9 Electron—Positron Pair Production in
Superstrong Laser Fields

Considering the interaction of charged particles with strong radiation fields
in vacuum we looked at the non-quantum electrodynamic (QED) properties
of electromagnetic vacuum. At such consideration, vacuum stipulates only
the classical dispersion properties of EM waves propagating with the speed of
light c. However, the latter is valid for radiation fields that are not superstrong
(&0 < 1), otherwise the excitation of QED vacuum and production of electron—
positron pairs becomes possible.

As follows from the physical meaning of the wave intensity parameter
&o, at values of & > 1 the energy acquired by an electron over a wavelength
of a coherent radiation field exceeds the electron rest energy mc?. On the
other hand, the energetic width of the vacuum gap or the threshold value for
the electron—positron pair production is 2mc?. This means that electrons of
the Dirac vacuum acquiring the energy £ > 2mc? at the interaction with the
wave field of intensity & > 1 will pass from negative energy states to positive
ones (excitation of the Dirac vacuum) and electron—positron pair production
becomes a fact (with the presence of a third body for the satisfaction of the
conservation laws for this process).

The production of electron—positron pairs by plane EM waves of relativistic
intensities (& >> 1) is essentially a multiphoton process, which principally
differs from the known “Klein parador” — production of electron—positron
pairs in stationary and homogeneous electric field proceeding over the elec-
tron Compton wavelength. The latter corresponds to the tunnel effect through
the effective energetic barrier of finite width formed from the vacuum gap of
infinite width by the presence of a uniform electric field (Schwinger mecha-
nism). The physical mechanisms are similar to two different limits of Above
Threshold Ionization of atoms in strong radiation fields — multiphoton and
tunnel ionization.

This chapter considers the excitation of the Dirac vacuum in superstrong
EM fields and the electron—positron pair production process in the presence
of a diverse type third body.
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9.1 Vacuum in Superstrong Electromagnetic Fields.
Klein Paradox

It has long been well known that in the background of a stationary and
homogeneous electric field the QED vacuum is unstable and electron—positron
(e, e™) pair production from the vacuum occurs (this mechanism is often
referred to as the Schwinger mechanism). However, a measurable rate for pair
production requires extraordinarily strong electric field strengths comparable
to the critical vacuum field strength

(9.1)

the work of which on an electron over the Compton wavelength A\. = i/mc
equals the electron rest energy. As we will see the probability of this process
reaches optimal values when

Eq
=—2>1 9.2
C ECN ? ( )

where Ej is the magnitude of a uniform electric field strength.

Fortunately, it seems possible to produce EM fields with electric field
strengths of the order of the Schwinger critical field in the focus of expected
X-ray FEL and consideration of this problem is theoretically important, since
it requires one to go beyond perturbation theory, and its experimental obser-
vation would verify the validity of theory in the domain of strong fields.

To solve the problem of e~, et pair production in the given electric field
we shall make use of the Dirac model — all vacuum negative energy states
are filled with electrons and e™, et pair production by the electric field oc-
curs when the vacuum electrons with initial negative energies & < 0 due to
“acceleration” pass to the final states with positive energies £ > 0. To dis-
tinguish the free particle states we will switch on and switch off the electric
field elaborating on a model which retains the main features of the spatially
uniform electric field and allows one to obtain an exact solution for the Dirac
equation and final expressions for the pair production rate in closed form.
Thus, we will assume an electric field of the form

Ey .

E(t) = mz,
T

(9.3)

where T is the characteristic period of the field and 7z is the unit vector along
the field strength. The vector potential corresponding to this field may be
written as
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At) = —c j B(t)dt = —cEyT7 {tanh <;> + 1] . (9.4)

We will solve the Dirac equation in the spinor representation (see Eqgs.
(1.77), (1.78)). Since the interaction Hamiltonian does not depend on the
space coordinates, the generalized momentum pg is conserved. Hence, the
solution of Eq. (1.77) may be represented in the form

U(r,t) = Wy, (t) eFPOT, (9.5)
and from Eq. (1.77) for the function ¥y, (t) we obtain the following equation:

iﬁdigo = [ca (po—l-ZA (t)) —l—mCQB} U - (9.6)

In this section the electron charge will be assumed to be —e. Since A(—o0) =
0 the solution of Eq. (9.6) at ¢ — —oo should be superposition of the free
particle solutions wgg,)g with negative (s = —1) and positive (3 = 1) energies
and polarizations o = i% (spin projections S, = :l:% in the rest frame of the
particle):

o ) semcw(1/2) v
q/} 2 _ s 67%%502 9.7
Po,1/2 28 (&9 — »cpoz) (Ey — scopy) wl/2) 7

(€0 + scopg) w1/
w(%) _ ; efiﬁ'z&)t’ (9.8)
Po,—1/2 280 (Eo + 7cpoz) \ 0 2,,(~1/2)

where & = \/c?p + m2c?, o are Pauli matrices, and the spinors wF/ D are

a2 _ (LY. (-172) _ (0
= (p) = (1)

At t — oo, the electric field E(co) = 0 but
A(0) = —2¢EyT7Z, (9.9)

and the solution of Eq. (9.6) at t — oo should be superposition of the free
particle solutions (9.7), (9.8) where the “final momentum”
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oo

Pp=po—e¢ / E(t)dt = po + SA(OO) (9.10)

—00

stands for pg. Equation (9.6) in the quadratic form (see Egs. (1.82), (1.83))
for the bispinor components

f1
(1) = | 2 (9.11)
’ f3
Ja
gives the following set of equations:
d2
{h2dt2 + E2 + 2 A%(t) + 2ecpo. A (t) F iechE(t)} f12=0, (9.12)
d2
{thtQ + &5 + 2 A%(t) + 2ecpo. A (t) £ iechE(t)} f3,4=0. (9.13)
Thus, solving the equation
5 d° 2, 242 '
{h a2 + & + e A%(t) + 2ecpo A (t) — 5zechE(t)} $=0 (9.14)

with 6 = £1 one can construct the whole bispinor (9.11). Passing in Eq.
(9.14) to the new variable

t
2= —e’T,
and seeking the solution in the form
L EQT . eBgT?c
0 52

D(t)=(—2)"7 (1-2) F(2), (9.15)

we obtain the equation for hypergeometric function F («, 5,7, 2):
2(1=2)F"+(y—(a+B+1)2)F' —aBfF =0. (9.16)
The parameters «, 3,7 are defined as follows:

o (€, 8) = Z,Eo + & -|-2]2‘;56E()CTT’
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& — E + 2ideEycT

B(Ey,0) =i o T, (9.17)
&
v (&) =1 —H’%T,

where according to Egs. (9.10) and (9.9)

E =1/ (po — 2B TZ)” + m2ct.
The general solution for hypergeometric equation (9.16) is
F(z) =F (o, 8,7,2)+ 2 "Fla—y+1,8—v+1,2—7,2).  (9.18)
Taking into account the relations

