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Abstract: We study OFDM systems with cooperative coding over frequency selective
Rayleigh fading channels. We derive the pairwise error probability for the block-
fading OFDM channel model. We use the derived pairwise error probability to
get an upper bound on the frame error probability for the coded cooperative
OFDM system. This bound is then utilized in the study of the diversity and
coding gains achievable through cooperative coding in OFDM systems for vari-
ous inter-user channel qualities. We consider the design of cooperative convolu-
tional codes based on the principle of overlays and provide simulation results for
different cooperation scenarios. We observe significant gains over conventional
non-cooperative OFDM systems.
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1. Introduction

Information transfer through wireless networks involves simultaneous com-
munication among multiple source–destination pairs. Wireless local area
networks may operate in infrastructure mode or as ad-hoc networks. In the
infrastructure mode the coordination of these multiple communications is done
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via the access point. The access point processes all the signals transmitted from
the sources (uplink) and forwards them to their respective destinations (down-
link). In the ad–hoc mode on the other hand there is no fixed infrastructure and
the terminals utilize other terminals as relays to transfer information from the
source to its destination. Motivated by the diversity effects and power efficiency
of communicating via relaying, recent research efforts have focused on coopera-
tion among the terminals in the network (user-cooperation), demonstrating the
advantages of user-cooperation regardless of the mode of the network operation.

In a cooperative network, two or more terminals share their information and
transmit jointly as a virtual antenna array. This enables them to obtain higher data
rates and it leads to decreased sensitivity to channel variations [Sendonaris et al.,
2003]. The terminals share information by tuning into each other’s transmitted
signals and by processing the information they overhear through the inter-user
channel. The cooperation still leads to performance improvements over single
user transmission, even though the inter-user channel may be faded and noisy.
The fact, that in practice, the relaying terminal cannot receive and transmit at the
same time was incorporated in [Laneman et al., 2004], where the authors consi-
dered different protocols to achieve diversity gains such as amplify and forward
or decode and forward. From a coding perspective these protocols resemble
repetition coding, and there are more effective ways of designing channel codes.

In [Stefanov and Erkip, 2004] we demonstrated that an overall block fad-
ing channel model is appropriate in the case of user-cooperation, since the
cooperating terminals observe independently faded channels towards the desti-
nation. This resulted in a framework for the design of cooperative channel codes
optimized for user-cooperation. As the next generation of wireless local area
networks (WLAN’s) and cellular systems will utilize Orthogonal Frequency Di-
vision Multiplexing (OFDM) [Nee and Prasad, 2000], it is necessary to consider
the analysis and design of cooperative codes in the context of OFDM systems.

2. System Model

We consider an OFDM system with K subcarriers. Each code word spans P
adjacent OFDM words, and each OFDM word consists of K symbols, trans-
mitted simultaneously during one time slot. Each symbol is transmitted at a
particular OFDM subcarrier. We assume that the fading is quasi-static during
each OFDM word, but varies independently from one OFDM word to another.

At the receiver, the received signal can be expressed in the frequency domain
as follows

y[p, k] = H[p, k]c[p, k] + z[p, k] (19.1)

where k = 0, . . . , K − 1, p = 1, . . . , P , and H[p, k] is the complex channel
frequency response at the kth subcarrier and at the pth time slot. c[p, k] and
y[p, k] are the transmitted signal and the received signal, respectively, at the kth
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Figure 19.1. Time-division channel allocations: (a) orthogonal direct transmission and (b) or-
thogonal cooperative diversity transmission.

subcarrier and at the pth time slot. z[p, k] is the circularly symmetric complex
Gaussian noise with variance of N0/2. The time domain channel response can
be expressed as

h(τ) =
L∑

l=1

α(l)δ(τ − nl

K�f
) (19.2)

where δ(·) is the Dirac delta function, L denotes the number of non-zero taps
and α(l) is the complex gain of the lth non-zero tap, whose delay is nl

K�f
, where

nl is an integer and �f is the tone spacing of the OFDM system.
The channel frequency response between the transmit antenna and the receive

antenna at the pth time slot and at the kth subcarrier is given by [Lu et al., 2002]

