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FOREWORD

This IMA Volume in Mathematics and its Applications
COMPATIBLE SPATIAL DISCRETIZATIONS

contains papers presented at a highly successful IMA Hot Topics Work-
shop: Compatible Spatial Discretizations for Partial Differential Equations.
The event which was held on May 11-15, 2004 was organized by Douglas
N. Arnold (IMA, University of Minnesota), Pavel B. Bochev (Computa-
tional Mathematics and Algorithms Department, Sandia National Labora-
tories), Richard B. Lehoucq (Computational Mathematics and Algorithms
Department, Sandia National Laboratories), Roy A. Nicolaides (Depart-
ment of Mathematical Sciences, Carnegie-Mellon University), and Mikhail
Shashkov (MS-B284, Group T-7, Theoretical Division, Los Alamos Na-
tional Laboratory). We are grateful to all participants and organizers for
making this a very productive and stimulating meeting, and we would like
to thank the organizers for their role in editing this proceeding.

We take this opportunity to thank the National Science Foundation
for its support of the IMA and the Department of Energy for providing
additional funds to support this workshop.

Series Editors
Douglas N. Arnold, Director of the IMA
Arnd Scheel, Deputy Director of the IMA



PREFACE

In May 2004 over 80 mathematicians and engineers gathered in Min-
neapolis for a “hot topics” IMA workshop to talk, argue and conjecture
about compatibility of spatial discretizations for Partial Differential Equa-
tions. We define compatible, or mimetic, spatial discretizations as those
that inherit or mimic fundamental properties of the PDE such as topology,
conservation, symmetries, and positivity structures and maximum princi-
ples.

The timing and place for this workshop were not incidental. PDEs are
one of the principal modeling tools in science and engineering and their
numerical solution is the workhorse of computational science. However,
historically, numerical methods for PDEs such as finite differences (FD),
finite volumes (FV) and finite elements (FE) evolved separately and until
recently, in relative isolation from each other. This situation started to
change about two decades ago when researchers working in these areas
began to realize that robust and accurate discrete models share more than
just a passing resemblance to each other. While FD, FV and FE methods
have all developed specific approaches to compatibility, their successful
discrete models were found to operate in what essentially came down to
a discrete vector calculus structure replete with algebraic versions of the
vector calculus identities and theorems.

Because of their more explicit reliance on grid topology, FD and FV
methods recognized the role of geometry earlier than FE methods. For
FEM compatibility criteria evolved from variational theories and assumed
the form of powerful, but non-constructive inf-sup conditions. This changed
in the 80s with the pioneering work of Bossavit who brought to light fun-
damental connections between the DeRham complex and compatible FEs
for the Maxwell’s equations. Consequently, research in applications of dif-
ferential geometry, exterior calculus and algebraic topology to numerical
PDEs intensified. This research led to important advances in understand-
ing of spatial compatibility and connections between different compatible
discrete models. Among the payoffs from this work were development of
new stable FE models for linear elasticity and rigorous convergence analysis
of mimetic FD by variational tools.

Thus, the organizers felt that the time was ripe for the researchers
working in this field to get together and compare notes. The relevance
of the topic and its impact on computational sciences helped to attract
attendees from a broad cross-section of the community. The stature of
IMA, its tradition and experience in organizing small focused workshops
and its dedicated staff made the Institute a natural venue for this gathering.

vii
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This volume, co-edited by the workshop organizers, is representa-
tive of the topics discussed during the meeting. The papers, based on
a subset of the plenary talks, offer the reader a snapshot of the current
trends and developments in compatible and mimetic spatial discretizations.
Abstracts and presentation slides from the workshop can be accessed at
http://www.ima.umn.edu/talks/workshops/5-11-15.2004/.

While many of the contributions in this volume address questions re-
garding spatial compatibility, each paper offers a unique perspective and
insight into specific techniques and approaches. Arnold et al focus on a
homological approach to stability of mixed FE which, in the recent years,
has greatly contributed to the understanding of mixed methods and the
development of stable methods for previously intractable problems. The
first part of their contribution deals with two polynomial versions of the
DeRham complex. One complex involves homogeneous polynomial spaces
of decreasing degree and the second is obtained with the help of the Koz-
sul differential. The two polynomial complexes contain generalizations of
well-known finite element pairs such as Raviart-Thomas, BDM and Ned-
elec elements of first and second kinds. Then, they proceed to show how to
use polynomial sub-complexes and commuting diagrams to obtain stability
of mixed methods. The second part of Arnold et ol deals with application
of the homological approach to mized linear elasticity. They show that
a differential complex relevant to mixed linear elasticity can be obtained
from the DeRham complex. An analogous construction is used to develop a
discrete elasticity complex from a polynomial DeRham complex and results
in new stable finite element spaces for mixed linear elasticity.

The paper by Boffi examines compatibility issues that arise in mixed
finite element approximations to eigenvalue problems. A surprising coun-
terexample shows that the classical Brezzi theory, which provides sufficient
compatibility conditions for mixed methods, is not enough to guarantee the
absence of spurious modes in mixed approximations of eigenvalue problems.
After theoretical explanation and practical demonstration of this behavior,
Boffi proceeds to develop sufficient and necessary conditions for correct
mixed eigenmode discretizations and then gives several examples for possi-
ble application of the eigenvalue compatibility theory. Among other things,
Boffi shows that good approximation of evolution problems in mixed form
is contingent upon spectral convergence of the related eigenvalue problem,
that is, it is also a subject to compatibility conditions beyond that of the
classical Brezzi theory.

Application of algebraic topology to compatible discretizations is the
central topic of Bochev and Hyman. They use two basic mappings be-
tween differential forms and cochains to define a framework that supports
mutually consistent operations of differentiation and integration. This is
accomplished by a set of natural operations that induce a set of derived
discrete operations. The resulting framework has a combinatorial Stokes
theorem and preserves the invariants of the De Rham cohomology groups.
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The key concept of their approach is the natural inner product on cochains.
This inner product is sufficient to generate a combinatorial Hodge theory on
cochains but avoids complications attendant in the construction of efficient
discrete Hodge-star operators. The framework provides an abstraction that
includes examples of mixed FE, mimetic FD and FV methods. The paper
also describes how these methods result from a choice of a reconstruction
operator and explains when they are equivalent.

An interesting perspective on compatibility and how it affects Dis-
continuous Galerkin (DG) methods is presented in the paper by Barth.
Because of a number of valuable computational properties, DG methods
are attracting significant attention. Their origins for elliptic problems can
be traced to interior penalty methods and so they are not compatible in
the sense of mixed finite element methods. Using the Maxwell’s equa-
tions and ideal MHD, Barth draws attention to the different roles played
by their involutions for the formulation of energy-stable DG methods. The
Maxwell’s equations are naturally expressed in symmetric form, while sym-
metrization of MHD utilizes the involution as a necessary ingredient. This
leads to fundamental differences in energy stability of the associated DG
methods. Barth shows that imposing continuity of the magnetic flux at
interelement boundaries is beneficial for energy stability of DG for MHD,
while, somewhat counterintuitively, this condition is not required for DG
discretizations of the Maxwells equations.

A co-volume approach to compatible discretizations is discussed by
Trapp and Nicolaides. Building upon a solid body of work in classical FV
methods, they use Voronoi-Delaunay grids to discretize differential forms.
Their approach exploits the Voronoi-Delaunay grid complex to obtain a
primal and a dual set of discrete forms connected by a local discrete Hodge
operator. This leads to algebraic PDE models with particularly simple
and attractive structure and a discrete setting where both the primal and
the dual discrete differential operators have local stencils. In addition, the
primal and dual operators are adjoint with respect to a co-volume inner
product, which immediately gives rise to a discrete Hodge decomposition.
To illustrate the co-volume approach, Trapp and Nicolaides develop com-
patible discretizations for two instances of the Hodge Laplacian in three-
dimensions.

The two contributions by Wheeler and Yotov, and by Aavatsmark et
al examine compatible methods for problems arising in reservoir simula-
tion and porous media flows. The task of devising compatible methods for
these applications is greatly complicated by the need to reconcile mathe-
matical compatibility conditions with grid structure imposed by geological
features such as layering, faults and crossbeddings. As a result, methods
for geophysical applications have traditionally favored quadrilateral and
hexahedral grids, which can cause some problems in the reconstruction
of vector fields from normal components. In addition, permeability ten-
sor in reservoir models often has strong anisotropy and/or discontinuities
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along geological features. The two papers offer two alternative approaches
that lead to cell-centered, locally conservative schemes. Aavatsmark et al
adopt a Finite Volume approach based on the concept of multipoint flux
approximation (MPFA). In this approach, fluxes are defined by using lin-
ear reconstruction of the potential subject to specific flux and potential
continuity conditions. In contrast, Wheeler and Yotov start from a mixed
variational formulation and then design a quadrature rule that allows for
a local elimination of the velocities and results in a symmetric and pos-
itive definite cell-centered potential matrix. The result is a method that
is related to MPFA and has a variational formulation. This allows them
to leverage approximation theory from mixed methods and prove second
order convergence of the scalar at the cell-centers.

A hallmark of many compatible discretizations, such as Raviart-
Thomas elements, Nedelec elements or mimetic Finite Differences, is the
use of normal or tangential vector components. This enables discrete ver-
sions of the divergence and the Stokes theorems but poses problems when
vector fields are needed to compute vector derived quantities such as kinetic
energy or advective terms. The reconstructed fields may fail to provide lo-
cal conservation of the kinetic energy and the momentum. Reconstruction
of vector fields from dispersed data is the subject of the contribution by
Perot et al. Their paper discusses relationship between three low order
reconstruction operators. Two of these operators are related to mimetic
finite difference and finite element methods, respectively. The third one is
a new reconstruction approach proposed by the authors. Perot et al dis-
cuss how explicit reconstruction can be used to define discrete Hodge star
operators. The paper then focuses on reconstruction approaches that can
provide local conservation for vector derived quantities such as momentum
and kinetic energy.

Software frameworks and computational experiments for compatible
methods are communicated in the papers by Demkowicz and Kurtz, and
by White et al. Both papers consider compatible methods for the Maxwell’s
equations. White et al describe an extensible, object-oriented C++ frame-
work that closely mimics the structure of differential form calculus. The
emphasis is on high-order finite element basis functions that form a discrete
De Rham complex and have the relevant commuting diagram properties.
As a result, any electromagnetics problem that can be cast in the lan-
guage of differential forms can be easily modeled by their framework. The
flexibility of the framework is illustrated by solving resonant cavity, wave
propagation and eddy current problems. Demkowicz and Kurtz develop
an hp-adaptive implementation of a coupled finite element/infinite element
approximation for exterior wave propagation problems. The novel aspect
of the paper is a family of infinite elements that satisfies an exact sequence
property. The elements in the new sequence are obtained by multiplying
basis functions from a standard polynomial De Rham complex by an expo-
nential factor that comes from the far-field pattern. The exactness is with
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respect to similarly modified differential operators. A series of experiments
confirms stability of the coupling and exponential rate of convergence ob-
tained by automatic hp-adaptivity.

In closing, the editors want to thank the authors for contributing to
this volume and their cooperation in the editorial process. Special thanks
are also due to Patricia V. Brick and Dzung N. Nguyen for the excellent
coordination of the production schedule and assistance in the final prepa-
ration of the papers for the publisher. Dr. C. Romine, formerly of the
DOE’S MICS Applied Mathematics Research program, offered enthusias-
tic support and encouragement during the preparation of the workshop.
His help is greatly appreciated. Funding for the workshop was provided
by the DOE Office of Science’s Advanced Scientific Computing Research
(ASCR) Applied Mathematics Research Program.

Douglas N. Arnold
Institute for Mathematics and its Applications
University of Minnesota

Pavel B. Bochev
Computational Mathematics and Algorithms Department
Sandia National Laboratories

Richard B. Lehoucq
Computational Mathematics and Algorithms Department
Sandia National Laboratories

Roy A. Nicolaides
Department of Mathematical Sciences
Carnegie Mellon University

Mikhail Shashkov
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NUMERICAL CONVERGENCE OF THE MPFA O-METHOD
FOR GENERAL QUADRILATERAL GRIDS IN
TWO AND THREE DIMENSIONS

IVAR AAVATSMARK*, GEIR TERJE EIGESTAD!, AND
RUNHILD AAE KLAUSEN?

Abstract. This paper presents the MPFA O-method for quadrilateral grids, and
gives convergence rates for the potential and the normal velocities. The convergence rates
are estimated from numerical experiments. If the potential is in H1+%, & > 0, the found
L? convergence order on rough grids in physical space is min{2, 2} for the potential
and min{1, a} for the normal velocities. For smooth grids the convergence order for the
normal velocities increases to min{2, «}. The O-method is exact for uniform flow on
rough grids. This also holds in three dimensions, where the cells may have nonplanar
surfaces.

Key words. Control-volume discretization, anisotropy, inhomogeneity, conver-
gence.

AMS(MOS) subject classifications. 65M06, 76305, 35R05.

1. Introduction. We consider a control-volume discretization of the
model equation

divg = Q, g=—-Kgradu (1.1)

on a quadrilateral grid. The conductivity K is required to be symmetric
and positive definite.

Our applications are solutions of multiphase flow equations in reser-
voir simulation. These equations contain an elliptic operator similar to
the left-hand side of (1.1), and this motivates our study. The multiphase
flow equations in reservoir simulation have properties which constrain the
choice of grid and discretization technique used for the elliptic operator.
By reformulation of the flow equations, a coupled set of parabolic equa-
tions appear. However, one of these equations (the pressure equation) has
an elliptic character, while the other equations (the saturation equations)
have hyperbolic character with a strongly nonlinear convective term. Phase
transitions which are strongly pressure dependent, may occur.

Due to the hyperbolicity and the strong nonlinearity of the satura-
tion equations, we require that the discretization scheme should be locally
conservative. Also, since the phase transitions are pressure dependent, we
require that the pressure is evaluated at the same point as the saturations.

*Center for Integrated Petroleum Research, University of Bergen, NO-5020 Bergen,
Norway (ivar.aavatsmark@cipr.uib.no).

T( geirte@mi.uib.no).

f(runhildk@ifi.uio.no).



2 IVAR AAVATSMARK, GEIR T. EIGESTAD, AND RUNHILD A. KLAUSEN

This motivates the use of a control-volume scheme for (1.1), with evaluation
of the dependent variable u at the center of the cells.

Stability for nonlinear hyperbolic equations is normally achieved by
requiring that the chosen scheme is monotone. In reservoir simulation,
stability is accomplished by upstream weighting of the phase flow. In a
fully implicit scheme for the flow equations, a simple upstream weighting
can only be done if the method for the elliptic operator in (1.1) yields
the flux at the edges as an explicit function of the potential u at some
neighboring cell centers.

The grids used in reservoir simulation are normally quadrilateral grids
with an aspect ratio which strongly deviates from unity. To avoid the
difficulties of upscaling, the grid layering is normally determined by the
geological layering. This often yields almost rectangular grids with homo-
geneous cell properties. At faults or in near-well regions, grids with a more
complex geometry may be preferred.

In reservoir simulation the conductivity K of (1.1) is given by the
absolute permeability. It is a tensor which often has a strong anisotropy.
Because of the symmetry of the tensor, the principal directions are orthog-
onal. The principal directions are often aligned with, and normal to, the
grid layering. For layers with varying thickness, this is only approximately
fulfilled. If the layers contain crossbeddings, the principal directions of the
tensor may be arbitrary.

The absolute permeability may vary strongly in reservoir simulation.
Since the potential node should be located at the cell centers, it is therefore
important that the discrete resistance between two nodes honors the strong
heterogeneity. This means that for one-dimensional flow, the method
should give a conductance equal to a harmonic average of the cell con-
ductances.

In summary, we will describe a control-volume method for equation
(1.1) which yields the flux at the edges as an explicit function of the poten-
tial at the cell centers. The conductivity should be symmetric and positive
definite, but its principal directions may be arbitrary compared to the grid
directions. The discrete resistance between cell nodes must honor the het-
erogeneity. We will confine ourselves to quadrilateral grids.

One method with the above properties is the MPFA (Multipoint Flux
Approximation) method. It can be applied to quadrilateral grids [1, 2, 4,
8, 18] and to unstructured grids [3, 5, 6, 7, 17], see [1] for a more complete
bibliography.

In this paper we introduce the method in a new way which emphasizes
the connection between anisotropy and grid skewness. Then we present
convergence results for the method. These supplement the results of [9].

There are many variants of the MPFA method; in this paper we only
discuss the method known as the O-method.
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Fi1c. 1. Interaction volume (bounded by the dashed lines).

2. The MPFA O-method. In this section we derive the equations
for the MPFA O-method in two dimensions. Consider the four quadrilateral
cells with a common vertex in Fig. 1. The cells have cell centers xj, and
the edges have midpoints &;. The points are enumerated locally as shown
in the figure. Between the cell centers and the midpoints of the edges we
draw lines (shown as dashed lines in the figure). These lines bound an area
around each vertex which is called an interaction volume (also referred to
as an interaction region in previous papers). Hence, the interaction volume
in the figure is the polygon with corners ©1Z1 22 T4 x4 Tox3T3.

Within the interaction volume there are four half edges. Below, we
will show how to determine the flux through these half edges from the
interaction between the four cells. When the fluxes through the four half
edges in an interaction volume around a vertex are determined, we may
repeat the procedure for the interaction volumes of the other vertices. In
this way, the flux through all the half edges in a grid will be determined.
When the fluxes through the two half edges of an entire edge are known,
we may add them to get an expression for the flux through the entire edge.
An assembly procedure may then be performed to construct a system of
difference equations corresponding to Eq. (1.1).

This procedure also holds for the half edges at the boundary of a
domain, if the boundary conditions are given as homogeneous Neumann
conditions. Outside the real cells we can put a strip of artificial cells with
vanishing conductivity. The same procedure as described above for the
interaction volumes around the vertices at the boundary then gives the flux
through the half edges separating the real boundary cells. More general
boundary conditions are discussed in [9].

We now show how the fluxes through the four half edges in an interac-
tion volume may be determined. In each of the four cells of the interaction
volume, the potential u is expressed as a linear function. The value of the
potential in each cell center determines one of the coefficients in each cell for
these linear functions. The linear function determines the flux through the
half edges of the cell and the potential at the half edges. We require that
the fluxes through the half edges in an interaction volume are continuous,
and that the potentials at the midpoints of the edges are continuous. This
yields eight equations for the determination of the unknown coefficients of
the linear functions in the cells.
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Fic. 2. Triangle with edge normals v;. Fia. 3. Normal vectors in cell k.

Every linear function is decribed by three coefficients, but one of them
is already determined throught the potential value at the cell center. All
together there are therefore eight unknown coefficients for the linear func-
tions. They are determined through the eight continuity equations. Note
that the continuity principles used here, are exactly the same as the prin-
ciples used to derive the classical two-point flux formula [1].

Every cell is shared among four interaction volumes. The linear func-
tions for the potential in a cell, may vary from interaction volume to interac-
tion volume. This does not cause any difficulties, since the linear functions
are only used to determine an expression for the flux. In the resulting
difference equations, only the potential at the cell centers appears.

For each interaction volume, the linear functions in each cell may be
determined in the following way. On a triangle with corners x;, ¢ = 1,2, 3,
any linear function may be described by

u(x) = Zum(m). (2.1)

) at vertex i, and ¢;(x) is the linear basis
d;,;- 'The gradient is easily calculated to be
1

do; = -5y, .
grad ¢ 57V (2.2)

where F' is the area of the triangle. Here, v; is the outer normal vector
of the edge lying opposite to vertex i, see Fig. 2. The length of v; equals
the length of the edge to which it is normal. For these normal vectors the
following relation holds

Here, u; is the value of u(x
function defined by ¢;(x;) =

> vi=0. (2.3)

Thus, the gradient expression of the potential in the triangle may be written

1

3
1
gradu = 3T ;uiui =37 [(u2 — w)va + (us — u1)vs). (2.4)
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Now consider the grid cell in Fig. 3. The grid cell has index & and cell
center x,. Using local indices, the midpoints on the edges are denoted &
and Zs, and the associated normals on the connection lines between the

cell center and the midpoints of the edges are denoted Vék) and ugk)
Fig. 3. Later, it will appear suitable to let the vectors ugk) point in the
direction of increasing global cell indices. In this cell we therefore reverse
the direction of these vectors. Other locations of the points &; and &5 on
the edges are also allowed (8], but that will not be considered in this paper.

Using the formula (2.4) on the triangle z; %%, yields

, see

1
gradu = — [llgk)(ﬂl —u) + ng)(l_tg —up)], (2.5)
2F,
where @; = u(Z;), ¢ = 1,2, and ug = u(xy). Obviously, for Eq. (2.5) to be

valid, the vectors ng) and ng) have to be linearly independent. Each of the

edges can be associated with a global direction, defined through the unit
normal n;. We will also let n; point in the direction of increasing global

cell indices. The flux through half edge ¢ as seen form cell k is denoted fi(k).
The flux may now be determined from the gradient of the potential in the
cell. For the fluxes in the cell in Fig. 3, the following expression appears

(k) T nT
l l(k)} = — [F;nrlf} K gradu

_ 1 [Iinf & k] [T — uk
T 2R, [anE K [Vl ¥z } Uy —ug|’
where T'; is the length of half edge . By defining the matrix

_ 1 [Iin] ® k)
Gk = m |:F2ng* Kk |:I/1 Uy ]

(2.6)

(2.7)
_ 1 Flnlkaugk) I‘lnerkuék)
2F;, [TonT KoY TonTK WP |’

Eq. (2.6) may be written in the form
g, [m 2.8
k)| = Yk Ty — Uk : ( : )

Now consider the interaction volume in Fig. 4. Through the normal vectors
introduced here, the matrix Gy, is defined for all the four cells. Thus,

fl(l) _ U — Uy f1(2) _ ug — Uy
l 3(}1) = —Gl 3 — Uy y iQ) = —Gz Ty — up s (2.9)

2| <y [ | = —q, [ ™ 210
§3) I T 44) =Gl Al (2.10)
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Fic. 4. Normal vectors with local numbering in an interaction volume.

Here, as before, u; = u(xg) and 4; = u(&;), see Fig. 4. Compared to cell
1, we have reversed the directions of U?), uf’), 1/54), and 1/54) (see Fig. 4).
The differences 1, — wug, Uiz — us, Uz — uq, and 44 — ug therefore appear in
the expressions (2.9) and (2.10) with opposite sign.

The continuity conditions for the fluxes now yield

h=1"=17,
fo= 1" = 1"

(2.11)
f3 = f(3) _ f(l)
f4= (2) f(4)
Using the expressions (2.9) and (2.10), these equations become
fi = =953 (@1 —w1) ~ 915 (@ —u1) = gi1 (81 —uz) g1 5 (B4 —u2),
fe=a, 2("2—714) + 91 (U4—U4) = -0, 2(U2~u3) + g§,§(U3—u3), (2.12)

f3 = —g53 (Aa—u3) + g8 (s —us) = —g$ (@1 —u1) ~ g3 (G —u1),

4y, _
fa = 951 (@ —uz)— g8 (Ga—u2) = g5 4 (G —ua) + g9 (Ga—us).

The Eqgs. (2.12) contain the edge values 4y, 2, @3, and 4. Tacitly we have
here used the same expression for the edge value of the cells at each side
of an edge, and thereby implicitly demanded continuity of the potential at
the points &1, &2, &3, and 4.

If the matrix G, is diagonal for all cell indices k, the grid is called
K-orthogonal. The system of equations (2.12) is then no longer coupled,
and the flux through the edges can be determined by eliminating the edge
values %;. This gives a two-point flux expression. If the grid is not K-
orthogonal, the edge values @; may still be eliminated in each interaction
volume. We then proceed in the following way.
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Fic. 5. Fluz stencil. Fic. 6. Fluz through the cell edge
of a cell.

The fluxes of the system of equations (2.12) can be collected in the
vector f defined by f = [f1, fa, f3, fa]*. The system of equations further
contains the potential values of the cell centers u = [u1, ug, us, u4]T and
the potential values at the midpoints of the cell edges v = [ty, Tg, Us, 114]T.
The expressions on each side of the left equality sign of (2.12) can therefore
be written on the form

f=Cv+Fu. (2.13)

The expressions on each side of the right equality sign in the system of
equations (2.12) may after a reorganization be written in the form

Av = Bu. (2.14)

Hence, v may be eliminated by solving Eq. (2.14) with respect to v and
putting v = A~ Bu into (2.13). This gives the flux expression

f=Tu, (2.15)
where
T=CA'B+F. (2.16)

The entries of the matrix T are called transmissibility coefficients. Equation
(2.15) gives the flux through the half edges expressed by the potential values
at the cell centers of an interaction volume.

Having determined the flux expression for all half edges, the two flux
expressions of the two half edges which constitute an edge, can be added.
This is shown in Fig. 5, where the cells 1, 2, 3, and 4 constitute one in-
teraction volume, and the cells 1, 2, 5, and 6 constitute another. The flux
stencil of the edge between cell 1 and 2 will therefore consist of the six cells
of the figure. When the flux expressions have been found, these may be
used in a discrete variant of Eq. (1.1). For the cell shown in Fig. 6 this
yields the equation

fitfh—f-f=VQ, (2.17)
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Fia. 7. Normal vectors in parallelogram cells.

where f; is the flux through the entire edge 4, V' is the volume of the cell,
and the source term @ has been approximated by a constant in the cell.
This is a difference equation with u at the cell centers as the unknowns.

If two neighboring cells have vanishing conductivity, the corresponding
row in the matrix A vanishes, and hence, the matrix A is singular. Because
there is no need to determine the flux across the interfaces of cells with
vanishing conductivity, the system may be reduced, and this will remove the
singularity. However, it is more favorable to retain the system of unknowns
and redefine the matrix A such that it becomes nonsingular. This is easiliy
done by setting the diagonal elements of the vanishing rows in the matrix
A equal to 1. The new system of equations has for the interfaces between
cells with nonvanishing conductivity the same transmissibility coefficients
as the reduced system.

For homogeneous media, test runs indicate that the matrix A is well
conditioned, also for geometrically distorted cells. On the tested rough
grids, the condition number satisfied cond; A < 50.

If cell k in Fig. 3 is a parallelogram, the expression for the matrix Gy,
Eq. (2.7), is simplified. For a parallelogram-shaped cell with index k, we
denote the normal vectors of the edges with agk), i = 1,2. These have
length equal to the length of the edges. The normal vectors are shown in
Fig. 7. Obviuosly, I'in; = agk)/Q and ng) = agk)/Q. Further, Fi, = Vi /8,
where V}, is the area of cell k. It follows that for a parallelogram-shaped
cell,

1 T

Gk = ‘—/}: [agk) agk)} Kk [a(lk) G,gk):| . (218)

Letting Jy = [a(lk), aék)], one gets Vi, = |det Ji|, and Eq. (2.18) becomes
1

= JTK.J,. 2.19
det Ji] “F T (2:19)

Gy
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Hence, for a parallelogram cell the tensor Gy, is symmetric. Equation (2.19)
is a congruence transformation. Thus, the tensor Gy, as given by (2.18),
is symmetric and positive definite if and only if K has these properties.
If the tensor Gy, is diagonal for all cell indices k, i.e., if

T
(a§k>> K =0, 4} (2.20)

then the grid is K-orthogonal.

In the matrix G} it is sometimes useful to perform a splitting, such
that anisotropy and grid skewness appears in one matrix and the mesh
distances in another. If Ay is the length of a(lk) and A&y is the length of

agk), then for a parallelogram grid,

1

Gy =———DH\D 2.21
k NN ke Dy, (2.21)
where
1 T
= K
Hy, Jotinr, ma] [ 2] Ki[ni ng)
_ 1 n"kanl ’flrHKk’ng (222)
o det[nl, TLQ] n;kanl ngKkng ’
and
Dy, = diag(Ank, A&).- (2.23)
Here, n; is the unit normal vector which is parallel with az(k), see Fig. 7.

If H, is diagonal, the grid is K-orthogonal.

2.1. Extension to three dimensions. The principles of the MPFA
O-method carry over to three dimensions. In three dimensions, an inter-
action volume contains 8 subcells and 12 interfaces, see Fig. 8. The linear
functions in the eight cells are described by 32 coeflicients. Eight of these
are determined by the potential values at the cell centers. The rest of them
are determined by the two continuity conditions at each of the 12 interfaces:
the flux is required to be continuous at the interfaces, and the potential is
required to be continuous at the interface midpoints.

The generalization of the equations of section 2 to three dimensions is
straight forward. However, a three-dimensional cell described by its eight
corners, generally does not have planar surfaces. The unit normal vector
n; of an interface is therefore not a constant across the interface. This can
be accounted for by integrating the normal vector over the interface of the
subcell in question. If a cell interface has corners , k =1,...,4, see Fig.
9, the integrated normal vector over the interface of the subcell at vertex
x is
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FiG. 8. Tree-dimensional interac- Fic. 9. Replacing a quadrilateral
tion volume (thin lines) with 8 subcells (solid) by its associated parallelogram
and 12 interfaces (thick lines). (dashed).

1

7= 2 [9(@2 — 1) x (2 = 21) + 32— 21) X (s — 2)

(2.24)
+3(CC4 — :1:3) X (CCg — :El) + ($4 - :133) X (:124 — (I:Q):, .

The vector 7o has length equal to the area of the subcell interface, see [1]

for details.

2.2. Symmetrization. The method described above yields a system
of equations

Mu =b. (2.25)

This is the discrete approximation of Eq. (1.1). Since the differential oper-
ator of Eq. (1.1) is self adjoint, one would like the matrix M of Eq. (2.25)
to be symmetric. Further, the matrix M should be positive definite, to
ensure that (2.25) approximates an elliptic equation.

Unfortunately, on a general quadrilateral grid the matrix M is not
symmetric. However, if the matrices G, given in Eq. (2.7), are symmetric,
one may show that the matrix of coefficients M is symmetric [4]. Therefore,
if all the cells are parallelograms (parallelepipeds in 3D), then the matrix
of coefficients M is symmetric. For general quadrilaterals, this can be
accomplished by replacing each cell with its associated parallelogram cell.
This is shown for two dimensions in Fig. 9. The associated parallelogram
is constructed as follows. Let Zy, & = 1,...,4, be the four midpoints
of the edges of the quadrilateral, see Fig. 9. Draw the lines Z1Zs and
Z3Z4. Through each of the midpoints Z; and &9, lines parallel to Z3&, are
drawn. Through each of the midpoints &3 and &4, lines parallel to &1&2
are drawn. The resulting quadrilateral (shown with dashed lines in Fig. 9)
is the associated parallelogram.

Replacing each quadrilateral with its associated parallelogram yields
a symmetric MPFA method. However, the order of convergence is gen-
erally lower, as shown in subsection 3.1. The described symmetric MPFA
method is equivalent to the method which appears when each quadrilateral
is transformed to a reference space with a bilinear mapping, and the flux
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is calculated in the reference space, using the Jacobian matrix evaluated
at the cell center [1]. For a parallelogram, the matrix J~* of Eq. (2.19)
equals the Jacobian matrix da/d€ of the bilinear mapping.

3. Convergence. In this section we test the convergence properties of
the MPFA O-method on quadrilateral grids by numerical experiments. In
the derivation of the method, we made use of the cell center, without defin-
ing the location of this center. We will first test which location is the best
in terms of convergence. Further, we investigate different grids for the same
reference solution (on homogeneous media). We also compare the solutions
obtained by discretizing on the physical quadrilaterals and discretizing on
the associated parallelograms. Finally, we discuss the convergence rates on
physical quadrilaterals for solutions with different smoothness. Most of the
test runs are in 2D, but at the end we supplement with 3D test runs.

In this section, the potential u is termed the pressure as in reservoir
simulation. Except for the test runs of subsection 3.2, the convergence rates
are measured by the following discrete L? norms for both the pressures and
the edge normal velocities [9],

1/2
un —ull2 = <Z Vi(un,s — Uz)2> , (3.1)

1/2
lan = all 2 = (Z $Vie + Vi) an - qj>2) .32
J
Here, ¢ = g-n is the edge normal velocity. Subscript h refers to the discrete
solution. Further, V; is the volume (area) of cell ¢, and V;4 are the volumes
of the two cells separated by edge j. The total volume of the simulated
domains is for all test cases equal to unity.

3.1. 2D results in L? norm. Figure 10 shows some of the grids
used in the test runs. One grid is constructed such that the entire grid
has to account for an internal 120° grid line (Fig. 10.a). Another grid is a
uniform parallelogram grid with internal acute angles of 45° (not shown in
the figure). A third grid is a zig-zag parallelogram grid (Fig. 10.c).

A randomization may be performed for the grids [10, 11, 15]. By
displacing the corners of the grid in Fig. 10.a by a random h? pertubation,
a grid with an arbitrary roughness appears. Such a rough grid is shown
in Fig. 10.b. Finally, the grid shown in Fig. 10.d will be applied for a test
case found in [8].

The first test cases are performed with the solution

u(x,y) = cosh(mz) cos(ry) (3.3)

of the problem (1.1) on an isotropic, homogeneous medium. The bound-
ary conditions are given by Dirichlet conditions, and are implemeted by
interpolation (8, 9].
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Fic. 10. Grids used for simulations. From left ro right: (a): Smooth grid. (b):
Random h! perturbution of the smooth grid. (c): Zig-zag parallelogram grid. (d): Grid
used for simulation of (3.7).

Ty
|
Ea W

Fig. 11. Vertex center @, and area center x, of a quadrilateral.

2

We begin by testing different cell center locations. For quadrilaterals,
there are two “natural” cell centers. The first is the vertex center

@, = 3(x1 + Ty + X3 + 14), (3-4)
where x;, i = 1,...,4, are the vertices of the quadrilateral. The second is
the area center

xdr
Ty = Jv , (3.5)
fy dr

where V is the quadrilateral. These centers are shown in Fig. 11. The
area center is the barycenter of the area, whereas the vertex center is the
barycenter of the vertices.

The use of these two cell centers is tested on the grid shown in Fig.
10.b for the solution (3.3) in a homogeneous medium. Since the grid is
rough, the two different cell centers may deviate significantly.

As seen in Fig. 12, the convergence order is the same for both cases, but
the normal-velocity error is smaller when using the vertex center compared
to the use of the area center. In the following we therefore use the vertex
center in all test runs.

Test runs on the different grids of Fig. 10 with the solution (3.3) are
now performed. The convergence for the discretization in physical space
is considered for these cases. As seen from Fig. 13.a, the convergence is
second order for the pressure for the skew grid in Fig. 10.a, the uniform
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Fic. 12. Test on cell center location with solution (3.3) on the grid in Fig. 10.b.
Left (a): Pressure. Right (b): FEdge normal velocities.
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Fie. 13. Convergence behavior for the solution (3.3). Left (a): Pressure. Right
(b): Edge normal velocities.

parallelogram grid, and the zig-zag parallelogram grid in Fig. 10.c. The
velocity convergence is second order for both the parallelogram grids and
the skew grid. Note that the domain of the uniform parallelogram grid
is different from the domain in the other test cases. Therefore, only the
order, and not the magnitude of the error, may be compared.

Figure 13 also shows the solutions on the rough grids shown in Fig.
10.b. For a random h! perturbation, the pressure is still seen to converge
as h?, whereas the convergence rate for the velocities gradually decreases
to k1, although almost h!® is observed in the first refinement levels. If the
perturbation is of order h?, the velocity convergence is again of order h2.
Various h? perturbations have been tested for 1 < § < 2, and the specific
case 8 = 1.5 is plotted in Fig. 13.b. Convergence of order h'-7® is observed
in the latest refinement step here.

Next, we compare the symmetrized version with the unsymmetric ver-
sion, i.e., we compare the use of associated parallelograms with the use of
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Fic. 14. Convergence behavior of pressure and edge normal velocities for the piece-
wise quadratic solution (3.7) on the grid in Fig. 10.d.

the physical quadrilaterals. Use of associated parallelograms may also be
referred to as calculation in a reference space, since this method is identical
to the method achieved by using the bilinear mapping of Sec. 2.2.

The example uses a reference solution which is a piecewise quadratic
pressure, taken from [8] for a case where the medium is layered. The domain
is [0,1] x [0,1], and the discontinuity line follows « = 1/2. Conductivities
of the medium are specified by

50 0 1 0
Kl:[o 1]’ KT:[O 10}’ (3.6)

for which the following analytical solution holds

u(z,y) = (3.7)

cz? + diy?, x<1/2,
ar +byx 4 crx? +dy?, x> 1/2.
The coefficients of (3.7) are comprised of the defined conductivities [8].
This case is simulated on the grid in Fig. 10.d, and the results are
shown in Fig. 14. The asymptotic order of convergence again seems to be
h? for both the pressure and normal velocities in physical space (the nor-
mal velocities converge as h'-® in the last refinement level). The order of
convergence seems to be A2 in the limit for both the pressure and normal
velocities in computational space for an unperturbed grid, but initial er-
rors are larger for the computational space discretization. When h2-order
perturbations are introduced for the corners of the grid, we see that the
convergence of the normal velocities decreases to h!, whereas h2-order con-
vergence is retained for the pressure. The velocity convergence in physical
space is still close to h?, and the curve will here almost coincide with the
curve for the unperturbed grid. Increasing the perturbations to order hl,
our tests show that the pressure may converge slower than ', whereas the
velocities may not even converge. For discretization in physical space, the
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Fia. 15. Corner with Fia. 16. Solution (3.8) with o == 1.4787.
regions 1, 2, 8, and 4.

pressure converges as order h2?, whereas velocities converge as order hl.
Convergence on perturbed grids for the reference space discretization will
be an issue for further research.

We conclude that although symmetry is achieved by this discretization,
the price to pay is in general less accuracy, and even loss of convergence
for the velocities.

The third test series consists of cases where internal corners of the
medium exist and impose singularities on the velocity field [14, 19]. Such
cases have been extensively tested for MPFA in [9]. Areas where grid
cells with different conductivities meet, are encountered extensively for
grids used in reservoir simulation, and may give rise to singular solutions.
Nonorthogonal grid cells must also be used to handle the geo-description.

In Fig. 15, each of the regions labeled 1 to 4 may have different con-
ductivities, and this may yield a singularity at the corner where the regions
meet. We assume that the medium is isotropic, and use w = 27/3 = 120°.
Let the distance from the corner be r and the angle from the z-axis be 6.
In the case where the conductivities in the regions 2, 3, and 4 are equal,
there exists a solution of (1.1) of the form

cosa(f — 7/3) for 8 € [0,27/3],

dcosa(4r/3 —6) for 8 € [27/3,27], (3:8)

u(r,8) = r¢ {

where o = (3/7) arctan /1 + 2/k and d = cos(am/3)/ cos(2am/3). Also,
k = ki/ke is the conductivity ratio. For x > 0 one gets exponents o« €
[0.75,1.5]. The solution (3.8) belongs to the space H'**~¢ for any € > 0.

The case k = 1072 yields o = 1.4787. This solution is shown in Fig.
16, and is simulated on the grids shown in Figs. 10.a and 10.b. As seen
from Fig. 17, the convergence rate in L? norm is h? for the pressure on
both grids. The convergence rate for the edge normal velocities is h'47 for
the grid in Fig. 10.a and h! for the grid in Fig. 10.b. The convergence rates
in maximum norm shown in the figures are discussed in subsection 3.2.
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Fic. 17. Conwvergence behavior for the H%47 solution (3.8). Left (a): Pressure.
Right (b): Edge normal velocities.
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Fic. 18. Convergence behavior of pressure for varying o in the refinement steps
24 — 95 (dashed) and 27 — 28 (solid). The ordinate is the h exponent divided by o.
The asymptotic region is not reached for o < 0.4 for the solid curve.

The case k = 10? yields the solution « ~ 0.7547. A similar test as the
above gives the convergence rates h!-5! for the pressure and h%7® for the
edge normal velocities, and is discussed in [9]. These rates hold on both
grids (Figs. 10.a and 10.b).

If we let the conductivities in region 1 and 3 be equal, and likewise
the conductivities in region 2 and 4 equal, solutions with « € [0, 1.5] exist.
The solution satisfies w(r, 8) = —u(r, 8 — 7) with

cosa(f —m/3) for 0 € [0,27/3],

,0) =1
ur,0) =r dsinoa(57/6 —8) for 8 € [27/3,7].

(3.9)

Here, o = (6/7)arctan(1/y/1+2k) and d = cos(ar/3)/sin(ar/6). As
above, k = k1 /ks is the conductivity ratio.

Several cases of the form (3.9) with varying regularity (described by «)
are tested in [9] for the O-method in physical space for various nonorthog-
onal grids. Finite-element theory [16] yields pressure convergence of order
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h2®. The convergence behavior of the pressure in two grid refinement steps
for different values of « is plotted in Fig. 18. The refinement steps are
given as the number of nodes in each direction, and are 2* — 25 for the
dashed curve and 27 — 28 for the solid curve. As seen from the diagram,
the convergence is not fully h?® yet for the pressure when « decreases.
However, as the curves show, the smaller « is, the later the asymptotic
region of convergence is entered. The same trend is seen for mixed finite
element formulations, see [9] for a specific implementation.

Normal velocities are seen to converge with order h® for the same
refinement levels for examples with « > 0.3, and then experience a decrease
for smaller o’s which is similar to the decrease in pressure convergence.

In conclusion, the simulated runs indicate the following error bounds
for discretization on arbitrary grids in physical space,

lun —ul| 2 ~ A%, (3.10)
llgn —qll 2 ~ h. (3.11)

These error bounds require that w € H? If u € H? and the grid is a
parallelogram grid or a smooth quadrilateral grid, the convergence order
in (3.11) becomes hZ.

If u € H7* « < 1, the simulated runs indicate the following error
bounds for discretization in physical space,

[un —ull 2 ~ B2, (3.12)
llan — qll 2 ~ R (3.13)

Equation (3.13) still holds for u € H**, a € [1,2], provided the grid is
smooth.

3.2. 2D results in maximum norm. Figure 13 shows convergence
results in L2 norm for the solution (3.3). For these test examples we have
also measured the error in maximum norm. These results are shown in
Fig. 19. As can be seen in Fig. 19.a, the convergence rate for the pressure
is h? for the grids shown in Figs. 10.a, 10.b, and 10.c, as well as for the
uniform parallelogram grid. This is the same convergence rate as found for
the error in L? norm.

Figure 19.b shows the error of the edge normal velocities in j-direction.
Here, the convergence rate is h! for the grids shown in Figs. 10.a, 10.h, and
10.c. Only the uniform parallelogram grid gives second order convergence
in the maximum norm. Thus, for the normal velocities, the L? error is
second order for smooth grids, but the L error is second order only for
uniform grids.

The error in maximum norm has also been measured for the H?47
solution shown in Fig. 17. As can be seen, the convergence rate for the
pressure is roughly h!47 for the grids shown in Figs. 10.a and 10.b. The
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F1c. 19. Convergence behavior in mazimum norm for the solution (3.3). Left (a):
Pressure. Right (b): Edge normal velocities.

convergence rate for the edge normal velocities is roughly A%*7 on the grid

shown in Fig. 10.a. There was an oscillatory behavior for the edge normal
velocities on the A-perturbed grid of Fig. 10.b.

The above results can be summarized as follows. For v € H17%, o > 0,
the error bound in the pressure seems to be

un, =l oo ~ RTIN{ZAL, (3.14)

For smooth solutions, the found error bound for the edge normal velocities
is h'. The discussed test runs do not clarify the regularity required to
achieve this convergence rate for rough grids. For smooth grids, however,
the error bound in the edge normal velocities seems to be hmin{la—1}
provided v € H1*, o > 1.

The L™ convergence rates which are indicated above, must be taken
with precaution. For example, it is by no means clear that only the Sobolev-
space regularity and the grid smoothness determine the L™ convergence
rates. A property like the monotonicity of the method [13] might be im-
portant for these convergence rates.

3.3. 3D results on uniform flow. Numerical test runs are next
performed on three-dimensional grids in physical space. When going from
2D to 3D, general positioning of corners of the control volumes implies
that bilinear cell surfaces may arise. These surfaces may for some methods
create additional difficulties for handling of fluxes across cell interfaces [12].
In particular, methods that rely on a transformation from the physical grid
to an orthogonal reference grid, will not be able to reproduce uniform flow
exactly.

This is not the case with the O-method discretization in physical space.
As an example, a 3D grid created by random h perturbations of the corners
in all directions of an initial orthogonal grid, is shown in Fig. 20. The
numerical pressure is exact to working precision (10716) when uniform flow
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is used as a reference case for all possible conforming grids that we have
tested. This applies for both of the cell center definitions (3.4) and (3.5).
The exact solution property is explained by the way the transmissibilities
are derived in 3D in physical space. The term — [, g nTK grad udo for each
edge is discretized by the assumption of piecewise linear pressure as in 2D.
The normal vector n is parametrized in (2.24) for general bilinear surfaces,
and — |, g do is hence evaluated correctly. For linear pressure, gradu is
constant, and the flux discretization that the transmissibility calculations
apply, is therefore exact. Together with the uniform flow result for 2D cases
in [9], this then implies that the pressure solution for the O-method in 3D
is exact for uniform flow, and this is verified by our numerical results. This
again shows the superiority of the discretization in physical space.

3.4. 3D results in L? norm. Next, a case of nonuniform flow is
tested for our 3D implementation of the O-method. It is trivial to verify
that the function

u(z,y, 2) = sin(v/2mz) sinh(ry) sinh(nz) (3.15)

is a solution to the problem (1.1) when the medium is isotropic and homo-
geneous. The convergence is examined for both the pressure and normal
velocities for the set of i-edges in a parallelepiped grid and the grid in Fig.
20, and is depicted in Fig. 21. Dirichlet boundary conditions which cor-
respond to the reference solution, are implemented by artificial layers of
grid cells. The first test shows the numerical results for a uniform paral-
lelepiped grid on a given domain. As is expected, both the pressure and
normal velocities converge as h? when the grid is refined uniformly.

The second test shows the convergence behavior for an orthogonal
initial grid for which all corners are arbitrarily perturbed by terms of order
h in all directions, but for which nonoverlapping grid cells do not occur.
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The pressure still converges as h%, but the normal velocity convergence
decreases to h as is expected from the results in 2D.

The 3D test runs agree with the estimated convergence rates in 2D.
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DIFFERENTIAL COMPLEXES AND STABILITY OF FINITE
ELEMENT METHODS I. THE DE RHAM COMPLEX

DOUGLAS N. ARNOLD*, RICHARD S. FALK', AND RAGNAR WINTHER?

Abstract. In this paper we explain the relation between certain piecewise polyno-
mial subcomplexes of the de Rham complex and the stability of mixed finite element
methods for elliptic problems.

Key words. Mixed finite element method, de Rham complex, stability.

AMS(MOS) subject classifications. 65N12, 65N30.

1. Introduction. Many standard finite element methods are based
on extremal variational formulations. Typically, the desired solution is
characterized as the minimum of some functional over an appropriate trial
space of functions, and the discrete solution is then taken to be the mini-
mum of the same functional restricted to a finite dimensional subspace of
the trial space consisting of piecewise polynomials with respect to a trian-
gulation of the domain of interest. For such methods, stability is often a
simple consideration. For mixed finite element methods, which are based on
saddle-point variational principles, the situation is very different: stability
is generally a subtle matter and the development of stable mixed finite ele-
ment methods very challenging. In recent years, a new approach has added
greatly to our understanding of stability of mixed methods and enabled the
development of stable methods for a number of previously intractable prob-
lems. This approach is homological, involving differential complexes related
to the problem to be solved, discretizations of these complexes obtained by
restricting the differential operators to finite dimensional subspaces, and
commutative diagrams relating the two. See, e.g., [1, 2, 14, 18]. In this pa-
per we will survey these ideas. While the presentation aims to be relatively
self-contained, it is directed primarily at readers familiar with the classical
theory of mixed finite element methods as exposed in, for instance, [12].

We will concentrate first on the problem of steady state heat conduc-
tion. In this problem we seek a scalar temperature field u and a vector flux
field o defined on the domain of interest 2 C R™. These satisfy Fourier’s
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law of heat conduction
Ao +gradu=0on Q (1.1)
and the equation of thermal equilibrium
dive = f on Q. (1.2)

Here A is the thermal resistivity tensor (the inverse of the thermal conduc-
tivity tensor), an n x n symmetric positive-definite matrix field (scalar for
an isotropic material), and f the given rate of heat generated per unit vol-
ume. To obtain a well-posed problem, these differential equations must be
supplemented by suitable boundary conditions, for example, the Dirichlet
condition u = 0 on 99).

Multiplying the constitutive equation by a test field 7 and integrating
by parts over Q (taking into account the homogeneous Dirichlet boundary
condition), we obtain

/Aa-Td:c—/udiVde-——O Y1 € H(div,Q; R™), (1.3)
Q Q
while from the equilibrium equation we obtain
/ divovdz = / fodz v e LE(Q). (1.4)
Q Q

The space H(div,Q;R™) consists of all vector fields 7 : @ — R” which
are square integrable and for which the divergence div T is also square
integrable. The pair of spaces H(div,{;R"), L?(Q) are the natural ones
for this problem. Indeed, it can be shown that for any f € L2(Q2), there
is a unique pair (o,u) € H(div,;R") x L?(Q) satisfying (1.3) and (1.4),
and so providing a (weak) solution to (1.1) and (1.2) and the boundary
conditions.

Equivalent to the weak formulation is a saddle-point variational for-
mulation, namely

1
(o,u) = argerit [/(-—AT -7 —vdivr)dz + / fv d:v} . (1.5)
(r,w)EH(div) x L? 2

A more familiar variational characterization of the solution of the heat
conduction problem is Dirichlet’s principle, which involves the temperature
field alone:

U = argmin (é /A_lgradv -gradvdx — /fvda:) .

veH1()
This is connected to the second order scalar elliptic equation

—divA~!gradu = f on £



DIFFERENTIAL COMPLEXES AND STABILITY OF FEM I 25

and its natural weak formulation. A standard finite element methods uses
a finite element subspace V3, of H!({2) and defines the approximate solution

up = argmin (% /A—1 gradv - gradvdz — /fv dx) .

vEVE

Such a method is automatically stable with respect to the H! norm, and
consequently the quasioptimal estimate

_ < i _
o~ unllr < C g Jlu= ol

holds (with C' depending only on A and ).

Returning to the saddle-point formulation, a mixed finite element
method defines an approximation solution o, up belonging to finite el-
ement subspaces ¥, C H(div, 2;R"), Vi, C L%(Q), by

(on,un) =  argerit [/(%AT-T —vdivr)dz + /fv d:v] . (1.6)

(‘r‘,'U)GE;L X Vi

The corresponding quasioptimal estimate
o = onllaey + e = wnlle < COIRE o= 7l + inf = vlz2)

will, however, not hold in general. This requires stability, which holds
only for very special choices of the finite element spaces. The method
(1.6) falls into a well-studied class of saddle-point discretizations for which
sufficient (and nearly necessary) conditions for stability can be given [8, 12].
Namely the discretization will be stable if there exist constants ¢; and c3,
independent of the discretization parameter h, such that
(A1) 7]l fraivy < e1]|7||L2 whenever 7 € X, satisfies [, vdivrder =0
for all v € V},.
(A2) For all nonzero v € Vj, there exists nonzero 7 € £ with
fQ vdivrdzx > CQHT”H(div)“U”Lz-

The development of finite element methods satisfying these stability
conditions is quite subtle. In the next section, we illustrate this in the
simplest case of 1 dimension. In Section 3, we review the two main fam-
ilies of stable finite element spaces for this mixed problem in arbitrary
dimensions. Section 4 is a concise review of the main relevant concepts of
exterior algebra and exterior calculus, particularly the de Rham complex,
the Hodge Laplacian, and the Koszul complex. With these preliminaries,
we develop families of finite element discretizations of differential forms of
all orders in all dimensions, and show how to combine them into piece-
wise polynomial subcomplexes of the de Rham complex, obtaining 27!
such subcomplexes in dimension n for each polynomial degree. The finite
element spaces involved in these subcomplexes provide most of the stable
finite elements that have been derived for mixed problems closely related
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to a Hodge Laplacian. In the final section, we show how to use these sub-
complexes and the commutative diagrams relating them to the de Rham
complex to obtain stability of mixed finite element methods. For reasons
of space, many results are stated in this paper without proof. Proofs for
most of the assertions can be found in the cited references, while for the
material new here (the 2"~! subcomplexes and the degrees of freedom in
(5.1)), a more complete presentation will appear elsewhere.

2. Some 1-dimensional examples. The subtle nature of stability
of finite elements for this problem arises already in the simplest case of
one-dimension, with A = 1. Thus we are approximating the problem

o+u =0, o' =fon(-11), u(=1)=0.

We shall present some examples to illustrate both stable and unstable
choices of elements for this problem. Although in this simple 1-dimensional
context, these results can be fully analyzed theoretically, we will limit our-
selves to displaying numerical results.

A stable choice of elements in this case consists of continuous piece-
wise linear functions for the flux and piecewise constant functions for the
temperature, which we shall refer to as the P{°"*~Py method. The exact
and numerical solution are shown in Figure 1 for uniform meshes of 10,
20, and 40 subintervals, first in the case where u(x) = 1 —|z|"/2, and then
for the rougher solution u(z) = 1 — |z|%/. In the first case, u € H® and
o € H?, but in the second case, v € H® and ¢ € H*"! for s < 7/4 but
not larger, which limits the order of convergence of the best approximation
by piecewise linears to o. In the first part of Table 1, we see clearly that
llo — onllzz = O(h?) and ||u — up||z2 = O(h), both of which orders are op-
timal. In the second part of the table, the order of convergence is lowered
due to the lowered smoothness of the solution, but the convergence order is
as high as that of the best approximation, illustrating the stability of this
method.

By contrast, if we use continuous piecewise linear elements for both
o and u (e.g., in the hope of improving the order of convergence to u),
the method is not stable. For the smoother problem, u(z) = 1 — |z|7/2, we
again have second order convergence for ¢ and first order (not second order)
convergence for u. But for u(z) = 1 —|z|%/4, the convergence is clearly well-
below that of the best approximation, a manifestation of instability, which
is plainly visible in Figure 2 and Table 2. This example has been analyzed
in detail by Babuska and Narasimhan [5].

In Figure 3, we show the result of using continuous piecewise quadratic
elements for ¢ and piecewise constant elements for u (e.g., in hope of im-
proving the order of convergence to o). The method, which was analyzed
in [9], is clearly unstable as well.

