ft)dt+cs,  Ca(o0) = lim Cy(N) = oo
0
there exists a finite N* (1 < N* < co) that minimizes C5(N). Forming the
inequality C5(N + 1) — C5(N) implies

1 C1
N PN E@ydt— (N +1) [V Pyar e

Putting 7= S/N in (9.18),

Cy(T) = lcl HEOUA:

- (9.20)

Therefore, by obtaining 7' which satisfies (5.11) and applying it to the op-
timum policy, we can get an optimum replacement number N* that minimizes
C5(N).

In general, the above results of three replacements are summarized as
follows: The total expected cost until time S is

C(N)=N [clé(]sv) + 02} (N=1,2,...), (9.21)

where @(t) is H(t), M(t), and fo u)du for the respective models. Forming
the inequality C(N +1) — C(N) > 0 ylelds

No() (N e S e 02

Putting T'= S/N,
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a1 ®(T) + CQ}

7 (9.23)

c(T)=S [
and differentiating C'(T") with respect to T' and setting it equal to zero,

TP (T) — &(T) = Zﬁ (9.24)

If there exists a solution 7' to (9.24) then we can get an optimum number N*
for each replacement, using the optimum partition method.

9.3 Random Maintenance Policies

Most systems in offices and industry successively execute jobs and computer
processes. For such systems, it would be impossible or impractical to maintain
them in a strictly periodic fashion. For example, when a job has a variable
working cycle and processing time, it would be better to do some mainte-
nance after it has completed its work and process. The reliability quantities
of the random age replacement policy were obtained analytically [9], using a
renewal theory. Furthermore, when a unit is replaced only at random times,
the properties of replacement times between two successive failed units were
investigated in [10]. The various schedules of jobs that have random processing
times were summarized in [11].

This section proposes random replacement policies in which a unit is re-
placed at the same random times as its working times. However, it would be
necessary to replace a working unit at planned times in the case where its
working time becomes large. Thus, we suggest the extended models of age
replacement, periodic replacement, and block replacement in Chapters 3, 4,
and 5: a unit is replaced at either planned time T or at a random time that is
statistically distributed according to a general distribution G(z). Then, the ex-
pected cost rates of each model are obtained and optimum replacement times
that minimize them are analytically derived by similar methods to those of
Chapters 3, 4, and 5. Also, we consider the random inspection policy in which
a unit is checked at the same random times as its working times. At first, we
obtain the total expected cost of a unit with random checking times until fail-
ure detection. Next, we consider the extended inspection model where a unit
is checked at both random and periodic times. Then, the total expected cost is
derived, and optimum inspection policies that minimize it are analytically de-
rived. Of course, we may consider the replacement as preventive maintenance
(PM) in Chapter 6, where a unit becomes like new after PM. The replacement
models with the Nth random times and the inspection model with random
and successive checking times are introduced. Finally, numerical examples are
given.
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T T T’\Y:I\T

O Replacement at planned or random time
X  Replacement at failure

Fig. 9.1. Process of random and age replacement

9.3.1 Random Replacement

Suppose that the failure time X of each unit is independent and has an iden-
tical distribution F'(t) with finite mean p and the failure rate h(t), where,
in general, ® = 1 — . A unit is replaced at planned time T or at random
time Y which has a general distribution G(z) and is independent of X. Then,
we consider the random and periodic policies of age replacement, periodic re-
placement and block replacement, and obtain the expected cost rates of each
model. Furthermore, we derive optimum replacement policies that minimize
these cost rates.

(1) Age Replacement

A unit is replaced at time T', Y, or at failure, whichever occurs first, where T’
(0 < T < o) is constant and Y is a random variable with distribution G(x)
in Figure 9.1.

The probability that a unit is replaced at time T is

Pr{T < X, T <Y} =F(T)G(T), (9.25)
the probability that it is replaced at random time Y is
T —_
P{Y <T,Y <X} = / F(t)dG(¢), (9.26)
0
and the probability that it is replaced at failure is
T —
Pr{X<T,X <Y} :/ G(t) dF(t). (9.27)
0

Note that the summation of (9.25), (9.26), and (9.27) is equal to 1. Thus, the
mean time to replacement is

TG(T)F(T) + /O TtF(t) dG(t) + /O Tté(t) dF(t) = /0 Té(t)?(t) dt.
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From (3.3) in Chapter 3, the expected cost rate is

(e1 — c2) [ G(t)AF(t) + o
JyGOF @) at

where ¢; = cost of replacement at failure, and ¢y = cost of replacement at a
planned or random time with ¢y < ¢;. When G(z) = 1 for any x > 0, C1(T)
agrees with the expected cost rate in (3.4), and when T' = oo, this represents
only the random age replacement [9, p. 94; 12], whose cost rate is given by

C\(T) = (9.28)

(c1 = o) foooj )dF( ) +c2
G t)dt '

In addition, the mean time that a unit is replaced at failure for the first
time is given by a renewal function

Ci(c0) = (9.29)

IT) = / tG(t) dF (1) + [T + (T)G(TVF(T) + / [t + U(T)|F(t) AG(1):

fo Gt)F(t)dt

i Gty dF (1)

(T) =

which agrees with (1.6) of Chapter 1 when G(x) =1 for any = > 0.

