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Regional Characterisation of Constrained
Linear Quadratic Optimal Control

7.1 Overview

In Chapter 6 we provided a global characterisation of receding horizon con-
strained optimal control. This gives practically valuable insights into the form
of the control law. Indeed, for many problems it is feasible to compute, store
and retrieve the function v = Ky (), thus eliminating the need to solve the
associated QP on line.

In other cases, this approach may be too complex. Thus, in Chapter 8
we will explore various numerical algorithms aimed at solving the QP on
line. The current chapter addresses a question with similar motivation but a
different end result. Here we ask the following question: Given that we only
ever apply the first move from the optimal control sequence of length N, is
it possible that the first element of the control law might not change as the
horizon increases beyond some modest size at least locally in the state space?
We will show, via dynamic programming arguments, that this is indeed the
case, at least for special classes of problems. To illustrate the ideas we will
consider single input systems with an amplitude input constraint. This class
of problems is simple and is intended to motivate the idea of local solutions.
In particular, we will consider the simple control law

up = —sata(Kxy), (7.1)

where sata () is the saturation function defined in (6.10) of Chapter 6, and K
is the feedback gain resulting from the infinite horizon unconstrained optimal
control problem. We will show that there exists a nontrivial region of the
state space (which we denote by Z) such that (7.1) is the constrained optimal
control law with arbitrary large horizon. This is a very interesting result which
has important practical implications. For example, (7.1) can be thought of as
a simple type of anti-windup control law (see Section 7.4) when used in a
certainty equivalence form with an appropriate observer for the system state
and disturbances. Thus, the result establishes a link between anti-windup
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and RHC. Also, the result explains the (local) success of this control law in
Example 1.2.1 of Chapter 1.

We will see that the characterisation of the region Z is relatively compli-
cated for large horizons. Hence, we will first, in Section 7.2, present the result
for horizon N = 2. We will then establish the result for general horizons.

7.2 Regional Characterisation for Horizon 2

We consider again single input, linear, discrete time systems in which the
magnitude of the control input is constrained to be less than or equal to a
positive constant. In particular, let the system be given by

Tht1 = Axy, + Buy,, (72)

where z; € R™ and ug € R. As in Section 6.2 of Chapter 6, we consider the
following fixed horizon optimal control problem with horizon 2:

Pax):  V3"(x) £ minVa({zx}, {ur}), (7.3)
subject to:
Ti41 = Az + Buy,  for k=0,1,
To =2,

up, € U2 [-A,A] for k=01,

where A > 0 is the input constraint level, and the objective function in (7.3)
is
1

Val{ms), {us)) 2 JaiPrs + 3 (a1Qu +ufRus) . (74)
k=0

The matrices @ and R in (7.4) are positive definite and P satisfies the algebraic
Riccati equation -
P=A"PA+ Q- K'RK, (7.5)

where - -
K 2 R'B"PA, R2 R+ B"PB. (7.6)

Let the control sequence that achieves the minimum in (7.3) be
{ug™, wi™}. (7.7)

Then the RHC law is given by the first element of (7.7) (which depends on
the current state © = xg); that is,

Ka(z) =ug™. (7.8)

For the above special case, we have the following regional characterisation
of the fixed horizon optimal control (7.7).
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Lemma 7.2.1 (Regional Characterisation of the Fixed Horizon Con-
trol (7.7)) Consider the fized horizon optimal control problem Po defined in
(7.3)(7.6). Then for all x € Z, where

Z={z:|K(A- BK)z| <A}, (7.9)
the optimal control sequence (7.7) that attains the minimum is
up’t = —sata(Kzxy), k=0,1. (7.10)

Proof. The result follows from the proof of Theorem 6.2.1 of Chapter 6, in
particular, from equations (6.17) and (6.19). O

The above result is quite remarkable in that it shows that the simple
policy (7.10) provides a solution to the constrained linear quadratic fixed
horizon optimal control problem (7.3)—(7.6) in a region of the state space.
Using induction and similar dynamic programming arguments to the proof
of Theorem 6.2.1, it is possible to show that a characterisation of the form
(7.10) holds for horizon N of arbitrary length. We will establish this result in
Section 7.3. As we will see, in the case of arbitrary horizon the characterisation
is valid in a region Z of the state space having a more complex description
than the one used in Lemma 7.2.1.

In the sequel, we will explore various aspects of the solution provided by
Lemma 7.2.1, including a refinement of the set in which the result holds.

7.2.1 Regional Characterisation of RHC

We have seen above that the simple control law (7.10) solves the fixed horizon
constrained linear quadratic problem in a special region of the state space.
However, before we can use this control law as the solution to the associated
RHC problem (see (7.8)), we need to extend the results to the receding horizon
formulation of the problem. In particular, in order to guarantee that the RHC
mapping (7.8) is regionally given by (7.10), it is essential to know if future
states remain in the region in which the result holds or whether they are
driven outside this region. Clearly, in the former case, we can implement the
RHC algorithm as in (7.10) without further consideration. We thus proceed to
examine the conditions under which the state remains in the region Z where
(7.10) applies. We first define the mapping ¢,; : R™ — R™ as

Gni(r) & Ax — Bsata(Kz), (7.11)

so that when the controller (7.10) is employed, the closed loop system satisfies
ZTi+1 = Oni(zr). In the sequel we denote by gbﬁl the concatenation of ¢,,; with
itself k times; for example, ¢, (z) £ z, ¢L,(2) = dni(z), ¢2,(7) = Pni(Pni()),
and so on.

We also require the following definition.
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Definition 7.2.1 Define the set 7 as
o

From its definition it is clear that Z is the mazimal positively invari-
ant set contained in Z for the closed loop system zxy1 = én(zr) =
Az, — Bsata (Kxy) (see Definition 4.4.2 in Chapter 4).