Although this P§°™*-P; method is not stable, the P§°"*~P; method
is. In fact, in one dimension the P°™~P, _; method (continuous piecewise
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Fia. 1. The P{°™-Py mized method (which is stable) for meshes of 10, 20, and 40
elements. Lines 1 and 2: op, versus o and up, versus u for the ’Pf"”t—’P’o mized method

when u(z) = 1 — |z|7/2. Lines 3 and 4: same with u(z) = 1 — |z|3/4.

polynomials of degree r for the flux and arbitrary piecewise polynomials of
degree r — 1 for the temperature) is stable for any r > 1.

3. Basic mixed finite elements in higher dimensions. Consider
now the saddle point problem (1.5) in n dimensions and its discretization
(1.6) using finite element spaces ¥, and V}, consisting of piecewise polyno-
mials with respect to a simplicial decomposition 7 of 2. A simple choice
of elements, which we saw to be stable in one dimension, is P{o™—Py:

Sh={r € H{QR™) | 7lr e Pi(T) YT €T},

Vi ={veL*Q) | vlr € Po(T) VT €Tp}. 31)
However, for n > 1, this choice is highly unstable. In fact, on generic trian-
gular meshes the discrete problem is singular and uy, is undetermined. And
even if oy, could be determined, it would belong to the space of divergence-
free continuous piecewise linear functions, which reduces to the space of
global constants on many triangular meshes, so does not offer any approx-
imation.

However, there are several stable choice of elements in higher dimen-
sions that may be regarded as natural extensions of the simple P{o"*—P,
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TaBLE 1
Errors and orders of convergence for the Pfo™—Py mized method.

w=1-|z|"/?

llo —onllLe v — unflLe
n err. % order err. % order
10 | 4.78e—02 3.348 1.18e—-01 10.141

20 | 1.20e—02  0.838  2.00 | 5.87e-02  5.027 1.01
40 | 2.99e—03  0.210  2.00 | 2.93e—02  2.508  1.00
80 | 7.49¢e—04  0.052  2.00 | 1.46e—02 1.253 1.00
160 | 1.87e—04 0.013 2.00 | 7.31le—03 0.627 1.00

u=1-— |2:|5/4
lo = onllzs s — nll g
n err. % order err. % order
10 | 1.75e—01 17.102 8.47¢—02 9.503

20 | 1.04e—01 10.169  0.75 | 4.20e—02 4.712 1.01
40 | 6.17e—02  6.047  0.75 | 2.09e—02  2.349 1.00
80 | 3.67e—02  3.595 0.75 | 1.04e—02 1.173 1.00
160 | 2.18e—-02  2.138 0.75 | 5.22e—03 0.586  1.00

element. First, we consider the first order Brezzi-Douglas—Marini elements
developed in [11] in two dimensions and [20] and [10] in three dimensions:

Yh={7€ H(div,GR") | 7|7 € PL(T;R™) VT € T},

Vi ={veL*Q) | vlr € Po(T) VT €Tr}. (3:2)
The difference from the previous choice is that for (3.1), the trial functions
for flux are restricted to H'(€2; R™), which means that full interelement
continuity must be imposed (a piecewise polynomial belongs to H* if and
only if it is continuous). But for the stable choice (3.2), the flux functions
need only belong to H(div), which requires only interelement continuity
of the normal component (a piecewise polynomial vector field belongs to
H(div) if and only if its normal component is continuous across each (n—1)-
dimensional face shared by two elements).

In order that the spaces given in (3.2) are implementable via the stan-
dard finite element assembly procedure—in fact, in order that they that
are finite element spaces in the sense of [13]—we must be able to specify
degrees of freedom for the local shape function spaces Py (1"; R™) and Py (T')
which enforce exactly the required interelement continuity. For the former,
we choose the moments of degree at most 1 of the normal component of
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Fic. 2. PP -Pont mized method (unstable) for meshes of 10, 20, and 40 elements.

the field on each face of the element:
T /(T -v)p, pEPI(f), fE€Alar(D) (3.3)
f

(We use the notation Ag(T) to denote the set of subsimplices of dimension
k of the simplex T, i.e., the set of vertices for k = 0, edges for k = 1, etc.)
Since the normal component of the field is itself linear, these functionals
exactly impose the desired continuity of the normal component. Choosing
a basis for each of the n-dimensional spaces P1(f) for each of n 4 1 faces
f € A,_1(T), we obtain n(n + 1) = dim P;(T;R"™) degrees of freedom.
These degrees of freedom are clearly unisolvent, since if they all vanish for
some 7 € P1{T), then at each vertex 7 - n vanishes for the vector n normal
to each face meeting at the vertex. These normal vectors span R", so 7
itself vanishes at each vertex, and therefore vanishes on all of T'. Since the
space V}, involves no interelement continuity, we make the obvious choice
of degree of freedom for Po(T):

v|—>/Tv. (3.4)

The moments (3.3) determine a projection operator Iy, : H1(Q;R™) — %),
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TABLE 2
Errors and orders of convergence for the 'Pfom—’Pf“”t mized method.

©w=1-— |ac|7/2

o —onllLe lu—un| L2
n err. % order err. % order
10 | 2.09¢e—02 1.464 2.38e—01 20.429

20 | 5.07e—03  0.355  2.04 | 1.17e—01 10.066  1.02
40 | 1.25e—03  0.088  2.02 | 5.85e—02  5.011 1.01
80 | 3.11e—04  0.022  2.01 | 2.92¢—02  2.502 1.00
160 | 7.76e—05  0.005  2.00 | 1.46e—02  1.251 1.00

u=1-|z/5/*

llo — onllLe v —unl L2
n err. % order err. % order
10 | 3.96e—01 38.769 2.24e—-01 25.182

20 | 3.36e—01 32.875 0.24 | 1.42e—-01 15974  0.66
40 | 2.83e—01 27.759 0.24 | 1.04e—01 11.663 045
80 | 2.39e—01 23.391  0.25 | 8.23e—02  9.243 0.34
160 | 2.0le—01 19.689 0.25 | 6.77e—02  7.601  0.28

onto the first-order Brezzi-Douglas—Marini space, given by

/<nm vp= /<r-v>p, pEPS), € Ans(D)
f f

while the projection operator Ily, : L?(Q) — V}, determined by the degrees
of freedom (3.4) is simply the usual L?-projection. An important relation
between these operators is expressed by the commutativity of the following
diagram:

HY(QRY) &Y 12(Q)
J«nzh lHVh (35)

N LN /4
(This can be verified via integration by parts.) Note that we have taken
H(;R"), rather than H(div,$;R™), as the domain of IIy,. This is be-
cause Iy, defines a bounded operator H*(Q; R™) — L2(;R™). In fact, it
is bounded uniformly in the mesh size h if we restrict to a shape-regular
family of triangulations. However, Ily, does not extend to a bounded op-
erator on all of H(div,2;R"™), because of lack of sufficiently regular traces.
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Fic. 3. P{o™-Py mized method (unstable).

The commutative diagram (3.5) encapsulates the properties of the
spaces Lp, and Vj, needed to verify the stability conditions (A1) and (A2).
First, since divi, C Vj,, any 7 € ¥, satisfying fQ’UdiVTdIE = 0 for all
v € V, is in fact divergence-free, and so (Al) holds. In order to verify
(A2), let v € V}, be given. Since div maps H'(Q;R"™) onto L?(2) and
admits a bounded right inverse, c.f. [16], we can find 7 € H();R™) with
div7 = v and ||7] g1 < ¢||v||pz. Now let 7 = IIg, 7. From the commutative
diagram (3.5) we see that

divr =divily, 7 =1IIy, divy = Iy, v = v.

~ Invoking also the H'(Q;R") — L?(Q) boundedness of I, , we obtain
/Q’UdiVTd.’E =vlifz, IITllE@iv) < |vlle,

from which (A2) follows. Thus the first-order Brezzi—-Douglas—Marini ele-
ments (3.2) are stable in n dimensions.

Note that (3.2) coincides with (3.1) in the case n = 1, so these elements
are indeed a generalization to higher dimensions of the simple P§ont—P,
elements. Moreover, they can be viewed as the lowest order case of a
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family of stable elements of arbitrary order:

Yh={7€ Hdiv,R") | 7|7 € P-(T;R") VT €Ty},

(3.6)
Vi ={veL¥Q) | vjr € Proy(T) VT €Th}.

The interelement continuity for ¥ can be specified by continuity of the
moments

Tr->/f('r-n)p, p€P(f), fe€Aa(T),

and a set of degrees of freedom determined by these moments with p
restricted to a basis in each Pr(f), together with and an additional
(r — 1)(™*7™!) moments over T, about which more will be said below.
In one dimension, this is just the P"*-P,._; element discussed at the end
of the last section. The first two elements in the Brezzi-Douglas-Marini
family in two dimensions are pictured in Figure 4.

AYAR AT

F1c. 4. Brezzi-Douglas-Marini element pairs for r =1 and 2 in two dimensions.

Although the Brezzi-Douglas—Marini family of elements provide a nat-
ural analogue of the P¢°™—P,_; family of elements to higher dimensions,
it is not the only such analogue. Another is the Raviart-Thomas family in-
troduced in [21] and improved and extended from two to three dimensions
in [19]. To describe it, we define for T C R™ and integer r > 0,

RI(T)={r: T—-R"|1(z)=a(z)tzf(z), acP.(T;R"),BeP.(T)}. (3.7)
Then the Raviart-Thomas elements of index 7 > 0 are

Yy ={r€ Hdiv,R") | 7|l € RT.(T) VT €Tp},

\ (3.8)
Vi={veL*Q) |vlreP(T) YT €T},

with some element diagrams shown in Figure 5. These elements are defined
in all dimensions. In dimension one, the Raviart-Thomas elements (3.8)
coincide with the Brezzi-Douglas—Marini elements (3.6) with r replaced by
r + 1. But for n > 2, these families are distinct.

4. Exterior calculus. The finite elements described above, and oth-
ers, can better be understood with the help of differential forms and exterior
calculus. We begin by recalling the basic notions of exterior algebra. (For
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AYARA YR

Fic. 5. Raviart-Thomas element pairs for r =0 and 1 in two dimensions.

details see, e.g., [3], Ch. 7. Let V be a vector space of dimension n. We
denote by Alt*V the space of exterior k-forms on V, i.e., of alternating
k-linear maps V' x --- x V — R. That is, an element of Alt*V assigns a real
number to k elements of V, is linear in each argument, and reverses sign
when two arguments are interchanged. In particular, Alt'V is simply the
dual space V* and Alt°V may be identified with R. For k > n, Alt*V =0,
while for all k& we have

dim Alt*V = (Z)

A form in the one-dimensional space Alt"V is uniquely determined by its
value on any one coordinate frame (i.e., ordered basis). The value of the
form on any other ordered n-tuple of vectors can be obtained by expanding
the vectors in the coordinate frame to obtain a matrix, and multiplying
the value of the form on the coordinate frame by the determinant of the
matrix.

An inner product on V determines an inner product on each Alt*V by
the formula

(w,n) = Z Wy ey Vo MWays- ey Vey )y  w,m € AltFV (4.1)

1<o1 < <o <n

for any orthonormal basis vy, ..., v, (the right hand side is independent of
the choice of orthonormal basis).

We recall also the exterior product A : AV x Alt*V — Al/TFV
defined by

(wWAM(v1,-. ., Vj4k) = Z (sign o)w(vey, - vy Ve, ) (Vo 1y - - - ,ngk),
c€X(j,j+k)

we Al¥'V,v; eV,

where X(j, 7 + k) is the set of all permutations of {1,...,j + k}, for which
oy <o <--0jand o541 < 0jy2 <Otk

In the case V = R”, there is a canonical basis, and we denote by
dzl,...,dz™ the elements of the dual basis, which form a canonical basis
for Alt'R™. Then a canonical basis for AIt*R™ consists of the forms dz”* A
cooAdx%, where 1< o1 <--- <o <n.
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For readers less familiar with exterior algebra, it is worthwhile to ex-
amine in detail the example V = R3, endowed with the usual inner product
and orientation. In this case

e The general element of Alt°R? is ¢, ¢ € R.
o The general element of Alt'R3 is (u, -}, or, equivalently,
urdz? + ugdz? + uzdzr®, u € R3,
o The general element of Alt?R3 is {w, - x ), or, equivalently,
widz? A dz?® — wodz! A dz® + wadz! Adz?, w € R3.
o The general element of Alt*R3 is g(-, - X ), or, equivalently,
gdx! Adx? Adx, g € R.
Thus we may identify AltR3 and Alt*R® with R and Alt'R? and Alt’R3
with R3.

Next we identify the exterior product Alt7R3 x Alt*R? — Alt7T*R3 for
0<j<k,j+k<3. (The exterior product for other values of j, k either
follows from these or is identically zero.) If j = 0, the exterior product is the
ordinary scalar multiplication. The exterior product Alt'R? x Alt'R3 —
Alt?R3 corresponds under our identifications to the usual cross product
R3 x R® — R3. Finally, the exterior product Alt'R3 x Alt’R3 — Alt*R3
corresponds to the usual inner product R?® x R® — R. It is straightforward
to check that given the identifications mentioned, the inner product defined
above on Alt*R3 is the usual product in R for k = 0 or 3, and the Euclidean
product in R? for k =1 or 2.

Having reviewed the basic definitions of exterior algebra, we now turn
to exterior calculus. If Q is any smooth manifold, we define a smooth
differential k-form on €2 as a mapping w which assigns to each 2 €  an
alternating linear form w, € Altk(TIQ) on the tangent space T.(2 to Q at
z. We denote the space of all smooth differential k-forms on © by A*(Q).
We write C°A*(Q) to denote the larger space of all continuous differential
forms, and use a similar notation for other functional spaces. For example,
if Q is a Riemannian manifold, we can talk about L2A* (), etc.

Differential forms can be integrated and differentiated without the
need for any additional structure, such as a measure or metric, on the
manifold 2. If 0 < k < n is an integer, f is an oriented piecewise smooth k-
dimensional submanifold of , and w is a k-form, then the integral [, w € R
is well-defined. Thus, for example, O-forms can be evaluated at points,
1-forms can be integrated on curves, and 2-forms can be integrated over
surfaces. Also, for each such k, the exterior derivative dy, is a linear operator
mapping A*(Q) into AF*1(Q). The de Rham complex of Q is the sequence
of maps

R < A%Q) - ALQ) 25 -0 L AMQ) -0 (4.2)

where we have followed the usual convention of suppressing the subscript
on the di. This is a complex in the sense that the composition of two con-
secutive maps is zero (drdi—1 = 0), and we can consider the kth de Rham
cohomology space, defined to be the quotient of the null space of d;, modulo
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the range of dp_1. If the manifold is contractible, this complex is exact in
the sense that the cohomology spaces all vanish, or, equivalently, the range
of each map is precisely equal to (and not just contained in) the null space
of the succeeding map.

Assuming that Q is a Riemannian manifold, so each tangent space T}
is endowed with an inner product, we have an inner product on each A*(Q)
which can be completed to a Hilbert space L?A*(Q). We can define the
Sobolev space of differential k-forms:

HAR(Q) = {w € L2AF(Q) | dw e L2A¥1(Q) ).

The L? de Rham complex

R — HAY(Q) % HANQ) —% ... 45 HA™Q) -0
has the same cohomology as the smooth de Rham complex.

Viewing dj as a (closed, densely-defined) unbounded linear operator
mapping L2A*(Q) to LZAF+1(Q) with domain HA*(Q), we may use the
inner product of differential forms to define the adjoint dj which maps a
dense subspace of L2A**1(Q) to L2A*(Q). Namely, w € L2A*+1(Q) belongs
to the domain of d} if there exists djw € L2A*() such that

(d*w,m)paar = (w,dn)papess, 1 € HAR(Q).

The Hodge Laplacian is then the map d*d+dd* (or, more precisely, djdx +
dy_1d;_,) which maps a part of L2A*(Q) into L2A*(Q2).

In case Q is an open subset of R", every differential k-form may be
written uniquely in the form

Wy = Z ai, i (z)dz™ Ao Ada'*, (4.3)

<<

for some smooth functions a;, . ;, : € — R. This is useful for computing
the exterior derivative since:

) ) .8 , , X
d(adz™ A--- Ada'*) = Za—;dzj Adx* A AdatE.
j=1

For use later in the paper, we introduce the Sobolev space H*A* () consist-
ing of differential forms of the form (4.3) for which the coefficients a;, . ;, €
H*(2). The corresponding norm is given by ||w|ls = (3 llai,. i [12)Y2,
which we write simply as ||| if s = 0.

For ? € R™, we can also define the notion of polynomial differential
forms. Namely, we say that w € A¥(Q) is a (homogeneous) polynomial
k-form of degree r if for any choice v!,... v* € R™, the map

T w (vl .. 0F)
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is the restriction to © of a (homogeneous) polynomial of degree r. For
w given by (4.3), this is equivalent to saying that each of the coefficients
ai, .4, 18 a (homogeneous) polynomial of degree r. We denote the spaces
of polynomial k-forms of degree r and homogeneous k-forms of degree r
by P.A*(Q) and H,.A*(Q), respectively. We shall verify below that the
polynomial de Rham complex

R < PA%Q) -4 P, Al Q) -5 o - P AQ) -0 (44)
is exact for every r > 0 (with the understanding that H,, = P, = 0
for m < 0). The same is true for the homogeneous polynomial de Rham
sequence

R HANQ) -4 H, ANQ) - o - H_aAR(Q) - 0 (45)

where R =R if r = 0 and R = 0 otherwise.
Finally, still in the case 2 C R™, we introduce the Koszul differential
k = ki : A¥ — AF~1, defined by

1 k:—l)

(kw)g (v, ... v = wy(z, v, ..., 0" L), (4.6)

Note that kx_16x = 0. Also, k maps H,A*() into H,+1A*~1(Q), i.e., the
Koszul differential increases polynomial degree and decreases the order of
the differential form, exactly the opposite of exterior differentiation, which
maps H,41A¥"1(Q) into H,.A*(Q). The two operations are connected by
the formula

(dk + kd)w = (r + k)w, w e H AR(Q). (4.7)

This can be used to establish exactness of the homogeneous polynomial
de Rham sequence (4.5), and also of the homogeneous Koszul complex

0 — Hr_nA™(Q) — HoppAP1(Q) = o0 25 HA%(Q) = R— 0

where again R = R if r = 0 and R = 0 otherwise. Adding over polynomial
degrees we get the exactness of (4.4) and of the Koszul complex

0= PronA™()) — Pronpi A" Q) 5 -0 5 PAYQ) - R -0

We use the Koszul differential to define an important space of polyno-
mial forms on a domain 7" C R™:

PHANT) = PeAMT) + 6P AMY(T),
where « is the Koszul differential defined in (4.6). Clearly

PFART) = P.A*(T) + kH, A(T)
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and, in view of (4.7),
PHAR(T) 4+ dH, 2 AP~ = P AR(T).
For 0-forms and n-forms, the PT spaces are nothing new:
PHAYT) = Pr1 AYT), PIAMT) =P.A™(T).
However, for 0 < k < n
PrAMT) G PEANT) ¢ Py AM(T).

If we identify A"~1(T) with C*°(T;R"™), then P;f A»~!(T) corresponds ex-
actly to the space of Raviart—Thomas polynomial fields defined in (3.7). In
the general case, we may compute their dimensions:

s ()02
dim P, AM(T) = (” : T) <Z>

Finally, we specialize to the case & C R®. Then T,R?® = R® and
Alt*T,R3 may be identified with R for k& = 0,3 and with R? for k = 1, 2.
We can then interpret the integral in the sense of differential forms as
follows. If w is a O-form, and v a point in Q, then [ w = w(v). fwis a
function on  which we identify with a 1-form and e is an oriented curve
in Q, then the differential form integral [ w = [ w-td$; where t is the
unit tangent to e (determined uniquely by the orientation) and £, is 1-
dimensional Hausdorff measure. If w is a function on Q which we identify
with a 2-form and f is an oriented surface in 0, then the differential form
integral ffw = ffw - vd$)s where v is the unit normal to f and §2 is
2-dimensional Hausdorff measure. Finally, if T' is an open subset of 2 and
w a 3-form, then fTw is equal to the usual integral of the corresponding
function with respect to Lebesgue measure.

Continuing with the identification of forms on R® with functions and
vector fields, we find that dy = grad, d; = curl, dy = div, k3 is multiplica-
tion of a scalar field by z to get a vector field, x5 takes the cross product of
a vector field with = to produce another vector field, and s, takes the dot
product of a vector field with . Thus the differential complexes discussed
above can be written as follows.

The smooth de Rham complex:

while

R — C=(Q) £24 oo R3) L oo R?) Y, 0=(Q) — 0.
The L? de Rham complex:

R — HYQ) grad, H(curl, ;R3) =% H(div, % R3) 2 12(Q) — 0.
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The polynomial de Rham complex:

R < P(Q) 224 P (R3) L P, R3) 2% P,_5(Q) — 0.

The Koszul complex:
0— Pr_3(Q) = Pr_a(R3) =5 P (R 5 P(Q) - R — 0.

The Hodge Laplacian on 0-forms and 3-forms is the ordinary Lapla-
cian A = div grad viewed as an unbounded operator on L?(2) with certain
boundary conditions imposed in its domain (basically, Neumann conditions
in the case of 0-forms and Dirichlet conditions in the case of 3-forms). Sim-
ilarly, the Hodge Laplacian on 1-forms and 2-forms gives the vector Lapla-
cian curl curl — grad div with two different sets of boundary conditions. We
will say more on this in Section 6.

5. Piecewise polynomial differential forms. Let 7 be a triangu-
lation by simplices of a domain 2 C R™. In this section we define, in a
unified fashion, a variety of finite-dimensional spaces of differential forms
on  which are piecewise polynomials with respect to the triangulation 7.
In the cases where we can identify differential forms with functions and
vector fields on (2, these spaces correspond to well-known finite element
spaces, such as the Lagrange space, the Brezzi-Douglas—Marini spaces, the
Raviart-Thomas spaces, and the Nedelec spaces of [19, 20].

We begin by describing a set of degrees of freedom for the polynomial
spaces P, A*(T) and P;} A*(T), which will reveal a strong connection be-
tween the P, and P;' spaces. For T a simplex in R”, 0 < k£ < n, and
7 > 0, an element w € P.A*(T) is uniquely determined by the following
quantities (see [20] for the case n = 3):

/ WAG CEPT AT, feAUT), k<d<n  (51)
f

(For r < 0, we interpret P+ A*(T) = P,.A*(T) = 0.) Note that for w €
AF(T), w naturally restricts on the face f to an element of A*(f). Therefore,
for ¢ € A4*(f), the wedge product w A ¢ belongs to A%(f) and hence the
integral of w A ¢ on the d-dimensional face f of T is a well-defined and
natural quantity. A set of degrees of freedom for P,.A*(T) is obtained
from the quantities in (5.1) by restricting the weighting forms ¢ to bases
of the spaces P;r_d_l JrkAd_"“( f). Notice that the degrees of freedom for
a PA type space involve the moments on faces weighted by elements of
PTA type spaces. The reverse is true as well. The degrees of freedom for
w € P} A*(T) are obtained in a similar way (by selecting bases) from the
moments

/w ANC, CePrarikh¥F(f), felAyT), k<d<n. (5.2)
f
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This set of degrees of freedom was presented in [17]. See also [19].
In this way, we obtain two families of piecewise polynomial k-forms,
each indexed by polynomial degree 7:

PAR(T) = {w e HA Q) | w, € PAKT) VT €T},
PrANT) = {we HAF(Q) | w, e PFART) VT eT).

We believe these should be regarded as the most natural finite element
approximations of the Sobolev differential form spaces HA*(). This is
certainly true in n = 1 dimension, where for each r > 0 and partition of
the domain, we obtain a unique finite element discretization of H!(Q) and
of L2(): the P space of continuous piecewise polynomials of degree
r+1 and the P, space of all piecewise polynomials of degree r, respectively.
For k£ = 0 in any number of dimensions, then

PFANT) = PraA(T)

is the usual Lagrange space of all continuous piecewise polynomials of de-
gree 7 + 1, the most natural discretization of H(Q) = HA®(Q). For k = n,
we get

PYA™MT) = P.A™(T)

is the space of all piecewise polynomials of degree r, the most natural dis-
cretization of L2(2) & HA™(Q). For k = n—1, we may identify HA™1(Q)
with H(div,;R"), and PFA"~1(T) is the Raviart-Thomas space of in-
dex r and P,A""}(T) the Brezzi-Douglas-Marini space of index r, the
best known discretizations of H(div). Finally, for k = 1, n = 3, HAY(Q)
can be identified with H(curl, Q;R®) and P;FAY(T) and P,.AY(T) are the
Nedelec finite element spaces of the first and second kind, respectively, the
best known spaces of H(curl) elements, illustrated in Figure 6.

Fic. 6. Lowest order Nedelec H(curl) elements of the first kind and the second kind.
These spaces fit together to provide a number of piecewise polynomial
analogues of the de Rham complex. For any r > 0, we have the complex

R < PFHAY(T) -5 PFANT) -% ... -4 pHA(T) - 0. (5.3)
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In case r = 0, this is the complex of piecewise polynomial forms introduced
by Whitney to calculate de Rham cohomology [22]. It has the same coho-
mology spaces as the smooth de Rham complex, so, in particular, is exact
if Q is contractible. The connection betweens Whitney’s forms and mixed
finite elements was recognized by Bossavit [7]. Using an element diagram
to stand in for the corresponding finite element space, in n = 3 dimensions
the complex of Whitney forms may be represented

R < i z grad :i: curl & i : 0.

The degrees of freedom in (5.1) and (5.2) determine projection oper-
ators II¥ : A¥(Q) — P,A*(T) and IT¥_ : Ak( ) — PFAF(T) respectively.
These may be used to relate the smooth de Rham complex (4.2) to the
piecewise polynomial de Rham complex (5.3). Namely, the following dia-
gram commutes:

R A%Q) % AYQ) % .4 An@) — 0

0 1 n
H”l H”l le

R —PHAYNT) % PHAYT) -2 ... -4 PHAMT) — 0.

Another piecewise polynomial differential complex with the same co-
homology uses the P,A* spaces:

R < PpynA®(T) -5 Prpn i AHT) -5 -0 4 PAR(T) — 0. (5:4)
The complex (5.3) is a subcomplex of (5.4), in the sense that each space
occurring in the former complex is a subspace of the corresponding space
in the latter complex. The complex (5.4) appears, generalized to the case
of degree varying by the element, in [14]. Note that this complex ends with
the same space P,A"(Q2) = PA™(Q) as (5.4), but in contrast with (5.3)
the degree index r decreases with increasing differential form order k.

In one dimension the two complexes (5.3), (5.4) coincide, but in two
dimensions they are distinct. In n > 2 dimensions there are additional
piecewise polynomial complexes which can be built from the same P,A*
and P,A*+1 spaces, have the same cohomology, and end in the same space
P.A°(T). These are intermediate between (5.3) and (5.4), and strictly
ordered by the subcomplex relationship. Specifically, there are 2"~! such
piecewise polynomials complexes in n dimensions. In three dimensions the
other two are

R < PryaA%(T) -5 P ANT) -5 PHA2(T) -2 PLA3(T) — 0
and

R & Pr2AT) 5 PHIANT) =5 PrhX(T) -5 PoAY(T) — 0,
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6. Differential complexes and stability. Let (2 be a contractible
subdomain of R™ and 0 < k < n an integer. Given f € L2A¥(Q), define
L£: HA*1(Q) x HA*(Q) — R by

L(r,v) = /Q (%(T, T) — (dr,v) — %(dv,dv) + <f,v>) dz,

where the angular brackets indicate the inner product of forms as defined in
(4.1). Then £ admits a unique critical point, (o, u) € HA*~1(Q) x HA*¥(Q)
determined by the equations

/<U,T)dm=/(d7,u)da: vr € HAF1(Q), (6.1)
Q Q

o,v)dz u, dv) dz = vydr VYo k(). .
/Q(d,>d +/ﬂ<d,d>d /Q<f, Ydr Wve HAFQ).  (6.2)

Note that this critical point is a saddle point—a minimizer with respect to
o and a maximizer with respect to u—but is not generally obtained from
a constrained minimization problem for ¢ via introduction of a Lagrange
multiplier. Equations (6.1) and (6.2) are weak formulations of the equations

o=d"u, do+d"du=f,

respectively, and hence together, give the Hodge Laplacian problem (dd* +
d*d)u = f. Implied as well are the natural boundary conditions that the
trace of u as a k-form on 0Q and the trace of du as a (k + 1)-form on 052
both must vanish.

Let us consider more concretely the situation in n = 3 dimensions,
identifying the spaces L2A*() with function spaces as described at the
end of Section 4. For k = 3, (6.1), (6.2) become: find ¢ € H(div,{;R3),
u € L%(Q) such that .

/U-de:/divrudx Vr e H(div, Q; R3?), (6.3)
Q Q
/divavdm:/fvdz Vv € L3(Q), (6.4)
Q Q

i.e., the weak formulation of the steady state heat conduction problem
(with unit resistivity) discussed in Section 1. This is the standard mixed
formulation for the Dirichlet problem for the Poisson equation: (6.3) is
equivalent to the differential equation ¢ = —gradw and the boundary
condition u = 0, while (6.4) is equivalent to divo = f.

For k = 2, the unknowns ¢ € H(curl,;R®) and u € H(div,;R?)
satisfy the differential equations

o = curlu, curle —graddivu = f,
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and the boundary conditions u x v = 0, divu = 0 on 952, so this is a mixed
formulation for the vectorial Poisson equation

(curl curl — grad div)u = f (6.5)

with the auxiliary variable ¢ = curlw. For k =1, (6.1), (6.2) is a different
mixed formulation of the vectorial Poisson equation (6.5). Now o € H((Q)
and u € H(curl, Q; R3?) satisfy

o=—divy, (grado + curlcurl)u = f,

with boundary conditions u - v = 0, (curlu) x v = 0.

Finally, we interpret the case k = 0. Here, in view of the L? de Rham
sequence, we interpret HA71(2) as R with the operator HA7}(Q) —
HA®() just the inclusion of R in H'(Q2). Thus, the unknowns are o € R
and v € H'(Q), (6.1) just gives the equation o = [, udz/meas(Q), while
(6.2) is

/gradu-gradvdz—}-a/de:/fvdx Yo € HY(Q).
Q Q Q

Thus we just have the usual weak formulation of the Neumann problem for
the Poisson equation (if fn fdz =0, then ¢ =0).

Returning now to the case of general n, suppose we are given a trian-
gulation, and let

RHAE&’ML'“LAZ*O (6.6)

denote any of the 2"~ piecewise polynomial de Rham complexes discussed
in Section 5, e.g., (5.3) or (5.4). Here we use dj, to denote the restriction
of the exterior differential d, and we shall denote by dj its adjoint. We
further suppose we have a commuting diagram of the form

R —A%(Q) & ANQ) -5 oo -4 ARQ) — 0

ngl n,gl n;;l (6.7)

d d d
R A) 2 Al 0 &5 A 0.

We shall demonstrate stability of the finite element method: find ¢ €
AF~! w € AF such that

/Q(O’,T) dIZ/Q(dT,U> dr V¥re AF (6.8)

/Q<d0,v) d$+/ﬂ<du,dv> dxz/g(f,v) dr Wv € Af. (6.9)
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Let B : {HAk‘l(Q) X HA’“(Q)] X [HAk_l(Q) X HA’“(Q)] — R denote the
bounded bilinear form

B(o,u;T,v) = /Q((U,T> — {d7,u) + (do,v) + {du, dv)) dz.

Stability of the method (6.8), (6.9) is equivalent to the inf-sup condition for
B restricted to the finite element spaces [4]. That is, we must establish the
existence of constants v > 0, C' < oo such that for any (o,u) € AF™! x A%
there exists (7,v) € AF~! x AF with

B(U’U;Tv U) Z ’7(”0“%{/\’9—1 + ”u”%Ak)v (6'10)
7l zax-1 + ol ax < C(llollgar-1 + [lullgax)- (6.11)

We shall do so by proving the existence of a discrete Hodge decom-
position (Lemma 6.1) and some estimates associated with it (Lemma 6.2).
Such discrete Hodge decompositions have been used to establish the sta-
bility of mixed methods in specific cases going back at least as far as [15].
See also [6] for a more recent exposition.

LEMMA 6.1. Given u € A¥, there exist unique forms p € di(AF) C
AFY and ¢ € dp(AF) C AFTT with

u=dpp+drp, drp=0, dpp=0, (6.12)
lull® = lldnpll* + |digll”. (6.13)

Proof. This is a special case of a more general result. Let

0-X -,y 2, 7.0

be a short exact sequence where X, Y, and Z are finite-dimensional Hilbert
spaces and f and g linear maps. Then Y decomposes into orthogonal
summands A := R(f) = N(g) and B := N(f*) = R(g*). Thusanyy €Y
may be decomposed as y = fz + ¢g*z for some unique x € X, z € Z, and
we have ||yl|2 = ||fzl% + ||g*zl|3. We apply these results with Y = A,
Z =dp(AF) C AFT and X =dj(AF) C AL a
LEMMA 6.2. Suppose that for any u € Ak of the form (6.12),

ldioll < Klldnull, ol < K'lldnpl,

where K and K' are constants independent of p, ¢, and h. Then the
stability conditions (6.10) and (6.11) are satisfied.

Proof. Let T =0 —tp € Ay ™' and v = u+dpo € AX with t = 1/(K")2.
Using (6.13), the hypotheses of the lemma, and a simple computation,
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we get

B(o,ui7,0) = ol + [dao + [dal® + el =t [ (0.} d
Q

1 2
> 5||0||2 + ldnol|® + l|dnull? + tl|dnpl|® — gllpll2

1
> Slloll” + lldroll® + lldnul® + dnpll* (¢ - £*(K")?/2)

1 1 1 1
> 2 2 2 Zd 2 2 d* 2
> ol + ldao |+ ldnal? + gzl + s i
Lo 2 2, 1 2 1 2
2 S llol® + lldnoll” + 5 lldnu] +5(7{T)QIIUI| ;
where K" = max(K’, K). Hence, we obtain (6.10) with v > 0 depending
only on K and K'. The upper bound (6.11) follows from the fact that

]l < K'lldnpll < K'[lul. q

The hypotheses of the lemma are easily seen to be valid if we allow
the constants K and K’ to depend on h, with K the norm of the inverse
of d, restricted to the orthogonal complement of its kernel in Aﬁ and K’
is the norm of the inverse of dj restricted to the orthogonal complement
of its kernel in Aﬁ_l. To show that the constants K and K’ can be taken
independent of h, we need to make use of approximation properties of the
interpolation operators IIf and elliptic regularity of appropriately chosen
boundary value problems. We shall assume that for u € H'A*~1(Q) with
du € A¥,

lw — I ul| < Chlluls.

We note that the condition du € A} is needed in some cases for the inter-
polant Hﬁ_lu to be defined. We next consider boundary value problems
of the form: Given o € AF™!, find (0,u) € HA*1(Q) x dHA*1(Q)
determined by the equations

/ (0,7) dz = / (dr,u)de Vr e HAF(Q), (6.14)
Q 0
/(da,v> da::/(dhah,v> de Vv e dHA*1(Q). (6.15)
Q Q

This is a weak formulation of the equations
c=dw, do=dyo,, du=0,

together with the natural boundary condition that the trace of u as a k-form
on 0N vanishes. We shall assume that the solution satisfies the regularity
estimate:

lolh < Clidnonl-
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We apply this result first in the case when o, = p. Since djp = 0,
there exists up € dhAk ! such that p = djun, ie.,

/Q<p,7') dz = /Q(dT,uh)d:v vr € AR (6.16)

Since do = dno, € A¥, we have by the commutmg dlagram (6.7) that
dll¥~lo = ¥do = do = dyon = dpp. Choosing 7 = H 1o, we get

loll < ;"o < llofl + llo = I~ o)l < Cllofiy < lldnpll.

To establish the first inequality of the lemma, it is enough to show
that ||¢]| < C||d}¢|, since

ld5&lI* = (¢, dnd;8) = (¢, dnu) < [|¢|lldnu].

Because dn¢ = 0, we can write ¢ = dpw, w € A¥. We then apply our
regularity result in the case when o, = w and k is replaced by k + 1.
Hence, ||o||; < Clldrw| < C||¢|. Since do = dron € AFH!, we again use
the commuting diagram (6.7) to write

dlifo = If*do = do = dpoy, = dpw = ¢.
Now
9]l = (dIT}o, ¢) = (50, di¢) < |TI5a|ll|d7ell.
But
5o | < [lo|l + flo — Mol < Cllo]ly < Clléll.

Combining these results establishes the first inequality.
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DIFFERENTIAL COMPLEXES AND STABILITY OF FINITE
ELEMENT METHODS II: THE ELASTICITY COMPLEX

DOUGLAS N. ARNOLD*, RICHARD S. FALK!, AND RAGNAR WINTHER?}

Abstract. A close connection between the ordinary de Rham complex and a cor-
responding elasticity complex is utilized to derive new mixed finite element methods
for linear elasticity. For a formulation with weakly imposed symmetry, this approach
leads to methods which are simpler than those previously obtained. For example, we
construct stable discretizations which use only piecewise linear elements to approximate
the stress field and piecewise constant functions to approximate the displacement field.
We also discuss how the strongly symmetric methods proposed in [8] can be derived in
the present framework. The method of construction works in both two and three space
dimensions, but for simplicity the discussion here is limited to the two dimensional case.

Key words. Mixed finite element method, Hellinger—Reissner principle, elasticity.

AMS(MOS) subject classifications. Primary: 65N30, Secondary: 74505.

1. Introduction. In this paper we discuss finite element methods
for the equations of linear elasticity derived from the Hellinger—Reissner
variational principle. The equations can be written as a system of the form

Ao = eu, dive=f in Q. (1.1)

The unknowns o and u denote the stress and displacement fields engendered
by a body force f acting on a linearly elastic body that occupies a region
2 C R", where n = 2 or 3. Then o takes values in the space S = R [ of
symmetric matrices and u takes values in R™. The differential operator € is
the symmetric part of the gradient, the div operator is applied row-wise to
a matrix, and the compliance tensor A = A(z) : S — S is a bounded and
symmetric, uniformly positive definite operator reflecting the properties of
the body. We shall assume that the body is clamped on the boundary 80
of Q, so that the proper boundary condition for the system (1.1) is u =0
on 0.

Alternatively, the pair (o, u) can be characterized as the unique critical
point of the Hellinger—Reissner functional

J(T,v):/Q(%AT:T—i—diVTm—f-v)dx. (1.2)
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The critical point is sought among all 7 € H(div,;S), the space of square-
integrable symmetric matrix fields with square-integrable divergence, and
all v € L%(Q; R™), the space of square-integrable vector fields. Equivalently,
(o,u) € H(div,;S) x L2(Q;R™) is the unique solution to the following
weak formulation of the system (1.1)

/(AU:7'+diVT-u)da:=0, 7 € H(div,Q;S),
& (1.3)
/diva-vdcc:/fvd:v, v € L2(R™).
Q Q

A mixed finite element method determines an approximate stress field
or and an approximate displacement field uy, as the critical point of J over
Y x Vi, where &y, ¢ H(div,Q;S) and Vj, € L?(}; R™) are suitable piecewise
polynomial subspaces. To ensure that a unique critical point exists and
that it provides a good approximation of the true solution, the subspaces
¥ and V;, must satisfy the stability conditions from Brezzi’s theory of
mixed methods [11, 12]. However, the construction of such elements has
proved to be surprisingly hard, and most of the known results are limited
to two space dimensions. In this case, a family of stable finite elements was
presented in [8]. For the lowest order element, the space 3 is composed
of piecewise cubic functions, while the space Vj consists of piecewise linear
functions. Another approach that has proved successful in finding stable
elements is the use of composite elements, in which V}, consists of piecewise
polynomials with respect to one triangulation of the domain, while Xp
consists of piecewise polynomials with respect to a different, more refined,
triangulation [3, 15, 17, 23].

In the search for low order stable elements, several authors have re-
sorted to the use of Lagrangian functionals that are modifications of the
Hellinger-Reissner functional given above [1, 2, 4, 19, 20, 21, 22], in which
the symmetry of the stress tensor is enforced only weakly or abandoned
altogether. In order to discuss these methods, we extend the compliance
tensor A(z) to a symmetric and positive definite operator mapping M into
M, where M is the space of n x n matrices. In the isotropic case, the
mapping 0 — Ao has the form

1 A
Ao = ﬂ(o - mtr(a)l),
where A(z), u(x) are positive scalar coeflicients, the Lamé coefficients. A
modification of the variational principle discussed above is obtained if we
consider the extended Hellinger-Reissner functional

JE(T,v,q):J(T,v)—l—/QT:qda: (1.4)

over the space H(div,Q;M) x L2(;R™) x L2(;K), where K denotes the
space of skew symmetric matrices. We note that the symmetry condition
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for the space of matrix fields is now enforced through the introduction
of a Lagrange multiplier. A critical point (o,u,p) of the functional 7. is
characterized as the unique solution of the system

/(Aa:7+div7’-u+7:p)dcc:0, T € H(div,; M),
Q
/diva-vdr:/fvdx, v € L2(Q;R™), (1.5)
Q Q
/U:qdm:O, q € L*(O;K).
Q

In fact, it is clear that if (o, u,p) is a solution of this system, then ¢ is
symmetric, i.e., ¢ € H(div,Q;S), and the pair (o,u) € H(div,$;8) x
L?(£%; R™) solves the corresponding system (1.3). In this respect, the two
systems (1.3) and (1.5) are equivalent. However, the extended system (1.5)
leads to new possibilities for discretization. Assume that we choose finite
element spaces 5, x Vi, x Qp C H(div, ;M) x L2(Q;R™) x L?(Q;K) and
consider a discrete system corresponding to (1.5). If (o4, un, pr) € LaxVp X
Q4 is a discrete solution, then o, will not necessary inherit the symmetry
property of 0. Instead, o, will satisfy the weak symmetry condition

/ah:qu:O, for all ¢ € Qp,.
Q

Therefore, these solutions will in general not correspond to solutions of the
discrete system obtained from (1.3).

Discretizations based on the system (1.5) will be referred to as mixed
finite element methods with weakly imposed symmetry. For two space
dimensions, such discretizations were already introduced by Fraejis de
Veubeke in [15] and further developed in [2]. In particular, the so-called
PEERS element proposed in [2] used an augmented Cartesian product of
the Raviart-Thomas finite element space to approximate the stress o, piece-
wise constants to approximate the displacements, and continuous piecewise
linear functions to approximate the Lagrange multiplier p, as suggested in
the element diagram depicted in Fig. 1. In this paper we use homological

AVAVAN

F1c. 1. Approrimation of stress, displacement, and multiplier for PEERS.

techniques to construct a new family of stable mixed finite elements for
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elasticity with weakly imposed symmetry, the lowest order case of which is
depicted in Fig. 2. The stresses are approximated by the Cartesian prod-
uct of two copies of the Brezzi-Douglas-Marini finite element space, which
means that the shape functions are simply all linear matrix fields and that
there are four degrees of freedom per edge. The displacements are approx-
imated by piecewise constants, as for PEERS, but the multipliers are as
well, which means that, in contrast to PEERS, the multipliers can be elim-
inated by static condensation. We will also introduce a reduced version of
the element with the same displacement and multiplier spaces, but only
three degrees of freedom per edge for the stress. Let us also mention that
there exist other mixed elements for elasticity with weakly imposed sym-
metry, although perhaps none as simple as those presented here. Prior to
the PEERS paper, Amara and Thomas [1] developed methods with weakly
imposed symmetry using a dual hybrid approach. Other elements based
on the formulation in [2], including rectangular elements and elements in
three space dimensions, have been developed in [20], [21], [22] and [18].

vl

Fic. 2. Approrimation of stress, displacement, and multiplier for an element in-
troduced below.

Just as there is a close connection between mixed finite elements for
Poisson’s problem and discretization of the de Rham complex, there is
also a close connection between mixed finite elements for elasticity and
discretization of another differential complex, the elasticity complex. The
importance of this complex was already recognized in [8], where mixed
methods for elasticity in two space dimensions were discussed. However,
the new ingredient here is that we utilize a close connection between the
elasticity complex and the ordinary de Rham complex. This connection is
described in Eastwood [13] and is based on a general construction given
in [10], the Bernstein—Gelfand—Gelfand resolution. By mimicking this con-
struction in the discrete case, we will be able to derive new mixed finite
elements for elasticity in a systematic manner from known discretizations
of the de Rham complex. The discussion here will be limited to two space
dimensions. However, in a forthcoming paper [7], we will carry out the
analogous construction and so obtain mixed finite element methods in three
space dimensions.

An outline of the paper is as follows. In Section 2, we describe the
notation to be used and recall some standard results about the stability
of mixed finite element methods. In Section 3, we give two complexes
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related to the two mixed formulations of elasticity given by (1.3) and (1.5).
In Section 4, we use the framework of differential forms to show how the
elasticity complex can be derived from the de Rham complex (basically
following the work of Eastwood [13]). In Section 5, we derive discrete
analogues of these elasticity complexes beginning from discrete analogues
of the de Rham complex, identify the required properties of the discrete
spaces necessary for this construction, and explain how a discrete elasticity
complex leads to stable finite element methods. In Section 6, we provide
examples of finite element spaces that satisfy these conditions. The PEERS
element is also discussed in this context. Finally, in Section 7, we show how
an element with strongly imposed symmetry, previously obtained in [8],
can be derived from discrete de Rham complexes using the methodology
introduced in this paper.

2. Notation and preliminaries. We begin with some basic nota-
tion and hypotheses. We denote by M the space of all 2 x 2 real ma-
trices and by S and K the subspaces of symmetric and skew symmetric
matrices, respectively. The operators sym : M — S and skw : M — K
denote the symmetric and skew symmetric parts, respectively. We assume
that Q is a simply connected domain in R? with boundary I'. We shall
use the standard function spaces, like the Lebesgue space L?(€2) and the
Sobolev space H*(£2). For vector-valued functions, we include the range
space in the notation following a semicolon, so L?(2; V) denotes the space
of square integrable functions mapping ) into a normed vector space V.
The space H(div, Q; R?) denotes the subspace of (vector-valued) functions
in L?(£2;R?) whose divergence belongs to L2(Q). Similarly, H(div, ;M)
denotes the subspace of (matrix-valued) functions in L%(Q; M) whose di-
vergence (by rows) belongs to L%(Q2; R?).

Assuming that V is an inner product space, then L?(; V) has a nat-
ural norm and inner product, which will be denoted by || - || and (-, -),
respectively. For a Sobolev space H*(£2; V), we denote the norm by || - ||s
and for H(div, Q; V), the norm is denoted by ||v||aiy := ([lv||?+]| div v|?)}/2.
The space Px(f2) denotes the space of polynomial functions on ) of total
degree < k. Usually we abbreviate this to just P.

We recall that the mixed finite element approximation derived from
(1.5) takes the form:

Find (Uh,uh,ph) € Lp x Vi x Qp such that

(Aop, )+ (divT,up) + (7,0n) =0, T € Ly,
(divog,v) = (f,v) v €&V, (2.1)
(Uth) = 07 q S Qh7

where ¥, € H(div,Q;M), Vi, ¢ L2(Q;R?), and @, € L?(€;K) are finite
element spaces with h a mesh size parameter. Following the general theory
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of mixed methods, cf. [11, 12], the stability of the saddle-point system (2.1)
is ensured by the following conditions:
(A1) ||7)|3,, < c1(AT,7) whenever T € Ty, satisfies (divr,v) =0 Yo € V3,
and (7,q) = 0 Vg € Qp,
(A2) for all nonzero (v,q) € Vi, X Q4, there exists nonzero 7 € £p, with
(divr,v) + (1,0) 2 eallawe (o] + lal),
where ¢ and cg are positive constants independent of h.

If we instead derive the mixed finite element method from the weak
formulation (1.3), we need to construct finite element subspaces X; C
H(div,$2;S), i.e., with the symmetry condition strongly imposed, and V}, C
L%(Q; R?%). The discrete system then determines (o, us) € Zp x Vj, by the
equations

(Aop, 7Y+ (divr,up) =0, 7€%;,
(2.2)
(divep,v) = (f,v) vE€ V.

In this case, the stability condition is that ¥; and V}, must satisfy (A1) and
(A2) with Qp = 0. As we shall see below, it is much harder to construct
stable elements for elasticity with strongly imposed symmetry than it is
with weakly imposed symmetry.

In the preceding paper [6], we have seen the close connection between
the construction of stable mixed finite element methods for the approxima-
tion of the Poisson problem

Ap=f in &, p=0 on 09, (2.3)

and discrete versions of the de Rham complex. In this paper, we pursue
an analogous approach for the elasticity problem.

3. The elasticity complex. We now proceed to a description of two
elasticity complexes, corresponding to strongly and weakly imposed sym-
metry of the stress tensor. For the case of strongly imposed symmetry,
corresponding to the mixed elasticity system (1.3), we require a characteri-
zation of the divergence-free symmetric matrix fields. In order to give such
a characterization, define J : C=(Q2) — C*°(€);S) by

; 8%q) 02 —082%q/0x,0z4

q= .
—8%q/0z,0x9 02%q/0x32

It is easy to check that divoJ = 0. In other words,

div
—_—

P o C* L oxs) C=(R?) — 0, (3.1)

is a complex. Here, and frequently in the sequel, the dependence of the
domain 2 is suppressed, i.e., C*°(8S) is short for C*(2;S). When Q is
simply connected, then (3.1) is an exact sequence, a fact which will follow
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from the discussion below. The complex (3.1) will be referred to as the
elasticity complex. If we followed the program that has been outlined
in [6] for mixed methods for scalar second order elliptic equations, the
construction of stable mixed finite elements for elasticity would be based
on extending the sequence (3.1) to a complete commuting diagram of the
form

P o ¢ L oes) LY oxR?) S 0

[ [
P = Wy =N 2h A, Ve —0

where W), ¢ H%(Q), ) C H(div,Q;S) and V;, C L?(£);R?) are suitable
finite element spaces and I12, H‘é, and IIY are corresponding interpolation
operators. This is exactly the construction performed in [8]. In particular,
since the finite element space W), is required to be a subspace of H%(Q),
we can conclude that the piecewise polynomial space W), must contain
quintic polynomials, and therefore the lowest order space ¥; will at least
involve piecewise cubics. In fact, for the lowest order elements discussed in
[8], Wi is the classical Argyris space, while X, consists of piecewise cubic
symmetric matrix fields with a linear divergence. In Section 7 we shall
show how the element proposed in [8] arises naturally from the general
construction outlined below.

If instead we consider methods with weakly imposed symmetry, i.e.,
finite element methods based on the mixed formulation (1.5), we are led to
study the complex

(skw,div)
—_—

P ¢ L oo C=(KxR?) — 0. (32

Observe that there is a close connection between (3.1) and (3.2). In
fact, (3.1) can be derived from (3.2) by performing a projection step. To
see this, consider the diagram

P 0% L ooy S, ceog  R2) 0

| [ & (3.3)

P o o L ocoos) Y C®([R?) — 0,
where m(g,u) = u—divg. The vertical maps are projections onto subspaces
and the diagram commutes. It follows by a simple diagram chase that if
the first row is exact, so is the second.
As we shall see below, the complexes (3.1) and (3.2) are closely con-
nected to the standard de Rham complex. In two space dimensions, the
de Rham complex is equivalent to the complex

R — Cx B2, goo(R2) % oo, (3.4)
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which is exact when 2 is simply connected. Here rot v, where v is a vector
field, is defined as the scalar field rotv = 0vy /8xe — Ouy/0z1.

An alternative identification of the de Rham complex in two space
dimensions, that we shall use below, is the sequence

R — ¢° 2, cwo(R?) 4Y, oo, g (3.5)

where curl ¢ is the vector field defined by curl¢ = (—8¢/0xa, 8¢/0x1)T.
The two complexes (3.4) and (3.5) are equivalent. To see this just note
that curl¢ = (grad ¢)* and rotv = div(v'l), where v denotes the vector
perpendicular to v given by v = (—wva, v)T.

4. From the de Rham complex to linear elasticity. In this sec-
tion we demonstrate the connection between the de Rham complex (3.4)
and the elasticity complexes (3.1) and (3.2). Later, we will give an analo-
gous construction to derive discrete elasticity complexes from correspond-
ing discrete de Rham complexes.

We follow the notations of [6] for differential forms. Thus for Q a do-
main in R, A¥ = A¥(Q) = C(Q; Alt*(R™)) denotes the space of smooth
differential k-forms on Q. Any w € A¥ can be represented as

Wy = Z fiyoin (ar;)da:i1 A Ade = ;f;(x)dxl (4.1)

11 <ig<... <tk

with coefficients fy € C*°(Q). In particular, O—forms can be identified with
scalar functions, 1-forms with vector fields under the identification f;dz® «
fie;, and n—forms can be identified with the scalar function fi3. ,. The
spaces L2A*(Q), H'A*(Q), ..., consist of those w which can be represented
as in (4.1) with the f; € L2(Q), H*(Q), ....

The exterior derivative d : A¥ — A*+1 satisfies

dw = ZI %dﬂ Adal,
I

and the de Rham complex is simply

R — A 4 At 4 4 an . (4.2)

When n = 2, (4.2) becomes (3.4) under the identifications mentioned above.
If we instead identify the 1-form w = fidz! + fodx? with the vector field
(=f2, f1)T, we obtain (3.5).

A differential k-form w on €2, admits a natural trace, Trw, which is a
differential k-form on I' = 0Q2. Namely, given k vectors vy, - , v tangent
to I' at a point x, we have

(’I&'w)x(vl"' : )Uk‘) :wz(vla"' ’Uk‘)-
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Denoting by dr : A¥(T') — A*T1(T') the exterior derivative operator associ-
ated with I", we have a commuting diagram relating the de Rham complexes
onand I

R < A%Q) 4 Al@Q) 3 o & Ay Q) S AMQ) — 0

b I @

R — AT) & N (0 IE)

The extension to vector-valued differential forms will be important in
the sequel. If V is a vector space, then A*¥(V) = A*(Q; V) refers to the k—
forms with values in V, i.e., all elements of the form (4.1), but where fr €
C®(Q; V), ie., AR(V) = C=(Q; Alt*(V)), where Alt*(V) are alternating
k-linear forms R™ x --- x R* — V.

The exactness of the V-valued de Rham complex

Voo AV) S AW S ANy - o, (4.4)

for £ contractible is an obvious consequence of the exactness of (4.2).