Suppose that the failure rate h(t) is continuous and strictly increasing with
h(o0) = limy_, 0 h(t). Then, we seek an optimum T™* that minimizes Cy(T) in
(9.28). It is first noted that there exists an optimum 7% (0 < 7™ < oo) because
limp_,0 C1(T) = oo. Differentiating C;(T") with respect to T" and putting it
equal to zero, we have

T
7) / G () dt — / G(t) dF (¢ (9.30)
0 01 —c2
Letting Q1(T") be the left-hand side of (9.30), we see that limy_,o @Q1(T) = 0,
Q1(o0) = lim Q1 (T / Gt)F(t)dt — / G(t)dF(t)
T—o00 0

and for any AT > 0,

T+AT T+AT
Q1(T+AT)—Q1(T) = h(T + AT) /0 G(t)F(t)dt— /0 G(t)dF(t)

T) /0 ! G)F(t)dt + /0 ' G(t)dF(t)
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T+AT
> h(T + AT) / G () dt — h(T + AT)
0

X/TTMTG() Byt — h /G
— [W(T + AT) — /G £dt >0

because h(T + AT) > T+AT t)dF(t /fTJrAT YF(t)dt. Thus, Q1(T)

G(t)
is strictly increasing from 0 to Q1(o0). Therefore, 1f Ql( ) > 02/(01 — ¢2)
then there exists an optimum 77 (0 < T} < oo) that satisfies (9.30), and its
resulting cost rate is

Ol(T*) = (61 — CQ)h(T*) (931)

Conversely, if Q1(00) < ¢3/(c1 — ¢2) then T* = 00, and the expected cost rate
is given in (9.29).

In particular, when G(z) = 1 —e ™%, the expected cost rates in (9.28) and
(9.29) are, respectively,

(1 —c2) fOT e dF(t) + co
[ e=0tF(t) dt
(c1 — c2)F*(0) + co
[1—F=0)/0 ~

C(T) = (9.32)

Cl(OO) =

(9.33)

where F*() is the Laplace-Stieltjes transform of F(t); i.e., F*(0) = [;" e "
dF(t) for 6 > 0. Furthermore, Equation (9.30) can be rewritten as

h(T) / o F i / et ar( = (9.34)
0 0 C1 — C2
and
Qu(o0) = hioe) O )

Therefore, if h(c0)/0 > [c1/(c1 — ¢2)]/[1 — F*(0)] — 1 then there exists a finite
and unique T* (0 < T* < o0) that satisfies (9.34), and it minimizes C(T). It
is easy to see that if # increases then T™ increases, and tends to co as 8 — oo,
because the left-hand side of (9.34) is a decreasing function of 6. That is, the
smaller the mean random time is, the larger the planned replacement time is.

Finally, suppose that the replacement cost at planned time 7T is different
from that at a random time. In this case,

(e1 —e2) [ G(t)AF(t) + (03, — ) [ F(t)dG(t) + e
Jo GOF(t)dt

Ci(T) = . (9.35)
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Table 9.2. Optimum replacement time 7 when 1/A =100 and ¢1 =5, c2 =1

T*

1/6 m=1 m=2 m=3
1 9 13.704 3.177
5 %9 6.148  2.476
10 00 5.584  2.403
20 0 5.335  2.367
50 %) 5.196  2.347
00 00 5.107  2.333

where ¢; = cost of replacement at failure, co = cost of replacement at planned
time, and c3 = cost of replacement at a random time.

We seek an optimum 75 that minimizes C1(7T) in (9.35). Differentiating
C1(T) with respect to T and setting it equal to zero,

T T
(c1 —c2) |R(T) /O G(t)F(t)dt — /0 G(t)dF(t)
T T
Fles—e) |r(m) [ GOF@)at— / FHAGH)| = s (9.36)
and the minimum expected cost rate is
Ci(TT) = (e1 — e2) (1Y) + (e — c2)r(T7), (9.37)

where () = g(t)/G(t) and g(t) is a density function of G(t). It can be easily
seen from (9.36) that when the random time is exponential, i.e., G(z) =
1—e~% Ty is equal to T* given in (9.30). Furthermore, when 7(t) is increasing,
if cg > ¢3 then Ty > T and vice versa. This justifies a natural conclusion
that if the periodic replacement cost is higher than the random one, then the
planned replacement should be done later than the optimum 7.

Example 9.2. Suppose that the failure time has a Weibull distribution and
the random replacement is exponential; i.e., F((t) = 1—exp(—At") and G(z) =
1 — e % Table 9.2 shows the optimum replacement time T* for m = 1, 2,
3 and 1/0 = 1, 5, 10, 20, 50, oo when 1/A = 100, ¢; = 5, and ¢ = 1.
This indicates that the optimum times are decreasing with parameters 1/6
and m. However, if the mean time 1/6 exceeds some level, they do not vary
remarkably for given m. Thus, it would be useful to replace a system at least
at the smallest time T for large 1/6. In particular, when m = 1, i.e., the
failure time is exponential, T* is infinity for any 1/6. g
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Y Y Y Y

O Replacement at planned or random time
X  Minimal repair at failure

Fig. 9.2. Process of periodic replacement

(2) Periodic Replacement

A unit is replaced at planned time T or at random time Y, whichever occurs
first, and undergoes only minimal repair at failures between replacements as
described in Chapter 4.