We have from Lemma 7.2.1 that, if the initial state xg = = € Z, then
Ka(xg) = —sata(Kxzp). But, in general, since Z is not necessarily positively
invariant under ¢, (-), after this control is applied there is no guarantee that
the successor state £ = ¢pni(x0) will stay in Z. Hence, in general, Ko(z1) #
—sata (Kx1). So, in order that the solution (7.10) can be applied to the RHC
problem we must ensure that all successor states belong to Z. We can then
state:

Theorem 7.2.2 For all x € Z defined in (7.12), the RHC law Ky in (7.8) is
given by
Ko(x) = —sata(Kz). (7.13)

Proof. The proof of the theorem follows from the fact that Z C Z and that
Z is positively invariant for the system (7.2) under the control Ko(z) =
—sata (K x). Then, for all states in Z the future trajectories of the system
will be such that © € Z C Z, and from Lemma 7.2.1 we conclude that
Ko(z) = ud™ = —sata(Kx). O

Notice that, if the set Z, in which the theorem is valid, were small enough
such that the control sequence {ur} = {—sata(Kx)} stayed unsaturated
along the system trajectories, then the result of Theorem 7.2.2 would be triv-
ial, since it would readily follow from the result for the unconstrained case
(see, for example, Anderson and Moore 1989). We will show next that Z is
not smaller than this trivial case.

Consider the mazimal output admissible set Oo (introduced in (5.63) of
Chapter 5), which in this case is defined as

Oooé{m:|K(A—BK)ix|gAfori:O,l,...}. (7.14)
The following proposition shows that the set Z contains O.
Proposition 7.2.3 O, C Z.

Proof. 7 is the maximal positively invariant set in Z for the closed loop system
Tp+1 = Oni(xg). The set Oy is also a positively invariant set for zpiq1 =
Oni(zr) (since ¢pi(x) = (A— BK)z in Oy). It suffices, therefore, to establish
that O C Z. This is indeed true since, from (7.14), we can write
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O ={z: |Kz| <A}Nn{x:|K(A—-BK)z| <A}nN
{z:|K(A— BK)*x| <A}N...
={z:|Kz| <A}YNZN{z:|K(A— BK)’z| <A}n...

Hence Oy C Z and the result then follows. O

We have proved that the set Z contains the maximal positively invariant set
in which the control constraints are avoided. Although a complete characteri-
sation of the set Z is not currently known, examples (see Example 7.3.2 at the
end of the chapter) show that, in general, the set Z is considerably larger than
the set Os. In other words, that the motions of the system zy11 = ¢ni(zk)
involve control sequences {uy} = {—sata(Kxy)} which remain saturated for
several steps and, in accordance with Theorem 7.2.2, coincide with the solu-
tion provided by the RHC strategy (see the simulation of Example 7.3.2).

7.2.2 An Ellipsoidal Approximation to the Set Z

The set Z is, in general, very difficult to characterise explicitly since it in-
volves nonlinear inequalities. Notice however that, for any positively invariant
set contained in Z, the result of Theorem 7.2.2 is also valid. In principle, a
positively invariant inner approximation of the set Z could be obtained by
considering a family of positively invariant sets, which can be represented
with reasonable complexity, and finding the biggest member within this fam-
ily which is contained in Z. The set Z is a polyhedral set, which suggests that
polyhedral sets could be good candidates for this approximation, having also
the advantage of flexibility. However, these sets could be arbitrarily complex
(see, for example, Blanchini 1999).

In this section we will consider an alternative mechanism for obtaining
positively invariant sets under the control u = —sata(Kx), based on the
use of ellipsoidal sets. We will show how to construct an ellipsoidal invariant
set £ C Z based on a quadratic Lyapunov function constructed from the
solution P of (7.5)—(7.6). In view of the discussion following Theorem 7.2.2,
we will be interested in positively invariant ellipsoidal sets which extend to
regions wherein the controls are saturated (that is, such that |[Kxz| > A for
some z in the set). This result is related to the fact that a linear system, with
optimal LQR controller, remains closed loop stable when sector-bounded input
nonlinearities are introduced (see, for example, Anderson and Moore 1989).
This, in turn, translates into bigger positively invariant ellipsoidal sets, under
the control u = —sata (Kxz), than the case |[Kz| < A for all .

In the sequel we will need the following result.

Lemma 7.2.4 Let K be a nonzero row vector, P a symmetric positive definite
matriz and p a positive constant. Then,

min{ Kz : 2’ Pz < p} = —/pKP1KT, (7.15)
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and
max{Kz: 2T Px < p} = +/pKP1KT. (7.16)

Proof. We first prove (7.15). The KKT conditions (2.32) in Chapter 2 are, in
this case (convex objective function and convex constraint), sufficient for op-
timality. Now, let Z be a (the) KKT point and denote by u > 0 its associated
Lagrange multiplier. From the dual feasibility condition K7 + Pz = 0 we can
see that 1 > 0 (since KT # 0) and # = —P~'K™ /u. Moreover, from the com-
plementary slackness condition p(z? PZ—p) = 0 we have that the constraint is
active at 7, that is 27 Pz = p, from where we obtain that u = /KP~1KT/p.
Thus, the minimum value is K& = —KP 'K /u = —/pKP~'KT which
proves (7.15). Finally, (7.16) follows from the fact that max{Kz : 27 Px <
p} = —min{—Kz : 27 Px < p}. (|

We define the ellipsoidal set
E&{x: 2"Pr < p}.

From Lemma 7.2.4 we can see that, if the ellipsoidal radius p is computed
from p = (1 + 3)2A2/(KP~'K™), 3 > 0, then the ellipsoid has the property:
|Kz| < (1+ B)A for all z € €.

