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Duality Between Constrained Estimation and
Control

10.1 Overview

The previous chapter showed that the problem of constrained estimation can
be formulated as a constrained optimisation problem. Indeed, this problem
is remarkably similar to the constrained control problem—differing only with
respect to the boundary conditions. (In control, the initial condition is fixed,
whereas in estimation, the initial condition can also be adjusted.) In the cur-
rent chapter we show that the similarity between the two problems of con-
strained estimation and constrained control has deeper implications.

In particular, we derive the Lagrangian dual (see Section 2.6 of Chapter 2)
of a constrained estimation problem and show that it leads to a particular un-
constrained nonlinear optimal control problem. We then show that the origi-
nal (primal) constrained estimation problem has an equivalent formulation as
an unconstrained nonlinear optimisation problem, exposing a clear symmetry
with its dual.

10.2 Lagrangian Duality of Constrained Estimation and
Control

Consider the following system

Tpr1 = Azg + Bwy fork=0,--- N —1,

10.1
ypr = Cxp +vp fork=1,--- N, ( )

where z; € R", wy, € R™, yi € RP. For clarity of exposition, we begin with
the case where only the process noise sequence {wy} is constrained.! We thus
assume that {wy} is an i.i.d. sequence having truncated Gaussian distribution

I The case of general constraints on wy, vr and xo will be treated in Sections 10.6
and 10.7.
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of the form given in (9.11) of Chapter 9, with Q; = Q. We further assume
that {vy} is an i.i.d. sequence having a Gaussian distribution N(0, R), and
has a Gaussian distribution N (ug, Pp).

For (10.1) we consider the optimisation problem defined in (9.29)—(9.35) of
Chapter 9, which yields the joint a posteriori most probable state estimates.
According to the assumptions, we set Q1 = Q, Qs = RP, and Q3 = R” in
(9.29)—(9.35). Thus, we consider:

Pei VN™(po, {yid) £ min Vi ({a}, {ox}, {ii}), (10.2)
LV, Wk
subject to:
{fk+1 = A% + By, for k=0,...,N—1, (103)
oy =yl —Ciyp fork=1,...,N, (10.4)
{{f?o,...,{fZN,ﬁl,...,IA}N,llA)o,...,”Lz)Nfl}GX, (105)

where, in (10.5),

X=R"x - - xR"XRPx--- xR xQx---xQ. (10.6)
~ ~ PR ~ PR ~ -
N+1 N N

In (10.2), the objective function is
N N . 1. T 14
Vi ({an}, {on}, {e}) = (30 — po)" Py " (@0 = o)

e | N
AT y—1 ST -1
+ > Qi + ) > R R o, (10.7)
k=0 k=1
where Py > 0, @ > 0, R > 0 are the covariance matrices in (9.11)—(9.13).

The following result establishes duality between the constrained estimation
problem P, and a particular unconstrained nonlinear optimal control problem.

Theorem 10.2.1 (Dual Problem) Assume Q in (10.6) is a nonempty
closed conver set. Given the primal constrained fixed horizon estimation prob-
lem P, defined by equations (10.2)—(10.7), the Lagrangian dual problem is

De: ¢ (o, {yi}) £ jnin ¢({Ae}, {ur}), (10.8)
subject to:

M1 = AN\ +CMuy, for k=1,--- N, (10.9)

Av =0, (10.10)

(o =B"M\ fork=0,---,N—1, (10.11)

)

G = Q VA QY2¢: for k=0, N —1. (10.12

In (10.8), the objective function is
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1 _ _
S({0} {un}) = (A0 + Py o) "Po(A™ o + Py jro)

+ Z up — Ry " R(ux, — R™yl)

N-1

+ 2 [ CrQGk + (G — o)’ QCk} +9 (10.13)

k=0
where 7 s the constant term given by

N

1 . 1 S
7 E = Py o = D (W) TR (10.14)
k=1
In (10.12), Il5 denotes the minimum Euclidean distance projection onto =
{z: Q22 € Q}, that is,
g : R™ — Q
(10.15)

s+ 5 =1Ilgs £ arg min ||z — s].
zEfl

Moreover, there is no duality gap, that is, the minimum achieved in (10.2) is
equal to minus the minimum achieved in (10.8).