Let H(t) be the cumulative hazard function of a unit; e, H(t) =
fot h(u)du. By a similar method to that of Section 4.2, the expected cost
until replacement is

T o T
/ [ClH(t) + 02] dG(t) + [ClH( ) + CQ]G( ) =C1 G( )dH( ) + co
0 0

and the mean time to replacement is

T
/th( )+ TG(T /G
0

Thus, the expected cost rate is

Co(T) = & Jy G Jte (9.38)

fo

where ¢; = cost of minimal repair at failure, and cy = cost of replacement at
a planned or random time. When G(z) = 1 for any x > 0, Co(T)) agrees with
the expected cost rate given in (4.16) in Chapter 4.

Suppose that h(t) is continuous and strictly increasing. Then, differenti-
ating Cy(T) with respect to T and setting it equal to zero,

T T
G a e
) /O Gty dt — /0 Gy aH(n = 2. (9.39)

Letting Q2(T") be the left-hand side of (9.39), we have limp_,0 Q2(T) = 0,

QQ(OO)EthQ ) = h(co /G dt—/ G(t)dH(t
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and for any AT > 0,
Q2T + AT') — Q2(T)
T+AT - T - T+ AT -
= h(T + AT) / G(t)dt — h(T) / G(t)dt — / G(t)dH(t)
0 0

T+AT T+ AT !
> [W(T + AT) = h(T)] / G(t)dt + / A(T) = h(O]G() dt > 0.

T T

Therefore, if Q2(c0) > ¢a/c; then there exists an optimum 7% (0 < T* < c0)
that satisfies (9.39), and its resulting cost rate is

Co(T*) = 1 h(T™). (9.40)

If the replacement costs at planned time 7" and at a random time are
different from each other, then the expected cost rate is

Co(T) = c1 fO )+ CQG( )+ CgG(T)7 (9.41)

fo

where ¢; and c3 are given in (9.35). We seek an optimum 75 that minimizes
Cy(T) in (9.41). Differentiating C2(T") with respect to T and setting it equal

to zero,
/ G(t)dt — G(T)

) /0 G ar - /O "Gy arm |+

(cg—c2) =
(9.42)

and the resulting cost rate is
Co(T3) = erh(T5) + (cs — c2)r(T3), (9.43)

where 7(t) is given in (9.36) and (9.37). From these equations, we have Ty =
T*in (9.39) when G(z) = 1—e~%. Also, when 7(t) is increasing, if c; > c3 then
T5 > T* and vice versa. In particular, when the failure time is exponential,
i.e., H(t) = t/u, Equation (9.42) takes the same form as (3.9) in Chapter 3.
In this case, if ca > ¢3 then T5 = oo.

(3) Block Replacement

A unit is replaced at planned time T or at a random time and also at each
failure. Let M(t) be the renewal function of F(t); i.e., M(t)=Y 52 ,FU)(t).
Then, by a similar method to that of Section 5.1, the expected cost until
replacement is

T T
/ [exM(t) + 2] dG(#) + [ex M(T) + 2] G(T) = &1 / G(t) dM(t) + ¢
0 0
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and the mean time to replacement is given by fOT G(t)dt which is the same as
the periodic replacement. Thus, the expected cost rate is

er iy Q) AM(t) + s
[rae dt

C5(T) = (9.44)

where ¢; = cost of replacement at each failure, and co = cost of replacement
at a planned or random time.

If the replacement costs at planned time 7T and at a random time are
different from each other, then the expected cost rate is

c1 ) G(t)dM(t) + c2G(T) + e3G(T)
G dt

Oy(T) = , (9.45)

where ¢ and c3 are given in (9.35).

Next, if a unit is not replaced at failure, and hence, it remains failed for
the time interval from a failure to its replacement as described in Section 5.2,
then, because the expected cost until replacement is

/oT [cl /Ox(:c —t)dF(t) + 02} dG(x) + G(T) | /OT(T — ) dF(t) + 2

T
= cl/ G)F(t)dt + c2
0
the expected cost rate is
Ti
c Gt)F(t)dt+c
Cu(T) = Ly 7(11 ) 2 (9.46)
Jo G(t)adt

where ¢; = downtime cost per unit of time for the time elapsed between a
failure and its replacement, and ¢y = cost of replacement at a planned or
random time.

Furthermore, the mean time that a unit is replaced after failure for the
first time is given by a renewal function

T
(T)=TG(T)F(T) + / tF(t)dG(t)
0
+ [T+ I(T))G(T)F(T) + /T [t + U(T)]|F(t)dG(t);
0

i.e.,

1 r_
UT) = fOTG(t)dF(t)/o G(t) dt
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which agrees with the result of [10] when T = oo.
Differentiating C4(7") with respect to 7" and setting it equal to zero,

/G dt—/ P =2, (9.47)

It is easy to prove that the left-hand side of (9.47) is strictly increasing from
0 to [~ G(t)F(t)dt. Therefore, if [ G(t)F(t)dt > cz/cy then there exists a
finite and unique T that satisfies (9.47), and its resulting cost rate is

Cu(T*) = e, F(T™). (9.48)

In particular, when G(x) = 1 for any = > 0, the above results correspond to
those of Section 5.2.

