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Summary. Let o be an involution of a real semi-simple Lie group U, U, the subgroup fixed
by o, and U/ U, the corresponding symmetric space. Ferus and Pedit called a submanifold M
of a rank r-symmetric space U/ Uy a curved flat, if T, M is tangent to an r-dimensional flat of
U/Uj at p for each p € M. They noted that the equation for curved flats is an integrable system.
Bryant used the involution o to construct an involutive exterior differential system Z, such that
integral submanifolds of Z,, are curved flats. Terng used r first flows in the U/ Uy-hierarchy of
commuting Soliton equations to construct the U/ Uy-system. She showed that the U/ U,-system
and the curved flat system are gauge equivalent, used the inverse scattering theory to solve the
Cauchy problem globally with smooth rapidly decaying initial data, used loop group factorization
to construct infinitely many families of explicit solutions, and noted that many of these systems
occur as the Gauss—Codazzi equations for submanifolds in space forms. The main goals of this
paper are: (i) give a review of these known results, (ii) use techniques from Soliton theory to
construct infinitely many integral submanifolds and conservation laws for the exterior differential
system Z, .

1 Introduction

Let G be a complex semi-simple Lie group, T an involution of G such that its differential
at the identity e is complex conjugate linear, and ¢ an involution of G such that the
differential is complex linear. Assume that

To0 =o0T. 6]

Let U be the fixed point set of 7, i.e., a real form of G. We will still use 7, o to denote
dt, and do, respectively. Let G, U denote the Lie algebras of G and U respectively.
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Since ¢ and T commute, o (U) C U. So o|U is an involution of U. Let Uy, U denote
the +1, —1 eigenspaces of o on /. Then,

(U, Upl C Uy, [Up, U] C UL, U, U] C Up.

The quotient space U/ Uy is a symmetric space, and the eigen-decompositiond = Uy +
U, is called a Cartan decomposition. Ferus and Pedit [8] called a submanifold M of a
rank r symmetric space U/ Uy a curved flat if T, M is tangent to an r -dimensional flat of
U/ Uy at p foreach p € M. They noted that the equation for curved flats is an integrable
system. Bryant [6] used the involution o to construct a natural involutive exterior
differential system Z, such that integral submanifolds of Z, in U project down to
curved flats in U/ Uy. Terng [12] used r first flows in the U / Up-hierarchy of commuting
Soliton equations to construct the U/ Up-system. She showed that the U/ Up-system
and the curved flat system are gauge equivalent, used the inverse scattering theory
to solve the Cauchy problem globally with smooth rapidly decaying initial data [12],
used loop group factorization to construct infinitely many families of explicit solutions
[14], and noted that many of these systems occur as the Gauss—Codazzi equations for
submanifolds in space forms [12, 15]. The main goals of this paper are: (i) review some
of these known results, (ii) use techniques from Soliton theory to construct infinitely
many integral submanifolds and conservation laws for the exterior differential system
Zs. We review the definitions of these systems next.
An element a € U] is called regular if

(1) A:={y € Uy |la, y] = 0} is a maximal Abelian subspace in U,
(i) Ad(Up)(A) is open in Uj.

Let (, ) be an ad-invariant, non-degenerate bilinear form on /. Given a linear sub-
space V of U let

Vi={yelU|(y,V)=0}.

Assume that U/ Uy has rank r. Let A be a maximal Abelian subspace in U], and let
ai,...,ar € Abe regular and form a basis of A. The U/ Uyp-system (cf. [12]) is the
following PDE for v : R" — U; N A*:

lai, vx;] = [aj, vg ] = [lai, v], [aj, 0], 1<i#j<r 2

These systems occur naturally in submanifold geometry. For example, the Gauss—
Codazzi equations for isometric immersions of space forms in space forms [2, 9, 12],
for isothermic surfaces in R” [2, 7], and for flat Lagrangian submanifolds in C” or in
CP™ [15].

The U/ Up-system also arises naturally from Soliton theory (cf. [12]). In fact, given
1 <i <r,b e A, and a positive integer j, the (b, j)-th Soliton flow in the U/ Ujy-
hierarchy is a certain partial differential equation for v : R?> — U N A*L:

vy = Py j(v).

For example, the second flow in the SU (2)-hierarchy is the NLS (non-linear Schrodinger
equation), the third flow in the SU (2) /S O (2)-hierarchy is the modified KdV equation,
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and the first flow in the SU (3)/S O (3)-hierarchy is the 3-wave equation. The U/ Up-
system (2) is given by the collection of the (a;, 1)-flows with 1 < j < r in the
U/ Up-hierarchy.

The curved flat system associated to U/Uy (cf. [9]) is the following first-order
system for (Ay, ..., A;) : R" — []i_, Us:

(Adx; = (Ajx, P F# ],
[Ai. Aj] =0, i#J.

It is known that solutions of the curved flat system give rise to curved flats in U/ Uy [8].