Notice that whenever 3 is bigger than zero the ellipsoid extends to regions
where saturation levels are reached. For this reason, 3 is called the over-
saturation index. We compute the mazximum over-saturation index Bmax from:

_ . qe
Bmax = KK™R — q. if KKTR <1 (7.17)
M~ otherwise,

where ¢. = (1 — &) \nin(Q), € € [0,1) is an arbitrarily small nonnegative
number (introduced to ensure exponential stability; see the result in (7.23)
below), Apin (@) is the minimum eigenvalue of the matrix @ (strictly positive,
since @) is assumed positive definite), and M is an arbitrarily large positive
number.

Then, the mazimum radius pmax is computed from

_ . (1+ Bmax)2A2
Pmax = KP-1KT

Theorem 7.2.5 The ellipsoid € = {x : 2" Px < p}, with radius p < pmaz,
has the following properties:

(7.18)

(i) € is a positively invariant set for system (7.2) under the control u =
—sata (Kx).

(i) The origin is exponentially stable in & for system (7.2) with control u =
—sata(Kz) (and, in particular, £ is contained in the region of attraction
of (7.2) for all admissible controls u € U= [-A,A]).
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Proof. Consider the quadratic Lyapunov function: V(z) = 2" Px. Let & = xy,
and 27 = x41. Then, by using the system equation (7.2) with control u =
—sata (Kx), and the Riccati equation (7.5), we can express the increment of
V() along the system trajectory as

AV (z) 2V (z") — V(x) = [Az — Bsata(Kx)]" P[Az — Bsata(Kz)] — 2" Px
= —ga;‘rl‘Qx — (1 — E)Z‘TQQT

T

_ B'PB
+ R ||Kx|* — 2|Kx|sata (|Kx|) + P sata (|Kz|)?] .

(7.19)
Next, define the sequence { /3’1}21 as
2 2 R q(1+ ;)2
= 1 =4/ = T 2
p =0, v Bt \/R t KKR (7.20)

where ¢ = (1 — )\ (Q) and € € [0,1) is an arbitrarily small nonnegative

number. It can be shown that the sequence {Bl}j; grows monotonically,

and converges to fmax defined by (7.17) in the case when ¢./KK"R < 1,

or diverges to +oo if ¢./KK"R > 1, in which case, for any arbitrarily large

positive number M, there exists i+ such that §; > M+ for all i > ™.
Consider now the following cases:

Case (a). |Kz| < (14 B1)A: Suppose first that = € £, x # 0, is such that
|Kz| < A= (1+/)A,
then AV (x) in (7.19) is equal to
AV (z) = —ex"Qr — 2" (1 —e)Q + K'RK) x < —ex"' Qu,
(from the positive definiteness of @ and R).

Case (b). (14 31)A < |Kz| < (1 + B2)A: Suppose next that » € £, z # 0,
is such that ~ ~
A=(1470)A<|Kz| < (14 F2)A,

then sata (|Kz|) = A, and, by the Cauchy-Schwarz inequality we obtain:
2

|Kz|> > (1+61)? A% = —a'z<—(1 +/3’1)2KKT.

(7.21)

Therefore, an upper bound for AV(-) in (7.19) is

_ B'PB (1 + B1)?
T 2 o 2
AV (z) < —ex"Qz + R ||Kz|” — 2|Kx|A + < 7 KK'R AN

(7.22)



158 7. Regional Characterisation of Constrained LQ Optimal Control

It is easy to see that the quadratic term in (7.22) is nonpositive if A <
|Kz| < (1+ (2)A, in which case

AV (z) < —ex" Q.
Case (c). (14 B)A < |Kz| < (1+ Biy1)A, i = 2,3,...: Repeating the above
argument for x € £, x # 0, such that
A< (1 +/6)1)A < |Kx| < (1 +Bi+1)A,

for i =2,3,..., and, since Bi — ﬂ_mgx (or diverges to +o0, in which case
B; eventually becomes bigger than Smax = M ™), we can see that

AV(z) < —ex'Qux
if |[Kz| < (14 Bmax)A, which (from the construction of & = {z : 2" Px <
p} with p < pmax) is true for all x € €.

It follows that,
AV (z) < —ez"Qz for all x € &, (7.23)

and hence:

(i) The trajectories that start in the ellipsoid € £ {x : 2" Px < p} will never
leave it since AV (x), along the trajectories, is negative definite on the
ellipsoid. Therefore the ellipsoid & is a positively invariant set under the

control u = —sata (Kx).
(ii) From Theorem 4.3.3 in Chapter 4, the origin is exponentially stable in £
for system (7.2) with control u = —sata (K x), with a region of attraction

that includes the ellipsoid €. Notice that if we choose ¢ = 0 we only
guarantee asymptotic stability.
O

We have thus found an ellipsoidal set £ that is positively invariant for the
system (7.2) with control u = —sata (Kx). Moreover, this control exponen-
tially stabilises (7.2) with a region of attraction that contains £. However, to
guarantee that u = —sata(Kx) is also the receding horizon optimal control
law in &€, we need to further restrict the radius of the ellipsoid so that the
trajectories inside &€ also remain within the set Z defined in (7.12).

Recall that Z is the maximal positively invariant set for the closed loop
system xp11 = ¢ni(z)) contained in the set Z given by

7% {z:|K(A—BK)x| <A}. (7.24)
We then compute the ellipsoidal radius equal to
A . [+ B)2A? A?
P= mm{ KP-1K"  (K(A— BK)P-Y(K(A— BK)y |* %)

where /3’_ < Pmax, and Fmax is computed from (7.17) (in practice, one can
choose [ arbitrarily close to Smax). Then we have the following corollary of
Theorems 7.2.2 and 7.2.5.
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Corollary 7.2.6 Consider the ellipsoidal set € = {x : " Px < p} where p is
computed from (7.25). Then:

(i) The set & is a positively invariant set for system (7.2) under the control
u = —sata(Kz).
(ii) The set € is a subset of Z.
(i) The RHC law (7.8) is

Ko(x) = —sata(Kz) for all z € €. (7.26)

(iv) System (7.2), with the RHC sequence (7.26), is exponentially stable in E.

Proof.