We now specialize to the case n = 2 and © C R2?, and derive the
elasticity complex from the de Rham complex with values in the three-

dimensional vector space V = R x R?. Define a map K from A*(R?) to
A*(R) by

Zf](il))dﬁl?l — Z[f](fc) . xJ']de,
I I

If (w, ) € AF(R) x A¥(R?) = A¥(V), then the map ®(w, ) == (w+ Kp, p)
is an automorphism of A*¥(V), with inverse ®1(w, ) = (w—Kpu, ). Define
the operator A : A¥(V) — A**1(V) by A = ®d®~!. Then the complex

(V) — AV) B ANV) B A2(Y) > 0 (4.5)
is exact when € is simply connected, since (4.4) is. The operator .4 has
the simple form A(w, u) = (dw — S, du), where S = dK — Kd : A*(R?) —
A*+1(R). Since dod =0,

dS =d*K —dKd = —(dK — Kd)d = —Sd. (4.6)

Furthermore, S is purely algebraic. In fact, an easy calculation shows that
if w is represented as in (4.1) then

Sw = Z(fI -egdz! Adxt — fr - erda® Ada?).
T
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More specifically the action of S = S : AF(R?) — A*1(R), k =0, 1,
is given by

()22 ot - e,

f2
<f12) dz' — <f11> dz? 25 (fig — for)dx! A dz?.
fa2 fa1

It is important to note that Sy is invertible (with Sy '(fida! + fadz?) =
(—=f2, f1)T). The map S is surjective but not invertible. If we identify
AL(R?) with C(Q, M) by

f12 fll 2
( fm) dot — ( f21> da® o (fy), (47)

then the kernel of S| corresponds to the symmetric matrices.
Note that

(V) ={(w+p zt,u)|weRpeR?}={(p,5 'dp)|pe P} 2Py,

so {4.5) may be viewed as a resolution of P;.
We now consider a projection of (4.5) onto a subcomplex. Let

0= {(w,p) € A%V):dw=Sop}, T'={(w,pu)ecA(V):w=0}
and define projections 7° : A°(V) — I'%, 71 : AYV) —» T'! by
7w, ) = (w0, 55w, 7w, 11) = (0, 4 + Sy ).

Then the diagram

(V) = AOV) D AYV) D A2V) — 0

[ a5

V) > I A T A AY) -0,
commutes, and so when the first row is exact, the second is as well. Making
the obvious correspondences (w, Sy 'dw) < w and (0,p) < u, we may
identify T'° and I'! with A°(R) and A'(R?), respectively. Thus the bottom
row of (4.8) is equivalent to

doSy tod (—S1,d)
_ —

P1 — A°(R) AY(R?) A2(V) — 0. (49)

But this is just another way to write (3.2). In fact, A°(R) = C* and we
may identify A'(R?) with C*°(M) as in (4.7). Also, we may identify A%(V)
with C*°(K x R?) by

(f’ G‘;)) de’ A da o - ((—?/2 f62> : (}2)) : (4.10)
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It is easy to check that, modulo these identifications, (4.9) coincides with
(3.2).

Let us summarize the above construction. We began with the V-
valued de Rham complex (4.4) and introduced the automorphisms A to
get (4.5). We then projected onto a subcomplex in (4.8) and made some
simple identifications to obtain the elasticity complex with weakly imposed
symmetry, (3.2). (Of course, we can make the further projection in (3.3)
to obtain the elasticity complex with strongly imposed symmetry.)

5. The construction of a discrete elasticity complex. In this
section we mimic the above construction on a discrete level to derive dis-
cretizations of the elasticity complex from discretizations of the de Rham
complex, and use these to derive stable mixed finite elements for elasticity
with weakly imposed symmetry.

As explained in [6], there exist a number of discrete de Rham com-
plexes, i.e., complexes of the form

RMA%iA}LiA%HO. (5.1)

Here the spaces A are spaces of piecewise polynomial differential forms
and there exist projections ITj, = IIf : A¥ — AF such that the diagram

R < A 4 Al 4 A2 L0

I, I, I, (5.2)
!

R — A2 4 AL 4 A2 0

commutes.

Our discrete construction begins by taking two discretizations of the
de Rham complex, one scalar-valued and one vector-valued. The Cartesian
product of these then gives a discretization of the V-valued complex (4.4)
which we write

Voo AV S AL Y) & AZ(VY) - 0. (5.3)

Next we define a discrete analog of the operator K, K, : A¥(R?) — A¥(R)
by Kp = I, K, where II;, is the projection onto Aﬁ(R) and set S, =
dKy, — Knd : A¥(R?) — AFTI(R). Observe that the discrete version of
(4.6),

dS;, = —Syd (5.4)

follows exactly as in the continuous case, and in light of the commutativity
(5.2), we find that S, is simply given by

Sy = dII, K — I, Kd = T, (dK — Kd) = II,,S.
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In analogy with the continuous case, we define automorphisms @ on A¥ (V)
by @ (w, p) = (w + Kpu, p) and obtain the exact sequence

B,(V) = AO(V) 25 AL(V) 25 AZ(V) > 0, (5.5)

where A, = ©,d®; ! : AF(V) — AFTY(V), so Aw(w, p) = (dw — Shp, dp).

We now make some requirements on the choice of spaces used in the
discrete de Rham complexes. A minor requirement is that the global linear
polynomials are contained in the space AY(R) and the constant forms dz?
and dz? are contained in A} (R). The key requirement is that the operator
Sp = Son : A2(R?) — AL(R) is onto, and so admits a right inverse S} :
A} (R) — A?(R?). We can then define the subspaces ['f of AF(V), k = 0,1,
by

D9 = {(w4) € AYV) : do= Sha}, Th = { (w,0) € AL(V) s =0},
and define projections 0 : AQ(V) - T'9, #} : AL(V) — T} by
mp(w, ) = (w, p — S}TLS;,,u + S;Edw), w(w, 1) = (0, u + dS;:w).

It is easy to check that these are indeed projections onto the relevant sub-
spaces and that the following diagram commutes:

(V) — AO(V) 25 AL(V) 25 A2(V) - 0

lwg J'w,ll lid (5.6)

(V) & T Aol A A2y) 50,

Here we have used the fact that AY(R) contains the linears to see the
®,(V) = ®(V) and the fact that A} (R) contains the constants to see that
(V) CTY.

The diagram (5.6) is the desired discrete analogue of (4.8), and the
bottom row is a discrete analogue of the elasticity complex with weakly
imposed symmetry. Under the identification (4.7), '} = A}(R?) corre-
sponds to a finite element space ¥ C H(div,); M), while under the iden-
tification (4.10), A2(V) corresponds to a finite element space Qn x V}, C
L2(Q;K) x L?(Q2;R?), and the mapping

T} 25 AZ(V)
corresponds to

(—HS skw,div)
_

Eh Qh X Vha

which is the key operator for the stability of a mixed method with weakly
imposed symmetry (2.1). The fact that divX, C Vj, built into our con-
struction, ensures the stability condition (A1), since then we need only
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show that ||7]|2 < ¢1(A7,7). It is straightforward to check this condition
for fixed A and p This condition is also true with ¢; independent of A for 7
satisfying divr = 0 and fQ tr(7) = 0. Note this latter condition is implied
by the first equation in the mixed method (choosing 7 = I), and a simple
reformulation of the problem and slight modification of the analysis allows
this extra constraint to be easily handled (cf. [3]). The surjectivity of the
operator Ap, implies the inequality in (A2), but only for a constant c; de-
pending on the mesh size h. Just as in the last section of [6], to obtain a
constant independent of h requires a more technical argument, using the
properties of the continuous de Rham sequence, the commuting diagram,
the approximation properties of an appropriately chosen interpolation op-
erator, and elliptic regularity results. This can be done for all the spaces
we consider in the next section. A detailed proof for the three-dimensional
case will be provided in a forthcoming paper [7].

Before closing this section, we establish a sufficient condition for the
key requirement that Sp = Sp 1 be surjective which we shall use in the next
section. First note that the surjectivity of S5 follows from the commuta-
tivity of the diagram

A, R?) S AYQ,R)
) )
ARY) o AL(R).
Indeed, since II} is surjective and S is surjective (even invertible), this
certainly implies that Sj is surjective. Recalling that S), = II}.S, the com-
mutativity condition S,I19 = II} S may be rewritten
LS —-T19) = 0 on A°(Q,R?). (5.7)

Now (I — IIY)A%(Q,R?) is exactly the null space of II9. Thus we may
summarize the condition as follows:

Whenever the projection of w € A%(Q,R?) into A)(R?) vanishes,
then the projection of Sw = wadx! — widz? into A} (R) vanishes.

We close with a summary of the main conclusion of this section. In
order to construct stable mixed finite elements for the formulation (2.1),
we begin with a discrete de Rham complex

R — AR) 4 ALR) S A2(R) — O,
and a discrete vector-valued de Rham complex
R? — A(R?) S ALR?) & A2(R?) — 0.
If these choices satisfy the boxed condition, then the finite element spaces

3, corresponding to A}(R?), Vj, corresponding to A% (R?), and @, corre-
sponding to AZ(R) can be expected to furnish a stable choice of spaces.
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6. Examples of stable finite elements. In this section, we apply
the construction just presented to derive stable finite element methods for
the approximation of the Hellinger-Reissner formulation of linear elasticity
with weakly imposed symmetry. The simplest example of such a method
will require only piecewise linear functions to approximate stresses and
piecewise constants to approximation displacements and multiplier.

Let 7 denote a triangular mesh of (0, one of a shape regular family of
meshes with mesh size decreasing to zero. We need to select a scalar-valued
and a vector-valued discrete de Rham complex, both of which will be based
on piecewise polynomials with respect to 7, for which we can verify the
boxed condition of the previous section. Starting with the simplest case,
we use the Whitney forms for the scalar-valued complex, i.e.,

R — PiAYT;R) 5 PFAYT;R) 5 PoA%(T;R) — 0,

which is the complex (5.3) of [6] in the case n = 2 and r = 0. For the
vector-valued de Rham complex, we use instead the sequence (5.4) of [6] in
the case n =2 and r =0, i.e,,

R2 < PLAY(T;R2) % PiALNT;R2) % PoA(T;R2) — 0.

These choices lead to the element choice 5 = P A}(T;R?) for the stress,
Vi = PoA%(T;R?) for the displacement, and Qp = PoA}(T;R) for the
multiplier, depicted in Fig. 2 above.

The boxed condition requires that whenever w is a smooth vector field
on § whose projection into the Lagrange space PoA°(7; R?) of continuous
piecewise quadratic vector fields vanishes, then the projection of wadz! —
widz? into the Raviart-Thomas space Py A1 (T; R) vanishes. The vanishing
of the projection into the vector-valued quadratic Lagrange space implies
that

/wide:O, i=1,2, eeAy(T), (6.1)

since the edge integrals are among the degrees of freedom (A;(7) denotes
the set of edges of the mesh). We then require that

/Tre(wgdxl —wdz?) =0, e€ A(T),

since the quantities [, Tr.(7) determine the projection of a 1-form 7 into
PFAYT;R). Now, for any 1-form 7 = 1ydz! + Todz?,

/e Tr,(r) = / (mt! 4 7ot2) de,

where (t*,t%) is the unit tangent to e. Thus we need to show that

/(w2t1 ~wit?)de =0, e€ A(T),
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whenever (6.1) holds, which is obvious.
A similar argument can be used to verify the boxed condition for the
choice of discrete de Rham sequences

R < P11 A°(T:R) % PFAYT;R) % P.A2(T;R) -0,
and
R? © P,y 2 A%(T;R2) % Py ANT:R?) S PLA2(T;R?) — 0,

for any » > 0. Thus we obtain a family of stable finite element methods
with £, & P AN (T;R?), Vi =2 P.A%(T;R?), and Q, = P.A*(T;R).

We also remark that it is possible to reduce the space X, without
changing V}, or Q) and still maintain stability. Returning to the case
r = 0, we see that we did not use the vanishing of the edge integrals of
both components w;, but only of the combination wot! — w;t? (the normal
component). Hence, instead of the vector-valued quadratic Lagrange space
PaA%(T; R?) we can use the reduced space obtained from it by imposing the
constraint that the tangential component on each edge vary only linearly
on that edge. This space of vector fields, which we denote Py A°(7;R?), is
well-known as a possible discretization of the velocity field for Stokes flow
[9, 14]; see also [16, p. 134 ff., 153 ff.]. An element in it is determined by
its vertex values and the integral of its normal component on each edge.
In order to complete the construction, we must provide a vector-valued
discrete de Rham complex in which the space of O-forms is Py A°(T;R?).
This will be the complex

R? < Py AYT;R?) 5 PrANT;R?) 5 PoAX(T;R?) 0,

where it remains to define Py A}(7;R?). This will be the set of 7 €
P1AY(T;R?) for which Tr.(7) - ¢ is constant on any edge e with unit tan-
gent ¢ and unit normal n. (In more detail: for 7 € P;AY(T;R?), Tr.(7)
is a vector-valued 1-form on e of the form gds with p : e — R? linear
and ds the volume form—i.e., length form—on e. If -t is constant, then
7 € P; AY(T;R?).) The natural degrees of freedom for this space are the
integral and first moment of Tr.(7) - n and the integral of Tr.(7) - t. It is
straightforward to verify the commutativity of the diagram

R? — AR L AN QRY) L A2QR) - 0

lﬂh lnh lnh
R? < PyA°(T;R?) % PrANT;RY) 5 PoAX(T;R?) — 0
and so the construction may precede. If we use (4.7) to identify vector-

valued 1-forms and matrix fields, then the condition for a piecewise linear
matrix field F to correspond to an element of P; A(7;R?) is that on
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each edge e with tangent ¢ and normal n, F'n - t must be constant on e.
This defines the reduced space ¥, with three degrees of freedom per edge.
Together with piecewise constant for displacements and multipliers, this
furnishes a stable choice of elements.

We end this section by outlining how the original PEERS element,
described in Section 1, cf. Fig. 1, can be derived from a slightly mod-
ified version of the theory outlined in Section 5. For this element, the
scalar sequence is chosen to be a discrete de Rham sequence with reduced
smoothness. The subscript in the spaces defined below indicates this re-
duced smoothness. Consider the sequence

R < PiA (T5R) % PoAL(T;R) 5 PiAY(T;R)* — 0. (6.2)

Here P1AY (T;R) is the space of piecewise linear O-forms with con-
tinuity requirement only with respect to the zero order moment on each
edge, i.e., P1A% (T;R) is the standard nonconforming P; space. Similarly,
PoAL (T;R) consists of piecewise constant 1-forms, while the space of 2-
forms P1A%(T;R)* is the dual of P;A%(T;R) with respect to the pairing
Jqw A p. The operator d = dg : P1A% (T;R) — PoAL(T;R) is defined lo-
cally on each triangle, and d = d; : PoAL(T;R) — P1A°(T;R)* is defined
by fodwAp=— [ wAdyfor we PoAL (T;R) and p € P1A°(T;R). The
orthogonal decomposition implied by the exact sequence (6.2) has been
used previously (e.g., see [5]).

The corresponding vector-valued sequence needed for the PEERS ele-
ment is dictated by the element itself. We consider the sequence

R? < PLAY(T;R?) + B % PFAYT;R2) +dB 5 PoA2(T;R?) - 0,

which is exact. Here B denotes the space of vector-valued cubic bub-
bles, i.e., piecewise cubic vector fields which vanish on the element edges.
Note the spaces Pi A}(T;R?) +dB, PoA2(T;R?), and P;A°(T;R)* can be
identified with the finite element spaces used in PEERS. If we choose the
interpolation operator IT, onto PoAL (T;R) to be the L? projection, then
clearly

Son =Sy : PIA(T; R?) + B — PoAL(T;R)

is onto. Hence, the theory from Section 5 can be applied.

7. An element with strongly imposed symmetry. In this sec-
tion, we shall discuss finite elements with strongly imposed symmetry, i.e.,
we consider the system (2.2). A family of stable elements was derived in [8],
where, in the lowest degree case, the stress space ¥ C H(div,;S) consists
of piecewise cubics with linear divergence, while the space V3, C L%(Q;R?)
consists of discontinuous linears. The purpose here is to show how this el-
ement can be derived from discrete de Rham complexes using the method-
ology introduced above.
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As in the previous section, we start with one scalar-valued and one
vector-valued discrete de Rham complex, which we denote here

R — PsA(T;R) % PANTR) 4 PsAXT;R) — 0 (7.1)
and
R o PAYT;R2) L PANT;R?) & PoA2(T;R?) — 0. (7.2)
On a single triangle, the scalar-valuded complex will be simply

R — PsAYAT) 4 PAYT) S P3A2(T) — 0,

but the degrees of freedom we use will impose extra smoothness on the
assembled spaces. This extra smoothness appears to be necessary for the
final construction.

For the quintic 0—form space, 'P5A§(T; R), we determine a form on a
triangle T by the following 21 values:

é(z), grad@(x), grad® é(z), = € Ao(T), / % cenn). (13)

The resulting space, P5A§(’T; R), is then the well-known Argyris space, a
subspace of C1(Q).

An element w € P4AY(T) of the form w = —gadr'+g1dz? is determined
by the 30 degrees of freedom given as

5(@), gradgi(a), o€ do@), [ [pdive, pePie) e AD)

and these determine the assembled space 734A§ (T;R). Here divyg is the
divergence of the vector field g = (g1,92). It is straightforward to check
that these conditions determine an element of P4A!(T') uniquely. For if all
of them are zero, then the cubic polynomial div g is zero on the boundary,
and by the divergence theorem, the mean value of divg over T is zero.
Hence, div g, or dw, is zero, and therefore w = d¢, where ¢ € Ps(T), and
where we can assume that ¢ is zero at one of the vertices. However, it
now follows that all the degrees of freedom for ¢ given by (7.3) vanish,
and hence w = d¢ is zero. If w € P4AY(T;R), then w is continuous, and,
moreover, dw = div g is also continuous.

We complete the description of the desired scalar discrete de Rham
complex, by letting 'PgAf(T; R) denote the space of continuous piecewise
cubic 2-forms, with standard Lagrange degrees of freedom, i.e., if w =
gdxi A dxg, we specify

g(z), =€ Ao(T), /gp, p € Pi(e), e € A(T), and / g.
e T
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It is easy to check that d[PsAJ(T;R)] C PsAy(T;R) and d[P4AL(T;R)]
= P3Af(T;R). Further, the complex (7.1) is exact. To check this, it is
enough to show that

dim P5A(T; R) + dim PsAZ(T; R) = dim P4A} (T3 R) + 1,

and this is a direct consequence of Euler’s formula.

We now turn to the description of the spaces entering the vector-valued
de Rham complex (7.2). The space ’P4AE(T; R?) consists of continuous
piecewise quartic vector valued O—forms w = (fi, f2)T. The degrees of
freedom are taken to be

fi(z), grad fi(z), =€ A(T), /fi, /pdivf, p € Pi(e), e € A (T).

Note that the space P4A(T;R?) is not simply the Cartesian product of
two copies of a space of scalar-valued of 0—forms. However, the spaces
are constructed exactly such that the operator Sy (defined in Section 4)
maps P4A}(7;R) isomorphically onto P4Ap(7;R?). Thus So is simply
the restriction of Sp in this case. It is invertible, and, certainly the key
requirement of Section 5, that it is surjective, is satisfied.

The space P3Al(7T;R?) corresponds to a non-symmetric extension of
the stress space used in [8]. On each triangle, the elements consist of cubic

1-forms
_ (fi2 B fu 2
w= <f22) da! <f21> dx (7.4)

such that div F' is linear, where F' = (fi;). This space has dimension
40 — 6 = 34. In fact, 34 unisolvent degrees of freedom are given by F(x)
for z € Ag(T), [, F and basis elements for the spaces of moments

/(Fn) -p, pE Pi(eR?), /pskw(F), p € Pi(e;K), e e A(T).
If all these degrees of these degrees of freedom vanish, then skw(F) = 0
on the triangle T, and the corresponding unisolvence argument given in [§]
implies w =0on T.

Finally, the space P1A2(7;R?) = P1A%(T; R?) is the standard space of
discontinuous linear vector-valued 2-forms, with degrees of freedom [ wAu
for 4 in a basis for P;A%(T,R?). By definition, we have the inclusion
d[PsA}(T;R?)] C P1AZ(T;R?), and from [8] we know that the symmetric
subspace of P3Al(7T;R?) is mapped onto P1AZ(T;R?) by d. Therefore,
d[PsAl(T;R?)] = P1AZ(T;R?). Furthermore, clearly d[PsAP(7T;R?)] C
P3AL(T;R?). Hence, as above we can use a dimension count to show that
the complex (7.2) is exact.

Since we have already noted that Spp is surjective, it follows from
the general theory of Section 5, that the bottom row of diagram (5.6)
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is exact. Furthermore, since Sy is invertible, we can identify the space
I'Y with A2(R). Now, if w given by (7.4) belongs to PsAl(7;R?), then
Siw = (f12 — far)dz* A dz? belongs to ’P3A§(T; R). Hence S1 4 is just the
restriction to P3AL(7;R?) of S in this case, and the bottom row of (5.6)
can be identified with

doSg tod —81,d)
 —

P R(R) AR E5D, w2y o, (7)

which, in the present case and notation, takes the form

P1 o PsAYT;R) 222 % poAL(T;R?)

5D, PANT;R) x PLAXT;R2) — 0. (7.6)
Identifying the spaces of differential forms with spaces of piecewise polyno-
mial scalar, vector, and matrix fields as usual, the form space PsAg (T;R)
corresponds to the space @y, of all continuous piecewise cubic skew matrix
fields, P;A%(T;R) corresponds to the space V}, of all piecewise linear vec-
tor fields, and ’Pg,Ag(T; R) corresponds to the Argyris space of piecewise
quintic scalar fields. The space PsAl(7;R?) corresponds to a space Zj
consisting of all piecewise cubic matrix fields in H(div, Q; M) which have
piecewise linear divergence, are continuous at the vertices, and for which
the skew part is continuous. With these identifications, the sequence (7.6)
is equivalent to

(skw,div)
—_—

P W, L =, Qnx Vi — 0,

which is a discrete version of (3.2).

In order to derive the desired discrete version of (3.1), we develop a
discrete analogue of the projection done in (3.3). Observe that of the 34
degrees of freedom determining an element F' € E, on a given triangle
T, there are 10 that only involve skw(F), i.e., skw({F) at each vertex,
Jrskw(F), and [ pskw(F') for p € Py(e;K). Moreover, these are exactly
the degrees of freedom of skw(F') in Qn. Let Ly, denote this set of degrees
of freedom, and Lf the remaining 24 degrees of freedom. Then we can
define an injection iy : Qn — Ep, determining ipqg on T by

l(ing) =Ugq), l€Ln,  Iling) =0, l€Lj.

By construction, skwinpqg = ¢ for all ¢ € Q. The operator i, may be
considered a discrete analogue of the inclusion of C*°(Q; K) — C*°(Q, M).
(However Q, is not contained in Zj, and i,q need not be skew-symmetric.)
The operator sym,, := I — ij skw is a projection of = onto the subspace
Y5, consisting of the symmetric matrix fields in Z. That is,

Yh i=sym,(En) = Ep N H(div, ; S).
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A discrete version of the diagram (3.3) is now given by

J = skw,div
Pl ‘—*Wh—>:h(————‘—)>QhXVh—>0

Jia [ovme [

731<—>Whi>2h ﬂ) Vi — 0

where I, (q,v) = v — divipg. It is straightforward to check this diagram
commutes and hence the bottom row is exact. This is exactly the discrete
sequence utilized in [8].
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ON THE ROLE OF INVOLUTIONS IN THE
DISCONTINUOUS GALERKIN DISCRETIZATION OF
MAXWELL AND MAGNETOHYDRODYNAMIC SYSTEMS

TIMOTHY BARTH*

Abstract. The role of involutions in energy stability of the discontinuous Galerkin
(DG) discretization of Maxwell and magnetohydrodynamic (MHD) systems is examined.
Important differences are identified in the symmetrization of the Maxwell and MHD
systems that impact the construction of energy stable discretizations using the DG
method. Specifically, general sufficient conditions to be imposed on the DG numerical
flux and approximation space are given so that energy stability is retained. These
sufficient conditions reveal the favorable energy consequence of imposing continuity in
the normal component of the magnetic induction field at interelement boundaries for
MHD discretizations. Counterintuitively, this condition is not required for stability of
Maxwell discretizations using the discontinuous Galerkin method.

Key words. Nonlinear conservation laws, energy stability, Maxwell equations,
magnetohydrodynamics, symmetrization, discontinuous Galerkin finite element method.

AMS(MOS) subject classifications. 35L02, 65M02, 65K02, 76N02.

1. Overview. Various mathematical models such the Maxwell equa-
tions governing electrodynamics and the magnetohydrodynamic (MHD)
equations modeling fluid plasmas have the added complexity of possess-
ing involutions. An involution in the sense of conservation law systems
is an additional equation that if satisfied at some initial time is satisfied
for all future time for both classical and weak solutions [Boi88, Daf86].
Involutions should not be confused with constraints that are needed for
closure of the system. An example of such a constraint is the continu-
ity equation in incompressible flow. In this note, the role of involutions
in obtaining energy stable discretizations using the discontinuous Galerkin
method [RH73, LR74, JP86, CLS89, CHS90] is briefly examined. Specif-
ically, the surprisingly different role played by involutions in the discon-
tinuous Galerkin (DG) discretization of Maxwell and ideal compressible
MHD systems is contrasted. Although both systems possess solenoidal in-
volutions, it is the interplay between involutions and symmetrization of
the Maxwell and MHD systems that enters fundamentally into the con-
struction of stable discretizations. In this regard, the two systems are
vastly different. The Maxwell equations are naturally expressed in essen-
tially symmetric form. Consequently, the analysis given in Sects. 2.1 and
3.1 shows that “standard” DG discretizations can then be used. In con-
trast, symmetrization of the MHD system utilizes the solenoidal involution
as a necessary ingredient in the symmetrization process. Details of this
symmetrization process are given in Sect. 2.2. Thus, the precise sense in

*NASA Ames Research Center, M.S. T27A-1, Moffett Field, CA 94035-1000, USA
(Timothy.J.Barth@nasa.gov).
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which involutions are satisfied in element interiors and across interelement
boundaries enters prominently into the MHD discrete energy analysis. The
analysis of Sect. 3.2 gives general sufficient conditions to be imposed on the
DG numerical flux and approximation space in the presence of involutions
so that energy stability is retained. These sufficient conditions reveal the
favorable consequences of imposing continuity in the normal component
of the magnetic induction field at interelement boundaries for MHD dis-
cretizations. This is a condition that is not required for stability of Maxwell
discretizations using the discontinuous Galerkin method but is often a re-
quirement of other methods that build satisfaction of solenoidal conditions
into the discretization. Techniques for achieving this include staggered
mesh and specialized differencing techniques [Yee66] as well as edge, face,
and volume finite element formulations [Ned80, Bos98, BR02] or the dis-
crete mimetic approximations as given in [HS99]. The present analysis for
MHD also provides alternatives to the “divergence cleaning” procedures
designed to exactly or approximately satisfy the solenoidal condition, see
[BB80, T00, DKK+02, BK04] and references therein. Since the DG method
reduces to the simplest finite volume method in the special case of piecewise
constant basis approximation, the results given here impact finite volume
discretization as well.

2. Symmetrization of conservation laws without involution.
Consider the Cauchy initial value problem for a system of m coupled first-
order differential equations in d space coordinates and time which repre-
sents a conservation law process. Let u(z,t) : R¢ x R* + IR™ denote the
dependent solution variables and f(u) : R™ — IR™*¢ the flux vector. The
model Cauchy problem is then given by

u; + fi,z,- =0
{ u(z,0) = up(x) (2.1)

with implied summation on the index { = 1,...,d. Additionally, the system
is assumed to possess a convex scalar entropy extension. Let U(u) : R™
IR and F(u) : R™ — IR? denote an entropy-entropy flux pair for the system
such that in addition to (2.1) the following inequality holds

Ui+ Fip <0 (2.2)

with equality for classical (smooth) solutions. In the symmetrization the-
ory for first-order conservation laws without involution [God61, Moc80],
one seeks a mapping u(v) : R™ — IR™ applied to (2.1) so that when
transformed

uywi+fiv v, =0 (2.3)

the matrix uy is symmetric positive definite (SPD) and the matrices f;
are symmetric. Clearly, if twice differentiable functions U(v) : R™ — R
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and F;(v) : R™ — IR can be found so that
u=Uy, fi=7rf, (2.4)
then the matrices
uy =Uyy, fiv=Fiv

are symmetric. Further, we shall require that U/(v) be a convex function
such that

lim Uwv) = 400 (2.5)

V]
so that U(u) can be interpreted as a Legendre transform of U(v)
Ulu) = sup {v.u-Uv)} .
From (2.5), it follows that 3 v* € IR™ such that v - u — U(v) achieves a
maximum at v*
Uu)=v"-u—-Uu") . (2.6)

At this maximum u = U (v*) which can be locally inverted to the form
v* = v(u). Elimination of v* in (2.6) yields the simplified duality relation-
ship

U(u) =v(u) - u—-U(v(u)) .
Differentiation of this expression
U:fl =v+v,uu—v,uu,7:, =v (2.7)

gives an explicit formula for the entropy variables v in terms of derivatives
of the entropy function U(u). Using the mapping relation v(u), a duality
pairing for entropy flux components is defined

Fi(u) = v(u) - f;(u) — F;(v(u)) .
Differentiation then yields the flux relation
Fuy=v-fiut+v.h— v,ufgv =v-fiu
and the fundamental relationship for classical solutions

ve(us+Tfi.,)=U, +F gz =0.

These relationships are used extensively in the discrete energy analysis of
the discontinuous Galerkin method.
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2.1. Maxwell equations in symmetric form. The time-dependent
Maxwell equations are given by

_e2 s
gg <]:E3)> +V x < (;EB) = ( J0/60> (MaXWGH equations)

where E € R4, B € RY, p. € IR, and j € R? denote the electric field,
magnetic induction, charge and current density with ¢y and ¢ the free-space
permittivity and speed of light, respectively. If the charge conservation
equation

(p)t +V-i=0 (2.8)

is satisfied for all time then the Maxwell system possesses the following
involutions

V'E:pc/Eo
V-B=0.

Writing the Maxwell system in matrix coefficient form reveals that the
above system is essentially already in symmetric form using the variables
u=(E,B)T

0 2 M;
u:+Aiug, =qu), A= [MzT ¢ 0 1]
where in three space dimensions
0 0 O 0 0 -1 0 1 0
Mi=10 0 1], My=10 0 0|, Ms3=|-1 0 O
0 -1 0 1 0 0 0 0 O

Consequently, a suitable entropy-entropy flux pair for the Maxwell system
are given by the scaled “square entropy” and square entropy flux

U(u) = ~;—(]EI?‘ +c2Bl*), Fu=c(ExB).

Using this entropy function, the symmetrization variables and right sym-
metrizer are then obtained

_r_( E _ Haxq
v=Ua= (CZB v = ¢ 2lyxa

thus rendering the coefficient matrices symmetric as expected

0 Mz]

Ay = [Mg’ 0

Observe that the Maxwell system has been successfully symmetrized
without utilizing the involutions. Consequently, the energy analysis for
Maxwell’s equations in a vacuum domain is identical to the energy anal-
ysis for conservation law systems without involution as also observed in

[CLS04].
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2.2, Ideal MHD in symmetric form. The equations of ideal com-
pressible MHD are given by

P PV

0 | pV pVV+IdXd(p+|BI2/2)—BB _

| E| TV | (®E+rprBR2)v-(v.ByB| =0 (deal MHD)
B VB ~ BV

where p € IR, V € R?, B € RY, and p € IR denote the fluid density,
velocity, magnetic induction, and pressure with E' € IR the total specific
energy given by

E= % +p|VI2/2 + [B|2/2

and v the ratio of specific heats. In addition, the MHD system possesses
the solenoidal involution

V-B=0

which is consistent with the absence of experimentally observed magnetic
monopoles.

It is well known that thermodynamic entropy s is transported along
velocity induced particle paths for ideal MHD. Recall that s = log(pp™")
for MHD so that a differential of s is given by

1
ds:—zdp—}—-dp.
p P

Inserting equations derived from the MHD system (2.2) yields
V-B
s,t-I-V-Vs—i-('y—l)—;;——V-B:O
or after combining with the continuity equation

V.B
d V-B=0

(ps),e +div(pVs) + (v - 1)

suggesting that U(u) = —ps may be a suitable entropy function only if
the involution V - B = 0 is satisfied. Indeed, a straightforward calculation
for ideal MHD shows that this entropy function does not symmetrize the
system under the change of variable u +» v with v = U:ﬂ (see for example
Barth [Bar98])

£, #f5

since the involution equation has not been used. Godunov [God72] observed
this phenomenon as well which lead to his development of a symmetrization
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technique for ideal MHD. The basic technique is reviewed here using a
modified presentation from that originally given. The model MHD system
with solenoidal involution is given by

u:+fz, =0
B, =0 (2.9)
u(z,0) = up(z)

with convex entropy extension
Ui+ Fie, <0. (2.10)

To analyze this system, Godunov considered augmenting the MHD system
by adding multiples of the involution where the multipliers are themselves
the gradient of a scalar homogeneous of degree one function ¢(v) : IR™ —
IR with respect to the symmetrization variables v

u; -+ fi,zi + ¢:1\1/ Bi,zi =0.

Consider the following ansatz for the dependent variables u and flux com-
ponents f;

u=Uu’t
f; = 7L, —r(v)B;

with U a convex scalar function and r(v) : R™ — IR™ an unknown vector-
valued function. Observe that the augmented MHD system

Ut + (Fiv — (V) B)L + ¢%, Bia, =0 (2.11)

possesses a symmetric quasilinear form in v variables whenever r(v) = ¢?:,
since the system (2.11) then reduces to

u,vv Vit (}-i,vv - d’,vai) Vo, = 0
~ ———
SPD SYMM

so that the final flux relationship is obtained
fi=FL, —¢. B;.

The entropy function U(u) for MHD can be interpreted as a Legendre
transform of U(v)

U() = sup {v - u - Uv)}

eventually producing the generalized duality relationships

U(u) = v(u) - Uy (v(a)) - U(v(a))
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Fi(u) = v(u) - F; v (v(u)) — Fi(v(u)) (2.12)
so that for classical MHD solutions
V- (u,t + fi,:z:i + ¢?; Bi,zi) = U,t + Fi,zi =0.

This relationship will be used heavily in later analysis of the discontinuous
Galerkin method.

Choosing the entropy function U(u) = —ps yields ¢(v) = (y—1)p V-
B/p, a homogeneous function of degree one in v (as required) so that
0 =V - ¢ yy. The resulting involution multipliers ¢, are identical to those
derived by Powell [Pow94] using a completely different argument motivated
by (in part) the lack of Galilean invariance of the original MHD system and
the subsequent addition of a divergence wave family into the local Riemann
problem solution to restore Galilean invariance.

REMARK 2.1. Observe that MHD provides one particular example of
a symmetrizable system with a given entropy-entropy flux pair {U, F;} for
which the flux is not expressed as the gradient of a primative function F;
but rather

fi =FL, — ¢, Bi.

In fact, for the specific MHD entropy function U(u) = —ps, it is possible
to show that there cannot exist a function F; such that

fi = FL, .

Thus, the DG energy analysis of MHD systems is fundamentally different
from the energy analysis of systems not possessing involutions.

3. The DG finite element method. Let 2 denote a spatial do-
main composed of stationary nonoverlapping elements K;, Q = UK,
K,nK; =0, i # j and time slab intervals I" = [ti,tﬁ+1],n =0,...,N—1.
Both continuous in time approximation and full space-time approximation
on tensor space-time elements K; x I"™ will be considered in the analysis. It
is useful to also define the element set 7 = { K1, K>, ...} and the interface
set £ = {ey, eq,... } with interface members K;NK;,i # j of measure d—1
corresponding to edges in 2-D and faces in 3-D. Let P (Q) denote the set
of polynomials of degree at most k in a domain Q@ € IR%. In the discon-
tinuous Galerkin method, the approximating functions are discontinuous
polynomials in both space and time

Yh— {w|w|Km € (Pk(KxI")>m VK eT,n=0,.. N1} .

Alternatively, [CLS89, CHS90, Shu99] utilize a semi-discrete formulation of
the DG method together with Runge-Kutta time integration. In this case,
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the set of approximating functions are discontinuous polynomials in space
and continuous functions in time denoted by V7.

For ease of exposition, the spatial domain §2 is assumed either periodic
in all space dimensions or nonperiodic with compactly supported initial
data. In this domain, we first consider the standard first-order Cauchy
initial value problem (without involution)

us+£,. =0
1 3t 3'1

{ u(z,t2) = ug(z) (3.1)
with convex entropy extension

Ui+ Fia, <0 . (3.2)

The DG method for the time interval [tg_,ty ] with weakly imposed ini-
tial data vi(z,t2) obtained from a suitable projection of the initial data
v(up(z)) is given by the following statement:

DG FEM: Find v, € V* such that

Bpc(vh, Wwa) =0 , Vwy € V" (3.3)
with
N-1
Boa(v,w) = Z% (};T / ) /K —U(V) - W+ B(V) W) drdt
#3 [ [ ) bl e mded

+ Z /K (w(E™h) - u(v(E™™) —w(t?) - u(v(t™))) dz> (3.4)

KeT

with suitable modifications when source terms are present. In this state-
ment h(v_,vy;n) : R™ x R™ x R? — R™ denotes a numerical flux
function, a vector-valued function of two interface states vy and an ori-
ented interface normal n with the following consistency and conservation
properties:

¢ Consistency with the true flux, h(v,v;n) =f(v) - n

e Discrete cell conservation, h(v_,vy;n) = —h(vy,v_;—n) .
For a given symmetrizable system with entropy function U(u), the DG
method is uniquely specified once V*, the entropy function U(u), and the
numerical flux function h(v_,vy;n) are chosen. In this formulation, the
finite-dimensional space of symmetrization variables v; are the basic un-
knowns in the trial space V" and the dependent variables are then derived
via u(vy). When not needed for clarity, this mapping is sometimes explic-
itly omitted, e.g. U(vy) is written rather than U(u(vy)). An important
product of the DG energy analysis given below are sufficient conditions to
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be imposed on the numerical flux so that discrete entropy inequalities and
total entropy bounds of the following form are obtained for the discretiza-
tion of the Cauchy initial value problem (no boundary conditions):
e A local cell entropy inequality assuming continuous in time ap-
proximation, v, € V*

d —

— | U(vy) dx+ F(v_pvipmn)ds <0

% [ U ot | Frvesin) )
for each K € 7

where F(v_ 1, V1 n;n) denotes a conservative numerical entropy
flux. Summing over all elements then yields the global inequality

%A}u%yngo. (3.6)

e A total entropy bound assuming full space-time approximation,
Vp € Vh

/w “(#2)) ®</U (a(z, tV))) de

? (3.7)

/ Uu(vy(z,t°)) dz

where u*(t% ) denotes the minimum total entropy state of the pro-
jected initial data

1
u*(t° ———— | u(va(z,t%))dz .
() = ey | ulvalet2)
Under the assumption that the symmetrizer u , remains spectrally
bounded in space-time, i.e. there exist positive constants cq and

Cy independent of vy, such that
0<colz? <z -uy(vi(z,t)z < Co|zl?

for all z # 0, the following L stability result is then readily ob-
tained for the Cauchy problem

1/2

) = () sy < (52 ) o (012) =47 sy

3.1. DG energy analysis for systems without involution. In
this section, the DG energy analysis for systems of conservation laws with-
out involution is reviewed. From Sect. 2.1 it was shown that this analysis is
also the relevant analysis for the Maxwell system since this system can be
symmetrized without using the Maxwell system involutions. Consequently,
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consider the DG method applied to the nonlinear system (3.1). For brevity,
we avoid the introduction of trace operators and instead use the shorthand
notation for interface quantities f+ = f(v(z)), (/)T = (f- + f+)/2 and
[f]T = f+ — f—. An energy analysis assuming continuous in time functions,
vi, € VR yields the following cell-wise local entropy inequality which build
upon previous scalar conservation law analysis for DG by [JJS95, JS94]
and further related DG analysis for systems in [CS97] and [Bar98, Bar99].

THEOREM 3.1 (DG semi-discrete cell entropy inequality). Let
vy, € VP denote a numerical solution obtained using the discontinuous
Galerkin method (3.4) assuming a continuous in time approzimation for
the Cauchy initial value problem (8.1) with convez entropy extension (3.2).
Assume the numerical fluz h(v_,vy;n) satisfies the system E-fluz condi-
tion

V]t - (h(v-,vymn) —£(v(8) -n) <0, V8el0,1] (3.8)

where v(0) = v_ + 0 [v]T. The numerical solution v, then satisfies the
local semi-discrete cell entropy inequality

i/ U(va) dx+/ F—(v_,h,v+,h;n)ds <0, foreachKeT (3.9
dt Jx oK

with
F(v-,vsin) = (W)* -h(v_,v4in) - (F-n)t (3.10)
as well as the global semi-discrete entropy inequality
—d—/ U(vp) dz <0 . (3.11)
dt Jo

Proof. Evaluate the energy, Bpg(va, vn), for a single stationary ele-
ment K assuming continuous in time functions

/V utdm-——/Ud:c
K
(/ fdac—{-/ V--hds)
K oK
—</ —]-'i,zidx—k/ v_-hds)
K oK

:—/ (=F- -n+v_-h)ds
aK

=— [ ( F(v—,v4;n) + D(v_,vy;n) )ds
Conservative Flux Entropy Dissipation

for carefully chosen conservative entropy flux and entropy dissipation func-
tions

F(v_,vyin) = (V)T -h(v_,viin) —(F-n)f
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1
D(v_,vy;n) = —5([v]‘_L ~h(v_,vy;n) — [F-n]T).
Observe that the chosen form of F(v_,v,;n) is a consistent and conser-
vative approximation to the true entropy flux F(v)
e F(vivin)=(v-f—F) n=F-n (consistency)
e F(v_,vy;n) = —F(vy,v_;—n) (conservation) .

The only remaining task is to determine sufficient conditions in the design
of the numerical flux h(v_, v4;n) so that D(v_,vy;n) > 0. Rewriting the
jump term appearing in the entropy dissipation term as a path integration
in state space

D(v_,v+;n)=—%([V]f- (V_,V+, ) [ ]+)

:—%[v]t- <h V_,vi;n / Fl(v ndﬁ)

:-%[V]f-(h(v_,v_l_, )—/0 £(v(6)) nde)

1 1
=3 | Wt (v viim) ~ £(v(0) ) as

0
A sufficient condition for nonnegativity of D(v_,v;;n) and the local cell
entropy inequality (3.9) when applied to finite-dimensional subspaces is
that the integrand be nonpositive. This yields a system generalization
of Osher’s famous E-flux condition for scalar conservation laws given in

[Osh84]
V]t - (h(v_,vy;n) —f(v(8)-n) <0, Vo€[0,1]. (3.12)

Summation of (3.9) over all elements in the mesh together with the con-
servative telescoping property of F(v_,v,;n) yields the global entropy
inequality (3.11). 0
Let Ay < A2 < --- < )\, denote ordered eigenvalues of f,,. Some specific
examples of system E-fluxes (proofs omitted here) include

e Symmetric variable variant of the local Lax-Friedrichs flux

Bowe(v-, veim) = (£ )2 — e OVI[Z (3.13)
with

Amax = sU ax (v
o max [M(V(6)

where v(§) =v_ +£ [v]t.
e Symmetric variable variant of the Harten-Lax-van Leer-Einfeldt
flux [HLvL83, EMRS92]

1
hsprie(v-,ve;n) = (f-n)T - 5 by ip(V-,vein)  (3.14)



80 TIMOTHY BARTH

with
/\max +/\mi 2)‘max)\min
hurip(V-,V4in) = X;;‘_A—m:[f(v;n)]f - xn;:‘_/\m[u(")]ir
and
Amax = sup max(0,An(v(€))) , Amin = inf min(0, A1(v(£)))
0<e<1 0<e<t

where v(£) = v_ + £ [v]T.
Fully discrete entropy bounds are readily derived assuming DG finite ele-
ment discretization in time.

THEOREM 3.2 (DG fully-discrete total entropy bounds). Let
vy, € V" denote the space-time numerical solution obtained using the dis-
continuous Galerkin method (8.4) for the Cauchy initial value problem
(8.1) with convex entropy extension (8.2). Assume the numerical flux
h(v_,v;n) satisfies the system E-flux condition

V]t (h(v_,v4;n) —£(v(8)) -n) <0, VOe]0,1]

where v(0) = v_ + 0 [v]*. The numerical solution v, then satisfies the
total entropy bound

/U(u*(to_)) sz/U(u(vh(x,tj_v)))da:S/U(u(vh(m,t(l))dx (3.15)
Q Q Q

where u*(t2) denotes the minimum total entropy state of the initial pro-
jected data

*(¢Y ————1 vi(z, t° T
u <t—>=meas(g)/9“< w2, £0)) de .

Proof. Analysis of the spatial terms follows the same path taken in
Theorem 3.1 (omitted here) with an additional integration performed in
the time coordinate. Consider the energy of the remaining time evolution
terms in (3.4) after integration-by-parts for a single time slab interval I™

‘L/Qlumm+/ v(t?) - [u)yt do

=Alfhﬁm+LWﬂ%M£ﬂ
= [@IE" -~ Wi+ v i) de

Taylor series with integral remainder together with the duality relationship
(2) yields

Ul — () - [l + R =0,

Rz [(1-0) M - ulv@) Wi 0> 0
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where v(0) = v(t") + 6 [v]zif_, Inserting into the time evolution terms

n n+1
/ /v-u,tda:dt-{-/v(t’_l‘_)-[u]tt d:c:/([U]i; + R")dz .
nJo ) - Q -

Summing over all time slabs, the first term on the right-hand side of this
equation vanishes except for initial and final time slab contributions. Uti-
lizing nonnegativity of the remainder terms R™ then yields the following
inequality for the time evolution terms

N-1

go(/ vemedzas [ v it dm) > [ )~ do

Assume satisfaction of the system E-flux condition, the spatial term anal-
ysis used in the proof of Theorem 3.1 reduces to the inequality

N-1
Z Z/ (/ —V,zi'fid$+/ v_-hds> dt>0.
n K OK

n=0 KeT
Combining temporal and spatial results yields

0 = Bog(v,v) > /Q (UEY) ~U(t2)) da .

Hence, the desired upper bound in (3.15) is established when applied to
finite-dimensional subspaces

/ Uu(vi(z, tN)) dz < / Uu(vi(z,t°)) dz . (3.16)
Q Q

To obtain the lower bound in (3.15), we exploit the well-known thermody-
namic concept of a minimum total entropy state (see for example [Mer88}).
Define the integral average state u* at time slab boundaries

u* (i)

1 . B
mAU(Vh(aﬁ,t_))dz , n=0,...,N.

For the DG space-time discretization of the Cauchy initial value problem,
u* is invariant when evaluated at time slab boundaries, i.e.

W) = () = = ut () (3.17)

owing to discrete conservation in both space and time. A Taylor series
with integral remainder expansion of the entropy function given two states
u*(t") and u(vy(z,t")) for a fixed n yields

U(u) =U(u")+v(u*) - (u—u*) +/0 (1-8))(u—u®) - U yu(f)(u—u)do .
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When integrated over , the second right-hand side term vanishes identi-
cally by the definition of u*

/QU(u)da: = /Q U(u*)dac—l—/ﬂ/ol(l—Q))(u—u*) U gu(@)(u—u*)dfdz .

From strict convexity of the entropy function, it follows that u* is a mini-
mum total entropy state since fn U dz is minimized when u = u*. Finally,
since u*(t™) is constant for n =0,..., N, then

/QU(u*(t(l)) da::/QU(u*(tj_V)) dz < /QU(u(vh(:c,tI_V))) dz .

This establishes the lower bound in (3.15). a

3.2. DG Stability analysis for systems with solenoidal involu-
tion. Our attention shifts to the MHD system with solenoidal involution

u,t + f’l:,.’ti = O

u(z,t®) = uo(z)
with convex entropy extension
Ui+ Fip, 0. (3.19)

The goal is to derive sufficient conditions for MHD system discretizations
so that the cell entropy inequality (3.5), the global semi-discrete bound
(3.6), and the global space-time bound (3.7) are obtained. Motivated by
the Godunov MHD symmetrization theory, we consider an implementation
of the DG method using the Godunov augmented MHD system.

DG FEM for MHD: Find vj, € V" such that

Bpavm(Ve,Wi) =0, Vwy € Yh (3.20)
with

BDG—MHD (V W)

= Z (Z /n/ ) wy+E(v)-wy,)dedt

n=0 \KeT

// ok (w-¢%)V-B(v)dzdt (3.21)

KeT

+K€T/n /aK W(.T)_) -h(V(x_),v(m+);n) ds dt

+ 3 / W) - u(v(E)) — w(E?) - u(v(e")) da:) .

KeT
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Observe the added V-B term with adjustable coefficient o is motivated by
the theory given in Sect. 2.2. The value of ox will be determined from the
discrete energy analysis. This term is identical to that proposed by Pow-
ell [Pow94] using a different motivating argument. Unfortunately, without
placing further constraints on the discrete B field, the Powell term is only
valid for classical (smooth) solutions since this term cannot be written in di-
vergence form. Consequently incorrect Rankine-Hugonoit jump conditions
are observed for computed weak (discontinuous) solutions [Csi02]. Note
that this term vanishes identically and correct weak solutions are obtained
when a locally divergence-free basis is employed.

A DG analysis similar to that used in Theorem 3.1 yields the following
conditions for a discrete cell entropy inequality for the MHD formulation.

THEOREM 3.3 (DG semi-discrete MHD cell entropy inequal-
ity). Let vy, € V! denote a numerical solution obtained using the discon-
tinuous Galerkin method (3.21) assuming continuous in time approxima-
tion for the MHD Cauchy initial value problem (8.18) with convexr entropy
extension (3.19). Assume the following conditions are satisfied:

1. Fither o = 1 or the pointwise solenoidal condition

V- -B(vh)lgk =0, VKeT.
2. The MHD system E-flux condition
[VI% - (h(v—,v45m) — £(v(6)) -n+ $(v(8)) (B(v(6)) -n)5) <0,

V6 € [0, 1] where v(8) = v_ + 0 [v]T.
The numerical solution vy, then satisfies the local semi-discrete cell entropy
inequality

—C—Z-/ U(vn) dz+/ F(v_p,vipn)ds <0,
dt Jk oK

(3.22)
for each K € T
with
F(v_,vyn)= ()T -h(v_,vy;n)—(F-n—¢ B-n)?t (3.23)
as well as the global semi-discrete entropy inequality
i/ U(vy) dz <0 . (3.24)
dt Jq

Proof. Evaluate the energy, Bpa (v, vi), for a single stationary ele-
ment K in the DG discretization of the MHD system assuming continuous
in time approximation

—d—/ de:—/(—v,zi-fi)da:—l—/ v_-hds
dt Ji K oK
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(-F--n+¢_(B_-n)+v_-h)ds
oK

—/ (1-o0k)¢V - -Bdz
K

/ F(v_,vyin)+ D(v_,v4;n))ds
/ (1-0k)éV - Bdz .

The remaining element interior term vanishes identically by either imposing
ocx = 1 or the local solenoidal condition on the magnetic induction field,
V - B|g = 0. Suitable definitions for the conservative entropy flux and
entropy dissipation are given by

F(v_,vy;n) = (v{f ‘h(v_,vy;n)+(-F-n+¢ B -n)t
D(v_,vy;n) = —5([v]"_' ‘h+[-F-n+¢B-n]).

This choice of numerical entropy flux satisfies conservation and consistency
properties

e F(v_,vy;n)=—F(vy,v_;—n) (conservation)

o Flv,vin)=(v-f—F+¢B).n=F-n (consistency) .
Rewriting the jump term appearing in the entropy dissipation term as a
path integration assuming a parameterized state space v(6) = v_ +6 [v]*

D(V_,V+, ) ([V]+ h+[ -F- n+¢B- n] )
=—5Ml“-<h—/0 (L) 18 B0l (v(0) )
1
- /0 [VI* - (h=£(v(6)) - nt+6(v(8)) (B(v(9)) - m)T,) db.

A sufficient condition for nonnegativity of D(v_, v ;n) is that the inte-
grand be nonpositive. This yields the MHD E-flux condition

VIF-(h(v_, v m)—£(v(6))-n+4(v(6)) (B(v(6)m)%) <O, Vo€ [0,1].

This establishes the semi-discrete cell entropy inequality for MHD. Summa-
tion of (3.22) over all elements in the mesh together with the conservative
telescoping property of F(v_, v ;n) yields the global semi-discrete entropy
inequality (3.24). a
The conditions set forth in Theorem 3.3 are also sufficient to establish
two-sided bounds on the total entropy.

THEOREM 3.4 (DG fully-discrete MHD total entropy bounds).
Let vy, € V" denote the space-time numerical solution obtained using the
discontinuous Galerkin method (3.21) for the MHD Cauchy initial value
problem (8.18) with convex entropy extension (58.19). Assume the following
conditions are satisfied:
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1. Fither cx = 1 and the cellwise condition
‘/¢§V-wadm:0, VKeT.
K

or ox # 1 and the pointwise condition
V- -B(vp)lgk =0, VKeT.
2. The MHD system E-flur condition
M - (h(v_, vim)—E(v(0)) - n+a(v(8) (B(v(8) -m)T) <0,

V8 € [0,1] where v(8) = v_ + 6 [v]*.
The numerical solution v, then satisfies the total entropy bound

/wm@»mg/Umeﬂmm
Q Q

(3.25)
< /Q U(u(vp(z,t’))dx

where u*(t°) denotes the minimum total entropy state of the initial pro-
jected data

u(t’) = u(vp(z,t2)) dz .

e

Proof. Omitted, see Theorem 3.2. The cellwise condition arises from
the establishment of the minimum entropy state, u*. g

3.2.1. A compatible B field representation. Unfortunately, con-
ventional system E-fluxes do not satisfy the MHD system E-flux condition.
Furthermore, calculation of the actual symmetrization variables for the
MHD system (2.2) associated with the entropy function, U(u) = —ps,
reveals that B is not a vector component of v, viz.

2
oV

v=Ul=(y-1) P, . (3.26)

8
p

Observe, however, that the last vector component pB/p is a —B multiple
of the preceding component —p/p. Hence, it is possible to parameterize
v on a line, v() = v_ + 0[v]T, and constrain B - n independent of § so
that [B - n]* = 0. The following lemma states that under this constraint,
the MHD system E-flux condition reduces to a constrained variant of the
system E-flux condition (3.8).
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LeEmMA 3.1 (B field compatibility). Assume the MHD system E-
flux condition as given in Theorems 3.3 and 3.4. In addition, assume that
B(v) - n is constrained to be continuous at interelement interfaces, i.e.
[B(v)-n|T = 0. Then, under this assumption, the results of Theorems 3.3
and 3.4 are identically obtained with the MHD system E-flux condition

VT (h—£(v(6)) n+¢(v(0)(B(v()) -n)) <0 , Voe[0,1]
replaced by the constrained system E-flux condition

[V]T - (h—£(v(8) - n)|Bnconst <0 , YO€0,1].

