Chapter 5

Estimation of Regression Parameters

§1 The Problem of Estimating Regression Parameters

In the previous section we considered methods for estimating regression
under conditions when the sample size increases indefinitely. However,
strictly speaking, the results were related to the problem of estimating regres-
sion parameters rather than the problem of regression estimation. This
substitution (instead of approximating functions we estimate their para-
meters) is legitimate for samples of sufficiently large size. As the sample size
increases, the estimated parameters approach the true values and hence the
function constructed using these parameters tends to the regression function.
However, for samples of limited size the estimation of the regression is not
always equivalent to the estimation of its parameters.

Indeed, the quality of the estimator & of the parameter a, of the regression
y(x) = F(x, a,) is determined by the proximity of the vectors a, and &:

p(og, &) = [|& — aoll, (5.1)
whereas the quality of the approximation of a function F(x, &) to the regres-
sion F(x, o) is measured by the proximity of functions. In Chapter 1 we
agreed to consider the mean-square measure of proximity

1/2
pLF(x, 00); F(x, &) = (J(F(x, &) — F(x, %9))*P(x) dX> . (52

The criteria (5.1) and (5.2) are not identical, and it is possible that a solution
which is the best according to one criterion may be the worst according to
another.

ExaMPLE. In the class of functions

F(x,0) = o«® + alx + o?x?
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110 5 Estimation of Regression Parameters

Figure 5

on the interval [1, 2], let the regression
y=x*
be estimated. Consider two solutions (Figure 5): first the polynomial

F(x, &) = 0.5x2
and second the polynomial
F(x,&) = 3x — 2.

From the aspect of the parameter estimation criterion the first solution is
better than the second (in any norm (5.1) the vector & = (0, 0, 0.5) is closer
to the vector o, = (0, 0, 1) than the vector & = (=2, 3, 0)T is).

However, from the form of the criterion (5.2) the second solution F(x, &)
is better. For any measure P(x) the inequality

pL(3x - 2a xZ) < pL(O'sz’ x2)
is valid.

When then is the problem of estimation of parameters of a regression
based on samples of finite size equivalent to the problem of regression
estimation?

Assume that the class of functions to which the regression belongs is
linear in its parameters

Fon2) = ¥ 5009 (53)

and let @,(x), ..., @,(x) be a system of orthonormal functions with weight
P(x), i.e., functions such that

1 forp=q,

4
0 forp #q. 54

b
f 0, ()P (XP(x) dx = {
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In this case the quantities which characterize the proximity of functions in
the L} metric and the proximity of parameters in the Euclidean metric
coincide, and the problem of approximating a function on {a, b] to the
regression becomes equivalent to the problem of parameter estimation.
Indeed,

b n n 2
ﬁWMﬂm%J<®W% wmﬁww
a 1 i=1

i= i=

= Z (& — o). (5.5)

The conditions (5.3) and (5.4) are sufficient to replace the problem of
estimating the regression with that of estimating its parameters. However,
in order to construct an orthogonal system of functions the knowledge of
P(x)is needed. In this chapter we shall assume that the density P(x) is known.

§2 The Theory of Normal Regression

The estimation theory of regression parameters based on samples of fixed
size i1s developed for the case when the class of functions to which the regres-
sion belongs is linear in its parameters:

FOum) = Y o000, (56)

and secondly the structure of the measurement follows the Gauss—Markov
model. It is assumed that the measurements of functional dependence

y() = ) 2l pi(x)
i=1
are carried out at [ fixed points
Xiyoens X

(These points are not random.)

The measurements are subject to an additive noise which arises randomly
according to the density P(£), and has mean zero (ie., j EP(E) dE = 0) and
finite variance ([ £2P(£) d¢ < o0). The errors at points x; and x; (i # j) are
uncorrelated.

The result of measurements of the function y = y(x) at points x,, ..., x;
is the random vector Y = (y,, ..., y,)T whose coordinates are equal to

i=1
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Using vector notation, we have
Y = ®a, + ¢ 5.7

where @ is an | x n matrix with elements o(x;) (= 1,2,...,i=1,2,...,n),
o, is the vector of parameters, and ¢ is the noise vector. Thus the equalities

MY = ®x,, M{(Y — MYXY — MY)"} = 621, (5.8)

where I is the unit matrix, define the Gauss—Markov model.

In the theory of estimating regression parameters, the special case of the
Gauss—Markov model is considered for which the errors & are normally
distributed.

For the normal distribution of the errors the so-called theory of normal
regression is valid. It is based on the following fact: the extremal method of
estimating parameters of normal regression is the least-squares method,
according to which as an estimator of parameters o one should choose the
VeCtor ., which yields the minimum of the functional

1
Lo =1 ¥ (17~ S0

i=1

The following theorem is valid.

Theorem 5.1. The least-squares estimators of parameters of a normal regression
are jointly efficient.

Below we shall prove this theorem and then construct a method estimating
normal regression which is superior to the one based on the least-squares
method.

ProoF. We write the probability density of the error in the form

P(E) = ﬁexp{ 212( _ Z“ (p(xj)> } (5.9)

Here the problem of estimating regression parameters is equivalent to
estimating the parameter of the distribution (5.9) based on the results of
measuring the function y = y(x) at points x4, ..., X;.

