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Preface

With the appearance of lasers have come real possibilities of revealing numer-
ous nonlinear phenomena of diverse nature resulting from the interaction of
strong electromagnetic field either with matter or with free charged particles.
First attempts of investigators, especially experimentalists, were directed to-
ward studying the processes of interaction of laser radiation with matter,
which led to the rapid formation of a new field — Nonlinear Optics. The
numerous published monographs on this subject are evidence of that. The
situation regarding the processes of interaction of laser radiation with free
charged particles (free—free transitions) is different. Whereas the experimen-
tal results on atomic systems frequently had preceded the theoretical ones,
the experimental investigations on free electrons began gathering power only
recently. It is enough to mention that the first experiments on the observation
of multiphoton exchange between free electrons and laser radiation started
in 1975 (the Cherenkov and bremsstrahlung processes) whereas, due to the
progress of Nonlinear Optics, the precision laser spectroscopy of superhigh
resolution on atomic systems had already been established. This situation
is explained by two objective factors. Whereas the experiments on atoms
require only laser devices in common laboratories, the experiments on free
electron beams require accelerators of charged particles and laser laborato-
ries, i.e., this field is a synthesis of Accelerator and Laser Physics. The second
major factor is the smallness of the photon—electron interaction cross section
in comparison with the photon—atom one; revealing nonlinear phenomena on
free electrons thus requires laser fields of relativistic intensities (e.g., even the
observation of the second harmonic in nonlinear Compton scattering). Such
superpower femtosecond laser sources have appeared only recently. Hence,
the time for experimental development of this branch of Nonlinear Electro-
dynamics — interaction of charged particles with laser fields of relativistic
intensities — has come. In presenting the current state-of-the-art in this field
and gathering up-to-date theoretical material in this book we have pursued
the goal of stimulating the laser driven experiments on relativistic electron
beams and comprehensive theoretical investigations of nonlinear electromag-
netic processes in currently available coherent radiation fields of relativistic
intensities.



VI Preface

Increasing interest in free—free transitions is connected with the realiza-
tion of the two most important problems of modern physics, namely, the
creation of shortwave coherent radiation sources — X-ray and y-ray lasers
— and high energy laser accelerators of charged particles. It is noteworthy
that a great deal of the works on free—free transitions is related to the Free
Electron Laser (FEL) problem, i.e., to the discussion of concrete schemes of
relativistic electron beam radiation amplification in coherent systems, such
as the undulator, and to the search for their optimization. A small number
of monographs and large number of reviews are devoted to this problem in
the linear regime of amplification. However, particularly for the implemen-
tation of X-ray lasers, the most promising candidate of which at the present
time are FEL devices, the need for nonlinear mechanisms of generation of
coherent radiation due to induced interaction of electron beam with strong
laser fields may be crucial, compared with the current undulator-based FELs
in the linear regime of amplification. On the other hand, the present FELs
operate in the classical regime where the electron wave packet size over the
interaction length is less than a wavelength of radiation. This means that
the photon frequency shift due to the electron quantum recoil must be less
than the gain bandwidth. This condition is satisfied for current FELs typ-
ically operating at optical or smaller frequencies. For the X-ray photons in
expected X-ray FELs, the downshift in frequency as well as other quantum
effects become important. Thus, because of the absence of mirrors (resonator)
or other drivers operable at these wavelengths, FEL systems currently un-
der consideration for X-ray sources, operate in the so-called Self-Amplified
Spontaneous Emission (SASE) regime in which the initial shot noise on an
electron beam is amplified over the course of propagation through a long
wiggler. In turn, large pulse-to-pulse variations arise in both output power
and radiation spectrum, and quantum effects on the start-up from noise will
be important. Finally, the absence of resonators at X-ray wavelengths re-
quires a single-pass high-gain FEL, which in the linear regime will have an
extremely large size. Hence, to reach the required gain on distances much
smaller than the coherent length in the linear regime of amplification, which
would reduce greatly the present size of projected X-ray lasers (several kilo-
meters), nonlinear quantum mechanisms of generation due to laser induced
coherent interaction becomes of prime importance. On the other hand, the
inverse problem of laser induced nonlinear FEL schemes is the problem of
creation of novel accelerators of charged particles of superhigh energies —
laser accelerators. Therefore, the nonlinear interaction of charged particles
with strong laser fields will be considered in general aspects from the point of
view of both nonlinear quantum FEL schemes and classical laser accelerator
problems. At the same time, we will not overload the material of this book,
the subject of which is nonlinear electromagnetic processes, with the consid-
eration of linear schemes of FELs taking also into account the existence of
well-known monographs by T. Marshall (1987), C. Brau (1990), H. Freund
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and T. Antonsen (1996), and E. Saldin, E. Schneidmiller, and M. Yurkov
(1999) devoted especially to this problem.

Besides the mentioned problems there is a third important problem con-
cerning the quantum electrodynamic vacuum in superstrong laser fields. With
the appearance of superpower lasers of relativistic intensities in recent years,
for which the energy of an electron acquired at a wavelength of laser radiation
exceeds the electron rest energy, multiphoton excitation of the Dirac vacuum
via nonlinear channels becomes real and, consequently, electron—positron pair
production becomes available. It is a strongly nonlinear process in superin-
tense laser fields, which occurs inevitably in all processes where the conser-
vation laws for the pair production are permitted. Thus, while considering
such nonlinear processes we will give special consideration to the multiphoton
electron—positron pair production from superintense laser fields.

Among the considered processes and, in general, stimulated processes with
the charged particles the coherent processes like Cherenkov, Compton, and
undulator essentially differ due to a peculiarity, which fundamentally changes
the common picture of electromagnetic processes in dielectric media, and in
vacuum — the presence of a second wave or an undulator. Because of the
coherent character of the corresponding spontaneous radiation process (the
existence of coherence condition for radiation) in the presence of an external
electromagnetic wave a critical value of the wave field exists above which
a plane wave becomes a potential barrier or well for a particle and specific
threshold nonlinear phenomena arise. The latter open new possibilities for
laser acceleration and FEL, since in these regimes the induced process pro-
ceeds only in one direction: the inverse concurrent process of radiation in
acceleration regime, and absorption process for the FEL regime are absent.
Therefore, we expect that this book will help to direct the attention of ex-
perimentalists to nonlinear phenomena of “reflection” and capture of charged
particles by a plane electromagnetic wave in Cherenkov, Compton, and un-
dulator processes, which have been left in the shadows for more than three
decades. This especially relates to the experiments on the induced Cherenkov
process made at SLAC by R. Pantell and collaborators since 1975 where the
laser intensities were left below the critical value for the induced nonlin-
ear Cherenkov process. It was necessary to increase the laser intensity a bit
to reveal the existence of critical intensity and electron acceleration due to
the “reflection” phenomenon, proving thereby the peculiarity of the induced
Cherenkov process with its nonlinear threshold nature.