Proof. Consider the primal constrained fixed horizon estimation problem P,
defined by equations (10.2)—(10.7). From (2.44) in Chapter 2, the Lagrangian
dual function @ is given by:

O({} {un}) = inf  L({ae}, {oe}, {n}, {Mds {we}),  (10.16)

KEQ, B, Dk

where the function L is defined as,

L({ar}, {on}, {wn}, {0}, {ur}) = Vv ({@r}, {0n}, {dn})

N—-1
+3 0N {a:nkﬂ ~ Ady — Bwk}

=il
o

+5 ul [y;j — Cip — @k] (10.17)
k=1

In (10.17), Vy is the primal objective function defined in (10.7), and {\;} and
{ur} are the Lagrange multipliers corresponding, respectively, to the linear
equalities (10.3) and (10.4). Using (10.7) in (10.17), and combining terms, the
function L can be rewritten as
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L({&r}, {0}, {wn}, {0}, {w}) = ;(fo — o) Py (&0 — po) — A§ Ao

Torn .
+ Z {QUiR Yo — ulor + u%yg}
k=1
N-1
+y {2w;g Ly, — A’,;Bwk}
k=0
N-1
+ {(/\k,1 7AT>\]€ 7CTuk)T$k}
k=1
+ (An_1 — CVI‘UN)TJAJN. (10.18)

Notice that the terms that depend on the constrained variables wj are inde-
pendent of the other variables, 5 and v, with respect to which the minimi-
sation (10.16) is carried out. The values that achieve the infimum in (10.16),
denoted wj, Z;, and ?;;, can be computed from

1, .
Wt = arg min{2w,;Q—1wk - A,;Bwk} for k=0,---,N —1, (10.19)

W ESN
L(-
0 A( ) _ Po—l (jg . NO) — A"\ =0, (10.20)
8.’170
aLA() _ R‘I@}S —up=0 fork=1,---,N, (10.21)
8vk

provided that the following two conditions are satisfied

)\kflfATAkchuk:() for k = 1,”- ,N*l, (1022)
Av_1 —C"uny = 0. (10.23)

Notice from (10.18) that the infimum in (10.16) is —oo whenever {A;} and
{uy} are such that (10.22) and (10.23) are not satisfied. However, since we will
subsequently choose {\x} and {ux} so as to maximise 0({ g}, {ux}) in (10.16)
(see (2.43) and (2.44) in Chapter 2), we are here interested only in those values
of {\r} and {uy} satisfying (10.22) and (10.23).

We next define the variables

¢k = B" g, (10.24)
52 QY 2y, (10.25)
s* £ Q712w (10.26)

which transform the minimisation problem (10.19) into the minimum Eu-
clidean distance problem

1 . "
s* =arg min{ sts — ((éQl/Q)s}, (10.27)
sEfl, 2



10.2 Lagrangian Duality of Constrained Estimation and Control 221

where Q 2 {2 : Q'/22 € Q}. The solution to (10.27) can be expressed as
s =52 T5QY%¢, (10.28)

where Il is the Euclidean projection (10.15). Using (10.26) and (10.28), the
solution to (10.19) is then

W = QY 15QY (. (10.29)
Finally, we define
G 2 Qi) = QY 15QY ¢, (10.30)

and introduce an extra variable, Ay = 0, for ease of notation. Thus, from
(10.19)-(10.24) and (10.30), we obtain:

wf = Q¢ fork=0,--- N —1, ( )
G2 QYVMI5QY%¢, fork=0,---,N —1, (10.32)
G2 B")\, fork=0,--- ,N—1, ( )
An 20, (10.34)
M1 = A" A\ +C"uy, fork=1,---,N, ( )
&5 = PoA"™ Ao + o, ( )
Up = Ruy, fork=1,--- N. (10.37)

Substituting (10.31)-(10.37) into (10.18) we obtain, after some algebraic ma-
nipulations, the Lagrangian dual function:

0({>‘k}v {uk}) = L({jk}a {62}7 {71);;}7 {Ak}v {uk})
_ ; INLAP) A" g + 2)3 Apip }
N
— ; Z {u} Ruy, — 2ujyi} (10.38)
v
+ > {,Gaa - e}

k=0

Finally, completing the squares in (10.38), and after further algebraic manip-
ulations, we obtain:

1
O({Mk} {ur}) = =5 (Ao + P jao) " Po(A™ Ao + Py ao)
1
B > (uk — Ry R(ux — Ry
N

;7}5@@ + (G — )" QG| — 7,
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where 7 is the constant defined in (10.14). Defining ¢ = —, the formulation of
the dual problem D, in (10.8)—(10.15) follows from (2.43)—(2.44) in Chapter 2,
and the fact that maxf = — min(—f#) = —min ¢ and the optimisers are the
same. Also, from Theorem 2.6.4 in Chapter 2, we conclude that there is no
duality gap, that is, the minimum achieved in (10.2) is equal to minus the
minimum achieved in (10.8). |

We can think of (10.9)-(10.11) as the state equations of a system (running
in reverse time) with input uj and output ¢j. Theorem 10.2.1 then shows that
the dual of the primal estimation problem of minimisation with constraints
on the system inputs (the process noise wy) is an unconstrained optimisation
problem using projected outputs i, in the objective function.