Let @ = g~ !'dg be the Maurer—Cartan form on U. Write & = a9 + o} with respect
to the Cartan decomposition U = Uy + Uj. Let Z; be the exterior differential ideal
generated by . It was observed by Bryant [6] that (U, Z,,) is involutive and the PDE
for the exterior differential system Z, is the curved flat system (3).If f : O — U isa
maximal integral submanifold of the exterior differential system (EDS) (U, Z, ), then
f*(ag) = 0. The Uy component of the Maurer—Cartan equation do + (1/2)[er, @] = 0
gives,

3)

1
dag + 5([010, ool + a1, o1]) = 0.

So f*([a1,@1]) = 0. This implies that f_ldf is U;-valued and the subspace
f~Hm(df,) is Abelian for all p € O. This means that (f~'fy,,..., f71f,) isa
solution of the curved flat system (3) with respect to any coordinate system y. Using
the Cartan—Ké&hler Theorem we can see that the curved flat system should only depend
on n functions of one variable, where n = dim(l{;) — r. But the curved flat system
(3) is a system of »(r — 1)/2 equations of nr functions. This indicates that the curved
flat system has many redundant functions and we probably can use geometry to find
a special coordinate system on integral submanifolds so that their PDE involves only
n functions. This is indeed the case. We can find a special coordinate system x on an
integral submanifold of (U, Z, ), so that the corresponding PDE written in x coordinate
is gauge equivalent to the U/ Uy-system.

Since the curved flat system is gauge equivalent to the U/ Up-system, we can use
techniques from Soliton theory to construct infinitely many explicit integral submani-
folds and conservation laws for the exterior differential system Z,, .

This paper is organized as follows: We explain the gauge equivalence of the U/ Up-
system and the curved flat system in Section 2, give a brief review of theory of exterior
differential systems in Section 3, and give Bryant’s proof that the exterior system Z, on
the Lie group U is involutive in Section 4. Finally, in Section 5, we explain how to use
the Birkhoff loop group factorization to construct infinitely many families of explicit
solutions and commuting flows for the U/ Up-system and conservation laws for Z,.

2 The U/ Uy-system

Let G, t, 0, U, Uy be as in Section 1, U/ Uy the corresponding symmetric space, U =
Up + U its Cartan decomposition, and ( , ) be an ad-invariant, non-degenerate bilinear
form on Y.
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Note that the U/ Up-system (2) can also be defined invariantly as a system for maps
v: A — U NAL, sothat [da, v]is flat, where da means the differential of the identity
map a(§) = & on A. When we choose a basis ay, ... , a, of A, the system becomes
(2). Changing basis of .A amounts to a linear change of coordinates of R”.

The U/Up-system (2) and the curved flat system (3) are gauge equivalent. To
explain this, we first recall some known propositions, which can be proved by direct
computations.

Proposition 2.1 The following statements are equivalent for smooth maps
u :R"—> G, 1<i <n:

Yo'y uidx; is a flat G-connection 1-form on R",

the first-order system Ey, = Eu;, 1 <i <n is solvable,

there exists g : O — G such that g~'dg = Yo', uidx; for some open subset O
of the origin in R".

W=

Proposition 2.2 ([12]) The following statements are equivalent forv : R* — UjNA~L:

1. v is a solution of the U/ Uy-system (2),
2. Z;=1 [ai, vldx; is a U-valued flat connection on R,
3.

O = Y _(aik+ [ai, v])dx; )
i=1

is a G-valued flat connection on R" for all parameter ). € C,
4. thereisans € R, so that 6y = Z;zl (ajs+a;, v])dx; is ald-valued flat connection

onR",
Proposition 2.3 A smooth map (A, -+, A;) : RN — ]_[;:1 U is a solution of the
curved flat system (3) associated to U /Uy if and only if

,
w) = Z MA;dx;
i=1

is a flat G-valued connection 1-form on R” for all ). € C.

The flat connections 6, and w;, are called Lax connections of the U / Up-system and
the U/ Up-curved flat system.
A map & : C — G is said to satisfy the U/ Uy-reality condition if

TEGR) =50), o(ER) =§(=2).

It follows from the definition that £(A) = ) j &; AJ satisfies the U / Uy-reality condition
ifandonlyif&; € Uy, if jisevenand§; € U, if j is odd. Note that both Lax connections
0, and w,, satisfy the U/ Up-reality condition.

It follows from Proposition 2.1, that if v is a solution of the U/ Up-system then there
exists a unique E(x, A) so that

ET'E,, =air+1la;,v], 1<i<r,
E(, 1) =e.
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Since 6, satisfies the U/ Up-reality condition, E also satisfies the U/ Up-reality condi-
tion:

T((E(x, 1) = E(x,A), o(E(x,1) = E(x,—A).

We call such E the parallel frame of the Lax connection 6, associated to v.
The following proposition says that solutions of the U/Up-system give rise to
solutions of the curved flat system.

Proposition 2.4 ([15]) Letv : R" — U N AL be a solution of the U/ Uy-system (2),
and E(x, A) the parallel frame of the corresponding Lax connection 0,_defined by (4).
Let g(x) = E(x,0),and A; = gaig_lfor 1<i <r. Then,

(1) the gauge transformation of 0 by g is

.
gx0, =y hgaig”'dx;,
i=1

@ii) (A, ..., Ay) is a solution of the curved flat system (3).