It is worth emphasizing another threshold phenomenon of nonlinear cy-
clotron resonance in an arbitrary medium (dielectric or plasma). That is
so-called electron hysteresis, which can serve as an actual mechanism for
laser acceleration of charged particle beams in plasma media where the use
of superpower laser fields is not restricted and significant acceleration may
be reached.
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As is known, the spontaneous radiation of relativistic electrons and
positrons channeled in a crystal is of great interest due to two major factors:
the radiation is in the X-ray and 7-ray domains, and its spectral intensity
noticeably exceeds that of other radiation sources in the short-wave range.
Thus, induced channeling radiation in the presence of an external wave field
becomes important as a potential source for short-wave coherent radiation.
On the other hand, due to the induced channeling effect the inverse process
— absorption of the wave photons by the particles — will also take place
reducing the particles’ acceleration and other coherent classical and quan-
tum effects. As a periodic system with high coherency and having the same
character of a particle motion, the crystal channel may be compared with an
undulator — it is a “micro-undulator” with the space period much smaller
than the undulator one. We thus give consideration to the induced channeling
process in general aspects of coherent interaction of relativistic electrons and
positrons with a plane electromagnetic wave in a crystal.

Concerning the consideration of induced noncoherent processes, please
note that in the present book we included only induced processes related
to plasma media where they provide actual energy conversion between the
particles and transverse electromagnetic wave and, due to the nonlinear in-
teraction, one can reach the effective outgrowth from the point of view of the
above-mentioned problems. In particular, Stimulated Bremsstrahlung (SB)
is of interest in plasma in the presence of an electromagnetic radiation field,
since bremsstrahlung is one of the major electrodynamic processes in plasma,
and is the actual mechanism for plasma heating (a scattering center performs
the role of a third body for actual absorption/radiation of the wave photons
by a charged particle). Besides, the role of SB is significant in the process of
particle acceleration with plasma/laser fields, as well as in the process of high
harmonics generation in atomic/ionic systems through the continuum states
in strong laser fields as an alternative means for implementation of coherent
X-ray sources, which has witnessed significant experimental advancement in
recent years. However, the consideration of these processes is beyond the
scope of this book. We will consider here the relativistic SB in strong and
superstrong radiation fields in regard to general aspects with nonlinear effects
(nonrelativistic SB in various approximations has been considered in many
monographs). We will also consider the coherent SB in crystals, which is of
relativistic nature in itself, having in mind consideration of a high-gain X-ray
FEL scheme based on coherent bremsstrahlung in a crystal.

A separate chapter has been devoted to the so-called induced nonstation-
ary transition effect based on the spontaneous transition radiation effect in
a medium at the abrupt variation of its properties, to describe the nonlinear
particle-strong wave interaction processes in plasma. Such a situation takes
place inevitably at the interaction of superintense femtosecond laser pulses
with any medium, which instantly turns into plasma. It is thus of certain in-
terest to study the nonlinear processes at the formation of laser plasma. This
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process may also be of great interest in astrophysics related to conversion of
electromagnetic radiation frequencies in nonstationary plasma, in particular
formation of hard y-quanta of relativistic energies, electron—positron pair pro-
duction, and other nonlinear processes at the abrupt variation of the matter
properties in cosmic objects.

In order not to overload the reader, the references on a given subject are
presented separately in each chapter. My apologies go to all authors whose
works are not covered in this book. I included only the ones that are most
directly related to this monograph.

Indeed, the problems discussed in this monograph do not exhaust the
frame of induced nonlinear phenomena at the interaction of charged parti-
cles with strong electromagnetic radiation. By considering a certain class of
induced processes, we have aimed at revealing principal features of nonlinear
behavior of a particle-strong wave interaction in coherent and noncoherent
induced processes, which are of primary importance for the implementation
of contemporary problems of FEL, laser accelerators, and electron—positron
pair production from superintense laser fields. And if the consideration of
these nonlinear processes based on relativistic classical and quantum theories
and the presentation of the main results are helpful to specialists in this field,
then the publication of this monograph will be justified.

In closing, I would like to thank Dr. G. Mkrtchian for assistance in prepa-
ration of the manuscript, Dr. H. Koelsch, physics editor Springer-Verlag New
York, and associate editor V. Lipscy, for their patience and encouragement
in the writing and publishing of the book.

Yerevan, Armenia Hamlet K. Avetissian
June 2005
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1 Interaction of a Charged Particle with
Strong Plane Electromagnetic Wave in
Vacuum

What can we expect from particle-strong wave interaction in vacuum?

It is well known that the radiation or absorption of photons by a free
electron in vacuum is forbidden by the energy and momentum conservation
laws, which means that the real energy exchange between a free electron and
plane monochromatic wave in vacuum is impossible, isn’t it?

Then, is it worth considering the interaction of a free electron with strong
monochromatic wave in vacuum? In other words, what can we expect from the
strong wave fields in nonlinear theory with respect to the weak ones described
by the linear theory?

For example, what are the changes in cross section of the major electrody-
namic process of electron—photon interaction, that is, Compton effect (which
in the one-photon approrimation within quantum electrodynamics is described
by the Klein—Nishen formula) at a high density of incident photons?

Lastly, how strong should a wave field be for revelation of nonlinear effects
in vacuum? What are the criteria of the strong field?

To answer these questions one must first study the dynamics of a charged
particle in the field of a plane electromagnetic wave of arbitrary high intensity
i vacuum on the basis of the classical and quantum equations of motion.
Then, with the help of the classical trajectory of the particle and dynamic
wave function in the quantum description, the nonlinear radiation in the
scope of the classical and quantum theories — the Compton effect in the field
of electromagnetic waves of arbitrary high intensity — will be treated.

We will start from the relativistic equations, because in the field of a strong
wave even a particle initially at rest becomes relativistic. Then, the amplitude
of a strong wave will be assumed invariable, i.e., the radiation effects do not
influence the magnitude of a given strong wave field.

1.1 Classical Dynamics of a Particle in the Field of
Strong Plane Electromagnetic Wave

Let a particle with a mass m and a charge e (let e > 0) interact with a
plane electromagnetic (EM) wave of arbitrary form and intensity propagating
in vacuum along a direction vy (|vg] = 1). Then, for the electric (E) and
magnetic (H) field strengths we have
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E(t,r) = E(t —vor/c); H(t,r) =H(t — vor/c); H=[1nE]. (1.1)

Relativistic classical equation of motion of the particle in the field (1.1)
will be written in the form

dp _

(&
dt cl

eE + - [vH], (1.2)
¢

where p and v are the particle momentum and velocity in the field and ¢ is
the speed of light in vacuum.