A particular case of Theorem 10.2.1 is the following result for the uncon-
strained case.

Corollary 10.2.2 In the case in which the variables wy, in the primal problem
Pe are unconstrained (that is, @ = R™), the dual problem becomes:

De : min {(A A() +P0 [1,0) R)(A )\0 +PO ILL())

)\k uk
N N—-1
+ " (u — R R(u — Ry + S° MBQB A+,
k=1 k=0
subject to:
M1 =A" g +CTug, fork=1,---, N,
An =0,

where 7y is the constant defined in (10.14).

Proof. Note that (, = (j in (10.12) since the projection (10.15) reduces to
the identity mapping in the unconstrained case. The result then follows upon
substituting ¢, = (x = B* Ay in expression (10.13). O

10.3 An Equivalent Formulation of the Primal Problem

In the previous section we have shown that problem D, is dual to problem P,
n (10.2)—(10.7). We can gain further insight by expressing P, in a different
way. This is facilitated by the following results.

Lemma 10.3.1 Let Q C R™ be a closed convex set with a nonempty interior.
Let s € R™ such that s ¢ Q. Then there exists a unique point § € Q0 with min-
imum Fuclidean distance from s. Furthermore, s and s satisfy the inequality

(s—=3)"(s—=¢ >0 (10.39)
for any point & in the interior of ).
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Proof. By assumption, Qisa nonempty closed convex set. From Theorem 2.3.1
of Chapter 2, we have that there exists a unique § €  with minimum Eu-
clidean distance from s, and § is the minimiser if and only if

(s—35)T(z—35) <0 forall ze Q. (10.40)

Now, let ¢ € int Q. We will show that (10.39) holds. Since ¢ € Q, (10.40)
holds for z = €. Thus we only need to show that (10.40) for z = £ € int £ can
never be an equality. Suppose, by contradiction, that

(s—3)T(€—5) =0. (10.41)

Note that ||s — || > 0 since Q is closed, and s ¢ Q, 5 € Q. Since £ € int Q,
there exists an & > 0 such that the ball N.(£) £ {2 : ||z —¢|| < e} is contained
in Q. Define

g:£+a Sif ;
[|s — 5]l

hence, ||€ — €| = a < ¢ and € € N.(¢). We then have, using (10.41) and
(10.42), that

(s -5 (=9 = (-9~ 5)+a" ||?i(zll ’

0<a<e; (10.42)

=al|ls —5|| > 0.

Thus, we have found a point € € Q (since N.(€) is contained in ) such that

(s —8)"(& —8) > 0, which contradicts (10.40). Thus, (10.39) must be true,
and the result follows. O

Lemma 10.3.2 Let f: R™ — R be any function and let Q C R™ be a closed
convex set that contains an interior point c. Consider the optimisation problem

P;: minV(w), (10.43)

with
V(w) £ f(w) + (w—0)' Q™ (v - ¢), (10.44)
w2 QYT QV w, (10.45)

where 1l is the mapping that assigns to any vector s in R™ the vector 5 in
Q that is closest to s in Fuclidean distance, that is,

g : R™ — Q
s+ 5 =Ilgs = arg min ||z — s, (10.46)
2€9
and set Q) is defined as
Q2 {z: Q%2 cql. (10.47)

Then,
V(w) < V(w) for all w € R™\Q.



224 10. Duality Between Constrained Estimation and Control

Proof. Suppose that w* € R™\Q and let
ot 2 QI/QHQQ_I/QM*- (10.48)

Notice that @* € Q since (10.45), with Il and Q defined in (10.46) and
(10.47), respectively, defines a projection of R™ onto €.
Define,
st L Q2w 52 Q2w (10.49)

Then, by construction, s* and §* satisfy,
5" =1lgs™, (10.50)

and, in particular, §* € Q. Using (10.48) and (10.49) in (10.44)—(10.45), we
obtain,

V) = F(@ )+ - Qi ) = QYA (5" (5"~ @ V%)
(10.51)
Also, since w* € Q, we have (0*) £ Q'/2I5Q~'/?w* = w*. Thus,

V() = f(@*) + (0" — @*)'Q (" —¢) = f(Q'?5"). (10.52)

It is easy to see, from the assumptions on €2, that Q in (10.47) is a closed
convex set and Q~1/2¢ € int Q since QV/2 > 0. From Lemma 10.3.1, equation
(10.50), the definition of IIg in (10.46), and noticing that s* 2 Q~1/?w* ¢ Q,
we conclude that

(s* —5)"(5* —Q Y?%¢) > 0.