Until now, it has been assumed that a unit is replaced at one random time.
Next, we suppose that a unit is replaced at either planned time T (0 < T < c0)
or at the Nth random time (N = 1,2,...). Then, the expected cost rates of
each model can be rewritten as

oyr, Ny = =) Jo =GN @IAE(H) + e 0.19)
o S — G ()| F(t) dt ‘
Co(T, N) = & Jo =GN @] AH(#) + 2 950
o fo [1—GWM)(1)]dt :
Oo(, ) = Lo 1L~ G @]AM) + 050
o f [1— G(N)(t)] dt :
c fy L= GMWIF(t)dt + e
Cy(T,N) = —=2 i _G(N)(m . (9.52)

9.3.2 Random Inspection

Suppose that a unit works for an infinite time span and is checked at succes-
sive times Y; (j =1,2,...), where Yy =0and Z, =Y, - Y;_1 (j =1,2,...)
are independently and identically distributed random variables, and also, in-
dependent of its failure time. It is assumed that each Z; has an identical
distribution G'(z) with finite mean; i.e., {Z;}52, form a renewal process in
Section 1.3, and the distribution of Y; is represented by the j-fold convolution
G of G with itself.

Furthermore, a unit has a failure distribution F'(¢) with finite mean u, and
its failure is detected only by some check. It is assumed that the failure rate of
a unit is not changed by any check, and times needed for checks are negligible.
A unit is checked at successive times Y; (j = 1,2,...) and also at periodic
times kT (k = 1,2,...) for a specified T' > 0 (see Figure 9.3). The failure is
detected by either random or periodic inspection, whichever occurs first.
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Y; Yjt1

o o % o
T T T

Y; Yt

o o o x—e
T T T

O Inspection at periodic or random time
® Detection of failure

Fig. 9.3. Process of random and periodic inspections

The probability that the failure is detected by periodic check is

oo

(k+1)T | o
—x (4) .
Z/k /G (k+ 1T —2]dGY(z) | dF (1) (9.53)

k=0"kT
and the probability that it is detected by random check is

Z/(HI)T > /{G [(k+ 1T —a] = G(t —2)}dGY (2) | dF(t), (9.54)
k

T

where note that the summation of (9.53) and (9.54) is equal to 1.

Let cp; be the cost of the periodic check, ¢;; be the cost of the random check
and ¢y be the downtime cost per unit of time for the time elapsed between a
failure and its detection at the next check. Then, the total expected cost until
failure detection is

(k+1)T oo
Z/ k+1)cpi+jcm+62[(k+1)Tft]} dF(t)
k=0" kT

/Gk:+ T — 2] dGY (x +Z/

(k+1)T—2
X Z/ {/ (kcpi+(j+1)cri+ca(z+y—1)] dG(y)} dGY (z)

(k+1)T
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= Cpi fjmT) + Cri ij /0 169 (1) - GU () ()
j=0

k=0

(k+1)T
_ (C”"_C”)Z/k {G[(k 1)) - G()

k=0" kT

+ [ (Gl )T 2] -G l-a)} dM(x)]} dF(t)

0 (kAT ( pk+DT (k+1)T—z
+te2y G(y) dy+ G(y) dy |dM (z)
kT t t—ax

I

where M (x) = E;’il GU)(z) represents the expected number of checks during
(0, z].
We consider the following two particular cases.

}dF(t),

(9.55)

(i) Random inspection. If T = oo, i.e., a unit is checked only by random
inspection, then the total expected cost is

lim C(T _cngﬂ/ [GU(t) — GUHD ()] dF(¢)
7=0

T—o0

+ e {/0 FOG(t) dt + /Ooo [/Om[p(x 1) — F(2)]G() dt] dM(x)}.

(9.56)

(ii) Periodic and random inspections. When G(z) = 1 — e~%* the total ex-
pected cost C(T') in (9.55) can be rewritten as

C(T) =cpi if(kT) + ¢rifp — (Cpi —Cpi — %2)
k=0

(k+1)T
X Z/ {1 — e VlHDT= 4P (1), (9.57)
k=0 Y kT

We find an optimum checking time 7™ that minimizes C(T). Differentiat-
ing C(T) with respect to T and setting it equal to zero,

k+1 _ _
ok +1) [ e el WP () ooy

Zkzo kf(kT) Cri — Cp; T c2/0
(9.58)

for ¢,y + c2/0 > cp;. This is a necessary condition that an optimum 7 mini-
mizes C(T).

In particular, when F(t) = 1 — e~ for A < 6, the expected cost C(T) in
(9.57) becomes
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Cpi 0 Co A e M e 0T
- e e 2 1 =
CT) = y=g=r oy (C’" i 9) [ -\ 1-e T
(9.59)
Clearly, we have limp_,o C(T) = oo,
Cloo) = Tim C(T) =i (L 41) 4+ 2 (9.60)
o0) = lim =ci |y R :
Equation (9.58) can be simplified as
0 i
[1 o e—(ef)\)T] _ (1 _ efeT) — Cp (9.61)

0— A\ Cri_cpi+62/9

whose left-hand side is strictly increasing from 0 to A/(8 — ).

Therefore, if A\/(60 — A) > ¢pi/(¢ri — cpi + ¢2/0), €., cri +c2/0 > (0/X)cpi,
then there exists a finite and unique T (0 < T < oo) that satisfies (9.61),
and it minimizes C(T'). The physical meaning of the condition ¢,; + ¢2/6 >
[(1/X)/(1/0)]cy: is that the total of the checking cost and the downtime cost
of the mean interval between random checks is greater than the periodic cost
for the expected number of random checks until failure detection. Conversely,
if ¢,y + c2/8 < (8/A)cp; then periodic inspection is not needed.