Proof. The result follows immediately since

Wit - B(v(e) -m = PO R (3.27)
due to the 6 independence of B - n at element interfaces. d

This result indicates the underlying intrinsic compatibility requirement
of continuity in the normal component of the magnetic induction field for
DG discretizations of MHD. Precise implementational details are given in
a separate work [Bar04]. In that same work, several other DG discretiza-
tion formulations and simplified flux functions are given which satisfy the
sufficient conditions given in Theorems 3.3 and 3.4

e Transformed variable formulations
e Constrained formulations
e Penalty formulations

4. Conclusions. The energy analysis presented herein reveals the
subtle interplay of involutions in the nonlinear stability of the DG method.
Sufficient conditions for energy stability of DG discretizations of Maxwell
and MHD systems have been obtained. From the viewpoint of dis-
crete energy stability, analysis indicates that “standard” DG discretization
Maxwell’s equations are energy stable without modification. Surprisingly,
sufficient conditions for MHD discretization stability place more demand-
ing requirements as set forth in Theorems 3.3 and 3.4. More complete
details and DG formulations for MHD can be found in [Bar04].
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PRINCIPLES OF MIMETIC DISCRETIZATIONS OF
DIFFERENTIAL OPERATORS

PAVEL B. BOCHEV* AND JAMES M. HYMANT

Abstract. Compatible discretizations transform partial differential equations to
discrete algebraic problems that mimic fundamental properties of the continuum equa-
tions. We provide a common framework for mimetic discretizations using algebraic
topology to guide our analysis. The framework and all attendant discrete structures are
put together by using two basic mappings between differential forms and cochains. The
key concept of the framework is a natural inner product on cochains which induces a
combinatorial Hodge theory on the cochain complex. The framework supports mutu-
ally consistent operations of differentiation and integration, has a combinatorial Stokes
theorem, and preserves the invariants of the De Rham cohomology groups. This allows,
among other things, for an elementary calculation of the kernel of the discrete Lapla-
cian. Our framework provides an abstraction that includes examples of compatible finite
element, finite volume, and finite difference methods. We describe how these methods
result from a choice of the reconstruction operator and explain when they are equivalent.
‘We demonstrate how to apply the framework for compatible discretization for two scalar
versions of the Hodge Laplacian.

Key words. Mimetic discretizations, compatible spatial discretizations, finite ele-
ment methods, support operator methods, algebraic topology, De Rham complex, Hodge
operator, Stokes theorem.

AMS(MOS) subject classifications. 65N06, 65N12, 65N30.

1. Introduction. Partial differential equations (PDEs) are ubiqui-
tous in science and engineering. A key step in their numerical solution is the
discretization that replaces the PDEs by a system of algebraic equations.
Like any other model reduction, discretization is accompanied by losses
of information about the original problem and its structure. One of the
principal tasks in numerical analysis is to develop compatible, or mimetic,
algebraic models that yield stable, accurate, and physically consistent ap-
proximate solutions. Historically, finite element (FE), finite volume (FV),
and finite difference (FD) methods have achieved compatibility by following
different paths that reflected their specific approaches to discretization.

Finite element methods begin by converting the PDEs into an equiv-
alent variational equation and then restrict that equation to finite dimen-
sional subspaces. Compatibility of the discrete problem is governed by
variational inf-sup conditions, which imply existence of uniformly bounded
discrete solution operators; see [6, 18, 46]. In finite volume methods the
PDEs are first replaced by equivalent integral equations that express bal-
ance of global quantities valid on all subdomains of the problem domain.

*Computational Mathematics and Algorithms, Mail Stop 1110, Sandia National Lab-
oratories, Albuquerque, NM 87185 (pbboche@sandia.gov).

tMathematical Modeling and Analysis, T-7 Mail Stop B284, Los Alamos National
Laboratory, Los Alamos, NM 87545 (hyman@lanl.gov).
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The algebraic equations are derived by sampling balance equations on a fi-
nite set of admissible subdomains (the finite volumes). Their compatibility
is achieved by using the Stokes theorem to define the discrete differential
operators [32, 42, 44, 58]. Finite difference methods approximate vector and
scalar functions by discrete values on a grid and compatibility is realized
by choosing the locations of these variables on the grid [28, 33, 34, 51, 61].

In spite of their differences, compatible FE, FV, and FD methods can
result in discrete problems with remarkably similar properties. The obser-
vation that their compatibility is tantamount to having discrete structures
that mimic vector calculus identities and theorems emerged independently
and at about the same time in the FE, FV, and FD literature. For in-
stance in [14, 15, 16, 37] Bossavit and Kotiuga demonstrated connections
between stable finite elements for the Maxwell’s equations and Whitney
forms. In finite volume methods the idea of discrete field theory guided
development of covolume methods [42, 43, 44], while support operator and
mimetic methods [48, 50, 33, 34, 35, 36] combined the Stokes theorem with
variational Green’s identities to derive compatible finite differences. Alge-
braic topology was used to analyze mimetic discretizations by Hyman and
Scovel in [31] and more recently by Mattiussi [39], Schwalm et al. [47] and
Teixeira [53, 54]. Further research also revealed connections between some
compatible methods. For instance, mimetic FD for the Poisson equation
can be obtained from mixed FE by quadrature choice [12, 13, 19]. Another
example is the equivalence between a covolume method and the classical
Marker-and-Cell (MAC) scheme on uniform grids [43] and the analysis of
[39] that relates finite volume and finite elements by using the concept of
a “spread cell”.

This research helped to evolve and clarify the notion of spatial compat-
ibility to its present meaning of a discrete setting that provides mutually
consistent operations for discrete integration and differentiation that obey
the standard vector identities and theorems, such as the Stokes theorem.
It also highlighted the role of differential forms and algebraic topology in
the design and analysis of compatible discretizations. The recent work in
(2, 8, 9, 10, 22, 29, 30, 39, 44, 47, 52, 53, 58] and the papers in this vol-
ume further affirm that these tools are gaining wider acceptance among
mathematicians and engineers. For instance, FE methods that have tra-
ditionally relied upon nonconstructive variational [6, 18] stability criterial
now are being derived by topological approaches that reveal physically rel-
evant degrees of freedom and their proper encoding. Of particular note are
the papers by Arnold et al. [4, 2] which develop stable finite elements for
mixed elasticity, and by Hiptmair [29], Demkowicz et al. [22] and Arnold et

1One exception in FEM was the Grid Decomposition Property (GDP), formulated
by Fix et al. [26], that gives a topological rather than variational stability condition
for mixed discretizations of the Kelvin principle derived from the Hodge decomposition.
The GDP is essentially equivalent to an inf-sup condition; see Bochev and Gunzburger
[7]-
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al. [3] which define canonical procedures for building piecewise polynomial
differential complexes.

The key role played by differential forms and algebraic topology in
compatible discretizations is not accidental. Exterior calculus provides
powerful tools and concise formalism to encode the structure of many
PDEs and to expose their local and global invariants. For instance, in-
tegration of differential forms is an abstraction of the measurement pro-
cess, while the Stokes theorem connects differentiation and integration to
reveal global equilibrium relations. Algebraic topology, on the other hand,
supplies structures that mimic exterior calculus on finite grids and so is a
natural discretization tool for differential forms. The application of alge-
braic topology in modeling dates back to 1923 when H. Weyl [59] used it
to describe electrical networks. Other early works of note are Branin [17]
and in particular Dodziuk [24] whose combinatorial Hodge theory has great
similarity with mixed FE on simplices. However, these papers contained
few applications to numerical analysis. The first deliberate application of
algebraic topology to solve PDEs numerically is due to Tishkin et al. [55]
and Hyman and Scovel [31] who, drawing upon some of the ideas in [24],
used it to develop mimetic finite difference methods.

The present paper extends the approach originated in [31] to create a
general framework for compatible discretizations that includes FE, F'V, and
FD methods as special cases. We first translate scalar and vector functions
to their differential form equivalents and consider the computational grid
to be an algebraic topological complex. The grid consists of 0-cells (nodes),
1-cells (edges), 2-cells (faces), and 3-cells (volumes) which combine to form
k-chains; £ = 0,1, 2, 3. For simplicity we focus on simplicial grids; however,
most of the developments easily carry over to general polyhedral domain
partitions.

All necessary discrete structures in our framework are put together
by two basic operations: a reduction map R and a reconstruction map
Z, such that 7 is a right inverse of R. We take R to be the De Rham
map that reduces differential forms to linear functionals on chains, i.e.,
cochains. Therefore, discrete k-forms are encoded as k-cell quantities. For
differential forms, the operators Div, Grad and Curl are generated by the
exterior derivative d. Stokes theorem states that d is dual to the boundary
operator d with respect to the pairing between forms and chains. To define
the discrete operators we mimic this property and use the duality between
chains and cochains. Thus, the discrete Div, Grad and Curl are generated
by the coboundary § which is dual to & with respect to this pairing.

The reconstruction map 7 translates cochains back to differential forms
and induces the natural inner product that is central to our approach.
This product gives rise to a derived adjoint 6*, a discrete Laplacian —A =
§6* + 0*6 and hence a combinatorial Hodge theory [25, 24]. By applying
a discrete version of Hodge’s theorem and De Rham’s theorem, we can
compute the size of the kernel of this Laplacian in an elementary way.
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The global (combinatorial) and the local {(metric) properties of the dis-
crete models are determined by R and Z, respectively. The discrete deriva-
tive, induced by R, is purely combinatorial and invariant under homeo-
morphisms. The adjoint 6* is induced by the inner product and depends
on the choice of 7.

The present work, based on mappings between differential forms and
cochains, differs from other approaches that use differential forms and al-
gebraic topology to provide common frameworks for compatible discretiza-
tions. Most notably, we make the inner product on cochains the key concept
of our approach because it is sufficient to generate a combinatorial Hodge
theory. As a result, distinctions between compatible FE, FV, and FD meth-
ods arise from the choice of 7 and so equivalence of different models can be
established by comparing their reconstruction operators. In contrast, the
primary concept in [30, 52, 54] is the discrete x operator. Different models
are distinguished by their choice of the discrete x and its construction is
the central problem.

As an aside, we point out that developments in the FE literature focus
primarily on approximation of differential forms by piecewise polynomials
of arbitrary degree [1, 3, 22] and less on the equivalence between the dis-
crete models. Except in the lowest-order case, such spaces include degrees
of freedom that are not cochains and result in differential operators that
are not purely combinatorial. The main advantage of cochain encoding
used in this work is seen in the possibility to maintain a clear distinction
between the global and the local features in the discrete model. High-order
formulations on cochains are also possible by using an appropriate recon-
struction operator [32, 58]. Generally, reconstruction stencils for Z grow,
which is seen as the principal drawback of this approach. However, the
number of degrees of freedom does not increase.

2. Differential forms. We review the basic concepts necessary for
the numerical framework. Given an n-dimensional vector space E and an
integer 0 < k < n , we denote by A* the vector space of algebraic k-forms,
that is, all k-linear, antisymmetric maps? wy, : Ex...x E — R; see [5]. The
subscript & in wy will be used only when necessary to distinguish between
different forms. Dimension of A is C? and the unique element w, of A"
is a volume form. We recall the wedge product A : A*¥ x Al — A+ for
k+1 < n with the property that wy Aw; = (=1)*w; Awg. An inner product
(-,-) on E x E induces an inner product (-,-) on A* x A*¥. The latter gives
rise to a unique metric conjugation operator x : A® — A™* defined by
the relation [23, 27)

wAKE = (w, 8wy VYw,& € A, (2.1)
Let T} denote the tangent bundle of a differentiable manifold Q. A

2Equivalently, A* can be defined as the dual of A - the space of all k-vectors; see
[23, 27].
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differential k-form on Q is a map Q 3 z — w(z) € A*(T,Q), where T,
is the tangent space at x. In what follows the set of all smooth k-forms
on Q is denoted by A¥(Q). The exterior derivative d : A¥ — AF*T1; k =
0,1,...,n — 1 satisfies

d(wi Awp) = (dwr) Awp + (=1)*wp A (dwp) ;E+1<n (2.2)
and dd = 0 and therefore gives rise to an exact sequence
R — A%(Q) -5 AL(Q) 5 A2(Q) v A3(Q) — 0 (2.3)

called De Rham complex.
Integration operation for differential k-forms can be defined on k-
dimensional manifolds without any reference to a metric structure [5, 23].

The Stokes theorem
/ o= / dw, (2.4)
o) Q

expresses the classical Newton-Leibnitz, Gauss divergence, and Stokes cir-
culation theorems. As a corollary to this theorem and (2.2), we have, for
k + 1+ 1 = n, the integration by parts formula

/(mwk/\wl =/Q(dwk)w,+(-1)k/ﬂka(dwl). (2.5)

On a Riemannian manifold Q the metric tensor g;; induces Euclidean
structure on 7, and inner product (-,-) on A¥(T,Q). The latter brings
about an L? inner product on A*(Q) defined by

(w,€)q = /Q (@, E)wn (2.6)

In view of (2.1), an equivalent definition is

(w,8)a = /Q wAXE. (2.7)

The Hilbert spaces obtained by completion of smooth k-forms in the metric
induced by (2.6) will be denoted by A*(L2,Q).
It is also profitable to introduce the Sobolev spaces [3]

A*¥(d, Q) = {w e AF(L2,Q) | dw e AFFHL2 Q)},

of square integrable k-forms whose exterior derivative is also square inte-
grable.

The inner product (2.6) gives rise to an adjoint operator d* : A¥(Q) —
AF=1(Q). Assuming that €2 is the whole manifold, or that one of the forms
has compact support, the adjoint is defined by

(dw,8)q = (w,d*E)q for all w € AF~1(Q), £ € AF(Q).
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The adjoint gives rise to the Hodge Laplacian —A\; = dd* + d*d, which is
a mapping A¥(Q) — A*(Q).

We assume that the boundary 09 of domain Q for the PDEs consists
of two disjointed, smooth, possibly empty boundary components I'y and
T'>. At any boundary point a form can be decomposed into its tangential
and normal components, w = w; + wy. If 7 is the inward pointing unit
covector, then w, = g An where xg = xw A 7. The Green’s formula

(dw,8)q — (w,d*€)q = / wA*E = wy AxEp (2.8)
a9 89
follows from (2.4) and (2.5).
Let A%(Q) be the smooth k-forms w such that

wy=00nT; and w,=0o0nT,. (2.9)

The boundary conditions imposed on A§(Q) imply that d* = (—1)* x dx.
Thus, the adjoint has the property that d*d* = 0. If the metric is the stan-
dard Euclidean metric, then the effect of d* on scalar and vector functions
is the same as that of d.

Using (2.8) we see that for w,& € AE(Q)

(—Lkw, §)q = (dw,df)q + (d*w,d"E)q -

The right-hand side in the above formula is the Dirichlet integral.

The relation between forms and vector and scalar functions in R3 is
determined as follows. Let {z;}_, and {dz;}?_, denote the local coordi-
nates and their conjugates, respectively, that is, dz;{z;) = d;;. A 0-form is
dual to zero-dimensional manifolds (points) and so it is a scalar function.
A 3-form is dual to three-dimensional manifolds (volumes) and so it has
the form

w = ¢(x)dzy ANdzo Adzs.

This defines a relation w < ¢ where ¢ is a scalar function. Therefore, 0-
and 3-forms can be identified with scalar functions. A 1-form is dual to
one-dimensional manifolds and can be written as

w=u(x)dz; + uz(x)dzs + us(x)dzs,
while a 2-form is dual to two-dimensional manifolds and can be written as
w = u(x)dze A dzs + us(x)dxs A dzy + uz(x)de; Adzs.
Tglis defines a relation w < u, between 1- and 2-forms and vector fields in
R4,

To emphasize correspondences between forms and fields, sometimes
we will write w® or w® so that

dw§ =wy?; dwf =w)y*"; and dwy =wy™. (2.10)
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That is, exterior derivative of a 0—,1—,2—form is equivalent to applica-
tion of Grad, Curl, or Div, respectively, to the corresponding scalar or
vector field.

Furthermore, if w" and &V are two 1-forms, then the wedge product
we A €Y is a 2-form with corresponding vector function u x v. If n¥ is a
2-form, then the wedge w" A% is a 3-form with scalar function u - w.

For the Hilbert spaces A*(d, ) boundary conditions are imposed for
k = 0,1,2 either on I'y or I'y but not both at the same time. In this
paper we consider the spaces A¥(d, Q) with boundary conditions on I';; i =
1,2. The correspondence (2.10) allows us to identify A*(d, ), k = 0,1,2
with the Sobolev spaces H (), grad), H(Q, curl), and H(Q,div) of square
integrable functions whose gradient, curl, and divergence are also square
integrable. With A3(d, Q) ~ L?(2) we have an L? version of the De Rham
complex (2.3):

R — H(Q, grad) —— H(Q, curl) 5 H(Q, div) 2> L2(Q) — 0. (2.11)

The spaces A¥(d, Q) correspond to Sobolev spaces constrained by boundary
conditions on I';:

H(Q,grad) = {¢ € HQ,grad) | ¢ =0 onT;}
H;(Q,curl) ={we H{Q,curl) | wxn=0 onl}
H;(Q,div)={we HQ,div) | w-n=0 onI;}.

They form a De Rham complex relative to T';.

3. Algebraic topology. Our goal is to develop discrete structures
that support mutually consistent, mimetic notions of integral, derivative,
and inner product. The approach adopted in this paper is guided by alge-
braic topology and draws upon the ideas of [31]. This section reviews the
necessary basic concepts. For further details we refer the reader to Cairns
[21] or Flanders [27].

For brevity we restrict our attention to computational grids that are
triangulations of 2 by a simplicial complex. All discrete structures devel-
oped in this paper and their mimetic properties can be extended to general
polyhedral partitions of € such as considered in [38].

A k-simplex si is an ordered collection [pg,...,px] of (k+1), k <n
distinct points in R™ such that they span a k-plane. A k-chain is a formal
linear combination

ck = E a;s},
i

where a; are real constants and si are k-simplices. A set of k-chains is
denoted by C.
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Jd

0<ddc, <*— dc, <*— «c,

FI1G. 1. The boundary 8 of a k-simplez is (k— 1)-chain. The action of 0 on a 3-cell
ilustrates that 89c3 = 0.

The boundary 8 of a k-simplex is (k—1)-chain is defined by the formula

k

0po, .- Pl = D _(=1)'[Po, -, Pic1,Pit1,- -, Px] - (3.1)
i=1

A direct calculation shows that 89 = 0. Boundary of a chain is defined
by linearity; see Fig. 1

Oc = Z a;0ck . (3.2)

The collection {Cqy, C1,Cq,C3} is called complex if for any ¢ € Cy,
Oc € Ci_. This gives rise to an exact sequence

01—0()(6—001(8—102&-036—0 (33)

where 0y, : Ci41 — C is the boundary operator on k-chains. The sequence
(3.3) is called ezact since Range 0 C Ker 0x_1, which follows from 00 = 0.
The geometric realization of a k-simplex [po, ... px] is the map

k k

t; — Ztipi, where ¢; > 0 and Zti =1.
i=0 i=1
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This map returns the convex hull of the points [po,...px]. The num-
bers t; are called barycentric coordinates, and they turn the complex
{Cy, C1,C4,C3} into a metric space K. A triangulation of 2 is a home-
omorphism K — Q. Given K, we denote by L1 C K and Ly C K the
triangulations of I'; and ['s.

The chain Cj is a collection of zero simplices, i.e., points. We re-
quire that these points be given an ordering. This ordering determines

an orientation for each k-simplex in K. A simplex [py,, ..., Ps | has posi-
tive orientation if 7 = {ip,...,i} is an even permutation of the symbols
{0,...,k} and negative orientation otherwise. The subsets

Zp = {Ck € Cy |6k—1ck = 0} and
B, = {bk € Cy | b = 8kck+1 for Ck+1 € Ck+1}
of C} are called k-cycles and k-boundaries, respectively. Because 80 = 0,
By is a subgroup of Zj. The k** homology group of K over R, Hi(K,R) =
Zy. /By contains all cycles that are not boundary chains.
The dual C* is the collection of all linear functionals on Cy. The
elements of C* are called k-cochains. We use the bracket notation (-,)

to denote the duality pairing of chains and cochains. The adjoint of 9,
§:Ck i Ckt1 defined by

(a,0c) = (da,c) (3.4)
satisfies 6 = 0 and forms an exact sequence
0—C0 2,0t 2,02 2,08 L0, (3.5)

dual to (3.3). As before, we define the k-cocycles Z*, the k-coboundaries
B of C*, and the k** cohomology group H*(K,R) = Z*/B*.

The collection {oi}, i = 1,2,... of positively oriented k-chains forms
a basis for the chain complex. Since K is finite, C} is finite dimensional
and isomorphic to C*. The isomorphism J : C* — C}, is given by

Ja=> (a,0})o}. (3.6)

i

We identify of with its dual so that (o}, ai) = 0;; . Then a cochain can be
written as @ = ) a;0}, and its action on a chain ¢ = }_ ¢;0% is given by

{(a,c) = Z a;c; .

4

From this, the coboundary operator is computed to be

5[p07"'7pk] = Z[P;PO:---aPk]
P
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+/- +]-

>88¢' =0

FiG. 2. The coboundary operator is defined by d(po,. .., pPs] = Ep P, PO-- - P&,
where the points [p, pa, ..., x| form a (k + 1}-simplex, returns a cochain that contains
all (k 4+ 1} simplices that have [po, ..., Pk} as part of their boundery. The action of &
on a I-cell illustrates that 8¢t =0,

where the sum is over all points p such that [p,po,....px] is a (& 4 1)-
stimplex. In other words, the coboundary returns a cochain that contains
all (k -+ 1) simplices that have [pq,...,p| as part of their boundary: see
Fig. 2.

To accommodate boundary conditions, define the subspace C* C C*
to be the set of all k-cochains that vanish on L;, the triangulation of T';:

CF = {a e C*{{a,c0) =0 Ve € L},

and CF to be the cochains that vanish on Ly U Le, In a similar way we
construct the groups ZF, BF and the k'* relative cohomology group HF =
HY(K, L, R).

We stress that geometrically C* and C} are distinct despite the isom-
porphism J. An element of Cy is a formal sum of k-simplices, whereas an
element of C* is a linear function that maps elements of Cy into real num-
bers. This distinction also extends to the role of chains and cochains in the
digcretization. The k-chains represent subsets of the nodes, edges, faces,
and cells in the grid. The k-cochains are the collections of real numbers
{a;} associated with these subsets, Therefore, the chains are the physical
objects that make the computational grid, while the cochains are the dis-
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crete functions that live on that grid. In particular, the proper way to store
scalar functions on the grid is as 0- or 3-cochains, while the proper way to
store vector fields is as 1- or 2-cochains.

4. Framework for mimetic discretizations. This section develops
structures for mimetic discretization of PDEs by using algebraic topology
and two basic operations. A reduction operator maps forms to cochains and
gives rise to combinatorial operations of differentiation and integration that
satisfy a Stokes theorem. A reconstruction operator translates cochains to
differential forms and is used to obtain the natural inner and wedge product
operations. The natural operations provide the derived analogues of the
adjoint d* and the Hodge Laplacian.

4.1. Basic operations.

Reduction. Information about physical quantities is obtained by mea-
suring. Integration of differential forms is an abstraction of this process and
motivates our choice of the De Rham map A*(Q) — C* for the reduction
operation. This map is defined by

(Rw,c) = /Cw (41)

where ¢ € C is a k-chain and w € A¥(Q) is a k-form. The mapping
w +— Rw establishes discrete representation of k-forms in terms of global
quantities associated with a chain complex. Thus, we encode discrete k-
forms as k-cell quantities. The following property of R will prove useful in
the sequel.

LEMMA 4.1. The De Rham map has the commuting diagram property
Rd =6R.

Proof. Using the Stokes formula (2.4) and the duality of 8 and ¢ gives

(Rdw, ¢) = /dw = / w = (Rw,0c) = (§Rw,c) . (4.2)
c de
a
In what follows we refer to this property as CDPI, the first commuting

diagram.

Reconstruction. Central to our approach is the notion of an inner prod-
uct on cochains. Its natural definition requires an operation Z that serves
as an approximate inverse to R and translates the global information stored
in C* back to local representations. In contrast to R, where the De Rham
map (4.1) is the obvious candidate, the choice of 7 is flexible because of
the many possible ways in which global data from C* can be combined in
a local field representation.

The operator 7 must satisfy two basic conditions. We will call a
bounded linear mapping Z : C* s A*(L2 Q) an L? mimetic reconstruction
operator if 7 is a right inverse of R (consistency property)

RT = id (4.3)
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and an approximate left inverse of that operator (approzimation property)
IR =id+ O(h?), (4.4)

where s and h are positive real numbers that give the approximation order
and the partition size in K, respectively.
From (4.3) it follows that Z is unisolvent in the sense that

KerZ = {0}. (4.5)

We require the range of 7 to contain square integrable k-forms and
(4.3) implies that these forms are continuous on the k-chains of the complex
K. However, they may be discontinuities along the m # k-cells of the
complex, or even within the k-cells of K, and so they may not belong to
A*(d, ). For mimetic reconstruction operators Z whose range is a subspace
of the Sobolev space A¥(d, ) we impose an additional condition that serves
to coordinate the action of the exterior derivative and the coboundary
operator. This condition takes the form of a second commuting diagram
property, CDP2,

dI =16. (4.6)

We will call such mappings conforming mimetic reconstruction operators.
The Whitney map [60, 24, 31] is an example of a regular mimetic recon-
struction operator.

4.2. Discrete structures. For a mimetic reconstruction operator Z,
the range of IR, considered as an operator A*(d,Q) — A¥(L? Q), is a
subspace of A*¥(L?,9) given by

A*(L2 K) = {wn € A*(L2,Q) |wp, = ITRw for some w € A*(d,Q)}. (4.7)

When 7 is a conforming operator, the range of ZR is a subspace of A*(d, )
given by

A*¥(d, K) = {wp, € A¥(d, Q) |wp = IRw for some w € A*(d,Q)}. (4.8)

The spaces A¥(L2, K) and A¥(d, K) are defined similarly using A*(d, ©2).

4.2.1. Combinatorial operations. These operations are induced by
the action of R and are completely independent of any metric structures.

Ezterior derivative. Formula (2.10) shows that Grad, Curl and Div are
generated by the action of d on 0-, 1-, and 2-forms. Therefore, their discrete
versions will be generated by a discrete counterpart of d acting on 0-,1-,
and 2-cochains. To find the discrete version of d on K we note that forms
are dual to manifolds with respect to the pairing induced by integration
and that according to the Stokes theorem (2.4), d is the adjoint of 8. To
define a discrete derivative we mimic this by using the duality of C* and
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Cy and formula (3.4) which states that ¢ is dual to 8. Thus, the discrete
Grad, Curl and Div are generated by the coboundary. The CDP1 property
asserts the consistency of this definition: The action of d on w followed by
a reduction to cochain equals the reduction of w to cochain followed by the
action of 4.

Integration. The integral of a € C* is defined on chains Cj, by duality:

/a:(a,o) Yae C* oeCy. (4.9)

4.2.2. Natural operations. These are defined by composition of 7
and the desired analytic operation. Natural operations are the best imita-
tion of the analytic operations on cochains.

Inner product. The L? inner product (2.6) on A¥(f) is the integral of
the inner product on A*(T,Q). We mimic this relationship by setting up
the local inner product

(@,6) % (70, 70)  vabe k. (4.10)

The discrete L? inner product on C* is the integral of (4.10):
def k
(a,b)g = [ (a,b)w,, Va,be C". (4.11)
Q

Unisolvency (4.5) of T guarantees that (4.10) and (4.11) are nondegenerate
and are indeed inner products.

Wedge product. The operation A : C* x CP — CP** is introduced by
using the wedge product of differential forms. Specifically, we set

aANb=R(ZaNTIb) VYaecCF;beCP. (4.12)

4.2.3. Derived operations. These operations are induced by the
existing natural operations.
The discrete adjoint. The inner product on C¥ induces an adjoint §*
of § characterized by the identity

(6a,b)q = (a,6*b)q  Yae Ck beCkL. (4.13)

The adjoint is a mapping C¥*! — C¥, has the property that §*6* = 0, and
provides a second set of discrete Grad, Curl, and Div operations. In PDEs
modeling physical problems, often a vector function is associated naturally
with a 1-form or a 2-form, while a scalar function can be associated with
a O-form or a 3-form. This identification determines whether the vector
function should be encoded in C§ or C? and the scalar function in CJ or
C3. This in turn determines the discrete version of Div, Curl and Grad
to use.
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Hodge Laplacian. We define the discrete Laplacian D : C§ — C§ with
0 and its adjoint 6* as

—D = 6*5 + 66* (4.14)

to mimic —A = d*d + dd*.

REMARK 4.1. Derived operations are needed to avoid internal incon-
sistencies between the discrete operations. Because 7 is only an approxi-
mate left inverse of R, some natural definitions with clash with each other.
For example, a natural counterpart of (4.13) mimics d* = (—1)* x dx and
defines 6* = (—1)*R xd+Z. Besides the fact that this requires Z to be con-
forming, the real problem is that the natural 6* is not the adjoint of § with
respect to the natural inner product (4.11). Indeed, from (4.4) and (4.6)

(6*a,b)q = (~D¥(TR xd x Ta,Tb)q = (=1)*(xd x Ta,Ib)q + O(h®)
= (Za,dIb)q + O(h®) = (Za,I8b)q + O(h®)
= (a,db)q + O(R*).

4.3. Mimetic properties. We now establish the mimetic properties
of the discrete operations.

Derivative and integral. In addition to 66 = §*6* = 0, derivatives have
the following mimetic property.

LEMMA 4.2. Assume that T is conforming and let ap, = Ta, by, = Tb
fora € C* be Ck1. Then

(dah, bh)Q = (5&, b)Q and (ah,d*bh)g = (a, (5*1))9 . (4.15)
Proof. The first identity follows directly from CDP2 (4.6) and the
definition of the mimetic inner product. To prove the second identity we

use (4.6), (4.11), and that d* is the adjoint of d:

(ah,d*bh)g = (dah, bh)Q = (dIa,Ib)Q = (I&z,l’b)g = (50., b)Q = (a, (5*b)g .

a
The discrete Stokes theorem is a consequence of the identity

(6a,0) = (a,00) Vae C¥ o€ Cyry.

From (4.1), (4.3), and (4.9) we have the property

/aa = (a,0) = (RZa,0) = /gIa. (4.16)
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Combinatorial Hodge theory. We recall the relative singular cohomol-
ogy of Q over R:

7-_(’5 = Kerd/Ranged on singular k-cochains that vanish on Iy,
the De Rham cohomology:
H* = Kerd/Ranged on A%
and the De Rham theorem
H* ~ .

Let H*(Q) = {h € A§(Q) | Ah = 0}, the space of smooth harmonic k-
forms. The Hodge decomposition® theorem [23] states that dim(Ker/Ay) =
dim(7*) and every w € A¥(Q) has a decomposition

w=df + h+d"g (4.17)

where f € AF7H(Q), g € AETH(Q), and h € H*(Q). In the vector calculus
this theorem implies that any vector function u has a decomposition u =
V x w4+ V¢ + h where h is harmonic and ¢ is a scalar. It also implies that
any real function has the decomposition f = g+ V - v, where g is harmonic.

The kernel of the discrete Laplacian H*(K) = {h € C¥|Dh = 0} is
the set of all harmonic cochains in C¥. Its characterization mimics that of

H*(Q):
H*¥(K)={ce Ck|éc=6"c=0}. (4.18)
THEOREM 4.1. Every a € C¥ has a decomposition
a=0b+h+d6%c, (4.19)

where b € CE7Y, c € CE! and h € HF(K).
Theorem 4.1 is a consequence of 66 = 0 and the definition of 6* as the ad-
joint to é. This is another important reason to choose the derived definition
(4.13) of 6* instead of the natural one in Remark 4.1.

To compute dim(KerD) we need the following result.

LEMMA 4.3. The kernel of D is isomorphic to the k** relative coho-
mology group HE.

3This theorem is primarily a consequence of the fact that if T : V + V is a bounded
linear operator on a Hilbert space V such that 72 = 0, then

V = RangeT @ RangeT* ¢ H,

where H = {z € V|Tzx = T*z = 0}. A simple proof is as follows. Define V' =
(RangeT @Range T*)L and let z € V’. Then (Ty,z) = 0 and (T*y,z) =0 forally € V
imply that Tz = T*z = 0 and =z € H. For T = d the proof is complicated by the fact
that d is an unbounded operator on a domain in L2.
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Proof. Note that if a = 6b+ h + é*c is in Ker(dy), then from §§ =0
and (4.18)

0=46da=2086b+3dh+66"c=4d8"c.

This identity implies that (6*¢, 6*c) = 0 and hence 6*c = 0. Thus, if da =0,
then a = h + 6b, and the correspondence a « h provides an isomorphism
Keré/Ranged — Ker D. a
COROLLARY 4.1. The size of the kernels of the analytic and discrete
Laplacians is the same.
Proof. From Lemma 4.3 it follows that

dim (Ker D) = dim HE .

Furthermore, dim(Hf) = dim(H%) (Cairns [21]) and dim(HE) =
dim(7*) (De Rham’s theorem). The assertion follows from dim(H*) =
dim(ker Ag). o

It is remarkable that the size of the kernel of the analytic and discrete
Laplacians depends only upon the topology of the domain and not the
specific nature of these Laplacians.

Natural inner product. The definition of the discrete L2 product (4.11)
mimics definition (2.6). Using (4.10) we find that this inner product has
the property that

(a,b)q = /Q (a, b, = /Q (Ta, Tb)wn, = /Q Ta AxTb,

which mimics the property (2.7) of the analytic inner product.

Vector calculus. The discrete versions of the vector calculus identities
hold exactly for the discrete operators defined by é and 6*.

LEMMA 4.4. The discrete versions of Grad, Curl, and Div satisfy
Curl Grad = 0 and Div Curl=0

Proof. For the two discrete derivatives the identities are 46 = 0 and
6*0* = 0. The first follows by duality of chains and cochains:

(56a,b) = (5a,db) = (a, 0Db) = 0

The second follows by the duality of é and 6* with respect to the discrete
inner product:

(6*6%a,b)q = (6%a,db)q = (a,d6b)q = 0.

0
As a corollary to this Lemma we also have a discrete version of Poincaré’s
lemma which states that on a contractable domain every closed form is a
differential. The discrete version of this lemma is that every cocycle is a
coboundary. Therefore, on contractable domains we have existence of dis-
crete potentials. This mimetic property can be used to transfer solenoidal
fields between two different cell complexes [11] and gauge discrete prob-
lems [15].
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The wedge product. We show that (4.12) has the same commutation
property as the true wedge product. If 7 is also conforming, then the effect
of 6 on (4.12) is algebraically the same as that of the exterior derivative on
forms, and so properties of the discrete wedge and the discrete derivative

are properly coordinated.
LEMMA 4.5. Let A: C* x CP s C**P be defined by (4.12). Then

anb=(-1)*bAa, (4.20)
and if T is conforming mimetic reconstruction,
Sanb)y=banb+(—1)*anéb (4.21)

for alla € C* and b € CP.

Proof. The commutation identity (4.20) follows directly from (4.12)
and the like property of forms. The second identity is a consequence of the
CDP1 property of R and the CDP2 property of 7:

§(aAb) = SR(TaATb) L Rd(TanTb)
= R(dZa ATb) + (—1)*R(Za A dIb)

“LP2 R(T6a ATb) + (—1)FR(Ta A I6b)
= danb+ (-1 ) aAdb.

The wedge product is nonassociative: (a Ab)Ac#a A (bAc).

4.4. Discrete x. In this section we discuss complications arising in
the construction of a discrete x operation and explain why it is not among
the discrete operations that comprise our mimetic framework.

A natural discrete * operation uses Z to translate cochains to forms,
applies the analytic x and then reduces the result back to cochains. Thus,

a natural operator *: Ck s C"F is defined by
*=R*T. (4.22)

Tarhasaari et al [52] proposed this formula for a primal-dual cell complex.
The derived discrete x is defined in terms of the existing natural op-
erations. We use the inner product (4.11) and the wedge product (4.12) to

mimic? (2.7) and define %: Ck  C"~* by the formula
/ aA*b=(a,b)q Va,beCk. (4.23)
Q

In Section 5 we show that the derived « is related to an algebraic definition
proposed by Hiptmair [30].

4The discrete % acts on cochains and is a global operation. Thus, we mimic the global
relation (2.7) instead of the local formula (2.1) which defines the analytic * locally.
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LEMMA 4.6. The opemtori has a commuting diagram property on
the range of IR, that is

* Rwp =R*wy, Vuwp € A¥(L2 K). (4.24)

Proof From (4.7) we know that any w, € A¥(L? K) has the form
wp, = ITRw for some w € A*(d, ). Using this characterization and the fact
that RZ = id gives

X Rywn, = (¥ R)(TRw) = (R % T)(RI)(Rw) = (R¥)(TRw) = (R)wr, .
o

LEMMA 4.7. The opemtori has a weak commuting diagram property
on C*:

/ TR(TaAT % a) = / TaA+Ta. (4.25)
Q Q

Proof. Using (4.16) and (4.12)
/a/\iaz/I(a/\ia):/IR(Ia/\Iia),
Q Q Q
which is the left-hand side in (4.25). Using (4.11) and (2.7)
(a,a)q = (Ta,Ta)q = / ZaN*Ta,
Q

which is the right-hand side in (4.25). o
Similar arguments can be used to show that

/ﬂ oA Y a = (a,a)0 +O(R?), (4.26)

which implies that % — x= O(h*). Formula (4.26) also means that the

natural operator % is not compatible with the natural inner and wedge
product definitions, while (4.24) means that it is compatible with the re-

duction map R. Exactly the opposite is true for the derived operator *.
By construction this operator is compatible with the natural inner product
and the natural wedge product but is incompatible with R and Z. Finally,
neither i, nor % is compatible with the derived adjoint 6* defined in (4.13).
The problems with the discrete x operation arise from the fact that
its action must be coordinated with two natural operations. The natural
definition fails to accomplish this, while forcing the discrete * into com-
pliance with the two natural operations leads to other incompatibilities.
In contrast, an operation like §* requires a single natural operation for its
definition and has a “built-in” compatibility with that operation.
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These observations show that if a discrete x operation is required, then
it must be made the primary object of the discrete framework and then
used to define all other necessary structures. However, construction of a
good discrete % is nontrivial and more difficult than the construction of a
good inner product. For instance, the analytic x is local and invertible. To
mimic this in finite dimensions the discrete x must be given by a diagonal
matrix with positive entries. This is impossible unless K has a dual complex
K such that CF is isomorphic® to C™*. In all other cases, the discrete x
will be a rectangular matrix.

As a rule, the need for a discrete x arises from discretization of mate-
rial laws. Because of the difficulties with this operator, we prefer to either
incorporate these laws in the inner product or to enforce them in a weak,
L? sense. In the first case we work with §* and in the second we solve a
constrained optimization problem. These alternatives to a discrete x offer
several valuable advantages. Besides being sufficient for a combinatorial
Hodge theory, the inner product gives rise to a symmetric and positive
semidefinite Laplacian. In contrast, direct discretization of material laws
by an independently defined discrete x and the subsequent formation of the
Laplacian through this operation may lead to operators that have imagi-
nary and/or negative eigenvalues with the attendant stability problems; see
[49] for examples in computational electromagnetism. On the other hand,
the weak enforcement of the material laws is justified by their approximate
nature as summaries of complex interactions.

In summary, the natural inner product leads to well-behaved discrete
structures and is much easier to construct than a good discrete * opera-
tor. Choosing the inner product to be the primary discrete operation will
also mimic the analytic case where the x operator is induced by the inner
product, but not vice versa.

5. Algebraic realizations. Let m; = dim C¥. The map
Mgk
a= Zaia,’c —a={ag,...,8m,)
i=1

establishes an isomorphism C& + R™*. Then R can be viewed as a map
A%(Q) + R™*, defined by

a=TRw ifandonlyif a; :/ w,

7}
while 7 is an approximate inverse of this map. As a result, all mimetic op-
erations on cochains can be realized by matrices acting on their coefficient

5Tt is worth pointing out that when €”~* and C* have the same dimension, the
covolume reconstruction operator gives rise to an inner product that is compatible with
a diagonal discrete x; see [44, 45, 58]. Thus, in this case, explicit definition of a discrete
* operation can also be avoided.
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vectors. The action of § : C¥ - CE¥*+! is given by a matrix D € R™s+1 X7
with the property that Dxy1Dx = 0. This matrix has elements -1, 0, and 1
which reflect the combinatorial nature of the discrete derivative §

The local and the L? inner products on C¥ are associated with the
symmetric and positive definite matrices My (z), M, € R™+*™*% guch that

(a,b) = aTMi(z)b and (a,b)q = aTMyb, (5.1)

respectively.

The action of 6* is given by a matrix D} € R™**™*+1. Since 6* is
derived from ¢ and the natural inner product, it follows that D} can be
expressed in terms of the matrices that represent these operations. From

al(D},1)"Mib = (6%, 1a,b)a = (a, 6xb)a = aT M1 Dxb
we see that D} ; = My 'DT M4, and
D;D;., =M DI MM D My = Mg DI DI M4y =0,

as expected from a derivative.
The discrete Laplacian Dy, is also a derived operation and its action is
given by the matrix

Ly = (Mg 'DE My 1Di + D1 M2 DT M) € R™ X,
‘We have the formula
(67 16ka,b) = a” DF (Mg 'DIMy11)"Mib = a? DI M4 1 Db = (Sxa, 5ib)

and a similar formula for (8;-165a,b).
To find a matrix expression for the wedge product A : C} x C§ — C2
we use the formula

ma
ay Aby =R(Zay ATIby) =Y ;o4

and the commutation property (4.20) to conclude that each coefficient c; is
a skew-symmetric bilinear form of the coefficient vectors a and b. There-
fore, ¢; is given by a skew-symmetric matrix Wi{; € R™>™1 and

ma

ay Aby =) (a"Wi b)o}

i=1

For A: C} x C2 — C§ and A : C% x C} — C3 we have the formulas

a1Aby = R(ZayALbs) Zcu ¢ and byAag = R(IbyATay) Zcmag,
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respectively. The coefficients c}? and c¢?! are bilinear functions of a and
b and so they are given by matrices Wi, € R™1X™2 and W§, € R™2x™1,
respectively. From (4.20) it follows that Wi, = (W¢,)T and

ms ms3

ayAby=) (aTWi,b)oi and byAar =) (bT(Wi)Ta)ol. (52)

i=1 i=1

Matrix representations for the remaining two wedge products follow in a
similar fashion. From (5.1) and (5.2) we can obtain a matrix representation

for *: C§ — C2. Using (5.2) and definition (4.9) the matrix form of the
left hand side in (4.23) is

/aA*a_m*aZas ZaTWm*a (o}, %) ZaTw
Q

=1

where ¥ a € R™ is the coefficient vector of * a and y; = (0%, L) is the
volume of the ith basis 3-cell. The matrix form of the right hand side in
(4.23) is

(a,a)q =aTMa.
Let Wyg = 5°7% p;W?,. Then, the matrix form of (4.23) is
Wio(* a) = Mja. (5.3)

This formula reflects the fact that the derived operator * relies on two
natural operations and so is associated with a pair of matrices related
to these operations. A formula similar to (5.3) was used in [30] for an
axiomatic definition of a discrete x operation.

Algebraic realizations of the mimetic operations are summarized in

Table 1.

6. Examples of reconstruction operators. For simplicity we
present examples of reconstruction operators in two-dimensions and re-
strict attention to operators that translate 1-cochains to 1-forms. We will
consider three operators Z : C! — Al(L?,Q), one of which will be conform-
ing. To explain the action of these operators it suffices to consider a space
C: consisting of a single 1-chain ¢; = Z?:l ¢t which is a boundary of a
2-simplex c; that forms the space C3. In two dimensions c; is a triangle
and the 1-cells {ci} are its edges. Two edges, ¢! and c], intersect at a
vertex ck, k #4,5. The set {ck} forms the space C.

Using the isomorphism (3.6), the elements of C! can be written as
ct = Ef L aici where a; = f w for some w € Al(d,§2). The value of
a; gives the circulation of the vector field u, associated with w, along the
edge ¢!.
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TABLE 1
Algebraic realizations of mimetic operations.

Operation Matrix form Type
) Dy incidence matrix
) M SPD
al AB! SWn skew symmetric
al A b2 Wi Wig =
b2 Aol S Wt Wi,
é* M;lD;‘:MkH rectangular
D M 'DIMy11Dg + D M2 DE M square
*: Cl s C2 (W12, My) pair

Covolume reconstruction. To define the covolume reconstruction oper-
ator [58] the simplex c5 is divided into three subsimplices ¢} by connecting
the circumcenter of ¢z with its vertices ¢} as shown in Fig. 3. Each subsim-
plex is bordered by exactly one of the edges c¢}; we denote that subsimplex
by cb.

The covolume reconstruction operator maps the 1-cochain ¢! into a
1-form w"™ whose associated vector field u is piecewise constant on each
subsimplex, determined according to the rule

uly = acy; i=1,2,3. (6.1)

The range of the operator defined in (6.1) is in the Hilbert space A'(L?,9)
but not in the Sobolev space Al(d, ). Therefore, covolume reconstruction
is not conforming. A unique property of covolume reconstruction is that
derived operators have local stencils and that there is a discrete x star
operation that is compatible with the natural inner product [58]. As a
result, the matrix M that gives the action of the natural inner product is
diagonal

hiht 0 0
M=| 0  hhy 0 : (6.2)
0 0  hghs

In (6.2) h; is the length of ¢i and h; is the length of the perpendicular
from the circumcenter to ci.

These properties follow from the fact that covolume reconstruction
can be associated with cochains on a Voronoi-Delaunay grid complex; see
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Fic. 3. The reconstruction operators are shown for the I-cochains: covolume,
mimetic, and Whitney, respectively. In the first figure, the covolume reconstruction
operator divides the simplex into three subsimplices by connecting the circumcenter of
with its vertices. Each subsimplez is bordered by exactly one of the edges. The covolume
reconstruction operator maps the I-cochain into a 1-form whose associated vector field
18 piecewise constant on each subsimpler. In the second figure, mimetic reconstruction
acts in a similar way to recover a form with a piecewise constant vector field. In the
mimetic approach, the subregions are associated with the vertices, have quadrilateral
shapes, and are bordered by the edges adjacent to each vertez. The third figure of the
Whitney map is an example of a regular mimetic reconstruction operator. In contrast to
the previous two reconstruction operators, the Whitney map builds a polynomial 1-form
from the cochain using a basis of polynomial 1-forms associated with the edges.

[42, 44, 58]. This association also implies that existence of the covolume
reconstruction is contingent upon the existence of the Voronoi regions and
so the simplexes must satisfy an angle condition [44].

Mimetic reconstruction. Mimetic reconstruction [33] acts in a similar
way to recover a form w" whose associated vector field u is a piecewise
constant on cp. As a result, the reconstructed form is in the Hilbert space
AY(L?,Q) but not in the Sobolev space A'(d,Q). The main difference
between covolume and mimetic reconstruction is in the choice of the sub-
regions. In the mimetic approach, the subregions are associated with the
vertices glg of ¢y, have quadrilateral shapes, and are bordered by the edges
¢t and ¢, 4,j # k; see Fig. 3. Each subregion is determined by connecting
the midpoint of ¢j with an arbitrary but fixed point inside the triangle. We
denote the subregion associated with the vertex cf by ¢§ and its area by V.
The mimetic reconstruction operator builds on ¢z the following piecewise
constant field:

uf :aic’i—l—ajc{; k=1,2,3; 4,5 #k. (6.3)

Mimetic reconstruction is less restrictive than the covolume 7 because ex-
istence of the subregions is not contingent upon the circumcenter being
inside the triangle. However, mimetic reconstruction gives rise to nonlocal
derived operators [34]. If ¢y is the angle associated with the vertex cf, the
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inner product matrix on cs is given by

Vs Vs V3 cos ¢3 Va cos g2
— T = —3 —
sin“ ¢g  sin” ¢3 sin® ¢3 sin® g2
V3 cos ¢ Vi Va Vi cos ¢
M= 6.4
sin® ¢3 sin® ¢, + sin® ¢3 sin® ¢y (6.4)
V4 cos ¢a Vi cos ¢ i Va
sin? ¢q sin? ¢, sin? 1 sin® ¢

Whitney reconstruction. The Whitney map [24, 60] is an example of
a conforming reconstruction operator whose range is in the Sobolev space
Al(d,Q). In contrast to the previous two reconstruction operators, the
Whitney map builds a polynomial 1-form on ¢, from the cochain ¢! using a
basis of polynomial 1-forms associated with the edges ci. The basis 1-forms
are defined by the formula

W = tzdtj - t]dtl, ’L,j 7é k, 1< ] s (65)
where t; are the barycentric coordinates. The vector field corresponding to
the basis 1-form is given by

U, = tinj - tjvti; ,jFk i<].

Therefore, the Whitney reconstruction map translates the cochain ¢! to
the 1-form w! = 22=1 arwyi with a vector field

u=>Y ap(t:Vt; —t;Vt,). (6.6)

k=1

The reconstructed image of ¢! is in the smooth space A'(2). When K
consists of more than one 2-simplex, the range of the Whitney map contains
piecewise polynomial 1-forms obtained by gluing together the reconstructed
images from the individual triangles. It is possible to show [24] that the
resulting 1-forms are in the Sobolev space Al(d, Q).

7. Application to PDEs. We consider mimetic discretizations of
the elliptic boundary value problems

Dot = f —Dgy = f
¢ = 0 onI'y and n-V¢ = 0 only (7.1)
n-V¢ = 0 onls ¥ = 0 only

respectively. Note that —/\y = d*d and —Aj3 = dd*. To better illustrate
the formation of the discrete mimetic equations we use equivalent first-order
formulations of (7.1):

dp—u = 0 d*y—-v = 0
du = f dv = f
¢ = 0 only and n-v = 0 onI'y ~ (7.2)
n-u = 0 only ¥ = 0 only
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In (7.2) the variables acted upon by d, their boundary conditions, and the
equations involving d are called primal. The other variables, boundary
conditions and equations, are called dual.

7.1. Direct mimetic discretization. In the direct approach we use
that d and R commute and apply R to translate the primal equation and
boundary condition to combinatorial cochain equations. Reduction of the
primal equation fixes the type of cochains in the discrete model. The
discrete primal equation is uniquely determined by the mesh topology of the
triangulation K and does not require a reconstruction operator Z. However,
this operator is needed for the discretization of the dual equation. Because
R and d* do not commute, the discrete dual equation cannot be obtained
by an application of R. Instead, we derive it by using the discrete adjoint §*
to mimic the analytic dual. Therefore, the discrete dual equation depends
on the choice of the reconstruction map Z and is not unique. Note that 7
is only needed to induce the adjoint and does not have to be a conforming
reconstruction operator.

For Ay the primal variable ¢ is 0-form and the dual variable u is 1-
form. We approximate them by ¢g = Ré € C? and u; = Ru ¢ C*. For
/A3 the primal variable v is a 2-form v and the dual variable is a 3-form .
They are approximated by v, = Rv € C? and 15 = Ry € C3, respectively.
Applying R to the primal equations in (7.2} and using CDP1 gives

0 =R(dp—u) =6R¢—Ru=10d¢p—u; and
0 =Rdv—f)=0Rv-Rf=0dvy— f3,

respectively. Hence, the direct mimetic models for Ag and A3 are

dpop—u; = 0 013 —vy = 0
7.3
{ *ur = Jo and { ovy = f3 (7.3)

respectively. In (7.3) the primal boundary conditions on I'; constrain the
spaces for the primal variables. The boundary conditions on I'y are enforced
weakly through the definition of 6* as adjoint to 4.

The methods in (7.3) can be realized using any one of the three recon-
struction operators (6.1), (6.3), or (6.6). With the covolume reconstruction
the derived adjoint 6* has local stencil and (7.3) is equivalent to a finite
volume method on Delaunay-Voronoi grid complex. With the mimetic and
Whitney reconstructions the stencil of §* is not local. For these two opera-
tors (7.3) is a conservative finite difference scheme on an unstructured grid.

If u; and vy are eliminated from (7.3) we obtain the equations

§*6¢o = fo and 66%¢s = f3 (7.4)

that represent direct discretizations of the equations in (7.1) by the discrete
Laplace operators Dy = 6*6 and D3 = §5*.
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7.2. Conforming mimetic discretization. In the conforming ap-
proach, the analytic equations are restricted to finite dimensional spaces in
the range of ZR. In contrast to the direct approach, where only discrete
derivatives are used, this requires Z to be conforming. Assuming that such
T is given, we approximate ¢ and u by ¢} € AY(d, K) and u} € A'(d, K),
respectively. For ¢ and v the approximations are ¥# € A3(K) and
vl € A2(d, K). The conforming discretizations of (7.2) are given by

dgf —uf = 0 dh—vh = 0
A S T

respectively, where f# = IR f and f2=1IRf.

In contrast to the direct methods in (7.3), the methods in (7.5) cannot
be realized by the covolume or the mimetic reconstruction operators be-
cause they are not conforming. However, for (7.5) we can use the Whitney
map (6.6). In this case, the scheme where the scalar is the primal variable
reduces to the familiar Galerkin finite element method in which the scalar
is approximated by continuous, piecewise linear polynomial finite elements
on simplices. The second scheme, where the scalar is the dual variable,
reduces to a mixed Galerkin method in which the scalar is approximated
by a piecewise constant and the vector is approximated by the lowest order
Raviart-Thomas spaces [18, 46]. For this reason we will call the schemes
in (7.5) Galerkin and mized Galerkin, respectively. The Whitney map has
been extensively used in computational electromagnetism where it gives
rise to the lowest-order Nedelec edge elements [14, 29, 40, 41].

THEOREM 7.1. Assume that I is a conforming reconstruction opera-
tor, then the direct and the conforming mimetic models are equivalent.