We now write the likelihood functiont

P(yy, ..., yi50) = P(®)

- m { [i < ga qn(x,)) ]} (5.10)

+ For brevity we shall write P(a) in place of P(yy, ..., yi; ®).
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In view of the Cramér-Rao inequality (cf. Chapter 3, Section 11) the Fisher
information matrix || f;;|| (the matrix with elements

_y & P(a))

fy= Oo; 0u;

determines the limiting accuracy of the joint estimators of the vector of
parameters x in the class of unbiased estimators. Namely, for any vector z
the inequality

27 fyl 'z < 2"Bz

is valid, where B is the covariance matrix of unbiased estimators of the para-
meter vector. Thus the limiting accuracy in the class of unbiased estimators
is attained for the estimation method for which

B = fl™" (5.11)

We shall show that in the case of normal errors the equality (5.11) is attained
when the regression parameters are estimated using the least-squares method.
Indeed let us compute the elements f;; of the Fisher matrix. Taking (5.10)
into account we obtain

P 1 !
? iu 2.~ ot M L 9I00)
or in matrix form
1
1/l = = MO, (5.12)
where @ is an | x n matrix with elements @i(x;), i =1,...,n,j=1,..., 1L

We now compute the elements b;; of the covariance matrix B of estimators
obtained using the least-squares method. For this purpose we shall find the
estimator of regression parameters using the least-squares method, i.e.,
the vector «,,,, which minimizes the functional

emp
1 1 n 2
Iemp(a) = 1 Z (J’j - Zo‘i(/’i(xj)> - (5.13)

j=1 i=1

Minimization of /., () with respect to a is equivalent to the solution of the
following equation:

DTy = DTY. (5.14)

Equation (5.14) is called the normal equation. A solution of the normal
equation for the vector of parameters a equalst

o= (') 1OTY.

t It is assumed that (®T®) is nonsingular; otherwise the generalized inverse (®T®)" is used in
place of (®T®)™?,
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Observe that the least-squares estimator is unbiased:
Mo = M[(®T®) " '®TY] = «,.

We now write the vector a — a, of deviations of estimators of regression
parameters from the true value of parameters

o — g = (OT®)1PTE,

where £ is the vector of errors in measurement.
Now we shall obtain the covariance matrix:

B = M(x — a)(@ — o))" = (OT®)~ 'OTMEETD(® D).
Taking into account that MEET = ¢2], we arrive at
B = o¥(@T®)" 1.

Hence for the case of normally distributed errors the covariance matrix of
vectors of estimators is equal to the inverse of the Fisher information matrix.
We have thus shown the efficiency of the least-squares method for the problem
of estimating regression parameters when the observations are assumed to
follow the Gauss—-Markov model. O

It should be mentioned that the least-squares method is an efficient method
of estimating parameters only in the case of the Gauss-Markov model. In
models with nonfixed measurement points x;, even with normally distributed
errors, the least-squares method is only asymptotically efficient. Thus even
in the case of the estimation of one parameter,

y = ax,
when measurements subject to additive normal error
y=ax + ¢

are taken at points x,, ..., x; which are chosen randomly and independently
according to distribution P(x), the estimator of the parameter a is not ef-
ficient. Indeed, exactly as above one can find the value of the Fisher informa-
tion quantity:

and compute the variance of the estimator of parameter a:

O.2

D(a) = M —

¥

i=1
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Observe now that since the function 1/x? is convex, the inequality

1 1

I = 1

Yxi MY x}

i=1 i=1

M (5.15)

1s valid. This implies that in the example under consideration
D(a) > Ig".

The only case when the inequality (5.15) becomes equality is when the
observation points are fixed, which results in the Gauss—Markov model.

§3 Methods of Estimating the Normal Regression
that are Uniformly Superior to the Least-Squares
Method

Thus in the Gauss-Markov model the least-squares method is an efficient
procedure for estimating parameters of a normal regression. This assertion
required two stipulations:

(1) The observations are carried out with normal errors.
(2) The least-squares method is the best only among unbiased estimators.

The question arises: Are these stipulations essential? They are indeed.
The least-squares method retains its extremal properties only in the case of
normal errors £. When the number of observations | > 2n + 1 (n is the
dimensionality of the basis), then the efficiency of the least-squares method
implies that the errors are normally distributed [23].

No less important is the second stipulation: even under the conditions of
normally distributed errors in a class of biased estimators, there exist
estimators which are uniformly superior to the least-squares estimators.

Definition. We say that for the loss function

lle — ol = (& — at0) (ot — tp),

the estimation method o 4(y,, ..., y;) of a vector of parameters ay, is uniformly
better than the estimation method ag(y,, ..., y)) if for any «, the inequalities

Mlla (yy, - -5 y) — %oll* < Mllag(yy, ..., y) — %l°

are satisfied.

In this section we shall construct algorithms for approximating regression
which are uniformly better (i.e., better for any «,) than those which result
from the least-squares method. The bases for these algorithms are methods of
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estimating the mean vector of a multivariate normal distribution, and in
particular the following

Theorem 5.2 (James-Stein). Let x be an n-dimensional (n > 3) random vector
distributed according to a normal distribution N(«, 6>I) with the mean vector «
and covariance matrix o*I. Let S be a random variable independent of x
distributed according to the central 6*y? distribution with q degrees of freedom.
Then the estimator of the mean given by

n—2 S
ax,H=(1—- ———=] x,
09 < Q+2||X||2)+

5.16
@), = {z forz =0, (5.16)

0 forz<0

is uniformly better than &(x) = x.

In other words, the theorem asserts that the vector d(x, S) collinear to the
observed vector x but different from x in its absolute value should be chosen
as the estimator of a. This theorem is a particular case of a more general
assertion to be proven in the next section.