H[p, k] = H(pT, k�f ) =
L∑

l=1

α(l; pT )e−j2πknl/K = hH(p)w(k) (19.3)

where h(p) = [α(1), . . . , α(L)]H is the L-sized vector containing the time
responses of all the non-zero taps and w(k) = [e−j2πkn1/K , . . . , e−j2πknL/K ]T

contains the corresponding DFT coefficients.
We adopt a time-sharing cooperative scheme similar to that of [Laneman

et al., 2004; Stefanov and Erkip, 2004; Hunter and Nosratinia, 2002], as illus-
trated in Figure 19.1. Terminal T1 transmits the first half of its codeword to
the destination and T2. If T2 is able to decode it correctly, it then transmits the
second half of T1’s codeword to the destination. If T2 fails to decode it correctly,
it notifies T1 and T1 then transmits the rest of the codeword itself. In the next
transmission, the role of T1 and T2 are interchanged.

3. Performance Analysis of Coded Cooperative OFDM
Systems

In this section, we analyze the performance of coded cooperative OFDM
systems. We first derive the Chernoff bound on the pairwise error probability of
the block fading OFDM channel, resulting from cooperation. We then utilize the
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pairwise error probability in the analysis of the frame error probability of coded
cooperative systems. In particular, we study the achievable diversity order for
various inter-user channel qualities.

Pairwise Error Probability for Block Fading OFDM Systems

In the block fading OFDM channel model resulting from cooperation, each
block may have a different received signal-to-noise ratio and different number
of non-zero channel taps. The user Ti-destination channels have Li non-zero
taps, i = 1, 2, respectively. Assuming that perfect channel state information
is available at the receiver and by applying the Chernoff bound, the pairwise
error probability (PEP) of transmitting codeword c, while another codeword e
is decoded at the receiver, is upper bounded by

P (c → e|H) ≤ exp{−(d2
1(c, e)γ1 + d2

2(c, e)γ2)} (19.4)

where γi = Esi
N0

, i = 1, 2, denotes the signal-to-noise ratio for the first half and
second half of the channel codeword, respectively. d2

i (c, e), i = 1, 2, can be
expressed as

d2
i (c, e) =

K−1∑
k=0

iP/2∑
p=(i−1)P/2+1

|Hi[p, k]ε[p, k]|2 = hH
i Dihi (19.5)

where, ε[p, k]1×1 = c[p, k] − e[p, k], and

DiLi×Li
=

K−1∑
k=0

iP/2∑
p=(i−1)P/2+1

wi(k)ε[p, k]ε∗[p, k]wH
i (k) i = 1, 2. (19.6)

Note that ε[p, k]ε∗[p, k] equals to 0 if the entries of codeword c and e corres-
ponding to the kth subcarrier and the pth time slot are the same. Let D(1) denote
the number of instances when ε[p, k]ε∗[p, k] �= 0, p = 1, . . . , P/2, ∀k; and let
D1eff

denote the minimum D(1) over every possible pair of codewords [Lu
et al., 2002; Schlegel and Costello, 1989]. Denoting r1 = rank(D1), it follows
that minc,e r1 ≤ min{D1eff

, L1}. Similarly, minc,e r2 ≤ min{D2eff
, L2}. We

observe that D1 and D2 are non-negative definite Hermitian matrices. Hence,
by an eigen-decomposition, we obtain

D1 = V1ΛV H
1 D2 = V2ΦV H

2 (19.7)

where V1 and V2 are unitary matrices, while Λ and Φ are diagonal matrices
with {λj}r1

j=1 and {φj}r2
j=1 being positive eigenvalues of D1 and D2, respec-

tively. All the L1 elements, α1(1), . . . , α1(L1), of {h1}, and the L2 elements,
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α2(1), . . . , α2(L2), of {h2}, are assumed to be i.i.d. circularly symmetric com-
plex Gaussian with zero means. Eq. (19.4) can be written as