Proof. We give the details for Ag; the proofs for A3 are very similar.
For ¢f € AY(d,K) and u} € Al(d, K) there exist ¢ € A9(d,Q) and u €
A'(d,Q), such that ¢! = TR¢ and u? = TRu, respectively. Using (4.6)

0 =déft —ut =d(TR$) — ITRu = I6R¢ — TRu
= I(6R$ — Ru) = I(5dg — uy),

where ¢ = R¢ and u; = Ru. From (4.5) we conclude that d¢g — ug =0,
that is, the degrees of freedom of ¢ and u? solve the direct equation. To
prove equivalence of the dual equations note that for £, € C{ - arbitrary,
and & = T¢; formula (4.15) implies the identity

(d*uf,&)a = (67w, &o)a
while definition of f# and the L? inner product give that
(f2,&0)a = (IRf, Iéo)a = (R, &o)a = (fo,&) -

Combining the two equations shows that

(0*uy,o)n = (fo,&) V& € C? or 6*u; = fo.
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Therefore, u? solves d*u? = f% if and only if u; solves the direct dual
equation §*u; = fo. 0

From this theorem we can conclude that realizations of the direct
scheme (7.3) and the conforming scheme (7.5) by the Whitney map lead
to two completely equivalent discretizations of the PDEs (7.2). Further
connections between direct and conforming methods can be established by
choosing specific quadrature points to compute the integrals in the conform-
ing method [12, 13, 19]. Note that quadrature selection can be interpreted
as yet another choice for the reconstruction operator.

7.3. Mimetic discretization with weak material laws. The first-
order systems in (7.2) can be combined into a single problem by keeping
the two primal equations and adding the constitutive laws

u=+v and 9 =x%¢ (7.6)

that express the dual variables in terms of the primal variables. We write
the new system as
dp—u = 0 u=x*v
and 7.7
Lot 25 b= ()
where ¢ is a function that can be identically zero; see [15, 14, 30, 56,
57] for discussions of such factorization diagrams. Instead of trying to
approximate (7.7), which would require us to deal with the material laws
and a discrete x operation, we first transform this system into an equivalent
constrained optimization problem and then discretize that problem. Let

T(6,w6,v) = 5 (I = %9l + Ju = v]]?).

The optimization problem: find (¢,u) € AY(2) x AY(Q) and (¥,v) €
A3(Q) x A2(Q) such that for all ($,0) € AY(Q) x AX(Q) and (,V) €
A3(Q) x A2(Q)

T (9, w9,v) < T (4, 9) (7.8)

subject to dp — 01 =0 and dV + gi) = f

is an equivalent to (7.7). We use this optimization problem to devise di-
rect and conforming mimetic methods in which material laws are enforced
weakly and no explicit construction of a discrete x operation is required.

The idea is to approximate the four variables in (7.8) by the same
cochains as in (7.3) or by the same conforming spaces as in (7.5). In the
first case we have the constrained optimization problem find {(¢g,u;) €
C? x C! and (v3,vs) € C3 x C? such that for all (gf)o,ﬁl) € C? x C! and
(Y3, V2) € C3 x CF

T (b0, u1; 3, v2) < J(do, 01} s, V2)

" A 7.9
subject to 6¢g — 11 =0 and 6V + g3 = f3 (79
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which gives a direct mimetic method. If, instead, we use the conforming
spaces, the optimization problem is find (¢",u") € A{(d, K) x A'(d, K)
and (", vh) € A%(d, K) x A}(d, K) such that for all (¢, 4") € Ad(d, K) x
AY(d,K) and (P, ¥7) € A3(d, K) x A2(d, K)

T (¢ ulsph vhy < J(B", ah; bt o)

! . (7.10)
subject to d¢™ — 4" = 0 and dV" + gp" = fh

and we have a conforming mimetic method.

Because C"* and C* and AF(d,K) and A" *(d, K) have different
dimensions, the primal and the dual variables cannot be related by a one-
to-one map. Instead, we minimize their discrepancy in L? sense and so the
material laws are imposed in a weak sense.

To realize (7.9) we can use any one of the three reconstruction oper-
ators (6.1), (6.3), or (6.6) and obtain a finite-difference like scheme. For
the conforming method (7.10) we cannot use the covolume or the mimetic
reconstruction, but we can use the Whitney map (6.6) to obtain a finite
element-like scheme. We note that with the Whitney map realizations of
(7.9) and (7.5) are completely equivalent.

For further details on mimetic discretizations with weak constitutive
laws and their connection to least-squares minimization principles we refer
to [7, 8, 9]. Examples of this idea in magnetostatics can be found in [14]
and [20].

8. Conclusions. We described a general framework for mimetic dis-
cretizations that uses two basic operators to define all discrete structures.
Scalars and vectors are translated to differential forms and then reduced
to cochains. Combinatorial differentiation and integration operations are
induced by the De Rham map which effects the reduction to cochains. The
naturel inner product and wedge product are defined by using a reconstruc-
tion operator that translates cochains back to forms. The inner product
induces an adjoint derivative and a discrete Laplacian. Together with the
combinatorial and natural operations these derived operations comprise the
core of the mimetic framework.

The choice of the natural and derived operations is determined by the
internal consistency of the framework. The natural definitions of the inner
product and the wedge product are not compatible with a natural definition
of the discrete . As a result, a consistent discrete framework requires a
choice of its primary operation. We choose the primary operation to be the
natural inner product on real cochain spaces. It would be equally valid to
choose the primary operation to be the discrete x and its construction to
be the principal computational task.

We choose to base our mimetic framework on the natural inner prod-
uct instead of the * operation because of the complications that arise in the
construction of the latter and because the inner product is sufficient to in-
duce a combinatorial Hodge theory on cochains. For problems that require
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approximations of material laws we propose to consider constrained opti-
mization formulations that enforce the laws weakly, instead of using their
explicit discretization. In all other cases, our framework offers the choice of
direct and conforming methods. Direct methods are representative of the
type of discretizations that arise in FV and FD methods while conforming
methods are typical of FE. We demonstrated that for regular reconstruc-
tion operators direct and conforming methods are equivalent. This opens
up a possibility to carry out error analysis of direct mimetic methods by
using variational tools from FE. Some recent examples are the analyses in
[12, 13, 19].
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COMPATIBLE DISCRETIZATIONS FOR
EIGENVALUE PROBLEMS

DANIELE BOFFI*

Abstract. The choice of discrete spaces for a variationally posed symmetric and
compact eigenvalue problem corresponding a source problem is discussed. Any standard
Galerkin discretization space that is convergent for the source problem automatically
performs well for the eigenvalue problem. On the other hand, mixed discretizations that
are convergent (satisfying the classical Brezzi conditions) exhibit spurious low frequency
eigenmodes. Examples of discretizations with spurious modes are presented. Moreover,
necessary and sufficient conditions on mixed discretization are established for the (or-
dered) discrete eigenvalues to converge to the corresponding continuous eigenvalues. The
theory is applied to the determination of band gaps for photonic crystals and evolution
problems.
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1. Introduction. We present in a general setting different examples
of finite element discretizations of eigenvalue problems for partial differen-
tial equations (PDEs).

An adequate approximation of the eigensolutions for an elliptic self-
adjoint PDE is obtained automatically from any Galerkin scheme that pro-
vides a convergent approximation of the corresponding source problem (see
Section 2).

On the other hand, the use of mized finite element schemes for the
approximation of the eigensolution for an elliptic self-adjoint PDE must
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be handled with particular care. In particular, in Section 3 we present a
discrete scheme which provides a convergent approximation for the source
problem (satisfying the classical Brezzi conditions, see [13]), but which
exhibits spurious eigensolutions.

In this paper we review the basics of the theory for standard Galerkin
and mixed finite element approximations and apply the latter to photonic
band gaps computation and evolution problems.

2. Elliptic PDEs, eigenvalue problems, and their Galerkin dis-
cretizations. We assume that the reader has a working knowledge of fi-
nite element methods on the level of [13]. Issues associated with eigenvalue
problems are described in some detail: Rayleigh quotients (2.9), discrete
resolvent (2.13), gap (2.22), and the Definition of eigenmode convergence.
Proposition 2.1 gives sufficient conditions for eigenmode convergence. The
aim of this presentation is to give a short overview of the subject, having
in mind the major differences appearing when considering the theory of
eigenvalue problems in mixed form, which will be described in the next
section. For this reason, we restrict ourselves to symmetric problems, for
which the theory is easier to present in general, and more complete in the
case of mixed approximations. Let H be a Hilbert space and V a closed
subspace of H. Let a: V xV — R and b: H x H — R be two symmetric
and continuous bilinear forms, and consider the problem: find A € R such
that there exists u € V, with u # 0 satisfying

a(u,v) = Ab(u,v) YveV. (2.1)
We suppose that a is V-elliptic, namely there exists a > 0 such that
a(v,v) > ofjol[3. (2:2)

For the sake of simplicity, we also assume that b defines a scalar product
in H (indeed, in many applications, b turns out to be the standard inner
product of H)

ExXAMPLE 1. A basic example the reader should have in mind when
reading this section, is the Laplace-Poisson eigenproblem: find A € R such
that there exists u with u #£ 0 satisfying

—Au=u in Q,

2.3
u=0 on Of). (2:3)

This problem fits within the framework of (2.1) with the choices H =
L%(Q), V = H}(Q), and

a(u,v) = / gradu - gradvdz,
o

b(u,v):/uvdm.
Q
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From the ellipticity hypothesis (2.2), it follows that the source problem
corresponding to (2.1) is uniquely solvable, so that it is possible to define
the resolvent operator T': H — H which, given f € H, satisfies

TfeV
(2.5)
a(Tf,v) =b(f,v) YveV.

Clearly, the eigenmodes of (2.1) are the same as those associated with the

inverse of T. We make the assumption

T : H — H is a compact operator. (2.6)

In practice, the compactness of T is often the consequence of a compact
embedding of V into H.

REMARK 2.1. The ellipticity hypothesis (2.2) can be relaxed by as-
suming that the form a(,-) + ub(:,-) is elliptic for a suitable positive con-
stant u. In such case it is possible to define the resolvent operator associ-
ated with (2.1) by a standard shift procedure and the results of this section
apply to the shifted operator with the natural modifications.

We denote the eigenvalues of (2.1) by A;, i € N, with the natural
numbering

ML, (2.7)

where the same eigenvalue may be repeated several times according to its
multiplicity. The corresponding eigenfunctions are denoted by wu;, with
the usual normalization b(u;,u;) = 1, and the associated eigenspaces are
E; = span(u;), ¢ € N, so that we have V = &;F;. The following orthogo-
nalities are also well known (when X; # ); they follow from equation (2.1),
otherwise we include them in our definition of u; and ;)

alug, u;) = b(us,u;) =0 if ¢ # j. (2.8)

A useful representation of eigenvaules and eigenvectors is given in
terms of the Rayleigh quotient, namely:

a(v,v)

R(v) = b0, 0) :VA\{0} >R (2.9)

We have
AL = miy R(v), u1 =arg min R(v), (2.10)
Ai = min  R(v), w;=arg min R{v), i>1 (2.11)

i—1 L i—1 L
’Ue( (<] Ek) ’UE( [¢3] Ek)
k=1 k=1
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A natural way of discretizing problem (2.1) is to introduce a sequence
V), of finite dimensional subspaces of V and to consider the following dis-
crete problem: find Ay € R such that there exists up € Vj,, with up # 0
satisfying

a{up,v) = Ap(un,v) Yo €V, (2.12)

It is beyond the scope of this presentation to discuss the numerical solution
of (2.12), which is a generalized algebraic eigenvalue problem of the form
Az = vMz. From the ellipticity hypothesis (2.2) it is possible to define
a discrete resolvent operator T, : H — H in a similar way as for the
continuous problem, namely

Thf eV

a(Thf,v) = b(f,v) Vo, € V. (2.13)

Since V}, is finite dimensional, the operator Ty is compact. We shall use
the natural notation for the discrete eigenvalues:

Ah S A2n <o < Anay,ho (2.14)

where N(h) is the dimension of Vj. The corresponding discrete eigen-
functions will be denoted by w; (with the normalization b(u;p, usn) = 1
and orthogonalities analogous to (2.8)) and the eigenspaces by E;p =
span(u; p), so that Vi = @;EF; 5.

The representations given in (2.10) and (2.11) apply to the discrete
eigenmodes as follows

by — 1 R s —=ar i R s 2.15
1h = min R(us) up =arg mip R(uvp)u (2.15)
Aip = min R(vy), wu;p =arg min R(vp), i>1.
i—1 L i1 L
th(kGZBIEk,h) vhe(kéﬁlEk,h)
(2.16)

From (2.10) and (2.15), since V,, C V, we immediately obtain the property
ALn > Al (2.17)

Indeed, the last inequality generalizes to the important result that all eigen-
values are approximated from above. In order to obtain this result, we need
a suitable modification of (2.11) and (2.16). The following alternative rep-
resentation of the eigenvalues holds true

A; = min max R(v), (2.18)
EeV, veFE

where V; denotes the set of all subspaces V with dimension equal to i. For
the reader’s convenience, we give a sketch of the proof of this result (taking
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for granted the better known representation (2.11)). First, we show that
A: 2 min max R(v); let us take F = EB Ey and a generic v = Z O U
EcV, veFE k=1
Then it is easily seen that R(v) < X; by usmg the orthogonalities in (2.8).
Since we have to take the minimum among all possible E € V;, we have
the desired inequality. The proof of the opposite inequality gives also the
additional information that the minimum in (2 18) is attained for £ =

69 E;, with the choice v = u;. Indeed, if £ = 69 E; then it is clear that
the optlmal choice for maximizing R(v) is v = uZ On the other hand, if

E £ kea E). then there exists v € F with v orthogonal to uy for all k¥ <4
=1

and hence R(v) > A;, which shows that E = é E} is an optimal choice
k=1

for the minimum in (2.18).
Inequality (2.18) has a discrete counterpart which reads

= 19
Aih = Erél‘l/nh r&aécR( v), (2.19)
where V; ;, denotes the set of all subspaces of V4, having dimension equal to
t. It is now clear that, since the minimum in (2.19) is taken over a smaller
set than in (2.18), we have the general result that

Aip > A Vi (2.20)

The monotonicity property stated in (2.20), which is an important
result by itself, does not answer, however, the question of the convergence
of the discrete eigenmodes towards the continuous ones. First, let us define
what we mean by convergence. Following [7], we introduce a map m : N —
N which associates to every N the dimension of the space generated by the
eigenspaces of the first N distinct eigenvalues, that is

m(1) :dim{@Ei P = >\1},
i (2.21)
m(N + 1) = m(N) +dim{€D PA = )\m(N)+1}

With this notation, Ap,1),..., Amv) are the first N distinct eigenvalues.
A standard notion when dealing with the approximation of eigenspaces, is
the following definition of gap s (E, F) between two subspaces E and F of
a Hilbert space H

(B, F) = sup inf ||u — v|| g,
u€E, |jullp= 1v€F (222)

6(E,F) = max(6(E, F),5(F, E)).

DEFINITION 2.1. We say that the discrete eigenmodes {(Ain,u;sn)}
converge to the continuous ones {(A;,u;)} if, given € > 0, for any N ¢ N
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there exists hg > 0 such that for all h < hy we have

Ai — Ain| < e,
max(N)| n| <e

i=1,...,m
.~ /m(N) _ m(N) (2.23)
5< o E;, @ Ei,h) <e.
1= =

We explicitly observe that Definition 2.1, besides the convergence of the
eigenmodes, contains also the information that no spurious eigenvalues pol-
lute the spectrum; i.e., 1) each continuous eigenvalue is approximated by
a number of discrete eigenvalues (counted with their multiplicity) which
corresponds exactly to its multiplicity and 2) each discrete eigenvalue ap-
proximates a continuous one.

We also remark that (2.23) does not give any information on the order
of convergence for eigenvalues and eigenvectors; this issue will be considered
later on in this section.

A sufficient condition for convergence of the discrete eigenmodes (see
Chapter IV of [21]) is that the the sequence {T}} converges to T' uniformly
in the operator norm L(H), namely

T —Thll ey — 0, ash—0, (2.24)
or, equivalently,
ITf ~Tuflla < CoW)|flu VfeH, (2.25)

with p(h) tending to zero as h goes to zero. Indeed, it turns out that the
convergence in norm (2.24) is equivalent to the eigenmodes convergence
(2.23). The interested reader is referred to [7] for a proof of the necessity
of condition (2.24).

A simple way of estimating the norm of the difference T — T}, is the
use of standard a priori estimates (when they are available). For instance,
considering the model example of Laplace eigenproblem, the choice of con-
tinuous piecewise linear functions on a triangular mesh for Vj, gives the
estimate

(T~ Tn)flla < Ch*|fllm (2.26)

when the domain is convex or smooth, and (2.26) clearly implies (2.24).
We now present an alternative way of estimating the norm of the
difference T' — Ty, which will give us some interesting hints in order to
study eigenvalue problems in mixed form in the next section. We observe,
that, by Galerkin orthogonality, we have T}, = P,T, where P, : V — V},
is the linear projection with respect to the bilinear form a. Hence, we
have T'— T, = (I — Py)T, I being the identity operator, and the following
proposition can be used to prove the convergence in norm (2.24).
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PROPOSITION 2.1. Let us suppose that, for any u € V,

}llirr%) |lu — Poullg =0, (2.27)

that is, I — Py, converges pointwise to zero. Suppose, moreover, that T is
compact from H to V. Then it follows that the convergence in norm (2.24)
holds true.

Proof. First we show that the sequence {{|(I —Px)| z(v,m)} is bounded.
Define c(h,u) by ||(I = Pn)ullg = c(h,u)|lullv. Pointwise convergence
means that for each u, there holds ¢(h, ) — 0. Thus M (u) = max c(h,u)
is finite. By the uniform boundedness principle {or Banach-Steinhaus
theorem, see [24], p. 196), there exists C such that for all h there holds
[T = P)ll cqv,my < C.

Consider some {fn} such that for each h, ||fallg = 1 and || T —
Thllzry = |Tfn — Tufuller. Since {fn} is bounded in H and T is com-
pact from H to V, a subsequence {Tfy} (using the same notation as for
the sequence) has limit T'f, — w in V. We claim that (I — Py)T fp, — 0
for the subsequence, and hence for the sequence itself. T is a closed oper-
ator: there exists v in H such that T(v) = w. By hypothesis Thv — w.
Furthermore Tpv = P,Tv = P,w. The statement of pointwise convergence
of both T'fr, —» w and T,v — w implies that for any € > 0, there exists h
small enough such that

CI|Tfn —w||+||(I - Pw| Le. (2.28)

The triangle inequality, the boundedness of {||] — P;||} and Equation (2.28)
imply that

I = Ba)Tfull <IUT = Ba)(Tfo — w)|| + |1 = Pa)w|| <

CITfu —w)l|+ (I = B <. ;

REMARK 2.2. The hypothesis on T can be relaxed by assuming it is
compact from V into itself, provided a stronger pointwise convergence than
(2.27) is assumed. Namely, the two conditions

T compact from V to V,

lim [[u~ Py =0, VueV (2.29)

imply (with a similar proof as in Proposition 2.1) the uniform convergence
||T — Th“L(V) — 0, as h — 0. (230)

It must be noticed that (2.30), which differs from (2.24) for the space in
which the norms are evaluated, is equivalent to a type of convergence of
eigenvalues/eigenfunctions analogous to (2.23).

We now consider the rate of convergence of eigenvalues/eigenmodes,
under the hypothesis that the convergence in norm (2.30) is satisfied. We
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mainly refer to [3] (where more general estimates can be found for the
cases when (2.24) is satisfied and for nonsymmetric problems) and to the
references therein. The fundamental estimates (which basically relate the
rate of convergence of eigenmodes to the behavior of the convergence of T,
to T') can be stated as follows. Let A be an eigenvalue of (2.1) and denote
by An the average of the discrete eigenvalues converging to it; namely, if
A = ); is the k-th distinct eigenvalue, then Ay = (1/p) Z;nz(:z(k_l)H Ajh
where p = m(k) — m(k — 1) is the multiplicity of A. Moreover, let E
denote the u dimensional eigenspace associated with A and E}, the direct
sum of the u discrete eigenspaces associated with Ap. Then there exists C
such that
2
A=l < Ce; (2.31)
0(E,Ep) < Cep,

where

€n =  sup inf |lu—wnlv.
w€E, [u]=1vrEVh
If the eigenfunctions in F all are in H?(Q2) and if V}, contains piecewise
linear functions, then €, = Ch! for ¢ = min(c, 1).

3. Mixed discretizations. In this section we generalize the results
of the previous section to the case of eigenvalue problems in mixed form.
In particular we shall see that the two fundamental properties for the well-
posedness of a source mixed problem are neither sufficient nor necessary
for the eigenmodes convergence.

In order to make things simpler and to emphasize the differences of
this case from the setting of previous section, we postpone the presentation
of the general abstract results until after we introduce and study the basic
example of Laplace eigenproblem in mixed form.

3.1. The eigenvalue problem for the Laplacian. There are two
types of finite element element methods for Laplace’s equation, div grad u =
g, displacement type methods that explixitly enforce o = grad v and equi-
librium type methods that explicitly enforce dive = g. Equilibrium-type
discretizations are applied for example in Darcy flow problems, and take the
following form. Given g € L(Q), find (o, u) in ¥ x V = H(div; Q) x L3(£2)
that solves the saddle point problem

{(a,f) +(divr,u)=0 Vregx,

(dive,v) = —(g,v) VueV. (3.1)

The eigenvalue problem associated with (3.1) is: find A € R such that
there exists u € V, with u # 0 satisfying
{ (o, 7) +(divr,u) =0 Vrex,

(dive,v) = —A(u, ) VveV (3.2)
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for some o € ¥..

Let us suppose that we are given a sequence of pairs of finite element
spaces {Xp, V} for which (see [13]) the ellipticity in the discrete kernel
condition holds

(r,7) 2 a|r|ly VT €Kp,

3.3
Kp={re€Z,:(divr,v) =0Vv e V,}, (33)

and the inf-sup condition holds
inf sup (div T, ) (3.4)

veVi res, [IT(sllvllv —

This implies the well posedness of the discrete problem: find (op,un) €
Yn x Uy, such that

{ (Oh,7)+ (divr,up) =0 V7 € Iy, (3.5)

(divep,v) = —(g,v) Yv eV,
and the error estimate

o —onllaw +llu—urllo<C inf (o —7allaw +llu—wvallo). (3.6)
ThELL
v EV)

Given discrete spaces Lp, and V4, in the discretized eigenvalue problem,

the left-most Ap are sought such that there exists up in V3 \ {0} satisfying
Oh, T divr,up) =0 YT € Xy,

{ (oh, )+ ( h) h (3.7)

(diV o'h,v) = —)\h(uh,v) Yve W,

for some o, € Xp. From the practical point of view, problem (3.7) is a
generalized algebraic eigenvalue problem of the form

5 )06 »E) as

where the matrix M is positive definite.

In order to generalize what has been described in the previous section,
let us try first to define a suitable compact operator (both at continuous
and discrete level) so that we can apply Proposition 2.1.

The first naive attempt is to consider an operator Txv (where the
notation is chosen in order to point out that its definition involves both
the spaces of the variational formulation) from L?(Q) x L2(£) into itself
defined as Txyv (f1, f2) = (0,u), where (o, u) is the solution to (3.1) with
datum g = f5. From standard regularity results it turns out that

Tsy : L2(Q) x L?(Q) — L*(Q) x L*(Q) is a compact operator.  (3.9)
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(For instance, when Q is for instance convex, we have o € H'(Q) and
u e H%(Q)).

At discrete level, we introduce, in a similar way, a discrete operator
TEV,h from L2(Q) X L2(Q) into Eh X Vh - LQ(Q) X L2(Q) as TgV,h(fl, fz) =
(oh,un), where (oh, us) is the solution to (3.5) with datum g = f5. Hence,
the main question is whether we can prove that {Txyn} converges to Txy
in a suitable operator norm.

Trying to mimic the theory of the previous section, it is not difficult
to see that also in this case we can interpret the discrete operator Txv 5 as
the action of a projection @y on Txy and that, thanks to (3.6), we have
the pointwise convergence

I = @Qnr)(o,W)|zxv =0 V(o,u) e xU (3.10)

whenever the spaces ¥, and U, are chosen in a reasonable way (stabil-
ity properties and approximation capabilities). In order to apply the ar-
guments of Proposition 2.1, we need a stronger compactness than (3.9),
namely we need Txy compact from L2(2) x L?(Q) to & x U. Unfortu-
nately, such compactness is not fulfilled; indeed it can be easily seen that,
using the notation Txy (f1, f2) = (o, u) with (f1, f2) € L%(Q) x L2(), we
have div e = — f; which prevents o from being in a compact subset of X.

If we try to relax the required compactness, as explained in Re-
mark 2.2, we need Txy compact from ¥ x U into itself, which is not true
either (by the same argument as above).

Since Proposition 2.1 and Remark 2.2 fail to prove the uniform con-
vergence, we can try to use a direct approach using the a priori estimate
(3.6) as we did, for instance, in (2.26). We consider g € L?() in (3.5).
Taking advantage of the regularity of u, we have that the term ||u — v |lo
can easily be bounded in a uniform way (in terms of powers of h). On the
other hand, we cannot bound uniformly the term || — T4 ||aiv since we do
not have any extra regularity for div o which equals the negative of ¢ and
hence is only in L?(f).

In conclusion, it turns out that the techniques of the previous section
cannot be applied directly to the setting of mixed eigenproblems.

The previous example presents a major issue which will be made
clearer in the next section. Actually, the stability conditions for source
mixed problems (3.3) and (3.4) are neither necessary nor sufficient for the
good approximation of the corresponding eigenvalue problem. In order to
show this result, we start with the presentation of a numerical scheme which
is stable and convergent for the source problem (3.5) but which presents
spurious eigensolutions when applied to the eigenvalue problem (3.2).

EXAMPLE 2. We follow the presentation and the analysis of [7] (see
also [18]). Let Q be a square and consider a decomposition of § into sub-
squares which are subdivided into four triangles by their diagonals. We
consider as X, the space of all vectorfields whose components are continu-
ous piecewise linear functions, and as V}, the space div X5, which is made
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TABLE 1
FEigenvalue computation on a criss-cross mesh: spurious modes.

exact computed

1.00000 1.00428 1.00190 1.00107 1.00068
1.00000 1.00428 1.00190 1.00107 1.00069
2.00000 2.01711 2.00761 2.00428 2.00274
4.00000 4.06804 4.03037 4.01710 4.01095
4.00000 4.06804 4.03037 4.01710 4.01095
5.00000 5.10634 5.04748 5.02674 5.01712
5.00000 5.10634 5.04748 5.02674 5.01712

5.92293 5.96578 5.98074 5.98767
8.00000 8.27128 8.12151 8.06845 8.04383
9.00000 9.34085 9.15309 9.08640 9.05537
9.00000 9.34085 9.15309 9.08640 9.05537

d.o.f. 254 574 1022 1598

of piecewise constant functions. As a consequence of the definition of V},,
it is trivial to check that (3.3) holds true. In [7] is has been shown that the
inf-sup condition (3.4) is satisfied as well. On the other hand, the approx-
imation of the eigenvalue problem (3.2) presents several spurious modes:
Table 1 shows the first one (which apparently converges to a value close
to six) and in Figure 1 the eigenfunctions corresponding to the first four
spurious modes are plotted.

In the next two sections we present the theory for the approximation
of eigenvalue problems in mixed form as it has been developed in (7, 6].
The theory, which splits into subsections referring to two different families
of mixed eigenproblems, uses a suitable definition of the resolvent operator
which will enjoy better compactness property than Tyy .

3.2. Equilibrium-type eigenvalue problems. Let V, H, and Q be
Hilbert spaces satisfying the relation

VCH~H cV/, (3.11)

where H’ and V' denote the dual spaces of H and V. Given a bilinear and
continuous symmetric form a : V x V — R and a bilinear and continuous
form b: V x @ — R, we consider the eigenvalue problem: find A € R such
that there exists u € V with u # 0 satisfying

{ a(u,v) + b(v,p) = A(u,v) g YveV

b(u,q) = 0 VaeQ, (3.12)

for some p € Q.
REMARK 3.1. A prototype of equilibrium-type eigenproblem is the
eigenvalue problem associated with Stokes system.



132 DANIELE BOFFI

1st spurious eigenfunction 2nd spurious eigenfunction
#T‘*TAT TAT T*. |*T$T+l *T+T
> ] 'y o % R
] ﬁ,k?#iﬁ e Jrtersie bty
DB PE S INN VLAY
<1F>f AR AN PILRN N
€« 27400 - <D ‘I!?
AT > e
kS 4 < -+ ST N P
i $Q~“+‘fb# 3 P, S & 4 €1
i d 3
TR SRR
e e S - RS2 2N AP
s 348 VAP AEDAN I
s\*&‘& P4+A “+¢6¢+*~§§4&€’4‘? L
IS ASRA RS’ — 311 T 1 1

TéTi‘J A .L:L‘

» . L

4P Yo

P PR
oS e RN
S ATEIg Ty
X 26
.}4’4.‘5(& i) #’*‘,,”
*’ﬂ l_z Q¢“”
SRR E
28 Yalalaind ¥

‘-': *% 3 R % 4““‘”
T lv \i

Fic. 1. Eigenfunctions computed on a criss-cross mesh: spurious modes.

As we have seen in Subsection 3.1, the first important step consists in
the choice of the resolvent operator. The source problem associated with
(3.12) is: given f € H, find (u,p) € V x Q such that

a(u,v) +b(v,p) = (f,v)r YveV
b(u,q) =0 Vg € Q.
We suppose that a and b are such that it is possible to define T : H — H,

by setting T = u, where u solves (3.13) with f = ¢. With this notation,
the eigenproblem (3.12) can be written in the form

(3.13)

AT = u. (3.14)
We assume that
T: H — V is a compact operator.

Given two finite element space sequences Vi, C V and Qp C Q, the
discrete counterpart of problem (3.12) is: find Aj, € R such that there exists
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up, € Vi, with up, #£ 0 satisfying

{a(uh,v) +b(v,pr) = Anun,v)g  YweV,

b(up,q) =0 Yq € Qp, (3.15)

for some pj, € Qp. For the definition of the discrete resolvent operator, we

proceed as in (3.13) and consider the discrete source problem associated

with (3.15); namely, given f € H, find (un,pn) € V4 x Qn such that
a(up,v) +b(v,pr) = (f,v)yg  VweW (3.16)
b(up,q) =0 Vg € Q. '

We suppose that it is possible to define T}, : H — H as Thy = up, where
up € V4 solves (3.16) with f = ¢. In analogy to (3.14), problem (3.15) can
be written in the form Ay Thup = up.

This section will be devoted to the study of the uniform convergence of
T4 to T in a suitable operator norm. We shall prove necessary and sufficient
conditions for the convergence with respect to the norm of £L(H, V).

Let Vi ¢ V and Q¥ denote the spaces of solutions to (3.13) when f
ranges over H. These spaces are endowed with their natural norms, namely

|ullve = inf{||l¢|l# : v solves (3.13) with f = ¢}

. . (3.17)
Ipllgs = inf{ll¢l|m : p solves (3.13) with f = ¢}.
The continuous and discrete kernels K and K}, are defined as
K={veV:bv,q) =0Vqe
{v (v,9) q€Q} (3.18)

Kp, = {vn € Vi : b(vn,qn) = 0 VYgn € Qn}.

DEFINITION 3.1. The weak approximability of QF is satisfied if there
exists wy(h), tending to zero as h goes to zero, such that for every p € Q¥
we have

b('l)h,p)
<wi(h)|p|lox- 3.19
o€k ”vh”V 1( )” ||Q0 ( )

REMARK 3.2. We notice explicitly that the name of the property
introduced in the previous definition arises from the fact that in many
cases it is related to suitable approximation of the function p. Typically
(3.19) can be proved by subtracting from p a discrete function p, € Qp
and by estimating the distance ||p — pa||.

DEFINITION 3.2. The strong approximability of VT is satisfied if
there erxists wqo(h), tending to zero as h goes to zero, such that for every
u € VH there ezists u! € K, with

lu = w!flv < wa(R)llullyz. (3.20)
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We also the recall the ellipticity in the discrete kernel property that
holds when there exists @ > 0 such that

a(vp,v) > a]]vh”%/ Yoy, € Kp,. (3.21)

The main result concerning the convergence of eigenmodes for problem
written in equilibrium form (see [6]}, is stated in the next theorem.

THEOREM 3.1. If the ellipticity in the discrete kernel (3.21) is satis-
fied, together with the weak (3.19) and strong (3.20) approzimability prop-
erties, then the sequence Ty, converges uniformly to T in L(H, V), that is
there exists ws(h), tending to zero as h goes to zero, such that

ITf = Thfllv < ws(B)] fll&- (3.22)

REMARK 3.3. In [6] it has been proved that the three hypotheses of
Theorem 3.1 are necessary for the uniform convergence (3.22) under the
additional condition that T} is bounded in L(V', V).

3.3. Displacement-type eigenvalue problems. Let ¥, U, and H
be Hilbert spaces such that the following inclusions hold true

UcH~H cU. (3.23)

Given a bilinear and continuous symmetric form a : ¥ x ¥ — R and a
bilinear and continuous form b : ¥ x U — R, we consider the eigenvalue
problem: find A € R such that there exists u € U with u # 0 satisfying

{ a(o,7) +b(r,u) =0 VreX (3.24)

b(o,v) = =A(u,v)y YveU.
for some o € X.

We suppose that the form a is positive semidefinite, so that we can
define the seminorm |7|, = (a(7, 7))1/? with the following estimate

a(o,7) < ola|Tla Vo7 €X. (3.25)

The source problem associated with (3.24) reads: given g € U’, find (o, u) €
3 x U such that

{ a(lo,7) +b(r,u) =0 Vrexn (3.26)

blo,v) = —(g,v)n Yv e U.

We suppose that problem (3.26) is well posed and the following a priori
estimate holds true

lolls +llullv < Cliglu.
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We can then define an operator T : H — U by setting Tg = u, where
u € U is the solution to (3.26) with datum g. We suppose that

T is compact in L(H,U).

Given the discrete space sequences ¥, C ¥ and Uy C U, we consider
the finite element approximation of our problem (3.24): find A5 € R such
that there exists uy € U with uy # 0 satisfying

a(on, 7) +b(T,up) =0 VreX
{ (h,T) + b(7, un) h (3.27)

b(Uh,v) = ——)\h(uh,v)H Yv e Uy

for some oy, € X,
Given g € U’, the discrete source problem reads: find (op,upn) €
Yn X Uy such that
{ a(op, T) + b(1,up) =0 VT € Xy (3.28)

b(on,v) = “(Q,U)H Yo € Up.

We suppose that (3.28) is solvable, so that we can define a discrete operator
Ty, : H — Uy by Tg = up, and look for conditions ensuring the uniform
convergence of Ty to T'. The uniform convergence will indeed guarantee
the eigenpair convergence, since problems (3.24) and (3.27) can be written
in this framework, respectively, ATy = —u and ApTrup = —up.

Let 3 C ¥ and U, C U denote the spaces of solutions to (3.26) as g
ranges in H. These spaces will be endowed with their natural norms.

DEFINITION 3.3. The weak approximability of UY with respect to a
is satisfied if there exists wi(h), tending to zero as h goes to zero, such that
for every o € K, and every u € UY it holds

a(o,u) < wi(h)lolallulug

DEFINITION 3.4. The strong approximability of U} is satisfied if
there exists wa(h), tending to zero as h goes to zero, such that for every
u € UY there exists u’ € Uy such that

u—ul|y < wa(h)|luflye, -

An important tool for the analysis of mixed problems is the Fortin
operator (see [19]) ITj, : ¥, — Xj, which satisfies

blo —Ipo,v) =0 Yv e Up
[Hrolls < Cllof|xe,

for all o € E%.
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DEFINITION 3.5. The Fortid property is satisfied if there exists ws(h),
tending to zero as h goes to zero, such that for every o € £ it holds

lo —pola < ws(h)|o| o, -

REMARK 3.4. The name Fortid denotes that the Fortin operator
converges towards the identity.

THEOREM 3.2. Suppose that the weak approzimability of UY with
respect to a and the strong approzimability of UY are satisfied, and that
there exists a Fortin operator such that the Fortid property holds. Then the
sequence Ty, converges to T in L(H,U), that is there exists wy(h), tending
to zero as h goes to zero, such that

ITg = Thgllo < wa(h)lgl a- (3.29)

REMARK 3.5. In [6] it has been proved that the assumptions of theo-
rem 3.2 are also necessary for eigenvalue convergence. In particular, Exam-
ple 2 shows that a scheme satisfying the classical inf-sup constants for mixed
approximations may provide spurious solutions when applied to eigenvalue
problems. In [7] it has beed proved that for such a scheme (3.29) is not
satisfied.

4, Applications.

4.1. Time harmonic Maxwell’s system. In this section we briefly
recall the interior Maxwell’s eigenvalue problem and cast it in the frame-
work of our analysis. Indeed, following [10] it can be written as a mixed
problem of the displacement type. Moreover, in the spirit of [22] (see
also [16]), we recall that it admits a mixed variational formulation of the
equilibrium-type as well. Either formulation can be used for the analysis:
in [4], using the displacement-type formulation, it has been shown that a
Fortin operator can be defined fulfilling the Fortid property; in [5] it has
been shown that the Fortid property is strictly related to the existence
of a link between the de Rham complex of the involved functional spaces
and the finite element scheme (see [2]). For a review of the finite element
approximation of Maxwell’s equations, we refer to [20] and [23] as well.

Given a polyhedral domain Q with outward normal n, the easiest form
of Maxwell’s eigenvalue problem reads: find A € R such that there exists
u # 0 which satisfies

curlcurlu = Au in Q,
divu=0 in €, (4.1)

uxn on Of1

In (4.1) we do not consider material coefficients and more complicated
(e.g. mixed) boundary conditions. In practical applications, material dis-
continuities and lack of domain regularity may lead to highly singular so-
lutions. We refer to [15] for the regularity analysis, and to [10, 14] and the
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references therein for the finite element approximation. To our aim, prob-
lem (4.1) contains all the ingredients to show that finite element schemes
must be chosen in a careful way in order to avoid spurious modes and to
achieve good eigenmodes convergence.

The spaces involved with the variational formulations and the finite
element discretization of (4.1) are usually described with the following di-
agram, known as de Rham complex.

Q C H}(Q), T C Holcur;Q), T < Ho(div;Q), V C L*(Q)
Qn C H&(Q), Yn C Ho(eurl; Q), T, C Ho(div;Q), Vi, C L2(Q)

0 — Q grad D curl T dl) 174 -0 (42)
LI LI lmp
0 — Qh grad Eh curl Th dl) Vh 0.

A standard variational formulation of (4.1) is: find A € R such that
there exists u € Ho(curl) N H(div®) (u # 0) satisfying

(curlu,curlv) = A(u,v) Vv € Hy(curl) N H(div?), (4.3)

where H(div®) denotes the subspace of H(div) consisting of divergence free
functions.

The following unconstrained formulation, where the divergence free
constraint is substituted by the requirement A #£ 0, is known to be equiv-
alent to (4.3): find A # 0 such that there exists u € Hy(curl) (u # 0)
satisfying

(curlu,curlv) = A(u,v) Vv € Hy(curl). (4.4)

The mixed equilibrium-type form of (4.1) (see [22]) uses the left part of
the diagram (4.2) as follows: find A € R such that there exists u € Ho(curl)
(u # 0) so that for some p € H} it holds

(curlu,curlv) + (gradp,u) = A(u,v) Vv € Hp(curl)

! (4.5)
(gradg,u) =0 Vg € Hy.

The displacement-type mixed formulation has been presented in [10]
and uses the right part of the diagram (4.2): find A € R such that there
exists ¢ € Ho(curl) (o # 0) so that for some p € Ho(div®) it holds

(o,7) + (curlT,p) =0 V7 € Ho(curl)

(curle,q) = —A(p,q) Vq € Ho(div®). (1.6)

In [10], using again (4.2), it has been shown that all eigenvalues of
(4.5) are positive and that the eigenmodes coincides with those of (4.3).
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FIG. 2. Nodal element computation of Mazwell’s eigenvalue: spurious modes.

Let’s consider the finite element approximation to (4.4): find Ap # 0
such that there exists up € ¥p, (up # 0) satisfying

(curluy, curlv) = Ap(up,v) Vv € Xj. (4.7)

Unfortunately, the condition Ay # 0 is not sufficient to guarantee the
divergence free constraint (at a discrete level). Indeed, Figure 2 shows two
dimensional numerical results obtained with the use of continuous piece-
wise linear elements. The correct eigenvalues are approximated by discrete
modes which are very difficult to distinguish among other spurious modes.
It is evident that many spurious modes are present which make the method
unpractical. This bad behavior will be made clearer later on in this section
when our analysis will be presented. On the other hand, Figure 3 shows
the same computation performed with edge elements, where it is clear the
separation between zero frequencies (that have to be discarded) and pos-
itive ones which are good approximations to the eigenvalues of (4.3). We
point out that the choice of edge finite elements makes the diagram (4.2)
commute.

The discretizations to problems (4.5) and (4.6) read, respectively: find
Mn € R such that there exists uy, € X5, so that for some p; € Q) it holds

(curluy, curlv) + (gradpp, u) = Ap{up,v) Vv € 3y

4.8
(gradq,up) =0 Vg € Qh. (4.8)
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Fic. 3. Edge element computation of Mazwell’s eigenvalue: correct approximation.

and: find A, € R such that there exists o, € 3y, (o # 0) so that for some
Pr € Ty it holds

(oh,T)+ (curlT,pp) =0 VT € X

4.9
(curlon,q) = =AM (Pr,q9) Vq € Th. (4.9)

The next theorem, which can be proved with standard arguments
(see [22, 10] for more details), states the links between problem (4.7) and
problems (4.8) and (4.9).

THEOREM 4.1. Let (Ap,up) € R x Xy, be an eigensolution of problem
(4.4). Then (An,uyn) solves problems (4.8) (for a suitable pr, € Qn) and
(4.9) (for a suitable py, € Th) as well. Viceversa, if (An, un,pn) € Rx Xp
Qn solves problem (4.8), then A, # 0 and (Ap, up) is also solution to (4.4).
Analogously, if (An,on,Pr) € Ry x )y, x Ty, solves (4.9), then Ap # 0 and
(An,on) is also solution to (4.4).

In [10, 4] the displacement-type formulation (4.9) has been used for
the analysis of schemes based on edge finite elements; here we detail the
use of the equilibrium-type formulation (4.8). According to the theory
presented in Section 3.2 (see Theorem 3.1), we need show the validity of
three properties: the ellipticity in the kernel (3.21), the weak (3.19), and
strong (3.20) approximabilities.

The ellipticity in the kernel property is stated in Proposition 4.6 of [1].
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The weak approximability property follows from this lemma.
LEMMA 4.1. For all vy, € Zp, with {vh,gradgy) = 0, Vg € Qp, there
exists v € ¥ and € > 0 such that

Ivi = Vllzz < CRY2* |1V euny

Proof. The function v can be presented as the first component of the
solution of the following mixed problem

(Vh, W)+ (pPr,curlw) =0 Vwe X,
(curlvy,q) = (curlvy,q) Vq € T

Let us define v € ¥ as the first component of the solution to the corre-
sponding continuous problem; that is v is such that

(v,w)+ (p,curlw) =0 VYweX

4.10

(curlv,q) = (curlvy,q) VYqeT. (4.10)
Since v € ¥ and divv = 0, it follows that v € H/2¥¢(Q), and from the a
priori bound of (4.10) we get the estimate || V|| f1/24e < C| curl vy| 2. We
can then use Theorem 1 of [4] and obtain

v = valle < ChY?F8||v| gasere < ChY2HE| curl vy za.
a
The above lemma is used in order to prove the weak approximability
property (3.19) as follows:

sup (gradp,vh) - su (gradp,vh—v) < Ch1/2+5“p”Q

vhEK} ||Vh”2 vhEK ||Vh||>3

The strong approximability property (3.20) is a consequence of the
the interpolation properties of edge finite elements and of the commuting
diagram property.

4.2. Photonic band gaps computation. The analysis of the previ-
ous section extends to the computation of band gaps for photonic crystals.
We do not detail the derivation of our model, which uses standard Bloch—
Floquet theory; the interested reader is referred to {17, 9]. In our model
the periodicity of the medium is given in terms of the set of relative integer
numbers Z. Setting = R®/Z3 (which can be identified with the unit
cube (0,1)3 with periodic boundary conditions), Maxwell’s eigenproblem
is rewritten as: find A such that there exists u # 0 with periodic boundary
conditions satisfying

VaXx e_lvax u=Au inf,

] (4.11)
Va-u=0 in Q,
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where the operator V, is defined formally as V +ia, ¢ being the imaginary
unit and a being a complex vector belonging to the first Brillouin zone K.
In practice, one is interested in solving (4.11) for all possible v in K. The
real intervals that do not contain any value of A for all «, are called band
gaps.

The rigorous analysis of the finite element approximation of (4.11) has
been carried on in [9] (see also [17] and [11]). It makes use of an ad hoc edge
finite element family and of suitable interpolation estimates which improve
the classical ones available in the literature. Our modified family of edge
elements enjoys a commuting diagram property similar to (4.2) where the
symbol V is substituted with the symbol V,, so that the operators grad,
curl, and div become V4, Va4 X, and V4, respectively.

4.3. Evolution problems in mixed form. The results presented in
Sections 3.2 and 3.3 have a direct consequence for the analysis of evolution
problems in mixed form. In [12] a general theory has been developed, con-
sidering evolution problems of the equilibrium and displacement type. For
instance, the heat equation can be written as a displacement-type mixed
evolution problem and its mixed (continuous and discrete) solutions can be
represented as

[e~] t
u(t) :Z((Uo,wi)e_k"t +/ (g(s), w;)e™ =2 ds) w;
i=1 0
Nh) , (4.12)
up(t) = Z <(u0’wih)6_)‘iy’lt +/ (g(s)vwi’h)e_)‘i,h(t_S) d5> Wi, ks
i=1 0

where A; and w; (resp. Ajp and w;p for ¢ = 1,...,N(h)) denote the
continuous (resp. discrete) mixed eigensolutions of the Laplace operator.
We refer the interested reader to [12], where a general theory is pre-
sented.
In [8] the theory is extended to Maxwell’s transient system.
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CONJUGATED BUBNOV-GALERKIN INFINITE ELEMENT
FOR MAXWELL EQUATIONS

IS THE OR AN EXACT SEQUENCE PROPERTY IMPORTANT?

L. DEMKOWICZ* AND J. KURTZ*

Abstract. We propose a (conjugated) Bubnov-Galerkin Infinite Element (IE) dis-
cretization for the time-harmonic Maxwell scattering and radiation problems. The ele-
ment falls into a family of infinite elements satisfying an exact sequence property. The
exact sequence results from incorporating the far-field pattern into the anzatz for the
solution and the test functions, and it differs from the standard grad-curl-div sequence.
We verify the construction with 2D numerical experiments.

Key words. Maxwell equations, infinite element, hp finite elements, RCS.

AMS(MOS) subject classifications. 65N30, 35L15.

1. Introduction. The presented work is motivated with the calcula-
tion of Radar Cross Sections (RCS) of objects with sharp edges and corners.

Let Q" be a bounded domain occupied by the scatterer, with T" de-
noting its boundary, and let @ = R™ — Qi* denote the exterior domain,
with n = 2,3. We truncate the exterior domain with a sphere (circle)
S, = {|z| = a} surrounding the scatterer, and split the domain Q into
a near-field domain Q% = {x € & : |z| < a}, and a far-field domain
Q. = {|x| > a}. Assuming for simplicity a Perfect Conductor (PEC)
scatterer, we formulate the problem as follows.

Find electric field E that satisfies :

¢ Reduced wave equation in both near-field and far-field domains,

Vx(VXxE)-kE=0, xzcQ%Q,, (1)
e PEC boundary condition on boundary T,
nxE=-nx E™ gzecT, (2)
e Interface boundary conditions on the truncating sphere,
nx[E]=0, nx[VxE]=0, |x|=a, (3)
o Silver-Miiller radiation condition at infinity,

er x (V x E) —ikE, € L2(Qa) . (4)

*Institute for Computational Engineering and Sciences, The University of Texas at
Austin, Austin, TX 78712. The work has been supported by Air Force under Contract
FA9550-04-1-0050.
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Here n denotes the normal to the boundary or interface, k = w,/egiio is the
free-space wave number, with w denoting the angular frequency, and €g, 10
being the free space permittivity and permeability, || denotes the jump
across the interface, e, is radial unit vector corresponding to a spherical
(polar) system of coordinates with a center inside of the scatterer, E™°
denotes an incident electric field, and E; = —e, x (e, x E) is the tangential
component, of E.

Infinite Elements. The idea of coupled Finite Element (FE)/Infinite
Element (IE) approximations for exterior wave propagation problems
dates back to the pioneering contributions of Bettess, and Bettess and
Zienkiewicz, see [4] and the literature cited therein.

The works of Astley et al. [2], Cremers et al. [8], Givoli [15] and many
others recognized the spectral character of the approximation and pointed
to the necessity of multipole expansions. Burnett [5] revolutionized the
approach from the practical point of view, by introducing a new, sym-
metric unconjugated formulation, and using prolate and oblate spheroidal
elements.

Contrary to the concept of Perfectly Matched Layer [3], and other
techniques based on Absorbing Boundary Conditions (ABC’s), the conju-
gated element of Astley et al. [2], aims at obtaining the solution in the
whole unbounded domain.

A conjugated Petrov-Galerkin infinite element for Maxwell equations
was proposed in [11], and studied in [6, 7]. The idea of the construction
was based on the assumption that the IE test functions come from a space
belonging to an exact sequence involving standard grad-curl-div operators.
In simple terms, the test functions include gradients of scalar potentials,
In this way, any FE/IE solution to the Maxwell equations satisfies auto-
matically the weak form of the continuity equation. The Petrov-Galerkin
infinite element was applied to solve difficult three-dimensional scattering
problems in [18].

In this contribution, we generalize the concept of a conjugated Bubnov-
Galerkin infinite element for Helmholtz equation presented in [13]. The
main idea consists of interpreting the integral over the exterior domain in a
Cauchy Principal Value (CPV) sense and building the far-field pattern into
the ansatz for the approximate solution. The resulting discretization allows
for the use of the same trial and test functions but the discrete solution no
longer satisfies the usual weak form of the continuity equation.

At this point, a full convergence analysis for any infinite element dis-
cretizations for either Helmholtz or Maxwell equations is unknown.

Variational formulation. We follow the standard procedure for the
near-field domain. Taking a test function such that n x F' = 0 on I, we
multiply the reduced wave equation (1) with complex conjugate F', and
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integrate by parts to obtain,

/ (VxE)(VxF‘)—kQEdez—/ e, x(VxE)FdS,
: 5. 6
VFnxF=0onl.

Integration over the far-field domain will be interpreted in the Cauchy
Principal Value (CPV) sense. We introduce a second truncating sphere
Sr = {|z| = R}, R > a and consider the truncated far-field domain,

QF ={z :a<|z|<R}.

Performing the same operations for O as for the near-field domain, we
obtain,

/ (V x E)(V x F) ~k2EF‘dm+/ e, x (V x E)F dS
Qr Sr
) (©
:/ e x (V x EYF dS, VF.
Sa

Using the Silver-Miiller radiation condition (4), we replace e, x (V x E} in
the integral over Sg with ik E; plus an unknown contribution which, due to
the assumption on L%-integrability, will vanish in the limit when R — oo,

/ (VX E)V xF)-kEFdz+ik | E.FdS
Qr Sr

(7)
+ ( a term that vanishes at R— 00) :/ e-x(VxE)FdS, VF .
Sa
Finally, we sum up contributions (5) and (7). Assuming that both solution
E and test function F satisfy the interface conditions (3), we obtain our
final variational formulation.

, .
nx E=-nxE",

/ (V x E)V x F) - k’EF dx

_ (8)
+ lim (/QR(V X E)(Vx F)—k*EF dx+ik

R—oo

E.F dS) =0,

Sr
VPnxF=0 onl.

\

Both solution E and test function F' are assumed to “live” in H,.(€2, curl)
with extra assumptions to guarantee the existence of the limit to be dis-
cussed next.

2. Infinite element discretization in 3D. In a sense, the three-
dimensional setting is more straightforward, and we shall discuss it first,
with the two-dimensional one described in the next section.
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Fig. 1. Curvilinear system of coordinates on the truncating sphere.

Infinite element coordinates. The curvilinear system of coordi-
nates used to construct the infinite element discretization combines a FE
parametrization of the truncating sphere with the “inverted” radial coor-
dinate,

x(éy,r) =27 20(6a), a=1,2, |To(éa)=a, O<z<l. (9)

Here z,(£,) is a parametrization of the sphere of radius a, centered at
the origin of a Cartesian system of coordinates z;.!, see Fig. 1. The basis
vectors are,

oz,

O

2

oz
-1 a _m——l

_ -2
%, T, =1 “gey. (10)

A, =T €q, a; = —I

We assume that the parameters o have been denumerated in such a way
that (e1, e2, e;) is a right triple. The cobasis vectors are given by,

a %]
a' = a:jacgl(—w— xe;), a’= —asjavc;l(—‘?:—'i X €g),
73 0¢
(11)
a® =z%a e, ,
where,
oz, Ox,

jac, = (= X cey . 12

! ( 08 0& ) (12)
Denoting by ., a” basis and cobasis vectors on sphere S,

ay=z"la,, a*=za", (13)

1'We shall use Greek letters for indices with range 1, 2, and Roman letters for indices
with range 1, 2, 3.
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we recall the standard formula for the gradient of a scalar-valued function w,

Ou Ou
Vu=z—a"+z%a"1—e,. 14
0¢, or (14)
As usual, repeated indices indicate summation.
Consistently with the standard exact sequence property and the con-
struction of parametric finite elements [10], all vector-valued fields will be
assumed in the form,

E =2E,a% + °a ' E,e, . (15)

REMARK 1. Notice that, with components E,, E, = O(1), the choice
of the system of coordinates guarantees the right asymptotic behavior in
r = 2”1, consistent with the formula for the exact solution. Recalling the
general transformation rule for the curl vector [10],

89:1'

1E); = J!
(curlE) 2.

(curlE),

where J is the jacobian of transformation z; = z;(£,) (in our case J =
z~%a jac,), we can compute the curl of vector E,

V x E = (z™*ajac,) ! {(cﬁrlE)ax—lda + (cﬁrlE)gx_2aem} . (16)

Here,

0E, OF; OE, OJOFE,, 0F> aEl) (17)

curlly = (552 oz o8 "o ) o6 9

REMARK 2. The curvilinear coordinates £, discussed here are to be
understood in two different ways. On the theoretical side, they provide
a basis for the construction of the IE approximation; in this context, one
can think about e.g. standard spherical coordinates. On the practical
side, they can be directly interpreted as a parametrization corresponding
to isoparametric finite elements used to approximate the truncating sphere.
In such a case, they will correspond to a local, element-wise approximation
of the sphere only. Formulas derived here can then be used directly for
coding.