Hence, from (10.51) and (10.52), we have
V(w*) —V(w*) = (s —5)" (5" — Qil/Qc) > 0.
The result then follows. O

In the sequel, we consider two optimisation problems to be equivalent if
they both achieve the same optimum and if the optimisers are the same.

Corollary 10.3.3 Under the conditions of Lemma 10.5.2, problem P; defined
by (10.43)—(10.47) is equivalent to the following problem

P min f(w). (10.53)
Proof. Tt follows from Lemma 10.3.2 that for any point w in R™\( we can find
a point w in 2 that yields a strictly lower objective function value. Hence, we
can perform the minimisation of (10.44) in Q without losing global optimal
solutions. Since the mapping Q'/?TI5Q /2 used in (10.45) reduces to the
identity mapping in €, we conclude that (10.44) is equal to the objective
function in (10.53) for all w € Q, and thus the problems are equivalent. [
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Corollary 10.3.4 Let f : R" X R™ x -+ x R™ — R be any function and let
Q C R™ be a closed convex set that contains zero in its interior. Consider the
optimisation problem

P min V(zo, Wos -+ Wiy oo, WN_1), (10.54)

with
V (20, W0, -+ s Wi,y WN—1) = f(20, W0, - -, Wiy .., WN_1)
N-1
+ Z (wi — wr) Q™ 1wy, (10.55)
k=0
and
w; = QY MeQ Y ?w; fori=0,...,N —1, (10.56)

where Tg and Q are defined as in (10.46) and (10.47), respectively.
Then, if w; € R™\Q for some i € {0,...,N — 1}, we have

V(IZ’(),U)(),...,71)1,...,’[01\/'71) < V(IZ’(),U)(),...,’wi,...,’wal)
for all xg € R™ and wy, ..., wi—1, Wit1,...,wy—1 € R™.

Proof. Consider the sequence {z{,wg, ..., w!,...,wi_;} and suppose w; €
R™\Q for some 4. Via a similar argument to that used in the proof
of Lemma 10.3.2 (with ¢ = 0), we can show that the sequence
{wh,wh, ... 0k, ... wh_}, with @f = QY?TI5Q~/2w}, gives a lower value
of the objective function (10.55). The result then follows. O

Corollary 10.3.5 Under the conditions of Corollary 10.5.4, problem P4 de-
fined by (10.54)—(10.56) is equivalent to the problem

Py min  f(2o, Wo, ..., Wiy ..., WN_1). (10.57)
wi €Q,x0
Proof. Similar to the proof of Corollary 10.3.3. O

We are now ready to express the primal estimation problem P, defined by
equations (10.2)—(10.7) in an equivalent form. This is done in the following
theorem.

Theorem 10.3.6 (Equivalent Primal Formulation) Assume that € is a
closed convex set that contains zero in its interior. Then the primal estimation
problem P, defined by equations (10.2)—(10.7) is equivalent to the following
unconstrained optimisation problem:

Pet VR (uo,yi) & min Vi({ae}, {0}, {in}), (10.58)
LV, Wk
subject to:
Tk41 = ATy + Bwy,  fork=0,--- /N —1, (10.59)
op =yg — Cay, fork=1,---,N, (10.60)

o = QY 5Q V2, fork=0,...,N —1, (10.61)
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where

N

. . R 1, Tl e 1 S

Vi (i}, {on} {dn}) = (20 = o) By (0 = po) + , D 04 R~
k=1

N-—-1
| . _ 1
+ kzo |:2IUZQ 1wk + (g — ’wk)TQ 1’wk:| , (10.62)

where Tl and Q are defined in (10.46) and (10.47), respectively.

Proof. First note that, using the equations (10.3) and (10.4), the objective
function (10.7) can be written in the form

Vn ({&x}, {0}, {dn}) = f(Zo, W0, ... Wi, ..., 0N_1).

Since the minimisation of the above objective function is performed for zy €
R"™ and for wy € 2, we conclude that problem P, can be written in the form
(10.57). Using Corollary 10.3.5 we can then express P, in the form of problem
P4 defined by (10.54)—(10.56). However, this is equivalent to (10.58)—(10.62)
(note the presence of wy, in (10.59)), and the result then follows. O

Theorem 10.3.6 shows that the primal estimation problem of minimisation
with constraints on the system inputs (the process noise wy) can be trans-
formed into an equivalent unconstrained minimisation problem using projected
inputs Wy, both in the objective function and in the state equations (10.59).