Theorem 2.5 ([9]) If (A1, ..., A,) is a solution of the curved flat system (3) associ-
ated to U/ Uy, then there exists [ : O — U such that f_lfxi =A;foralll <i<r,
and w(f) is a curved flat in U/ Uy, where m : U — U/Uy is the natural projec-
tion. Conversely, every curved flat in U /Uy can be lifted to a map f to U so that
(f7! faiv oo f! fx,) is a solution of the curved flat system (3).

A direct computation implies

Proposition 2.6 If (A1, --- , A,) is a solution of the curved flat system (3) associated
to U/ Uy, then there exists a smoothmap f : R" — U suchthat f satisfies the following
conditions:

f_lfxi EZ/[],

5
[f~' fu. f fy;] =0, foralli # ). ©)

Conversely, if f : R" — U is an immersion satisfying (5), then

F fas oo s 70D
is a solution of the curved flat system (3).
An immersed submanifold f : O — U is called flat Abelian [15], if

L [fy, fy;]=0foralll <i#j<n,
2. the induced metric on O is flat.

The following theorems give explicit algorithms to construct flat Abelian submanifolds
inU; and curved flats in the symmetric space U/ Uy from solutions of the U / Uy-system.
The proofs can be found in [15].
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Theorem 2.7 ([15]) Let v and E be as in Proposition 2.4. Set
BE
Y=—E'la=0.
ER

Then Y is an immersed flat Abelian submanifold in U,. Conversely, locally all flat
Abelian submanifolds in U can be constructed this way.

Forge Uandx € U,
gxx=gxa(g)”
defines an action of U on U (it is called the o -action). The orbit at e is
={go(® g U} CU.

Since the isotropy subgroup at e is Uy, the orbit M is diffeomorphic to U/ Uy. In fact,
M is a totally geodesic submanifold of U and is isometric to the symmetric space
U/ Uy. This is the classical Cartan embedding of the symmetric space U/ Up in U.

Theorem 2.8 ([15]) With the same assumption as in Theorem 2.4, set
Y(x)=E@x, DEx, —1)"L

Then  is a curved flat in the symmetric space U/Uy. Conversely, locally all curved
flats in U/ Uy can be constructed this way.

Theorem 2.9 Let O be an open neighborhood of 0 € R". If f : O — U is an
immersion satisfying (5), then there exists a local coordinate system x near 0, a regular

basis {ai, ... , a;} of the maximal Abelian subspace A = Im(dfy), g : O — Uy, and
a solutionv : R" — Uy N A+ of the U/ Uy-system (2), so that
[ fo = gaig™!,
-1 (6)
8 &y =lai, vl

Conversely, if v is a solution of the U/Uy-system, then f(x) = E(x, )E(x, 0)~!
satisfies (5) and (6), where E(x, X) is the parallel frame for the Lax connection 6,
corresponding to v.

Proof. Since generically all maximal Abelian subalgebra are conjugate under elements
of Up, there exist g : O — Uy and by, - -+ , b, : O — A such that

filfyi = gbigilf

for 1 <i < n. A direct computation implies

0=d(df)=d (f Zgb,-g—ldyi)

= fZ(g(bz)y, + [8y;8 l,gbig_l]) dyj N dyi
J#

= fg (Z((b»y,. — [bi. g gy, Ddy; A dy,-> g
J#i
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This implies that
(bi)y, = [bin g™ gy, 1 = b))y, — [bj. 87 gy ), ()
foralli # j. Let (, ) denote a non-degenerate ad-invariant bilinear form on . Then,
(A, [A, U]) = 0and (IUa, [A U] = 0.So [A, U] C Uy and [A, U] C AL. Also we
have

Uy = A® (A nuy).

Note (b;)y; € A and [b;, g’lgyj] € [A, Up] is contained in AL. By (7), we get

(bi)yj = (bj)y, ’ (Sa)

[bi, g~ gy 1 =1bj, 87 gy, (8b)

forall 1 <i # j < n. Equation (8a) implies that Z:': 1 bidy; is closed. So, there
exist a local coordinate change x = x(y) and constant ay, ... ,a, in A, such that

Yoo bidyi =Y i aidx;.

Let 8 = 3", b;dy;. Equation (8b) can be rewritten as [, g~'dg] = 0. Write
and g~'dg in x coordinate to get f = Y7, a;dx; and g7 'dg = Y I_, g7 g, dx;.
Then,

0=1[8.¢ 'dgl = lai. g gx;ldxi Adx;.
i#]

So we have
I:ai’ g—lng] = [aj’ g_lgxi], Vi # J

Up to a linear change of coordinates of x, we may assume that ¢;’s are regular. Note
the kernel of ad(a;) on U is A, and the tangent plane of the orbit Ad(Uy)(a;) at a;
is [a;, Up]. By assumption Ad(Uy)(A) is open in ;. So the dimension of the tangent
plane of the principal Ad(Up)-orbit at a; is equal to dim(4;) — dim(A). Thus, ad(a;)
maps AL N isomorphically onto 2y N (Z/IO)JA, where Uy) 4 = (€ € Uy | [&, A] = 0}.
Then, by (8b), there existsav : O — U] N A+, so that

g_lgx,- =[a;,v], 1=<i<n.