(i) Notice from (7.18), (7.25), and the fact that # < fBmax, that p < pmax.
Then it follows from Theorem 7.2.5 (i) that &€ = {x : z"Px < p} is
positively invariant.

(ii) From Lemma 7.2.4 and the definitions (7.24) and (7.25) it follows that
x € &= x € Z, and, since & is positively invariant, this implies that

Zl(x) €7, k=0,1,2,.... Clearly then, from the definition of Z, = € Z.
(iii) This result follows immediately from (ii) above and Theorem 7.2.2.
(iv) This follows from p < p max and Theorem 7.2.5 (ii).

7.3 Regional Characterisation for Arbitrary Horizon

Here we extend the result presented in Section 7.2 to arbitrary horizons. We
will build on the special case presented above. This development is somewhat
involved and the reader might prefer to postpone reading the remainder of this
chapter until a second reading of the book. For clarity of exposition, we present
first in Section 7.3.1 some notation and preliminary results. In particular
various sets in R"™ are defined. These sets are used in the characterisation
of the state space regions in which the solution of the form (7.1) holds.

7.3.1 Preliminaries

We consider the discrete time system
Tr41 = Axy + Bug, (7.27)

where z;, € R” and uj, € R. The pair (A, B) is assumed to be stabilisable. We
consider the following fixed horizon optimal control problem:
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Pn(x): VI (z) £ min Vy ({21}, {ur}), (7.28)
subject to:
Tpq1 = Axy + Buy, for k=0,1,...,N — 1,
o =T,

up € U2 [-A,A] fork=0,1,...,N -1,

where A > 0 is the input saturation level, and the objective function in (7.28)
® N-1
1
Va ({zi}, {ur}) = J:NPxN + Z (2 Qxy + up Ruy,) . (7.29)
k=0
We assume that @@ and R are positive definite, and P satisfies the algebraic
Riccati equation (7.5)—(7.6).
Let the control sequence that achieves the minimum in (7.28) be
{ugh™, ..., u®",}. The associated RHC law, which depends on the current
state x = xg, is

K (z) = ud"™". (7.30)

For each i =0,1,2,..., N —1, the partial value function, is defined by (see
similar definitions in (6.8) of Chapter 6)

VI (x) & manN ({zr}, {ur}), (7.31)

where Vi _; is the partial objective function

N—1
1
VN*i({xkh {uk}) xNPxN + Z kulfk + ukRuk)

=1

with xy, k =1,..., N satisfying (7.27) starting from z; = x. We refer to Vi,
as the partial value function (or, just the value function) “at time ¢,” meaning
that the (partial) value function “starts at time i.” The partial value function
at time N is defined as

1
VPt (z) & 2xTPx.
We also define the functions §; : R — R as
8i(r) & Ko —sata, (Kz), i=1,2,...,N, (7.32)
where the saturation bounds A; are defined as
i—2
A2 <1 +> |KA’“B|> A, i=1,2,...,N. (7.33)

k=0

In summations, it is to be understood that Zzikl (-) = 0 whenever ks < ky,
so that, in (7.33) we have
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A=A, A=A +|KB|A, ..., A=A +|KATIBIA,. ...

We define, for future use, the sets X; C R™:
Xi&{2:6 (A7 (A-BK)z) =0}, i=12,...,N—1.  (7.34)

Denote

K; 2 KA™Y(A - BK), i=1,2,...,N—1.

Then, the sets X; are given by the set of linear inequalities:

Recall the definition of the nonlinear mapping ¢,; in (7.11), which we
repeat here for convenience:

éni(z) & Az — Bsata(Kx). (7.36)

Also, ¢°,(x) = x and ¢F,, k > 1, denotes the concatenation of ¢,,; with itself
k times.
We define, for future use, the sets Y;, Z; C R™:

Yb £ Yl £ Rn7
Zo 2 7, 2 R",
Zi 2 {x: of(x) €Yicg, k=0,1,...,i—2},i=2,3,...,N,  (7.38)

so that

Z2 - Y727

Z3 = {(ZZ X e Yg, qf)nl(fﬁ) S }/2},

Zy={z:x €Ya, du(z) €Ys, ¢2,(2) € Yo},
and so on.

We have the following properties of these sets:
Proposition 7.3.1

(i) Yier = YN Xy, i=1,2,...,N — 1.
(i) The set sequence {Z; : i = 0,1,..., N} is monotonically nonincreasing
(with respect to inclusion), that is, Z;41 € Z;, 1 =0,1,...,N — 1.
(ZZZ) Zi+1 = Y%Jrl n {{E : ¢nl(x) € Zz}; 1=0,1,. ..,N —1.

Proof.
(i) This follows trivially from (7.37).
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(ii) Certainly Z;11 C Z; for i =0 and 1. For ¢ > 2:
Zip1 = {x Lok (x) e VhXG, k=0,1,...,i - 1}
—{z: ohi@) e MZEX;, k=01, i-2f n{w: 67 (@) € X1}
- {x Lok (x) e A IX, k=0,1,...,0 - 2}
N{z: ¢ (z) € Xisp, k=0,1,...,i—2} N{z: ¢/, ' () € X1}
=Zin{z: ¢f)(x) € Xy, k=0,1,...,i—1}.

(iii) This is trivial for ¢ = 0. For ¢ > 1:

Zi1 = {x L oki(x) € X, k=0,1,...,i - 1}

- {x Do (@) e ViE X, k= —1,0,...,0i— 2}

i =1
= {x cxe ﬂélej}

n{e: dhGu@) e N X5 k=0,1,...,i -2}
=Y n{z: du(x) € Z;}.

Finally, we require the following key result.