Furthermore, using the approximation of e~ ~ 1— at + (at)?/2 for small
a > 0, we have, from (9.61),

~ 2 Coi
T=,/——— 2 .62
\/)\9 Cri — Cpi +62/9 (9 6 )

which gives the approximate time of optimum 7°*.

Ezxample 9.3. Suppose that the failure time has a Weibull distribution and
the random inspection is exponential; i.e., F(t) = 1 —exp(—At") and G(z) =
1 — e %, Then, from (9.58), an optimum checking time T* satisfies

Dok +1) k(;H)T G OLkA Tt \pppm—1o=At" ¢
> oo kAm(ET)m—le=AKT)™

Cpi
= 9.63
Cm‘fcpi+62/9 ( )

(1—e )

In particular, when m = 1, i.e., the failure time is exponential, Equation
(9.63) is identical to (9.61). Also, when 1/6 tends to infinity, Equation (9.63)
reduces to

S e D" -

B 9.64
Do RAM(KT)m—1eART)™ co (9.64)

which corresponds to the periodic inspection with Weibull failure time in
Section 8.1.
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Table 9.3. Optimum checking time 7 when 1/ = 100 and cpi/c2 = 2, ¢rifc2 =1

— T
10| T

1 00 00 00 00

5 22.361 00 12.264 6.187
10 | 21.082 00 8.081 5.969
20 | 20.520 | 32.240 6.819 5.861
50 | 20.203 | 22.568 6.266 5.794
oo | 20.000 19.355 5.954 5.748

Table 9.4. Value of T = 1/5 in Equation (9.63)
1/60

m=1 m=2 m=3
26.889  11.712 6.687

Table 9.3 shows the optimum checking time 7% form = 1, 2,3 and 1/6 = 1,
5,10, 20, 50, co, and approximate time Tin (9.62) when 1/X = 100, ¢pi/co = 2,
and ¢,;/ce = 1. This indicates that the optimum times are decreasing with
parameters 1/6 and m. However, if the mean time 1/6 exceeds some level,
they do not vary remarkably for given m. Thus, it would be useful to check
a unit at least at the smallest time T™* for large 1/6, which satisfies (9.58).
Approximate times T give a good approximation for large 1/6 when m = 1.

Furthermore, it is noticed from Table 9.3 that values of T are larger than
1/6 for some 6 < 0, and vice versa. Hence, there would exist numerically a
unique 7' that satisfies T = 1/60 in (9.63), and it is given by a solution of the
following equation:

Cri Cpi 1
— =) =+
{ {< C2 C2 ) T * :|
S (k4 1) [T e () =t/T g —1e 2" o1y Cpi
’ S kAm(KT)m—Te AFT)™ —(1—e =L

CQ.

(9.65)

The values of T = 1/5 for m =1, 2, 3 are shown in Table 9.4 when ¢p;/co = 2
and ¢,;/cg = 1. If the mean working time 1/6 is previously estimated and is
smaller than 1/ 5, then we may check a unit at a larger interval than 1/ 1/9\, and
vice versa. g

Until now, we have considered the random inspection policy and discussed
the optimum checking time that minimizes the expected cost. If a working
unit is checked at successive times T} (k = 1,2,...), where Ty = 0 and at
random times, the expected cost in (9.55) can be easily rewritten as
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C(T1,Ts,...) = cp iF(Tk)JrcM- ij/ooo[(;(j)(t)_gml)(t)] dF(t)

k=0 j=0
o Tht1
- (Cpi—cri)kz_o/%k {G(Tk+1) - G()

n { / (G(Tsr — 2)— Gt — o) dM(z)] } dF (1)

Thy1—x
/ G() dy) dM (z)

+ CZi/TW{ tTkHG(y) dy + /Ot<

} dF(t).

k=0 Tw t—x

(9.66)
In particular, when G(z) =1 — e %%,
C(Th TQ, N ) = Cpi ZF(Tk) —+ C”'GM
k=0

o Thy1

- (cpﬁcwcﬁ)z / 1—e 0Tt dF(t). (9.67)
0 k=0"Tk

9.4 Replacement Maximizing MTTF

System reliability can be improved by providing spare units. When failures of
units during actual operation are costly or dangerous, it is important to know
when to replace or to do preventive maintenance before failure.

This section suggests the following replacement policy for a system with
n spares: If a unit fails then it is replaced immediately with one of the spares.
Furthermore, to prevent failures in operation, a unit may be replaced before
failure at time T} when there are k spares (k = 1,2,...,n). The mean time
to failure (MTTF) is obtained and the optimum replacement time T} that
maximizes it is derived. It is of interest that 7}’ is decreasing in k; i.e., a unit
should be replaced earlier as many times as the system has spares, and MTTF
is approximately given by 1/h(T}), where h(t) is the failure rate of each unit.

A unit begins to operate at time 0 and there are n spares, which are
statistically independent and have the same function as the operating unit.
Suppose that each unit has an identical distribution F'(t) with finite mean p
and the failure rate h(t), where F =1 — F. An operating unit with k spares
(k = 1,2,...,n) is replaced at failure or at time T} from its installation,
whichever occurs first. When there is no spare, the last unit has to operate
until failure.