But g_ldg = ) ;lai, vldx; is a flat connection. By Proposition 2.2, v is a solution of
the U/ Up-system (2).
To prove the converse, note that

.
E7'dE =0, =) (@i + [a;, v])dx;.
i=1

Set g(x) = E(x,0) and F(x,1) = E(x, )E(x,0)"! = E(x,\)g(x)~". A direct
computation implies that
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-
FlaF = go g7 —dgg™' = Z)Lga,-g_ldx,-.
i=1

Note f(x) = F(x,1).So f~ldf =>/_, gaig'dx;.

Remark 2.10. The maps g and v in Theorem 2.9 are essentially unique. To see this,
suppose we have g, g, so that

gaig ' =gaig7 = 7 fs

g_lgxi = [a;, v], and g-lgx,. = [a;, v]. Since g_lgval- = a;, there exists (Up) 4-valued
map A such that g='g = h, i.e., § = gh. But,

&% =lai, 01 = h a;, vl + h 'y,
= [a;, h " "wh]+h~'h,, € Z/lj +Uy.

Thus,
h='h,, =0,
[ai, h~'vh] = [a;, D].

The first equation implies /4 is a constant. Since h="h € Uy N A+ and ad(q;) is
injective on U; N AL, the second equation implies that A~ 'vh = ©. This proves that
g = gh and © = h~'vh for some constant & € (Up) 4.

3 Basics of exterior differential systems

We give a brief account of Cartan—Kéhler theory based on the lectures given by
R. Bryant at MSRI in 1999 and 2003 (cf. [3] for details and references).

Let M be a smooth manifold, and Q*(M) the graded algebra of differential forms
on M. An ideal Z of Q*(M) is called a differential ideal, if T satisfies the following
conditions:

L. I=@,;T/, where T/ = Q/(M) N T;
2.dT C1T.

An exterior differential system (EDS) is a pair (M, ) consisting of a smooth mani-
fold M and a differential ideal Z C Q*(M).

A submanifold N C M is called an integral submanifold for the EDS (M, T) if
i*Z =0, wherei : N — M is the inclusion. In local coordinates, this condition can
be written as a system of PDE (or ODE).

A linear subspace £ C T, M is said to be an integral element of I if ¢|g = 0
for all ¢ € Z. The set of all integral elements of Z of dimension n is denoted v, (Z).
A submanifold of M is an integral submanifold of Z if and only if each of its tangent
space is an integral element of Z.

Note that v, (Z) N Gr, (T, M) is a real algebraic sub-variety of Gr, (T, M), which
may be very complicated. The set of ordinary integral elements v}, (1) C v,(Z) consists
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of those which are locally cut out ‘cleanly’ by finite number of n-forms in Z, so that
the connected components of vj, (Z) are smooth embedded submanifolds of Gr, (T M).
The rigorous definition can be found in [3].

Let {e1, - -- , e,} be a basis of the linear subspace E of T, M. The polar space of
E is defined to be the vector space,

H(E)={veT,M|¢(,e,--,e) =0forallp € 7"}

When E € v,(Z), a (n + 1)-plane E™ containing E is an integral element of Z if and
only if E¥ C H(E). Define

r(E) = dim H(E) — dim E — 1.

This integer may jump up at certain points. An ordinary integral element E is called
regular if r is locally constant in a neighborhood of E in vJ(Z). The set of regular
integral elements is denoted v, (Z) and is a dense open subset of v}, (Z). Thus, v, (Z) C
v(Z) C va(Z) C Gry(TM). An integral submanifold is called regular if all of its
tangent spaces are regular integral elements.

We state the following two theorems that are given in [5]:

Theorem 3.1 (Cartan-Kéhler Theorem) Suppose (M, T) is a real analytic EDS and
that N C M is a connected real analytic regular n-dimensional integral submanifold
of Zwithr(N) > 0. Let R C M be a real analytic submanifold of codimension r(N)
containing N, such that

dm(T,RNH(T,N))=n+1, forallp € N.

Then, there exists a unique connected real analytic (n + 1)-dimensional integral sub-
manifold N suchthat N C N C R.

A regular flag is a flag of integral elements
0)=EyCE C---CE,=ECT,M,

where E; € v; (Z)for0 < j < nand E, € v,(Z). Note that E,, may not be regular, but
one can show that it must be ordinary. By applying Cartan—Ké&hler Theorem repeatedly
to this flag, one can show that there is a real analytic n-dimensional integral manifold
N C M passing through p and satisfying 7, N = E. Set

¢(E;) = dim(T,M) — dim H(E).

Theorem 3.2 (Cartan’s Test) Let (M,Z) be an EDS, and F = (Eg,---, E,) an
integral flag of T. Then v, (Z) has codimension at least

c(F) =c(Ep) + -+ c(En—1)

in Grp,(TM) at E,. Moreover, F is a regular flag if and only if v,(Z) is a smooth
submanifold of Gr,(T M) in a neighborhood E,, and has codimension exactly c(F).
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The Cartan characters of the flag F are the numbers
sj(F)=dim H(E;_|) —dim H(E}), 0<j<n,

with the convention ¢(E_1) = 0 or H(E_1) = T,M. These numbers exhibit the
generality of integral submanifolds. Roughly speaking, the integral manifolds near N
will depend on sg constants, s1 functions of one variable, - - - , s, functions of n variables.