Comparing the primal problem in its equivalent formulation (10.58)—
(10.62) with the dual problem (10.8)—(10.13) we observe an interesting sym-
metry between them. This is discussed in the following section.

10.4 Symmetry of Constrained Estimation and Control

In summary, we have shown that the two following problems are dual in the
Lagrangian sense.

Primal Constrained Problem (Equivalent Unconstrained Form)

N
. 1,. 1. 1 JOSERE
P.:  min { (20 — po)" Py * (20 — po) + ZU}CR Lo
Tp Uk, Wk 2 2 1
No1
+) [ﬂi@*%@k + (dy, — wk)TQflwk} }
k=0
subject to:
Tkq1 = ATy + Bwy, fork=0,--- /N —1,
@k:yg—Ci‘k fork=1,---,N,
W = QY 5Q ™Yy, for k=0,...,N — 1.
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— Q71/2 > Hfz > Q1/2 > (A,B,C)

Figure 10.1. Configuration for the primal problem (equivalent formulation).

Dual Unconstrained Problem

N
! _ _ 1 T
D.: min {20\,1 — u())TPOO\fl — M()) + 9 kil uiRuk

AksUk
Nl ) )
+ 30 [LGRQ% + (6 = GG} + .
k=0
subject to:

Moo1 = A" Mg +C"uy, fork=1,--- N,
Av =0, Aq 2 ATN,

2 Ryl —wy, fork=1,---,N,

(o, =B"\; fork=0,---,N—1,

C_k _ Q71/2HQQ1/2Q€ for k=0,--- \N—1,

where fig £ — Py !9 and v is the constant defined in (10.14).

(A",C", B") - QY el My e QYL e

Figure 10.2. Configuration for the dual problem.

In the above two problems, Il is the minimum Euclidean distance pro-
jection defined in (10.46) onto the set  defined in (10.47).

Figures 10.1 and 10.2 illustrate the primal equivalent problem P, and
the dual problem D,, respectively. Note from the figures and corresponding
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equations the symmetry between both problems; namely, input variables take
the role of output variables in the objective function, system matrices are
swapped: A — AT, B — CT, C — BT, time is reversed and input
projections become output projections.

10.5 Scalar Case

The above duality result takes a particularly simple form in the scalar input
case, that is, when m = 1 in (10.1). We assume Q = {w : |w| < A}, where
A is a positive constant, and take Q = 1 in the objective function (10.7),
without loss of generality, since we can always scale by this factor. In this
case, ) = Q and the minimum Euclidean distance projection reduces to the
usual saturation function defined as sata(u) = sign (u) min(|u|, A).

The (equivalent) primal and dual problems for the scalar case are then:

Primal Problem

. 1 . s
P.: min {2(550 — o) Py (&0 — po)

Tk, Dk, Wi
L N-1
T p1a <2 . Y
+, > R + [@f; — (g — sata(iy))?] }7

subject to:
ZTp+1 = ATy + Bsata(wy) for k=0,--- N —1,
op =yl —Ci, fork=1,--- N.

Dual Problem

1 o
D,: min {2(A‘)\O + Py i) TPy (Ao + Py ao)

Ak Uk

1 N 1 N-—1
+ ;awak + k; (G2 = (G — sata(Ge))?] |+, (10.63)

subject to:

M1 =AM\ +C"uy, fork=1,---,N, (10.64)
An =0, (10.65)
x 2 Ry —wy, fork=1,--- N, (10.66)
Co=B"\y fork=0,---,N—1, (10.67)

where « is the constant defined in (10.14).
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Example 10.5.1. Consider the model (10.1) with matrices

0.50  0.01 0.40
A= [0.70 0_30] , B= [0'90] and C' = [0.90 —0.50] .

The initial state xg has a Gaussian distribution N (ug, Fp), with o = [1  2]*.
The output noise {vg} is an i.i.d. sequence having a Gaussian distribution
N(0,R), with R = 0.1. The process noise {wy} has a truncated Gaussian
distribution of the form (9.11) in Chapter 9. For this example, we take Q; =
Q ={w: |w| <1} and @ = 1. The weighting matrix Py was obtained from
the steady state error covariance of the Kalman filter for the system above.

(a) (b)
3
’
2
05 1 *&** *
I rie LK * ;pk% *
0 < 0] \\ /*\ /\// Yk x /]
4 * *
05 1N *x
2
-1
-3
5 10 15 20 25 0 5 10 15 20 25
k k
(c) (d)

Figure 10.3. Primal problem: constrained estimation. (a) Measurement data. (b)
Optimal primal input estimate. (c),(d) Optimal primal state estimates.

