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Constrained Estimation

9.1 Overview

This chapter introduces the reader to the issues involved in constrained esti-
mation. We adopt a stochastic framework and model the underlying system
via a set of stochastic difference equations in which the noise has a known
probability density function. This leads to a stochastic interpretation of the
resulting estimators. Alternatively, one can interpret the resulting optimisa-
tion problems in a purely deterministic framework.

We begin with fixed horizon constrained linear estimation problems. We
will see that the resulting optimisation problems are similar to the prob-
lems that arise in constrained control. Indeed, they only differ by virtue of
the boundary conditions imposed. In the next chapter we will show that the
connection is actually deeper than similarity. Indeed, we will show that, for
the linear constrained case, the problems are formally dual to each other. We
then consider rather general nonlinear estimation problems. Finally, the mov-
ing horizon implementation of these estimators is discussed and illustrated by
examples.

Potential applications of the ideas presented here include any estimation
problem where the variables are known, a priori, to satisfy various constraints.
Examples are:

(i) State estimation problems in physical systems where constraints are
known to apply, for example, in a distillation column where the liquid
levels in the trays are known to lie between two levels (empty and full).

(ii) More general state estimation problems in process control where key vari-
ables (for example, disturbances) are known to lie in certain regions.

(iii) Channel equalisation problems in digital communication systems where
the transmitted signal is known to belong to a finite alphabet (say £1).

(iv) Estimation problems with general distributions where the distribution can
be approximated in different regions by different Gaussian distributions.
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9.2 Simple Linear Regression

To motivate the more general results to follow, let us first consider a simple
linear regression problem:
x =xpy=x9 fork=0,...,N—1,
E+1 k 0 9.1)
yp = Cxp +v, fork=1,... N,

where z € R™ and where {yx} is a given sequence of scalar observations.
Say that {vi} is an i.i.d. sequence having a distribution p,(vk) obtained by
truncating on the interval [—b, b] a Gaussian distribution with zero mean and
variance o2, that is,

1 v
o2 eXp{—202} .
b 1 2 if |Uk| < b,
poo) =4 [ by exp {55} do 03
0 otherwise.

Also, assume that x¢ has a Gaussian distribution: N (ug, Py) with Py > 0.

In the sequel, we will need to refer frequently to conditional probability
density functions. These take the general form of the probability density for
a random variable a evaluated at @ (say), given that another random variable
b takes the specific value b. We will express this density as Pajp(a = alb = b).
Often we will simplify the notation to pa|b(d|l;).

Let yny = [yl yN} " and let y?\, = [y{l y?\,r denote the given obser-
vations. Then, using Bayes’ rule and the independence assumption, the joint
probability density function for the data y¢, and initial state estimate #o can
be obtained as follows:

Pyi1,z0 (yfv -’%0) = Pyi|zo (yiilj:O) Pz (-’%0)7
Pyz,y1,20 (yg7 yfv -730) = Pysly1,z0 (yglyfv -730) Pyi1,z0 (yfv -730)
= pyz\yl,zo (yglyf7 "i‘o) pyl‘il?() (yf|:f;0) p-'L'O (Q/'\:O)

= pyz‘zo (y(2i|j:0) py1|xo (yidlj:o) pl'(] (‘%0)7

N

Pyn.zo (y?\la j0) = Pxo (fo) H Py |zo (yg|550) (93)
k=1

Also note from (9.1) and (9.2) that
Pyulzo Wit Z0) = pu(yf — Cio)
U\}QW exp {7 (yggffo)z’ }
- ffb U\}Qw exp {— 52 } da

0 otherwise.

lf |yg — Ci’o| S b,
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Then, using the above in (9.3), we finally obtain

o fl(yda‘%O) if |yd70§:0|§b7 kil,...,N,
pyN,wo(yﬁl\fva) = N r .
0 otherwise,

where

. ) Bt
fily%,d0) £ Bexp {(fﬂo — o)’ g (Zo — MO)}
N 0’\}27‘[‘ exp { *(%‘2;?@0)2 }
X b o , (9.5)
il o2 exp{ 5% | da

where 3 £ (27)~ 2 (det Py)~ 2.

The estimation problem is as follows: Given y?\,, make some statement
about the value of z. Based on py 4, (yﬁi\[7 #0) we can express the a posteriori
distribution of zg given yy as follows:

d ~
A Pyn.zo (yN> xO)
Paolyn (Zolyh) = ; (9.6)
oy HEOIIN Pyn (y%)

where py . (y%) is independent of z¢ and satisfies

Dyn (%) = / Py o (¥, 2)da. (9.7)

The a posteriori distribution py |y (Z0 ly% ) summarises “what we know about
xo given the observations y%.” If we require a specific estimate, then we can
obtain this from py |y (Z0|y% ). Possible estimates are:

(i) Conditional mean

55([)1] 4 E{xo|y§i\,} = /R O Paolyn (a|y§i\,) da. (9.8)

(ii) A posteriori most probable

.[2 A T
8 2 arg max prgty (Golyh) = arg max pywan(vhido) (99
o o

Note that, in general, :i'([)l] # :i'([)Q A simple two-state case is illustrated in
Figure 9.1. In the unconstrained Gaussian case we have that the conditional
mean coincides with the a posteriori most probable estimate (denoted &g in
the figure). However, in the presence of constraints, the a posteriori probability
density is nonzero only in a restricted region illustrated by the shaded area' in

! For simplicity, all the truncated distributions are illustrated in this chapter with-
out scaling.
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Paolyn (x0|y‘11\1)

Figure 9.1. Illustration of the conditional mean and the a posteriori most probable
estimate. (The points shown should actually be on the zo-plane.)

Figure 9.1. In this case, we see that the conditional mean 9?:([)1] will, in general,

differ from the a posteriori most probable :i’([)Q .

In the sequel, we will mainly focus on the a posteriori most probable
estimate since this is found via a constrained optimisation procedure which is
similar to the optimal control problems addressed earlier.