A connected open subset Z of v (Z) is called involutive if every E € Z is the
terminus of a regular flag. When Z is clear from the context, we simply say that our
EDS (M, 7) is involutive.

Suppose (M, T) is an EDS with n-dimensional integral submanifold. A conserva-
tion law for (M, T) is an (n — 1)-form ¢ € Q"= 1(M) such that d(f*¢) = 0 for every
integral submanifold f : N" < M of Z. Actually, one only considers as conservation
laws those ¢, such that d¢ € Z. Two “trivial” type of conservation laws are ¢ € 7"~ ! or
¢ being exact on M. Factoring out these cases, the space of conservation laws is defined
tobe C = H"~1(Q*(M)/T). It also makes sense to factor out those conservation laws
represented by closed (n — 1)-forms on M (then the quotient space is called the space
of proper conservation laws). One can study the symmetries of the EDS and then apply
Noether’s Theorem to compute the corresponding conservation laws (cf. [4] for details).

4 Involutivity of the EDS

Let G, t, 0, U, Uy and U be as in Section 1. Let & be the canonical left-invariant 1-form
¢ 'dg on U. Write

o =a+al,

with respect to the Cartan decomposition I/ = Uy + U;. The Uj-component of the
Maurer—Cartan equation da + (1/2)[«, o] = 0 gives

dag + 3 (a0, @] + [er1, 1 ]) = 0,
day + [ag, a1] = 0.

Let Z, € Q*(U) be the differential ideal generated by the components of «y. It
follows from the Maurer—Cartan equation that
15 = (ao, dao)
= (a0, [o1, 1]).
Here ( , ) denotes the algebraic ideal generated by the enclosed forms.
The following Proposition was proved by R. Bryant.
Proposition 4.1 ([6]) The EDS (U, L) is involutive.

Proof. Since everything is homogeneous, we only need to look at the integral elements
E C T.U = U. Note that E C Uy = Njxiker(a;). For E = (0) € v(Z,), we
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have H(E) = U and vo(Z,) = U. Thus, v9(Zs) = vj(Zs) = vy(Zs). Now consider
E =Rx € v (Z,) for some x € U; — {0}. Its polar space is

H(E) = {y € Ui|[x, y] = 0},

since [o1, @1]e(x, ¥) = [x, y]. For generic such x, H(Rx) will be a maximal Abelian
subalgebra of /], and set dim H (Rx) = dim A = r. Therefore,

v1(Zs) = Ui)(z-o) 2 U?(IU)

Furthermore, when Rx € v{(Z), every subspace E of H(Rx) containing Rx is
also regular and has H(E) = H (Rx). Thus, generic E € v?(Z,) is the terminus of a
regular flag, and our EDS is involutive. In fact, every regular integral curve of Z,; lies in
aunique r-dimensional integral submanifold of Z,;, or locally the integral submanifolds
depend on sp = dimU — dim U] constants and s; = dim({4]) — r functions of one
variable (since sp = --- =5, = 0).

Corollary 4.2 Let O be an open subset of R”, and f : © — U an immersion. Then
the following statements are equivalent:

1. f is a r-dimensional integral submanifold of (U, Z),
2. f satisfies (5),
3. (f_lfxl, e, f_lfxr) is a solution of the curved flat system (3).

Hence the PDE for the EDS (U, Z,) is the curved flat system (3) associated to
U/Uy.

As a consequence of the Cartan—Kihler Theorem 3.1, Proposition 4.1 and
Corollary 4.2, it follows that the real analytic curved flats in U /Uy or the real ana-
lytic solutions of the curved flat systems (3) depend only on dim (4 N AL) functions
of one variable along a non-characteristic line.

By Theorem 2.9, there is a special coordinate system x on R, so that the curved flat
system (3) written in x coordinate system is gauge equivalent to the U/ Up-system (2).
The Cartan—Kihler theory implies that the Cauchy problem of the U/ Up-system has a
unique local solution for any given local real analytic initial data on the x;-axis. But, it
was also proved in [12], using the inverse scattering theory of Beals and Coifman [1],
that given any smooth rapidly decaying function vy : R — 4 N A", there exists a
unique smooth solution v : R” — ; N AL so that

v(x1,...,x) =vo(x1,0,...,0).

Although the theory exterior differential system seems to give a weaker result concer-
ning the Cauchy problem, it may prove to be a very good tool to detect “integrability”.

Remark 4.3. Let G, t, U be as above, and p an order k automorphism of G so that dp,
is complex linear. Assume that
0 = ,o_lr_l.

Let G; denote the eigenspace of dp, with eigenvalue e@mij/k) and K; =UNG;. Then,
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U=Ko+- -+ Ki-1. )
Leta = g~ 'dg, and

a=oao+t-+og-1,

the decomposition of « with respect to (9). Let Z,, denote the differential ideal on U
generated by «g, o2, ... , ak—1. Then,

Iy = (a0, a2, ..., 061, dag, do, ..., dog_1)
= (o, a2, ..., a1, [a1, a1]).

We define regular elements in /C; the same way as before, namely, a € K is regular if
it is contained in a maximal Abelian subspace A in K| and Ad(Uy)(A) is open in ;.
If K1 admits regular elements, then the proof of Proposition 4.1 works for (U, Z,). In
fact, in this case, we have:

1. (U, Z,) is involutive.