Given the measurement data {yf} = {y¢,---,y%} plotted in Fig-
ure 10.3 (a), we solve the primal problem (10.2)-(10.7). Note that by using
equations (10.3)—(10.5) the minimisation is performed for #y and for @y, € Q.
We can then use QP to obtain the optimal initial state estimate £fj, and the
optimal input estimate @&f. The latter is plotted in Figure 10.3 (b). In ad-
dition, using the state equations (10.3) with the optimal values 2§ and &j,
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we obtain the optimal state estimates 55@6 and j:g’k, k=0,...,N (the two
components of the state estimate vector Z; ), shown in Figure 10.3 (c) and (d),
respectively.

The dual of the above estimation problem is the nonlinear optimal control
problem (10.63)-(10.67), where the saturation value is A = 1. Note that
using equations (10.64)—(10.67), the decision variables of the minimisation
problem (10.63) are uq,...,uxn only. The dual problem has swapped the role
of the inputs and outputs in the objective function. In the primal problem,
the system outputs were the measurement data y,‘f. For the dual problem (see
(10.66)), y¢ has been scaled as the input reference R~1y{ to system (10.64)—
(10.65). This scaled input reference is shown in Figure 10.4 (a). We solve the
nonlinear unconstrained optimisation problem (10.63)-(10.67) to obtain the
optimal input u; shown in Figure 10.4 (b). Similarly, the dual system states

&, whose components are plotted in Figure 10.4 (c)—(d), respectively, can be
obtained, in reverse time, via equations (10.64)—(10.65) by using the optimal
values of uj.

(a) (b)
15 15
10 10
i
< b 5f 4
2 r2 *x | * X
L o AT O
\/ / *
5 -5t *
10 -10
15 -15
5 10 15 20 25 5 10 15 20 25
k k
(c) (d)
15 15

Figure 10.4. Dual problem: nonlinear optimal control. (a) Scaled data. (b) Optimal
dual input. (c),(d) Optimal dual states.
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The relation of strong Lagrangian duality between constrained estimation
and control defines a relation between the optimal values in the primal and
dual problems. From equation (10.67), the “dual output” ¢ = B A} (shown
in Figure 10.5 (a)) is a combination of the states A}, and from the proof of
Theorem 10.2.1 (see (10.31)-(10.32)), we have

Wi = QC, where (i =sata(CF).

That is, the optimal input values w0} of the primal problem are the scaled
projections of the optimal dual outputs (;, as can be seen by comparing

Figure 10.3 (b) with Figure 10.5 (b). o
(a) (b)
3 3
*
2 n 2
I
* i35
1 ok 1 S ¥ Rexx "
* * \ ¥
ot VxR, s | R L \ |
X 1 gk ¥ ¥ ) X, kgt * ¥
- " - #*
-2 -2
-3 -3
0 5 10 15 20 25 0 5 10 15 20 25
k k

Figure 10.5. Relation between optimal values of the primal and dual problems. (a)
Optimal dual output. (b) Optimal primal input equal to scaled projected optimal
dual output.

10.6 More General Constraints

We have seen above that the dual of the estimation problem with constraints
on the process noise sequence {wy,} is an unconstrained nonlinear control prob-
lem defined in terms of projected outputs. Here we generalise the estimation
problem by considering constraints on the process noise sequence {wy}, the
measurement noise sequence {vi} and the initial state xo. In this case, the
dual problem will turn out to be an unconstrained nonlinear control problem
defined in terms of projected outputs, projected inputs and projected terminal
states.
Thus, consider the following system

x;H_l:Axk—&—Bwk fork=0,---,N—1,

10.68
yr = Cxp +vp fork=1,--- N, ( )
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where x € R™, wy € R™, y, € RP. We assume that {wy}, {vi}, zo have
truncated Gaussian distributions of the forms given in (9.11), (9.12) and (9.13)
of Chapter 9, respectively, where

w €y fork=0,---,N—1,

v €Qy fork=1,.-- N,

g € Q3.

For (10.68) we consider the following optimisation problem:

Pei VN (poryi) = min Vi ({ax}, {0k}, {ie}), (10.69)
L,V , Wk
subject to:
Tkq1 = A2 + Buwy fork=0,...,N—1, (1070)
p =yp — Ciyp fork=1,...,N, (10.71)
{Z0,&1,..., TN, 01,..., 0N, W0, ..., WN_1} € X, (10.72)

where, in (10.72),

X=Q3xR" - xR"x Qg X+ X QX X+ %O, (10.73)
~ ~ -~ ~ o~ ~ -
N N N

and where, in (10.69), the objective function is

N
I (R
+ WEQ ™ by, + 2§ ofR Yo, (10.74)

The following result establishes duality between the constrained estimation
problem P, and an unconstrained nonlinear optimal control problem.