When there are unlimited spares and each unit is replaced at failure or at
periodic time T, from Example 1.2 in Chapter 1,
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S .
MTTF = 7/ F(t)dt. (9.68)
B(T) Jo
Similarly, when there is only one spare, MTTF is
Tl . .
MﬂU:/ F(t)dt + F(T))p (9.69)
0

and when there are k spares,

Tk;i o
Mk(Tl,TQ, . ,Tk) = / F(t) dt + F(Tk)Mk_l(Tl,TQ, - 7Tk—1)
0
(k=2,3,....n). (9.70)

It is trivial that My is increasing in k because My (Ty,Ts,...,Tx—1,0) =
My_(T1, To, ..., Tor).

When the failure rate h(t) is continuous and strictly increasing, we seek
an optimum replacement time T} that maximizes My(T1,T5,...,Tx) by in-
duction.

When n = 1, i.e., there is one spare, we have, from (9.69),

Mi(o0) = M1(0) = p

dMy(Ty) —=
————= = F(T1)[1 — ph(Ty)].
) B (1 - ph(ry)
Because h(t) is strictly increasing and h(0) < 1/p < h(o0), in Example 1.2 of
Section 1.1, there exists a finite and unique T3 that satisfies h(T}) = 1/p.
Next, suppose that 17, T3, ..., and T};_; are already determined. Then,
differentiating My (T, ..., Ty 1, Tk) in (9.70) with respect to T} implies

dMy(TY, ..., TF_,,T; _ ) )
k(T3 - 1 Tk) = F(Tp)[1 — h(Te) M1 (TY, ..., T 7). (9.71)

First, we prove the inequalities h(0) < 1/M,_1(T7,...,T¢_ ;) < 1/p <
h(o00). Because 1/ < h(oo), we need to show only the inequalities h(0) <
/My (TY, ..., Ty ;) < 1/p. Also, because My, is increasing in & from (9.70),

Mk—l(Tl*w-wT]:_l) Z Ml(Tl*) Z Ml(OO) = Ml(O) = HU.

Moreover, we prove that My_1(Ty,...,T¢_ ;) < 1/h(0) for h(0) > 0 by
induction. It is trivial that h(0) < 1/M_1(TY,...,Ty_;) when h(0) = 0.
From the assumption that h(t) is strictly increasing, we have

F(T7)
W}

)
o F(Ty) 1
</0 F(t)dt + 7(0) <W.

Ty
My (TY) = /0 F(t)dt +
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Suppose that My_o(T7, ..., Ty_5) < 1/h(0). From (9.70),

Ty _
Mkfl(Tl*a v alefl) = / F(t) dt + F(Tl;kfl)Mk*Q(Tl*v s vTI:LQ)
0

T F(TILO 1
</O F(t)dt+7h(0) < m

which completes the proof that h(0) < 1/My_1(T7, ..., T} ) < 1/h(c0).
Using the above results, there exists a finite and unique 73 that satisfies
dMy,/dT, =0 in (9.71), i.e.,

1
h(Ty) = k=2,3,...,n), 9.72
(Tk) Mea (T7, - Tr) ( ) (9.72)
and the resulting maximum MTTF is
T . F T
My (T}) = / F(t)dt + (Te) (k=1,2,...,n). (9.73)
0 W(Ty)

Note that optimum 7}} is decreasing in k.
Furthermore, when h(t) is strictly increasing, it can be easily proved that
for any T' > 0,

FT)
/F )b+ oy m

T F(T) r_ Fr) [f= Y -
/OF(t)dt+m</O F(t)dt+m/o F(t)dt—m/o Ft) dt

which is given in (9.68), and hence,

Ty, o
h(;]:) < My(T}) < F(;;)/o F(t) dt. (9.74)

From the above discussions, we can specify the computing procedure for
obtaining the optimum replacement schedule:

(i) Solve h(T}) = 1/p and compute M, (T;) = [1% F(t )dt + ,uF(Tl*)

(ii) Solve h(Ty) = 1/My_1(Ty_;) and compute My (T, fo t)dt +
FI)/MIE) (k=23 ..n).

(iii) Continue until k& = n.

Ezample 9.4. Suppose that F(t) = 1 — exp(—t?). Table 9.5 shows the op-
timum replacement time 7.F, MTTF M ( ™), the lower bound 1/h(T}) for

n (1 < n < 15) spares, and MTTF fo » F(t)dt/F(T;) for unlimited spares.
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Table 9.5. Optimum T, lower bound 1/h(T};), and MTTF M, (7)) for n spares,

and MTTF fo t)dt/F(T)) for unlimited spares
n | T UYNTE) Mu(TE) [ F()d/ F(TE)
1 0.564 0.886 1.154 1.869
2 0.433 1.154 1.364 2.382
3| 0367 1.364  1.543 2.790
4 0.324 1.543 1.702 3.141
5] 0204 1702 1.847 3.454
6 | 0271  1.847  1.981 3.740
7 0.252 1.981 2.106 4.004
8 0.237 2.106 2.223 4.252
9 0.225 2.223 2.334 4.484
10 0.214 2.334 2.440 4.704
11 0.205 2.440 2.542 4.915
12 0.197 2.542 2.640 5.117
13 0.189 2.640 2.734 5.312
14 0.183 2.734 2.825 5.498
15 | 0177 2825 2913 5.679