2. Ifdim(A) = r, then any r-dimensional integral submanifold depend on dim(xC;) —
dim(A) number of functions of one variable.

3. every regular integral curve is contained in a unique r-dimensional integral sub-
manifold of (U, Z,).

4. The curved flat system associated to U/K is the system (3) for (Aq,..., A/):
R" — K, and the U /K -system is the system (2) for v : R" — K;_;. Modulo a
change of coordinate system of R”, these two system are gauge equivalent.

5. Given an immersion f : R” — U, the following statements are equivalent:

a) f is an integral submanifold of (U, Z,),
b) f~!fy, € Kiand [f~! fi. ! fi;1=0foralli, j,
c) (f! N f’lfx,) is a solution of the curved flat system associated to
U/K.
6. The PDE for the EDS (U, Z,) is the curved flat system associated to U/K.

5 Conservation laws and commuting flows

We construct infinitely many conservation laws and commuting flows for the U/ Uyp-
system, and indicate how to construct infinitely many explicit solutions of the U/ Up-
system.

First we review the Birkhoff Factorization Theorem (for details see [10]). Lete > 0
be a small number, and O, = {A € C|(1/€) < |A| < oo} the open neighborhood at co
in §2 = C U {o0}. L(G) denote the group of holomorphic maps g : O¢ \ {co} — G,
L (G) the subgroup of g € L(G) such that g can be extended to a holomorphic map
in C, and L_(G) the subgroup of ¢ € L(G) that can be extended to a holomorphic
map in O, and is equal to the identity e at co.

Theorem 5.1 (Birkhoff Factorization Theorem) The multiplication map
n:L+(G) x L_(G) > L(G), (g+,8-) > &+8&-

is one to one, and the image is an open dense subset of L(G).



Curved Flats and Conservation Laws 247

In other words, for generic g € L(G), we can factor g = g4 g_ uniquely with
g+ € L1(G). Leté denote the constant map from O, \ {oo} to G with constant e. Since
e lies in the image of the multiplication map u, there is an open subset of ¢, so that all
elements in this open subset can be factored uniquely.

Let T and 6 denote the map on L(G) defined by

F@)MN) =1(g(), (G =0 (g(=1).
It is easy to check that

1. 7 and 6 are conjugate linear and complex linear involutions of L(G),

2. g € L(G) is afixed point of both T and & if and only if g satisfies the U/ Up-reality
condition: T(g(X)) = g(A), 0 (g(L)) = o (—A).

3. both 7 and & leave L1 (G) invariant.

Let L*°(G) and L%’ (G) denote the subgroup of fixed points of 7 and & of L(G) and
L+ (G) respectively. Then we have:

Corollary 5.2 The multiplication map
LY (G) x LY (G) — L™?(G)
is one to one and the image is open and dense in L*? (G).

We want to use this factorization to construct infinitely many solutions and com-
muting flows for the U/ Uy-system. Given b € A and j > 1 an odd integer, x € R’,
andt € R, lete?(x, 1) € LL7 (G) be defined by

A, H(h) = exp((a1xy + -+ -+ arx,)A + bAl1).
Given f € L"?(G), since e?(0, 0) = ¢ is the identity in L% (G) and ¢4 is smooth
from R” x R to L™ (G), by Corollary 5.2 there is an open subset of (0, 0) in R” x R
so that we can factor f~'e4 (x, r) uniquely as

et x, 1) = E(x, ym(x, 1), (10)

where E(x, ) € LY (G) and m(x, t) € L27 (G).
Given ¢ € A, let

m~tem = Qco+ Qear N F Qe P4 (11)

denote the Taylor series of (m(x, 1)~ 'em(x, 1))(A) at A = oo. Since m(x, t)(1) = e at
A = 00,

Qc0 = c. (12)

We want to explain how to compute Q. ,, m~Ydm and E~'dE next. To do this,
we take 9y, of (10) to get

f_leA(x, Hail = Exl.m_1 — Em_lmxim_l.
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Multiply E~! on the left and m on the right of the above equation and use (10) to get
m_laikm = E_lExi —m_]mx,.. (13)
Take 9; of (10) and use a similar calculation to get
m~'borAim = EE, —m'm,. (14)

Note that E~'E,; and E~'E, lie in the Lie algebra £° (G) of L7 (G), and m~'m,,
and m~'m, lie in the Lie algebra £7° (G) of L> (G). But it follows from the factori-
zation theorem that

L©G) =LY (©G) & LY (G),

as direct sum of vector spaces. Let &4 denote the £ (G) component of & € L™ (G).
Then, (13) and (14) imply that

E'E, = (m 'aymn)y, (15a)
E~YE, = (m'bmad), (15b)
m~tmy, = —(m~laima)_, (15¢)
m'my = —(m~"bmad)_. (15d)

Use (11) to see that

(m~'aim)) 1 = Qq,.0h + Qa1
(m~'bmd )y = Qpor + Qp M 4+ O

So we get

E_IEX,' = Qa,',o)\' + Qa,-,la

B . - (16)
E7TE; = Qpor + Qp1 M7 4+ Qp .
Lemma 5.3 Ifci, c; € A, then
[mflclm, milczm] =0, (17a)
m~Leim, —(m Leod™m)_] = [m™'eym, (m_lczknm)+]. (17b)

Theorem 5.4 ([12]) There exists v : R" x R — U; N AL so that
Qg1 = la;, v].