05(80,6)—’7(50)4—1 :Oé(—go,(5>,
B(&0,6) —v (&) +1 =B (=&0,0),
2—-v=7(-&),

& &
P27 41— (&) = —is

2h 2hT7

the general solution for bispinor ¥y, (¢) can be written as follows:
AP (50, 1; Z) + As® (750, 1; Z)
B,® (80, -1 Z) + By® (—50, —1; Z)
Up, (1) = : (9.19)
C1P(Ey, —1;2) + Co® (—&p, —1; 2)
D@ (50, 1; Z) + Dy ® (—50, 1; Z)

where

.ceEgc 2
=T

B(E,0:2) = (—2) T (1 2)"

xF (a(&0,9),3(E0,6) .7 (€0) , 2) (9.20)

and the coefficients Ay 2, Bi 2, C12, D12 should be defined from the initial
condition.
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To determine the probability of e™, et pair production we use the initial
condition: at t = —oo when A(—o00) = 0 this wave function must turn into
the free Dirac equation solution with negative energy in accordance with the
Dirac model. Then taking into account that at

t— —o0; z—0,

. E i
B (E9,0:2 — 0) = (—2)'2h L = ehbol,

we obtain
—mc?® (£, 1;2)
0
1y _ I (9.21)
Po,1/2 2&o (80+Cp02) (Eo + ¢epoz) P (Eo,—1; 2) 7
(cpox + icpoy) @ (o, 15 2)
(—cpox + icpoy) P (€0, 1; 2)
- 1 (50+Cp0z)¢<507_1;z)
i Y S 9.22
po,—1/2 2&0 (&0 — ¢po-) o

0
—mc2® (&, 1;2)

After the interaction at ¢ — +00; 2z — —oo these wave functions become the
superposition of the free Dirac equation solutions. To determine the asymp-
totes of these functions we will use the following property of the hypergeo-
metric function:

F(a’ﬁ’%z)zigﬁ;?g:g (—z)“F(a,a+1_%a+1_5,i>
re)ra=p,_ s T
+F(a)F(7_g)( ) F<575+1 V641 Z) (9.23)

Hence, for the function ¢ we obtain

Ly oo :e—%StF(’V(gO))F(ﬁ(gOaé)_a(5076))
? (60,82 = —oo) T (53 (80, 0) I (7 (o) — o (80,9))
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I' (v (&) I' (a (E,6) — B (&o,0))
I'(a(&0,0)) I' (v (&) — B(&0,9))

Taking into account the relations

+e%£t

(9.24)

E—& +2eEocl & —cp.
E —E+2eEocT & + cpos’

Doz — Dz = 2€E0Ta

for the bispinor wave function (9.21) we obtain

vt too) = C(E) WY, +C (=&)Y (9.25)

Po,1/2 p,1/2 p,1/2’

where

EE&
¢ (8) N \/(50 —-&+ 2€E()CT) (5 - 5() + 2€E06T)

2I (i%eT) I (—i&T)

x I (Z'EO—E-E?;EOCTT) A (ié'o—é'—z%eEocTT) :

(9.26)

The probability of the e~, e™ pair production summed over the spin states
is

W(E) =2|C(&)]. (9.27)
Taking into account that

I Gin)? = T

TG =

for the probability (9.27) we obtain

R
W(E)=2 . 9.28
(£) cosh (W%T) — cosh (ﬁg_—h&JT) ( )

cosh <ﬂ%> — cosh (71'8780 T)

The number of created e~, e™ pairs per unit space volume is

_ dpo
N= /W(g) (2rh)*’

which with Eq. (9.28) is written as
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9 / cosh (w%ﬁz) — cosh (wg_}f" T)

dpo-dposdpoy.  (9.29)
cosh (TF%T) — cosh (wg%go T) e

B (27h)®

The probability (9.28) has a maximum at py, = eEyT (the electrons and
positrons are created with the same energy, i.e., p, = —eFEpT). In the limit
T — oo the electric field (9.3) tends to a constant one: E(t) — Eyz and from
Eq. (9.28) one can obtain the probability of the e™,e™ pair production in
the static, spatially uniform electric field. In this case in the integral (9.29)
over pg, the main contribution gives the maximum point with the width
0po. =~ eEyT. Hence, at

(ceEOT)2 >>m2et + C2P8J_; PoL = \/m

m2ct + C2ng
QCeEoT

we have

Eo = E ~ ceEyT +

and for the number of e~, et pairs created per unit time and unit space
volume we obtain

N 2 m2c* + 2p?
— ~ ——¢E — 0L | o, dpoy. 9.30
T (27Th)3e o/exp{ ™ ceEoh } PozAPoy ( )

Integrating in Eq. (9.30) over transversal momentum we obtain the Schwinger
formula:

2.3

Nsen e*E} m2c
T = aonze P | T e, | (9.31)

or in the terms of critical field

Ngen (% mc? N { 71'}

T 4w\ h

; (9.32)

If ¢ << 1 the probability of pair production is exponentially suppressed and
reaches the optimal values when ¢ 2 1 at which

N,
—;Ch > 10¥cm 3¢ 1.
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9.2 Electron—Positron Pair Production by Superstrong
Laser Field and v-Quantum

For the electron—positron pair production by superstrong laser fields of rela-
tivistic intensities as a third body for the satisfaction of conservation laws in
physically more interesting cases can serve a y-quantum or a nucleus/ion.

Fig. 9.1. Feynman diagram for electron—
positron pair production by laser field and ~-
quantum.

The e~, et pair production process by a plane monochromatic radiation
field and a y-quantum in the scope of QED is described by the first order
Feynman diagram (Fig. 9.1) where wave functions (1.94) correspond to elec-
tron/positron lines. As in QED the production of electron and positron with
quasimomentums I7_ and I1; respectively is interpreted as a transition of an
electron from the vacuum state “—I1.” to state II_. The Feynman diagram
is topologically equivalent to that of the Compton effect. Hence, the S-matrix
amplitude of this process can be obtained from the Compton-effect S-matrix
amplitude (1.114) by the substitutions: e, — ¢,, &' — —k', II — —II,
I — I :

T

. 4 —
St = —i(2mh) Y clly o V3 Uy

(p-)

K MO (5 e K =~k T — —IT I — ) ug(—py).  (9.33)

We will assume that the y-quantum is nonpolarized and corresponding
summation over the electron and positron polarizations will be made. Taking
into account that at the summation over the positron polarizations one should
replace u(—p,)u(—p) by ¢2(py — mc) one can see that

3> Ispl

o’ ,0,€
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_ L Seil? K — —K I — —II,., 1" - II_). 9.34
f +

(Compton)

For the differential probability of e~, et pair production per unit time we
have

1 o dII_ _ dIL,
AW = — SplP V- v 9.35
3 2 15l (2rh)® " (27h)° (9.35)

ol o,€

Hence, using Egs. (1.114) for the Compton effect and taking into account
relation (9.34) for the differential probability (9.35) we obtain

dW = Y W@ (IT_ + ITy — hk' — shk)dII_dIT, (9.36)
§>Sm,
where
1/1/(5):ch6 G,J? - 1_M
27rw’h2]70+]70_ s 2 (p+/€) (p_k)

1+ 2)¢2
(B (6 4 (Gl - 21607

o 2\¢2
n % Re [2G%_Gor1 — G2 (Gon + GS”)})] . (9.37)

The arguments of the functions G; (o, 8, ¢) in this case are

1/2

eAg eip- eipy+ ? 2 [ €2P- €Dy ?
= — — — 9.38
he ( vk k) T\ ok ik (039

e? A2 1 1
- _ 1-¢%) | — + — 9.39
p=-Su-a (S (9.39)
o (5 - %)
tango - (elp— _ e1p+) ' (940)
p-k p+k

Since the pair production is a threshold effect, the number of photons ab-
sorbed from the strong wave must exceed the threshold value
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2m*202
_amoe 9.41
m =02 (kk)’ (9-41)

which follows from the conservation law of this process expressed by the
d-function in Eq. (9.36) and the dispersion law for quasimomentum (1.96).
Note that in Eq. (9.41) the effective mass appears which depends on the laser
intensity. If s, > 1 (for low photon energies), production of the electron—
positron pair may only proceed by nonlinear channels (even for {, << 1).
Besides, this process does not have a classical limit and the quantum recoil
is always essential.