We shall now utilize Theorem 5.2 to construct an algorithm for estimating
regression which is uniformly superior to the one based on the least-squares
method. Let observations y,, ..., y, be carried out at the points x, ..., X;;
our purpose is to construct an approximation of a normal regression superior
to the least-squares one. As above, we shall define proximity of functions
using the L} metric:

1/2
p(F(x, &), F(x, a)) = <J‘(F(x, &) — F(x, 2))*P(x) dx) :

We now proceed to a doubly orthogonal basis

Yi(X), ..., Y(x), (5.17)
i.e., a basis which satisfies
_JA fori=j,
Jicow opee) ax = {0 i g
d 1 fori=j (18)
rgll//i(xr)l//j(xr) = {0 for l # j,

and seek the regression expanded with respect to the basis (5.17)F

n

F(x, o) = Z o Y ().

i=1

t According to the theorem on simultaneous reduction of two quadratic forms to a diagonal
form using a linear transformation, such a basis exists and may be constructed using linear
algebra.
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In the new basis the proximity of the function F(x, &) to the regression F(x, o)
is given by

pi(F(X, a)’ F(x’ 0‘0)) = pi(“? “o)
- (Z (o - a,-)wi(x))zp(x) dx = 3 2al — a)?
i=1 i=1

Thus our purpose is to obtain an algorithm &(y,, . . ., y;) for estimating the
parameter o, such that the quantity

Mpi@(yis -+ i %0) = M Y AB8i(yy, - > i) — of)? (5.19)
i=1

i

is less than

Mp%.(alse’ ‘xo) =M Z ii(a:se - a?)Z,
i=1

where oy, = (e, - - ., o) is the least-squares estimator.
Consider now the least-squares estimator of regression parameters. In
the basis (5.17) this estimator becomes

T
e = @Y,

where @ is an | x n matrix with elements y(x;),j=1,...,Li=1,...,n,
and Y is the vector of observations. The vector a,, is a random vector normal-
ly distributed with the mean vector

Moy, = MOTY = o,
and the covariance matrix o21:
M(alse - aO)(alse - aO)T = M(DTEET(D = 021-

Thus the problem of estimating the parameter «, of the regression is reduced
to the estimation of the mean vector «, of a normal distribution N(a,, 621I)
based on its realization ..

If in (5.19) all the 4; were equal, Theorem 5.2 could be used to construct
an algorithm for estimating regression which is better than the least-squares
one. Indeed, as will be shown below, the statistic

S=YTY — o (5.20)

does not depend on «,, and is distributed according to the central %y
distribution with | — n degrees of freedom. Therefore according to Theorem

5.2 the estimator
-2 Y'Y —aof
Q= (1 . “‘“”“) e (5.21)
+

Cl-n+2  af o
is uniformly better than a,., i.e., yields a value of the criterion (5.19) (in the
case when A, = --- 4,) smaller than «,,.. However, in the doubly orthogonal
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system (5.17) constructed above, not all 4; are generally equal. Thus obtaining
a better approximation to the regression in the case of unequal 4; involves
the determination of an estimation method yielding a value for the criterion
(5.19) which is lower than that due to the least-squares method.

Construction of such an estimating algorithm is also based on the results
of Theorem 5.2. We shall assume that the functions y; are enumerated in
increasing order of A, (A; = A, = --- = 4, = 0). We shall introduce the
following notation: let a,(p) be a vector of dimensionality p, consisting of the
first p coordinates of the vector oy = (a3, ..., a0)T; let ay,.(p) be the vector
consisting of the first p coordinates of the vector of estimators obtained by
the least-squares method o, .

Define n numbers fi, . .., f,:

f1=1’

S p—2 )
=\1- ) = 2, P (8
fp ( alTSe(p) alse(p) I - 14 + 2 + p

Using these numbers, we construct n numbers h, by the rule

DCEENY;
p =" 1 )

P

h where 4,,, =0, p=12...,n

The following theorem is valid.

Theorem 5.3 (Bhattacharya). For the risk function (5.19) the estimator
&(yl’ ""yl) = (allsehh ] a;'sehn)Ti nz= 3a (522)

is uniformly better than the estimator ay,, = (0, . .., Ahe) ™.

ProoF. The proof of Theorem 5.3 is based on Theorem 5.2, according to
which for any p the inequality

Ml (p)f, — 20(P)I* < Mllouee(p) — ao(P)II* (5.23)

is valid.
Consider the randomized estimator

Gse = (allsegl’ ) a?se gn)’ (524)

where g, are random variables independent of S and y distributed according
to

A= Ay
P{(g = f)} = L=

L — 2 k=12...,n j=k,...,n; i1 = 0.
Ay
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The value of this risk (5.19) for this estimator is equal to
pi(Galse’ aO) =M Z lk(gka{(se - al(())z
k=1

n Ly T
= L 3 S AM(foke - )™
=1 j= k
We now utilize the inequality (5.23):

n n

pi(Galse’ %) = Z k(’lj - lj+ I)M(ailcsefi - “1?)2

k=1 j=

n j
Z (}“J - AI‘*‘I)M Z (a’lcsef;' - al?)z
i=1 k=1

= 30 = e DMIa (), — o0

n

Z (lj - '1j+ DOM [oyee(7) — “0(77”2

i=1

AN

n
< Y A;M(af, — o)
=

J

Thus the value of the risk for the randomized estimator of the parameters
is less than the corresponding value for the least-squares estimator. On the
other hand, it follows from the convexity of the loss function (5.19) that the
nonrandomized estimator (5.22) is at least as good as the randomized esti-
mator (5.24). Thus the approximation to the regression determined by the
parameters (5.22) is uniformly better than the least-squares approximation.
The theorem is proved. U

It remains to show that statistics S = YTY — af. «,. does not depend on
oy, and is distributed according to the central a?y? distribution with | — n
degrees of freedom. For this purpose we shall complete the system of n
vectors ¥y, ..., ¥, orthonormal on x,, ..., x;:

‘pi = (l//i(xl)s RS lpi(xl))Ta

lﬁ-Tw-={1 fori = j,
i¥Y;

Lj=12,...,n,
0 fori+#j, hJ "

so that it becomes a complete orthonormal system consisting of  orthonormal
vectors

l//b"-alpn’ llln+1,'--’l/,l’

1 fori=j
T — ) -
tﬂ,l/f,—{o for i % J, Lj=1,2,...,1
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We now expand Y in terms of this system:

n i
Y=.ZIV"‘/"'+ X v (5.25)

j=n+1
where
T i :
‘yi=Yl/I,~=d;se, l=1,2,...,n,

yi =Yy, j=n+1,...,1L

Substituting (5.25) into (5.20), we obtain
!

s= % 9 (526)

and hence S does not depend on o}, (butonlyony;,j =n+ 1,...,1). Since
by assumption Y = Y, + & and the vector Y, can be expanded in terms of
this incomplete system (5.17)

Y, = i“? Yis
we have the inequality i
Vi = ET‘//,'-
Substituting the value of y; into (5.26), we obtain
l 1 1 2 1
S=.Z Y,z= Z (Zfi'//j(xi)) =.Z ff,
j=n+1 j=n+1 \i=1 j=n+1

and hence the statistic S is distributed according to the central 62y distribu-
tion with | — n degrees of freedom.