Returning to our special case of simple linear regression, we see from (9.9),
that the a posteriori most probable estimate is obtained by maximising (9.4)—
(9.5). In turn, this is equivalent to minimising — Inpy  +, (y%, Z0) where

N

- lnpyzv,wo (y?\/'a 3?0) = Z
k=1

1

9,2 (T — uo)TPO_l(i‘o — 1p) + constant,

1
@,§+2

subject to the constraints

f)k:yg—Ci‘o fork=1,...,N,
Op € [-b,b] for k=1,...,N.

We recognise this as a standard constrained quadratic optimisation problem
in the variable Z.
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9.3 Linear State Estimation with Constraints

Here we generalise the ideas presented in Section 9.2 to the following linear
Markov model:

Tpy1 = Azy + By, (9.10)
yr = Cxp + vy, .

where z, € R™, wi, € R™, y € R” and vy, € R". Suppose that {wg}, {vk}, 2o
are i.i.d. sequences having truncated Gaussian distributions, that is,

_1,,17)—1
Buwexp { Qllvk? 771111@} for 1wy € O,
polwy) = 4 Bu Jo, exp {5 "Q v} dv (9.11)
0 otherwise,
. R~
A exp{ UkT fk} for v € Qo,
po(vg) = 4 P Jo, exp {—3v"R~1v}dv (9.12)
0 otherwise,

By €XP {— xo — o) Py H(wo — MO)}

for xp € Qg,
Bro [, XD {3 — o) Py ' (v — o)} dv

pzo(x()) =

0 otherwise,
(9.13)
where Q >0, R >0, Py > 0, B, 2 (27)" % (det Q)" 2, B, £ (2m)~ 2 (det R)~
Buo 2 (27)7 2 (det Py)~2, Q1 CR™, 9y C R” and Q3 C R™.
We define

T T
7\; - [yi“ y?vl} ; (9.15)
xy = [z] - x}‘\,}T, (9.16)
xy = [25 ... aN]" (9.17)
From Bayes’ rule and the Markovian structure of (9.10) we have that
Parirooro Tkt 1, Thy Tho1s -+, 20) = Dagyron oo Tkt 1 [Ths Tho1, - -+ T0)

X p-'L'ka---JJ(J (-’I;k, Th—1s5---, j:O)

X Pxy,...izo (‘ff"kh jk—lv ey i‘o),
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and also
Pyr,zr,..smo (?)g,-i‘k, Th—1,... ,i‘o) = Py|zp,..., zo(yg|.i‘k,§;‘k_1, cey i‘o)
X Py, ..., Eo(izka:%kfla---aj())
d)~
:pyklwk(yk|xk)
X Pay,..., Eo(jkai'kfla---aj())-

It then follows that the joint probability density function for yy and xpn
defined in (9.14) and (9.16), respectively, is given by

N
Pynoen (YN = Y XN = Xn) = pag (w0 = &0) [ | [Pymk (9 = yitlor = &)
k=1

X Daplan_ (T = Txlor—1 = Tx—1)|

(9.18)

We next develop an explicit expression for the joint density function in
(9.18). We begin with the nonsingular case when wy, € R™ (m =n) and B is
nonsingular in (9.10).

Lemma 9.3.1 For the model described in (9.10) to (9.17), and subject to
wr € R™ (m = n) and B nonsingular, the joint probability density function
(9.18) for yn and xn satisfies

N—1
N 1 ST A1
Pynxn (YN = Y3, XN = Xn) = constant x exp {2 Z Wy, Q 1wk}
1
AT —1 A
X exp {—2 ];ka vk}

1, i
X eXP{—Q(ﬂfo — p10)" Py N (&0 — Mo)}7

(9.19)
whenever
W €y fork=0,...,N—1,
U € Qo fork=1,..., N,
‘%O EQJ)
where

karl:A{fk#*Bﬁ)k fork=0,...,N —1,
op =yl —Cip fork=1,...,N.
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Proof. From (9.10), (9.11) and (9.12), we have, using the rule of transforma-
tion of probability density functions:

Papsr |z (Thr1 = Tpy1|rp = 1) = constant X py, (1)
= constant x exp {;wmlwk} ,
whenever Wy € 1 and satisfies Zx41 = A%y + Bwy. Also,
Pyulax (Uk = Yitlox = &) = constant x p, (0x)
= constant X exp {— ;QZR_I@k} ,
whenever 0, € (o and satisfies y,‘f = CZy, + Ox. Finally, using (9.13), and
substituting all expressions into (9.18), the result follows. ([l

Remark 9.3.1. In the general case, when wy € R™ with m < n in (9.10),
the linear equality Zx41 — A%y = By, implies that 2541 — AZ can only take
values in the range space of B. Hence, we need to account for the fact that
Zpy1 — ARy has a singular distribution? in R™. We can easily deal with this
situation by introducing a linear transformation in the state space as follows.

Assume that B has full column rank. Let T} be a basis for the range space
of B (which, in particular, could be chosen equal to B) and choose any T
such that T = [T} T3] is nonsingular. We partition 7! as follows:

1 |5
el

where S is an m x n matrix. Then T~'T = I,, implies
S1Th = Iny,  S2Th = 0(n—m)xm-

Hence, since B = T1 B for some nonsingular m x m matrix By, we have, using
the above equations, that

_ S - B
1 _ 1 _ 1
T7'B= [SJ T\By = [0} . (9.20)
Partition Zx4+;1 as
Tppr =T opgr. (9.21)

Then, from (9.10), T4 satisfies
Tyl = A(Z?k + Bwk, (922)

2 A singular distribution is a distribution in R™ which is concentrated in a lower
dimensional subspace, that is, the probability associated with any set not inter-
secting the subspace is zero (Anderson 1958).
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where _ _
Aerias (M) papap_ (B (9.23)
Ay 0
using (9.20). Let )
e
B LUZ-&-I_ ’
where zj; € R™. Then, from (9.22)-(9.23), we can write
7 A B
E}cﬁl} = [-1} T + 01} wg. (9.24)
k+1 2 L

Hence, using the rule of transformation of probability density functions, we
have, from (9.21) and (9.24), that

Paysr|on (Trr1]|Zr) = constant X pz, |z, (Trs1|2r)
= constant X pj;chl‘zk (%;c-&-l |i‘k) X (5”_7”[%%_,'_1 — Ag.i‘k]

= constant X py, (Wg) X Onom[T)sq — Aody],

whenever wy € )7 and satisfies i’%H = A, i, + B1wy. In the above equations,
On—m[+] is the Dirac delta function defined on R™=™ that is, dp—m[n] =
§(m) x -+ X 8(Qn—m), where g = [ -+ Np—m] € R"™™.