Lemma 7.3.2 For any i € {1,2,...,N — 1} define the functions ¢,(-) and
0i(+), dit1(+) as in (7.36) and (7.32), respectively, and the set X; as in (7.34).
Define, fori € {1,2,...,N — 1} the functions ui, us : R™ — [0,400) as

i 2
pi(z) 26 (A pu(a))”,
po(z) £ 641 (Aix)2 .
Then, p1(x) = pa(x) for all x € X;.
Proof. The functions p1, 2 : R™ — [0, 4+00) can be written as
i 2
pi(x) £ 6 (A pui(x))
- {KA% ~ KA B sata(Kz)
, _ 2
—sata, (KA'z — KA 'B sata(Kz)) } ,
/Jg(.’l?) £ 5i+1 (Ail‘)Q = [KAla'} — satAHl (KAll‘)]Q,
for i € {1,2,..., N — 1}. Notice, from (7.35), that:

i—2
ze€X; & |KA'v — KAT'BKz| < A; = (1 +) |KA’“B|> A (7.39)
k=0
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We will prove that py(z) = pa(z) for all @ € X; by considering two separate
cases, case (a) where x € X; and |Kz| < A, and case (b) where z € X; and
|Kz| > A.

Case (a). z € X; and |Kz| < A:
Suppose
|Kx| < A. (7.40)

It follows from (7.39) and (7.40) that
pi(z) = [KA'x — KA ' B sata (Kz)
—sata, (KA'z — KA ' B sata(Kz)) ]2

i i1 i i—1 2 (741)
= [KA'x — KA 'BKz —sata, (KA'x — KA 'BKz)]
=0.
Also, notice from (7.39) and (7.40) that
A; > |KA'z — KA™'BKz| > |KA'z| — |[KA™ ' B||Kz|
> |KA'z| — |[KA™'B|A (7.42)
=
|KA'z| < A+ |KAT'B|A = Aiyy, (7.43)
then it follows that
pz(z) = [KA'z — sata,,, (KAiJZ)]Q =0, (7.44)
and we conclude that, for case (a):
(@) = pia(x) = 0.
Case (b). z € X, and |Kx| > A:
Suppose:
[Kz| > A. (7.45)

We will consider two cases for case (b): case (bl) where x € X; satisfies
(7.45) and |K A’z| < A;41 and case (b2) where z € X; satisfies (7.45) and
|KA7'IZ’| > AiJrl.

Case (bl). x€ X, |[Kz|> A and |[KA'z| < Ajyq:

Suppose ‘ ‘
|KA'2| < Ajy1 = A+ |[KATIB|A. (7.46)

Now, suppose also that K A""1 BKx < 0. Then from (7.39) we have
~ KA 'Bsata(Kz) < ~KA™'BKr < —KA'z + A, (7.47)

and from (7.45) and (7.46):
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—~ KA 'Bsata(Kz) = |[KA™'B|A

_ _ (7.48)
> KAz — A; > —KAlx — A,

Suppose next KA"'BKxz > 0, then it follows from (7.45) and (7.46)
that

~ KA !'Bsata(Kz) = 7|KA’:*1B|A | (747
< —|KA'z|+A; < —KA'z + A,
and from (7.39)
~ KA 'Bsata(Kz) > ~KA™'BKz > ~KA'z — A,. (7.48")
We conclude from (7.47) and (7.48) (or, (7.47)" and (7.48)") that
|KA'w — KA ! Bsata (Kz)| < A, (7.49)

and, hence:

p1(z) = [KA'z — KA Bsata (Kx)

. . 7.50
—sata, (KA'z — KA ' Bsata (Kz))]* = 0. (7-50)
Also, it follows immediately from (7.46) that
p2(z) = [KA'w — sata,,, (KA%)]2 =0, (7.51)
and we conclude that, for case (bl),
p(x) = pa(x) =0
Case (b2). 7 € X;, |[Kz| > A and |[KAlz| > Ajyq:
Suppose _ _
|KA'2| > Ajy1 = A + |[KA™IB|A. (7.52)
We will next show that case (b2) is not compatible with
sign(K A'x) = —sign(K A" 'BKz). (7.53)

To see this, notice that (7.39), (7.45) and (7.53) imply

A; > |KA'r — KA 'BKz| = |[KA'2| + |KA” ' BK x|
> |KA'z| + |[KA™!B|A
=
|KA'z| < A; — |[KATIBIA < A; + |[KA™B|A,
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which, clearly, contradicts (7.52). We conclude, then, that for
case (b2), _ _
sign(K A'z) = sign(K A" 'BKz). (7.54)

We then have from (7.45) and (7.54), that
pi(z) = [KA'w — KA ' Bsata(Kx)
— sata, (KA'z — KAFlBsatA(K;E))]2 ,
= [sign(KA'z)(|[KA'z| — |[KA™'B|A
—sata, ([KA'z| — [KA™'B|A))?,
— [|[KA'z| — |[KA™'B|A —sata, (|KA'z| — [KAT'BA)]?.

(7.55)
Notice, finally, that (7.52) implies
|KA'z| — |[KA™'B|A > A, (7.56)
which, in turn, implies in (7.55) that
pi(z) = [|[KAlz| — |[KA™'BIA — A" = [|[K A2 — Aa]® . (7.57)
It also follows from (7.52) that
po(z) = [KA'x — sata,, (KA%)]2 (7.58)
— [sign(K A’z)|K A'x| — sign(K A'z) A1) (7.59)
= [|KA'2| - Ay, (7.60)

and we conclude that, for case (b2),

() = po(x) = [|KAi$| - Ai-s-ﬂ

We can see that for all the cases considered (which cover all the possibilities
for x € X;) the equality u1(z) = pa(z) is satisfied. O

2

7.3.2 Main Result

The following theorem gives a characterisation of the partial value function
(7.31). The proof extends to the case of arbitrary horizon the dynamic pro-
gramming arguments used in Theorem 6.2.1 of Chapter 6 for horizon N = 2.