Moreover, for eacht € R, v(--- , t) is a solution of the U/ Uy-system.

Proof. By (17a),

[m_laim, m‘la,/m] =0, l<i#j=r
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So, the coefficient of A~! of the left hand side has to be zero, i.c.,
[aiv Qaj,1]+[Qai,1,aj]=0, 151#]57’

But this implies that there exists v : R” x R — U; N A+, so that

Qa1 = lai, v].
By (16) and Proposition 2.1, we see that Zi (a; ) + [a;, v])dx; is a flat G-valued con-
nection on R” for all A € C. Hence for each fixed ¢, v(--- ,t) is a solution of the

U/ Up-system.
The following is well-known (cf. [11, 13]):

Theorem 5.5
L. Qp,j(x,t) is a polynomial in u, dyv, - - -, 8){711),
2. Qp,j satisfies the following recursive formula

(Op,j)x; +[ai, v], Op, ;1 =[0b,j+1,ail, (18)
3. Oro=0b 0Qp1=1[b,v]
Proof. A direct computation gives
(m~'bm),, = [m™'bm, m™'m,,], by (15a)
=[m'bm, —(m~'a;am)_], by (17b)
= [m_lbm, (m_laikm)+].
Substitute (11) to the above equation to get

(m~'bm),, = [m™bm, a;x + ul. (19)

Compare coefficient of A=/ of A~/ of (19) to get (18). _
It was proved in [11, 13] that Qp_; is a polynomial in u;, Oy u;, . .. , 83{1._1145, where

u; = [a;, v]. Since ad(q;) is a linear isomorphism between U N At and Up N Z/lj,
(1) follows. Since m(- - - , 00) =1, Qp,0 = b. Use (18) to prove Qp,1 = [b, v].

Use (16) and Proposition 2.1 to see that
b,j - i i
O =Y (aix+ [ai, vD)dxi + (bA) + Qpahd ™'+ -+ Qp j)dt
i=1

is a flat connection on R” x R for all A € C. It follows from the recursive formula (18)
and the flat equation

d0;7 + 677 A 0]’ =0,

that we have
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[ai7v)(j]:[ajvvxi]+[[aivv]v[ajsv]]f l;é]’
[ai9vl‘]:(Qb,j)x+[[al"v]3 Qb,j]’ 1 Slfr

(20)

The first set of equations just means v(--- , ¢) is a solution of the U/Up-system for
each ¢, and the second set of equations give the flow on the space of solutions of the
U/ Up-system.

Let Ac denote the subgroup of G whose Lie subalgebrais A® C, and L} (A¢) is
the subgroup of f € Li’a(G) such that g(A) € Ac forall A € C. Given b € A and j
a positive integer, then &, ; lies in the Lie algebra £ (A ® C), where &, ; (1) = bA/.
Let ey, j(¢) be the one-parameter subgroup in Lia (G) generated by &, ;, i.e.,

ey (D) = e
It was proved in [13] that if v(x, ¢) is a solution of (20), then
ep,j(t) - v(-,0):=v(--,1)

is the dressing action of ep, ;(t) € LiJ(A(C) on the space of solutions of the U/Upy-
systems. The second set of equations of (20) is the vector field on the space of solutions
of the U/ Up-system corresponding to the one-parameter subgroup generated by &, ;.
Since the group L_ﬁ_‘” (Ac) is Abelian, the flows generated by these &, ; are commuting.
So, we have

Theorem 5.6 ([12, 13]) Given b € A and a positive integer j, the flow
[aiyvt]z(Qb,j)x,- +[[ai7v]’ Qb,j]y 1 Sl =r, (21)

leaves the space of solutions of the U/Uy-system (2) invariant. Moreover, all these
flows commute.

We sketch the method of constructing solutions of the U/ Uy-system below. Let
e (x) € LT (G) be defined by,

e = exp <Z a,-xﬂ) )
i=1
Theorem 5.7 ([14]) Given f € L™° (G), factor
[Tl = E@om™! () (22)
with E(x) € LY (G) and m(x) € L™° (G). Expand m(x)(X) at A = oo:
mx)A) =e+m_1(OA +ma(x)A 2+

Then,
1. m_1(x) ey,
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2. v = (m_1)* is a solution of the U | Uy-system, where (m_1)* is the projection of
m_1 onto Uy N AL with respect toUdy = A @® U N AL).

Proof. Use the same computation as for the proof of (15a) to conclude that
E_lExl. = (m_la,-m)Jr =a;A+ Qg 1.
Expand m(x)(X) at A = oo:
me)A) =e+m_jOA " +m_s(OAE 4.
A direct computation implies that
milaim =a; + |a;, m_l])fl + ...
Therefore, Q4,1 = [a;, m_1]. Since m € L™ (G), m_1(x) € Uj. So,
la;, v] = [a;, m ] = [a;,m_1] = Qu 1.
Hence we have shown that
E'E, =air+[a;,v], 1<i<r
By Proposition 2.2, v is a solution of the U/ Up-system.