For example, when n = 5, a unit should be replaced before failure at intervals
0.294, 0.324, 0.367, 0.433, 0.564, and MTTF is 1.847 and is twice as long as the
mean p = 1/h(T}) = 0.886 of each unit. It is of interest that the lower bound
l/h(T*) equals M, —1(T7_;) and is a fairly good approximation of MTTF,

n—

and fo (t)dt/F(T;) is about twice as long as the lower bound 1/h(T}). g

9.5 Discrete Replacement Maximizing MTTF

Consider the modified discrete age replacement policy for an operating unit
with n spares where the replacement is planned only at times kT (k = 1,2,...)
for a specified T defined in Section 9.1: An operating unit with n spares is
replaced at time N, T for constant 7" > 0. By a similar method to that of
Section 9.4, when there is one spare,

NiT o
M;(Ny) = / F(t)dt + F(N1T)u (9.75)
0
and when there are k spares,

N T
Mk<N1,N2,...,Nk):/ ()dt+F(NkT)Mk 1(N1,N2,...,Nk_1)
0
(k=2,3,....n)  (9.76)

which is increasing in k because My (N1, ..., Nk—_1,0) = Mp_1(N1,..., Nk_1).
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When the failure rate h(t) is strictly increasing, we seek an optimum num-
ber N} that maximizes My (N1, Na, ..., N) by induction. When n = 1, we
have that M;(o0) = M1(0) = p from (9.75).

The inequality M;(N7) > M7(Ny + 1) implies

S OO

Because h(t) is strictly increasing, we have

F(NHD)FINT) o

Nr o F(t)dt Jiv_nyr F(t)dt

A(N+1)T) >

F(T 1
T*# < =< h(OO)
Jo F(tydat H
Therefore, the left-hand side of (9.77) is strictly increasing in N; from
F(T)/ fOT F(t)dt to h(oo), and hence, Nj (1 < Ny < c0) is given by a unique
minimum that satisfies (9.77).

Next, suppose that N7, Ny, ..., and N}_, are determined. Then, the
1s V2 k—1
inequality My (Ny,...,N;_;, Ni) > Mi(N{,...,N}_;, Ny + 1) implies
WetDT By qp — Mie-a(NY, .. NEy)
N, T

Because Mj_1 is increasing in k and 1/My_1(N{,...,N;_;) <1/u < h(c0),
a finite and unique minimum that satisfies (9.78) exists, and is decreasing in
k.

Therefore, we can specify the computing procedure as follows.

(i) Obtain a minimum N7 such that

FN+1T) - F(NMT) 1
N1 DT — -
TR at p

and compute M;(N7) in (9.75).

(ii) Obtain a minimum N} that satisfies (9.78), and compute My (N7, ..., N})
in (9.76).

(iii) Continue until k£ = n.

Example 9.5. Suppose that the failure time of each unit has a gamma
distribution with order 2; i.e., F(t) = 1— (1+t)e”* and p = 2. Table 9.6 gives
the optimum replacement time 7}, MTTF M, (T}}) derived in Section 9.4, and
number N, MTTF M (N}) (k =1,2,...,10) for T = 0.1. MTTF M (T})
are a little longer than M (N}). When k = 9, both MTTF's are twice as long
as p. Conversely speaking, we should provide 9 spares to assure that MTTF
is twice as long as that of the unit. g
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Table 9.6. Optimum time 73, MTTF My(7} ), and number N;;, MTTF M;(N})
for T =0.1

k| Ty Mu(Iy) N; My(Np)
1 | 1000 2368 10  2.368
2 | 0731 2659 7 2658
3] 0603 2908 6 2907
4| 0524 3129 5 3129
5| 0470 3331 5 3.330
6 | 0429 3518 4 3517
7 | 0397 3693 4 3.691
8 | 0371 3857 4 3855
9 | 0350 4014 4 4.009
10| 0332 4163 3 4157

9.6 Other Maintenance Policies

Units are assumed to have only two possible states: operating or failed. How-
ever, some units such as power systems and plants may deteriorate with time
and be in one of multiple states that can be observed through planned in-
spections. This is called a Markovian deteriorating system. The maintenance
policies for such systems have been studied by many authors [13-15]. Using
these results, the inspection policies for a multistage production system were
discussed in [16,17], and the reliability of systems with multistate units was
summarized in [18]. Furthermore, multipleunits may fail simultaneously due
to a single underlying cause. This is called common-cause failure. An exten-
sive reference list of such failures that are classified into four categories was
provided in [19]. Most products are sold with a warranty that offers protection
to buyers against early failures over the warranty period. The literature that
links and deals with warranty and maintenance was reviewed in [20,21].

The notions of maintenance, techniques, and methods discussed in this
book could spread to other fields. Fundamental reliability theory has already
been widely applied to fault-tolerant design and techniques [22-24]. Some
viewpoints from inspection policies have been applied to recovery techniques
and checkpoint generations of computer systems [25-28]. Recently, various
schemes of self-checking and self-testing [29,30] for digital systems, and fault
diagnosis [31] for control systems, which are one modification of inspection
policies, have been proposed. Furthermore, data transmission schemes in a
communication system were discussed in [32], using the technique of Markov
renewal processes. Analytical tools of risk analysis such as risk-based inspection
and risk-based maintenance have been rapidly developed and applied gener-
ally to the maintenance of big plants [33]. After this, maintenance with due
regard to risk evaluation would be a main policy for large-scale and complex
systems [34,35].