We can thus write

Papir oy (Trr1]|Zr) = constant x py, () x 5n—m[i‘%+1 — Aoy, (9.25)

where T is restricted to those values reachable from wy, that is, such that
Tpi1 = Ay + By for some wy € Q;. We thus see that pg, ., (- | -)
has a density function in R™ corresponding to those values of z1 that are
reachable from wy,.

When defining the joint a posteriori most probable [JAPMP] estimator
below, we will maximise the envelope of the delta function in (9.25). For
notational convenience, we define this envelope as

Plrpsr o (Tht1|Tk) £ constant x p, ()

whenever w, € Q; and satisfies 11 = A% + Bwg. Hence, in the sequel,
probability densities p corresponding to singular distributions should be in-
terpreted as the envelope p’ defined above. )

The general estimation problem is: Given the observations y4, =
[yd" .. y%']", make some statement about the states xx = [} ... z%]". From
the joint probability density function (9.19), we can express the a posteriori
distribution of xx given yy as follows:

d ~
I Pyn.xn (yN7 XN)
Pxnlyn BNIYY) = : (9.26)
N ‘yN pYN (yﬁl\f)
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where py . (y4) is a data dependent term which does not depend on x .
The a posteriori distribution px |y (Xn|y%) summarises “what we know

about x given the observations y%.” As foreshadowed in Remark 9.3.1, our

aim is to find the joint a posteriori most probable [JAPMP] state estimates

Xy = [23...2%]" given the observations y4;; that is,

A

X}y = arg max pr|yN(5<N|y§iv). (9.27)

XN

Note that (9.27) is equivalent to maximising the joint probability density
function, since, as noticed in (9.26), both functions are related by a term that
does not depend on xpx. Thus, the joint maximum a posteriori estimate is
given by

S

A S d
XN = argAmaX pr\yN (XN|yN)

XN
= arg max pyy sy (Y, Xn)
B3N
= arg min —Inpyyxn (Y, XN (9.28)
B3N

The preceding discussion leads, upon substitution of (9.19) into (9.28), to the
following optimisation problem.

Estimation Problem

Given the observations {y{,...,y%} and the knowledge of 1o (the mean value
of zp), solve:

Pe: VA" (po, {yi}) £ min Vv ({Zx}, {0}, {@n}), (9.29)
subject to:
Tpt1 = AT + Bwy, fork=0,...,N —1, (9.30)
op =yl —Cip fork=1,...,N, (9.31)
wp €Qy fork=0,...,N—1, (9.32)
0 € Qo fork=1,...,N, (9.33)
Ty € 3, (9.34)
where
N . " 1, T =14
Vv ({Zx}, {0k}, {0 }) £ 2(xo — o))" Py 1(xo — f10)
(9.35)

1 N—-1 1 N
+ ];) B QMg + ) ;@;R—lﬁk.
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We see that the above problem is very similar to the constrained lin-
ear quadratic optimal control problems discussed earlier (see, for example,
(5.49)—(5.54) in Chapter 5) save that they have different boundary conditions
and initial and terminal state weightings. The two problems are compared in
Table 9.1.

Constrained control Constrained estimation
Model Tht1 = Az + Bug i’k+1 = A%y + Bwy
Initial condition zo (given) Zo € Q3

Initial state weighting 36Qwo (given) 1 (&0 — 10)" Py (&0 — o), po given

Terminal state weighting yrnPry é(yj‘{; — Cin)"R™ v — Cin),
y% given

Table 9.1. Comparison between the optimisation problems corresponding to con-
strained control and constrained estimation.

9.4 Extensions to Other Constraints and Distributions

The development in Section 9.3 was based on an assumption of truncated
Gaussian noise. This result is interesting in its raw form but becomes a pow-
erful tool when utilised as a basic building block to solve more general prob-
lems. Several alternatives are discussed below indicating how the core ideas
of Section 9.3 can be used in more general problems.

9.4.1 Nonzero-mean Truncated Gaussian Noise

It is very straightforward to add a nonzero mean assumption to the truncated
Gaussian noise assumption. The appropriate changes to (9.11) and (9.12) are

B exp { =3 (wr, — p)"Q ™ (wr — pi) }

for wy € N
_ L, TO)—1(;, _ ’
pu(n) = 4 P Jo, &P {—3 (v = 1)TQ 1 (v — p) } dv
0 otherwise,
v -1 - Mo TR_I - Mo
By exp { 2(1% ! )TRfl(Uk i )}d for v, € Oy,
o) = 3 P o, P (=30 R )

0 otherwise,
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where p,, and pu, are the “prior” means, that is, the means of the Gaussian

distributions before truncation.
The corresponding change in the objective function (9.35) is

Vv {onh, () £ (80— o) Py (i = o)

1 3= B

+ 9 kz:(:)(wk - ,Uw)IQ_l(uA]k - ,Uw)
1 N

o D (0 = ) "R (0 — ).

B
Il
—

The use of a nonzero mean for the underlying distribution allows one, for
example, to build new zero-mean distributions such as the one illustrated in
Figure 9.2.

M

Figure 9.2. Zero-mean distribution formed by truncating a nonzero-mean Gaussian
distribution.

9.4.2 Combinations of Truncated Gaussian Noise

A further embellishment is to have different truncated Gaussian distributions
in different regions. For example, we could have

Bu, exp { =3 (wr — )" Q7 (wi — i) }
S Bu fo, exp {— 5 (v — )T Q7 (v — i) } dv

for wy € Q;, ¢ = 1,...,L, and zero otherwise, where ; C R™ are convex
sets that have an empty intersection pairwise. A simple example is shown in
Figure 9.3.