Remark 5.8. It was proved in [14] that if each entry of f € L™ (G) is a meromorphic
function on §? = C U {oc}, then the factorization (22) can be carried out explicitly
using residue calculus. In particular, m(x)(A) and E(x, A) = E(x)(A) can be given
by explicit formulas. Therefore, we get explicit solutions v = (m_1)* for the U/ Up-
system. Since the parallel frame E(x, 1) for the solution v is also given explicitly,
it follows from Corollary 4.2 and Theorem 2.9 that F'(x) = E(x, 1) E(x, 0)~!is an
explicit integral submanifold of the EDS (U, Z,).

Next we derive conservation laws of the flows for the U/ Up-system.
Theorem 5.9 Let ¢ € A, and n a positive integer. Then,
(Qc,nvai)Xj :(Qc,n,aj)x,-: 1 5175] <r. (23)

In particular,
,
ben =D (Qcun-ai) dx; (24)
i=1

is a closed 1-form on R".
Proof. Compute directly to get
(m~'em, ai)x; = (Im~em, m_lmxj], a;), by (15¢),
= (Im~'em, —(m~'a;xm)_1, a;), by (17b),

= ([m 'em, (m_lajkm)+], a;) = (Im ‘em, ajr+ Qa;1l, ai).
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Use (11) and compare coefficient of A™" of the above equation to get

(Qc,na ai)x_,' = ([Qc,na Qaj,l]» a;) + ([Qc,n+la aj]» a;i)
= (QC,I’M [Qaj,lv ai]) + (QC,H-‘:—]: [ajv ai]) = (QC,nv [[ajv U], ai]) + O
= (QCJI’ [[ai’ U], a]]) = ([QC,I’M [ai7 U]], aj)7 by (18)9
= ((Qc,n)x,- - [Qn+1,a,-]a aj) = ((Qc,n)x,-, aj)-
If f: O — U is a r-dimensional integral submanifold of the EDS (U, Z,), then
by Theorem 2.9 and Corollary 4.2 there exist a special local coordinate system x of
O, g : © — Uy and a solution v of the U/ Uy-system (2) such that f~! fo = gaig™!

and g’1 &y, = lai,v]lforall 1 <i < r.Letx* denote the Hodge star operator for the
Euclidean space R". Given 1 <i # j <r,let

= ben A (R(dx; Adxj)) = (Z(Qc,n, ae)dxe) A (e(dxi A dx;)).
=1

Then, v/, is a closed (r — 1)-form on the integral submanifold. In other words, ./,
is a conservation law for the EDS (U, Z,) forall 1 <i < j <r, ¢ € A, and positive
integer n.

Next we derive the conservation laws for the flow (21) on the space of solutions of
the U/ Up-system (2). Given a, ¢ € A, compute

(m~tem,a); = (Im~'em,m™'m;1, @), by (15d)
= (Im~'em, —(m~'bA/m)_],a), by (17b)
= ([m_lcm, (m_lbkjm)+], a).
Substitute (11) to the above equation and compare coefficient of A ™" to get
j—1

(Qen)is@) =Y ([Qentis Qb.jil, ). (25)
i=0

Here we have used

([Qcns Qbo0l, @) = ([Qe,ns D1, @) = (Qe,ns [b,al) = 0.
We claim that
J
([ Qe Qb1 ai) =Y (Qenti-ts Qb j—i)x; (26)
i=1
We prove this claim by induction on j. For j = 1, we have
(Qc,na Qb,1]5 ai) = (Qc,n’ [Qb,l’ai]) = (QC,H7 [[ba U], ai])a

= (QC,I‘M [[aiv U], b]) = _([[aH U]v QC,"]V b)
= _([Qc,nJrlv a;l— (Qc,n)x,-, b) = ((Qc,n)x,w b).
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(We used the Jacobi identity for the first line of the computation above). This proves
(26) for j = 1. Now assume (26) is true for j and we want to prove the identity for
Jj + 1. We compute,

([Qc,nv Qb,j+l]v ai) = (Qc,nv [Qb,j+17 ai])’ by (18)

= (Qcn> (Op,j)x; + i, Op, 1)

= (Qens Qb,j)xi — ((Qendxis Ob,j) + (Qepns [uis Qb j1)
= (Qc,na Qb,j)x; - ((Qc,n)x,w Qb,j) - ([ui’ Qc,n]a Qb,j)
= (Qcn, Ob,j)x; + (@, Qcn1l, Ob,j), by (18),

= (Qcns Ob,j)x; +(a, [Qen+1, Ob,j 1

Then the induction hypothesis implies (26) is true for j + 1.
It follows from (25) and (26) that we have:

Theorem 5.10 Let v : R” x R — U; N AL be a solution of (20), ¢ € A, and n a
positive integer. Then,

Jj=1j=¢

(Qens@i)i = Y Y (Qenttrs—1, Qb j—t—s)x;- 27)

£=0 s=1

As a consequence, we see that

/]R (Qc,m ai)dxl A A dxr

is a conserved quantity for the flow (21) on the space of rapidly decaying solutions of
the U/ Up-system.
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