This book might be difficult for those learning reliability for the first time.
We recommend three recently published books [36-38] for such readers.
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current age 22,23

23

decreasing failure rate (DFR) 6-9,13
degenerate distribution 12,137,147,
212,213
degraded failure
delay time 202

3,69

discounting 70, 78-80, 107, 108, 119,
120, 125, 126

discrete distribution 9,13,14

discrete time 3,13, 16, 70, 76, 80-92,
95,107,108

downtime 11,24, 25,39, 45-47, 120,
122,135, 201, 240, 254

earning 8, 55,139
Erlang distribution
excess time 45
expected cost 3,39, 51-56, 59-62,
69-92,101-114, 117-132, 152,
157-160, 166, 167, 171-183, 187,
192-196, 201229, 236258
expected number of failures 2,6, 39,
40, 45, 46, 56, 58, 59, 64, 102, 104,
118, 135, 136, 156, 157
exponential distribution 6-8,12-17,
22,43, 46, 49, 50, 54, 62, 63, 85, 90
92,140, 153, 203, 212, 214, 217,
218,221, 222,225, 248, 249, 251,
255, 256
extreme distribution

15

13,15-18

failure rate 4-9,14-17, 23,42, 60-62,
70, 73-75,79-91, 96, 98-103, 107—
114, 126-132, 141-144, 150-153,
176-180, 183-184, 193-196, 202,
209, 215, 236-240, 242, 246-262

fault 110, 160-164, 202, 220—223
finite interval, time 4,9, 69, 224228,
241-245

267



268 Index

first-passage time 20, 27, 29-34, 39, 56,
57,64, 65, 148,149

gamma distribution 13,15, 44, 62, 76,
80, 124, 143, 153, 175, 215, 237,
239, 262

geometric distribution
181

13,14,17, 88,

hazard rate
hidden fault

human error

5-7

188,201, 202

172,187

imperfect maintenance 2,135, 171-197

imperfect repair 39,172

increasing failure rate (IFR) 6-9,13

inspection 3,4,171,172,183-187,
201-229, 235, 236, 240, 241, 245,
253258

inspection intensity 201, 207-210, 224,
227-229

intensity function

intermittent failure, fault
202, 220224

intermittently used system 3,236

interval reliability 11,48-50, 135,
140-144

23, 155-167
3,155,172,

job scheduling 11-13

k-out-of-n system 66, 83, 190
log normal distribution 14

mass function 28-34,41, 146-149

Markov chain 19, 20, 2628

Markov process 19, 20, 26-34

Markov renewal process 19,26, 28-34,
39-42, 136, 146

Markovian deteriorating 263

mean time to failure (MTTF) 2,3,
5,8,9, 18,39, 40, 48, 56, 58, 63—66,
69,92, 111, 135, 144, 145, 148,
149-154, 171, 172, 183, 186, 188,
191, 235, 258263

mean time to repair (MTTR) 40, 48

mean value function 6, 23,98, 155-166

minimal repair 23, 75,95-110, 126—
132, 156-160, 172, 175-182, 192,
238,239, 242, 243, 250

negative binomial distribution
17, 81,92

nonhomogeneous Poisson process 6,
23, 98, 155-166

normal distribution

13,14,

12,14, 46, 51

one-unit system 19,24, 31, 39-55,
135-144, 176, 183,192

opportunistic replacement 70, 135, 145

parallel system 2,17,32, 39, 65, 66, 70,
76,82, 83,136, 145, 166

partition method 4,202, 225, 235,
241-244

percentile point 72, 75, 76

periodic replacement 2,95-114,
117,125-131, 235, 236, 238, 239,
241-243, 246, 250, 251

Poisson distribution 13,14, 23

Poisson process 15,23, 156

preventive maintenance 2,4, 8,11,
31, 51, 56, 60, 62, 95, 135-167,
171-197, 202, 205, 245

preventive replacement 2,171

protective unit 202

random replacement 3, 235, 245-253

regeneration point 30-34, 136, 146-149

reliability function 5,12,217

renewal density 21, 118-120, 123

renewal function 20-22,29-34, 4044,
58,118-123, 135-138, 239, 243,
251,252

renewal process
253

renewal reward 23, 24

repair limit 2,39, 40, 51-55, 135

repair rate 42,53, 54

repairman problem 39

residual lifetime 9, 20, 22, 23, 98, 121

reversed hazard rate 6

19-24, 28,71, 83, 123,

semi-Markov process

sequential maintenance

series system 9,135

shock 17,18, 23,136, 166

spare unit, part 2, 3,8,9, 24, 39, 5663,
117,135, 235, 236, 258-263

19, 26, 28-30, 39
191-197



standby unit, system 2, 3,24, 39,
55-65, 144-154, 182, 201, 202,
212-216

stochastic process 4,19-34, 39,45

storage unit, system 3,113,202,
216-220

transition probability 20,26-34,
39-44, 63-66, 135-139, 149, 150,
221

two types of failure 96,110-112

two types of units 96, 112-114

two-unit system 31,34,39,117, 135,
144-154

Index 269

uniform distribution 12,208, 241
uptime 11,48
used unit 74, 95,107-109, 121

warranty policy 263

wearout failure 107,109

Weibull distribution 6,13, 15-18, 54,
70,76,92,103,107,111, 181, 182,
185,192, 194-196, 207, 210, 211,
217,219, 220, 227, 228, 242, 249,
256, 260
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