Theorem 10.6.1 (Dual Problem) Assume €, Qa, Q3 in (10.73) are
nonempty closed convexr sets such that there exists a feasible solution
{&o,%1,...,ZN,01,...,0N, W0, ..., WN-1} € int X for the primal problem P..
Given the primal constrained fixed horizon estimation problem P, defined by
equations (10.69)—(10.74), the Lagrangian dual problem is

Dot 6™ (o {u}) 2 min G({(Ne) {ui}), (10.75)
subject to:
M1 =A" e +CTuy fork=1,---, N, (10.76)
AN =0, A=A, (10.77)

CGe=B"\ fork=0,---,N—1. (10.78)
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n (10.75), the objective function is

SN}, {us}) 2 ) (s + By o) Po(A 1 + Py o)

+ (A1 = A1) "Py(A—1 + Py o)
N

1
+ ; { o (@ = Ry R(u, — R™yf)
+ (up, — )" R(Tig — R_ly,‘f)}

Z [ GGk + (G — G)' Qé_k} + 7 (10.79)

where v is the constant term given by

N

1 1 B
Y E =Py o — ;(yi)TR Lyd. (10.80)

In (10.79) the projected variables are defined as

A1 2Py P PP, (10.81)
we & R™Y21g RY?uy, fork=1,...,N, (10.82)
Go 2 QY2 QY2¢: fork=0,...,N -1, (10.83)

where g , i = 1,2,3, denote the minimum Euclidean distance projections
(defined as in (10. 15)) onto the sets

Q2 {z:QY%2 e}, (10.84)
Qs 2 {2: RY?2 € Q}, (10.85)
Q3 2 {z: P2+ g € Q3. (10.86)

(10.69)

Moreover, there is no duality gap, that is, the minimum achieved in (10.69

is equal to minus the minimum achieved in (10.75).

Proof. The proof follows the same lines as the proof of Theorem 10.2.1, save
that we must consider the constraints on g and vy, as well as on wj, when
optimising (10.18). Thus, instead of (10.20) and (10.21), we need to carry out
a constrained optimisation as was done for wy, in (10.19). O

10.7 Symmetry Revisited

We have seen in Section 10.6 that the Lagrangian dual of the general con-
strained estimation problem is an unconstrained nonlinear control problem
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involving projected variables. The symmetry in this result is revealed by
transforming the primal problem into an equivalent unconstrained estima-
tion problem using projected variables. To derive this equivalent problem, we
will use the following extensions of Corollaries 10.3.4 and 10.3.5:

Corollary 10.7.1 Let f : Z — R and h : Z — R?, with Z = R™ x RP x
o X RPXR™ X -+« x R™, be any functions and let Q1 C R™, Qo C R? and
Q3 C R"™ be closed convex sets. Let 0 € intQq, 0 € int Qo and pg € int Q3.
Consider the optimisation problem

P min V(I’(),Ul,...,UN,wo,...,wal), (1087)
Z0,Vk, Wk
subject to:
M@0, U1, ..., DN, W, - - ., WN-1) = 0, (10.88)
with
V(x()avla"'avNawOa-"awal) é f("fovll_jlﬂ"'37‘_}va07"'7wa1)
+ (w0 — Z0)" Py ' (Zo — po)
N
+ Z(Uk — ’T)k)TRflﬂk
k=1
N-1
+ ) (wp —wp)"Q Mk, (10.89)
k=0
and
If() = POI/QHQBPO_I/Q(IEO — [1,0) -+ Mo, (1090)
o) = RY?Ig R 20, fork=1,...,N, (10.91)
we = Q?Mg, Q wy, fork=0,...,N -1, (10.92)

where g , i = 1,2,3, are the minimum Euclidean distance projections (de-
fined as in (10.15)) onto the sets (10.84)—(10.86), respectively.

Then any global optimal solution {xf,vi,..., v}, ..., o5, WS, ...,
wi, ..., wy_1} of (10.87)-(10.92) satisfies xjy € Qs, v; € Qp fori=1,...,N
and w; €y fori=0,...,N —1.