P (c → e|H) ≤ exp

⎧⎨⎩−

⎛⎝γ1

r1∑
j=1

λj |β(j)|2 + γ2

r2∑
j=1

φj |κ(j)|2
⎞⎠⎫⎬⎭ (19.8)

where β(j) = [V H
1 h1]j and κ(j) = [V H

2 h2]j . Since V1 and V2 are unitary,
β(j) and κ(j) are also i.i.d. circularly symmetric complex Gaussian with zero
mean and their magnitudes |β(j)| and |κ(j)| are i.i.d. Rayleigh distributed. By
averaging the conditional PEP over the Rayleigh distribution, the pairwise error
probability is found to be

P (c → e) ≤

⎛⎝ r1∏
j=1

λj

r2∏
j=1

φj

⎞⎠−1

γ−r1
1 γ−r2

2 (19.9)

where r1 and r2 are the diversity levels with maximum of L1 and L2, respec-
tively. We observe that in the block fading model resulting from cooperation in
an OFDM system, each block may have a different received signal-to-noise ratio
and different number of nonzero channel taps. For the case when γ1 = γ2 = γ,
the pairwise error probability expression simplifies to

P (c → e) ≤

⎛⎝ r1∏
j=1

λj

r2∏
j=1

φj

⎞⎠−1

γ−(r1+r2)· (19.10)

Note that the quasi-static fading case [Lu et al., 2002], can be readily obtained
as a special case of the block fading OFDM model.

Frame Error Probability Analysis

Without loss of generality, we study the cooperative coding performance
gains from the perspective of node T1. Similar results would also be obtained
for node T2. The frame error probability (FEP) can be obtained as

P coop
f = (1 − P in

f )PBF
f + P in

f PQS
f ≤ PBF

f + P in
f PQS

f (19.11)

where P in
f denotes the FEP of the first half codeword over the inter-user channel,

PBF
f denotes the FEP over the block fading channel when the cooperation takes

place, and PQS
f denotes the frame error probability over the quasi–static fading

T1–destination channel which the destination observes if T2 cannot decode T1.
Let γ1 denote the received signal-to-noise ratio at the destination corresponding
to the transmission from user T1. Similarly, let γ2 denote the received signal-
to-noise ratio at the destination corresponding to the transmission from user T2
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and γin denote the received signal-to-noise ratio at user T2 corresponding to
the transmission from user T1.

Utilizing the pairwise error probability for the block Rayleigh fading OFDM
channel derived in the previous section and the union upper bound on the frame
error probability, when node T1 transmits in cooperation with node T2, the upper
bound on the frame error probability, P coop

f , is

P coop
f ≤

⎛⎝∑
c

∑
e	=c

1
(
∏2

b=1 µb) γr1
1 γr2

2

⎞⎠
+

⎛⎝∑
c

∑
e	=c

1(∏rin
j=1 δj

)
γrin

in

⎞⎠
⎛⎝∑

c

∑
e	=c

1(∏r
j=1 ξj

)
γr

1

⎞⎠
where rb denotes the rank of the codeword difference matrices in the OFDM
fading block b, b = 1, 2, and r denotes the rank of the codeword difference
matrix between the two entire codewords of T1. The µb’s, b = 1, 2 are given
by µ1 =

∏r1
i=1 λi and µ2 =

∏r2
i=1 φi, where the λi’s and the φi’s denote the

nonzero eigenvalues of the product of the codeword difference matrix and its
respective conjugate transpose for the OFDM fading block b = 1 and b = 2,
respectively. The ξi’s denote the nonzero eigenvalues of the product of the
codeword difference matrix between the two entire codewords and its conjugate
transpose. Similarly, the δi’s denote the rin nonzero eigenvalues of the product
of the codeword difference matrix for the first half of the codeword and its
conjugate transpose, utilized over the inter-user OFDM channel.