For the concreteness we will investigate the case of circular polarization
of the incident wave (g = #1). In this case |G,|* = J2(a) and from Eq. (9.37)
for the partial probabilities we have

2,25 2 (kk?
o emid | PR
W = T, 1,y [‘JS (@) =& ( 2 (p+k) (p-k)

X ((222 — 1) J2(a) + Jf(a)ﬂ . (9.42)

Taking into account the conservation laws, as well as the relations p_k = II_k
and pyk = Ik, the argument of the Bessel function can be written as

G-l

1/2
__me 1 1 s o 1 1\’
=& - [2571 (H_k: + H+k‘) mic (H_k: + H+k‘) ] . (9.43)

For a weak EM wave: {y << 1 and s,, < 1 (linear theory) the argument of
the Bessel function & << 1 and the main contribution to the probability of
the pair production is the one-photon process. In this case JZ(a1) ~ a2 /4,
J2(ay) ~ 1/4, ITyy ~ &, Iy ~ E_ and taking into account that

2

“ =80T

P . S | [p-k pk}

2(p+k) (p-k) 2 |pik pok

we obtain the G. Breit, A. Wheeler formula:

wm — e?m?cd 52 9 m2c? n m2c?
T 8nwh3ELE hp_k ' hpik
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2.2 2.2\ 2
mc mec _k k
iy (U 4| =2 B (9.44)
hp_k  hpik p+k  p_k

For a strong EM wave it is more convenient to choose the quantum recoil
parameter as an integration variable:

_ hz (kk/)Z _ hZ (kk/)Q
P 2(pek) (p—k)  2(I1 k) (IT_k) (9.45)

Taking into account the azimuthal symmetry with respect to the wave prop-
agation direction one can make the following replacement:

dXT_dII 2 1
§(II_ + 11, — hk' — shk) =t =5 =2

- dp,
ol @ o/ -2

(9.46)

and we obtain

25/Sm
e2m2c® &
W= —rs > / {Jsz(@s(ﬂ))+f§(ﬂ—1)
S§>8m 2

(555 -1) 2tan o+ 72 1) | v =

where the argument of the Bessel function is

9 1/2
o —sp - pz] . (9.48)

o 0) = gt Lm

The latter reaches its maximal value

_ &
CVS max — S
V1t

at p = s/8,,. This value is in the integration range when s > 2s,,. If s, >>
1, which is possible for not so hard v-quantum, and at £ > 1 one can
approximate the Bessel function by the Airy one (see Eq. (1.69) for Compton
effect) and for the probability of the pair production we obtain

(9.49)

25/8m

T ol B (RTTSE [
2

S$>8m
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2 .12 2 43 dP
+&o (p — 1) Ai” (Z) <S> ma (9.50)
where
1 51 2/3 S \ 2
Z=1ieo (5) (1 + e (1 - ?p> ) . (9.51)

As far as the Airy function exponentially decreases with increasing of
the argument one can conclude that the optimal parameters for the pair
production process are determined from the condition Z,,;, ~ 1, where

P (5)2/3 L %) (5
min 2 82 - 258 k)
which gives

For & >> 1, 8y, = 2m2c2€3 /(R2k'k) we obtain

h2k'k
C:

ab 2l (9.52)

The latter means that in the rest frame of created electron the electric field
strength of the EM wave exceeds the critical vacuum field (9.1). Hence, ¢
is the quantum parameter of interaction in the scale of the critical vacuum
field.

For Zyim >> 1 or ¢ << 1 (so called tunneling regime of the pair pro-
duction process) one can use the following asymptotic formula for the Airy
function:

Ai(Z) ~ ﬁZ‘l/‘l exp (—

Hence, the probability of the electron—positron pair production

273/?
)

4

W o exp (—3<> (9.53)

is exponentially suppressed.

For the moderate relativistic intensities £y ~ 1 to show the dependence of
the probability on the wave intensity and quantum parameter of interaction
¢ the normalized probability

N /53
Wy (9.54)

e2m?2¢3
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Normalized Probability

Fig. 9.2. The normalized probability W = h*w'W/(e2m?c?) as a function of rela-
tivistic parameter of intensity &y for various (.

is displayed in Fig. 9.2 as a function of &, for various (.

9.3 Pair Production via Superstrong Laser Beam
Scattering on a Nucleus

Fig. 9.3. Feynman diagram for electron—
positron pair production via laser beam scat-
tering on a nucleus.

The electron—positron pair production via superstrong laser beam scatter-
ing on a nucleus can be described again by the first-order Feynman diagram
(Fig. 9.3) where wave functions (1.94) correspond to electron/positron lines.
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The Feynman diagram is topologically equivalent to that of the stimulated
bremsstrahlung (SB) effect. As in the previous section the S-matrix amplitude
of this process can be obtained from the S-matrix amplitude of SB (1.128)
by the substitutions: [T — —ITy, IT" — IT_:

—ime _ —~(s
Tor (p) M3 2 (I = —I1, T — T1_) g (—py).

Spi= 1,
TV e/ Tos Mo
(9.55)
Making the summation over the electron and positron polarizations one can
see that
2 2
SISslF = ISpile T = —IT 11— 11_). (9.56)

oo

The differential probability of e~, e pair production per unit time is written
as

AL dTT,
il =V —. 9.57

Hence, using Eq. (1.129) for the SB process and taking into account Eq. (9.56)
for the differential probability of pair production per unit time we obtain

dW = Y WG (ITyy + I — shw) dIT_dI1 (9.58)

§>8m

where

s _ 47T 2|<p(qs)2{ qic’ 2 e2h? [kq,]?

o+
Tortio- aiyh | 4 2 T 2ty

2} . (9.59)

e(P+Bis)w e’w

Bo,
(kpy)e " 22(kpy)

[|Bls| — ReByyB }

£,B, +

and

hqs=II_ 4+ II, — shk.

The threshold value of the photon number for this process is defined as fol-

lows:
2m*c?

fuw

(9.60)

Sm =

The arguments «, 3, ¢ of the functions By, Bis, Bes are defined according to
Egs. (9.38)—(9.40).
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In the case of circular polarization of an incident strong wave (g = 1) we
have
GS (O[, Oa QO) = (_1)5 JS (a)e’iS@'

Taking into account the azimuthal symmetry with respect to the wave prop-
agation direction one can make the following replacement:

Ao |TI_| Iy [TL |
02

0 (Mot + Ho— — shw) dII_dIL; — 27m

x sin @y sin 0_df_db dodry., (9.61)

where v = Iy, /(m*c?), 04,0_ are the scattering angles of positron and
electron with respect to the EM wave propagation direction and ¢ is the angle
between the planes formed by IT_, k and II,, k. Hence, for the differential
probability of e~, eT pair production per unit time we have

2m2agm*

= e o M-I [e(as)l’

S§>8m

2
hw » [kp, ]
222 _ 4| 7., - S0« ZBP+] 2
L (0* o) 2 ) |

bk (5 - 1) 2+ 2

4243 [ [kp,]]”
(kpy)? ?