§4 A Theorem on Estimating the Mean Vector of
a Multivariate Normal Distribution

In this section we shall obtain a family of estimators of the mean vector
which are uniformly better than the estimator a(x, S) = x. The estimator
(5.21) belongs to this class.

Let x be a random vector distributed according to N(x,, 6*I), and S be a
random variable independent of x distributed according to the central
o2y? distribution with g degrees of freedom. We denote F = x"x/S.

The following theorem is valid.

Theorem 5.4 (Baranchik). An estimator of the n-dimensional (n > 3) mean

vector
8(x, S) = (1 - 1(£—))x
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where r(F) is a monotonic nondecreasing function satisfying

n—2
0<rF)<2——, 5.27
nF) <23 (527)

is uniformly better than the estimator a(x, S) = x.

Remark. Theorem 5.2 is a particular case of Theorem 5.4 obtained by setting

n—2 n-—2

or F > s

qg+2

r(F) = 5
n_

F for F < ——.

qg+2

PRrOOF. In the proof of Theorem 5.4 the following fact is used : the mathematical
expectation of a random variable f (32(n, b)) taken with respect to the measure
p(x*(n, b)), where y*(n, b) is a random variable with the noncentral y? distri-
bution with n degrees of freedom and noncentrality parameter b, can be
represented as

Mf(*(n, b)) = Mf (x7+ 20,

where y2, ,, is a random variable with the central y? distribution with n + 2k
degrees of freedom, and k is a random variable distributed according to the
Poisson distribution with parameter b:

k

b
P(k) = exp{—b} ik

(The mathematical expectation on the right-hand side is evaluated with
respect to x as well as with respect to k.)
Thus

MO0 B) = M) = exp(=b)} T 0 MFGaer). (529

We now proceed directly to the proof of the theorem: Our purpose is to show
that the difference

H = MJa(x, S) — aoll* — M|lx — o] (5.29)
is nonnegative. Denote

(F)

giF) =1- F

and transform (5.29)

H = M[xTxg*(F)] — 2ad Mg(F)x + |aoll*> — no?. (5.30)
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The expressions (5.31)-(5.34) below are derived under the assumption that S
is fixed. According to (5.28) we have

()]

||°‘o||2 S ”0‘0“2t 2.2 2 0 n s 21
= — M _Anrety | 31
exp{ 20,2 t;() t!(20'2)' 0" Xn+2: 9 S (5 3 )

We now transform the expression

T
agMg(F)x = cx}{Mg(xS—x)x.

For this purpose we shall perform an orthogonal transformation of vectors
x into vectors z such that in the new coordinate system the mean vector is
equal to (|, 0, ..., 0) (only the first coordinate does not vanish, and it is
equal to the norm of the mean vector). This transformation leaves S unaltered.

We obtain
xTx 2Tz
agMg(—S—)x = ||a0||Mg<—S—>zl

where z is the first coordinate of the vector z = (zy, ..., z,)T.
Observe now that

T 2 2
M[“’ (ES_Z)Z] G e"p{" ”;3! }

_c i=1 = 00O
xd”%” fg S exp 25 dz, ---dz,.

Thus we obtain

T 2 2
naonMg(%) =G ”f;’n'lz exp{— %] }

2 Y. 27 = 2laolz,

i=1
€Xpy — 20‘2

X dz, ---dz,
dlotoll '

||°‘0||2 d ||°‘o”2 02X3+ 2k
= g2 — M
ool exp{ 252 dlloo | eXp 252 g S s

where k is a random variable distributed according to the Poisson distribu-
tion with the mean |, 2/(262). Finally we obtain

Mg( ;x)x _ 20_ exp{ ||oto||7} i (”“o”z)t MQ(GZ;(;.+2:|S)‘ (532)
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Now taking into account that |a,|?/(26?%) is the mean of the random
variable k distributed according to the Poisson distribution, we express the
third summand in the sum (5.30) in the form

t=0 t!

||0<o||2)’
o 2 © ( 20.2
loll? = 207 exp{— %} Y L (5.33)

We can thus represent the expression (5.30) in the form

<||a0||2>'
2 © Y2
H o o exp{_ o } g \2

t

202 | 5 !
2.2 2.2
x [Mx3+z, gz(ﬂsf—*ﬁ) - 4tMg(g%2~'> —n+ 2t]. (5.34)

Now let S = ¢%x2 be a random variable distributed according to the
central o?y* distribution with g degrees of freedom. The theorem will be
proved if we verify that the expression

2 2
h= M[xfng(X"xzz') - 4tg<%) —n+ 2r] (5.35)

q q

1s nonpositive for all ¢.
Denote y; . ,,/x7 = u, and observe that

u(l — g(u)) = r(u). (5.36)
Therefore condition (5.27) implies that
n—2

>1-2
g(u) s

ut. (5.37)

We transform the expression (5.35) utilizing notation (5.36) and the fact that
My}, =n+ 2t:

h= M[—Zr(u)x,f + r)(1 — gyl + 4t ?J

= M[r(u)xf(—l — g(u) + X24t )]

Taking (5.37) into account, we obtain that the quantity h does not exceed
7 Yns 2
h = M(r(u)) = M[M{r( "Xz ')C xﬁ}],

q
n—2 1
o e foe2ri2a) ]
ta g+2%) 52,

where
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For any fixed 7 we determine a constant a such that

-2 ,\1
—2+<4t+2 51 ) = 0. (5.38)

Observe that for any y2, ,, > a the inequality { < 0is valid. Therefore taking
into account that in view of the condition of the theorem the function r(u) is
nondecreasing, we obtain the bound

ekl

(_Z)M{C|Xn+2! < a}P{Xn+2t < a}

a
+ r('i)M{C|X3+21 > a}P{Xf+21 > a}

_fa\ .| n—2 1
_r<ﬁ)xq[ z+<4t+zq+2x;)n+2t_2]

n—2 a X
=2——0 =1 ). 5.39
2n+2z—2<)""< 1+q+2> (5-39)
(We have used the equality M(1/x2) = 1/(m —2) (m = 3).)