For the integration of the equation of motion (1.2) the latter should be
written in components:

dp e
Your T E(VE)v (1.3)
@:e(l,ﬂ)E (1.4)
dt c ' '

Then the integration of Egs. (1.4) is very simple if one takes into account that
E is the function of the variable 7 = ¢t — vor/c and passes on the left-hand
side of (1.4) from the variable ¢ to 7 . So, for the transversal components of
the particle momentum we will have

T

PL=pos +o / E(r)dr, (1.5)

70

where pg1 is the particle initial transversal momentum at 7 = 79 when
E(7) |r=r,= H(T) |r=7,= 0 corresponding to the free particle state before
the interaction. Such definition of the particle free state at the finite moment
7o at the interaction with the EM wave is justified when we consider the
general case of a plane wave of arbitrary form, which actually corresponds to
wave pulses of finite duration, let here 74— 79. Then, the interaction will be
automatically turned on at 7 = 7 and turned off at 7 = 7, when E(7) |,—,,=
H(7) |7=7;,= 0 too, and the free particle states before the interaction will
correspond to 7 < 7y and after the interaction to 7 > 7. Such approach also
allows passing from the wave pulses of finite duration to quasi-monochromatic
or monochromatic waves by extending 7 — —oo and 77 — +o0.

The expressions (1.5) can be written in a simpler form through the vector
potential (A) of the field according to known relations with the electric and
magnetic field strengths for radiation field in the Lorentz gauge

10A
c Ot’

H =rotA; divA =0, (1.6)
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consequently

T

A(r) = —C/E(T)dT. (1.7)

70

The condition divA = 0 in Eq. (1.6) is the condition of transversality of a
plane wave: vgA (1) = 0.

So, the particle transversal momentum (1.5) can be represented in the
form

e
PL =PoL — EA(T)7 (1.8)

where A(7) |;=r,= 0 according to Eq. (1.7) (A(7) |;=r,= 0 as well because
of B(7) |r=7;,= H(7) |;=7;,=0).

Note that Eq. (1.8) may be written without integration of the equation
of motion taking into account the space properties in this issue. Thus, the
existence of a plane wave does not violate the homogeneity of the space in the
plane of the wave polarization. Consequently, the corresponding transversal
components of generalized momentum are conserved: p +(e/c)A(7) = const
and we come at once to Eq. (1.8).

For the integration of Eq. (1.3) for the longitudinal component of the
particle momentum we will use the additional equation for the particle energy
variation in the field

% =e(vE). (1.9)
From Egs. (1.3) and (1.9) follows the integral of motion for the charged
particle in the field of a plane EM wave:

& — cpvy = const = A. (1.10)
Now we can define the particle momentum and energy in the field with

the help of Egs. (1.8) and (1.10), utilizing the dispersion law of the particle
energy-momentum as well:

E? = p*? + m*ch. (1.11)

The following formulas in the field of a plane EM wave of arbitrary form and
polarization are obtained:

e2 A%(1) — 2ec (poA(T))
2¢(& — cpoto)

e
P=DPo— EA(T)+VO (112)
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e? A%(1) — 2ec (poA(T))

E=&+
0 2(E — cpor)

(1.13)

where pg and &; are the initial momentum and energy of a free particle
(A = 50 - CPOVO)-

Then, to obtain the law of the particle motion r = r(¢) one must integrate
the equation

= v(t) = . (1.14)

However, since the general expressions of particle momentum and energy
in the field of a plane EM wave depend only on retarding time 7, the last
equation allows exact analytical solution in the parametric form r = r(7).
Thus, passing in Eq. (1.14) from the variable ¢ to 7 and taking into account
the integral of motion (1.10) we obtain

dr(r) Zp(7)
= . 1.1
dr Eo — cpolo (1.15)

Integration of Eq. (1.15) with the help of Eq. (1.12) gives

62 Po C

r(r)=rg+ ———— (1—-79) + ———
() =70 (&0 — cporo) 0) (€0 — cpoto)

o 2 A2( -1\ _ ec ) — eA(+ ! .
< [ ()~ 2ecmoA () — A far's (116)

70

where ro(xo, Yo, 20) is the particle initial position at t = tg (7 = 79).

1.2 Intensity Effect. Mass Renormalization

Equations (1.12), (1.13), and (1.16) describe the particle motion in the field
of a strong plane EM wave of arbitrary form and polarization. They show
that after the interaction (7 > 75) p = po, € = &, i.e., the particle remains
with the initial energy-momentum, which means that real energy exchange
between a free charged particle and a plane EM wave in vacuum is impos-
sible. This result is in congruence with the fact that the real absorption or
emission of photons by a free electron in vacuum is forbidden by the energy
and momentum conservation laws, which will be discassed in regard to the
quantum consideration of this process. Nevertheless, in vacuum the wave in-
tensity effect in the field exists, for revealing of which it should be taken into
account the oscillating character of periodic wave field, for which A(7) = 0.
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Then, averaging the expressions in Egs. (1.12) and (1.13) over time we obtain
the following formulas for the particle average momentum and energy in the
field:

_ e?A%(r) - e?A%(7)
P=Pot 2¢(&o — Cpol/o)’ E=bot 2(& — CpoVo)'

(1.17)

Taking into account the dispersion law of the particle energy-momentum
(1.11) for these average values we can introduce the “effective mass” of the
particle due to the intensity effect of strong wave:

m* =my/1+&2(7). (1.18)

This formula describes the renormalization of the particle mass in the
field. Here we introduced a relativistic invariant dimensionless parameter of
a plane EM wave intensity

£2(r) = (eA(T>>2. (1.19)

me2

The parameter £ is the basic characteristic of a strong radiation field at the
interaction with the charged particles, which represents the work of the field
on the one wavelength in the units of the particle rest energy, i.e., it is the
energy (normalized) acquired by the particle on a wavelength of a coherent
radiation field.

As strong radiation fields actually relate to laser sources of high coherency,
we will consider the case of quasi-monochromatic or monochromatic wave
fields (we look aside from the actual intensity profiles of laser beams over
space coordinates — deviation from a plane wave because of their finite sizes).

Let us consider the case of a monochromatic wave. Without loss of gen-
erality we will direct vector vy along the OX axis of a Cartesian coordinate
system: vy = {1,0,0}, then retarding wave coordinate: 7 = t — x/c. In the
general case of elliptic polarization the vector potential of a monochromatic
wave with a frequency wy and amplitude Ay may be presented in the form

A(1) = {0, Ag cos(woT), gAg sinwoT}, (1.20)

where ¢ is the parameter of ellipticity; g = 0 corresponds to a linear polariza-
tion, while g = £1 describes a wave of a circular polarization (right or left).
Let g = 1 and the initial velocity of the particle is parallel to the wave propa-
gation direction (vg = vz ). In such geometry and circular polarization of the
wave the intensity effect becomes apparent (only the latter exists with invari-
able magnitude, because pgA(7) = 0). In the future we will mainly consider
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this case of interaction at which the energy and longitudinal velocity of the
particle in the field are invariable, which allows, first, a more simple picture
of a particle-wave nonlinear interaction, and second, exact solutions in many
processes where the existence of the particle initial transverse momentum
prevents obtaining exact analytical solutions.