Jf(as)} sin 6, sin@_df_dfdpdy, . (9.62)

In this equation the electron quasienergy and quasimomentum are defined
via Iy according to conservation law and

kpy] [kp_]
pik p-k

(9.63)

=

The Bessel function argument in Eq. (9.62)

SAO |
- |
hw

Qg =

can be represented in the form
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£0Sm B2 sin” 0 B2 sin? 6_

o 2/1+6E2 | (1—Brcosby)®  (1—pB_cosh_)’

1/2
B_ B4 sinf, sin6_ cos ¢

-2 .64
(1—Bycos)(1—pB_cosb_) ’ (9:64)
where
11
Br = 7(:]'7 i|; Iy = shw — Iy
0+

In this particular case we utilize Eq. (9.62) in order to obtain the electron—
positron pair production probability on the Coulomb potential for which the
Fourier transform is

dnZ,e

e (9.65)

¢ (qs)=

Then taking into account Eq. (9.65) for the differential probability of e~,e™
pair production by a strong plane monochromatic wave per unit time at the
scattering on the Coulomb field we will have

[TI_||TT |
W=« 02 2h Z gl

{ e = 2 (o (P ]>)] ()

4e243 (uklu [KIL,
2\ (FI) (RIL)

e? A3 [
(RIT) (K1)

}> T2 () + k(I + 10, )]

52 . .
X [(042 - 1) J2 () + Jf(as)} } sin 6 sin6_d¢df_df dvy.. . (9.66)

S

For a weak EM wave the main contribution in this process is the one-
photon process. Dividing the differential probability (9.66) by the initial flux

density
1 ¢
T ot
we obtain the H.A. Bethe, W. Heitler formula:
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5Ze lp-|lpy| 1
Y27 hiqt hw3

x{thch ([;fg . P;ﬁj) L (6— fke.] , & ko] )

2h2w2 2
I (- + py)J” p sin . sin 0 dodo_do, de. (9.67)

do =

* (kp-) (kp+

In general the expression for the differential probability of e~, et pair pro-
duction by strong radiation field (9.66) is very complicated (one should per-
form four-dimensional integration and summation over photon numbers) but
without integration one can make conclusions about optimal values of laser
parameters for the measurable pair production probability using the prop-
erties of the Bessel function. The Bessel function argument in Eq. (9.66)
as(Y4+,0+,0—,¢) as a function of 0, ,0_, ¢ reaches its maximal value at

cosfy =By, cosf_=p[_, cosp=—1,

and is equal to

2

as (7+) = 5(13—7:52 Vi -1+ \/ 2 7+ -1]. (9.68)

The latter is always small compared with the Bessel function index. Indeed,
as follows from the conservation law

2
1<y, <=1,

Sm

and in this range @; (74 ) reaches its maximal value

= €o 2 _ 2
Qsmax — s —s55, <S8 9.69
e (9.69)

at the 74 = s/s,,. Hence, for £, > 1 and s, >> 1 the main contribution to
the differential probability will give the number of photons s >> s,, and as
in the previous section one can approximate the Bessel function by the Airy
one (1.69). The Airy function argument for o >~ @gmax will be

1 52
Z(s) ~ 35732 s%/3 (1 + 5382) : (9.70)
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As the Airy function exponentially decreases with increasing of the argu-
ment one can conclude that the optimal parameters for the pair production
process are determined from the condition Z,;, ~ 1, Zjuin being the minimum
value of Z(s). The latter corresponds to the number of photons s = v/2£5,,
at which

Bo\2/3
Zmin:Z< 2 m):3 ¢ , 9.71

Vatosn) =3 (5= ) (0.71)
where E. is the vacuum critical field strength (9.1). Hence, at & > 1 the
probability reaches optimal values when { = E./Ey > 1 (at § << 1 quantum
effects are optimal when ¢ ~ &y, which corresponds to linear theory, that is,
the perturbation theory of QED). When ¢ << 1 according to Eq. (9.53) the
probability is exponentially suppressed:

W o exp(—2v/3/¢), (9.72)

as in the Schwinger mechanism for e™,e™ pair production in the uniform
electrostatic field, where W oc exp(—n /(). For the available superstrong op-
tical lasers ¢ ~ 10~4, which practically does not allow for measurable pair
creation probability. As was argued, one can achieve ¢ ~ 10~! at the focus of
expected X-ray FEL facilities, which will allow for measurable pair creation
probability by the Schwinger mechanism.

Note that in the considered process of pair production on a nucleus one
can achieve the condition ¢ > 1 (even ¢ >> 1) in the scheme of counterprop-
agating nucleus beam and X-ray FEL. Then, in the rest frame of the nucleus
we will have ¢ ~ 2(rvr, where vy, is the Lorenz factor of nucleus and ¢y, is
the field parameter in the laboratory frame. Since & is the Lorenz invariant,
then if & > 1 and v, > E./2Ej in the laboratory frame, the probability of
multiphoton e~, et pair production reaches its optimal value.

9.4 Nonlinear e—, et Pair Production in Plasma by
Strong EM Wave

As was shown in Chapter 6 for electron—positron pair production by a ~-
quantum or a plane monochromatic EM wave, a macroscopic medium with a
refractive index ng(wp) < 1 may serve as a third body for the satisfaction of
conservation laws. In such a plasmalike medium the multiphoton production
of e7, eT pairs by a strong laser radiation field is possible at ordinary densities
of plasma, in contrast to single-photon production v — e~ +e™, which is only
accessible in a superdense plasma with the electron density p > 3-10%*cm—2.

In laser fields with £y ~ 1 when the energy of the interaction of an electron
(of the Dirac vacuum) with the field over a wavelength becomes comparable

to the electron rest energy (eEg)\o ~ mc?) the multiphoton pair-production
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process goes in through nonlinear channels. At such intensities, in general,
the dispersion law of a plasma becomes nonlinear, too; i.e., the refractive
index depends on the wave intensity: ng = ng(wo,&3). As is known, because
of the intensity effect, the transparency range of a plasma widens and the
dispersion law ng(wo, €2) < 1, which is necessary for the production of e~ e
pairs, holds all the more. But the intensities required for the appearance of
a real nonlinearity in dispersion become essential when &, >> 1. Hence, in
considering fields {; ~ 1 the dispersion law of a plasma can be regarded as
linear (n(wo) = 1 — 4mwpe? /mwd).

Let a plane transverse linearly polarized EM wave with frequency wg and
vector potential

A (r,t) = Agcos (wot — kor);  |ko| = no%o (9.73)

propagate in a plasma. The multiphoton degree s for the e™, e pair produc-
tion in the light fields is defined by the condition (reaction threshold)

2mc?

V1-n2

To determine the multiphoton probabilities of this process it is convenient
to solve the problem in the center-of-mass frame of the produced pair (C
frame), in which the wave vector of the photons is k/ = 0 (the refractive
index of the plasma in this frame is n’ = 0). The velocity of the C' frame with
respect to the laboratory frame (L frame) is v = cng. The traveling EM wave
is transformed in the C' frame into a varying electric field (the magnetic field
H' = 0) with a vector potential

A
At = TO[exp(iw't') +exp(—iw't')], W' =wpy/1—nd. (9.75)

It is easily noted that with Eq. (9.75) taken into account the reaction
threshold condition (9.74) is obtained from the laws of the conservation of
energy £ + & = shw’ and momentum p’ + p’, = shk’ = 0 in the C
frame (7, p’_ and &, p/_ are the energy and momentum of the electron
and positron, respectively, in the C' frame).