The associated optimisation problem can be solved by partitioning the
problem into constrained sub-problems, each of which is convex in a convex

pw(wk) =
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Pw

~

1
|
|
|

/ 1
1
! I
! 1
! 1
! 1
! |
! 1
|

mw,zwg 12 w
1 2

Figure 9.3. Combination of two nonzero-mean truncated Gaussian distributions.

region. One then simply chooses the global optimum as the minimum of the in-
dividual sub-problems. This idea was described in general terms in Section 2.7
of Chapter 2.

Thus, say that we have a scalar disturbance {wy} and an N-step opti-
misation horizon. Also, say that the distribution of {wy} is divided into L
nonoverlapping regions, each containing a different truncated Gaussian distri-
bution. Then one needs to solve LY separate QP problems. As an illustration,
with L = 2 (as in Figure 9.3) and N = 5, then one needs to solve 2° = 32 QP
problems.

Remark 9.4.1. Actually, the above idea is an interesting precursor to ideas
that will be presented in Chapter 13 when we treat finite alphabet estimation
problems. The latter case can be thought of as the limiting version of the idea
presented above in which each region contains a point mass distribution. In
this case, the optimisation problem requires LY objective function evaluations
rather than LY QP problems. o

9.4.3 Multiconvex Approximations of Arbitrary Distributions

A further generalisation of these ideas is to use a staircase approximation to
an arbitrary distribution. Thus, consider the smooth, but otherwise arbitrary,
distribution in Figure 9.4, together with a staircase approximation.

In each region, the probability density function is approximated by a uni-
form distribution, that is,

pw(wg) = ¢; for wy € Qy,
where ¢; > 0 is a constant. In this case, we have
Inpy,(wg) ~Ine; for wg € Q.

The objective function (9.35) splits into LY (where L is the number of
regions €2; in the staircase approximation) convex functions Vy;, each of them
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1
'
i
1
|

Q. 2 QB QO Q5 Q% O Qs Qo

Figure 9.4. Arbitrary distribution and staircase approximation.

having the form:3

Nk}, {on}, {on}) = (i ~ 0)" Py * (%0 — po)

N—
ZlnEkJr Z op R,
k=0

where ¢, € {c1,...,c}, k=0,...,N —1.

The global solution is computed as the minimum of the LY convex op-
timisation sub-problems. (Note that the term — ijgol In ¢ is constant for
each sub-problem and, hence, it does not affect each minimiser. However,
these terms must be included in the evaluation of each sub-problem when
computing the global optimum.)

9.4.4 Discussion

We have seen above that one can treat very general estimation problems by
combining convex optimisation with constraints. Note that the juxtaposition
of constraints and regional convezity is the key idea to solving these problems.

9.5 Dynamic Programming

As for constrained control problems, we can utilise dynamic programming to
solve the constrained estimation problem. Here it is most convenient to use
forward dynamic programming whereas previously we used reverse dynamic
programming (see Section 3.4 in Chapter 3).

We return to the problem of constrained estimation described in (9.29)-
(9.35). We note that the objective function from time 0 to % (that is, (9.35)
for N = k) is a function of the initial state estimate &g, the choice of the input

3 Notice that we assume that vy, has a Gaussian distribution, but the idea is readily
extended to arbitrary distributions for vy, also.



200 9. Constrained Estimation

noise sequence wo, - .., Wip—1, and the given data puy, yf, y,‘i If, for given
2o, we optimise with respect to wo, ..., wi_1, then the resulting partial value
function (at time k) is a function of &0 and po, ¥, ... y,‘f. For the purposes of
the dynamic programming argument it is actually more convenient to make
the partial value function a function of &, and o, y{, ... yg. This is possible
since (9.30) allows us to express &g as a function of &, (together with the given
sequence 1y, ..., Wg—1) provided A is nonsingular. Thus, assuming that A is
nonsingular, the partial value function at time k is

. . 1 . 1.
VO (&, o,y - yf) £ min {2(960 — )" Pyt (&0 — o)

wo,--- Wk —1

k—1 k
by QY - Ca) R - )
j=0 j=1
subject to:
ij= A" (241 — Bw;) forj=0,....k—1, (9.36)
w; €y forj=0,...,k—1, (9.37)
yj = Cij € Qy forj=1,...k, (9.38)
Zo € Q. (9.39)

Then, the forward dynamic programming algorithm proceeds as follows. We
start with the partial value function at time 0, which, for g € 3, is defined
as

o 1,. Tl a
Vo' (&0, po) £ o (0 = p0)" Fy (&0 — po)- (9.40)

Next, for #; € R™ such that y{ — C2; € o, the partial value function at
time 1 is computed as

. . 1. 1 pa i B
VO (&1, o, YY) = min {VOOPT(A 131 — A7 Bag, o) + QWSQ Ladvg
0

1 v R
+yd - cay Rl - ca b
subject to:
wo € O, (942)
A7 — A7 By € Q. (9.43)

Finally, for k£ > 1, and 241 € R™ such that y,‘f_H — CZpq1 € Qg
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Vkoir{(i‘k-&-17 Mo, yf? ce 7yg+1)

. 1. 1 Tow o1

= min {VkOPT(A Ypyr — A7 Big, o,y -y + QWZQ o
k
+ 1( d | = Cipy1)"R Nyl | — Cigyr) (9.44)
9 Yr+1 k41 Ykt1 Tk+1) (s .

subject to:
yl — C(A 1 a1 — A7 Biy,) € Qo. (9.46)

In the absence of constraints, the above dynamic programming algorithm
leads to the well-known Kalman filter. This is explained in the next section.

9.6 Linear Gaussian Unconstrained Problems

For the case of linear Gaussian unconstrained problems, the dynamic pro-
gramming algorithm of Section 9.5 can be solved explicitly. As expected, the
optimal estimator in this case is the Kalman filter, as we show in the following
results.