Concerning the definition of the particle initial and final free states at the
interaction with a monochromatic wave of infinite duration we will assume an
arbitrarily small damping for the amplitude Ay to switch on adiabatically the
wave at 7 = —oo and switch off at 7 = 400, i.e., A(T) |;=100= 0 (according
to the above-mentioned conditions for a plane wave of finite duration 7y — 79 it
should be extended to 79 — —oo and 7y — +00). For a quasi-monochromatic
wave (spectral width Aw < wyp) it should be Ay = Ag(7), where Ap(7) is a
slowly varying amplitude with respect to the phase oscillations over the wor
and the conditions of adiabatic switching on and switching off will take place
automatically.

Hence from Egs.(1.12) and (1.13) we have simple formulas for the parti-
cle momentum and energy in the field of a monochromatic wave of circular
polarization:

Pe = p0 {1 + %% (1+2) 53} : (1.21)
Py = —mckp COSwoT, (1.22)

P, = —mcéo sinwyT, (1.23)
£=& [1+;(1+Vc°) 53], (1.24)

where the relativistic parameter of the wave intensity (1.19) £2(1) = & =
const and, consequently, one can represent it by the amplitude of the vector
potential Ag or electric field strength FEj:

€A0 eEo
mc2  mewy

§o = (1.25)

Equation (1.24) shows that for the significant energy change of a particle
in the field of a plane wave in vacuum the superpower laser beams of rela-
tivistic intensities £y >> 1 are necessary. Such intensities corresponding to
gigantic femtosecond laser pulses became available in recent years.

To elucidate the law of particle motion in the field of a monochromatic
wave we will choose the frame of reference for the free particle initial position,
in which the coordinates ry at the moment ¢ = ¢y correspond to ro = vgtg. By
that we exclude the infinities in the expression r = r(7) connected with the
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initial infinity values of the parameters ty and rg, which have no physical
meaning. Then one can extend ¢y — —oo and, consequently, 79 = (1 —
voz/C)tg — —oo in Eq. (1.16) providing the particle free state before the
interaction (typ — —o0) at infinity (rg — —oo0) with the adiabatic switching
on the monochromatic (quasi-monochromatic) wave due to Ag(—o0) = 0.
Hence, from Eq. (1.16) follows the particle law of motion in the field (1.20) in
parametric form. However, considering special cases it is analytically available
to represent directly the law of motion r = r(¢) because of the invariability
of longitudinal velocity of the particle in the field

(1.26)

which is exposed only to permanent renormalization due to the intensity effect
of the strong wave. Then, with the help of Eq. (1.26) we have the following
formulas for the particle law of motion:

z(t) = vyt, (1.27)
_ me’o Va
y(t) Eomo(l— =0) sinwo (1 — ~2)t, (1.28)
_ mcgfo . Vg
2(t) Eowo(1— ) coswp(l — ?)t (1.29)

Equations (1.27)—-(1.29) show that the particle performs circular motion
y2(t) + 2%(t) = const (1.30)
in the plane of the wave polarization (yz) with the radius

m03§0

= T (1.31)

PL

and translational uniform motion along the wave propagation direction (OX
axis), i.e., performs a helical motion (Fig. 1.1). Consider now the case of
linear polarization of the wave

A(7) = {0, Ag cos(woT),0}. (1.32)

From Egs. (1.12) and (1.13) for the particle momentum and energy in the
field (1.32) we have
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Fig. 1.1. Trajectory of the particle (initially at rest) in the field of circularly
polarized EM wave. The relativistic parameter of intensity is taken to be & = 1.

_ le Yo\ c2 2
pe=m 1432 (14 2) goos? ar)] (1.33)
Dy = —mcy COSwWoT, (1.34)
Pz = 0, (135)
_ 1 Vo 2, 2
£=& [1 +3 (1 + ) €2 cos (WOT)} . (1.36)

In contrast to the case of circular polarization, in the field of linearly polarized
wave the intensity effect has the oscillating character (at the second harmonic
2wy, as follows from Egs. (1.33) and (1.36)) and the representation of the
particle trajectory analytically is unavailable. The latter may be performed
in parametric form with the help of the particle law of motion r = r(7), which
in the field (1.32) has the following form

1ec Vo 2 voT .
x(r) = [1 + ive (1 + ?> 0} @ + pysin(2woT), (1.37)
y(1) = —p sin(woT), (1.38)
z=0, (1.39)
where
1elsw
P = 7£ * e ¢d (140)
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is the amplitude of longitudinal oscillations of the particle along the wave
propagation direction.

To determine the particle trajectory we pass to an inertial system of
coordinates connected with the uniform motion of the particle along the axis
OX with the velocity

V =vo (1.41)

to exclude the uniform part of translational movement in the direction of
the wave propagation. After the Lorentz transformations for coordinates and
wave frequency we have the following law of motion in this system:

’ 1lec 2
! 0 . ! __!
=—— 2 1.42
x (7") 8w/1+§sm(w7), ( )
y'(7) = y(r) = — 2750 _ sin(w'7’), (1.43)
w /1+ %0
J =0, (1.44)

where

1— Yo
w - (1.45)

r_ Wo
£2 ]__|_7
V1+ 2

is the Doppler-shifted frequency of the wave in the system moving with the
velocity (1.41).

Now from Egs. (1.42) and (1.43) one can obtain the trajectory of the
particle in the plane XY

.T/ 2 / 2 / 4
() = () - (G0) =
2pn PL pPL
with the parameters p/ and p, :

c & / c o
P = @7025 PL=PL= (1.47)

Equation (1.46) performs a symmetric 8-form figure with the longitudinal
axis along the OY (Fig. 1.2).
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0.5
o, \¢
L’— /

03 02 0.1 0 0.1 02 03

Fig. 1.2. Trajectory of the particle in the field of linearly polarized EM wave
(excluding the uniform part of translational movement in the direction of the wave
propagation) for the various &o.