To solve the problem of s-photon production of an e, e™ pair in the
given radiation field (9.73), we shall make use of the Dirac model (all vac-
uum negative-energy states are filled with electrons and the interaction of
the external field proceeds only with this vacuum: on the other hand, the
interaction with the plasma electrons reduces to a refraction of the wave
only).

The Dirac equation in the field (9.75) has the form
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in?l _ [ca (p' — eA’ (t') + Bmcﬂ v, (9.76)

where the Dirac matrices @, 3 will be chosen in the standard representation,
with ¢ the Pauli matrices. Since in the C frame the interaction Hamiltonian
does not depend on the space coordinates, the solution of Eq. (9.76) can be
represented in the form of a linear combination of free solutions of the Dirac
equation with amplitudes a;(t') depending only on time:

U () =Y ai () (1), (9.77)
i=1
Here
4 2 801’2 i ’o 140
50 1) =2 (Hore-e)
’ 2&’ cop’
T rmez P12
(0) E" + mc? Ej—i[:r?c"’ X3,4 i (s et
gy (1) =\ T er (P/HET), (9.78)
X3,4
where

1
e =varTma,  a=u=(3). w=u=(}). o

The solution of Eq. (9.76) in the form Eq. (9.77) corresponds to an
expansion of the wave function in a complete set of orthonormal func-
tions of the electrons (positrons) with specified momentum (with energies
& = £4/c?p’? + m2¢* and spin projections S, = +£1/2). The latter are nor-
malized to one particle per unit volume. According to the assumed model
only the Dirac vacuum is present prior to the turning on of the field, i.e.,

jag(=00)[* = laa(=00)|* =1, Jar(—00)[* = |ag(~o0)|” (9-80)
(the field is turned on adiabatically at ¢ = —o0). From the condition of
conservation of the norm we have

4

S lat)f =2, (9.81)

i=1

which expresses the equality of the number of created electrons and positrons,
whose creation probability is, respectively, |a; 2(')|* and 1 — |as 4 (t')].
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Substituting Eq. (9.77) into Eq. (9.76), multiplying by the Hermitian
conjugate functions Wi(O)T (r',t'), and taking into account orthogonality of
the eigenfunctions (9.78) and (9.79), we obtain a set of differential equations
for the unknown functions a;(t'). Since in the C frame there is symmetry
with respect to the direction Ay (the OY axis), we can take, without loss
of generality, the vector p’ to lie in the z’y’ plane (p,, = 0). Further, having
introduced, to simplify the notation, the new symbols

a1 (t/) = bl (tl)7

2,127 "1/2 2.0 o
/ C"P.D.
S T

C2p/2
. Y
i (1 - W)] ’ (9-82)

we obtain for the amplitudes by (¢') and bs(¢") (|b4(t)| = |aa(t')|) the following
set of equations:

dby(t') Z,ecp;A;(t')

e @)
+i eA%i(t/) \/@ ba(t') exp <2i§t/> ,
db;t(/t') - ecpﬁ%(t')bw)
+16A3;L(t/) 1— CZ,’,’ 2/-”2 by () exp < 2i‘2/tl> . (9.83)

A similar set of equations is also obtained for the amplitudes by (¢') and bs(t').
To solve the system (9.83), we make the transformations

'
/

. ECp
bu(t) = ea(t)exp (1522 [ Aynyan

— 00

, , ecpl,
bult) = eult)exp | <520 [ Aymdn (9.84)
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where ¢;1(¢') and c4(t') satisfy the initial conditions, according to Egs. (9.80)
and (9.82), |c1(—o0)| =0 and |cg4(—00)| = 0.

For the new amplitudes ¢;(t') and ¢4 (') from Egs. (9.83), we obtain the
set of equations

dey (t')

) pye),
deg (¥
) - ) (9.85)
where
! + € ! ! CQPQJQ 22 14/ QZecng !
f(t):zﬁAy(t) 1-— o exp Eft ~ e /Ay(n)dn . (9.86)

We can obtain the solution of Eqs. (9.83), which satisfies the initial con-

ditions of the problem (9.80), with the help of successive approximations,
if

t/
/ F(rydr| << 1. (9.87)
Then, for the transition amplitude ¢;(¢'), we have

c(t') = Boja(t), (9.88)
=0

where

t

(1) / f(r)dm ]If*(m)dm ff*(73)d73-~-

— 00

Baja(t)

T25—1 T

X / f*(T2j)d7'2j/f*(72j+1)d72j+1. (9.89)

We are interested in nonlinear pair production process in the strong wave
field. For that let us calculate the first term of the sum (9.88):
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¢

Bu(t) = [ frin,

— 00

substituting the concrete form of the wave vector potential A;(n) from Eq.
(9.75) into Eq. (9.86) and carrying out the integration. Then for By (') we
obtain

g/ Czp/z 12 = lhw' i(28 _1hw' )t
Bt = 5 <l_ & ) > e Al@)et G (9.90)
Yy

where J,(z) is the Bessel function,

2 !
mc” Cp.
¥ §o =

! !
Py 22
g hw'’ mew'’

a = 250 Eé = %AQ

As & is a relativistic invariant parameter, in Eqgs. (9.90) & = eFy/mcwy,
where wy and Ej are the frequency and amplitude of the electric field of the
wave in the L frame.

For the considered fields, when &, < 1, condition (9.87) always satisfies:
|B1(t')| << 1, but the latter is not enough, yet, in order to be confined to
that term in determination of the amplitude ¢; (¢). Because the resonant term
l=s=2&"/ (') (s >> 1) gives a real contribution in the multiphoton pair
production process and in Eq. (9.90), the maximal value of the Bessel function
can be shifted from the resonant value. Since s >> 1, that shift will be as
small and negligible as possible when the argument of the Bessel function is
a ~ s >> 1. Thus, the condition, when the pair production process will have
an essential nonlinear character, is

me? cp,
e O L (9.91)

o =2

If condition (9.91) is satisfied, we can be restricted to the first term of the
sum (9.88) for the amplitude ¢ (¢'):

c1(t') = By(t). (9.92)
The obtained approximate solution of the Dirac equation is thus applicable

with such intensities of EM wave, when conditions (9.87) and (9.91) are
satisfied simultaneously:

1
S<<h L (9.93)
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According to Egs. (9.82) and (9.84), for the transition amplitude of the
electron from the Dirac vacuum to the state with positive energy (in a definite
spinor state) in the wave field we have

lax()* = by (t)* = |ex(t)]

To obtain the probability amplitude for the production of electrons and
positrons after the wave has been turned off we introduce a small detuning of
the resonance in Eq. (9.90), corresponding to an s-photon transition: 28’ =
shw' + I (I' << W').