Lemma 9.6.1 ( Dynamic Programming for Linear Gaussian Estima-
tion) Assume that A is nonsingular.* In the absence of constraints (that is,
Q1 =R™ in (9.37), Q2 =R" in (9.38) and Q3 = R™ in (9.39)), the dynamic
programming problem specified in (9.40)—(9.46) has the solution

o 1 . . T 1/~ .
VO (&, pros Y- yl) = 2(9% - $k|k)lPk|]i($k — Zp|k) + constant, (9.47)

where Ty, is a function of po, Yty ...,y defined via the following recursion:
Ii’olo = Ho, (948)
POIO - PO7 (949)

and, for j =0,...,k—1,
Tjy1); = Ay, (9.50)
jj+1|j+1 = i’]+1|] + P]+1‘]CI(R + CPj+1|ijI‘)_1(y;-i+1 - C.’i'j+1‘j), (951)
Pj1); = AP;; A" + BQB', (9.52)
Pj1jj41 = Pig1)j — Py jCT (R + CPyyy;CT) IO Py (9.53)

Proof. We use induction, and assume that V2'T(Zk,po,vd,...,yl) is a
quadratic function of & of the form

4 Here we assume A nonsingular, but the result holds for any matrix A.



202 9. Constrained Estimation

. 1. . 1 .
VO (ks oyt - uR) = o (Tk = hp )" Prpg (& — 2py) + constant,  (9.54)

where Z, is the function of o, Yty ..yl defined via (9.48)-(9.53) for
j=0,...,k —1. We note from (9.40) and (9.48)-(9.49) that the induction
hypothesis holds for k£ = 0.

We next assume that (9.54) holds for k£ and show, by performing the
minimisation (9.44), that the results holds for k& 4 1. (Note that, in this case,
we should obtain that equations (9.50)—(9.53) apply for j = k.)

Step 1: As the first step towards performing the minimisation in (9.44),
we begin by adding the term ;w‘,gQ—lwk to (9.54) and substituting & =
A712,1 — A7 By, and then minimise with respect to ;. We denote the
resulting value function by WT (2441, po, yd .. yd), that is:

. N I N e . _
Wt (&1, po, y‘f, .. ,yg) = min { 2(A Yipir — A7 By — $k|k)TPk\;i
k
(A #pq1 — A7 By — dggi)

1.
+ kaQ_lwk} + constant. (9.55)

Differentiating the argument of the min in (9.55) with respect to wy and
equating to zero gives

BYAT Py (&g — A Vi + AT By ) + Qi = 0,

or

T oA _ _ _ -1 o4 — — ~ 1A
=~ (B ATTPGLAT B+ Q) BT AT (i — A Vi)

—(C+0)'B" AP L a, (9.56)

lI>

where we have used the definitions

rs BTA*TP,;;A*B, (9.57)
ST (9.58)
a2 (B — A i) - (9.59)

Back-substituting (9.56) into (9.55), we obtain
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1 g
Wlé)iTl(ijrlaNani oY) = 9 [04 —~A7IB(l + 9)7lBTA7TPk7\JiO‘} PI;|I$

[a CATIBI + @)—IB"‘A—TP*Q}

K|k
1 14— -
+ 2aTPM;A 'B(r+0)'e (9.60)
T+ @)*1BTA*TP,€_‘;a + constant
A1
= 50 Sa + constant, (9.61)

where

T
§=[1-a7Br+e)Ba e Pyl

[1 _ATIB + @)*1BTA*TP,;‘;}

+P AT BT +0)ter+0)tBTA TP}

K|k K|k
-1 —14-1 —1pT 4—T p—1
= Pt —2Pl AT BT +©) !B AP

+ PgiA B+ 0) 7 {B AT P AT B} (T 4+ ©) BT AT P

(9.62)

+ P ATIBC+0) e +0) B AT P

We note that the term in the { } in (9.62) is equal to I" defined in (9.57).
Hence, the last three terms above can be combined to give

S =Py — P AT B +0) 7' BTAT P (9.63)

Substituting (9.63) and (9.57)—(9.59) in (9.61), we have

(#rs1 — Adgp) AT {P—l P-lA-1B

OPT ( 2, d dy _
Wk+1($k+1aﬂ03y17---ayk)* klk — L klk

1
2
-1
T A—T p—1 g—1 -1 T A-T p—1
(B AT AT B QY| BrATT R
A N (Epgy — AZgx) + constant,
a1
2
-+ constant,

(&1 — Trsan) (Porrpe) ™" (s — Sapagn)

where we have used

Thg1fk = Ay, (which gives (9.50) for j = k),
—1
-1 —14-1 T A-T p—1 4—1 -1
Popip 2 A {Pkk ~ PgtAT BB ATTPIAT B 4 Q

™o _ -1 -
B AP AT (9.64)
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We also we note from (9.64) that

Posay = {A*TP,;I;,ar1 ~ AP AR

(B'ATTP AT B+ Q7 _IJBTA*TP,;;A*1 }_1.
Using the matrix inversion lemma, we have
Prj1n = APy A" + BQBY,
as in (9.52) for j = k. Thus, summarising step 1, we have shown that

o 1, R T R .
W (&1, pos Y-y = 9 (Zhs1 — Brgap) Pkfl\k (Zb41 — Trgapr)

+ constant, (9.65)

where 1), and Py, satisfy (9.50) and (9.52), respectively, for j = k.

Step 2: We next add the term J (yf, | = C2x41)"R™(yf, | — Cirq1) to (9.65)
to obtain

1

Vit (@esns o, o Ui) = o (Tht1 — Br1k) Py (@1 — Egae)
1 o — A
+ 2(yg+1 - ka+1)TR 1(y;€i+1 — C(Equl)
+ constant. (9.66)

We want to write (9.66) as a perfect square, that is,

1
T/ d d N 5 T p—1
Vier:t @ra1, o955 - Y1) = 2($k+1 — Bptrp1) Prpijpia
(Th41 — Zpy1|k41) + constant. (9.67)

To find the expression for & j,41 used in (9.67), we note that @541 is
the minimum of Vkoj'{‘(i‘k+1,uo, T y,‘fﬂ). Hence, to obtain &y qjx41, we
differentiate (9.66) with respect to &1, evaluate at @41 = L1441 and set
the result to zero, that is,

—1 - - Tp—1/,d A _
P @rrajirr = Trgape) — C'R™ (Y — C2rgapsr) = 0.