Theorem 7.3.3 For all i € {0,1,...,N}, provided x € Zn_; (see (7.38)),
the partial value function (7.31) is given by
1 1N
VR7i(@) = ja"Pr+ R ; (AR 12)?, (7.61)

where Oy, is the function defined in (7.32).
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Proof. We prove the theorem by induction. We start from the last value func-
tion at ¢« = N, and solve the problem backwards in time by using the principle
of optimality:

! 1
VﬁP_Tl (x) = IJIGIHI_} { 2xTQx + 2uTRu + V]@P_T(H_l) (Axz + Bu)},
where u and x denote, u = u; and x = x;, respectively.

(i) The value function Vi°'" (i = N):
By definition, the optimal value function at time N is
Vert(z) & ;xTPx for all x € Zy = R"™.
(ii) The value function V" (i =N — 1):
By the principle of optimality, for all x € R™,

VPP (x) = min { ;xTQx + ;uTRu + VT (Ax + Bu)}

uclU
(1, 1, 1 .
=minq 2'Qz+ _u'Ru+ _(Azx + Bu)"'P(Az + Bu)
uel | 2 2 2
ind LorPe + L Rut Ka)? (7.62)
= min : :
ey 27 T T RS

In deriving the last line we have made use of the algebraic Riccati equation
(7.5)—(7.6). It is clear that the unconstrained optimal control is given by
u = —Kx. From the convexity of the function R(u + Kz)? it then follows
that the constrained optimal control law is given by

uQit, =sata(—Kzx) = —sata(Kz) forall z € Z; =R, (7.63)

and the optimal value function at time N — 1 is
1
2
(iii) The value function V3** (i = N — 2):

. . 1. ,
VO (z) = 2" Px + 2R61(9L‘)2 for all z € Z; = R".

By the principle of optimality, for all x € R",

" 1 . 1 . "

V' (z) = miul:Jl{2.’L‘IQ$+ 2u'Ru+ VPP (Az +Bu)}
ue

— min{ - Q +1 R +1(A + Bu)"P(Az + Bu)

=minq 2’ Qe+ u'Ru+  (Az + Bu x + Bu

+;R51(Ax + Bu)z}

1 1 1_
= gleiurj{?xTPx—i— 2R(u+K9L‘)2 + 2R61(Ax+Bu)2}.
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(iv)

Since 01(Ax — BKx) = 0 for € X; (see (7.34)) the unconstrained min-
imum of the right hand side of the above equation occurs at u = — Kz
if z € X;. Because the right hand side is convex in u, the constrained
minimum occurs at

uQ Ly =sata(—Kzx) = —sata(Kz) forall x € Z5 = Xy,

and the optimal partial value function at time N — 2 is

1 1~ 1_
V' (z) = _a" Pz + 2R61(x)2 + 2R61(¢nl(x))2 for all z € Zo = X;.

2
Now we can use the result of Lemma 7.3.2 to express V™" (x) as
OPT 1 T 15 2 15 2
V't (z) = 5% Pz + 2R51(:v) + 2R52(A:v)
1

2
. 1_
_ I k—1,\2 —
= 233 Px + 2ng_15k(A x)® forallx € Zy = X;.

The value functions Vy™'; and VﬁP_T(i_l) (te{l,2,...,N —1}):

We have established above the theorem for N — 4, i = N, N — 1 and
N — 2. We will now introduce the induction hypothesis. Assume that the
value function VQ™", for some ¢ € {1,2,..., N —1}, is given by the general
expression (7.61). Based on this assumptlon, we will now derive the partial
value function at time 7 — 1.

By the principle of optimality,

1 1
VN = HlelurJl { ' Qr + 2uTRu + VT (Az + Bu)}
1
:murJl{ xQx+2u "Ru + (Ax—i—Bu) P(Ax + Bu)
ue

| N
+ ) 5k(Ak_1(Ax+Bu))2}
k=1
= min ! " Px + R( + Kx)?
uel | 2
| _N=i
+, Sp(AF 1 (Ax + Bu))z} , (7.64)
k=1
for all = such that
Az + BuS™ € Zn_, (7.65)

(since the expression used above for V" (+) is only valid in Zn_;).

Since 6 (A" "' (Az — BKz)) =0for k=1,2,...,N —iifx € Yy_(_1) =
XiNXon---NXn_; (see (7.34)) the unconstmmed minimum of the right
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hand side of (7.64) occurs at u = —Kz if # € Yy_(;—1). Because the right
hand side of (7.64) is convex in u, the constrained minimum occurs at:

ug’] = sata(—Kz) = —sata(Kzx),

for all x € Yy_i—1) = ﬂ;\[:_lin and, such that Az — Bsata(Kz) =
bni(x) € Zn_i (see (7.65), that is, for all € Zy_(;—1) (Proposi-
tion 7.3.1 (ii)).

Therefore the optimal partial value function at time i — 1 is
OPT 1 T 13 2
V'l (@) = o7 Pz + 2351(95)

N—i
1 D —
+ R ;; S(A* Y g(2))? for all z € Zy_ i1y,

and, using the result of Lemma 7.3.2, we can express VJ?ITk¢71)( -) as

N—1i
- 1 . 1= 1=
VNl (@) = 2$'P$ + 2]“351(33)2 t R Z S (AFz)?
k=1
) | NG
T D k—1,,\2
= 21;1P.’17+ 2R ]; or(A .’13) for aﬂl‘EZN,(Z-,l).

This expression for V3™, (-) is of the same form as that of (7.61) for

V"™ (+). The result then follows by induction.
g

The optimal solution of the fixed horizon control problem Py easily follows
as a corollary of the above result. For a horizon NV > 1, consider the set

Z2Zy=R" if N=1,
Z22Zy={x: ¢ (z)€YNp, k=0,1,....,N—2}, if N >2. (7.66)

Note that, for N = 2, (7.66) coincides with (7.9) since ¢?,(x) = z and, hence,
Z=7y=Yy=X1={x:|K(A- BK)z| <A} (see (7.37) and (7.35)) in this

case.
We then have:

Corollary 7.3.4 Consider the fized horizon optimal control problem Py de-
fined in (7.28)~(7.29), where = denotes the initial state x = wzo of system
(7.27). Then for all x € Z the minimum value is

N
- 1 . 1-
V' (x) = ja"Pr+ 2R25k(Ak_1x)2, (7.67)
k=1
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and, for all x € Z the minimising sequence {ud"", ..., u§ T} is
up'" = sata(—Kxy) = —sata(Kxy), (7.68)

for k=0,1,...,N — 1, where zy = ¢¥,(z).