We consider the case when, γ1 ≈ γ2 ≈ γin = γ, that is all channels, in-
cluding the inter–user channel, have similar quality. This assumption simplifies
the diversity analysis and is quite reasonable at high signal-to-noise ratios in all
channels. In this case, P coop

f , can be approximately upper bounded by

P coop
f ≤ γ−(L1+L2)

⎛⎝∑
c

∑
e	=c

1∏2
b=1 µb

⎞⎠
+ γ−(L1+Lin)

⎛⎝∑
c

∑
e	=c

1∏Lin
j=1 δj

⎞⎠⎛⎝∑
c

∑
e	=e

1∏L1
j=1 ξj

⎞⎠
Here we have assumed that all codeword difference matrices of interest are of
full rank. Let k = min{Lin, L2}. At high signal-to-noise ratios, we have the
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following approximation

P coop
f ≈ K1 γ−(L1+k) (19.12)

where the term K1 represents the coding parameters. This means that when
all links have the same average quality, the diversity order achieved through
cooperative coding depends on k = min{L2, Lin}, as indicated by the exponent
of the signal-to-noise ratio. Note, that this diversity level is also indicated by
the information theoretic cut-set bound [Cover and Thomas, 1991].

Good inter-user channel. Next, we focus on the case when the inter–user
channel is very good, i.e., it has a very high signal-to-noise ratio. This could
represent the scenario when the two partners are located very close to each
other. This means that P in

f is small and we simply have P coop
f ≈ PBF

f . Hence,

P coop
f ≈ K2 γ−(L1+L2) (19.13)

where K2 represents the coding parameters. We observe that when the inter-
user channel quality is very good, the inter-user channel does not represent a
bottleneck and a diversity level of (L1 + L2) is achieved.

Poor inter-user channel. Finally, when the inter-user channel quality is
poor, the inter-user channel signal-to-noise ratio, γin, will be lower than the
signal-to-noise ratio of the user-destination channel. We can assume that γrin

in ≤
Cin, for all signal-to-noise ratios of interest. Hence, P coop

f is upper bounded by

the term P in
f PQS

f , yielding

P coop
f ≈ 1

Cin
· γ−L1

minc,e{(
∏Lin

j=1 δj
∏L1

j=1 ξj)}
(19.14)

where minc,e{(
∏Lin

j=1 δj
∏L1

j=1 ξj)} represents the dominant term in the union
bound at high signal-to-noise ratios. In this case, the diversity level is only L1.
This is the same diversity level achieved by T1 when there is no cooperation.
However, there is still some coding gain, as indicated by the eigenvalue product,
compared to the conventional OFDM system.

4. Simulation Results

In this section we provide numerical examples illustrating the performance
of cooperative convolutional codes in OFDM systems. We assume that the
OFDM system has K = 128 subcarriers. We consider the constraint length 7
convolutional code (133,171,117,165). This convolutional code belongs to the
family of convolutional codes designed on the principle of overlays [Stefanov
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Figure 19.2. Single user performance vs. two user cooperation, for different inter-user channel
qualities.

and Erkip, 2004; Gamal et al., 2003]. The coded bits are suitably multiplexed
in order to achieve the maximum degree of diversity available in the coop-
erative communication scenario. We consider BPSK modulation. We assume
maximum likelihood detection [Lin and Costello, 1983] and perfect channel
state information at all the respective receivers. The frame size is 256 bits and
each codeword spans P = 2 OFDM words. Both user-destination channels are
assumed to have two taps, namely, L1 = L2 = 2.

Figure 19.2 illustrates the frame error rate (FER) performance comparison
between the non-cooperative case and the cooperative case for different inter-
user channel qualities. Both user-destination channels have similar quality. We
observe that when the inter-user channel quality is very good, we achieve full
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diversity. The gain over the single user performance is about 6.5 dB at a FER
of 10−3. We note that even in the case when the inter-user channel FER is 0.5,
we still obtain about 2 dB improvement at a FER of 10−3 as compared to the
non-cooperative case.