Adding and subtracting C’"‘R_IC:%;HH &, and rearranging, we have

(Pk_+11|k + C"R'O) &g jpgr = (P;;rll\k +C"R7IC) s

+C "Ry y — Clpapp)-

From the above expression we obtain
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Tht1kt1 = Thy1jp + (Pk;luk +C'RTIC)TIC' R (i — CRgan)
= &1k + P (I + C"RTICPyia) 'CTR (Yt — Copapi)
= &1k + Loy C (I + RTICPpC") 'R (Y — Clippai)
= Epp1pk + Pop1pC (R + CPy i C) (W1 — Cligape),

which gives (9.51) for j = k.
Similarly, to find the expression for Py ;41 used in (9.67), we differentiate
(9.66) twice with respect to Z541. This gives
~1 A p-1 T p—1
Pk+1|k+1 = Pk+1|k +C'RTC,
which, using the matrix inversion lemma, gives (9.53) for j = k.
Thus, we have established (9.67) and induction completes the proof. [

We can use the characterisation of the partial value functions given in
Lemma 9.6.1 to derive the optimal estimator where we optimise with respect
to both {wy, ..., wr_1} and &y (or, equivalently, ). In particular, we have
the following important result.

Theorem 9.6.2 (Kalman Filter) The optimal estimate &y, for xy, given the
data o, yi, .. .yg, satisfies
T = Ty,

where Ty, satisfies the recursions (9.48) to (9.53).

Proof. The optimal choice &}, = Zy,;, follows immediately by minimising (9.47)
with respect to Zj since Zj is unconstrained here. O

Remark 9.6.1 (Optimal Smoother). Actually, the minimisation of (9.47)
with respect to Zj yields optimal estimates of all states xg, ..., xx given
data up to time k. These are called optimal smoothed estimates, and will be
denoted by Z; for j = 0,..., k. They can be computed simply by running
Tp-1 = A7'@p — A7'Biy_, backwards starting from 2 = &y, and using
Wy—1, W2, - .., Wo as in (9.56). Defining £, for j =0,...,k—1, the
optimal smoother is then given by the recursion

T = Aili‘j+1|k — AilB’lf)ﬂk for j=0,....k—1,
where

—1
Wjlk = — (BTA*TP]T;A%B + Qfl) BTATTP (i) — A )

and #;; and Pj; are given by (9.50)-(9.53). o

J |7
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9.7 Nonlinear Problems

The above circle of ideas can be extended to nonlinear and/or non-Gaussian
problems. Consider the following nonlinear Markov model:

Trr1 = f(Tr, wi), (9.68)
Y = h(ﬂ;‘k) + vk, (9.69)
where f and h are continuously differentiable functions of their arguments, and

Of /0wy, is nonsingular. In (9.68)-(9.69), {wy} and {vi} are i.i.d. sequences
having probability density functions that satisfy

) (w ): pl(wk) for wy, € Ql,
w\™k 0 otherwise,
and such that —Inpy (wy) = ¢4 (wg); and
) pa(vr) for vy € Qo,
polvr) = {0 otherwise,
and such that —Inps(vg) = l2(vi). Also, we assume
) ps(xo) for xp € Qs,
Pao(T0) = {0 otherwise,

and —Inps(xg) = l3(x).
Using the rule of transformation of probability density functions for the
model (9.68)—(9.69) we have:

Pyl Wk = yiloe = &) = po(vr = yii — h(i@x)),

~ N N 8xk
Py (Th+1 = Tp1|op = Tp) = pu(wr = Wy) |det 9 -
Wk T, Wi
Of (&g, wr) |
= = ) |det :
Pw(wy = W) |de Dy

for all wy € 1 such that Z;41 = f(i‘k,’lf)k).
Then, using the vector definitions in (9.14)—(9.17), the negative logarithm
of the joint probability density function for states and outputs satisfies

N

- 1np)/N,XN (yN = y?VaXN = )A(N) = £3(‘%0) + ZEQ(yg - h(i’k))
k=1

N—-1

+2

k=0

Of (&g, wk)

det
¢ 8wk

[ﬁl (ibg) + In

|

(9.70)
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subject to the constraints
41 = f(@p,wg) fork=0,...,N—1,
w €y fork=0,...,N—1,
yl — h(ip) €Qy fork=1,...,N,
Zo € Q3.

Hence, we can find the JAPMP estimate (9.27) by minimising (9.70) subject
to (9.71)—(9.74) (see (9.28)).

9.8 Relationship to Chapman—Kolmogorov Equation

We next relate the above ideas to the Chapman-Kolmogorov® equation for
recursive nonlinear filtering. The latter equation allows one to recursively
compute Pu, jy,.....y: (Tk|Yks Ye—1,...,y1). Specifically, using the Markovian
structure of (9.68), (9.69), we have, from Bayes’ rule:

Time Update® (Chapman-Kolmogorov Equation)

pwk\yk,l,...,yl (xk|ykfla ceey yl)

=/ Panszrtvn1sys (s Tho1[Yk—15 - -, Y1)dTp 1 (9.75)

/ pxk|mk,1,yk,1,...,y1($k|$k—17yk—h~-~7yl)
X D1y 1sys Eh—1|Yr—1, - y1)dp—1 (9.76)

:/ Parlznr Tk Tk—1)Pay 1 yerroyn Tt Yr—1, -+ s y1)dzg—1, k> 1.
]R'n,
(9.77)

Observation Update”

pwk\yk7---,y1(xk|yk>---ayl)
_ Pyileryie ey WRITR Yoo1s - U1) Py oy (Tk[Yr—1, - 01)
B Pyl 1eys YEYk—15- -, Y1)

(9.78)
_ Pyeles WklT8) Payynyooon (TklYr—1, - 91)

, k=0, (9.79)
Pyrlyr—1,...m (yk|yk—17 S 791)

® Sometimes misspelled in Australia as Kolmogoroo.

6 In passing from (9.75) to (9.76) we use Bayes’ rule, and from (9.76) to (9.77) we
use the Markovian property of (9.68).

" Equality (9.78) follows from Bayes’ rule, and, in passing from (9.78) to (9.79) we
use the Markovian property of (9.69).
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where

Pyrlye1reys WklYe—15 -5 Y1)

= / pyk\wk(yk|xk)pxk|yk,1,...,y1 (xk|ykfla-"ay1)dxk- (980)
]R’IL

Notice that pg, s, , and py, .., needed in the evaluation of equa-
tions (9.77) and (9.79)—(9.80) are given in Section 9.7 above.