The production probability of the e™,e™ pair, summed over the spin
states, is determined by the quantity

2 2 2 2
a1 ()" + |a2 ()" = 2]as ()" = 2|C1(¢)]".
The differential probability of the s-photon process per unit time and

phase-space volume dp’/(27h)? (the normalization volume V = 1) in the
center-of-mass frame of the produced particles is given by

C (41 |2 ’
o _AWEW) o lal)? dp
t t'—oo t'  (27h)3

(9.94)

Substituting Eq. (9.90) into Eq. (9.94) and making use of the definition of
the d-function in the form

2 /
. sin” I't - B , ,
we obtain
2,2 12 2,./2 / ’
o SWE(E? ) , (2eAocp), shw
dwy = 16m2h?c2p;? Is hw'E’ o\E - 2 ap’. (9.95)

Integrating Eq. (9.95) over dp’, we obtain the total probability of the
s-photon e, et pair production in a plasma by the strong EM wave:

5 .5 2 2J2
C _ hs’w {|: 20[5 1:| JE (as) + Qg 1 (QS)

Ws = 2metp | |42 -1 25(2s — 1)

a?Jf_H (as) 4c2p’? a?s

_ S

25(25+1)  s2h%w"? 225(25 + 1) (s1)*
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1 1 3
X o Fy <s+2,s+2,s+1,2s+1,s+2;—a§>}, (9.96)

where o F3 (s + %, s+ %, s+1,2s+1,s+ %; faﬁ) is the generalized hyperge-
ometric function and

_ 2mc* (1 4m?2ct )1/2

o _
s how'! S2hH2"2

As is seen from Eq. (9.95), the pair production probability decreases
highly in the directions perpendicular to the field (p; = 0), and the obtained
approximate nonlinear solution describes the process behavior well at the
angles not too close to 7/2. Thus, Eq. (9.96), which is a result of integration
over all angles, does not contain a large error.

The quantity Wy is a relativistic invariant, and so Eq. (9.96) defines the
pair production probability in the L frame as well. As for the angular dis-
tribution of the probability of s-photon pair production in the L frame, it
can be obtained from the expression dWC (¢') for the differential probability
in the C frame by a Lorentz transformation. Here the quantity multiplying
dp’ is the expression of dWCS (') (see Eq. (9.94)) transforms like the time
component of the current density four-vector of the electrons in the Dirac
vacuum (£’ < 0). One must here take into account that the momentum
of real electrons coincides with the momentum of the vacuum electron p’,
while the momentum of a positron equals —p’ and the vacuum phase-space
volume element dp’/(27h)? (in unit volume) goes over correspondingly into
the volume element in momentum space of electrons and positrons. Further,
transforming the quantities in Eq. (9.95) from the C frame to the L frame,
we obtain for the differential probability of s-photon pair production per unit
time in the L frame:

dw;

L dWE(E) _ s%wd (1= nd) (€ —noeps) [ (€ —noeps)” 5 4
s t 16m2h?c2p2€

2eApc shw (1 . nz)
2 (_ 240Dy _ ~ shwo (1 —ng) ,
s (hwo (€ - TloCm)) 0 (5 0Pz 9 dp’, (9.97)

where £ and p are the energy and momentum of the produced electron or
positron. Integrating Eq. (9.97) over the electron (positron) energy, we obtain
the angular distribution of the probability of the s-photon production of
electrons (positrons) per solid angle element, do = sin ¥ddy (the azimuthal
asymmetry of the probability in the L frame is due to the linear polarization
of the wave: in the case of circular polarization the probability distribution
has azimuthal symmetry):
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2 83w§ (1 — n3)2

dwl =
Ws Z 3272he3 (ep, — no€y cos¥) sin cos? ¢

v=1

232, 2 2
s“hfwg (1 —n,
[0 ( O) —c*p? sin? ¥ cos? (p‘|

8 4
Ame3&yp, sin ¥ cos <p]
x J? [ Y didep, (9.98
sh?wg (1 —nd) )
where
1
= hwo (1 —ng) cosd
P12 2¢ (1 — n? cos? ) {sno o (1= ng) cos
1/2
+ [52h2w3 (1 — ng)Q —4m2ct (1 — ng cos? 19)} },
fro= L1 - n2)
“ 2(1—ndcos?d) 0 0
252, 2 2\2 2 4 2 2 1/2
+ng cos {s RPwi (1 —nd)” —4m*c* (1 — ng cos 19)} . (9.99)

The angle ¢ varies from 0 to 27, while ¢ varies from 0 to ¥ax, which is
determined from the energy and momentum conservation laws (9.99). Fur-
ther, depending on the value of the plasma refractive index ng, the electron
(positron) production at the given angle is possible for a particular momen-
tum or for one of two momenta with different magnitude. For values

2mc2
sﬁwo

noy < 1

(in this case the threshold condition (9.74) for the process is certainly sat-
isfied), we should take in Egs. (9.99) only the upper sign, corresponding to
the fact that in the probability (9.98) only ¥ = 1 (p1) remains and Jpax = T;
i.e., particles are produced in all directions for the given angle ¥ with definite
momentum. In the opposite case we must also take into account the reaction
threshold condition in the region of values of the index of refraction,

1 2mc? <1 4m?2ct
_ n _ e
shwo 0 s2h2w3’
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and an electron (positron) is produced in a given direction with one of two
different values of momentum p; and ps in a cone, opened forward, whose
opening angle is

Umax = arcsin { [(1- ng) (82h2w§ (1- ng) — 4m204)]1/2 /2mc2no} .

The problem of e, et pair production by the photon field is solved in
the C frame and the probability expressions (9.94)—(9.96) in that frame are
adduced with express purpose. This is of independent physical interest, since
Eqgs. (9.94)—(9.96) describe the process of pair production in vacuum by a
uniform periodic electric field (electric undulator)

E(t) = Eq coswot, (9.100)

with the reaction threshold (see Eq. (9.74) when n’ = 0)
shiwg > 2mc?. (9.101)
By integrating over the electron (positron) energy, we obtain the angular
distribution of the nonlinear production of electrons (positrons) in the pe-
riodic electric field (in contrast to the pair production by the photon field

(9.98), here there is azimuthal symmetry):

s3wd  4m2ct cos? 9 + h2s%wg sin® ¥

"~ 327he3 (h252w(2) — 4m204)1/2 cos2

dwg

2.2, 2 2 4\1/2
«J? 2ceEy (B?s?wd — 4m?c*) ™'~ cos ¥ sin9do. (9.102)
sh2wd
where 9 is the angle between the directions of the momentum of produced
electrons (positrons) and the electric field.

Finally, we consider the case of weak fields, eA/ (hwg) << 1 (& << 1/s),
when perturbation theory is applicable. In this case, as was noted above,
we cannot be confined to the first term of the sum (9.88), since every term
Boi4+1(t) of the sum at o << 1 (see Eq. (9.90) for the expression of ) includes
a resonant multiplier ~ &5 (at 21 +1 < s) in the lowest order of perturbation
theory. Then from Eq. (9.88) we obtain the formula of perturbation theory
for the pair production probability in the C' frame, which has a more compact
analytical form (here we could get free of the sum of unwieldy products):

dp’
(2wh)®’

dw® = 2rh®?5 (28" — shuw') (9.103)
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where

s [(s=1)/2] s—2K
()t o o

K=1 S;=1

s—l—(Sl—‘r..A—i-Sj,l)—QK-‘rj 5717(51+...+SQK_1)

> > (9.104)

S;=1 Sox=1

(_1)52+S4+--.+52K
{ (8 - Sl) (Sl =+ 52) [S - (Sl + Sy + ...+ SQKfl)] (S1 + So+ ...+ SQK)

52K
S 1)1 (2 — ). (Sa — D1 [s — 1 — (S1 + Sz + o+ Sorc ]! }] '