Next we consider the scenario when one of the users has much better channel
to the destination than the other partner. Figure 19.3 illustrates the FER perfor-
mance for both users in this asymmetric scenario. We assume that user T1 has
better channel quality to the destination, i.e., its signal-to-noise ratio is fixed at
10.3 dB, resulting in a FER of 10−3. We observe the performance of both users as
we vary the signal-to-noise ratio of user T2. The inter-user channel FER is 10−1.
From Figure 19.3 it can be observed that both users benefit from cooperation.
User T1 achieves the FER of 10−3 when the signal-to-noise ratio of user T2 is

1E-04

1E-03

1E-02

1E-01

1

-5 0 5 10

F
E

R

SNR [dB] of T2

user 1, no cooperation
user 2, no cooperation

user 1, inter-user channel FER = 0.1
user 2, inter-user channel FER = 0.1

Figure 19.3. Single user performance versus two user cooperation, for two users with different
channel qualities.
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about -4 dB. At higher signal-to-noise ratios, its performance is even better than
in the non-cooperative case. User T2 also has significant gains, as it improves
its performance by about 5 dB with respect to the non-cooperative case.

In the previous discussion, we considered the performance of the coded
cooperative OFDM system for various inter-user channel qualities. Next, we
will consider the case where the signal-to-noise ratio in the inter-user chan-
nel varies in proportion with the signal-to-noise ratio in the user-destination
channel. Figure 19.4 represents the scenario when the inter-user channel has
Lin = 2 taps. We consider two cases for the signal-to-noise ratio in the inter-
user channel. In the first case the signal-to-noise ratio in the inter-user channel
is approximately the same with the signal-to-noise ratios in the user-destination
channels, i.e., γin ≈ γ. This could represent the scenario when all three nodes
are at a similar distance from one another. We observe that the in this scenario
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Figure 19.4. Cooperative coding example, the inter-user channel has two taps, Lin = 2.
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the coded cooperative OFDM system achieves a FER of 10−3 at about 5.5 dB.
This is only about 1.5 dB away from the performance with a perfect inter-user
channel. It also results in a gain of almost 5 dB compared to the non-cooperative
case. In the second scenario, we consider the case when the signal-to-noise ratio
in the inter-user channel is approximately 6 dB better than the signal-to-noise
ratio in the user–destination channels, i.e., γin ≈ γ+6 dB. This could represent
the scenario when the two cooperating nodes are closer to each-other than to the
destination. We observe that in this case the coded cooperative OFDM system
essentially achieves the same performance that it would have with a perfect
inter-user channel.

In Figure 19.5, we consider the case when the signal-to-noise ratio in the
inter-user channel is approximately the same with the signal-to-noise ratio in the
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Figure 19.5. Cooperative coding example, (γin ≈ γ), the inter-user channel has either one or
two taps, Lin = 1 or Lin = 2.
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user-destination channels, i.e., γin ≈ γ. Again, this could represent the scenario
when all three nodes are at a similar distance from one another. We focus on the
case when the inter-user channel may or may not be frequency selective, i.e.,
Lin = 2 or Lin = 1. In either case, the (133,171) convolutional code used in the
inter-user channel achieves the best performance over that channel regardless
whether it has frequency selectivity or not. As expected, we observe that the
overall coded cooperative OFDM system achieves a better performance when
there is frequency selectivity in the inter-user channel, as this leads to better
performance of the inter-user channel code and allows cooperation to take place
more often. Nonetheless, even in the case when there is no frequency selectivity
in the inter-user channel, which represents the worst case, we observe that the
coded cooperative system achieves a FER of 10−3 at about 6 dB, which is less
than 2 dB away from the performance with a perfect inter-user channel. It also
results in a gain of over 4 dB compared to the non-cooperative case.

5. Conclusions

We considered cooperative coding and its application to OFDM systems.
We derived the Chernoff bound on the pairwise error probability for the block
fading OFDM model and subsequently used it in the analysis of the frame
error probability of the coded cooperative OFDM system. The performance
analysis indicated that cooperative coding can provide increased diversity and
coding gains over conventional OFDM systems. We also provided examples of
convolutional codes based on the principle of overlays that could exploit the
cooperative gains. We illustrated that the codes perform well for a variety of
cooperation scenarios and inter-user channel qualities.
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