Given pg, |y......y1 (Tk|Yk, - - ., ¥1), one can then compute various estimates,
for example:

(i) Conditional mean

:i'Ll] = / Tk pxk|yk,...,y1 (xk|yka'--ay1)d‘rk- (981)
]R”n,
(ii) A posteriori most probable

555’] = arg max Pujy, ...y, (Tk|Yks - -5 Y1) (9.82)

Tk

Thus the Chapman—Kolmogorov equation (9.77) and the observation up-
date equation (9.80) offer more flexibility than the optimisation approach
presented in Section 9.3 (for the linear constrained case) and Section 9.7 (for
the nonlinear constrained case) since they describe the entire conditional dis-
tribution of z, given the (past) data y1,...,yx. Given this distribution, one
can then compute various estimates, for example, those given in (9.81) and
(9.82). On the other hand, the Chapman—Kolmogorov equation is, in general,
difficult to solve and require various approximations to be used, for exam-
ple, those used in particle filtering (see, for example, Doucet, de Freitas and
Gordon 2001). By way of contrast, the optimisation approach of Sections 9.3
and 9.7 can be solved via optimal control methods.

Finally, we note that the following two estimates are not, in general, equal:

(i) Joint a posteriori most probable [JAPMP]

~[2] S21] a
Ty .-, Ty | = argmax pmo,‘..,zN|y1,...,yN(x07~-~;$N|y17~-~ayN)'
LQyery T N
(9.83)
(ii) A posteriori most probable [APMP]
A8l &
Iy = arg max pr‘yh___7yN(xN|y1,...,yN) (9.84)
TN
= arg max/ Do, |ytseyn (L0s - TN Y1, - YN )do - dT N
TN R x..-x R™

(9.85)
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A Do (%1, T2)

,/_,_, joint max a posteriori

probability of x1 and x2

-

T2

-
|

|
E max a posteriori after

a—  integrating by x;

] i

marginal probability for x

Figure 9.5. Difference between joint a posteriori maximum probability and a pos-
teriori maximum probability.

This is illustrated in Figure 9.5.

However, if we use the conditional mean (9.81) as an estimate then we get
the same answer whether we use the joint distribution for {xq,...,zx} or the
marginal distribution for x . This follows because

1
Ev] =/ TN Danlyn,oyn ENYN, -, y1)doN

=>

:/ TN |:/ pr,...,a;0|yN,...,y1(‘TNa"'3x0|yNa"'ay1) d‘erl---de de
n R

nx X R7
:/ TN pINv--va‘yNy---,yl(xN’"'7x0|yN7"'7y1)de"'d$07
Rnx...x R"
since
pmN‘yNy---,y1($N|yN7"-;yl)

=/ Danoswolyn sy (TN -+ TolYN, - -, y1)dTN 1 - . . dp.
R"X"'X ]RTL
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9.9 Moving Horizon Estimation

As with control, we can readily convert the fixed horizon estimators discussed
above into moving horizon estimators [MHE]. An issue to be addressed in
this context is whether or not the situation allows data-smoothing; that is,
whether one can collect data beyond the time at which the state estimate is
required.

In some applications, for example, control, one requires that the estimate
apply to the most recent state; that is, it is not possible to collect data be-
yond the point where the state estimate is defined. In other applications, for
example, telecommunications, one can tolerate a delay between the last time
at which the data are collected and the time at which the estimate is defined.
In the latter situation we say that a smoothed state estimate is required.

To cover both of the above scenarios, we let i denote the “time” at which
the estimate is required. We also fix integers Ly > 0 and Ly > 0 and suppose
for the moment that

Ti—Lq, ™~ N(Zi—L17Pi—L1)7 (986)

where z;_, is a given a priori estimate for x;_r, having a Gaussian distribu-
tion. The matrix Pi__lL1 reflects the degree of belief in this a priori estimate.
We will treat the data in blocks of length N = L1 + L. We assume that the
estimate of x; can be based on data collected between ¢ — L1 and ¢ + Lo — 1.
We then formulate the fixed horizon optimisation problem as in (9.29)—(9.35)
over the interval [i — Ly, i+ Loy — 1]. That is, the corresponding sequences are
indexed by K =i — Ly,i— L1+ 1,...,7+ Ly — 1. This yields the required
estimate (or smoother for Ly > 1, see Remark 9.6.1) of ;.

The next question is how to turn this into a moving horizon procedure.
The idea is to store the final state estimate &;1 1,1 obtained from the above
fixed horizon optimisation together with some measure of our degree of belief
in this estimate, which we denote Pz‘sz—l' The pair (Ziqr,—1, Piyr,—1) will
be used to initialise a fixed horizon optimisation problem Li + Lo steps ahead
(that is, they will take the role of (z_r,, Pi—r,) in (9.86)).

We use again a Gaussian approximation when we return to this estimate.
Of course, due to the constraints, we appreciate that the a posteriori distri-
bution of the state will not be Gaussian. However, a Gaussian approach is
justified on the following grounds:

(i) The “initial state information” is of diminishing importance as the block
length NN increases.
(ii) Making a Gaussian approximation greatly simplifies the problems.
(iii) We can, at least, be compatible with the unconstrained case by determin-
ing P;,_r, from ordinary linear estimation theory.

Finally, the MHE is organised as illustrated in Figure 9.6. (Note that we
need storage for L + Lo past state estimates to initialise subsequent blocks.)
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state stimate
smoother storage (for future use)

L1 L2

@

state estimate
smoother  storage

L1 L2

state estimate
smoother  storage

L1 L2

initial estimate state estimate
—_——— e — — — — — smoother storage
feed forward

L1 L2

state estimate
smoother storage

Figure 9.6. Graphical representation of MHE.

We next illustrate the idea of constrained estimation by three simple ex-
amples.