1.3 Radiation of a Particle in the Field of Strong
Monochromatic Wave

Let us now consider the radiation of a charged particle in the specified wave
field (1.20) of arbitrary high intensity in the scope of the classical theory.
In the strong wave field the radiation of a particle is of nonlinear nature —
radiation of high harmonics — which in quantum terminology means that the
multiphoton absorption by the particle from the incident wave takes place
with subsequent radiation of the corresponding photon. Taking into account
certain dependence of harmonics radiation on the direction of particle motion
with respect to the initial strong wave propagation and its polarization we
will consider the general case of a particle-wave interaction geometry and
arbitrary polarization of monochromatic wave (elliptic)

A(7) = Ap{ei coswoT + ezgsinwyT}; (1.48)
T:t—@; elyozeguozelegzo,
C

where e; o are the unit polarization vectors.

The energy radiated by a charged particle in the domain of solid angle dO
and interval of frequencies dw in the direction of the wave vector k (summed
by all possible polarizations) is given by the formula
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0o 2

/ [kv] e’ =9t dwdO, (1.49)

o

2

d =
“k 4m2c

where v = v(¢t) and r = r(t) are the particle velocity and law of motion in the
wave field (1.20), which are determined by Egs. (1.12), (1.13), and (1.16) in
parametric form. The latter requires passing in Eq. (1.49) from the variable
t to the wave coordinate 7. Then the equation for the radiation energy will
be written in the form

2

e | [ b(r)
dox = oo / lkp (1)] ¢ dr| dwdo, (1.50)
where
(1) =wr + k(vg — v)r(7) (1.51)

is the phase of radiated wave (kr — wt) as a function of the incident strong
wave coordinate 7 and the unit vector v in Eq. (1.49) is v = k/k .
Using Egs. (1.12), (1.13) and introducing the functions

oo

Gy = /ew(ﬂdr,
G, = / A(r)eMdr, (1.52)
—o0

Gy = /Az(T)eid’(T)dT,

after the long but straightforward transformations for the radiation energy
we obtain

62m203w2 62
dEk =

e (1G1I* — Re (GoGs) ) ~ |G0|2> dwdO.  (1.53)

m2ct

This is the general formula of the spectral-angular distribution of radia-
tion energy for the arbitrary plane EM wave field. Considering the case of
monochromatic wave (1.48) with the corresponding law of motion (1.16) for
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the phase of radiated wave (1.51), which determines the functions (1.52) and,
consequently, the energy of radiation (1.53), we have

P(r) = <5_ACVP> wT + asin(weT — @) — Bsin 2w, (1.54)

where the parameters «, 3, and ¢ are

2 2
o= plk\/(uel + (vo — 1)cpj)1e1) + g2 (Veg + (vvo — 1)cpj)1e2> ’

ﬁ = (VI/O - 1)Pu/€, (155)

g (ves + (vvg — 1)R5%2)
)CPDel
A

t =
any ve; + (vvg — 1

In these expressions the quantities p; and p, are determined by Egs. (1.31)
and (1.40). Here we have omitted the terms with ro and 7y as these terms
(constant phase factor) do not contribute to the single-particle radiation en-
ergy. All functions in Eq. (1.53) can be expressed by the series of Bessel
function production using the following expansion:

9
eiasin(u(,'r—ap)—i,@ sin2woT _ Z Jn(a)Jk(6)€_in¢€i(n_2k)on.

n,k=—o0

The latter in turn can be expressed by the so-called generalized Bessel func-
tion Gs(a, 5, p):

Gs(avﬂa(p): Z JZkfs(a)Jk(ﬂ)ei(872k)¢~ (156)

k=—o0

Then the functions (1.52) will be written by the function Gs(«, 3, ) as fol-
lows:

G():Qﬂ— Z Gs(aaﬁaw)é <8_Acypwswo>v

§=—00

G, =74y Z {e1 (Gs—1(a, B,¢) + Goyr(a, B, ¢))

S§=—00
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+eaig (Gua(a )~ Gl B} (S P swn ) (150

A2
Gy = 70(1 + 93 Go + TAZ(1 — ¢?)

X Z @) + Gspola 7ﬁ7¢))5<g_jlcypw—swo).

S§=—00

The function d(z) in Egs. (1.57) is the Dirac J-function expressing the
resonance condition between the particle oscillation frequency in the in-
cident strong wave field and radiation frequency (conservation law of the
Compton effect in quantum terminology). According to Egs. (1.57) the radi-
ation energy (1.53) is proportional to the §2-function, which should be repre-
sented via particle-strong wave interaction time At (in the wave coordinate

Ar = AtA/E)

E—cp E—cp
) <pr — sw0> 5 <pr - s’wo)

0, if s #£ ¢,

- o (1.58)
%6 (gfj”pw - swo) ,ifs=4¢".

Then instead of the radiation energy (1.53) one can determine the radiation

power
de k

P = Lk
dhe = 7,

Substituting Egs. (1.57) into Eq. (1.53) taking into account Eq. (1.58) for the
radiation power we obtain (from w > 0 follows s > 0)

2,2

e2m2ciw &2
in= S 5 {$ o (6 +10F)

1
+2(1 — g*)Re <G:_1GS+1 - 50;‘ (Gs_o + Gs+2))]

<1 8y )) |Gs|2} 5 (“:_Awpw - swo) dwdO. (1.59)
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In the case of the circular polarization of an incident strong wave (g = £1)
the second argument of the generalized Bessel function G4(«, 3, ¢) is zero and
|G,|*> = J2(a), so that for the radiation power we have

e?m?2c3w?
dP = W; [520 (J21(@) + T2 (@) = (1+ &) J2 (@)

6 <‘€AC”pw - swg) dwdO. (1.60)

Using the known recurrent relations for the Bessel functions

Js—l(a) + Js+1(a) = EJS(O‘)?

Js—1(a) = Jop1(@) = 2J(a),
Eq. (1.60) can be represented in the following form:

0P — # 252[(—1—50 *) 2@ + 72(0)]

— cvPp)

) (w - S‘”O(g_c”op)) dwdO. (1.61)

E—cap

For the linear polarization of an incident strong wave (g = 0) the third ar-
gument of the generalized Bessel function G («, 8, ¢) is zero and G functions
become real. Then for the radiation power in this case we have

e2m2cdn? S [€2 )
dPy = ———— 2 ((Gey + Gy — G5 (Gs—2+ G5
= o) [4 ((Ges + Ge1)? = G (Gaa + Gaa)
2 *_ —
- (1 + 50) Gg] 5 (w = WCWP)) dwdO. (1.62)
2 E—cp

1.4 Nonlinear Radiation Effects in Superstrong Wave
Fields

Equations (1.59)—(1.62) for the radiation power of a charged particle show
that as a result of the particle-strong wave nonlinear interaction in vacuum,
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numerous harmonics in the radiation spectrum arise, i.e., the radiation pro-
cess is also nonlinear. In quantum terminology this means that due to multi-
photon absorption by a particle from the strong wave the nonlinear Compton
effect takes place. The power of harmonics radiation nonlinearly depends on
incident strong wave intensity and for its considerable value, laser fields must
have relativistic intensities £ > 1.