Here s > 3, and parameters

1/2
5/ 02/2 mCB/ 1
5= (1 A amstgyt <<
S

2cp;, &£ £

9.5 Pair Production by Superstrong EM Waves in
Vacuum

As we saw in the previous section the conservation laws for the pair pro-
duction in the field of a plane monochromatic wave can be satisfied in a
plasmalike medium where EM waves propagate with a phase velocity larger
than the speed of light in vacuum. In this case

2
‘;’—2 — K% >0, (9.105)

which means that we have a “photon with nonzero rest mass” providing the
creation of the particles with the rest masses. The satisfaction of conservation
laws for the e~, et pair production process in the EM field is equivalent to
the satisfaction of the condition

E’>-H? >0, (9.106)
where E, H are the electric and magnetic strengths of the field. The latter is

obvious in the frame of reference where there is only an electric field that pro-
vides the pair creation (in the opposite case we would have only a magnetic
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field that cannot produce a pair). The condition (9.106) can be satisfied in
the stationary maxima of a standing wave being formed by two counterprop-
agating waves (opposite laser beams) of the same frequencies. It can also be
satisfied in the field of a plane monochromatic wave in a wiggler. Thus, these
processes of multiphoton pair production via nonlinear channels in vacuum
by superstrong laser fields are of special interest.

Let plane transverse linearly polarized EM waves with frequency w and
amplitude of vector potential Ag

Ay = Agcos(wt —kr), Ay = Agcos(wt+ kr), (9.107)

propagate in opposite directions in vacuum. To solve the problem of s-photon
production of an e, e pair in the given radiation fields (9.107) we shall make
use of the Dirac model for electron—positron vacuum. The Dirac equation in
the field (9.107) has the form

zh%—f = {ca(ﬁ - ng cos(wt — kr)—ng cos(wt + kr)) + Bmcz] . (9.108)
c c

Then we have stationary maxima of a standing wave and Eq. (9.108) may be
rewritten in the form

ov N ~
ith— = [ca(p - QZAO coskr coswt) + ﬁmcﬂ v. (9.109)

According to the Dirac model the electron—positron pair production by
the EM wave field occurs when the vacuum electrons with initial negative
energies & < 0 due to s-photon absorption pass to the final states with
positive energies £ = &y + shw > 0. Since we study the case of superstrong
laser fields in which the pairs are essentially produced at the length I << A (A
is the wavelength of laser radiation) and on the other hand the Hamiltonian
of the interaction H;n; ~ p(A;+ Az), then the significant contribution in the
process of e, et pair creation will be conditioned by the areas of stationary
maxima in the direction along the electric field strength of the standing wave.
Consequently, we can neglect the inhomogeneity of the field in the considered
problem, i.e., Eq. (9.109) will reduce to the following equation:

ov i 2
iha = |ca(p — ZSAO coswt) + Bmc? | ¥. (9.110)

In this approximation the magnetic fields of the counterpropagating waves
cancel each other. In the case of ¢~, eT pair production in a plasma we had
a similar equation in the center-of-mass frame of created particles (9.76).

Thus, we will follow the approach developed in the previous section. Since
the interaction Hamiltonian does not depend on the space coordinates, the
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solution of Eq. (9.110) can be represented in the form of a linear combination
of free solutions of the Dirac equation with amplitudes a;(t) depending only
on time (9.77). The application of the unitarian transformations (9.82) and
(9.84) yields the set of equations

d01 (t) -
L = e ), (9.111)
dc;t(t) = —f*(D)es(t). (9.112)

Here the function f(¢) (see Eq. (9.86)) is expanded into series

fy=i > foexp [;(25 - s’hw)t] , (9.113)
where
2,2 % 2
fsr = 2; (1 - Cgl;;;) swlg (45077?%) , (9.114)
Y

and Js is the ordinary Bessel function. The new amplitudes ¢1(¢) and c4(t)
satisfy the initial conditions

|e1(=00) = 0, [ea(—00)[ = 1.

Because of space homogeneity the generalized momentum of a particle is
conserved so that the real transitions in the field occur from a —& negative
energy level to positive +& energy level (in the assumed approximation) and,
consequently, the multiphoton probabilities of e™,e™ pair production will
have maximal values for the resonant transitions 2€ ~ shw. The latter just is
the conservation law of the pair production process at which both electrons
and positrons will be created back-to-back according to zero total momentum:
Pe- + Pe+ = 0, since the considered field is only time dependent. Thus, we
can utilize the resonant approximation, as in a two-level atomic system in
the monochromatic wave field.

The probabilities of multiphoton e, et pair production will have maximal
values for the resonant transitions

2E — shw ~ 0. (9.115)
In this case the function f(t) can be represented in the following form:

f(t) = Fy + &(t), (9.116)
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where

F, = if.e'%? (9.117)
is the slowly varying function on the scale of the wave period and

@(t) — ieiéSt Z fslei(s_S/)Wt (9118)

s'#s,8'=—00

is the rapidly oscillating function. Here we have introduced resonance detun-
ing

hoy = 2€ — shw. (9.119)

As a consequence of this separation the probability amplitudes can be repre-
sented in the form

ar(t) = i (1) + pi(t), (9.120)

ca(t) = ¢ (t) + Pa(t), (9.121)

where cgs)(t) and cfls)(t) are the slowly varying amplitudes corresponding to
¢1(t) and ¢4 (t). The functions £;(t) and B4(t) are rapidly oscillating functions.
Substituting Egs. (9.120), (9.121) into Egs. (9.111), (9.112) and separating
slow and rapid oscillations, taking into account Eq.(9.116), we will obtain the

following set of equations for the slowly varying amplitudes Cgi); (t):

dcgs)

o = Fudl? + 8 () Bl0), (9.122)
dC(s) s -
S R OO (9.123)

and for the rapidly oscillating functions (3 4:

dp s

dTl =& (t) Y, (9.124)
ag . s
d—t“ =—¢* (t) Y. (9.125)

In Egs. (9.122) and (9.123) the bar denotes averaging over time much
larger than wave period. In the set of Eqgs. (9.124) and (9.125) we have ne-
glected the terms ~ Fy (31 4(t) due to the rapid oscillations
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db: |

9.126
I (9.126)

EBy(1)] << \

Solving the set of Egs. (9.124) and (9.125), taking into account that cgi)l are

slowly varying functions, we obtain

Then substituting £1.4(t) into Egs. (9.122) and (9.123), we will have the

following equations for the functions cﬁ:

dec'® s (5 s

— = Focl? — 2fc§ ), (9.127)
e} () , .0f ()

W = —Fscl + 2564 5 (9128)

where

0o 2
;= —2id(t /qﬁ* > |f3’|,. (9.129)

0 s'#£s,8'=—00

The set of Egs. (9.127) and (9.128) can be solved in the general case of
arbitrary wave envelope Ag(t) only numerically. But it admits an exact so-
lution for a monochromatic wave describing “Rabi oscillations” of the Dirac

vacuum. In this case the set of Egs. (9.127) and (9.128) for the phase trans-

formed amplitudes 4o exp (—1dst/2) and & exp (id5t/2) is a set of ordinary
1 4

linear differential equations with fixed coefficients. The general solution of
the latter is given by a superposition of two linearly independent solutions
which with the initial condition is

() = il}%'ei%t sin (£2,t) , (9.130)
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s S A
cfl ) — =%t | cos (02:t) + ;_Q sin (£25¢) | , (9.131)
where
Ay =07+ 6, (9.132)

is the resulting detuning and

A2
2= \ILF+ (9.133)

is the “Rabi frequency” of the Dirac vacuum at the interaction with a peri-
odic EM field. As is seen from Eq. (9.130) with this frequency the probability
amplitude of €™, e™ pair production oscillates in the standing wave field dur-
ing the whole interaction time similar to Rabi oscillations in two-level atomic
systems. In this case the “Rabi frequency” has a nonlinear dependence on the
amplitudes of the opposite EM wave fields. Considerable number of electron—
positron pairs can be produced by a proper choice of intensity and duration
of laser pulses.