Incorporating the far-field pattern. Consistently with the formula for
the far-field pattern, we shall postulate the solution E in the form,

E .= tha=-Dp (18)

where the symbol E has been “overloaded”. Recalling the elementary
formula,

VXx(¢E)=V¢xE+¢V X E,
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we obtain,

v x (e-i’m(z“—l)E) = e~*a@ D (1ik(e, x E) + V x E) . (19)
Identical substitution for the (conjugated) test function F', leads to,

V x (e+ik“(z_1_1)ﬁ‘) Gl (—ik(ex x F)+ V x F) . (20)
Substituting (19) and (20) into the limit term in (8), we obtain (with
overloaded symbols E and F’)

lim (//Xl {k2(ezxE)-(esz)+(VxE).(VxF’)

X—0
—k[(VxE)(exx F)= (e x B) (VX F)

— k’°E - F} x™4ajac, dzd¢
+ ik f Et(', X)Ft(, X)X“2jaca d&) .

Here, parameter X in the limit corresponds to R™! compared with the
limit in (8). But,

k*(e; x E) - (e, x F) —k*E - F = k*>2%a72E,F, ,

so the term reduces to,

lim (//Xl{(VxE)-(VxF)—ik[(VxE)-(ezxF)

X50
—(ex x E) - (Vx F)] — k2m2a”2EzF'z} ™ Yajac, dzd§  (22)
—I—ik/Et(-,X)Ft(-,X)X_zjaca d£> .

Substitution of the far-field pattern into the ansatz for the solution and
test function yields the limit finite for Eq4, Fy = O(1). We obtain,

//1{(VxE)-(VxF‘)—ik[(VxE)-(eIxF)
—(ez x E)- (Vx F)] — kzm2a‘2ExF’x} z™%ajac, dod¢  (23)

+ik/(Ea(-,O)a"‘)(F’a(-,O)ao‘)jaca dg .

We record the final formulas necessary for the calculation of the stiff-
ness matrix.

3
.1 z° oF, B OFs\ .
VxE jacg {—l—a <8§2 . | &

_z (8B, OB\ . . (9Bx OEi\, (24)
a \ 0§ oz ) ? 9 9 ) T

xjacgl (—Egdl + Elag) .

I

e, X FE
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Discretization. Solution components E,, E, and test function compo-
nents F,, F, can now be discretized using standard Nédélec hexahedral (or
prismatic) elements of the first type [17]. For the hexahedral element of
order (pu,pz), We have,

E, e PPl@ PP @ PP:, Eye PP PPl PP,
E, e PP @PP@Prt.

Shape functions depending upon £, have to match shape functions for the
standard quadrilateral element, see [1]. The leading term in z, similarly to
the Helmholtz case [13], corresponds to term,

1 _
OFE, OF,
20ba VL5
/0 e o dz , (26)

and suggests selecting for the shape functions in z integrals of Jacobi poly-
nomials sz,o,

(25)

1 j=0

Yj(z) = (27)

1
0,2 .
/ POD(@t—1)dt j>1.
z
3. Infinite element discretization in 2D. The reasoning in two
dimensions is very similar.

2D IE coordinates. We use polar-like coordinates,

2(2,€) =27 '2a(€), %)l =0a, z€(01), (28)

where z,(£) is a clockwise parametrization of the truncating circle. Basis
and cobasis vectors are defined as,

dx,

ag = x_ldd% =z pra lee, ar = —2 %, (8) = 27 2ae,,
—— (29)
af = :cjac;leg, e a® = z%a le,, .
The formula for a gradient of function u(z, £) is,
Vu = g—:an_lex + %g:cjacgleg , (30)
with a corresponding representation for vector-valued fields,
E=E,z%a ‘e, + Egmjac,;leg . (31)
The curl is evaluated using the formula,
curlE = (z3ajac,) ! <%% - af;) . (32)
-

curlF/
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Incorporating the far-field pattern. The anzatz incorporating the
far field pattern is now slightly different,

E:=g te et -VE, (33)

Upon the substitution, and cancellation of Lebesgue non-integrable terms,
we obtain an expression analogous to (23),

/ / { ajac,) ™! [.’152C111‘1E curl P — (%x + ika> curl EF;

<2x — zka) Eecurl F + EEFE} - (ka)2a_3jacaEzF’I} dxde  (34)

—H'ka/a_ljacglEg(-,O)F‘g(-,O) de .

Leading terms in z are identical as in 3D and suggest the use of the same
radial shape functions.

4. Stability. Substituting in (23) F = Vv, where v is a scalar-valued
test function with support in the far-field domain, we learn that any so-
lution to variational formulation (8) satisfies automatically a variational
compatibility condition, that implies the corresponding (second order) dif-
ferential equation and a radiation condition at infinity. These compatibility
conditions do not coincide with the usual continuity equation obtained di-
rectly from the weak form of the Maxwell equations. Equivalently, we could
substitute in original variational formulation,

F = ka=""=Dyy = V(e'ik“(z_l_l)v) +iketha(@T "D g=2)0 (35)

Only substitution of a gradient for the test function F' results in the weak
form of the continuity equation. Notice that the second term in (35) mod-
ifies only the radial component of the gradient and, therefore it can also
be done in a situation when the infinite elements are coupled with finite
elements. In other words, we can extend (35) by a regular gradient into
the finite element domain and substitute the resulting test function into
the variational formulation extending over the whole domain.

The Nédélec element (25) belongs to the standard family of polynomi-
als satisfying the exact sequence property,

grad Qp S_lil) .V. ﬂ) Y (36)
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where,
Wp = PP PPz @ Pr=
Q, = (pm—l ® PP2 @ PP=) x (PPt @ PP2—1 @ PP=)
X (PP @ PPz @ Pr="1)
V, = (’PPl ® Pprz—1 ®'ppz—1) % ('PP1—1 ® PPz ®'pPz—1)
x(Pri—t @ pra—l @ Pr=)
Y,= Pr-lgpr-lgpr-1.

37)

Denoting by Au the multiplication by the far-field pattern,
Ay = e—ika,(:v_l—l)u

we see that the infinite element shape functions incorporating the factor,
belong to a modified exact sequence,

AgradA~! Acurla™? Adiva~?!
Weap TEEES - Qerr AR, verp AT yeep (38)

where spaces W;*P, Qo*P, VP Y %P, have been obtained by multiplying
the polynomials from the original spaces with the exponential factor. This
situation is similar to the Bloch approximations studied by Dobson and
Pasciak [14].

The 2D case is fully analogous.

As usual we can build a stabilized variational formulation by introduc-
ing a Lagrange multiplier p,

{ a(E,F)+c(F,p)=1I(F), VF

(39)
c(E,v) =1(Vv), Yu .

Here a(E, F) and I(F) denote the sesquilinear and antilinear forms cor-

responding to the variational formulation (8), and the sesquilinear form

¢(E,v) has been obtained by using the substitution (35),

c(E,v) =k 'a(E, F). (40)

Incorporating one power of k into the Langrange multiplier, improves the
stability properties for & — 0 but it does yield a formulation uniformly
stable in k as for bounded domains.

REMARK 3. Notice that the space for the Lagrange multiplier does
not coincide with the corresponding space for the IE discretization for the
Helmholtz equation [13]. This is related to the fact that the Lagrange mul-
tiplier enters the stabilized formulation only through its gradient. The gra-
dient decays at infinity but the Lagrange multiplier does not and, therefore,
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the corresponding element cannot be used to approximate the Helmholtz
problem. For the standard elements, space W is used to solve acoustics in
terms of pressure, space @Q is for Maxwell equations, and space V' of H(div)-
conforming elements is used when discretizing the acoustics in terms of
velocity. This nice analogy for the discussed infinite elements is lost.

5. Numerical experiments. All presented experiments are two-
dimensional only.

5.1. Implementation details. The infinite element was imple-
mented within 2Dhp90, a two-dimensional code supporting automatic hp-
adaptivity for both H'- and H(curl)- conforming hybrid meshes consisting
of isoparametric quads and triangles [9]. Integration of infinite element
stiffness matrix was done using the standard Gauss-Legendre quadrature,
with the number of integration points equal to p 4+ 1 in the tangential,
and N + 1 in the radial directions, where p and N denote the order of the
infinite element in the tangential and the radial directions, resp.

Automatic hp-adaptivity. We refer to [12] for details on the algorithm
executing the automatic hp-adaptivity. Starting with an initial coarse
mesh, we refine the mesh globally in both A and p, and solve the prob-
lem on the fine mesh. The next optimal coarse mesh is obtained then by
minimizing the projection-based interpolation error of the fine grid solution
with respect to the coarse grid. More precisely, the optimal coarse mesh
is obtained by maximizing the rate with which the interpolation error de-
creases, as the current coarse grid undergoes selective, local hp-refinements.
One of the primary goals of the presented research is to determine whether
the strategy can be used for the scattering problems. The mesh optimiza-
tion is restricted to the near-field (truncated) domain only, i.e. the infinite
elements are treated as an implicit implementation of ABC’s of arbitrary
order.

Choice of radial order N. The infinite elements in the initial mesh are
assumed to be isotropic, i.e. order N in the radial direction is set to the
corresponding order p of the edge on the truncating circle. We always begin
with elements of second order.

During the hp-refinements, edges on the truncating circle get p- or h-
refined. Every time, the edge is p-refined, its IE radial order is updated,
i.e. N is increased to N + 1. We also increase the IE order when the edge
is h-refined. Therefore, in presence of h-refinements, we encounter infinite
elements with radial order N greater than the FE order p. This reflects the
philosophy that any improvement in the approximation properties on the
truncating circle, should be accompanied with the corresponding improve-
ment in the radial direction as well.

In the presented experiments (due to software related limitations), the
IE radial order has been restricted to N < 9.
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5.2. Evaluation of the error. In all reported experiments, the er-
ror is computed in the H(curl)-norm, integrated only over the near-field
domain. This is in line with treating the infinite element as an implicit im-
plementation of an Absorbing Boundary Condition (ABC) only. Evaluation
of the error over the whole exterior domain should be done in a weighted
Sobolev norm. Since, at present, we cannot prove any convergence result
for the IE discretization, we shall restrict ourselves to the near-field domain
only and will not claim any convergence over the whole exterior domain.
The error is reported in percent of the semi-norm of the solution, defined
over the same domain. The exact solution for the cylinder problem is com-
puted using the standard formula involving Hankel functions [16]. For the
wedge problem, the unknown solution is replaced with the solution on the
hp-refined mesh, see [12].

Scattering of a plane wave on a PEC cylinder. Verification of the code.
We begin with the standard example of scattering a plane wave,

Einc — _l_v % e—ike-c , (41)
ik
on a unit PEC cylinder. Here e specifies the direction of the incident wave,
in our case e = (—1,0).

We set the wave number to k = 7, and truncate the infinite domain
with a circle of radius a = 3. Fig. 2 displays convergence history for p-
uniform and Ap-adaptive refinements, starting with a mesh of 16 quadratic
elements. The horizontal axis corresponds to the number of d.o.f. n dis-
played on the algebraic scale n'/3, with the vertical axis presenting the
error on the logarithmic scale. A straight line indicates the exponential
convergence,

1/3
error &~ CeP™ ' |

predicted by the theory. Notice that the actual numbers displayed on the
axes correspond to the quantities being displayed, i.e. the relative error in
percent of the norm of the solution on the vertical axis, and the number of
d.o.f. on the horizontal axis.

As expected, the uniform p refinements deliver exponential conver-
gence, with the adaptive refinements delivering slightly worse results but
the same rates. Fig. 3 shows the optimal hp mesh, corresponding to an er-
ror of 1 percent. Different colors indicate different (locally changing) order
of approximation p ranging from p = 1 to p = 8 (color scale on the right).
The distribution of orders clearly reflects the pattern of the solution.

Fig. 4 presents contour lines of the real part of the error function, for a
uniform mesh of quartic elements. The values, indicated by the color scale
on the right, range from -0.02 to 0.02. Along with the FE mesh, the graph
displays a portion of the infinite elements corresponding to 0.5 < z < 1.
The solution in the IE domain seems to be actually better than in the finite
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FIG. 2. Scattering of a plane wave on a PEC cylinder. Convergence history for
p-uniform and hp-adaptive refinemenis.

element domain which indicates that lower order infinite elements would
have been sufficient.

5.3. Scattering of a plane wave on a PEC wedge. The second
example illustrates the resolution of singularities using the coupled hp-
adaptive FE/IE discretizations. We have divided the cylinder from the
previous example into four equal quadrants and kept just one of them.
We set the wave number & = 7, i.e. the distance between the truncating
boundary and the object is equal to one wavelength. We start with an
example of a typical, automatically obtained hp mesh corresponding to
the incident wave coming from the NE direction (angle § = 45°), and
rather academic error level of 0.1 percent. Figures 5 and 6 present the
optimal mesh, with three consecutive zooms showing details of the mesh
around the lower corner. Fig. 7 presents convergence history for the
problem. We start with an initial mesh of just seven elements of second
order that clearly do not resolve the wave pattern (one second order element
per wave length) to illustrate the principle that only the fine grid must be in
the asymptotic convergence region. Consequently, the convergence curve
consists roughly of two straight lines, the first one corresponding to the
preasymptotic region, and the second one reflecting the actual exponential
convergence.

5.4. Evaluation of RCS. We come to the final experiment reflecting
the impact of adaptivity on evaluation of Radar Cross Section (RCS). For
two-dimensional problems, the monostatic RCS reflects simply the far-field
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lzx

Fre. 3. Scattering of a plane wave on a cylinder. Oplimal hp mesh correspond-
ing to 1 percent ervor. Different colors indicate different (locally changing) order of
approzimation p ranging from p =1 to p = 8 (color scale on the right.

b

F1:. 4. Scattering of a plane wave on a cylinder. Real part of the second component
of the error function for a uniform mesh of quartic elements.

pattern of the solution, and it is defined as follows

lim |E(ré&)|r . (42)

T o0
Here & is a point on the unit circle corresponding to the direction of the

. , . L
incoming planc wave e = —&, and r? compensates the decay rate of the
solution.
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FiG. 3. Scattering of a plane wave on a PEC wedge, # = 45°, Optimal hp mesh

for .1

percent error, with a 10 times zoom on the lower corner.

I1g. 6. Scattering of a plone wove on o PEC wedge, 8 = 457, Optimal hp mesh

for 0.1 percent error. Zeomns on the lower corner with 100 and 1000 magnifications.
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FiG. 8. Scattering of a plane wave on a wedge. RCS in dB vs. the direction of the
incident wave in degrees, for the uniform mesh of quartic elements (3-4 percent error
range level) and hp-adaptive mesh (2 percent error).

The infinite element discretization offers an inexpensive way of com-
puting the RCS without the usual costly postprocessing involving integra-
tion of surface electric and magnetic currents on any closed surface sur-
rounding the scatterer. As the far-field pattern is built into the ansatz for
the approximate solution, one simply evaluates the approximate solution
at 7 = oo(z = 0).

Fig. 8 presents RCS for the wedge problem evaluated using a uniform
mesh of quartic elements and and hp-adaptive mesh. The choice of the
uniform mesh reflects the usual practice of selecting a mesh that reproduces
the wave form of the solution (two quartic elements per wavelength) and
delivers an error in the range of 3-4 percent. The second curve corresponds
to RCS evaluated using hp-adaptivity.

The hp meshes were obtained by requesting a two percent error
level, at which several levels of hp-refinements resolve the structure of
the singularities in the solution. For each direction of the incoming wave
(6 =180,179,...,0, left to right), the hp-adaptive algorithm was run start-
ing with the optimal mesh for the previous direction, with the optimization
procedure restarted from the initial mesh every 10 degrees. Except for a
slight shift in the RCS level, the results are practically identical. Resolu-
tion of the singularities seems to have no impact on quality of the RCS
computations.
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6. Conclusions. We have presented a novel construction of an infi-
nite element for the time-harmonic Maxwell scattering/radiation problems.
The main idea consists in interpreting the integral over the exterior domain
in the CPV sense, and building the known far-field pattern of the solution
into the ansatz for the approximate solution. The CPV interpretation al-
lows then for canceling the Lebesgue non-integrable terms.

The element space of shape functions including the far-field pattern,
belongs to a family of spaces forming an exact sequence with modified
operators reflecting the solution ansatz.

The presented numerical experiments indicate stability. The infinite
element has successfully been coupled with hp finite elements in context
of the energy driven, automatic hp-adaptivity. As expected, the method
converges exponentially.

The Bubnov-Galerkin discretization offers a simplicity of the formula-
tion and, perhaps, may be explored in a theoretical convergence analysis
for the exterior wave propagation problems. For the two simple scattering
problems studied in the paper, results obtained using the new formulation
and the earlier Petrov-Galerkin discretization [6, 7] are identical and it is
not clear that either formulation offers an advantage over the other one
from the computational point of view. Both formulations result in a stiff-
ness matrix that is neither hermitian nor complex-symmetric, forcing the
use of a general solver for complex, non-symmetric matrices. The struc-
ture of the stiffness matrix does reflect though the physics of the problem
- the domain contribution in (8) is hermitian and the term corresponding
to the surface integral at infinity reflecting the radiation damping is in the
form of the product of a hermitian matrix and imaginary impedance term
ik. The same structure of the stiffness matrix is encountered when study-
ing problems in bounded domains with conductive materials or impedance
boundary conditions.

We hope to report soon results of analogous numerical experiments in
three dimensions.

The question asked in the title of this paper: Is the or an eract se-
quence property important?, remains unanswered. Both formulations of
the infinite element: the one based on the standard exact sequence [6], and
the one discussed in this paper, seem to work. Both deliver exponential
convergence for the cylinder test case, and both behave well when cou-
pled with adaptive hp finite elements. Unfortunately, as mentioned in the
Introduction, in neither case, so far, we can prove the convergence.
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COVOLUME DISCRETIZATION OF
DIFFERENTIAL FORMS

R.A. NICOLAIDES* AND K.A. TRAPP?

1. Introduction. The language of differential forms provides the
most compact expression of many partial differential equations occurring
in physical applications. We have in mind Maxwell’s equations and the
Laplace-Beltrami equation as instances. On the other hand, discretization
of equations in differential forms is not so well studied. In this paper we
construct a theory of discrete differential forms and apply it to solving some
basic equations.

The theory presented below is an abstraction of a class of computa-
tional techniques collectively designated as covolume algorithms. Covolume
algorithms are a class of compatible discretizations for computing vector
fields from partial differential equations. By this we mean that basic vec-
tor identities such as curlgrad = 0 and divcurl = 0 are preserved and that
scalar and vector potentials exist, all within the framework of the discrete
calculus. In the covolume setting such identities and relations appear in a
natural, almost obvious way. A basic reference to covolume techniques is
[6] where they are applied to systems of the form

divi=p in
curld=& in
.= on O

with appropriate solvability conditions and where  may be multiply con-
nected. The three dimensional version of this system is treated in [8].
In differential form notation the system above is

dxu=p
{ du =w }
where d denotes the usual differential operator d and u, p, and w are to
be interpreted respectively as 1, 3, and 2-forms. The Hodge star operator
* is a linear operator that takes k-forms to (n — k)-forms. It depends
on the inner product on the space of forms. Because the divergence and
curl operators naturally act on 2 and 1-forms respectively we require the
Hodge star operator to transform « into a 2-form. We explain later how the
covolume approach relates the d and d* operators through the use of dual

mesh systems. There is a somewhat surprising and beautiful relationship
between these apparently distinct concepts.

*Carnegie Mellon University, Pittsburgh, PA 15213 (nic@cmu.edu).
tUniversity of Richmond, Richmond, VA 23173 (ktrapp@richmond.edu).
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Another very useful application of covolume techniques is to Maxwell’s
equations. In standard form these equations are

—curl E = %fi in Q
curl H_.z %ltz in Q
divD=p in Q
divB=0 in Q

From this basic system, many different wave equations can be derived
by differentiation and elimination of variables. For instance we obtain the
standard wave equations for the E and H fields in that way. Further, we
can obtain the usual wave equations for the scalar and vector potentials in
various gauges. The covolume framework is sufficiently imitative (mimetic)
that similar manipulations can be performed on the covolume Maxwell
system to produce standard discretizations of the different wave equations.
In particular there are discrete scalar and vector potentials which satisfy
appropriate discrete wave equations. In [7] traditional error estimates are
provided for this covolume algorithm.

There is more than one way to write Maxwell’s equations in differential
form notation, depending on whether time is included as a differential form
variable and depending on the description of the unknowns. For instance
they may be lumped together in a single variable. In our context, where
spatial discretizations only are under consideration, the differential forms
expression of Maxwell’s equations is just

—dE = (xH)
dH = (xE)
dxE=p
d«H =0

A good description of the other possible formats can be found, for instance
in [4,5] or numerous other sources.

Turning now to the material presented below, one result of our work is
that for any equation in differential forms a recipe is given (and justified) for
translating it over to a discrete framework for computer implementation.
This recipe is almost as simple as it could be: just replace d and d* and
their relatives with certain discrete operators that we provide. The d and dx
operators are fully compatible in that we have analogs of the main theorems
of differential forms, such as Stokes’ theorem, Poincaré’s lemma, Hodge star
operations and so on. Moreover, these relations are quite transparent in
our framework.

Applying the discretizations to standard equations expressed in differ-
ential forms notation delivers the known covolume approximations. The
error estimates for these discretizations can then be taken over directly to
justify the differential forms approximations. This fact encourages belief
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in the correctness of the discretization technique in situations where error
estimates have not yet been obtained.

Section 3 of the paper contains, among other things, a novel application
of our results to discretizing the Laplace-Beltrami operator on a compact
manifold. In this application the new theory is used in its fullest form, in
that many of the techniques we develop come into play, including exact
sequences, the discrete Hodge operation and their related circle of ideas.
The section which precedes sets the groundwork for the Laplace-Beltrami
discretization. It develops a coherent theory of discrete differential forms
which resembles the classical continuous treatment, at least in those aspects
which do not involve statements about coordinates.

2. Discrete differential forms. The essential ingredient in discretiz-
ing differential forms is the Delaunay-Voronoi mesh system. Most obvi-
ously, it defines the discrete edges, surfaces, and volumes over which the
discrete forms can be integrated. It is from the geometric duality of sim-
plex and complex that the dual forms, dual differential operator d, and the
Hodge map are defined. From these, in turn, follows a discrete Laplace-
Beltrami operator and other discretizations.

2.1. Simplices, orientation, volume, boundary operator. Let
Q be an n-dimensional differentiable manifold equipped with a Delaunay-
Voronoi mesh system [3]. The primal mesh is made up of simplices which
in one, two and three dimensions are edges, triangles and tetrahedra re-
spectively. For each dimension k < n the set of k-dimensional simplices, or
k-simplices, is written {o¥}N* and the circumcenter of the simplex o¥ is
denoted pf.

Each simplex, 0¥, has an associated dual complex, ¥, which is an
(n — k)-dimensional polyhedron. It is important to note that while o¥
is k-dimensional, &% is (n — k)-dimensional. From the Delaunay-Voronoi
property, it follows that each simplex and its dual complex are orthogonal
and intersect at the circumcenter of the simplex, i.e. 0¥ &k = p¥. See
Figure 1.

An orientation is placed on the highest-order simplices and then each
successive lower dimensional simplex inherits a relational orientation to
each simplex of one degree higher that it bounds. The boundary operator
0 then acts on a k-simplex to yield a chain of (k — 1)-simplices in the usual
way. We write this dof = > ofj’l where the double subscript i; denotes

a signed simplex correspond]ing to the orientation and connectivity of the
i and i; simplices. It follows from the connectivity of the mesh that the
boundary operator applied twice to a simplex yields an empty chain (i.e.
000k =0).

An orientation is also placed on the dual complexes. From the
connectivity of these complexes the dual boundary operator & takes a
(dual) k-complex to a chain of (k + 1)-complexes in a similar fashion, i.e.
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Fia. 1. The intersection of o¥ and &f at p*.

i

We denote the area of a simplex 0% by A(cf) and for 0-simplices we
define A{¢?) = 1. Similarly, the arca of a dual complex is written A(6F).
Depending on orientation, the area of cr‘f‘j may be positive or negative.

For each circumeenter pf we define the volume V¥ := A(aF)A(5F) > 0.
Thus for each k¥ < n we have a discrete volume form on the manifold,
VE=3"VE

i

2.2. Discrete forms, d operator, integration and Stokes theo-
rem. A discrete differential k-form, w* can act only on k-simplices. The
collection of discrete differential k-forms on the discrete differentiable man-
ifold (the Delaunay-Voronoi mesh) will be denoted A*. Each element
w® £ A* is indexed by the k-simplices on which it acts. We define w®

Ni
as the formal sum ¥ #¥0¥* where ©* is a vector in R¥*. A O-form is just a

i
function defined on the nodes of the mesh.

The inner product on the space of k-forms A* is defined nsing the
volume form V*. Thus for two elements w® = 3 ufeh and 5% = 3" vfof
i B

in A*, their inner product is defined to be
(W*, ¥ )ur =D uffVE,

We borrow the integral sign to describe the action of a discrete k-
form on a k-simplex. Thus, the “intcgral” of a discrete k-form, w*, over a
k-simplex, of, is defined to be

/wk = uf A(e®).

k
L
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0'01

00,

1
g,

FiG. 2. The circulation [ dw! =uZA(0?).

2
70

Integrating over the boundary of a (k + 1)-simplex yields

kE_ k_ k k
w' = E /w = E ug, Aoy,
7 o’f, J
7

k+1
9o}

where, it is important to recall that the double subscript 7; denotes a signed
simplex and thus A(afj) is a signed area.

We can now introduce the, also misappropriated, discrete differential
operator d : A¥ —s A**1. For w* = 3" ukok we define
@

ufjA(ofj)

A(oFtl)

%

dw® = Zuf“cff“ where uf“ = Z
i J

To see how this easily translates back into the covolume framework,
consider the triangle 62. The d operator acting on one-forms is just the

differential operator curl and the integral [ dw! = u3A(03) is just the
o3

circulation uj A(o§ )+ub,A(0],)+up, A(oj,) about the triangle, or surface,

o2. See Figure 2.

Now, with this definition of the d operator, the integration of forms
on simplices, and the boundary operator @ acting on simplices we have the
following calculation for all forms and simplices:

k k
ui, A7)

k_ , k+1 k+1y _

1

A(o™)

k1 J

:ZufjA(afj): / w*.
J

%
k+1
9o
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d d
—> ppl——> pk ——> pktl—>
* * *
d d d d

«—— ph-le———— fk ———— pht]l ———

FIc. 3. The operators d, %, and d acting on the spaces of discrete differential forms.

Thus, we have the discrete analog of Stokes’ Theorem:

dw® = Wk,

ohH pot+
k3 T

Together with the boundary operator property 8dc* = 0, the dis-
crete Stokes’ Theorem yields the appropriate discrete analog of Poincaré’s
Lemma: for every form w*, ddw* = 0.

2.3. Dual forms and the Hodge star and decomposition. The
set of dual discrete differential k-forms will be denoted .A* and we write an
element ©* as a sum over the dual k-complexes. Thus &% = 3~ @¥5¥. Recall

that a dual k-complex &¥ is an (n — k)-dimensional polyhedron therefore a
dual k-form should be cons1dered an (n — k)-form on the dual mesh.

The dual differential operator d : A¥ — A*~1  is defined to act on a
dual k-form in the following way:

kA(k
ol
E~k1’.€1whereu E ljk”.
1

A(G]

] K]

It is important to note that Poincaré’s Lemma also applies to the dual
differential operator. Thus, ddo* = 0 for all dual k-forms.

Just as the Delaunay-Voronoi mesh system provides duality between
the simplices and complexes, the Hodge star operator creates a dual asso-
ciation between forms. The Hodge star mapping, * : A* — AF, takes the
form w* = 3" u¥o¥ to the dual k-form

1

k= ok Zu

The diagram in Figure 3 summarizes the behavior of the three maps
d, *, and d.
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Because the Hodge star operator is invertible we can define a second
differential operator § which takes A* to A*~!. Define dw* := +~1d * w*.
This operator is the formal adjoint of the differential operator d with respect
to the volume form inner product (-, -)y«, l.e.

(W*, dn* e = (6w, 7" ) peoa. (2.3.1)

We can see this by considering w* € A* and n*~1 ¢ A*1l. For
Zuka we have

sk = s ldwwk = _1dZu 12“’“ 15k=1 Z“k 1kt

where u* =3 —;—LZ If we let n*~! = Y vF~1o*=! then dnf~1 =
j 5

k 1 k—1
A(o;7)

k _k E_ N Uiy i

E vioy where v] = Ej AGH

Putting this together with the definition of the volume forms we have

(wF, dn* )y Zu, “Zv
:Zufva aF)A(GF)
—Zu Z oA IAG))
—Zu’“A Z o AW
_ka IA k ! Zu A
= vkTLA( ag—l)ug—lA(5n— )
SONTRED M

= (6wk777k_1)V’°“1'

Composing the d and § operators yield discrete differential operators
from the space of discrete k-forms to itself. The Laplace-Beltrami operator
L is the sum of these two compositions: L := dé + éd. The volume form
inner product ensures that a discrete k-form w* satisfies Lw* = 0 if and
only if éw® = 0 and dw* = 0. The kernel of L (contained in .4¥) is the
space of discrete harmonic k-forms and we denote it by H*.

We now have an appropriate discrete analog of the Hodge decom-
position theorem which is the differential forms analog to the Helmholtz
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decomposition theorem for vector fields. The space of differential forms A*
with inner product V* can be written as the direct sum of three different
subspaces:

Ak — dAk—-l @5Ak+1 @Hk.
This decomposition follows directly from (2.3.1) and Poincaré’s Lemma.

3. Applications to differential equations. As an application of
this structure of Delaunay-Voronoi meshes and discrete differential forms
we consider the discretization of Poisson’s equation, Au = f. ~

In this first example we consider the dual Laplace-Beltrami operator L
which acts on discrete dual forms. Just as above, the differential operator L
takes the space of dual k-forms to itself. It is the sum of the dual operator
compositions dé and 5d where § := xdx~1. See Figure 3.

The discrete differential equation is written

L= o
where 9% = Y96 and f° = 3 f259. Since 9° is a dual O-form and

d: A% — ./I_l(:: 0) the operator L is simply L = dé + 6d = dé. The
discretization can be written

dop’ =dxd ! P°
=dxdy°

~ A(O’ u? +u?
*(Zu}o}) where u} Z A(al) = ;1(0_1)2
— (s i)

ul A(6})

= Z U2s? where U? = j ;1(5?)]

Therefore, integrating over a dual 0-complex 52, the equation f Ly® =

9,

[ F0 is just UPA(59) = fPA(5?). In terms of the unknowns {u?} this i*
a?
equation can be written:

LAGYY :
% A(39) = PA(?)

= Zu%jA(c?ilj) = fioA(‘;?)

:»Z ’“A& ) = fPA(Y) .
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In R? and R? this would reduce to the standard covolume Laplacian
stencil, where A(U}j) is just the length of the edge connecting the two

nodes o, and o7, A(5},) is the area of the coface intersecting that edge,

and finally A(0?) is the volume of the covolume with the coface as part

boundary. The values u{, are signed so that the sum u?n + u?j2 may be a

difference.

As another example of the applications of these discrete differential
forms, we have the means to discretize the vector Laplace-Beltrami opera-
tor, which in R3 reduces to grad divgzg —curl curl$ f

For a 1-form ¢! = Zu 1 and 1-form f1 = Z flo} we can discretize

the equation L¢! = f! as follows:
Lot = dog + dde!
= x1dx ot + *1d x do?
-1 dZula1 + % 1d x Zu%af
‘ ul A(ol)
where u? E] 1 W—)L
-1 Z 59 + *"ldz uG?
' u; A Ul
where uf =3, ——/T(}(—(T)

= dZu?a? +x71 ZW}I&}
i i

Il

u? A(52)
where W} = > —AGH
= Z Ulo}l + Z Wio}
u? A(0?) ud +ul
where U} := ij'=1 @D = TAGD

If we integrate these forms, L¢! and f 1 over each edge o; then the itP
equation is just (U} + WhHA(o}l) = flA(c}) where

u;,, A, uj, A3, )

1
Z ne ) +Zj: AFT)
and

uj A +u A 11 +ui Ao}
;( J1 ( ]) A(U( ) ) i3 (013)>A(5,i2j)
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Fic. 4. In R3 the discrete covolume operators that approzimate grad div and curl curl.

In R? the U} terms corresponds to the grad div ¢ term of the Laplace-
Beltrami operator and we see that this expression, in terms of the covolume
method, can be understood as the difference of two nodal values (at the
endpoints of the edge o}) divided by the length of the edge thus yielding a
gradient. The two nodes have associated covolumes and the value at each
node is a sum over the faces of the covolume yielding a divergence.

The W} term in this context corresponds to the curlcurl¢ term of

the Laplace-Beltrami operator. Here a circulation around the coface &} is

summed and each coedge a?j contributes a circulation of its own around
the triangle which is dual to it. See Figure 4.

4. Conclusions. We have presented a discrete calculus of differential
forms and applied it to several partial differential equations of current in-
terest. It is of interest that our techniques apply on smooth manifolds in
any finite number of dimensions. Interesting possibilities remain for future
work, including applications to manifolds with indefinite inner products —
related to time discretization — and deriving new error estimates in the
differential forms setting.
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MIMETIC RECONSTRUCTION OF VECTORS
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Abstract. Compatible or mimetic numerical methods typically use vector compo-
nents as the primary unknowns in the discretization. It is frequently necessary or useful
to be able to recover vectors from these spatially dispersed vector components. In this
paper we discuss the relationship between a number of low order vector reconstruction
methods and some preliminary results on higher order vector reconstruction. We then
proceed to demonstrate how explicit reconstruction can be used to define discrete Hodge
star interpolation operators, and how some reconstruction approaches can lead to local
conservation statements for vector derived quantities such as momentum and kinetic
energy.

Key words. Vector, reconstruction, interpolation, conservation.
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1. Background. Many numerical methods for the solution of Partial
Differential Equations use point values or cell averages as the primary dis-
crete unknowns. For scalar equations, such as the Poisson equation, the
heat equation, or the scalar wave equation, this is a very appropriate start-
ing point. However, for vector equations, such as Maxwell’s equations or
the Navier-Stokes equations, there is considerable evidence now suggesting
that advantageous numerical properties can be obtained, by using integral
averages of vector components as the primary discrete unknowns.

In Finite Elements these are often referred to as edge or face elements.
They were originally discussed in 2D by Raviart and Thomas [1] and in
3D by Nedelec [2]. In the Finite Volume or Finite Difference context, this
type of approach is often referred to as a staggered mesh method. The
staggered mesh approach was first proposed for Cartesian meshes by Har-
low and Welch [3] in 1965, and has since been generalized to unstructured
and curvilinear meshes [4-7]. Face and edge elements are becoming in-
creasingly popular in electromagnetic wave propagation. These methods
appear to be the only way to capture difficult physical effects such as reso-
nant frequencies {eigenmodes) [8]. Staggered mesh methods are attractive
in incompressible fluid dynamics because they allow the exact satisfaction
of the continuity constraint [9], and the satisfaction of a number of local
conservation properties (conservation of kinetic energy being perhaps the
most important) [10].

Having stated that vector components, not vectors themselves, should
be the primary variables of interest when solving vector partial differential
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v

FiG. 1. Representation of unknowns for low order face-based mimetic methods.

equations, this paper will now proceed to discuss how vector quantities can
be obtained in these schemes. In the case of the Navier-Stokes equations,
the need for the velocity vector is obvious since the convective term re-
quires a velocity vector. On the surface, it is far less clear why this might
be a useful procedure for Maxwell’s (or Stokes’) equations. These equa-
tions can, and probably should, be discretized entirely in terms of vector
components that are edge or face averages. Nevertheless, even in these
discretization schemes there is the necessity to interpolate edge averages to
face averages and vice-versa. Vector reconstruction can (though certainly
does not have to) be used to construct numerically attractive interpolation
schemes. Vector interpolation is also useful for graphical output.

We note that there is a more precise terminology emanating from
Algebraic Topology for describing many of the concepts described in this
paper. However, in order to keep the potential audience broad, and in
order to discuss vectors (which fit less well in the formalism of differential
forms), we will continue to use the more primitive vector calculus.

2. Lowest order face-based reconstruction methods. The low-
est (first) order faced-based mimetic methods all use uy = & [v . ndA,
the face-normal average vector component on element faces as the primary
unknown (see Fig. 1). Throughout this paper the formulas and text refer
to the three-dimensional case. This means that in two-dimensions ‘cells’
refers to 2D polygonal regions (often triangles in the figures), ‘faces’ are
the boundaries of the cells and are actually 1D objects (frequently referred
to in other texts as edges), and ‘edges’ coincide with faces in 2D.

The face-based FE method for simplices assumes a piecewise polyno-
mial for the vector field of the form v(x) = a + bx where a is a constant
vector and b a constant scalar in each element (or cell). For Cartesian grids,
the polynomial is assumed to be v(x) = a+ Bx where B is a diagonal ma-
trix. Note that in both cases the normal component of the vector field is
constant along each face of the element (or cell) and therefore also contin-
uous across the face. This means that at lowest order the integral average
of the normal vector component over the face, us, can also be associated
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reconstructed vector

FiGc. 2. Reconstruction of corner vector from face normal components assuming
no variation in the component values along each cell/element face.

with a pointwise value on that face (often the midpoint value of the normal
component is cited as the primary unknown). Also note that when the
vector field is divergence free (which is frequently true in both the fluid dy-
namic and electromagnetic contexts), then the lowest order reconstruction
on simplices assumes that the vector field is piecewise constant.

Least squares reconstruction of the vector field was proposed by Nico-
laides [4]. In that method one finds the constant vector field, veen that
best satisfies all the face equations veey - ny = uy for all the faces of a
cell/element. For a divergence free field on a simplex, the result is the
same as the FE reconstruction and vee = a.

Hyman and Shashkov [5] and Shashkov et al. [11] proposed reconstruc-
tion at the corners of each element using the immediately neighboring face
unknowns (see Fig. 2). Because the low order FE approximation assumes
the normal velocity is constant on faces, the corner velocities recovered by
this method are identical to the low order FE reconstruction. To obtain
the vector value at the cell center a simple average of the node velocities is
suggested, v€©¢ = NCITN Y nodes V"' Where NCN is the number of nodes in
the cell or element.

. Sinc;e v = vC4bh(x™ = x©) the simple average gives 52w Yonodes V"

VY DREN Dnodes(X” —X*). If the cell center is defined to be the average
of the cell corners the last term is zero, and we see that the simple average
is the value at the cell center. For simplices and Cartesian meshes, the
average of the cell corners equals the center of gravity (or centroid). Unlike
the FE reconstruction, this approach is explicit and does not require a
matrix inversion (which is as large as 6x6 for 3D Cartesian meshes). In
addition, in contrast to the FE reconstruction this method can easily be
generalized to arbitrary polygons, since no explicit piecewise polynomial

form for the vector field is assumed.

Finally, Perot and Nallapati [12] suggest a reconstruction formula de-
rived from Gauss’ Divergence Theorem and the position vector, x. In
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particular it is noted that the exact relation

/vdV—i—/x(V'v)dV: 3 /xv-ndA 2.1)

faces

applies in each element or cell. Making the same assumptions as the low
order FE reconstruction (constant normal velocity along each face, con-
stant dilatation, and a linear velocity field), gives the discrete interpolation
formula

vee = % Z j:quf(x?G - x5%) (2.2)

€ cell faces

where CG stands for the (cell or face) center of gravity (or centroid) and the
+ is to account for the fact that u should point out of the cell in question.
The cell volume is v, and the face areas are Ay. This formula is directly
equivalent to the low order FE reconstruction (since the assumptions are
the same). However, like the method of Hyman and Shashkov it easily
generalizes to arbitrary polygons.

We can see that the method of Hyman and Shashkov is fully equivalent
to the FE interpolation but returns the vector value at the average of the
element corner positions (which is not equal to the centroid position on
arbitrary polygons). The method of Perot is also always equivalent to the
FE method but returns the centroid value for the vector no mater what the
element shape. The method of Perot is also a simple average of the primary
unknowns, uy, whereas the method of Hyman and Shashkov requires the
intermediate step of corner velocity reconstruction. However, the corner
reconstruction approach may be easier to generalize to higher order.

3. Higher order face-based reconstruction methods. For n't

order faced-based methods on simplices, the FE interpolation is general-
ized to v(x) = a(x) + b(x)x, where a and b are n — 1 order polynomials.
The normal velocity component on each face is also an n — 1 order poly-
nomial (and remains continuous across the face). For Cartesian meshes,
the polynomial is assumed to be v(x) = a(x) + B(x)x where B is a diago-
nal matrix. As with all FE methods, the underlying interpolation changes
for every possible element shape. The generalization to quads, hexahe-
dra, prisms, and pyramids is non-trivial but possible [13, 14], and the FE
generalization to arbitrary polygons appears to be extremely difficult.

At the next higher order, { vdV and [ xv-ndA are primary unknowns
(along with uy) of face-based mimetic methods. This means there is now a
total of ND unknowns per face and ND unknowns per cell/element, where
ND is the number of dimensions. The terminoclogy face element is now
less appropriate (since there are also cell unknowns), but it is still used.
Staggered mesh and finite volume methods typically obtain higher order
by enlarging the interpolation stencil rather than increasing the number of
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unknowns within a cell. Higher order staggered mesh methods for Carte-
sian meshes using a larger stencil have been proposed [15, 16]. However,
larger than nearest neighbor stencils on arbitrary 3D polygonal meshes are
difficult to formulate and program, very difficult to implement efficiently on
parallel computers, and create complex issues at domain boundaries. The
common FE practice of more unknowns per cell is not commonly practiced
in FV methods but is perfectly possible and is the approach discussed
herein.

The exact integral relation (Eq. (2.1)) now provides the first order
dilatation moments [ xV - vdV immediately from the primary data. The
zeroth order dilatation moment is also directly known [V-vdV = Y uyAy.
On a simplex the first order dilatation moments are enough to rapidly
recover the centroid velocity vector. To see how, note that for a simplex
the polynomial form is known and V-v =V .a+ x- Vb + bND where
ND is the number of dimensions. Switching to index notion for clarity, this
implies that [ zyv; ;dV = (ND 4 1)b; [ zxz,dV. In addition we can use
the polynomial form to write [vxdV = VS +b; [z4z,dV. So in the
case of simplices the point value of the vector at the center of gravity is
given by the expression vi¢ = - [vdV — (—Jﬁ—_l)_v—c [ xV-vdV or in terms
of primary variables

ND 1
VCG vdV _ E XV - nd A
¢ (“L 1)[0 / (“L 1) ¢ faces/ ‘ (3.1)

This is entirely equivalent to the FE reconstruction, though explicit
and simpler than inverting an 8x8 matrix (in 2D) or a 15x15 matrix (in
3D). Note however, that this reconstruction expression for the centroid
velocity vector does not appear to be general. It does not equal the FE
reconstruction on Cartesian meshes.

Elements of the method of Hyman and Shashkov (in particular the
corner velocity reconstruction) can be extended to higher order in 2D and
3D. Assuming linear variation of the normal vector component on a face,
the primary variables uy and [xv - ndA contain enough information to
specify the face normal velocity at face corners and therefore the velocity
vector at element corners.

Note that the reconstruction of the element corner velocities is straight-
forward only if the element corners only have ND faces meeting at every
corner. The top corner of a pyramid is an instance that violates this con-
dition. This type of corner is also degenerate for FE polynomial recon-
structions. It is anticipated that a unique corner solution still exists even
though the problem appears to be over specified.

Because the vector field is now piecewise quadratic, a simple aver-
age of the corner velocities is no longer sufficient to recover the centroid
vector value. However, the cell value can be recovered from the corner
velocities and the cell average value. For example, it can be shown that
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—

Fic. 3. Edge-based primary unknowns in 2D and 3D.

CG _ 41 11
Voo =5y [ VAV = 55 Pnodes
ce _ 31 11 n ;
gles, v;~ = 5+ JvdV — 233 des V™ holds true. A general formula is

not available at this time.

v" is satisfied on triangles, and on rectan-

4. Lowest order edge-based reconstruction methods. The low-
est (first) order edge-based mimetic methods use u, = L% J v-dl, the edge-
tangential average vector component on element edges as the primary un-
known (see Fig. 3). The edge-based FE method for simplices then assumes
a piecewise polynomial for the vector field of the form v(x) = a+b x x
where a and b are constant vectors in each element. Whereas the low-
est order face-elements are vorticity free (except between elements), the
lowest order edge-based elements are divergence free (except between ele-
ments). The tangential velocity is constant along each edge and is there-
fore continuous. The velocity tangential to an element face is given by
vxn=axn—(x-n}b+ (b-n)x and varies linearly on the face in a
fashion akin to a rotated face-based vector. The vorticity in the simplic-
tical FE reconstruction is given by V x v = b(ND — 1) where ND is the
number of dimensions.

Edge elements have more degrees of freedom than face elements. In FE
the choice of which element is appropriate depends on the physical nature of
the vector in question and its inherent continuity requirements and natural
boundary conditions. Because FE are restricted to certain element shapes,
the primary mesh must define the elements/cells. However, in methods
that handle arbitrary polygons, there is an additional choice because it
is also possible for cells/elements to be associated with the dual mesh.
This means edges could also be associated with the lines connecting the
tetrahedra cell centers.

In the context of finite volume or finite difference methods there is far
less published work on vector reconstruction of edge-based vectors. While
it is not discussed in their papers the basic idea of Hyman & Shashkov of
corner reconstruction is still valid. Again, some degeneracy may occur on
cells that have more than three edges meeting at a corner (such as the top
of a pyramid). And as before, the sum of the corner velocities equals the
velocity at the cell center (defined to be the average of the corner positions).
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On arbitrary polygonal meshes this is not equal to the cell center of gravity
but is an equally well defined center.

Zhang et al. [17] presents an analog of Egs. (2.1) and (2.2) for edge
based vectors. This is based on the application of Stokes’ Curl Theorem.
Note that for each face the Curl Theorem states that

N4 /(Eijkvk,jl‘m + Eimkl/k)dA = ni/eijk(ykmm),jdA

=Y /xnz/kdlk.

edges

(4.1)

Index notation is used for clarity and ;5 is the standard permutation
symbol. If we assume, consistent with the FE polynomials, that the vor-
ticity is constant in each cell and the velocity component along each edge
is constant and the tangential velocity varies linearly then this gives the
formula,

V?GAf = /v x ndA = Z +(x5¢ — X?G)ueLe (4.2)

edges

where L, is the length of each edge and + indicates counterclockwise (right
hand rule) integration around the edges of the face with respect to the face
normal, n. In this way the tangential velocity at the center of gravity of
each face can be recovered. In 2D the reconstruction is complete since a
face corresponds to a the cell/element. In 3D we note that sometimes the
tangential velocity on faces is sufficient and the cell velocity vector is not
actually required. This is the case for the rotational form of the convective
term (V x b) x v+ V(3v-v) [11].

The face tangential velocity can be used to quickly recover the vorticity
in the cell. Using the divergence theorem we note that,

/5ijlch,jdV:'— Z /EijkllknjdA. (43)

faces

Assuming the vorticity is constant in each cell we see that the sum of
the face tangential velocities equals the cell vorticity.

1
va=—V;Z/vxndA. (4.4)

faces

Remember that for the lowest order face-based reconstructions the cell
vorticity is always zero and vorticity is confined to thin sheets between the
elements/cells.

In 3D the cell velocity can be obtained from the relation,

/(Eijkl/k,jxm + €imkl/k)dv = /Eijk(l/km‘m)’jdv

= Z /.’L‘m6ijkl/k'njdA.

faces

(4.5)
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Assuming constant vorticity, and linear velocity we obtain

EimkVel = —— Z /mm vf xn+ (b -n)(x— x]CcG)],dA. (4.6)

€ faces

Note that 0 = [(duczx; + 6;kzi)dV = [(z;2;) kdV = D oces | TitjnkdA if
we assume the position origin is at the cell center of gravity. Then the
second term of (4.6) is seen to be zero and

E,mkl/k = Z AfT Vf X n - bk Z Afrm mnk (4.7)

€ faces faces

where rf = (x ) is the distance between the face and cell center

C

CG _ ,CG
f X

of gravities and b = NV;_"I. These formulas were developed for simplicies

but appear to generalize naturally to arbitrary polygons.

5. Higher order edge-based reconstruction methods. For nt"

order edged-based methods on simplices, the FE interpolation is generalized
to v(x) = a(x)+b(x) xx, where a and b are n—1 order polynomial vectors.

The primary unknowns for the next order edge-based discretizations
are ;41; f v x ndA the average tangential velocity on faces, L% Jxv - ndl
the moment of the tangential velocity component, as well as lowest order
unknown L% Jv-ndl. Eqn. (4.1) now becomes an exact relation for the
gradients or the face-normal vorticity (which are assumed constant) on each
face,

/(n V x v)dA = Z/xv dl — /vxndA (5.1)

edges

and Eqn. (4.3) now becomes an exact expression for the average vorticity
in the cell

/vadV_ Z/vxndA (5.2)

faces

or its value at the center of gravity (since it is now assumed to vary linearly).

The corner reconstruction method still works for edge elements. The
average tangential component and its first moment provide enough infor-
mation to reconstruct the corner velocities exactly. However, as with the
face-based elements, a simple average of the corner velocities is no longer
sufficient to recover the vector at any cell center pointwise location, and a
general averaging formula for arbitrary polygouns is not known at this time.
Corner velocities are discontinuous at the cell nodes and do not provide a
unique output for the velocity at nodes (often desired for graphical output).
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6. Mass matrices and the discrete Hodge star operator. In
mimetic methods, it is frequently necessary to convert a face-based set of
unknowns to edge-based or vice versa. This occurs because when primary
unknowns are face-based the evolution equations are posed on a dual mesh
that is edge-based. While mimetic FE methods avoid the explicit definition
of a dual mesh, it is still present and implicitly defined by the functional
form of the weighting functions in the weak statement of the equations.
See Mattiussi [18] for a detailed explanation. This process of converting
one type of vector field to another is sometimes referred to as a discrete
Hodge star operator. This operator is symmetric and positive definite for
Galerkin FE and for many low order mimetic methods, but it is not clear
that symmetry is absolutely necessary. One possible method for explicitly
converting a face-based vector structure to an edge based one is to re-
construct the piecewise polynomials in each cell/element based on existing
face-based data and then use high enough order numerical quadrature on
the piecewise polynomials to compute the necessary edge-based integrals.
This is what implicitly happens in the Galerkin FE methods.

Consider the transpose of the low order Perot interpolation method
for determining the cell centroid vector value (Eq. (2.2)). The transpose
operation applied to those centroid valuesis Y ¢, . .ons £VEC - (X?G —x$6).
This is a first order accurate (like the reconstruction itself) integration
along the median dual edge connecting two cell centroids. Note that the
median dual edge consists of two line segments each joining the face centroid
to the neighboring cell centroids. We can therefore write to first order

/v-dlzRTViR/v-ndA (6.1)

where the line integral is along the median dual edge and the area integral
over the corresponding face. The reconstruction operator is defined as
Rvy =3 faces(x?G —xS%)vs. On uniform (or nearly uniform) meshes,
errors cancel out during the integration and despite the first order nature
of the reconstruction and integration, this approximation is found to be
second order accurate. The discrete Hodge star operator that converts
from face-based to edge based vectors is RTVLR.

Exact (rather than approximate) integraction over a simplex median
dual mesh and the low order piecewise approximation v = a + bx gives a
slightly modified formula

/v cdl= > vOh (xFC - xT%) M(x?G —x%%)2  (6.2)
face cells

which is only symmetric on a uniform mesh, but which is probably always
positive definite.

The distributed two-step nature of the low order corner reconstruction
approaches makes it difficult to evaluate the properties of their effective dis-
crete Hodge star operators. However, due to the demonstrated equivalence
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of these methods with the reconstruction method of Perot, it can be demon-
strated that for simplices and Cartesian grids, these methods also produce
symmetric positive definite discrete Hodge star operators.

7. Conservation properties of the Navier-Stokes equations.
The attractive conservation properties of Cartesian staggered mesh meth-
ods have been known for some time [19]. On Cartesian meshes the or-
thogonal structure of the mesh allows non-overlapping staggered control
volumes to be defined in which conservation is relatively easy to demon-
strate. However, on general unstructured meshes demonstrating that local
conservation properties (such as those obtained in standard Finite Volume
methods) exist is extremely difficult. The problem lies in the fact that only
velocity components and transport equations for velocity components exist
so it is difficult to make conservation statements about vector quantities.

Two conservation statements of particular interest are conservation
of momentum and conservation of kinetic energy (in the incompressible
limit). Conservation of vorticity or circulation (the curl of the momentum)
is also possible and is discussed in Perot et al. in Refs. [7, 10, 17]. Finite
Element methods frequently have a global conservation statement that can
be associated with them, but one attraction of mimetic methods is their
ability to correctly represent physics at the local (cell) level as well.

In the following sections we focus on the conservation properties of
low order face-based discretization schemes of the Navier-Stokes equations.
Integrating along the two line segments connecting the cell centers and the
face center (a dual mesh edge) gives a discrete equation for each dual edge.

%[RTmc] +RTa, = -Gp, (7.1)

where m. = 8 3. (xFF — xF%)usAf is the cell momentum, and a, =
V%, Y tacesit s — p(Vu+uV)-n—A(V-u)n}; Ay is a standard finite volume
flux representation of the advection-diffusion term in each cell. The term
with the second coefficient of viscosity, A can also be directly absorbed into
the pressure term instead of into a. The exact operator G is the difference
between the pressure at the two end points of the line segment.

On Dirichlet boundaries the normal velocity is fixed and this equation
does not exist. On variable-boundaries (such as an outflow), the pressure
on the boundary is fixed and only one segment of the dual mesh edge has
non-zero length.

8. Conservation of momentum. In order to show conservation of
momentum, we must be able to show that linear combinations of the ex-
isting discrete edge based equations can be constructed such that those
combinations look like a local discrete vector conservation statement.

Consider a single cell. We have update equations for the normal com-
ponent on each face of that cell. Let us associate each line segment of the
dual edge equation with the cell in which it resides. Ultimately we will
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multiply both line segments by the same scaling factor, so this splitting is
really for accounting purposes only. If the cell face is also a domain bound-
ary the associated dual edge only has a single segment (associated with the
interior cell).

For a single cell, multiplying each segment equation by the face nor-
mal vector and face area and summing over the cell faces gives (assuming
outward normals for convenience).