Up to the last decade such intensities practically were unachievable (even
then the strongest laser fields were £ < 1) and to expect to reach high har-
monics radiation via nonlinear Compton channels in vacuum with laser fields
of intensities £ < 1 (or any other nonlinear effect at the charge particle-EM
wave interaction in vacuum, particularly laser acceleration), as will be shown
below, was unreal. For this reason, actual interest in the nonlinear Compton
effect until recently was only theoretical. However, the rapid development
of laser technology in the last decade made available laser sources of su-
pershort duration — femtosecond pulses, the intensity of which today much
exceeds its relativistic value in the optical domain: I,..; ~ 10'® W/ cm? (&~
1), laser fields with £ >> 1 became available. The latter has provided the
necessary intensities for actual radiation of high harmonics in the Compton
process. Therefore, we will analyze the process of high harmonics radiation
in the nonlinear interaction of a charged particle with superstrong laser fields
(¢ >> 1) on the basis of Egs. (1.59)—(1.62).

We will analyze the cases of circular and linear polarizations of the inci-
dent wave taking into account the specific dependence of harmonics radiation
on the strong wave polarization and when the initial velocity of the particle
is parallel to the wave propagation direction. This case of particle-wave par-
allel propagation is of interest since in this case the interaction length with
actual laser beams (or, e.g., wiggler field, which in relation to the relativistic
particle is equivalent to a counterpropagating laser field) is maximal, which
is especially important for the problem of free electron lasers.

In the case of circular polarization of an incident strong wave (g = +1)
and ppe; = 0, pges = 0, carrying out the integration over w and turning to
spherical coordinates in Eq. (1.61) (OZ axis directed along the vector p) for
the angular distribution of the radiation power for the s-th harmonic we have

dp(s) 2,23 2 2
= MY 2 {(2150—2> J2(a) + J2(as) |, (1.63)
do 2mE (1 — ¥ cos V) ag
where
E — cvop 1— Ycosd
wg = swoéiof = swow (1.64)
E—cvp 1— Ycosd

is the radiated frequency and
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sm02

E(1—Xcos?)

g =

§osin? (1.65)

is the parameter characterizing nonlinear interaction with the strong EM
wave. ¥g and 9 are the incident and scattering angles of the strong and
radiated waves with respect to the direction of the particle mean velocity
v=_cPp/E.

For a weak EM wave: £y << 1 (linear theory) the argument of the Bessel
function ay; << 1 and as is known for such values of the argument Jg(ay) ~
a,® and P) ~ €25, Therefore, in the linear theory the main contribution
to the radiation power gives the first harmonic. In this case JZ (o) ~ a?/4,
J2(oy) ~ 1/4, E ~ &, ¥ ~ v, and

dp™ _ e?m?cw? e |2 a?
dO  8mEZ(1— 2 cosV) &
2 :
S oy S PO <m02) _sin®d -l (1.66)
8mEF(1 — *2 cos ) &o (1— ¥ cos)

Particularly for the particle initially at rest we have the Thomson formula

dPM 2wl
dO  8me

& 1+ cos? J],

1
2 92 2 2,2
P = %gg/ [1+ cos® 9] dcos®) = 63:0 &. (1.67)
=

For the moderate relativistic intensities £y ~ 1 (moderate nonlinearity)
the power of the low harmonics (s ~ 10) exceeds the radiation power of the
fundamental frequency wi. To show the dependence of the radiation power
on the harmonics number the relative differential power

W P apv (- 1-&7) Fa) + IR (a)
et = g0 a0 T (1 2 p (1.68)
(& —1-&72) J2(an) + ()

is displayed in Fig. 1.3 for the different harmonics. In Fig. 1.4 the relative
differential power is plotted as a function of radiation angle for various har-
monics.

For the superstrong EM waves of relativistic intensities (strict nonlinear-
ity): & > 1 a relatively simple analytic formula for the radiation power can
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Relative Intensity
- o

o
)

0O 2 4 6 8 10 12 14 16 18 20
Harmonic Number

0

Fig. 1.3. The envelope of the relative differential power of the radiation for the
different harmonics is plotted at & = 1 and 95 = 1 (7 = £/(m"*c?) = 10).
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Fig. 1.4. The relative differential power is plotted as a function of radiation angle
for various harmonics. The relativistic parameter of intensity is taken to be & = 2
and 7 = 10.

be obtained utilizing the properties of the Bessel function. The argument of
the latter in Eq. (1.63) reaches its maximal value

_ %
asmax— S
V1I+E
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at the angle cos¥,, = v/c. Therefore, at £ > 1 the harmonics with s ~ «,
>> 1 furnish the main contribution to the radiation power. At the angle
0 = 0,, we have a peak in angular distribution of the radiation power. Besides,

in this limit (always as < s ) one can approximate the Bessel function by the
Airy one

and taking into account that

E:

for the angular distribution of the radiation power we have

dp(s) e2w§ (1 — Zé) 2 4/3
dO  2mc(1 — ¥ cosd) <5>

52 2\ (S\Y? 42 12

(5 -1-¢ (5) Ai%(Z) + Ai? (2)] . (1.70)
aS

As far as the Airy function exponentially decreasing with increasing of the

argument, one can conclude that the cutoff harmonic s, is determined from

the condition Z;, ~ 1, where

2/3 2 2/3
Zmin _ (f) 1— Q5 max ~ i ,
2 52 263

which gives s, ~ £3.
Consider now the case of linear polarization of the incident strong EM
wave. Taking into account the recurrence relation in Eq. (1.62)

Go_s(a, B) + Gasa(r, B) = %Gs(a, B) + % [Ge1(a, B) + Gayr(a, B)],

the differential radiation power in this case can be represented in the form
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dpP() B e?m?c3w? 9

= - §
do 87T52(1 — Y cos ) ’

X |:(Gs_1 + Gs+1) <G3_1 + Ggq1 — ;éﬁGg> — (2 + é + ;) G§:| . (1.71)
0

The arguments of the generalized Bessel functions when pge; = 0 are

L
Qg = — = 14 )
® 5(1—%00519) 01

s&3 1- g cost, — 1

fs = 8+4£5 1 — Ycosty 1 — Lcosd)’

(1.72)

where 1, is the angle between the incident and radiated EM waves.