Substitute now into (5.39) the value of a satisfying (5.38), and compute the
mathematical expectation of the last term in (5.39), which is

n—2 2t n—2 x2
2 "7 M + 2l _p 4 K[
n+ 2t -2 {(xq q+2)x"[ q+2]}

Taking into account that r(u) is a nondecreasing function we find the bound
2t n-—2 x2
Mir|S + —= 2 -1+ =4
{r<XZ+q+2)X“[ 61+2]}
_ 2
Srn+2t ZMX,? 14 e
q+2 qg+2
n42t—2 $2
—_— = ~\M 2 —1 q
o (e )
n+2t—2 x2
=r[———= M2 -1 + 24 =0
(e a7

(For a central y? distribution we have My? = g, M(x2)* = q(q + 2).)
Thus the quantity (5.35) is nonpositive and the theorem is proved. O
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§5 The Gauss—Markov Theorem

Up until now, when estimating regression it was assumed that the errors are
distributed according to the normal distribution. We shall now relax this
assumption. It will be assumed that the distribution of errors is unknown
but has a bounded variance. Under these conditions it is required to construct
the best algorithm for the regression estimation.

Above, when developing the theory of normal regression we first estab-
lished that in the class of algorithms leading to unbiased estimators of the
parameters the least-squares method was optimal, but for a wider class of
algorithms procedures which are better than the least-squares method were
obtained. We shall now proceed analogously. First we shall show that in
some narrow class of estimating algorithms the least-squares method is the.
best, and then we obtain estimation methods in a wider class of algorithms
which are superior to the least-squares method.

Under the assumption of normal errors the least-squares method is the
best in the class of unbiased methods of estimation. In this section we shall
show that in a narrower class of estimates which are both linear and unbiased,
the least-squares method yields the best estimating algorithms independently
of the distribution of the errors.

Definition. We say that an estimator of the parameter a is linear in the observa-

tions Y = (y,, ..., y)Tif it can be represented in the form
1
a=LY <ozj =) ﬂ,-jy,), (5.40)
i=1
where L is a matrix with the entries ;; (i = 1,...,1;j=1,...,n).

The following theorem is valid:

Theorem (Gauss-Markov). Among all the linear unbiased estimators the
least-squares estimator possesses the minimal variances of the coordinates.

We shall prove the Gauss—Markov theorem in its more general form for
the case of linear biased estimators. Denote by «, the vector of parameters
of the linear regression

MY = ®g, (Y = @,y + &). (5.41)
Define the estimator «(B) as the solution of the equation
(®T® + B)x(B) = @'Y, (5.42)

where B is a symmetric nonnegative definite » x n matrix which defines
the bias vector p,. We shall show that the estimator a(B) possesses extremal
properties. Namely, the following theorem is valid.



126 5 Estimation of Regression Parameters

Theorem 5.5. Among all the linear estimators of the vector of parameters o
with the bias vector equaling g, the estimator o(B) possesses the minimal
variance of coordinates.

PRrOOF. We obtain from (5.42)
Ma(B) = M(®™® + B)"'®"Y = (®"® + B) '@ dy,. (5.43)
Let 4 = LY be an arbitrary linear estimator such that
M@ = Mo(B) = py + 0g = p. (5.44)
Then we obtain from (5.42)
MLY = L®oa, = (P"® + B) ' ®Tda,. (5.45)
Since the equality (5.45) is valid for any o, then
L® = (®"® + B)"'0T0. (5.46)
We now write the variance of the ith coordinate of estimator &:
M(&; — 1) = M(& — a(B) + o(B) — )’
> M(a(B) — w)* + 2M(8; — a(B)No(B) — p),  (5:47)

where y; is the ith coordinate of the vector .
We shall show that the second summand on the right-hand side of (5.47)
vanishes. Indeed, utilizing (5.44) and (5.46), we obtain

M(8; — a(B))(B) — p)
= M(&; — a(B))a(B)
a?|(L — (@"® + B) ' ®"D@"® + B)'||;
= ¢?|(L® — (®"® + B) '0@T®)Y®'® + B)"'|; = 0,

where ||4]l;; denotes the element A;; of the matrix ||4].
Thus

M@ — w)* = M(ay(B) — p;)>.

The theorem is thus proved. O

The Gauss-Markov theorem follows from the theorem just proved by
setting ||B|| = ||0]| in (5.42). In that case puy = 0.