Proof. Equation (7.67) follows from (7.61) for ¢ = 0. From Proposi-
tion 7.3.1 (iii) it follows that ¢ = 29 € Z = Zny = ), = (,bfll(x) €EZN_k, k=
0,1,...N — 1. Then (7.68) follows from the proof by induction of Theo-
rem 7.3.3. [

The above result extends Lemma 7.2.1 to arbitrary horizons. We next
present a simple example for which the solution (7.68) holds globally.

Example 7.3.1 (Scalar System with Cheap Control). Consider a scalar
system xp11 = azy + bug, xg = x, with b # 0 and weights @ = 1, R = 0,
in the objective function (7.29). Such a design, with no weight on the control
input, is a limiting case of the controller considered known as cheap control.

For this case, the unconstrained optimal control is u = —Kx, where K
computed from (7.6) is K = a/b. Now, notice that, with K = a/b, the gain
A — BK is zero and, hence, the sets in (7.34)—(7.38) are: X; = R", Y; = R",
Z; = R™, for all i. It then follows from Corollary 7.3.4 that the optimal control
sequence for all € R in this case is

oPT __ —aXg _ aT
uy, —satA( : )— satA( b ), (7.69)

for k =0,1,...,N — 1, where x; = ¢, (x). Note that here the result (7.69)
holds globally in the state space. o

7.3.3 Regional Characterisation of RHC

As in Section 7.2.1, we turn here to the regional characterisation of the RHC
law. That is, we will extend the regional characterisation given in Corol-
lary 7.3.4 for the fixed horizon optimal control problem to its receding horizon
formulation. To this end, we define the set

ZE2{w:¢fy(x) €Yn, k=0,1,2,...}, N=>2 (7.70)

Notice that, from the definitions, Z C Z C Yy. The set Z is the maximal
positively invariant set contained in Z and Yy for the closed loop system
Trt+1 = Oni(rr) = Az — Bsata(Kxy). It is easy to see that (7.70) coincides
with the set (7.12) introduced in Definition 7.2.1 for horizon N = 2 (since
Z = Zy =Y> in this case, see the discussion after (7.66)).

We then have the following result.

Theorem 7.3.5 For all x € Z the RHC law Ky in (7.30) is given by
Kn(x) =sata(—Kz) = —sata (Kx). (7.71)
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Proof. The proof of the theorem follows from the fact that 7 C 7 and that Z
is positively invariant under the control Ky (z) = —sata(Kz). Then, for all
states in Z the future trajectories of the system will be such that z € Z C Z,
and from Corollary 7.3.4 we conclude that Ky (z) = ug"" = sata(—Kz) =
—sata (Kx). O

As we discussed before, if the set Z, in which the theorem is valid, were
such that the control sequence {ur} = {—sata(Kx)} stayed unsaturated
along the system trajectories, then the result of Theorem 7.3.5 would be triv-
ial. Also, if this set were such that only the first control in the sequence
{ur} = {—sata(Kzy)} stayed saturated, then the result would also be triv-
ial (although this is not as evident). This fact can be seen from the proof of
Theorem 7.3.3. Assume, for this purpose, that the horizon is N > 2. Notice
that the step ¢ = N — 1 of the dynamic programming procedure involves
the minimisation of the quadratic function in (7.62), whose constrained min-
imum is simply given by uX", = —sata(Kxy_1) = —Kany_1 (since we are
assuming that only the first control saturates; see (7.63)). Following the same
argument backwards in time, and assuming that the controls u{™" = —Ku;,
1=N—1,N—2,...,1 are not saturated, it can be easily seen—since P sat-
isfies (7.5)—that the same quadratic equation (7.62) will propagate until the
initial step 7 = 0, in which case no assumption would be needed for the opti-
mal control to be ug"™™ = —sata(Kxg). In fact, Z can be considerably bigger
than both of these trivial cases, as we will see later in Example 7.3.2.

Proposition 7.2.3 also extends to the case of horizons of arbitrary length,
that is, the set Z defined in (7.70) contains the maximal output admissible

set O, defined in (7.14). We show this below.
Proposition 7.3.6 Oy C Z.

Proof. As in the proof of Proposition 7.2.3, since Z is the maximal positively
invariant set in Yy, it suffices to show that Qs C Yy = ﬂi\i—ll X (see (7.37)).
Assume, therefore, that @ € O, so that (see (7.14))

|[KAj x| <A, j=01,..., (7.72)
where A = A— BK. For any i € {1,2,...,N — 1},
Al = (A— BE)AL! = AALY — BRAL!
= A(A - BK)A;? - BRKA! = A?A'-%2 — ABKA'.? - BKA!