For the weak EM wave £y << 1 the arguments of the generalized Bessel
function asg, 3s << 1 and P®) ~ €23, therefore the main contribution to the
radiation power gives the first harmonic. In this case

p) 2,23 2 2
v LS — Y - (1.73)
dO 8mEF (1 — 2 cos?) &
For the particle initially at rest we have the Thomson formula
1P R[]
= — (v
do 8me 0 v
2,2
P = 02 1.74
g3 (1.74)

In contrast to the circular polarization of the strong wave, for the lin-
ear polarization there is no azimuthal symmetry and the asymmetry upon
the harmonics parity appears. In particular, in the direction opposite to the
strong wave propagation (re; = 0 and ¥, = 7) only odd harmonics exist.
This is a consequence of the particle dynamics in the strong wave field consid-
ered in section 1.2. For this case the generalized Bessel function is reduced to
the ordinary Bessel function and we have a relatively simple formula. Thus,

G(0,8,0) = > Jar—(0)Jx(B)

k=—o0



20 1 Interaction of a Charged Particle with EM Wave in Vacuum

= > an-s0i(B) = (1.75)

k=—o0

0,if s odd
Js/2(8), if s even

and for the angular distribution of the radiation power we obtain

62m203w§§§ [J < 558 ) J < 553 ):| 2
T - st1 | ——— | —Js=1 | ——= .
e 87r52(1 —Yeosd) L T \4+ 263 7 \ 4426

(1.76)

dp()
dO

w B

N

Relative Intensity

Fig. 1.5. The partial differential power is shown for on axis radiation as a function
of & for various harmonics (7 = 10).

At & > 1 the argument of the Bessel function tends to the value of the
index and as in the case of a wave circular polarization the high harmonics
s >> 1 give the main contribution to the radiation power and the cutoff
harmonic s, ~ &. In Fig. 1.5 the partial differential power is shown for
on axis radiation. To show the dependence of the process on the incident
wave intensity the relative differential power is plotted as a function of &, for
various harmonics. As we see, with increasing of the wave intensity the power
of harmonics well exceeds the power of the fundamental frequency.

1.5 Quantum Description. Volkov Solution of the Dirac
Equation

The description of the quantum dynamics of a spinor charged particle (say,
electron) in the field of a strong EM wave in vacuum in the scope of rel-
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ativistic theory requires solution of the Dirac equation, which in the field
of arbitrary plane wave allows an exact solution, first obtained by Volkov
(1933). This Volkov wave function has the basic role in quantum description
of diverse nonlinear electromagnetic processes in superstrong laser fields in
vacuum, in particular, major quantum electrodynamic phenomena such as
the Compton effect, stimulated bremsstrahlung, and electron—positron pair
production, which will be considered in this book. Therefore, this section will
be devoted to a description of relativistic wave function of a spinor charged
particle in the field of a plane EM wave of arbitrary form and intensity.

The Dirac equation for a spinor particle in a given plane EM wave with
arbitrary form of the vector potential A = A(7) (see Eq. (1.7)) is written as
follows:

Lo ~ 9
zha = {caP—i—mc ﬁ} v, (1.77)

(1:<gfz>7ﬁ:<?é) (1.78)

are the Dirac matrices in the spinor representation, o = (0,,0,,0.) are the
Pauli matrices

01 0—: 10
Ux—<10)a0y_<i0>aaz—<0_1>a (1.79)

where

and

is the operator of the kinetic momentum (p = —ihV is the operator of the
generalized momentum).
Looking for the solution of Eq. (1.77) in the form

W= (g;) : (1.80)

for the spinor functions ¥ » we obtain the equations
ov ~
iha—tl — coP¥ = mc?W,,

O ~
2 4 coPWy = mcY;. (1.81)

ih=5¢
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Then acting on the first equation by the operator ihd/0t + coP and taking
into account the relation

(ca) (ob) = (ab) + ic [ab]

we obtain the Dirac equation in quadratic form:

2 2 N
{712;12 — h2c? <1/088> + P2 + m?c* — echo(H — ZE)} U =0. (1.82)
r

A similar equation is obtained for ¥s:

2 2
{hQa — h%c? (1/06> + AP% + mPc* — echo(H + ZE)} Uy, =0, (1.83)
ot? or

where E and H are the electric and magnetic field strengths of the plane
EM wave determined by Eq. (1.6). The last terms in these equations o(H F
iE) describe the spin interaction (for the scalar particles Egs. (1.82), (1.83)
without these terms are reduced to the Klein-Gordon equation). To solve the
problem it is more convenient to pass to the retarding and advanced wave
coordinates

T=t—1yr/c; n=1t+ vor/c,

then Eq. (1.82) is written as

2 ~
{4h2(‘37(?8n + P2 + m?c* — echo(H — ZE)} U =0. (1.84)

As the existence of a plane wave does not violate the homogeneity of
the space in the plane of the wave polarization (r;) and the interaction
Hamiltonian does not depend on the wave advanced coordinate 7, i.e. the
variables r |, i are cyclic and the corresponding components of generalized
momentum p; and p,, are conserved. Then the solution of Eq.(1.84) can be
represented in the form

1

7 (ronr.) = Filr)exp {1 (ouxs o)} (1.85)
From the initial condition A(7 = —oo) = 0 it follows that p, is the free

particle initial transverse momentum and the quantity

1
Py = 3 (epry =€), (1.86)
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where £ and p are the free particle initial energy and momentum. Note that
this quantity coincides with the classical integral of motion (1.10) (with a
coefficient).

Substituting Eq.(1.85) into Eq. (1.84) for the function F(7) yields the
equation

The solution of Eq. (1.87) can be written in the operator form

. 2 T 2
Fy = eXp{;;p / |:(pj_ — ZA) + m202:| dr’
n

—0o0

e(ov 1)cA
Lelowt+ oAl - (1.88)
4p,,
where w; is an arbitrary spinor amplitude.

The operator in the exponent should be understood as a expansion into
series

~

~ - G2
eG:1+G+§T+~n

Then it is easy to see that all powers greater than 1 of the operator
(ovo+1)cA in Eq. (1.88) are zero because

[(ovo +1)cA]* = A? (1-v3) = 0.

So, the spinor function (1.88) can be written in the form

T

ic? e \2
F _ —*A 2 2 d /
1(T) = exp 4flpn/ {(pj_ - ) +m c} T
X |:]. + i (O'V() + 1) UA:| w1 . (189)
n

In the same way an analogical expression can be written for the spinor func-
tion Fa(T).

The spinor components of the bispinor wave function of a particle (1.77)
will be written as
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U = eXp{ZS(r,t)} [1 + 4i (ovo + 1)0A} wy,

h Dny
Wy — exp {;S(r,t)} [1 + ﬁ (ovo — 1)04 ws, (1.90)
n

or the ultimate bispinor wave function can be represented via Dirac matrices
@

W (r,1) = exp{;S(r,t)} [1 + é (avo + 1)aA] w. (191)

The scalar function S (r,t) in Egs. (1.90) and (1.91)

C 62 e
S (I‘,t) = % |:02A2(T/) — ZCPA(T/):| dT/ =+ prfgt (192)

— 00

is the classical action of a charged particle in the plane EM wave field and

w =
w2
is a constant bispinor, which should be defined from the condition of the
particle wave function normalization according to the above stated initial
conditions. Namely, we will demand that at 7 = —oco this wave function
should be reduced to the free Dirac equation solution and for a constant

bispinor we will set
%

V2E’

where u, is the bispinor amplitude of a free Dirac particle with polarization
o It is assumed that

au = 2mc’,

where @ = uf3; u' denotes the transposition and complex conjugation of u
(in what follows we will set the volume of the normalization V = 1).