Further, in Chapter 8 to construct the regression estimators from small
samples we shall make use of this theorem. We shall search for the best
estimators among the estimators of the class a(yB) (where y > 0 is a constant
specifying the estimator of the class). The estimator a(y*B) is called a
ridge-regression estimator.
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§6 Best Linear Estimators

Thus, among linear unbiased estimators, the least-squares estimators are
the best regardless of the distribution of the errors. In the next sections we
shall consider a wider class of estimators—the class of linear estimators (not
necessarily unbiased), and we shall obtain the best estimators in this class.
These estimators will differ from the least-squares estimators provided
nontrivial prior information concerning the estimated parameters is avail-
able. In cases when no nontrivial prior information is available the best
linear estimator is still the least-squares method.
Let the parameters of the regression

¥=y(x)= ) aYix) (548)
i=1
in a Gauss-Markov model be estimated from empirical data x,, y;, ..., x;, y;.
Let ¢ ,(x), ..., ¥, (x) be a doubly orthogonal basis
o A fori=j,
; (xX)P = :
[ocomope as = {i e
: | fori— i (5.49)
N N _ ori=j,
,,:Zl‘//i(xr)lpj(xr) - {0 for i £ _]
Consider the class of linear estimators:
8, = 0,Y + B8, (5.50)
where
6, =05 ...,007, Y =)
We introduce the system of orthogonal vectors
I fori=j
e XIS Ty = ’ 5.51
X s Xk {0 for i # j, (5.51)
in which the first n vectors are
B= Wxy), - Pia)T,  i=1.,n
We represent the vector 6, in the expansion in terms of (5.51):
1
6,=Y B (5.52)
i=1

Then the equality (5.50) can be rewritten as

8= ¥ BIATY + 5. (5.53)
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We express the amount of deviation M(&, — «p)* in terms of the parameters
B. For this purpose we shall utilize the identity

M@, — o0 = (M(8, — a2))* + M(8, — M&,)". (5.54)

The first summand on the right-hand side equals
0466, ~ 2 = (15 pra + 5 — )
The second summand equals
M@, — M8,)* = laz.il(ﬁ{’)z.
Thus
M@, — a9)* = azl‘zl:l(ﬁ{’)2 + (lilﬁf’a? + p§ — ag)z = 2°(B|a, 6). (5.55)

The best linear estimator is the estimator which minimizes (5.55).

§7 Ceriteria for the Quality of Estimators

The best linear estimator can be obtained by directly minimizing with respect
to By, ..., B, the right-hand side of the equality (5.55). The minimum of
(5.55)isattained at p§ = 8 = --- = ff = OQand B = exg, and this minimum
is zero.

Thus for each specific problem (specific values of o, and o) a trivial biased
estimator can be found which yields the minimum of the square of deviations.
Now we wish to construct a linear estimator which will be suitable for a
solution of a class of problems rather than for a single one.

Let us define a class of problems R(a, o), to which the algorithm is appli-
cable, by means of the inequalities

b

a P>
e.

d" (5.56)

IA A

a, <
o<

We shall now determine the quality of an algorithm for estimating the
parameter o, in the class R(a, ). As usual in such situations, we shall con-
sider two approaches: Bayesian and minimax. For each approach a different
notion of the quality of a linear estimator will be introduced.

According to Bayes’s principle the best method for estimation is that for
which the mean value of the criterion over the set of problems belonging to
R(a, 0) is minimal (the measure on this set is given by the distribution
P(a, 0)).
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Definition. The estimator
o) =Y BIY + B8
is called linearly best in the mean if among all linear estimators it yields

the minimum of the functional

25(B) = J@"([Ha, a)P(a, 6) day - - - do, do. (5.57)

Below we shall compute a Bayesian estimator for the case when the
parameters o and ¢ are distributed independently according to the uniform
distribution on the corresponding intervals, i.e.,

i ! ifa,<oa,<b,,d<oc<
T g e
Pla,0) ={ ;-1 b; —a;e —d b=%=0p0=20=6 (5.58)
0 otherwise.
Thus the quality of the estimator is determined by the functional
"ody;  d
%99 (5.59)

256 = | 2Bl [1 =

In accordance with the minimax principle the best method of estimation is
considered to be the one which yields the minimum of 2°(8|a, o) for the least
favorable problem (pair a, o).

Definition. The estimator
A2 = 3 BTV + 8

is called the best linear minimax estimator in the class R(a, o) if it yields the
minimum of the functional

25(B) = sup 2°(B|a, o) (5.60)

a, o

in the class of linear estimators.

In general there may exist problems belonging to the class R(a, ¢) for which
the estimators ol and «? introduced above are worse than the least-
squares estimators B, = (0, ..., 1/I, ..., 0)T, B8 = 0 (only the pth co-
ordinate of the vector B2, is nonvanishing). Therefore we shall define the
third optimal estimator in such a manner that it will be uniformly better than
the least-squares estimator. For this purpose we introduce the loss function

D5(B) = sup(Z*(Bla, 0) — D*(Pise |, % 0)) (3.61)

and require that the optimal estimator minimize the expression (5.61).
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Definition. The estimator
o = ¥ BIY + B3

is called linearly uniformly better than the least-squares estimator if it yields
the minimum of the functional (5.61) in the class of linear estimators and
minj, D3() < 0.

§8 Evaluation of the Best Linear Estimators

The following three theorems constitute the basic content of the theory of
the best linear estimator.

Theorem 5.6 (Koshcheev). The best linear estimator of parameter o, in the
class R(a, o) is of the form
c,
o + 7 Pp
0 _ ;
otp' = —‘—l—’._a 1= 1, 23 35 (5'62)
1+ 7 (pl)
where ¢, = (a, + b,)/2, of,, is the least-squares estimator, &} is the best in the
mean estimator,

d* + de + é*
W _
pp =4 — (5.63)
4 (ap _ bp)2
o2 is the best minimax estimator,
2
@4 ° 5.64)
Pr =", — b,y (
o' is the uniformly best estimator, and
d2
3 — (5.65)

Py = 4——(ap — bp)z'

It thus turns out that the best linear estimators are biased. The structure of
the estimators is given by the expression (5.62), where p are defined in
(5.63)-(5.65), depending on the specific notion of the quality of an estimator.
There exists a simple relationship which shows by how much a Bayes or
minimax estimator is superior to a least-squares estimator.