Example 9.9.1. Consider the same model as used in Example 1.3.1 of Chap-
ter 1, which we repeat here for convenience:

Y = wi — L.Twi_1 + 0.72wg_o + vg. (9.87)

Rather than a binary signal, we here consider that the input noise wy has a
truncated Gaussian distribution. We assume that the measurement noise vy
has a Gaussian distribution. The details are:

input noise variance prior to truncation: ) = 1;
input noise mean prior to truncation: g, = 0;
measurement noise variance: R = 0.2;
truncation interval: wy € [—1,1];

input noise variance after truncation: ~ 0.293;
input noise mean after truncation: 0.
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Two estimators were compared, namely the MHE using N = L +1 = 2,
Ly = 1, incorporating the constraint |wy| < 1, and a standard linear Kalman
filter based on R = 0.2 and the true input variance of 0.293. The initial
estimates as in (9.86) were selected as follows: z;_ is stored and propagated
as in Figure 9.6; P;_y is set equal to the corresponding value for the Kalman
filter. The results are shown in Figure 9.7. Some observations from this figure
are:

(i) The linear Kalman filter performs quite well in this example. (This is not
surprising since it is, after all, the best linear unbiased estimator.)

(ii) The estimates provided by the linear Kalman filter occasionally lie out-
side the range +1. (Again, this is not surprising since this estimator is
unconstrained.)

(iii) The MHE is slightly better but the result is marginal. (Again, this is not
surprising in view of observation (i).) o

Noise Variance R = 0.2, Horizon Length = 2
T T

T
—o— Data W
A~ MHE

—— KF

k

Figure 9.7. Comparison of MHE and Kalman filter with correct variance: data
(circle-solid line), estimate provided by the MHE (triangle-dashed line) and estimate
provided by the Kalman filter (star-dashed line).

Example 9.9.2. Here we consider the same model (9.87) as in Example 9.9.1,
save that we change the input to a nonzero-mean truncated Gaussian distri-
bution as illustrated in Figure 9.2. The details are:
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input noise variance prior to truncation: Q) = 1;
input noise mean prior to truncation: p,, = 1.5;
truncation interval: wy, € [—1.5,0.5];

input noise variance after truncation: ~ 0.175;
input noise mean after truncation: = 0.

0.35

T T
—— Kalman Filter
— — Moving Horizon Estimation

0.3 4

Mean Squared Error

0 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10

Noise Variance R

Figure 9.8. Comparison of mean square estimation error achieved by the MHE
(dashed line) and the Kalman filter with correct variance (solid line).

Two estimators were compared, namely, MHE with N = L; + 1 = 5,
Lo =1, and using the given constraints; and a standard linear Kalman filter
based on the true variance. Figure 9.8 compares the mean square estimation
errors for a range of measurement noise variances R.

It can be seen from Figure 9.8 that the MHE outperforms the Kalman
filter save in the presence of large measurement noise. This result is in good
accord with intuition since, for large measurement noise, the observations are
basically ignored. This means that the Kalman filter gives the a priori mean,
which is zero, whereas the MHE gives wj, = 0.5 since this corresponds to the
point where the a priori probability is maximal.

o

Example 9.9.3. Here we consider the same channel model (9.87) as in Ex-
amples 9.9.1 and 9.9.2, save that now the input wy, is distributed as the combi-
nation of two nonoverlapping, nonzero-mean truncated Gaussian distributions
as in Figure 9.9. The distribution can be described by two regions: the “left re-
gion” is a Gaussian distribution N(—1.5,0.1) truncated between [—1,0], and
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the “right region” is a Gaussian distribution N(1.5,0.1) truncated between
[0,1]. The resulting distribution has mean =~ 0 and variance ~ 0.872.

Figure 9.9. Combining the tails of two truncated Gaussian distributions.

We will compare the performance of the Kalman filter and the MHE for the
above problem. The Kalman filter assumes a Gaussian approximation of the
distribution, with zero mean and variance 0.872. For the MHE, we consider
no smoothing, that is, Ly = 1. The initial weighting P is set equal to the
value of the steady state error covariance of the Kalman filter, and the initial
estimate is forwarded as in Figure 9.6. To find the optimal input sequence
{ag, ..., Wn_1} the estimator solves, at each step, 2%V separate QP problems
(see Section 9.4.2). The global optimum is the minimum of the individual
sub-problems.

In Figure 9.10, we compare the Kalman filter estimates with those of the
MHE for different measurement noise variances and different horizon lengths.
In Figure 9.10 (a), incorporating mixed distributions with the MHE method
and horizon 1 gives estimates that are closer to the boundary. On the other
hand, the unconstrained Kalman filter exceeds the limits and tends to esti-
mate near the zero mean. In Figure 9.10 (b) we see that the MHE performs
more poorly as more measurement noise is introduced, since, in this case, the
MHE tends to give the point where the a priori probability is maximal. By in-
creasing the horizon length to 2 (see Figure 9.10 (c)), the estimator uses more
data, resulting in better estimates. However, the number of sub-problems also
increases. In Figure 9.10 (d), the horizon was increased to 4, showing a slight
improvement in performance.

It should be observed that, since the distribution of the data points wy is
close to the boundary, and with additive measurement noise, the MHE will
give estimates that are close to the boundary. In the limiting case, when the
distribution approaches a point mass distribution, the estimation problem will
resemble that of the finite alphabet estimation problem, which is discussed in
Chapter 13.
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(a) Noise Variance R = 0.1, Horizon = 1 (b) Noise Variance R = 0.4, Horizon = 1

Figure 9.10. Data wy, (circle-solid line), Kalman filter estimates (star-dashed line),
MHE estimates (triangle-dashed line) for different measurement noise variances R
and different horizons V.

9.10 Further Reading

For complete list of references cited, see References section at the end of book.

General

A useful introduction to estimation is given in Jazwinski (1970). The original
derivation of the discrete Kalman filter used the concept of orthogonal projec-
tion (Kalman 1960a). The variational approach to estimation was first taken
by Bryson and Frazier (1963). The solution of the continuous least square
problem via dynamic programming was first given by Cox (1964).

Section 9.4.3

The idea of utilising constraints in the context of approximating arbitrary
distributions appears in Robertson and Lee (2002).
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Section 9.9
Early work on moving horizon estimation appears in Michalska and Mayne

(1995). See also Rao, Rawlings and Lee (2001) and Rao, Rawlings and Mayne
(2003).