= A?(A - BK)A;® — ABKA'..> - BKA!
= APA? — A2BKA;? — ABKA'.? - BKA'!

i—2
= AT A =Y ATBK A,

Jj=0
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which implies

i—2
KA ' Agw = KAgaw + Y KABKAL ' a. (7.73)

Jj=0

From (7.72) and (7.73), we obtain the inequality

1—2
KA Agca| < |[KAYzx| + Y |KATB||K Azl (7.74)
j=0
1—2 )
< |1+ Z IKA'B| | A=2A; (see (7.33)). (7.75)
j=0

This implies € X; for all i € {1,2,...,N — 1} (see (7.35)), yielding the
desired result. O

7.3.4 An Ellipsoidal Approximation to the Set Z

We can also construct an ellipsoidal inner approximation to the set Z, as
was done in Section 7.2.2. To this end, recall that Z is the largest positively
invariant set, under the mapping ¢,;(-), contained in the set Yy £ ﬂfi}lXZ
Also, recall from (7.35) that the sets X; are given by

We then compute the ellipsoidal radius from

_ (1+0)%A2 A7 A3 A%
P= mm{ KP-'K" ' Ky P1KY KoP-1K3 KN1P1K]TV_1}’
B B B (7.76)
where 3 < fmax, and Smax is computed from (7.17) (in practice, one can

choose 3 arbitrarily close to Smax)-
Then we have that Corollary 7.2.6 holds for the ellipsoidal set

E={x: a"Px < p},
that is,

(i) € is positively invariant for system (7.27) under the control wuy =
—sata (Kxg).
(ii) € C Z.
(iii) The RHC law (7.71) holds, and it is optimal, for all z € £.
(iv) System (7.27), with the RHC sequence (7.71), is exponentially stable in &.

The following example illustrates the regional characterisation of RHC and
the different sets used to describe it.
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Example 7.3.2. Consider the system z;1 = Az + Buy, with

10 0.4
A= [0.4 1} 8BS [0.08} ’

which is the zero-order hold discretisation with a sampling period of 0.4 sec
of the double integrator

The input constraint level is taken as A = 1. The fixed horizon objective
function is of the form (7.29) using N = 10, @ = I and R = 0.25. The
matrix P and the gain K were computed from (7.5) and (7.6). The maximum
over-saturation index was computed from (7.17) with € = 0 and is equal to
Bmax = 1.3397. We then take § = 1.3396 < Bmax and compute the ellipsoid
radius p from (7.76).

1
L,

Figure 7.1. Set boundaries for Example 7.3.2.

In Figure 7.1 we show the following sets: Yy = ﬂi\;lXi (from (7.37)); the
maximal output admissible set O ; and the ellipsoid £ = {x : z"Px < p}.
In this figure, 2} and 7 denote the components of the state vector xj in
the discrete time model. The sets O, and & are positively invariant and are
contained in Z (Proposition 7.3.6 and (ii) above), and hence we have that
OxUE C Z C Yy, which gives an estimate of the size of 7.

In Figure 7.2 we show the boundaries of the sets discussed above, together
with the result of simulating the system with control u = —sata(Kz), and
with RHC performed numerically via quadratic programming, for an initial
condition contained in the invariant ellipsoid & = {x : z"Pxz < p}. Notice
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0] y T 15 ) s 70 k i 2 2
(a) State trajectory: with —sata(Kz) (b) Control sequence: —sata(Kx)

(solid-circle) and with (7.30) (dashdot- (solid-circle) and (7.30) (dashdot-plus).
plus).

Figure 7.2. State trajectories and control sequence for the initial condition z¢ =
[1.27 —0.1]". Also shown in the left figure are the set boundaries for Yn, O, .

B % s o s o o5 1 s & s % s (0 k“s 2 3
Tk

(a) State trajectory: with —sata(Kz) (b) Control sequence: —sata(Kx)

(solid-circle) and with (7.30) (dashdot- (solid-circle) and (7.30) (dashdot-plus).

plus).

Figure 7.3. State trajectories and control sequence for the initial condition x¢ =
[0.25 4.7]". Also shown in the left figure are the set boundaries for Yy, O, &.

that both strategies coincide, and that the control remains saturated during
the initial three steps.

Figure 7.3 shows a case where the initial condition is not contained in
the invariant ellipsoid & = {z : 2TPz < p} but is contained in the set Z
(since the trajectory does not leave the set Yy ). Therefore, as established in
Theorem 7.3.5, both control sequences coincide and, as Figure 7.3 shows, they
stay saturated during the initial five steps.
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As can be seen from the simulations, the region in which both strate-
gies coincide is such that the control remains saturated during several steps.
Hence, we conclude that this region—the set Z—is, in fact, nontrivial (see the
discussion following Theorem 7.3.5). o

7.4 Further Reading

For complete list of references cited, see References section at the end of book.

General

Further discussion on the regional solution may be found in De Doné (2000),
De Dond and Goodwin (2000) and De Dond, Goodwin and Seron (2000).

Link to Anti-Windup Strategies

Another line of attack on the problem of input constraints was developed, be-
ginning from a different perspective to the optimisation approach taken here,
grouped under the name of anti-windup techniques. The first versions of these
techniques can be traced back to PID and integral control, where limitations
on the controller’s ability to quickly regulate errors to zero, imposed by input
saturation, led to unnecessarily high values of the state of the controller inte-
grator. The term “anti-windup” is then used to describe the capability of the
technique to prevent the state of the integrator from “winding up” to an ex-
cessively high value. Distinctive characteristics of the anti-windup technique
are (see, for example, Teel 1999): (i) The original controller is used locally as
long as it does not encounter input saturation, and (ii) saturation effects are
minimised by modifying the controller structure when the plant input reaches
its saturation level. In essence, all the algorithms achieve these goals by let-
ting the controller states “know” about saturation being reached. A unified
framework that encompasses many of these algorithms is given in Kothare,
Campo, Morari and Nett (1994). They are prime examples of “evolutionary”
strategies (see Section 1.2 of Chapter 1).

Consider now that the original controller is the static state feedback
u = —Kux, that is, that the controller has no dynamics. Particularising the
unified framework of Kothare et al. (1994) to this case, one easily obtains
that the corresponding anti-windup strategy is equivalent to saturating the
control signal, that is, u = —sata (Kz). Comparing with the RHC law (7.71),
we conclude that for all z € Z, the RHC and anti-windup strategies have
the identical characterisation u = —sata (Kx). That is, the RHC and anti-
windup control laws coincide in the region where RHC has the simple finite
parameterisation (7.71).