Theorem 5.7 (Koshcheev). The equality

. 1
9{'(0(},") = —— DUaf,), i=1,2 (5.66)
1+ 7 p(pi)

is valid.
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According to Theorem 5.7 the optimal estimators ai,” are superior to the
least-squares estimator by the factor (1 + (1/l)p‘”) Hence the smaller the
sample size [, the better the estimators o).

Below we shall present the proof of Theorem 5.6. The validity of Theorem
5.7 follows from a more general theorem considered in the next section.

PROOF OF THEOREM 5.6

(1) Derivation of the best linear estimator in the mean. We write the functional
whose minimum determines under our conditions the best estimator in the mean:

» _ hl.“ by e 21 ‘pz n - - n 7 do_
7= [ ﬁMLPg;m>+O;ﬁm+m a)]nb_ae_d

(5.67)
This integral can be easily evaluated:
1(33 _ d3 1
5B == 3r)?
1(/) 3 e — d i:zl(/l)
n 1 b by, n 2
+ f f (I /i{»’oc,-+/3"—oc) doy - do,.
e =al L UL o)
Denoting (a; + b))/2 = ¢;,(a; — b;))/2 = M, t; = o; — ¢;, and substituting the variables,
we obtain
led —ad ¢
25(P) = = 3r)?
=3 =g 0D
2 n n 2
7 f f (lz Br(t + ¢y + Bh — (1, + c,,)) dty -+ di,.
=1 i=1
(5.68)

Since the integration is carried out over the symmetric intervals [ —.#, .#], the terms
linear in ¢ vanish. We thus obtain

n 2
Z8(p) = *(? +ed + dZ)Z(B")Z (/3(’3 + Z, (g7 - 5,-,,)Cf>

P _ 5. )22
2/% — M lzl(lﬁl 5"’) i dt, dt,,. (5.69)

Here the notation

5. = 1 fori=p,
P70 forisp

is utilized. Finally we arrive at

H
SP) =+ &+ ed + )T B

i=1

i=1

n 2 n ﬂl
+ (/38 + 2 (B~ 5i,,)ci) + 2 —3' (BY = 3, (5.70)
i=1

In order to obtain the best linear estimator in the mean it remains only to minimize
the expression (5.70) with respect to parameters f.
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Equating the partial derivatives of (5.70) to zero, we obtain that
p? =0 fori+#p,
By = —c B — 1),
%

X+ ed + d
SRS 5.71
By % (5.71)

.+.—__
e’ + ed + d*

Substituting the values (5.71) obtained into (5.53), we have

M
2 2
= £ et d 2TY + &
P | LA} p + L #y
teltedtd er + ed + d*

Introduce the notation p{) = (e* + ed + d*)/.#2. Then

1 c
SaY

" ! l
o = ——-1———-
1 +7p;,”

Observe that the quantity (1/1)x1Y is the least-squares estimator of the parameter
af. Thus
of + L—l"p;“
) = .
1 (1)
1+ 7[7,,

The first part of the theorem is proved.
(2) Derivation of the best minimax estimator. The functional whose minimum

determines the best minimax estimator is equal to

! n 2
5%(B) = sup [Uzlz B + <IZ (Bfo; + g — Ot,,)> ] (5.72)
o, i=1 i=1
Utilizing the notation
b + g b; — a
¢ = 2a, M= za’ L =0o; — ¢,

and substituting the variables in (5.72), we have

D5(B) = €'l Y. (BN’ + sup [Z (IBF = 0ip)t: + ) + ﬂﬁ]

[t<#, Li=1

=Y (B + sup [i(lﬁf’—&ip)ti+ ﬁ(lﬂf’—éi,,)c.-ws]

i=1 ltil<#t; Li=1
]2

Z (BF = dip)ci + BB

i=1

n

= Y (B + [z |17 — 834, +

i=1
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Thus

DB = e’y (B + [Z UBP — Supl i + | 3 (UBY — Sip)ei + BE
i=1 i=1 i

i=1

}2
We shall now obtain the minimum of (5.73). By choosing 8§ to be equal to

py = — > UBr — d;,)ci,
i=1

133

(5.73)

the second term of the sum in the square brackets becomes zero. Therefore it is sufficient

to minimize

D5B) = *1 ), (D) + ( HBF — 6ip|'//[i> .
i=1 i=1

The minimum of (5.74) is attained for
pr =0 foris#p,
whence for g7 = 0 (i # p) the functional (5.74) becomes
DEB =0z = l(BY)* + (B — D).
The minimum of this expression is attained at

%

P — .
B e+ l,llﬁ

Substituting (5.75) and (5.77) into (5.53), we obtain the best minimax estimator

P+t et + L} ? et + 142

Introducing the notation pi?’ = ¢*/.#}, we arrive at

Cr (2
alpse + Tp(p)

al? = 1 '
P 1 +~?'pf)

(5.74)

(5.75)

(5.76)

(5.77)

(3) Derivation of the uniformly best linear estimator. To evaluate the uniformly

best estimator it is required to minimize the functional
8(B) = sup(2°(Bla, 0) — D*(Bise e, ),

or explicitly,

258 = sup [IGZ(Z(B?)Z— 1)}

d<o<e

n 2
+ sup [Z (BF — 0;p)a; + ﬁg] .

a,<a,<b;

(5.78)
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It is easy to verify that in this case all the calculations are the same as those carried out in
the preceding subsection, except that if

1
Y@ -1<0, (5.79)

then d = inf o should be taken instead of e = sup a.
Consequently

!
B(’; = - Z (lﬂxp - 5ip)cia
i=1

0 fori # p,

Br = M} ) (5-80)
EEwyT Y fori=p,

where s is either inf ¢ or sup g, depending on the sign of Y 7_, (87)> — 1. However, for
Br as given by (5.80) the expression (5.79) is negative:

S o= (=" ) Z1<0
i;(ﬁi) - _<sz+ﬂ51) T

Hence s = inf ¢ = d. Thus the uniformly best linear estimator is equal to

C
14 3
(lese + T p;, )
w3 =
4 1 ’
1+ 7p§,3’
where in this case

PR == O

§9 Utilizing Prior Information

According to Theorem 5.6 the availability of the following prior information:

(1) the interval [a;, b;] to which the estimated parameter o, belongs,
(2) the interval [d, €] to which the variance of the noise o belongs,

allows us to construct the best linear estimators. According to Theorem 5.7
the functional defining the quality of the best linear estimator is 1 + (p‘;’/l)
times smaller than the functional corresponding to the least-squares esti-
mator.