0
S npAr] grme b ach - (50 < x6%) = = S nsAstos ). (1)

faces faces

A number of geometric identities allow this equation to be simplified.
In particular,

Z anf =0 and I= % Z(X?G — XSG)anf. (8.2)

faces faces

These expressions (like many of the paper’s formulas) are a result
of Gauss’ Divergence Theorem. They both start from the exact ex-
pression, [a;;dV = Y ... [amn;dA. If a; is constant and the faces
are planar then 0 = Y o [n;dA = Y, nA; If a; = z; then
fv 0;;dV = 3¢ oo [ TinidA and if the faces are planar the second rela-
tion is derived. These expression simplify the previous momentum vector
equation on each cell to,

0
Vc(é—imc + ac> = — Z anfpf. (8.3)

faces

Since the advection diffusion term is also represented as a sum of
fluxes we see that this is a statement of local momentum conservation
for the discrete momentum, m.. One key distinction with standard finite
volume methods is that the conserved quantity is a derived, not a primary
variable. Conservation of momentum places restrictions on the form of the
advection-diffusion term but does not restrict how the discrete momentum
m, must be defined.

The derivation of momentum conservation is possible because the in-
tegration operator (the square root of the discrete Hodge star operator)
RT, has an explicit geometric inverse. Global conservation is a result of
the traditional telescoping property where internal fluxes cancel out.

9. Conservation of kinetic energy. Taking the dot product of the
incompressible momentum equation with the velocity (and assuming con-
stant viscosity for simplicity) gives the kinetic energy equation,

o(3u”)
ot

+V. <u%u2) =-V-(up)+V- VV(%iﬁ) —vu; iy, (9.1)
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This equation shows that in the incompressible limit kinetic energy is
convected and diffused. It is also transported by pressure and removed by
velocity gradients, but it is never created. In the inviscid, incompressible
limit, kinetic energy is a conserved variable. In the viscous limit, we would
like the total kinetic energy to decrease at the correct rate (and never
increase).

Numerical methods with numerical diffusion decrease kinetic energy
more quickly than the physics would suggest (vu; ju; ;). Numerical diffu-
sion excessively smears solutions and can be detrimental in some situations,
such as DNS and LES simulations of turbulence where energy dissipation
is a critical physical process controlling the turbulence. Kinetic energy
conservation is a statement that numerical diffusion is not present in the
method. It is also a statement of stability.

To demonstrate kinetic energy conservation, each segment of the dual-
edge equation within a cell is multiplied by the area weighted normal ve-
locity component and summed over the cell faces to obtain

Ou
I S SU VIS SR O

faces faces

Focusing first on the time derivative term we see that this is an ap-
proximation for the cell average kinetic energy because

81 02
}—RAf%L;—f=chc-av —y,22We) (V)

T
usAsR V. ot ot

(9.3)

If the system is fully discrete, this result still holds as long as we multiply
each equation by the half-time velocity u"+1/ 2 ( + u"+1) Then,

n+1 n+1 n n n n
YT g RT L Ra, M My ve Ve Ve v
2 V. AL °T 9 At (9.4)
_v (vt — 2(v)?
¢ At

Due to incompressibility > . usAs = 0 the second part of the pres-
sure term is zero and the pressure term becomes a faced based conservative

flux term, — > ¢, o U "+1/2Afpf.
The advectlon—dlffusion term becomes,

S upt AR a, =a, Y uftPART = a, VItV (95)
faces faces
Expanding the advection-diffusion term gives,

Vovntl/2 g, = yntl/2. Z{uuf —v(Vu) - n}sAy. (9.6)

faces
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Considering the convective term first,

1
VZ+1/2 . Z uquf — vg+1/2 . Z ‘2‘(Vc + Vc_n)quf- (9.7)

faces faces

Here we have assumed that the velocity vector in the advective flux calcu-
lation is the simple average of the neighboring two cell velocities. One cell
is the cell in question and the other is the nearest neighbor. The velocity
in the first term can come out of the summation leaving the incompress-
ibility condition (which is zero), so finally the advective term becomes

Zfaces(éVSHN Ven)upAyf. This is also a flux term. Note that the ki-
netic energy fluxing through the cell faces is quite specific. It is one half
of the dot-product of the two neighboring cell velocities. To obtain cor-
rect symmetry conservation also requires that the advection velocity be the
half-time velocity. This implies that true conservation (in unsteady flows)
occurs only if the advection term is semi implicit. The normal flux can
be time lagged. This is an example of the implicit midpoint rule which
is known to be a symplectic integrator. Other symplectic time integra-
tion schemes may also be possible. There appears to be a close connection
between mimetic discretization schemes and symplectic time integration
which should be explored more fully.
The diffusion term becomes
virl2. N " y(Vu) - ndyp = viTi/2. @A
c f=Ve vo—As. (9.8)

faces faces

Using a very simple approximation for the normal derivative gives,
> faces pvat2. (Ve — vc)%’f which can be expanded in two parts as

1 . A
= Y vV V) (ven - v L
faces f (9 9)
4 .
_ Z o (vn+1/2 vty (v, — VC)L_f
f

faces

this simplifies to a viscous diffusion of kinetic energy term and a negative
definite dissipation term.

_ Z N LI lvn+1/2 v, Af
- 2 Lf

faces
(9.10)
1 A
- Z v (VIR = Vi) (v - ve) L
2 L,
faces

To see that this latter term is an approximation of the dissipation
term consider the divergence theorem applied to f (ZnVinVim) mdV =
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Y taces J TnVinVimnmdA. Then assuming the velocity gradients are con-
stant in the volume gives

Vi mVi, m‘/; Z nVinVi mnmAf (911)

faces

With the approximation (vy —v.) = %(vc_n —v,) this becomes the dissi-
pation in a cell,

=3 %(vc_n —v.)- (—Y%}—LC)Af. (9.12)

faces

The final statement of local energy conservation is,

l( n+1) — l
v, 2 2 + Z ( n+1/2 )quf
faces
n+1/2 (1 t1/2
== ut A+ > va— | GVeR? ven | A (9.13)

faces faces
n+1/2 ytL/2 / Af
- ZV Ve )’(Vc-n”‘VC)L_-
faces S

For strict negative definite dissipation, the viscous diffusion term should
use the half-time velocity (implicit midpoint rule) as well. Note that this
equation is not solved in the numerical code. It is a rearrangement of the
numerical equations that demonstrates that a discrete analog of kinetic
energy conservation holds under certain fairly strict assumptions about
the form of the advection and diffusion terms.

Global kinetic energy conservation follows from the internal cancella-
tion of fluxes. The symmetry of the discrete Hodge star operator is useful
for deriving kinetic energy conservation. However, a positive definite dis-
crete Hodge star would be sufficient to formulate a strictly positive kinetic
energy.

In order to test the kinetic energy conservation property a problem
was chosen that has zero mass flux at the boundaries, but is inherently
unsteady. The initial flow field of this problem involves a Rankine vortex
located in the bottom left quadrant of a box. Although the problem is
tested in a 3D domain (1.0m x 1.0m x 0.1m) and using an unstructured
tetrahedral mesh, it is a two-dimensional flow since the motion only occurs
in X-Y plane and only the Z component of the vorticity vector is nonzero.
The domain is meshed with 7578 tetrahedra. The viscosity of the fluid
is 0.01m?/s and the maximum initial velocity magnitude is 0.16m/s. The
initial tangential velocity reaches its maximum at radius R = 0.01m for an
initial circulation Reynolds number of 1.

In numerical tests of the vortex motion in the absence of viscosity,
the total discrete kinetic energy remained constant to within six significant
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F1G. 4. Kinetic energy conservation test. (a) Total kinetic energy vs. time. (b)
Rate of change of kinetic energy versus time (solid line) and total physical dissipation
versus time (circles).

digits after 5000 time steps (0.05 Seconds). This is about as constant as
can be expected given the tolerance prescribed for the iterative solver and
is shown as the dotted line in Fig. 4(a). When viscosity is present (0.01
m?/s), the total discrete kinetic energy as a function of time is also shown
in Fig. 4(a). The rate of change of the kinetic energy obtained by differen-
tiating this curve is compared with the calculated physical dissipation. A
perfect match is shown in Fig. 4(b). This test indicates that the theoret-
ical analysis of this section is well founded and that there is no artificial
dissipation in the method.
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A CELL-CENTERED FINITE DIFFERENCE METHOD
ON QUADRILATERALS

MARY F. WHEELER* AND IVAN YOTOV?t

Abstract. We develop a cell-centered finite difference method for elliptic problems
on curvilinear quadrilateral grids. The method is based on the lowest order Brezzi-
Douglas-Marini (BDM) mixed finite element method. A quadrature rule gives a block-
diagonal mass matrix and allows for local flux elimination. The method is motivated and
closely related to the multipoint flux approximation (MPFA) method. An advantage of
our method is that it has a variational formulation. As a result finite element techniques
can be employed to analyze the algebraic system and the convergence properties. The
method exhibits second order convergence of the scalar variable at the cell-centers and
of the flux at the midpoints of the edges. It performs well on problems with rough grids
and coefficients, which is illustrated by numerical experiments.

Key words. Mixed finite element, multipoint flux approximation, cell centered
finite difference, tensor coefficient.

AMS(MOS) subject classifications. 65N06, 65N12, 65N15, 65N30, 76505.

1. Introduction. Cell-centered finite difference (CCFD) methods ha-
ve been widely used in flow in porous media modeling, especially in the
petroleum industry [5]. They combine local mass conservation and accu-
racy for discontinuous coefficients with relatively easy, compared to finite
element methods, implementation and computational efficiency. CCFD
methods, however, have certain accuracy limitations on irregular grids.

A relationship between CCFD methods and mixed finite element
(MFE) methods was established by Russell and Wheeler [17] for rectangular
grids and diagonal tensor coeflicients. They noted that a special quadrature
rule diagonalizes the velocity mass matrix and the MFE method reduces to
CCFD for the pressure. This relation was exploited by Weiser and Wheeler
[21] to obtain optimal convergence and superconvergence for both pressure
and velocity in CCFD methods on rectangular grids. These results were
extended to full tensor coefficients and triangular and logically rectangular
grids by Arbogast et al. in [4, 3] by introducing the expanded mixed finite
element (EMFE) method (see also related results by Vassilevski et al. {19],
Baranger et al. [6], and Micheletti et al. [15] for triangular grids and
diagonal tensor coefficients).
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The EMFE method is superconvergent for smooth grids and coeffi-
cients, but loses accuracy near discontinuities. Pressure Lagrange multi-
pliers can be introduced along discontinuous interfaces to recover higher
order convergence [3], which, however, leads to a hybrid cell-centered —
face-centered formulation. Two other closely related methods that handle
accurately rough grids and coefficients are the control volume mixed finite
element (CVMFE) method, see Cai et al. [9], and the mimetic finite dif-
ference (MFD) methods, see Hyman et al. [12]. Each of these, however,
as in the case of MFE methods, leads to an algebraic saddle-point prob-
lem. The multipoint flux approximation (MPFA) method, see Aavatsmark
et al. [2, 1] has been developed as a finite volume method and combines
the advantages of the above mentioned methods, i.e., it is accurate for
rough grids and coeflicients and reduces to a cell-centered stencil for the
pressures. However, due to its non-variational formulation, the theoretical
understanding of its convergence properties is limited. Relationships be-
tween the above methods have been studied by Russell and Klausen in [13].

Our goal in this paper is to develop and analyze an accurate cell-
centered finite difference method for elliptic problems with full discontinu-
ous tensor coefficients on curved quadrilateral grids. We base our approach
on a mixed finite element method that reduces to a cell-centered stencil for
the pressures via a special quadrature rule and local velocity elimination.
Motivated by the MPFA method [1] where sub-edge fluxes are introduced,
we consider the lowest order Brezzi-Douglas-Marini BDM; mixed finite el-
ement method [7, 8. The BDM; velocity space on quadrilaterals has two
degrees of freedom per edge. A special quadrature rule is employed that
for each corner couples only the four associated degrees of freedom. The
CCFD method is obtained by inverting the block-diagonal velocity mass
matrix.

We develop the method for a second order elliptic problem that models
single phase flow in porous media. The problem can be written as a system
of two first order equations

u=-KVp inQ, (1.1)
Vou=f in Q, (1.2)
p=g on I'p, (1.3)
u-n=20 on 'y, (1.4)

where the domain @ C R? has a boundary 8Q = Tp Uy, Tp NIy =
@, measure(I'p) > 0, n is the outward unit normal on 8, and K is a
symmetric, uniformly positive definite tensor satisfying, for some 0 < kg <
k1 < o0,

kotTe < ETK(2)¢ < ki1€T¢ VzeQ, Ve € R (1.5)

In the above equations p is the pressure, u is the Darcy velocity, and K
represents the permeability divided by the viscosity.
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REMARK 1.1. The choice of homogeneous Neumann boundary condi-
tions and the assumption measure(I'p) > 0 are made for the sake of sim-
plicity of the presentation. Non-homogeneous and full Neumann boundary
conditions can also be handled.

We will use the following standard notation. For a subdomain G ¢ R2,
the L?(G) inner product (or duality pairing) and norm are denoted (-, )¢
and || - ||, respectively, for scalar and vector valued functions. The norms
of the Sobolev spaces WX (G), k € R are denoted || - [|x,00,c- Let || - [k,c
be the norm of the Hilbert space H*(G). We omit G in the subscript if
G = Q. For a section of the domain or an element boundary S C R! we
write (-,-)s and || - ||s for the L?(S) inner product (or duality pairing) and
norm, respectively. We will also make use of the space

H(div;Q) = {v e (L2(Q)?: V.-v e L} ()}
equipped with the norm
IVllaiv = (V1> + V- v]*)Y/2.

The weak formulation of (1.1)-(1.4) is: find u € V and p € W such
that

(K~'u,v)=(p,V-v) = (g,v -n)r,, VEYV, (1.6)
(V-u,w) ={(f,w), weW, (1.n

where
V={veH(div;Q):v-n=00onTyx}, W=L*Q).

It is well known [8, 16] that (1.6)—(1.7) has a unique solution.

The rest of the paper is organized as follows. The numerical method
and its analysis are developed in Section 2 and Section 3, respectively. As
part of the analysis we establish approximation properties for the BDM;
velocity spaces on curved quadrilaterals. We prove that the method con-
verges with rate O(h) in the L2-norm for the pressure and the velocity and
with rate O(h2) for the pressure at the cell centers. Numerical experiments
confirming the theoretical results and comparisons with the EMFE method
are presented in Section 4.

2. The numerical method.

2.1. Definition of the finite element partition. Let 7, be a shape
regular and quasiuniform [10] finite element partition of Q, consisting of
small curvilinear perturbations (to be made precise later) of convex quadri-
laterals. If an element has curved edges, we refer to it as curved quadri-
lateral. We assume that for each element F € 7 there exists a bijection
mapping Fg : E — E where E is the reference unit square with vertices
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ng nsg rs
f‘4 T f'B
n - n
4 E |2
F E Iy
'y 1 l f'z r n;
i

FiGg. 1. Bilinear mapping and orientation of normal vectors.

#1 = (0,07, £ = (1,07, #3 = (1, )T and 4 = (0, 1)T. Denote by
r; = (@i, v;)T, i = 1,...,4, the four corresponding vertices of element E
as shown in Figure 1. The outward unit normal vectors to the edges of
E and FE are denoted by n; and 0,, ¢ = 1,...,4, respectively. Let DFg
be the Jacobi matrix and let Jg be its Jacobian. We denote the inverse
mapping by Fg ! its Jacobi matrix by DF 5 ! and its Jacobian by J 1.
We have that

DF7'(a) = (DFg)™(3),  Jpos(e) = JEl(j).

It is easy to check that

1

5 Je(DFgY)Th;, where J,, = Jg|(DFg")Tiy|Re (2.1)

n; =

and | - |2 is the Euclidean vector norm in R2.
If E is a quadrilateral, then Fg is the bilinear mapping given by

Fe() =11 (1 —2)(1 ) +r28(1 — §) + r3 &4 + 14 (1 — 2)9

! ! . (2.2)
=11 +rnd +raf+ (ra1 —ra)ig,

where r;; = r; —r;. In this case DFg and Jg are linear functions of £ and
y:

DFg =[(1—g)ra1 +§rag, (1 —&)ray + Erag] 2.3)
= [ra1,Ta1] + [(r21 — r34)F, (r21 — r34)d], '

Je = 2|Th| + 2(|T2| = [Th])@ + 2(|Ts| - |T1])9, (2.4)

where |T}] is the area of the triangle formed by the two edges sharing r;.
Note that Jg > 0 for convex quadrilaterals. It is also easy to see that
Jn; = |es| on any edge e;.
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If F is a curved quadrilateral, we assume that it is an O(h?)-perturba-
tion of a quadrilateral, i.e.,
Fg=Fp+R(#9), Rz <Ch, j=0,1,2, (2.5)
where Fp is a bilinear map. We call such elements h2-quadrilaterals.
Let a ~ b mean that there exist positive constants ¢y and ¢; indepen-

dent of h such that cpa < b < cia. For shape-regular and quasi-uniform
quadrilateral grids, (2.3) and (2.4) imply that for all elements E

IDFell oz ~ by Elop ~1?  and | Jpillgp~h72  (26)

Moreover, (2.6) also holds for any curved quadrilateral satisfying (2.5).

For the remainder of the paper we will restrict our attention to curved
quadrilateral elements that are O(h?)-perturbations of parallelograms. We
assume that

[ro1 — ra4l| < CA2. (2.7)

Following the terminology adopted in [11], we call such elements h2-paralle-
lograms.

REMARK 2.1. Note that the notion of h2-parallelograms from [11] is
extended to elements with curved edges, i.e., elements that satisfy (2.5),
where Fg satisfies (2.7).

Using (2.3), (2.5), and (2.7), a simple direct calculation shows that for
h2-parallelograms

JE :a+b<'%’ A)""d(i? A)’ (28)
where |a| < Ch? is a constant, |b(£,9)| < Ch® is a bilinear function, and
|d(2,9)| < Ch*.

2.2. The BDM,; spaces on curved quadrilaterals. Let V; x W),
be the lowest order BDM; mixed finite element spaces [7, 8]. On the
reference unit square these spaces are defined as

V(E) = Pi(E)? + 7 curl(#%)) + s curl(£9?)

_ | uZ+ Brf + v +rE? + 258
Qo+ o + 72 — 2riii — 592 ) (2.9)
W(E) = Py(E) = o,

where o, a1, 02,81, 02,71,7%2, 8,7 are real constants and Py denotes the
space of polynomials of degree < k. Note that V - V(E) = W(F) and
that for all ¥ € V(F) and for any edge é of £

v, € Py(8).
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V42 V33

Vi
® Dpressure

— velocity

V12 Va2

F1G. 2. Degrees of freedom and basis functions for the BDM; spaces.

It is well known [7, 8] that the degrees of freedom for V(E) can be
chosen to be the values of ¥ - fiz at any two points on each edge é. We
choose these points to be the vertices of €, see Figure 2. This choice is
motivated by the requirement of accuracy and certain orthogonalities for
the quadrature rule introduced in the next section.

The velocity space on any element E is defined via the Piola transfor-
mation

VeV V=LDFE\70F§1
JE

and the pressure space is defined via the standard change of variables
we W w:wOFEI.
The BDM; spaces on 7}, are given by
Vi = {veV: vjgeV, Ve VA(E)A VE € Tp.}, (210)
Wy = {weW: wlgew, weW(E) VEcT}.

The Piola transformation preserves the normal components of the velocity
vectors on the edges and satisfies [§]

(V-v,u)g = (V-9,%)z and (v -n;w)e, = (¥, d)e,. (2.11)

Moreover, (2.1) implies

1
v-n, =—

0. L —nrp o Looa
= JEDFEv- T Je(DFg )" iy = V- h. (2.12)

ng

Let IT : (HY(E))? — V(E) be the reference element projection operator
satisfying

Vé; c OB, (1§ —4)-hy,p1)e, =0  Vp1 € Pi(&). (2.13)
The divergence theorem and (2.13) imply that
(V- (1§ - @), d)5 =0 Vi e W(E). (2.14)
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Following [18, 20, 3], the operator II is defined locally on each element
E by

llq — q, [q:=11§ Vqe (HY(E))?. (2.15)

It is shown in [20] that in the case of quadrilaterals IT is a well defined
operator from V N (H'(Q))¢ onto V}, satisfying

(V-Iqg—q),w) =0 VYweW, (2.16)
and

ITallaiv < Cllql]1- (2.17)

Due to (2.11), property (2.16) extends trivially to the case of curved quadri-
laterals. The continuity bound (2.17) follows from the argument for prov-
ing the approximation properties of I, which is given in Lemma A.1 in the
Appendix.

Using an argument due to Fortin (see [8]) and properties (2.16)-(2.17),
it can be shown that the BDM; spaces on curved quadrilaterals satisfy the
inf-sup condition

inf sup w > 3, (2.18)
weW, v eV, ”V”dw”’LU”
w#0 v#0

where [ is a positive constant independent of h.

The following auxiliary estimate will be used in the analysis of the
method.

LEMMA 2.1. If E € Tp, and q € (L%(E))?, then

lallz ~ llall - (2.19)

Proof. The statement of the lemma follows immediately from the
relations

1 1
/q-qu=/ — DFrq- — DFgq Jg dX,
E & JE JE

1
/qqa&:/ DF;'q- 1 DFz'qJp-1 dx,
£ E JFE—I JFEI E
and bounds(2.6). a

The BDM; mixed finite element method is based on approximating
the variational formulation (1.6)—(1.7) in the discrete spaces Vi x Wh:
find uzdm € V;, and pﬁ’ldm € Wy, such that

(K_lul;zdmvv) = (Pgdm, V. V) - <97V ' n>r‘D) v E Vy, (220)
(V- u?™ w) = (f,w), w € Wh. (2.21)
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It has been shown in [20] that on quadrilaterals the above method has a
unique solution and that it is second order accurate for the velocity and
first order accurate for the pressure in the L?-norm. These results can
be extended to h2-quadrilaterals in light of the approximation results of
Lemma A.1. The method handles well discontinucus coefficients due to
the presence of K~! in the mass matrix. However, the resulting algebraic
system is a coupled velocity-pressure system and it can be quite large.
Moreover, it is of a saddle-point problem type. Our goal is to design a
quadrature rule that allows for local elimination of the velocities and results
in a positive definite cell-centered pressure matrix.

2.3. A quadrature rule. For q, v € V}, define the global quadra-
ture rule

(K'q,v)e= Y (K'q,V)gs
EeT;,

The integration on any element E is performed by mapping to the reference
element ¥. The quadrature rule is defined on E. Using the definition (2.10)
of the finite element spaces we have

/K q- vdx—/K‘ —DFgq - TDFEVJde

/ 7E:ngk IDFpg-vdx = /E/c—lq -V d%,
where
K = JgDFz'K(DFz4)T. (2.22)
It is easy to see that bounds (2.6) imply
1Klloo 2 ~ 1K lloo,e and  [IK7H o 5~ 1K™ oo, &- (2.23)

The quadrature rule on an element E is defined as

_ 1a B & o
(K™'q,v)o,e = (K7 1q,¥ 0.B TZ )-Vv(f;).  (2.24)

Note that on E this is the trapezoidal quadrature rule.

The corner vector §(f;) is uniquely determined by its normal compo-
nents to the two edges that share that vertex. Recall that we chose the
velocity degrees of freedom on any edge € to be the the normal components
at the vertices of é. Therefore, there are two degrees of freedom associated
with each corner #; and they uniquely determine the corner vector q(f;).
More precisely,

2
E q nz] rz nz]a

j=1
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where 1;;, j = 1,2, are the outward unit normal vectors to the two edges
intersecting at f;, and (§ - fi;;)(F;) are the velocity degrees of freedom
associated with this corner. Let us denote the basis functions associated
with £; by V55, j = 1,2 (see Figure 2), i.e.,

A A

(¥ij - i) (F:) =1, (Vi - hy) () =0, k#7, and
(Vij - ) (B1) =0, 1#4,k=1,2.

Clearly the quadrature rule (2.24) only couples the two basis functions
associated with a corner. For example,

e Kz (B IR
(K 1V11,V11)Q,@=—L4(—1—), (K11, V12)g p =

Ky (B1)
Tl’ (2.25)

and
(K™, Vi) 5 =0 Vij#11,12. (2.26)

REMARK 2.2. On quadrilaterals the quadrature rule can be defined
directly on an element E. It is easy to see from (2.4) that

4
(K7av)ar =5 S ITIK (malr) - vir). (227)

i=1

The above quadrature rule is closely related to an inner product used in
the mimetic finite difference methods [12]. We note that it is simpler to
evaluate the quadrature rule on the reference element E.

Denote the element quadrature error by

aE(K_lq, v)= (K‘lq, Vg — (K_lq, V)Q.E (2.28)

and define the global quadrature error by o(K~1q,v)|g = cg(K~1q,V).

2.4. The multipoint flux mixed finite element method. We are
now ready to define our method. We seek uy, € Vy, and pp € Wj, such that

(K 'ap,v)o = (pr, V- V) — (g,v -n)1,, VEVp, (2.29)

(V- up,w) =(f,w), weW,. (2.30)

REMARK 2.3. We call the method (2.29)-(2.30) a multipoint flux

mixed finite element (MFMFE) method due to its relation to the MPFA
method.

To establish solvability of (2.29)—(2.30) we need the following coerciv-

ity result.
LEMMA 2.2. There exists a constant C independent of h such that

(K7'q,9)q > Clql* Vq€ V. (2.31)
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Proof. Let q «» q and q = Z;l ij.zl 4i;Vij. We have

A 4
-1 . IE| —1/a NAra Ala
(K fl,ﬁl)ca,E—“—4 ;’C (£:)a(®s) - a(f:)
Cnnt e O,
> HZq(ri) 14(F) = > > @

where we used (2.23) and (1.5) in the inequality, and the location of the
degrees of freedom at the vertices in the last equality. On the other hand,
using (2.19),

4

2 4 2
||q”%f SC(Q?Q)E =C ZZinjvzg,ZZq le;l <CZZQU

i=1j=1 k=1i=1 i=1 j=1

The assertion of the lemma follows from the above two estimates. a

REMARK 2.4. Lemma 2.2 implies that (K~1.,-)%/? is a norm in V.
Let us denote this norm by || - ||g. It is easy to see that | - || is equivalent
to || - |- Indeed, using (2.23), (1.5), the equivalence of norms on reference
element E, and (2.19), we have that for all g € V,

(K 'q,@)q.z = (K7'§,a)g 5 < ||q||2 < Clal%,
which, combined with (2.31), implies that

collall < llalle < elldll (2.32)

for some positive constants ¢g and c¢;.

LEMMA 2.3. The multipoint flur mized finite element method (2.29)-
(2.30) has a unique solution.

Proof. Since (2.29)—(2.30) is a square system, it is enough to show
uniqueness. Letting f = 0 and g = 0 and taking v = uy and w = pp, we
conclude that (K ~lup,un)g = 0, and therefore u;, = 0, due to (2.31). Let
¢ be the solution to

=V -KV¢ = —ps in Q,
¢p=0 on I'p,
—KV¢-n=0 on I'y.

Taking v = IIKV¢ € V in (2.29) and using (2.16), we obtain
0= (pn, V- IIKV¢) = (pr, V- KV¢) = ||pal?,

implying pp = 0. a
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F1G. 3. Four elements sharing a vertex.

2.5. Reduction to a cell-centered finite difference method.
The multipoint flux mixed finite element method presented above reduces
to a cell-centered system for the pressures. Let us consider any interior ver-
tex r and suppose that it is shared by elements E1,..., Ey, see Figure 3.
We denote the edges that share the vertex by ey, ..., e4, the velocity basis
functions on these edges that are associated with the vertex by vi,..., vy,
and the corresponding values of the normal components of uy, by uy, ..., u4.
Note that for clarity the normal velocities on Figure 3 are drawn at a dis-
tance from the vertex.

Due to the locality of the basis functions interaction in the quadrature
rule (K~1,.)g in (2.25)-(2.26), taking, for example, v = v; in (2.29) will
only lead to coupling u; with u4 and us. Therefore, the four equations
obtained from taking v = vi,...,v,4 form a linear system for uy,...,u4.
Note that the coefficients of this linear system are

ai; = (K™'vi,v5)q, Li=1,...,4.

The local linear system is symmetric and, due to (2.31), positive definite,
and it is therefore invertible. Solving the 4 x 4 linear system allows to
express the velocities u; in terms of the cell-centered pressures p;, 1 =
1,...,4. Substituting these expressions into the mass conservation equation
(2.30) leads to a cell-centered stencil. The pressure in each element E is
coupled with the pressures in the elements that share a vertex with E. On
logically rectangular grids this is a 9-point stencil.

We give the equation obtained by taking v = v; in (2.29). On the left
hand side we have

(K_luh,vl)Q = (K“luh,vl)ngl + (K—luh,vl)Q,Ez. (2.33)
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The first term on the right above gives

~~

(K™ un, vi)o.m, = (K™1n, V1) 5

(K1 g, B1011 + Ky g, afn 1) (2.34)

i

(Icl_ll,El J"lul + ICI_ZI,EI J"4u4)‘]n1 ’

where we have used (2.12) for the last equality. Here ICZ._j,lEl denotes a

component of K~!in E; and all functions are evaluated at the vertex f3
of I, the vertex corresponding to vertex r in the mapping Fg,. Similarly,

_ 1, . _
(K luh’vl)Q,El = Z(K:lll,Eg‘]”lul +’C121,E2']"2u2)‘]"1' (2.35)

For the right hand side of (2.29) we write

(P, V- v1) = (®0n, V- V1)E, + (Pr,V - V1)E,
= (Ph, V1 - 0E, )e; + (Pr, V1 DRy )e;
(

Bhy V1 AE, e, + (Bry V1 - Ay e, (2.36)

1
5(}91 - p2)Jn17

where we have used the trapezoidal rule for the integrals on €;, which is
exact since Py, is constant and ¥ -1 is linear. A combination of (2.33)—(2.36)
gives the equation

| _ _ -
5((’C111,E1 + ’C11{E2)Jn1“1 + ’C121,E1 Jniua + ’C121,E2 Jnyui2) = p1 — pa.

The other three equations of the local system for wq,...,u4 are obtained
similarly.

REMARK 2.5. The above construction is also valid for vertices on the
boundary 82. In the case of Dirichlet boundary conditions, a 3 x 3 system
allows to express the velocities in terms of cell and boundary pressures. In
the case of Neumann boundary conditions, the one unknown vertex velocity
is expressed in terms of the two cell pressures and two boundary fluxes.

3. Error analysis. We will make use of the L2-orthogonal projection
onto Wj,. For any ¢ € L%(Q), let Qnd € Wy be its L2(Q) projection
satisfying

(¢ — Qno, w) =0 Yw € Wy,
It is well known [10] that the L2-projection has the approximation property

6 — Quoll < Clgl-h", 0<r<1 (3.1)
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The convergence analysis of the method (2.29)~(2.30) is similar to the
analysis in the case of straight edge quadrilaterals presented in [22]. The
following estimates hold.

THEOREM 3.1. If K=! € WL®(E) for all elements E, then there
erists a constant C independent of h such that

[u —us|l < Chjjulls, (3.2)
IV (u—up)l| <Ch|V - ully, (3.3)
Ip = pall < Ch(jlully + [Ipl1)- (3-4)

Moreover, if the problem (1.1)—(1.4) has H?-elliptic regularity, and if K €
Wh(E) and K= € W2>(E) for all elements E, then

1Qnp — pall < CRA(lully + |V - ull1). (3-5)

The proof of the theorem uses the following bounds on the quadrature

€error.
LEMMA 3.1. If K~1 € WL (E) for all elements E, then there exists
a constant C independent of h such that for all v e V

lo(K ™1 Tlu, v)| < Chijul]v]. (3.6)
If K=' ¢ W2°(E) for all elements E, then, for all v,q € Vy,
lo(K™"a,v)| < C ) Klalelvih,e 3.7
EcT,

The proof of the above lemma follows closely the argument presented
in [22] for straight-edge quadrilaterals. The error on any element F is
bounded through mapping to the reference element E‘, employing bounds
on the trapezoidal quadrature error, and mapping back to E. We refer the
reader to [22] for details.

Proof of Theorem 3.1. Subtracting the numerical scheme (2.29)-(2.30)

from the variational formulation (1.6)—(1.7) gives the error equations
(K0l = w), Vg = (@ =n, V) + (KM Tu=w)v) o
—o(K~MIu,v), veVy, '
(V-(IIu—up),w) =0, we W (3.9)

First note that (A.6) implies that on any element E we can choose w =
JeV - (Ilu—up) € Wy in (3.9). Since Jg is uniformly positive, this implies
that

V- (Iu—u,) =0. (3.10)
Bound (3.3) follows from (3.10) and (A.3).
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To show (3.2), take v = ITu — u, in (3.9) to obtain

(K1 (ITu — uz),Tu — up)g =(K~*(TIu — u), u — uy)

) (3.11)

— o( K™ TIu, ITu — uy).

Using (A.1), the first term on the right above is bounded by
(K~} (MTu — u), ITu — ug)| < Chjjul1||Tu — ug||. (3.12)

The second term on the right in (3.11) can be bounded using Lemma 3.1,
lo(K ~u, TTu — u,)| < Chljul|1||TTu — ug|. (3.13)

A combination of (3.11), (3.12), (3.13), (2.31), and (A.1) completes the
proof of (3.2).
Using the inf-sup condition (2.18) and (3.9), we obtain

| @np — ol
< 1 sup (V-v,Qnp—pn)
/3 vevV, ”v”div
v#0
_1 sup (K~Y(TTu—uy), v)g— (K~ (lu—u), v)+o (K ~Ilu, v)
Fyev, [[vlaiv
v#0
C
= Eh”u“l,

where we have used the Cauchy-Schwarz inequality, (3.2), (A.1), and (3.6)
in the last inequality. The proof of (3.4) is completed by an application of
the triangle inequality and (3.1).

The proof of (3.5) is based on a duality argument and employs the
quadrature error bound (3.7); see [22] for details. O

4. Numerical experiments. In this section we present several nu-
merical experiments that confirm the theoretical results of the previous
section. In the first example we take K = 2 % I and solve a problem with
Neumann boundary conditions and a known solution

p(z,y) = cos(2m(z 4+ 1/2)) cos(2m(y + 1/2)).

The domain has an irregular shape, see Figure 4. It is partitioned by
curved quadrilaterals. Note that the numerical grid is smooth, except
across the vertical line that cuts through the middle. Due to (2.22), the
non-smoothness of the grid translates into a discontinuous computational
permeability K. We test the convergence of our method on a sequence of
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Fra. 4. Computed pressure (color) and velocity {arrows) with the MFMFE method
in Hrample 1.

six meshes, from & x 8 to 256 x 256. The computed sclution on the 32 x 32
mesh s shown in Figure 4. The MFMFE method is compared to the EMFE
method of [4, 3]. The two methods have comparable computational costs,
as cach one reduces to CCED for the pressure. The discretization errors
and asymptotic convergence rates are presented in Table 1. Here |||p— pll]
denotes a discrete pressure L2-norm that involves only the function values
at the cell-centers and |||u — uy||| denotes a discrete velocity L2-norm that
involves only the normal vector components at the midpoints of the edges.
We note that for the MIMFE method the obtalned convergence rates of
O(h?) for |||p — pal||| and O(h) for Jju — 1| confirm the theoretical results.
The O(h?) accuracy for |||u — ua||| indicates superconvergence for the nor-
mal velocities at the midpoints of the edges. At the same time, the EMFE
methad exhibits only O(h) convergence for the pressure and O(h'?) for
the velocity. The slower convergence is due to reduced accuracy along the
discontinuity, as it can be seen in Figure 5.

In the second example we test our method on a sequence of meshes
obtained by a uniform refinement of an initial rough quadrilateral mesh.
It is easy to sce that the resulting partitions consist of h®-parallelograms.
We take K = 2 « I, Dirichlet houndary conditions, and a true solution

plr.yl= Isy + y4 + sin{z) cos(y).
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TARLE 1
Discretization ervors and convergence rotes for Ezample 1.

[ MFMFE method [ EMFE mothod |
1/h [ filp=pulll _llu—usll Jiu—usfl] | [[lp—palll {lu - usl]
8 | 0I7E0  037E0  0.17YE0 | 021E+1  0.37E0
16 | 060E-1  021E0  046E-1 | 026E0  0.24E0
32 | 097E-2 011E0  0.12E1 | 0.74E-1  0.16E0
64 | 025E-2  O058E-1  0.29E2 | 031E-1  0.12E0
128 | 067E-3  0.29E-1  072E-3 | 0.14E-1  0.84E-1
256 | 0.17E-3 01581  0.I8E-3 | 070E2  0.60E-
Rate | 1.99 0.69 2.00 .04 0.48

~

N

S,
AR ALY
e

Fic. 5. Error in the pressure {color) and the velocity (orrows) the MFMFE method
fleft) and the EMFE method (right) in Erxample 1. The two graphs are scaled differently.
On the left, mazimum pressure error (red) is 0.02 ond mazimum vector length is 0.21.
On the right, mazximum pressure error is 0,19 and mazimum vector length is 8.55.

The initial 8 x 8 mesh is generated from a square mesh by randomly per-
turbing the location of each vertex within a disk centered at the vertex with
a radius Av/2/4. The computed solution on the first level of refinement is
shown in Figure 6. The numerical errors and convergence rates are ob-
tained on a sequence of six mesh refinements and are reported in Table 2.
As in the first example, the computationally obtained convergence rates
for the MEFMFE method confirm the theoretical results, while the EMFE
method suffers a deterioration of accuracy along the non-smooth interfaces.

REMARK 4.1. We recently learned of the concurrent and related work
of Klausen and Winther [14]. They formulate the MPFA method from {1]
as a mixed finite eloment method using an enhanced Raviart-Thomas space
and obtain convergence results on quadrilateral grids.
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Fra. 6. Computed solution on the first level of refinement in Erarnple 2.

TaBLE 2
Lhseretization errors and convergence retes for Fxample 2.

MFMFEM EMFE method |

Ve [ llp=palll  Jlu~wusll flla=wualll | [llp=palll |l = ual]}
8 010E-1  0.85E-1  0.24B-1 01981 0.1750
16 | 0.27E-2  055E1  0.87E-2 0.88E-2 0.13E0
32 | 0.70E-3  0.30B-1  0.27E-2 0.45E-2 0.96E-1
64 | 0.18E-3 0.16E1  0.73E-3 0.23E-2 0.69E-1

128 | 045E-4  0.81E2  0.19E-3 0.12E-2 0.50E-1

956 | 0.11E-4  0.41E-2  0.50E-4 0.59F-3 0.35F-1

Rate 1.09 0.08 1.95 0.99 0.40

APPENDIX

A. Approximation properties of IL.
LEMMA A.1. If E is o quadriateral, then

la —Haffe < Cllalla.sh? (A1)
If E is an h®-quadrilateral, then

lq —1Ig||g £ Cllallz,zh. (A.2)
If E is an h2-parallelogram, then

IV -{a-Ta)l|lg < C||V-dalh,zh. (A.3)
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Proof. Bound (A.1) has been shown in [20]. The proof of (A.2) is a
modification of the argument in [20]. Using Lemma 2.1, the definition of

N

V(E), and the Bramble-Hilbert lemma,
la-Tqllz < Cla~Tdll < Cldly g +ldelps)  (A4)
where [ia], 5 = 10%01/091 5 and [, 5 » = 9%2/04] . Letting g =

rgy — a4, it is easy to see from (2.3) that

JpDFgl=A+| %% —o% |, p A5
Be +[—gzy gy | T (4.5)
where A is a constant matrix and ||R|; ., 5 < Ch?, j =0,1,2. Using that
4 = JgDF3'q, where §(£) = qo Fg(£), (A.4) and (A.5) imply

la = Tallz < C(([dilg, 5 + 82l 5,) + W1z, ),

where we have also used (2.6). Bound (A.2) now follows from a change of

variables back to E. o
To show (A.3) we first note that (2.11) and (V-v,w)g = (V - v,0JE)
imply

V.v= (iﬁ - o) o F5'(x). (A.6)
The above relation gives
1 & . A . ol .
9 (a-Tia)? x| (9 (@115 % < CHIT-4l2 . (A)

where we have used (2.6), (2.14), and the Bramble-Hilbert lemma for the
inequality. On the other hand,
W : fl|1,}33 =[JEV - Q|1,E‘
< OBl 51V -l £+ el o 51V - allp)  (A8)
<OV a5+ 11V -dllg),

using (2.8) for the last inequality. Combining (A.7) — (A.8) and changing
variables back to F implies (A.3). a
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DEVELOPMENT AND APPLICATION OF COMPATIBLE
DISCRETIZATIONS OF MAXWELL’S EQUATIONS*

DANIEL A. WHITE!, JOSEPH M. KONING'f, AND ROBERT N. RIEBEN'S

Abstract. We present the development and application of compatible finite element
discretizations of electromagnetics problems derived from the time dependent, full wave
Maxwell equations. We review the H({curl)-conforming finite element method, using
the concepts and notations of differential forms as a theoretical framework. We chose
this approach because it can handle complex geometries, it is free of spurious modes,
it is numerically stable without the need for filtering or artificial diffusion, it correctly
models the discontinuity of fields across material boundaries, and it can be very high
order. Higher-order H(curl) and H{(div) conforming basis functions are not unique
and we have designed an extensible C++ framework that supports a variety of specific
instantiations of these such as standard interpolatory bases, spectral bases, hierarchical
bases, and semi-orthogonal bases. Virtually any electromagnetics problem that can
be cast in the language of differential forms can be solved using our framework. For
time dependent problems a method-of-lines scheme is used where the Galerkin method
reduces the PDE to a semi-discrete system of ODE’s, which are then integrated in time
using finite difference methods. For time integration of wave equations we employ the
unconditionally stable implicit Newmark-Beta method, as well as the high order energy
conserving explicit Maxwell Symplectic method; for diffusion equations, we employ a
generalized Crank-Nicholson method. We conclude with computational examples from
resonant cavity problems, time-dependent wave propagation problems, and transient
eddy current problems, all obtained using the authors massively parallel computational
electromagnetics code EMSolve .

Key words. Computational electromagnetics, Maxwell’s equations, vector finite
elements, high order methods, H(curl) and H(div) - conforming methods, discrete dif-
ferential forms, spurious modes, numerical dispersion, wave propagation, transient eddy
currents, electromagnetic diffusion.

1. Introduction. The equations of electromagnetics can be simply
and elegantly cast in the language of differential geometry, more precisely
in terms of differential forms or p-forms [1-3]. In this geometrical setting,
the fundamental conservation laws are not obscured by the details of co-
ordinate system dependent notation; and, the governing equationé can be
reformulated in a more compact and clear way using well known differen-
tial operators of the exterior algebra such as the exterior derivative, the
wedge product, and the Hodge star operator, see [4] for an introduction to
differential forms. In this context, a natural framework for the modeling
of electromagnetics is provided. For example, the electric potentials can

*This work was performed under the auspices of the U.S. Department of Energy by
the University of California, Lawrence Livermore National Laboratory under contract
No. W-7405-Eng-48.

tDefense Sciences Engineering Division, Lawrence Livermore National Laboratory,
Livermore, CA 94551 (white37@11lnl.gov).

1koning1©11n1 .gov.

Srieben1@11nl. gov.
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be represented by 0-forms; electric and magnetic fields by 1-forms; electric
and magnetic fluxes by 2-forms; and scalar charge density by 3-forms.

In the context of Galerkin approximations, the choice of the finite el-
ement space plays a crucial role in the stability and convergence of the
discretization. For instance, in numerical approximations of the magnetic
and electric field intensities, H(curl) -conforming finite element spaces (or
edge elements) are preferred over traditional nodal vector spaces since they
eliminate spurious modes in eigenvalue computations and they prevent fic-
titious charge build-up in time-dependent computations. The lowest order
H{(curl) -conforming basis functions were developed by Whitney [5] before
the advent of finite element programs. Arbitrary order versions were intro-
duced by Nédélec [6, 7] as a generalization of the mixed finite element spaces
introduced by P.A. Raviart and J.M. Thomas in (8] for H(div) -conforming
methods. For an extensive analysis of several H(div) -conforming methods
see [9].

Recently, Hiptmair, motivated by the theory of exterior algebra of
differential forms, presented a unified framework for the construction of
conforming finite element spaces. Remarkably, both H(curl) and H(div)
conforming finite element spaces and the definition of their degrees of free-
dom and interpolation operators can be derived within this framework, see
[10] for more details. In simple terms the finite element basis functions
satisfy discrete counterparts of the De Rham exact sequence and related
commuting diagrams. The architecture of our EMSolve software closely
mimics the structure of differential forms. In our software terminology, a
discrete differential p-form is a finite element basis used to discretize a p-
form field. In EMSolve the global discrete exterior derivative and Hodge
operators are sparse matrices, and the rules of differential forms define
how these matrices can be combined to represent discretizations of PDE’s.
Given a physical law expressed in the language of differential forms, it is
therefore quite straightforward to discretize the problem using EMSolve .

One unique feature of EMSolve is the emphasis on high-order dis-
cretization which can reduce the mesh size, memory usage, and CPU time
required to achieve a prescribed error tolerance. This is particularly true
for electrically large problems. For these problems it is known that the
Galerkin discretization error is larger than the best approximation error
of the finite element space. This is sometimes referred to as the pol-
lution effect, and has been more precisely explained in [11, 12]. In the
engineering community this is referred to as numerical dispersion, as the
computed phase velocity differs from the physical phase velocity and phase
error builds up linearly with respect to distance and time. For the popular
lowest order edge elements, it is known that the numerical dispersion re-
lation is second order accurate [13-15]. Second order accuracy may seem
adequate, but for an electrically large problem the phase error may be such
that the global error is 100 percent even though the local truncation error
is quite small. A detailed analysis of dispersion for higher-order H(curl)
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finite elements on orthogonal Cartesian meshes is given in [16], with the
result that the dispersion error is asymptotically O(h%*) where k is the
order of the basis functions.

It should be noted that there are numerous numerical schemes for
electromagnetics that are based in part on differential forms and related
geometrical concepts, such as the cell method [17], finite integration theory
[18, 19], and mimetic discretizations [20]. Even the most popular method
for time-domain computational electromagnetics, Yee’s FDTD method [21],
has been reinterpreted from a geometric perspective by numerous authors
[22, 23].

2. Numerical formulation. We begin with the generic boundary
value problem stated in the language of differential forms from [24]. This
problem statement is generic in that the degree of the forms are not speci-
fied. By specifying the degree p we have equations involving the divergence,
gradient, or curl operators. We assume a 3-dimensional domain Q with
piecewise smooth boundary 02 partitioned into I'p, I'y, and T'p;. The
problem statement is

du = (—1)Pc dj=—-V+o in Q (2.1)
Tpu=f on I'p Tvj=g on 'y (2.2)
j=%*a 0 U=x,u in Q (2.3)
Tmj=(-1)Pxg Trmu on Ty (2.4)

Here w is a (p — 1)-form, o is a p-form, 7 is a (3 — p)-form, and both ¥
and & are (3 — p + 1)-forms, where 1 < p < 3. The variable ® is a source
term. The symbols «, 8 and -« denote generic material constitutive relations
(e.g. electric permittivity or conductivity). In (2.1) the operator d is the
exterior derivative which maps p-forms to (p 4+ 1)-forms. In the boundary
conditions (2.2) and (2.4) the symbol T denotes the trace operator, where
the trace of a p-form is an integral over a p — 1-dimensional manifold.
In (2.3) and (2.4) the x symbol denotes the Hodge-star operator, which
converts p-forms to (3—p)-forms and typically involves material constitutive
properties. Equations (2.1) and (2.3) can be combined to yield the general
second-order elliptic equation

(—1)Pd %o du=— %, u+ ®. (2.5)

The wedge product of differential forms is used in the definition of
bilinear forms. The wedge product of a p-form w and a g-form 7 is a

(p+gq)-form ¢
WA =P, prg<s.

If p+ g = 3 then w? A9 is an volumetric energy density like quantity and
can be integrated over a volume to yield energy. If p + ¢ = 2 then wP A n?
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is a flux density like quantity and can be integrated over a surface to yield
net flux.

A Galerkin finite element solution of the generic second-order equation
(2.5) will require bilinear forms. Using the exterior algebra, the bilinear
forms required in the Galerkin finite element method can be easily formu-
lated from the general second-order equation (2.5) by taking the wedge
product with a (p — 1)-form v and integrating over the volume 2,

/(—l)pd*a du/\v:—/*vu/\u#—/d)/\v.
Q Q Q

Using the integration-by-parts formula

/dw/\n—}-(—l)”/w/\dn;/ wATn
Q Q el

yields the two key symmetric bilinear forms
a(u,v) = / *o (du) Adv, (2.6)
Q

blu,v) = /Q*Wu/\v. (2.7)

and the additional bilinear forms for source terms and boundary conditions
c(u,®) = / uAd
Q
d(u,g) = / *o du A g.
1)

Let HP = {u € Ly(Q): |||u|||;2, < oo} and HE = {u € HP : Tp(u) = 0}
be generic Hilbert spaces, where JJu|?2 = [, uAu+ [,duAxdu. Then
the Galerkin form of the generic second-order equation (2.5) can now be
expressed as follows:

Given the source function ® and the boundary condition g, find u € HP
such that

Tp(u) = g and a(u,v) = b(u,v) + c(u, ) + d(u,g), VveHE.

It is not necessary to combine the two 1st-order equations into a single
2nd order equation. If it is desired to formulate the problem as a coupled
pair of 1st order equations, as in a mixed method [8, 25, 26, 9], then an
additional bilinear form is required, namely

e(u,v) = /Q*a (du) A, (2.8)

with the requirement that u is a p-form and v is a (p + 1) form. With the
generic bilinear forms (2.6), (2.7), and (2.8), source terms, and boundary
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conditions we can construct a wide variety of model equations that can be
solved via the finite element method.

We are primarily concerned with time dependent phenomena. The
time derivative does not effect the degree of a form. For the generic wave
equation we simply add time derivatives to (2.1} which yields

du = (—1)”?9—(;, dj = —% +® in Q (2.9)
In the Tonti diagram below we show the time-dependent Maxwell’s equa-
tions, where d denotes the spatial derivative, (—% denotes the time derivative
and converging arrows denote summation. In these diagrams ¢ is the 0-
form scalar potential; the 1-forms A, E, and H are the magnetic vector
potential, the electric field, and the magnetic field, respectively; the 2-forms
B, D, and J are the magnetic flux density, the electric flux density, and the
electric current density, respectively; and p is the 3-form scalar charge den-
sity. The left diagram encompasses Faraday’s law dE— %B = 0, Coulomb’s
law for the magnetic field dB = 0, and the fact that the electric field E
can be written in terms of potentials as £ = d¢ — %A. The right diagram
encompasses Ampere’s law dH — %D = J, Coulomb’s law for the electric
field dD = p, and the continuity equation dJ — % p = 0. The two diagrams
are connected by the constitutive relations D = ¢ E and B =+, H.

O-forms : ¢
ld
8
1-forms: A —% H
o e e
- _e
2-forms: B —2 0 D &,
| o Lo
_o
3-forms: O p —2- 0

A wave equation can be derived by combining the two diagrams and
solving for E,
o2 9

w(*eE) = d*ﬂ‘_l dE - 52,] (210)
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This wave equation resembles the generic second order equation (2.5) with
the addition of temporal derivatives. Clearly, if it is determined that one of
the time derivatives is small and can be neglected, the result is an electro-
magnetic diffusion equation (parabolic PDE). Therefore the same bilinear
forms (2.6)) and (2.7) are required for spatial discretization of either the
elliptic, hyperbolic (wave equation) or parabolic (diffusion equation) prob-
lem.

2.1. Local finite element operations. We follow the work of Cia-
rlet [27] and adhere to the definition of a finite element as a set of three
distinct objects (X, P, A) such that:

e Y. is the polyhedral domain over which the element is defined

e P is a finite dimensional polynomial space from which basis func-

tions are constructed

e Ais a set of linear functionals (Degrees of Freedom) dual to P
Let 35 be a discretization of the problem domain §) using tetrahedral,
hexahedral, or prismatic elements. By using a local change of variables
given by the iso-parametric mapping ®(X) = X, we re-write the bilinear of
(2.6) as follows

a(u,v):/*a du A dv
Q

= Z /  ka du A dv
YeX, T=2(%)

- /E(*amp) ®* (du A dv) | D3|

pAHHIY

= % 0 B) O*(du) A *(dv) | D®|. 2.11
Egh/2< ) 0 (du) A B*(dv) [DB].  (211)

Similarly, the bilinear form of (2.7) can be rewritten as

b(u,v) = Y /2(*,,oq>) d*(u) A &*(v) | DB)|. (2.12)

3eX,

Equations (2.11) and (2.12) show that all calculations for the various
bilinear forms can be performed on a standard reference element ¥ (i.e.
the unit cube, tetrahedron, or prism). Results are then transformed to
physical mesh elements (of arbitrary curvature) via a set of well defined
transformation rules based on the properties of differential forms. These
rules are summarized in Table 1. Given these transformations the bases
need only be evaluated on the reference element and transformed accord-
ingly. In EMSolve the bilinear form requires that the reference element,
the quadrature rule, and the p-form basis functions be specified just once.
The basis functions are then sampled at the quadrature points on the ref-
erence element, and this information is cached for latter use. This gives
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rise to a very computationally efficient algorithm for computing finite el-
ement approximations. For a given element topology and basis order, the
basis functions only need to be computed once. Then, for every element of
the same topology in the mesh, the results from the reference element can
simply be mapped according to the transformation rules. This can signifi-
cantly reduce computational time for a typical finite element computation.
In addition, integration over the reference element is much simpler and can
often be done exactly using Gaussian quadrature of the appropriate order.

When implementing a finite element space P in the context of differen-
tial forms, the explicit formulation of the space depends on the p-form and
the topology of the reference element. The construction of the finite ele-
ment space P is not unique, we choose a construction that leads to a simple
and efficient implementation. We use uniformly spaced interpolatory poly-
nomials similar to those described in [28] and [29] as a primitive basis on
a reference element. The actual bases used in the finite element procedure
are constructed on this reference element ¥ rather than in the physical
coordinate system and are written as a linear combination of the primitive
basis. For example, non-uniform interpolatory functions, moment-based
functions, orthogonal functions, etc. can all be expressed as a linear com-
bination of the primitive basis

The construction of a p-form basis of order k is as follows. We begin
by generating a primitive basis W = {w;}. We can then construct a
new basis (non-uniform interpolation, hierarchical, etc.) in terms of the
primitive bases by imposing a set of constraints of the form

ai(w;) = by, (2.13)

where o; € A are the known degrees of freedom of the new basis. The de-
grees of freedom are in general integral moments, but this is not necessary.
What is necessary is that the degrees of freedom satisfy the following:

e Unisolvence: {a;} is dual to the finite element space P ; i.e. there
exists a set {w;} C P such that a;(w;) = 6; ;.

o Invariance: degrees of freedom remain unisolvent upon a change
of variables; this implies they are not affected by the pullback
operation; i.e. ®*(a;) = G;.

e Locality: the trace of a basis function on a sub-simplex is deter-
mined by degrees of freedom associated only with that sub-simplex.