The set of Egs. (9.127) and (9.128) has been derived using the assumption
that the amplitudes cgi)l(t) are slowly varying functions on the scale of the
EM wave period, i.e.,

7 << ’c@l(t)‘ w. (9.134)

These conditions with Eq.(9.126) define the condition of applicability of the
applied resonant approximation which is equivalent to the condition

2 << w. (9.135)

The probability of the s-photon e™, et pair production with the certain
energy &£, summed over the spin states, is

2 2|f,]?
WS=2‘C§S>@)‘ - g;' sin?(2,t). (9.136)

Hence, from Eq. (9.114) we have

W, =

s?w? (p?sin® ¥ + m2c?) 2 (450 me3p 60819) sin?(£2,t) (9.137)

2p? cos? 9 hwé oz 7

where ¥ is the angle between the directions of the momentum of produced
electrons (positrons) and the amplitude of the total field electric strength.
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Let us consider the case of short interaction time when
st << 1. (9.138)

In this case we can determine a probability of multiphoton pair production
per unit time according to the following definition of the Dirac d-function:

sin®(02,t)
02

S

— 27ht(2E — shw).

The differential probability of an s-photon e~, et pair production process per
unit time and unit space volume, summed over the spin states, is given by
the following formula:

_ s2w(p?sin® 9 4+ m2c?)

dws 16h272p2 cos? ¥
3pcos e
xJ? (450%) 5 (5 - 82> dp. (9.139)

By integrating over the electron (positron) energy we obtain the angular
distribution of the s-photon differential probability density of created elec-
trons (positrons):

dwg s3wd dm2et + h?s2w? tan? ¥

do ~ 64m2he3 (h2s2w2 — 4m204)1/2

9.140
S sh2w3 ( )

5 <4ceE0 (h282w2 - 4m204)1/2 cosﬁ)
X J. )
where do = sin 9dddyp is the differential solid angle.

Analogously one can describe the multiphoton pair production process
in a wiggler by a superstrong laser pulse of relativistic intensities. Thus, as
we saw in Section 5.4 at the induced interaction of a charged particle with
a plane EM wave in an undulator, or with the counterpropagating waves
of different frequencies (Section 5.3) the two interference waves are formed
which propagate with the phase velocities vy, > ¢ and vy, < c. According
to the conditions (9.105) and (9.106) the wave propagating with the phase
velocity vy, > ¢ will be responsible for the pair production process. By the
appropriate transformations the processes of e~, et pair production in these
EM field configurations can be reduced to the considered pair production
process (as in the case of plasma) in this section. Namely, one should solve
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the problem in the center-of-mass frame of the produced pair moving with
respect to the laboratory frame with the velocity v = ¢2/vpp,.

Bibliography

J. Schwinger, Phys. Rev. 82, 664 (1951)

V.P. Yakovlev, Zh. Eksp. Teor. Fiz. 49, 318 (1965)

T. Erber, Rev. Mod. Phys. 38, 626 (1966)

F.V. Bunkin, I.I. Tugov, Dokl. Akad. Nauk SSSR 187, 541 (1969) [in Russian]
A I Nikishov, Zh. Eksp. Teor. Fiz. 57, 1210 (1969)

N.B. Narojni, A.I. Nikishov, Yadernaya Fizika 11, 1072 (1970) [in Russian]
A.1. Nikishov, Nucl. Phys. B 21, 346 (1970)

V.S. Popov, Pis’'ma Zh. Eksp. Teor. Fiz. 11, 254 (1970)

E. Brezin, C. Ttzykson, Phys. Rev. D 2, 1191 (1970)

A1 Nikishov, V.I. Ritus, Usp. Fiz. Nauk 100, 724 (1970) [in Russian]

F.V. Bunkin, A.E. Kazakov, Dokl. Akad. Nauk SSSR 193, 1274 (1970) [in
Russian]

Ya.B. Zeldovich, V.S. Popov, Usp. Fiz. Nauk 105, 403 (1971) [in Russian]
V.S. Popov, Pis'ma Zh. Eksp. Teor. Fiz. 13, 261 (1971)

V.S. Popov, Zh. Eksp. Teor. Fiz. 61, 1334 (1971)

A1 Nikishov, Problemi Teoreticheskoi. Fiziki, Moscow (1972) [in Russian]
V.S. Popov, Zh. Eksp. Teor. Fiz. 62, 1248 (1972)

V.S. Popov, Zh. Eksp. Teor. Fiz. 63, 1586 (1972)

V.I Ritus, Nucl. Phys. B 44, 236 (1972)

N.B. Narojni, A.I Nikishov, Zh. Eksp. Teor. Fiz. 63, 1135 (1972)

A.A. Grib, V.M. Mostepanenko, V.M. Frolov, Teor. Math. Fiz. 13, 377 (1972)
[in Russian]

A.M. Perelomov, Phys. Lett. A 39, 353 (1972)

H.L. Berkowitz, R. Rosen, Phys. Rev. D 5, 1308 (1972)

N.B. Narojni, A.I. Nikishov, Zh. Eksp. Teor. Fiz. 63, 862 (1973)

V.S. Popov, Yadernaya Fizika 19, 1140 (1974) [in Russian]

AL Nikishov, V.I. Ritus, Tr. Fiz. Inst. Akad. Nauk SSSR 111, 5 (1979)
V.N. Radionov, Zh. Eksp. Teor. Fiz. 78, 105 (1980)

H.K. Avetissian, A.K. Avetissian, Kh.V. Sedrakian, Zh. Eksp. Teor. Fiz. 99,
50 (1991)

H. K. Avetissian et al., Phys. Rev. D 54, 5509 (1996)

D. Burke et al., Phys. Rev. Lett. 79, 1626 (1997)

Y. Kluger, E. Mottola, Phys. Rev. D 58, 125015 (1998)

J.C.R. Bloch et al., Phys. Rev. D 60, 116011 (1999)

A. Ringwald, Phys. Lett. B 510, 107 (2001)

V.S. Popov, JETP Lett. 74, 133 (2001)

H.M. Fried et al., Phys. Rev. D 63, 125001 (2001)

R. Alkofer et al., Phys. Rev. Lett. 87, 193902 (2001)

H. K. Avetissian et al., Phys. Rev. E 66, 016502 (2002)



Bibliography 327

C.D. Roberts et al., Phys. Rev. Lett. 89, 153901 (2002)

A. Di Piazza, G. Calucci, Phys. Rev. D 65, 125019 (2002)

H.K. Avetissian et al., Nucl. Instrum. Methods. A 507, 582 (2003)
A. Di Piazza, Phys. Rev. D 70, 053013 (2004)

P. Krekora, Q. Su, R. Grobe, Phys. Rev. Lett. 92, 040406 (2004)
P. Krekora, Q. Su, R. Grobe, Phys. Rev. Lett. 93, 043004 (2004)