Usually it is not too difficult to obtain this prior information for solving
practical problems within the Gauss-Markov model. As a rule the intervals
in which the measured values of y are situated,

<y <T (5.81)
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are known. This knowledge results from long experience or from the knowl-
edge of the laws of nature. For example, when constructing the regression for
the temperature forecast in Moscow on the 166th day of the year, it is known
a priori that the forecast value of ¢ lies within the given limits +5°C < ¢
< 35°C. The knowledge of the bounds (5.81) allows us to obtain intervals
for the estimated parameters. The equality o) = M(1/l)y}Y implies that

b, = sup l xTY <- (Z Yp(x) + Z"T (% ))

Here the first sum )’ contains the positive coordinates of the vector y, =
(://p(xl), ey |//p(x,))T while the second contains the negative ones. Anal-
ogously the bounds

a, = inf; Ty > - ! (i T ,(x;) + Z”Txpp(x,)>
%

are obtained.

To estimate the interval for the variance we can also utilize our experi-
ence and knowledge of the laws which govern errors. However, if the interval
obtained for the variance is too wide, we can then use alternatively the prob-
abilistic approach, which consists of choosing the interval which contains
the true value of the variance with the highest probability.

It is known that the quantity

1 n
Y= 1) (k)
2 i=1 p=1

oemp =

I—n
is an unbiased estimator of the error variance. We shall utilize Chebyshev’s

inequality
2
P{ emp > -————} S '1’
n

which implies that with probability 1 — »
o > afmpn. (5.82)

The bound (5.82) may be refined if the nature of the error distribution is
known.

Based on the interval for the variance d < ¢ < e and the interval to which
the parameter «,, belongs, the parameters p and ¢{? are found by means of
which optimal linear estimators are constructed. Note that the more in-
definite the prior information is (the wider the interval is), the smaller the
value of p@ will be and the closer the best linear estimator will be to the
least-squares estimator. It can be shown that for trivial prior information
(-0 <a, < 0,0 <0 < o) the best linear estimator coincides with the
least-squares one.
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To complete the theory of the best linear estimation it remains to clarify
how sensitive the methods of linear estimation are to the precision of prior

information. Theorem 5.8 answers this question.

Theorem 5.8 (Koshcheev). Let &, = a,(pY, &,) be the best linear estimator
computed from approximate values of the parameters pY, ¢,, M ,, while the
true values of the parameters equal pQ, c,, M ,. Then the quality of the esti-
mator obtained is given by

A(IN2
1+ (p;), (3
208, &) = W 2.  (=12), (5.83)
14

where

A 2 —¢ 2
=1+ 3(ij c,,> v, = <1 + —""’j "') . (5.84)
¥4 p

Observe that Theorem 5.7 is a particular case of Theorem 5.8 for ¢, = ¢,
and pQ = p¥.
It follows from the equality (5.83) that if the value of parameter p¥ is

related to p{ and v; by the inequality

5@
. Dy)v;
(i) p
Py > 5 0 (5:85)
P24 9

then the estimator obtained using ¢, ¢, will be better than the least-squares
estimator. Consequently the choice of 4 is based on two contradictory
considerations. To obtain an estimator at least as good as the least-squares
one, the value of p{ should be reduced (so that (5.85) is fulfilled). But the gain,
which is approximately equal to 2,(af..)/(1 + p?), is decreased.

Proor oF THEOREM 5.8. First we shall compute the value of the criterion (5.55) for the
estimator &,(p%c,):

M(ap(ﬁg)’ é;p) - “g)z

é . A . 2 A . 2
of. + 7‘3 0 oS+ —IE 1% ad + 7” pY
=M 5 + —af
Pr s 1 s L




§9 Utilizing Prior Information 137

The two relations (5.83) claimed in the theorem are verified by elementary calculations

Py 20)2
( )(E %) do  dod

a?
cpt My T
@p(&) f f - i 4
( Am) e—d M,

P
1 —a® (PN (M R 2)
— - _+ —_
_3e—d+<l 3 T8

1, 2 ’
()

D) J"P*““P do [¢0? do _ez+ed+d2
)= ) 2 Te—d 3l

)
70 A\l

vi=1+ 3(ép — Cp>2
D (oge) (1 1 A“))z ’ 1 M, .
+ Y,Dp

hence

We now compute
0.2 A(2)\ 2 A(2)
N O + (Y ey -+
%(8) = sup 2 = Nz
a0 1+ ’p_ 1 (2)
( 1) (*”1)

On the other hand,

0'2 82
gg(alsc) = sup T = Ta

hence
1 ﬁ(Z) 2
L4+ — =&
woy ) (1o )
- . vy = .
Do) Y M
2 (l + 7/7;;2)) ’
The theorem is proved. O

We have thus studied the theory of estimating regression parameters. This
theory is based on the fact that in a certain narrow class of estimators the
least-squares method is optimal (for normal regression this class is the class
of unbiased estimators, and for general regression theory it is the class of
linear unbiased estimators). It then turned out that in a class of biased esti-
mators, better estimators than those arising from the least-squares method
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may be constructed. Such nonlinear biased methods of estimation were
obtained for estimating parameters of normal regression, while linear biased
methods arise in the general model of regression estimation.

Estimation methods presented in this chapter can be utilized for regression
estimation provided the density P(x) is known and the regression is indeed a
linear function in the parameters.