The procedure requires the formation of a linear system

‘/ij = ai(wj); wy; € w

This system, which is similar to a Vandermonde matrix, is a linear mapping
which expresses the new basis in terms of the primitive basis and will have
a rank equal to the dimension of the primitive basis. The newly defined
basis, which we will denote as W' is given by:

W =vV-lw
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In EMSolve , the construction and solution of the Vandermonde system is
done once and only once on the reference element. For the evaluation of the
basis functions on an actual (or global) element, they are first evaluated
on the reference element then transformed according to the transformation
rules of Table 1, where the “hat” symbol denotes objects defined with re-
spect to the reference element coordinate system. It is important to note
that this process implies that the basis functions have units as shown in
Table 2. In standard nodal-based finite element methods the basis func-
tions are dimensionless and the unknowns (the unknown coefficients of the
basis function expansion of the field) are simply the value of a field at a
point, but here the unknowns are integrals of the field. This seems to be a
common theme of all compatible discretization schemes of Maxwell’s equa-
tions whether they are based upon the finite element method given here,
or mimetic finite volume [20] and finite difference [22] methods.

TaBLE 1
Transformation rules &*.

| I ®*(u) | O*(du) |
0-forms ° D®~1(da)
1-forms ?@‘11; e D7 (di)
2-forms e D® i I—D—la (di)
TABLE 2

Units of Electromagnetic Quantities, Basis Functions, and Degrees-of-Freedom.

| Form [ Basis Function | Electromagnetic Quantity | DOF |

0-forms 1 ¢  (Volts) Volts
1-forms m™1 E  (Volts/m) Volts
1-forms m~1 H (Amps/m) Amps
2-forms m~2 D (Coulombs/m?) | Coulombs
2-forms m=? B (Webers/m?) Webers
2-forms m~2 J  (Amps/m?) Amps
2-forms m=2 ExH (Watts/m?) Watts
3-forms m=3 E-D (Joules/m?) Joules
3-forms m3 p (Coulombs/m3) | Coulombs

We have a class hierarchy for each of the p-form bases, the partial
hierarchy is shown in Figure 1. Concrete classes are presented in the lowest
level of the tree. The other p-forms have a similar inheritance diagram. The
complete class library is documented in {30-32]. Our Silvester-Lagrange
(SL) bases are similar to the bases defined in [28] which use equidistant
and shifted equidistant interpolation points. The difference between our
SL bases and the bases proposed in [28] is that ours satisfy the properties
in Table 1. The uniformly spaced interpolatory bases are suitable for low
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pFormBase
]

OFcI)rm | lF;rm | 2Forlm | 3Folrm

f

0Form
|
[ L ]
Hexahedral || Tetrahedral Prism
Hexahedral
[ ] I ]
Silvester-Lagrange Spectral Hierarchical Semi-Orthogonal

Fig. 1. p-Form basis function class hierarchy. Only part of the hierarchy is shown.
The general idea is that the Application Program Interface is defined at the higher levels,
and the unique details of each type of basis function are implemented at the lower levels.
Users can easily add new basis functions to the class hierarchy, and the client program
need not be modified at all..

order approximations, i.e., k = 1 to 4. It is well known that this particular
choice of interpolation points produce badly conditioned mass and stiffness
matrices when high order approximations are used. For this reason we
have implemented spectral classes that use arbitrary sets of interpolation
points, typically Gauss-Lobatto or Tchebyschev points. A study of the
conditioning of finite element matrices using various higher-order H (curl)
discretizations is given in [33]. An additional class of semi-orthogonal basis
functions was developed by the authors in order to increase the efficiency
of the method. These basis functions are paired with a custom quadrature
rule to minimize the number of non-zeroes in the mass matrices. This
is an extension of the standard mass-lumping procedure widely used in
computational mechanics. For the special case of an orthogonal Cartesian
mesh the mass matrix is made diagonal, resulting in a tremendous increase
in efficiency, particularly for higher-order bases applied to time dependent
problems. For unstructured meshes the basis functions are not completely
orthogonal but the number of non-zeros is decreased by a factor of 5 or
more. While these inexact quadratures are often considered a “variational
crime”, in practice there is no loss of accuracy in the computed solution
[34].
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2.2. Global finite element operations. The EMSolve framework
computes sparse matrices which are global versions of the previously de-
scribed bilinear forms. The basic matrices are

DPPH (a),; = /Q adW? - WPt dQ (2.16)

which we refer to as the “mass”, “stiffness”, and “derivative” matrices, re-
spectively. The “mass” matrices M are square symmetric positive definite,
and the “stiffness” matrices S are square symmetric positive semi-definite.
These two matrices map p-forms to p-forms. The “derivative” matrices D
are rectangular and map p-forms to (p + 1)-forms. It can be shown that

DPP+D — ppHiRp(et+D) (2.17)
§p — (Kp(p+1)>T M@+ KPP+ (2.18)

- where KP(Pt1) is a “topological derivative” matrix. This matrix is the dis-
cretization of the exterior derivative operator d from differential geometry,
dW? = W+ This matrix depends upon the mesh connectivity, but
is independent of the nodal coordinates. It does not involve an integral
over the element, and it does not involve any material properties. For the
special case of first-order basis functions, the topological derivative matrix
is a mesh incidence matrix consisting of 0’s, +1’s, and —1’s. While seem-
ingly abstract, the topological derivative matrix is enormously valuable in
practice. Given a p-form quantity X with basis function expansion

X =) zw?, (2.19)
i=1
and a (p + 1)-form quantity ¥ with basis function expansion
Y =3 yuw, (2.20)
i=1

the exterior derivative (gradient, curl, divergence for p = 0, p = 1, and
p = 2, respectively) is given by

y = KP(P+x, (2.21)
It can be shown that

K”K =0 (2.22)
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KBK? =0 (2.23)

which are the discrete versions of the identities VXVF =0and V-V x F =
0, respectively. These identities are satisfied in the discrete sense, to ma-
chine precision, for any mesh and any order basis function. This is a
key feature (perhaps the definition of) a compatible discretization. It is
these identities that ensure computed solutions of Maxwell’s equations are
solenoidal, whether in eigenmode computations or time-dependent compu-
tations.

EMSolve contains some additional miscellaneous functionality. In
some circumstances it is necessary to convert a p-form to a (3 — p)—form,
i.e. a Hodge-star operation. A classic example is converting a ” cell-center”
quantity to a "nodal” quantity. In our finite element setting the Galerkin
procedure prescribes rectangular matrices of the form

HIOP) = / WP AWSE dg (2.24)
Q

which produces optimal (in the least-square error sense) Hodge-star oper-
ators for arbitrary order basis functions.

To summarize the overall numerical procedure employed in EMSolve
, the first step is to identify the correct p-form for the physical quantities.
This then dictates the particular basis function expansion of the physical
quantity. A generic field variable X is then approximated over each element
3 € ¥, by a basis function expansion of the form

XP(r,t) = Zai(t) wl(r), wle WP (2.25)

where «;(t) are the time-dependent p-form degrees of freedom, w?(r) are
the spatially dependent p-form basis functions. The semi-discrete system is
formed by applying the Galerkin procedure resulting in combinations of the
mass matrices M, the stiffness matrices S, the derivative and topological
derivative matrices D and K. The result is a systematic procedure for
discretizing a wide variety of electromagnetics equations.

3. Frequency domain resonant cavity examples. The EMSolve
framework is well suited for simulations in the frequency domain. Here
we focus on the resonant cavity problem, where the goal is to compute
the electromagnetic fields within closed perfectly conducting cavities that
may contain dielectric and/or magnetic materials. The starting point is
the vector Helmholtz equation for the electric field

dx,-1dE = —w?* E (3.1)

The electric field is chosen instead of the magnetic field because the perfect
electrical conductor conductor boundary condition n x E = 0 is trivial to
implement when using a 1-form basis function expansion for E.
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Using the Galerkin procedure described in Section 2, the linear system
of equations for the discretized eigenvalue problem is

Silie = —w’Ml'e, (3.2)

where e is the vector of 1-form degrees-of-freedom. The exact solution of
(3.1) has irrotational eigenmodes corresponding to w = 0 and solenoidal
eigenmodes corresponding to w # 0, with all these modes being orthogonal.
This 1-form based discretization preserves the Helmholtz decomposition
exactly, with no additional constraints. The irrotational solutions of (3.2)
satisfy

01
€irrotational = K fa

where f is an arbitrary discrete scalar potential, and the solenoidal solutions
of (3.2) satisfy

(esolenoidal)T MllKOlf = 0,

i.e. they are orthogonal to the gradients of the scalar potentials. Alter-
native finite element discretizations using vector nodal basis functions dis-
cretizations introduced spurious modes, i.e. modes that are not solenocidal.
This was first analyzed by Bossavit [35] and Cendes [36], and was histori-
cally the primary impetus for using edge-based H (curl) -conforming basis
functions in electromagnetics.

Applying general purpose iterative eigenvalue solvers to the H(curl)
discretized Helmholtz equation is often problematic due to the large null
space of the system. The large degeneracy of zero-eigenvalues can cause
iterative methods to fail to converge on the desired smallest non-zero eigen-
values. The authors have developed a method to shift the zero eigenvalues
corresponding to the irrotational solutions of the Helmholtz equation arbi-
trarily to the middle of the spectrum [37]. The implicitly restarted Arnoldi
method package (ARPACK) [38] is then used to solve for the smallest ex-
tremal eigenvalues which are now non-zero.

3.1. Lowest resonant mode for the Trispal induction cell. The
parallel version of the ARPACK code, PARPACK, was used to determine
the lowest eigenvalue and eigenmode for the Trispal induction cell. This
induction cell is a key component of a proposed proton linear accelerator
[39] and is used as a metric for various Helmholtz equation solvers. The
Trispal geometry was decomposed into a refined and optimized tetrahe-
dral mesh and a hexahedral mesh as shown in Figure 2. The tetrahedral
mesh contained 61,566 zones and 76,838 edges while the hexahedral mesh
contained 26,568 zones and 84,807 edges. Results for the computed lowest
eigenvalue with k£ = 1 basis functions compared with the measured eigen-
value, frequency=1064.415 MHz, for each mesh are shown in Table 3. The
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FIG. 2. The optimized tetrahedral mesh and unoptimized hezahedral mesh for the
Trispal geometry. The mesh is of 1/8 of the geometry.

results were not any better for a higher-order k£ = 2 discretization, indicat-
ing that the accuracy for this problem is limited by the discretization of
the geometry. The goal for this type of resonant cavity problem is agree-
ment to measurement to within 0.01%, achieving this level of validation
requires precise agreement of the CAD geometry and the test article. The
z-component of the resulting eigenmode for the hexahedral mesh is shown
in Figure 3.

TABLE 3
Trispal eigenvalues.

[ Mesh | Calculated Frequency (MHz) | Relative Error (%) |
Tetrahedral 1066.45 0.19
Hexahedral 1084.12 1.85

4. Electromagnetic wave equations. Consider Maxwell’s equa-
tions in a charge free region, written in the language of differential forms

*egE =d(ky-1B) — %, E—J (4.1)
0
&B = —dE (4.2)
dxE=0 (4.3)
dB =10 (4.4)

where the electric field F is a 1-form, the magnetic flux density B is a
2-form, J is an independent 2-form current source, and each of the mate-
rial property functions are represented by a specific Hodge function. For
simplicity the required boundary conditions and initial conditions are not
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Fic. 3. The computed Z component of the lowest electric field eigenmode for the
Trispal geometry.

shown here. By applying the exterior derivative operator to both (4.1)
and (4.2}, it is clear that the divergence constraints of {4.3) and (4.4)
are constraints on the initial conditions of the flelds. While this is not
universally accepted, it is our opinion that a compatible discretization of
Maxwell’s equations will not require any penalty method or Lagrange multi-
plier method to satisfy the divergence constraints, they will be intrinsically
satisfied by the discretization of equations (4.1) and {4.2). Of course the
divergence constraints of (4.3) and {4.4) are satisfied according to a partic-
ular, but consistent, discrete metric. For the clectrie field the divergence is
measured in the variational sense

]d*EE/\@:] *E A dD, (4.5)
2 3

for all test functions ® not on the boundary, since this measure allows for
the jump discontinuity in £. For the magnetic flux density the divergence
is computed directly.

Using the procedures described in Section 2, the semi-discrete Ampere-
Faraday system of equations is

M Dty = (K ME bit) - MU o)~ M J(0)  (46)
%b(t) = —K"e(t)

where e(t) and b(t) are the vectors of unknown degrees-of-freedormn. The
divergence equations are discretized as

(K" MMe =0
K% =0
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and by the compatibility properties (2.22)-(2.23) these conditions will be
satisfied automatically, to the tolerance used in the solution of the mass
matrices.

There are several methods for integrating (4.6) in time, the staggered
2nd-order central difference or “leapfrog” method being quite popular. The
leapfrog method is conditionally stable and energy conserving. The leapfrog
method is an example of a class of methods known as symplectic methods,
which were originally developed for Hamiltonian systems. A high order
and energy conserving time-integration of (4.6) is given by a generalized
symplectic update [40]

o= (fe) (5] @

where m is the order of the symplectic integration method and the matrices
Q; are of the form

{ I B At (M) (K 2)TME? J()

Qi = —a; AtK2 I - a; f; APK' (M) ~1(K12)T M2

and At is the discrete time step. The specific integration coefficients «;
and f; of (4.8) can be found in [41]. Note that the standard definition
of a symplectic integrator requires that the length of the vectors e, and
b, be the same, and they are not in our case, hence we use the term
symplectic loosely. A straightforward but tedious calculation shows that
for suitably small At the eigenvalues of the @Q; lie on the unit circle, and
the eigenvectors of Q; are linearly independent, hence the time integration
method is neutrally stable. The stability condition is given by

At < 2 ;o i=1,...,m (4.9

= \/p (ai B; K12 (Mél)q(Km)TMz?)

where p denotes the spectral radius of the matrix, and in practice this is
estimated by performing a few power-method iterations to estimate the
largest eigenvalue. Stated another way, (4.9) requires that the sampling
frequency (determined by At) must be less than half the highest resonant
frequency of the spatial discretization. The stability condition of (4.9)
is valid for all values of k, the order of the polynomial basis functions.
However, as k is increased, the value of p (K (M!)~}(K!'?)TM??) (and
hence the highest resonant frequency of the spatial discretization) will grow,
thus requiring a smaller time step At. For the special case of lossless
materials and no energy entering/exiting the volume through the bounding
surface the total electromagnetic energy should be constant. With this
class of symplectic time integration the instantaneous energy stored in the
electric and magnetic fields is

eTM! e + b M2 b = £ + O(At*F*!)sin(wt), (4.10)
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@)

F1a. 4. Erampie of bent optical fiber mesh {left} und snapshot of the electromag-
netic energy in the $0 degree bend fiber at time & = 0.4ps.

the energy oscillates about the constant value £ This is in contrast to
non-symplectic methods such as Runge-Kutta, in which the energy is a
monotonically decaying function. In [42] it is shown that the symplectic
update method can be extended to include electric and magnetic conduc-
tivity, for example artificial Perfectly Matched Layers.

4.1, Transmission in a bent optical fiber. There is great interest
in analyzing the performance of bent optical fibers [43, 44]. A weak bend
can be analyzed using efficient paraxial beam propagation methods, here we
demonstrate an accurate full wave simulation of a fiber with an extreme
bend. We visualize the propagation of an optical pulse along a 155um
seetion of a step index optical fiber. The core of the fiber has a radius of
Sum and an index of refraction of 1.471 while the cladding has a radius
of 40pm and an index of refraction of 1.456. With these properties, the
fiber is capable of propagating a A = 1.55um optical wave, The ratio of
problem domain size to wavelength is therefore €1/A = 100 making this an
“clectrically large” problem. The problem is excited with a space and time
dependent Dirichlet boundary condition applied to the input cap of the
fiber representing a TEO01 polarized pulse.

We perform the simulation using a straight fiber as reference and four
bent fibers with different bend angles. Because the problem is electrically
large, it will be subject to the cumulative errors of numerical dispersion,
To mitigate this effect, we use high order polynomial basis functions of de-
gree k = 2 in conjunction with a high order symplectic {(energy conserving)
integrator of order m = 3 which has been shown to excel at reducing the
effects of numerical dispersion for electrically large time domain problems
[40]. The computational mesh for each of the five simulations consists of
147,200 hexahedral clements with 4 transverse elements per wavelength,
an example of which is shown in Figure 4. Using high order k = 2 basis
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Fi1G. 5. Normalized core energy as a function of time for five fiber simulations.

functions on this mesh results in a semi-discrete linear system (4.6) con-
sisting of 3,562, 160 electric field unknowns and 3,547,072 magnetic flux
density unknowns. This relatively large problem must therefore be solved
in a parallel computational environment. In Figure 5 we plot the normal-
ized energy in the fiber core, computed by (4.10), as a function of time for
each of the five fiber simulations. The energy is normalized to the total en-
ergy of the optical pulse. As expected, the total pulse energy is conserved.
As the fiber is bent, the energy in the core is lost due to radiation in the
cladding as the pulse traverses the bend. This effect becomes more drastic
as the bend angle increases and as time increases.

4.2, 3D photonic crystal waveguide. Here we simulate a 3D PBG
waveguide with a complete photonic band-gap designed to operate in the
RF regime. The PBG crystal is based on the “woodpile” structure as inves-
tigated by [45]. In particular, we utilize the unit cell originally proposed
by [46] which consists of a series of aluminum rods (index of refraction
= 3.1) arranged in an alternating, stacked configuration. The lattice con-
stant for this crystal is 1.123cm and the unit cell has dimensions of 1.123cm
by 1.123cm by 1.272cm making it suitable for operation in the radio fre-
quency regime. We construct a 3D crystal by arranging the unit cell in a 9
by 13 by 7 layer configuration as shown in Figure 6. Our goal is to exploit
the complete photonic band gap of this crystal and create a “multi-bend”
wave guide where we can make the radio signal traverse two separate 90
degree bends in three dimensional space. Because of the 3D nature of the
multi-bend, this type of simulation cannot be performed using standard 2D
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8.904 cm

Fie. 6, 8D PBG “woodpile” struc- Fra. 7. Three dimensional iso-
ture for RF signals. The portion of the  surface plot of electric field magnitude for
mesh representing the air has been re-  the 3D PBG simulation.

moved for visual clarity.

codes which are extensively used in the study of PBG devices. In addition,
trustworthy simulations of PBG waveguides require that phase velocities
of propagating waves be computed as accurately as possible. A high order
method is therefore highly desirable for an electrically large waveguide such
as this.

The computational mesh of Figure 6 consists of 419, 328 hexahedral
elements. We excite the problem with a time dependent Dirichlet bound-
ary condition applied at the z-z input plane with an operating frequency
of 11GHz. The rest of the mesh is terminated with a PEC boundary con-
dition. We use high order k& = 2 basis functions to represent the electric
and magnetic fields resulting in a linear system with approximately 10.5
million unknowns. This large linear systemns requires that the problem be
distributed in parallel across 150 processors. We let the simulation run
for a total of 6,500 time steps. In Figure 7 we show a three dimensional
iso-surface plot of the electric field magnitude in the wave guide at the end
of the simulation. Note how the wave has made two complete 90 degree
bhends with a negligible loss due to radiation.

4.3. Simulation of magnetic resonance imaging. When a mag-
netic fleld penetrates a conducting object, eddy currents are produced.
These eddy currents modify the magnetic field resulting in a non-uniform
magnetic field in the conductor. This fact is of significant relevanee in
the field of magnetic resonance imaging (MII) where the characterization
of field non-uniformities inside of a human head arc of sreat research in-
terest. In a typical MRI experiment, a very large (1-8 Tesla) and static
magnetic field {called the B0 field) is used to align the magnetic moments
of atomic nuclei inside of a human tissuc sample. A secondary pulsed RF
field {called the 11 field) is nused to tip the magnetic moments when turned
on. When turned off, the magnetic moments relax back to their original
state, emitting radiation that is detected by an RF receiver. The B1 field
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determines image intensity and imaging algorithms assume a spatially uni-
form B1 field; non-uniform B1 fields lead to artificial variation in image
intensity. If the actual non-uniform magnetic field were known, it might
be possible to correct for this in the image processing.

Unlike the previous examples which involved propagation in a loss-less
region, this application requires the introduction of a lossy term due to
finite electrical conductivity. Also, the goal here is to reach a sinusoidal
steady-state solution, and due to the fine mesh a very large number of time
steps would be required if conditionally stable time integration method
were used. We therefore employ an implicit time integration method. In
particular, we use the implicit Newmark-Beta method given by

(Mgl +BALRSIL, + %M}}) eni1 = <2M§1 —(1- 25)At25};1) en

- (Mgl +BASI L, —~ %M}}) e,_1 —dt’Mj . (4.11)
Note that this is a fully discrete version of the second order electric field
wave equation (2.10) with the addition of a lossy conductive term.

In this example we use EMSolve to compute the eddy currents and
non-uniform magnetic field inside a 10¢m conducting, dielectric sphere im-
mersed in a spatially uniform and time varying 200 M Hz Bl magnetic
field. The external B1 field is created by a pair of Helmholtz coils, driven
by a 200 MHz sinusoidal current source represented by the j;, term in
(4.11). A human head is modeled by a conducting dielectric sphere of
conductivity ¢ = 0.55/m and dielectric constant 85¢p as shown in Figure
8. The fully discrete (4.11) is solved for a net physical time equal to 10
periods of B1 field oscillation, enough time for the induced eddy currents
to reach a steady state. In Figure 9 we show the induced eddy currents
and the resulting non-uniform magnetic field inside of the sphere. Note the
appearance of the so called “central-brightening” effect in the magnetic
field magnitude, a result in agreement with the theoretical calculations of
[47, 48]. Results such as these can be used to calibrate MRI images to
account for the non-uniformity of the B1 field.

5. Electromagnetic diffusion equations. Solution of the Ampere-
Faraday system of equations (4.1)-(4.2) are electromagnetic waves that
propagate at the speed of light in the medium. However in many appli-
cations the time scales are such that it is not desired to resolve the wave
nature of the fields. In some problems the electric field satisfies

ot

*ﬂE] < %o E| (5.1)

and the *E%E term can be neglected without serious consequence. This is
a definition of a good conductor, for example copper with € = 8.854 . 10712
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Fic. 8. Conducting dielectric aphere Fig. 9. Computed eddy curvents
representing @ human head placed be-  [vertical plane) aend non-uniform mag-
tween fwo Helmhollz coils. netic field {horizontal plane) inside of

conducting dielectric spheve.

and ¢ = 5.76.107 is a good conductor for frequencies up to the MHz range.
The electric field is not zero in a good conductor, rather the correct state-
ment is that in a good conductor the displacement current is negligible
compared to the conduction current. To continue with the copper exam-
ple, a dimensional analysis indicates a characteristic field diffusion time
of 7 = ouL? where L is the characteristic dimension of the block., Using
pu=4m:1077 and L = Im, this diffusion time is several orders of magnitude
longer than the time it takes the EM wave to traverse the conductor. By
not resolving the EM wave, we do not have stability conditions or accu-
racy conditions that involve the speed of light. This is the motivation for
ignoring the displacement current term.
Neglecting the displacement current, Maxwell's equations become

(5,1 B) —x,E—J =0 (5.2)
6 =4

=B = ~dE (5.3)

ds E =0 (5.4)

dB =0 (5.5)

Note that (5.4) is not independent from (5.2}, it is a consequence of the
identity ddyy = 0 (we assume the independent source satisfies d.J = 0 also.)
Likewise, (5.5) is not completely independent of (5.3}, as clearly we will
have dB = 0 for all time 1f it is satisfied initially. While not necessary,
we will employ potentials to solve this problem. Equation (5.5) implies
that B = dA for some magnetic vector potential A. Replacing B with dA
in (5.3) gives E = _F%A — d¢ where ¢ Is some scalar clectric potential.
At present ¢ is somewhat arbitrary, and ¢ can be made to agree with the
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standard electrostatic potential by enforcing the Coulomb gauge condition
on A, resulting in

dxs A=0 (5.6)
d*sdp=0 (5.7)
Combining these equations gives a diffusion equation for A,
d
*a—£ =dx*y-1 dA — xgd¢ — J, (5.8)

which along with the the constraints (5.6) and (5.7) and appropriate bound-
ary conditions provides a well-posed PDE. Note that as in the discretization
of the full-wave Maxwell’s equations in Section 4, the divergence constraint
on the 1-form field, in this case (5.6), will be implicitly satisfied for all time
if it is initially satisfied. The advantage of this formulation compared to
an H-based method or an E-based method is that the electrostatic poten-
tial ¢ appears explicitly in the PDE, this is useful in solving engineering
problems in which the voltage across a conductor is the known boundary
condition. The disadvantage of the A-¢ approach is of course the required
elliptic solve for (5.7), but with the advent of scalable multi-grid solvers
this is less of an issue than it used to be.

Again using the definitions in Section 2, the semi-discrete equations
are given by

M},l%a: -S}'a—Do'v +j (5.9)
8%y = 0 (5.10)

where a is the vector of degrees-of-freedom of A, v is the vector of degrees-
of-freedom of ¢, and j and f are the discrete volume and surface source
terms, respectively.

Given A, it is possible to compute the magnetic flux density B, the
electric field E, and the electric current density J. Since A is a 1-form and
B is a 2-form and B =V x A we have

b = K'%a. (5.11)

This is a purely topological operation, no integration or material proper-
ties are involved. The computation of E is also trivial, using e to denote
the degrees-of-freedom for the electric field, the semi-discrete electric field
equation is

0 o1

e=——a—K"v. 5.12

Y (5.12)
If required, a 2-form electric current J can be computed from J = oF,
this is an example of a Hodge-star operation and requires the inversion of
a “mass” matrix.
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For the numerical time integration, we apply a generalized Crank-
Nicholson method by averaging a first-order forward difference at time n
with a first-order backward difference at time (n + 1). The averaging is
performed with a weighting parameter o, where 0 < o < 1, such that

0 Explicit, 1st Order Accurate Forward Euler
a=¢ 1/2 Implicit, 2nd Order Accurate Crank Nicholson
1 Implicit, 1st Order Accurate Backward Euler.

The fully discrete equations are given by
Sy, 0 = £° (5.13)
(M},1 v aAts}}_l) Bng1 = (M},l —(1- a)Atsy_l) a,  (5.14)
—AtD%%, .o + Atj!

bpi1 = K%a,41 (5.15)
€nta = _1/At (a'n+1 - an) - KOlVTH-OL (516)
M2 jure = H e 10 (5.17)

where it is assumed that the boundary conditions and current sources can
be evaluated at ¢ = n+ . Note that to maintain second order accuracy for
all variables, the magnetic potential A and the magnetic flux B are known
at whole times n, whereas the electric potential ® and the electric field
E are known at intermediate times (n + «). For some problems, striving
for accuracy by using o = 1/2 will lead to oscillations in the computed
solution, and in such cases it is necessary to use standard Backward Euler
(a=1).

5.1. Electromagnetic heating and forces in a simple rail gun
model. In this example we use the vector potential formulation of the elec-
tromagnetic diffusion equations to compute the J x B forces and J - E joule
heating in a simple rail-gun model. A rail-gun is a device used to launch
projectiles using only electromagnetic energy and accurate characterization
of the electromagnetic forces and heating is required for trustworthy mod-
eling. The rail gun model consists of two conducting rails and a sliding
armature placed between them. Note that in this simple simulation, the
motion of the armature is not taken into account, we are simply computing
the transient eddy currents and magnetic fields for the case of a fixed ar-
mature. The motion of the armature will effect the fields when the velocity
is comparable to the diffusion time. The rails and armature are placed in
a cubic mesh representing the air. In reality, the conductivity of the air
is essentially zero, however due to the nature of the FEM discretization,
we cannot simply set this term to zero in the air region, so we make it
significantly smaller (7 orders of magnitude) than the conductivity of the
rails and armature. While not an elegant solution, this great disparity
in conductivity is a good test of the proposed formulation. The problem
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Fra. 10. Computed scalar potentiol (left) and steady state eddy currents and mag-
netic fields (right) in e simple rail gun model.

is driven by applying a constant voltage difference across the rail inputs.
At time ¢ = 0, the scalar Poisson equation is solved via a fast multi-grid
method to compute the static scalar potential everywhere in space. This in
turn induces transient eddy currents and magnetic fields which gradually
build over time to steady state value as shown in Figure 10. The fully dis-
crete vector potential equation (5.15) using oo = 1/2 ig solved at every time
step using a diagonally scaled Pre-conditicned Conjugate Gradient (PCG)
method with a relative residual error tolerance of 10719, This linear solver
required an average of 300 PCG iterations, in spite of the large contrast in
conductivity values. PCG worked well for this relatively modest problem
with 161,280 elements and ~ 500,000 unknowns, but for larger problems
PCG is impractical; a scalable multigrid selver tuned for the V x ¥ x oper-
ator should be used [49, 50]. In Figure 11 we plot the computed vector force
field and scalar Joule heat field for two different armature positions. Note
that a net outward force is generated and the Joule heating is strongest
at the corners of the armature contact position. Note also that as the
armature is moved further along the rails, the net inductance and resis-
tance of the rail gun circuit increases, causing the induced force and heat
to decrease.

8. Conclusions. When the Galerkin {finite element methed is applied
to electromagnetics problems using the standard nodal shape functions the
results are quite disappointing, and fail to converge for even trivial proh-
lems. While adding penalty terms or Lagrange multipliers involving the
divergence of the flelds linproves the situation, these methods cannot be
considered a fundamental cure. The problem is not with the Galerkin pro-
cedure per se, but with the choice of finite clement basis functions. Nu-
merous researchers have proposed various H(eur!) -conforming and H(div)
-conforming bascd finite element basis functions that result in provably sta-
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Fia. 11, Computed J X B force field and J - E joule healing for two different

armature positions.

ble discrete variational formulations of electromagnetics problems. Aspects
of differential forms such as exact sequences have had a significant impact
on the development of these basis functions. In addition, we believe that
differential forms provide a unified way for organizing and implementing a
sophisticated simulation code so that it can be used to solve a wide class
of problems, in fact virtually any problem that can be expressed in the
language of differential forms. This has been demonstrated in the context
of electromagnetics with the EMSolve code. However not all PDE’s can be
simply cast in the language of differential forms. Developing compatible
discretizations for multi-physics problems, that involve not just curl and
divergence eguations but also advection of matcrials and flelds, is likely to
be an important area of future research.
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Elizabeth L. Mansfield, Institute of Mathmematics and Statistics,
University of Kent at Canterbury

Donatella Marini, Dipartimento di Matematica, Universita di
Pavia

e Ilya D. Mishev ExxonMobil

e Julie C. Mitchell, Departments of Mathematics and Biochemistry,
University of Wisconsin - Madison

e Jim Morel, Los Alamos National Laboratory

e J. David Moulton, Los Alamos National Laboratory

e Jean-Claude Nedelec, Centre de Mathematiques Appliquees Ecole
Polytechnique

Roy A. Nicolaides, Department of Mathematical Sciences, Car-
negie Mellon University

Philippe P. Pébay, Reacting Flow Research, Sandia National Lab-
oratories

Blair Perot, Department of Mechanical and Industrial Engineering,
University of Massachusetts

e Ilaria Perugia, Dipartimento di Matematica, Universita di Pavia
e Edward Ratner, Department of Optical CD Metrology, KLA-Ten-
cor

¢ Fernando Reitich, School of Mathematics, University of Minnesota
e Jean-Francois Remacle, Scientific Computation Research Center,
Rensselaer Polytechnic Institute

Robert N. Rieben, Defense Sciences Engineering Division, Law-
rence Livermore National Laboratory

Beatrice M. Riviere, Department of Mathematics, University of
Pittsburgh

Allen Robinson, Computational Physics R&D, Sandia National
Laboratories

Thomas F. Russell, Division of Mathematical Sciences, National
Science Foundation

Fadil Santosa, Minnesota Center for Industrial Mathematics, Uni-
versity of Minnesota

Rolf Schuhmann, TEMF Laboratory, Darmstadt University of
Technology

Mikhail Shashkov, Theoretical Division, Los Alamos National Lab-
oratory

Shagi-Di Shih, Department of Mathematics, University of Wyo-
ming

Rajen Kumar Sinha, Department of Mathematics, Texas A&M
University

Stanly Steinberg, Department of Mathematics and Statistics, Uni-
versity of New Mexico

Srdjan Stojanovic, Department of Mathematical Sciences, Univer-
sity of Cincinnati
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e Eitan Tadmor, CSCAMM, University of Maryland
e Fernando Lisboa Teixeira, Department of Electrical Engineering,

Ohio State University

Jean-Marie Thomas, Laboratory of Applied Mathematics, Univer-
sity of Pau and the Countries of Adour

Kathryn A. Trapp, Department of Mathematics, University of
Richmond

Jukka Tuomela, Department of Mathematics, University of Joen-
suu

Panayot Vassilevski, Center for Applied Scientific Computing,
Lawrence Livermore National Laboratories

e Jing Wang, University of Minnesota
e Tim Warburton, Department of Mathematics and Statistics, Uni-

versity of New Mexico

Mary Fanett Wheeler, Institute for Computational Engineering
and Sciences, University of Texas - Austin

Daniel A. White, Defense Sciences Engineering Division, Lawrence
Livermore National Laboratories

Ragnar Winther, Centre of Mathematics for Applications, Univer-
sity of Oslo

Jinchao Xu, Department of Mathematics, Pennsylvania State Uni-
versity

e Ivan Yotov, Department of Mathematics, University of Pittsburgh
e Jun Zhao, University of Minnesota



1999-2000 Reactive Flows and Transport Phenomena

2000-2001 Mathematics in Multimedia

2001-2002 Mathematics in the Geosciences

2002-2003 Optimization

2003-2004 Probability and Statistics in Complex Systems: Genomics,

2004-2005

Networks, and Financial Engineering

Disorder, and Singularities

2005-2006 Imaging
2006-2007  Applications of Algebraic Geometry
2007-2008 Mathematics of Molecular and Cellular Biology

1987
1988
1989
1990

1991
1992

1993

1994

1995

1996

1997
1998

1999
2000

2001

2002
2003

2004
2005
2006

IMA SUMMER PROGRAMS

Robotics

Signal Processing

Robust Statistics and Diagnostics

Radar and Sonar (June 18-29)

New Directions in Time Series Analysis (July 2-27)

Semiconductors

Environmental Studies: Mathematical, Computational, and
Statistical Analysis

Modeling, Mesh Generation, and Adaptive Numerical Methods
for Partial Differential Equations

Molecular Biology

Large Scale Optimizations with Applications to Inverse Problems,
Optimal Control and Design, and Molecular and Structural
Optimization

Emerging Applications of Number Theory (July 15-26)

Theory of Random Sets (August 22-24)

Statistics in the Health Sciences

Coding and Cryptography (July 6-18)

Mathematical Modeling in Industry (July 22-31)

Codes, Systems, and Graphical Models (August 2-13, 1999)

Mathematical Modeling in Industry: A Workshop for Graduate
Students (July 19-28)

Geometric Methods in Inverse Problems and PDE Control
(July 16-27)

Special Functions in the Digital Age (July 22-August 2)

Probability and Partial Differential Equations in Modern

Applied Mathematics (July 21-August 1)

n-Categories: Foundations and Applications (June 7-18)

Wireless Communications (June 22-July 1)

Symmetries and Overdetermined Systems of Partial Differential
Equations (July 17 - August 4)

Mathematics of Materials and Macromolecules: Multiple Scales,



IMA “HOT TOPICS” WORKSHOPS

Challenges and Opportunities in Genomics: Production, Storage,
Mining and Use, April 24-27, 1999

Decision Making Under Uncertainty: Energy and Environmental
Models, July 20-24, 1999

e Analysis and Modeling of Optical Devices, September 9-10, 1999
e Decision Making under Uncertainty: Assessment of the Reliability

of Mathematical Models, September 16-17, 1999
Scaling Phenomena in Communication Networks, October 22-24,
1999

e Text Mining, April 17-18, 2000
e Mathematical Challenges in Global Positioning Systems (GPS),

August 16-18, 2000

Modeling and Analysis of Noise in Integrated Circuits and Systems,
August 29-30, 2000

Mathematics of the Internet: E-Auction and Markets, December
3-5, 2000

Analysis and Modeling of Industrial Jetting Processes, January
10-13, 2001

Special Workshop: Mathematical Opportunities in Large-Scale Net-
work Dynamics, August 6-7, 2001

e Wireless Networks, August 8-10 2001
e Numerical Relativity, June 24-29, 2002

Operational Modeling and Biodefense: Problems, Techniques, and
Opportunities, September 28, 2002

Data-driven Control and Optimization, December 4-6, 2002
Agent Based Modeling and Simulation, November 3-6, 2003
Enhancing the Search of Mathematics, April 26-27, 2004
Compatible Spatial Discretizations for Partial Differential Equa-
tions, May 11-15, 2004

Adaptive Sensing and Multimode Data Inversion, June 27-30, 2004

e Mixed Integer Programming, July 25-29, 2005
e New Directions in Probability Theory, August 5-6, 2005



SPRINGER LECTURE NOTES FROM THE IMA:

The Mathematics and Physics of Disordered Media
Editors: Barry Hughes and Barry Ninham
(Lecture Notes in Math., Volume 1035, 1983)

Orienting Polymers
Editor: J.L. Ericksen
(Lecture Notes in Math., Volume 1063, 1984)

New Perspectives in Thermodynamics
Editor: James Serrin
(Springer-Verlag, 1986)

Models of Economic Dynamics
Editor: Hugo Sonnenschein
(Lecture Notes in Econ., Volume 264, 1986)



The IMA Volumes in Mathematics and its Applications

Current Volumes:

1

2

10

I1
12

13

14
15

16
17

I8
19
20

21

23

Homogenization and Effective Moduli of Materials and Media

J. Ericksen, D. Kinderlehrer, R. Kohn, and J.-L.. Lions (eds.)

Oscillation Theory, Computation, and Methods of Compensated
Compactness C. Dafermos, J. Ericksen, D. Kinderlehrer,

and M. Slemrod (eds.)

Metastability and Incompletely Posed Problems

S. Antman, J. Ericksen, D. Kinderlehrer, and 1. Muller (eds.)

Dynamical Problems in Continuum Physics

J. Bona, C. Dafermos, J. Ericksen, and D. Kinderlehrer (eds.)

Theory and Applications of Liquid Crystals

J. Ericksen and D. Kinderlehrer (eds.)

Amorphous Polymers and Non-Newtonian Fluids

C. Dafermos, J. Ericksen, and D. Kinderlehrer (eds.)

Random Media G. Papanicolaou (ed.)

Percolation Theory and Ergodic Theory of Infinite Particle
Systems H. Kesten (ed.)

Hydrodynamic Behavior and Interacting Particle Systems

G. Papanicolaou (ed.)

Stochastic Differential Systems, Stochastic Control Theory,
and Applications W. Fleming and P.-L. Lions (eds.)

Numerical Simulation in Oil Recovery M.F. Wheeler (ed.)

Computational Fluid Dynamics and Reacting Gas Flows

B. Engquist, M. Luskin, and A. Majda (eds.)

Numerical Algorithms for Parallel Computer Architectures

M.H. Schultz (ed.)

Mathematical Aspects of Scientific Software J.R. Rice (ed.)

Mathematical Frontiers in Computational Chemical Physics

D. Truhlar (ed.)

Mathematics in Industrial Problems A. Friedman

Applications of Combinatorics and Graph Theory to the Biological
and Social Sciences F. Roberts (ed.)

g-Series and Partitions D. Stanton (ed.)

Invariant Theory and Tableaux D. Stanton (ed.)

Coding Theory and Design Theory Part I: Coding Theory

D. Ray-Chaudhuri (ed.)

Coding Theory and Design Theory Part II: Design Theory

D. Ray-Chaudhuri (ed.)

Signal Processing Part I: Signal Processing Theory

L. Auslander, F.A. Griinbaum, J.W. Helton, T. Kailath,
P. Khargonekar, and S. Mitter (eds.)

Signal Processing Part I1: Control Theory and Applications
of Signal Processing L. Auslander, F.A. Griinbaum, J.W. Helton,

T. Kailath, P. Khargonekar, and S. Mitter (eds.)
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25

26

27

28

29

30

31
32

33

34

35

36

37

38
39

40

41

42

43

44

45

46

47

48

Mathematics in Industrial Problems, Part 2 A. Friedman
Solitons in Physics, Mathematics, and Nonlinear Optics
P.J. Olver and D.H. Sattinger (eds.)

Two Phase Flows and Waves

D.D. Joseph and D.G. Schaeffer (eds.)

Nonlinear Evolution Equations that Change Type

B.L. Keyfitz and M. Shearer (eds.)

Computer Aided Proofs in Analysis

K. Meyer and D. Schmidt (eds.)

Multidimensional Hyperbolic Problems and Computations
A. Majda and J. Glimm (eds.)

Microlocal Analysis and Nonlinear Waves

M. Beals, R. Melrose, and J. Rauch (eds.)

Mathematics in Industrial Problems, Part 3 A. Friedman
Radar and Sonar, Part I

R. Blahut, W. Miller, Jr., and C. Wilcox

Directions in Robust Statistics and Diagnostics: Part I
W.A. Stahel and S. Weisberg (eds.)

Directions in Robust Statistics and Diagnostics: Part II
W.A. Stahel and S. Weisberg (eds.)

Dynamical Issues in Combustion Theory

P. Fife, A. Liiidn, and F.A. Williams (eds.)

Computing and Graphics in Statistics

A. Buja and P. Tukey (eds.)

Patterns and Dynamics in Reactive Media

H. Swinney, G. Aris, and D. Aronson (eds.)

Mathematics in Industrial Problems, Part 4 A. Friedman
Radar and Sonar, Part I1

F.A. Griinbaum, M. Bernfeld, and R.E. Blahut (eds.)
Nonlinear Phenomena in Atmospheric and Oceanic Sciences
G.F. Carnevale and R.T. Pierrehumbert (eds.)

Chaotic Processes in the Geological Sciences D.A. Yuen (ed.)
Partial Differential Equations with Minimal Smoothness

and Applications B. Dahlberg, E. Fabes, R. Fefferman, D. Jerison,

C. Kenig, and J. Pipher (eds.)

On the Evolution of Phase Boundaries

M.E. Gurtin and G.B. McFadden

Twist Mappings and Their Applications

R. McGehee and K.R. Meyer (eds.)

New Directions in Time Series Analysis, Part I

D. Brillinger, P. Caines, J. Geweke, E. Parzen, M. Rosenblatt,
and M.S. Taqqu (eds.)

New Directions in Time Series Analysis, Part 11

D. Brillinger, P. Caines, J. Geweke, E. Parzen, M. Rosenblatt,
and M.S. Taqqu (eds.)

Degenerate Diffusions

W.-M. Ni, L.A. Peletier, and J.-L. Vazquez (eds.)

Linear Algebra, Markov Chains, and Queueing Models
C.D. Meyer and R.J. Plemmons (eds.)
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50

51

52

53

54

55

56

57
58

59

60

61

62

63

64
65
66
67
68
69
70

71
72

73

74

Mathematics in Industrial Problems, Part 5 A. Friedman

Combinatorial and Graph-Theoretic Problems in Linear Algebra

R.A. Brualdi, S. Friedland, and V. Klee (eds.)
Statistical Thermodynamics and Differential Geometry
of Microstructured Materials
H.T. Davis and J.C.C. Nitsche (eds.)
Shock Induced Transitions and Phase Structures in General
Media J.E. Dunn, R. Fosdick, and M. Slemrod (eds.)
Variational and Free Boundary Problems
A. Friedman and J. Spruck (eds.)
Microstructure and Phase Transitions
D. Kinderlehrer, R. James, M. Luskin, and J.L. Ericksen (eds.)
Turbulence in Fluid Flows: A Dynamical Systems Approach
G.R. Sell, C. Foias, and R. Temam (eds.)
Graph Theory and Sparse Matrix Computation
A. George, J.R. Gilbert, and J.W.H. Liu (eds.)
Mathematics in Industrial Problems, Part 6 A. Friedman
Semiconductors, Part I
W.M. Coughran, Jr., J. Cole, P. Lloyd, and J. White (eds.)
Semiconductors, Part 11
W.M. Coughran, Jr., J. Cole, P. Lloyd, and J. White (eds.)
Recent Advances in Iterative Methods
G. Golub, A. Greenbaum, and M. Luskin (eds.)
Free Boundaries in Viscous Flows
R.A. Brown and S.H. Davis (eds.)
Linear Algebra for Control Theory
P. Van Dooren and B. Wyman (eds.)
Hamiltonian Dynamical Systems: History, Theory,
and Applications
H.S. Dumas, K.R. Meyer, and D.S. Schmidt (eds.)
Systems and Control Theory for Power Systems
J.H. Chow, P.V. Kokotovic, R.J. Thomas (eds.)
Mathematical Finance
M.H.A. Davis, D. Duffie, W.H. Fleming, and S.E. Shreve (eds.)

Robust Control Theory B.A. Francis and P.P. Khargonekar (eds.)

Mathematics in Industrial Problems, Part 7 A. Friedman
Flow Control M.D. Gunzburger (ed.)

Linear Algebra for Signal Processing

A. Bojanczyk and G. Cybenko (eds.)

Control and Optimal Design of Distributed Parameter Systems

J.E. Lagnese, D.L. Russell, and L.W. White (eds.)
Stochastic Networks F.P. Kelly and R.J. Williams (eds.)
Discrete Probability and Algorithms
D. Aldous, P. Diaconis, J. Spencer, and J.M. Steele (eds.)
Discrete Event Systems, Manufacturing Systems,

and Communication Networks
P.R. Kumar and P.P. Varaiya (eds.)
Adaptive Control, Filtering, and Signal Processing
K.J. Astrom, G.C. Goodwin, and P.R. Kumar (eds.)



75

76

71

78

79

80

81

82

83
84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

Modeling, Mesh Generation, and Adaptive Numerical Methods
for Partial Differential Equations I. Babuska, J.E. Flaherty,

W.D. Henshaw, J.E. Hopcroft, J.E. Oliger, and T. Tezduyar (eds.)

Random Discrete Structures D. Aldous and R. Pemantle (eds.)

Nonlinear Stochastic PDEs: Hydrodynamic Limit and Burgers'

Turbulence T.Funaki and W.A. Woyczynski (eds.)

Nonsmooth Analysis and Geometric Methods in Deterministic
Optimal Control B.S. Mordukhovich and H.J. Sussmann (eds.)

Environmental Studies: Mathematical, Computational,
and Statistical Analysis M.F. Wheeler (ed.)

Image Models (and their Speech Model Cousins)

S.E. Levinson and L. Shepp (eds.)

Genetic Mapping and DNA Sequencing

T. Speed and M.S. Waterman (eds.)

Mathematical Approaches to Biomolecular Structure and Dynamics

J.P. Mesirov, K. Schulten, and D. Sumners (eds.)

Mathematics in Industrial Problems, Part 8 A. Friedman

Classical and Modern Branching Processes

K.B. Athreya and P. Jagers (eds.)

Stochastic Models in Geosystems

S.A. Molchanov and W.A. Woyczynski (eds.)

Computational Wave Propagation

B. Engquist and G.A. Kriegsmann (eds.)

Progress in Population Genetics and Human Evolution

P. Donnelly and S. Tavaré (eds.)

Mathematics in Industrial Problems, Part 9 A. Friedman

Multiparticle Quantum Scattering With Applications to Nuclear,
Atomic and Molecular Physics

D.G. Truhlar and B. Simon (eds.)

Inverse Problems in Wave Propagation G. Chavent,

G. Papanicolau, P. Sacks, and W.W. Symes (eds.)

Singularities and Oscillations J. Rauch and M. Taylor (eds.)

Large-Scale Optimization with Applications, Part I:
Optimization in Inverse Problems and Design

L.T. Biegler, T.F. Coleman, A.R. Conn, and F. Santosa (eds.)

Large-Scale Optimization with Applications, Part II:
Optimal Design and Control

L.T. Biegler, T.F. Coleman, A.R. Conn, and F. Santosa (eds.)

Large-Scale Optimization with Applications, Part III:
Molecular Structure and Optimization

L.T. Biegler, T.F. Coleman, A.R. Conn, and F. Santosa (eds.)

Quasiclassical Methods J. Rauch and B. Simon (eds.)

Wave Propagation in Complex Media

G. Papanicolaou (ed.)

Random Sets: Theory and Applications

J. Goutsias, R.P.S. Mahler, and H.T. Nguyen (eds.)

Particulate Flows: Processing and Rheology

D.A. Drew, D.D. Joseph, and S.L. Passman (eds.)



99 Mathematics of Multiscale Materials K.M. Golden, G.R. Grimmett,
R.D. James, G.W. Milton, and P.N. Sen (eds.)
100 Mathematics in Industrial Problems, Part 10 A. Friedman
101 Nonlinear Optical Materials J.V. Moloney (ed.)
102 Numerical Methods for Polymeric Systems S.G. Whittington (ed.)
103 Topology and Geometry in Polymer Science S.G. Whittington,
D. Sumners, and T. Lodge (eds.)
104 Essays on Mathematical Robotics J. Baillieul, S.S. Sastry,
and H.J. Sussmann (eds.)
105 Algorithms For Parallel Processing M.T. Heath, A. Ranade,
and R.S. Schreiber (eds.)
106 Parallel Processing of Discrete Problems P.M. Pardalos (ed.)
107 The Mathematics of Information Coding, Extraction, and
Distribution G. Cybenko, D.P. O'Leary, and J. Rissanen (eds.)
108 Rational Drug Design D.G. Truhlar, W. Howe, A.J. Hopfinger,
J. Blaney, and R.A. Dammkoehler (eds.)
109 Emerging Applications of Number Theory D.A. Hejhal,
J. Friedman, M.C. Gutzwiller, and A.M. Qdlyzko (eds.)
110 Computational Radiology and Imaging: Therapy and Diagnostics
C. Borgers and F. Natterer (eds.)
111 Evolutionary Algorithms L.D. Davis, K. De Jong, M.D. Vose,
and L.D. Whitley (eds.)
112 Statistics in Genetics M.E. Halloran and S. Geisser (eds.)
113 Grid Generation and Adaptive Algorithms M.W. Bern,
J.E. Flaherty, and M. Luskin (eds.)
114 Diagnosis and Prediction S. Geisser (ed.)
115 Pattern Formation in Continuous and Coupled Systems: A Survey Volume
M. Golubitsky, D. Luss, and S.H. Strogatz (eds.)
116 Statistical Models in Epidemiology, the Environment, and Clinical Trials
M.E. Halloran and D. Berry (eds.)
117 Structured Adaptive Mesh Refinement (SAMR) Grid Methods
S.B. Baden, N.P. Chrisochoides, D.B. Gannon, and M.L. Norman (eds.)
118 Dynamics of Algorithms
R. de la Llave, L.R. Petzold, and J. Lorenz (eds.)
119 Numerical Methods for Bifurcation Problems and Large-Scale Dynamical Systems
E. Doedel and L.S. Tuckerman (eds.)
120 Parallel Solution of Partial Differential Equations
P. Bjgrstad and M. Luskin (eds.)
121 Mathematical Models for Biological Pattern Formation
P.K. Maini and H.G. Othmer (eds.)
122 Multiple-Time-Scale Dynamical Systems
C.K.R.T. Jones and A. Khibnik (eds.)
123 Codes, Systems, and Graphical Models
B. Marcus and J. Rosenthal (eds.)
124 Computational Modeling in Biological Fluid Dynamics
L.J. Fauci and S. Gueron (eds.)
125 Mathematical Approaches for Emerging and Reemerging Infectious Diseases:
An Introduction C. Castillo-Chavez with S. Blower, P. van den Driessche, D. Kirschner,
and A.A. Yakubu (eds.)



126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

Mathematical Approaches for Emerging and Reemerging Infectious Diseases:
Models, Methods, and Theory C. Castillo-Chavez with S. Blower, P. van den Driessche

D. Kirschner, and A.A. Yakubu (eds.)

Mathematics of the Internet: E-Auction and Markets

B. Dietrich and R.V. Vohra (eds.)

Decision Making Under Uncertainty: Energy and Power

C. Greengard and A. Ruszczynski (eds.)

Membrane Transport and Renal Physiology

H. Layton and A.M. Weinstein (eds.)

Atmospheric Modeling

D.P. Chock and G.R. Carmichael (eds.)

Resource Recovery, Confinement, and Remediation of Environmental Hazards

J. Chadam, A. Cunningham, R.E. Ewing, P. Ortoleva, and M.F. Wheeler (eds.)

Fractals in Multimedia

M.F. Barnsley, D. Saupe, and E.R. Vrscay (eds.)

Mathematical Methods in Computer Vision

P.J. Olver and A. Tannenbaum (eds.)

Mathematical Systems Theory in Biology, Communications, Computation, and Finance

J. Rosenthal and D.S. Gilliam (eds.)

Transport in Transition Regimes

N. Ben Abdallah, A. Arnold, P. Degond, I. Gamba, R. Glassey, C.D. Lawrence,
and C. Ringhofer (eds.)

Dispersive Transport Equations and Multiscale Methods :

N. Ben Abdallah, A. Arnold, P. Degond, I. Gamba, R. Glassey, C.D. Lawrence,
and C. Ringhofer (eds.)

Geometric Methods in Inverse Problems and PDE Control

C.B. Cooke, I. Lasiecka, G. Uhlmann, and M.S. Vogelius (eds.)

Mathematical Foundations of Speech and Language Processing

M. Johnson, S. Khudanpur, M. Ostendorf, and R. Rosenfeld (eds.)

Time Series Analysis and Applications to Geophysical Systems

D.R. Brillinger, E.A. Robinson, and F.P. Schoenberg (eds.)

Probability and Partial Differential Equations in Modern
Applied Mathematics E.C. Waymire and J. Duan (eds.)

Modeling of Soft Matter

Maria-Carme T. Calderer and Eugene M. Terentjev (eds.)

Compatible Spatial Discretizations

Douglas N. Arnold, Pavel B. Bochev, Richard B. Lehoucq, Roy A. Nicolaides,
and Mikhail Shashkov (eds.)