Proof. As in the proof of Corollary 10.3.4 we can show that given any feasible
sequence {x, vy, ..., 05, ..., v, W, ...,wS,...,wh_q} for problem (10.87)-
(10.92) and such that zf € R"\Qs, and/or v} € RP\Q, for some i and/or
w} € R™\Qy for some i, a lower value of the objective function is achieved
by replacing these variables by their projected values z§ € Q3, U] € (s and
w; € §, computed as in (10.90)-(10.92). Since the sequence so obtained

satisfies the equality constraint (10.88), it is feasible and hence the result
follows. O
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Corollary 10.7.2 Under the conditions of Corollary 10.7.1, problem P’ de-
fined by (10.87)—(10.92) is equivalent to the problem

min f(xo,v1,..., N, W0y ..., WN_1).
20€N3,vr €N, wr €EQ ( R ’ ’ ’ ’ )

Proof. Similar to the proof of Corollary 10.3.3. O

We then have the following equivalent formulation for the primal estima-
tion problem P. defined by equations (10.69)—(10.74).

Theorem 10.7.3 (Equivalent Primal Formulation Revisited)

Suppose Q1 C R™, Qo C RP and Q3 C R"™ are closed convexr sets such
that 0 € intQy, 0 € intQy and po € int Q3. Then the primal estimation
problem P, defined by equations (10.69)—(10.74) is equivalent to the following
unconstrained optimisation problem:

Plo VR (po,yit) & min Vi (&0, {0x}, {dk}), (10.93)
subject to:
Tyl = AZp + Bw, fork=0,--- ,N—1, (1094)
=yl —Cz, fork=1,---,N, (10.95)
_ 1/2 —1/2
Ty =Py g By (To — o) + Ho, (10.96)
o = RV R™Y20;, fork=1,...,N, (10.97)
wp = QMg Q) fork=0,...,N—1, (10.98)

whereIlg , i = 1,2,3 are the minimum Euclidean distance projections (defined
as in (10.15)) onto the sets (10.84)—(10.86), respectively, and where

1 . .
+ |:21_1kR_11_}k -+ (@k — I_Jk)lR_lﬁk:|
k=1
N—-1 1
+ [21‘)}2@_1% + (g — wk)TQ_lwkj| - (10.99)
k=0

Proof. Immediate from Corollary 10.7.2 on interpreting h in (10.88) as

h(.’fﬁo,@l, ..., UN, W, .. .,7I]N_1) =
CAZy + 11 + CBwy — y?
CA2Zg + vy + CABw + CBw — y4

CANGy +on + Sn g CAN* 1By, — yd,
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If we compare the equivalent form of the primal problem (10.93)—(10.99)
with the dual problem (10.75)—(10.83) then aspects of the symmetry between
these problems are revealed. In particular, we see that the following con-
nections hold: time is reversed, system matrices are swapped (A4 — AT,
B — CT, C — BT), input projections become output projections and vice
versa, and initial state projections become terminal state projections. These
connections and other observations are summarised in Table 10.1.

Primal Equivalent Primal Dual
State Tpt1 = Tr+1 = ATy + Bwy, A1 = A"\ + C’Tuk,
equations A%y + By A=A\
Output U = Vg = yg — Cxy (k= B\
equation yd — Cig

Unconstrained minimisation Unconstrained minimisa-
Input /output Input using the projected input wy tion using projected out-
connection  constraints in the objective function. put Cr in the objective
iy €, Projected input used in the function.
state equations: Zrpy1 =
AZy + Bwy.

Unconstrained minimisation Unconstrained minimisa-
Output/input ~ Output using the projected output vy tion using the projected
connection  constraints 11t the objective function. input uy in the objective
O € Qo Projected output required to function.
satisfy the output equation:
o, =yt — Cy,.

Unconstrained minimisation Unconstrained minimisa-
Initial/final Initial state using the projected initial tion using the projected
state To in the objective terminal state A—1 in the
function. objective function.
Projected initial state used
as initial state for the state
equations.

state constraints
connection To € Q3

Table 10.1. Connections between the primal problem, its equivalent formulation
and the dual problem.

10.8 Further Reading

For complete list of references cited, see References section at the end of book.

General

The relationship between linear estimation and linear quadratic control is
well-known in the unconstrained case. Since the original work of Kalman and
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others (see Kalman 1960b, Kalman and Bucy 1961), many authors have con-
tributed to further understand this relationship. For example, Kailath, Sayed
and Hassibi (2000) have explored duality in the unconstrained case using the
geometrical concepts of dual bases and orthogonal complements. The connec-
tion between the two unconstrained optimisation problems using Lagrangian
duality has also been established in, for example, the recent work of Rao
(2000).

The results in the current chapter are based on Goodwin, De Donad, Seron
and Zhuo (2004).
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