In future consideration of the quantum electrodynamic processes it will
be reasonable to use the four-dimensional presentation of the Volkov wave
function. Therefore, we will represent the wave function (1.91) in the equiva-
lent four-dimensional form. Here and in what follows for the four-component
vectors we chose the metric a = a* = (ag,a) and ab = a’*b,, for the relativis-
tic scalar product. The vector potential and the phase of the plane EM wave
can be written as
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A=(0,A); T7=t—wyr/c= k]::;,
where
k = (ko, voko)
is the four-vector with k2 = 0 and z = (ct,r) is the four-radius vector.

Introducing the known * = (vp,~y) matrices

7:60‘7 7026

and taking into account that

L
Pn = 2k0p7p— C7P7

e e
= 1)0A =
@#WM‘M 2¢(pk)

the Volkov wave function may be written as

(k) (vA)

)= o { (o) [14+ £000D),,

2¢(pk)
S(z) = — —@3723m3—5ﬁw)d’ (1.93)
z) = —px ook PA(T AT ()| dr'. )

Consider the Volkov wave function of a spinor particle in the field of the
monochromatic wave (1.48). The latter can be presented in the form

v {1 L ck) wA)] wp) {_i { T

2¢(kp) V2E I c(pk)
2 42
X (e1psinwyT — gesp coswoT) + 822(1;190]{;)(1 — g% Sin(2(do7')j| } ,  (1.94)

where k = (wo/c, ko) is the four-wave vector and IT = (IIy/c,II) is the aver-
age four-kinetic momentum or “quasimomentum” of the particle in the peri-
odic field, which is determined via free particle four-momentum p = (£/¢, p)
and relativistic invariant parameter of the wave intensity £y by the equation

m2c?

4kp

O=p+k (14 ¢*)&. (1.95)
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From this equation it follows that

9 1/2

II? = m*2c% m* :m(1+ 1—;g 53) , (1.96)
where m* is the effective mass of the particle in the monochromatic EM
wave introduced in Section 1.2 (see Eq. (1.18)). It is seen that quasimomen-
tum IT=p and quasienergy ITy = £ according to Eq. (1.17). The notion of
quasimomentum is connected with the space-time translational symmetry -
periodicity of the plane wave field as for the electron states in the crystal
lattice.

The states (1.94) are normalized by the condition

1
(27h)®

/Wg,a,wpgdr = 6(p - pl)50,0’7

where §, , is the Kronecker symbol.

By the analogy of the electron states in the crystal lattice the state of
a particle in the monochromatic wave can be characterized by the quasimo-
mentum IT and polarization o as well:

1
W /WIJ[[,U,WHGLZI‘ =6(I1 — H/)50,0’~

In this case the normalization constant should be changed as follows

3
- ,/Foy'xpg. (1.97)

1.6 Nonlinear Compton Effect

With the help of the Volkov wave function (1.94) one can describe the major
quantum process of electron scattering in the field of a strong monochro-
matic wave — nonlinear Compton effect — as a photon radiation by the
electron due to the transitions between the “stationary states” of different
quasimomentum IT and polarization ¢. The spontaneous radiation of a pho-
ton by the electron may be considered by the perturbation theory in the
scope of quantum electrodynamics (QED). The first-order Feynman diagram
(Fig. 1.6) describes the electron-EM wave scattering process, where the elec-
tron lines are described via dynamic wave functions in the strong wave field
(1.94) (dressed electron). The probability amplitude of transition from the
state with a definite quasimomentum and polarization ¥, to the state ¥y,
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Fig. 1.6. Feynman diagram for nonlinear
Compton effect.

with the emission of a photon with the frequency w’ and wave vector k' is
given by
e

Sit =~z [ rla) Ay (a) da, (1.98)

. [27he? | i
Al (2) = = eHetH (1.99)

is the four-dimensional vector potential of quantized photon field (quanti-
zation volume V = 1), ¢* is the four-dimensional polarization vector of the
photon, and

where

]ff = El‘[’a”}ﬂuwl—la

is the four-dimensional transition current (U, = !Pltl,g,yo and A* is the
complex conjugate of A ).
Hence, for the probability amplitude we have

2 — ~ L
Slf = iem/wH/J/G*wngelk $d4x. (1100)

Here and in what follows for arbitrary four-component vector @ = y*a,,. The
probability amplitude can be expressed by the generalized Bessel functions
Gs(a, B, ) introduced in Section 1.3. Thus, taking into account the properties

of Dirac v matrices (7;/; =0 Ak = —%A\) and Eq. (1.94) one will obtain

g e T /7 ( ,) - e Aker n ecr kA
if = —i—y | =——— | Uo €
/ ¢\ 2hw' I I1)) P 2¢(kp’)  2c(kp)

(k) A?
2¢2(kp') (kp)

| uo (p)e™ @ d a. (1.101)
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Here
() = % (II' — II + hk') x + asin(kz — ) — Bsin 2k, (1.102)

and the parameters a, §, and ¢ are

1/2

oo o | (e e 2+2 ep  ep'\’ (1.103)
he pk 'k 9 pk 'k ’ '
e? A2 9 1 1
B = ’hc2 (1-g%) (pk - p’k> ) (1.104)
g (9213 _ e2lp/)
tang = 2 PR/ (1.105)

eip _ eip’ '
pk p'k

After the integration the probability amplitude (1.101) can be represented in

the form
Sif = —i— (27rh)4 ——— Ty ( ')J/\l\ U (p) (1.106)
i c 2hw' Iy IT)) 7Pt .

7 s e@l/k\'g:‘< @6/;/16\@1 62(k€*)Q2 N
My = [6 Qo + <2C(kp’) + 2e(kp) ) + 52 (op!) (k) k] (1.107)

where

with the functions Qo, @Y, and Qa:

Qo = i Gs(a, B,9)0 (IT' — I + hk' — shk), (1.108)
:(07Q1)7
Z {er (Cama(0.8.9) + G (0,,9))

+ieag (Gs-1(a, B,9) — Gopa(e, B,9))} 6 (11" — IT + hk' — shk),  (1.109)
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2 2
Q=200+ )00+ 20— )
X Z ) + Gorala, B,9)) 6 (IT' — IT + hk' — shk). (1.110)

§=—00

From the definition of the functions (1.108)—(1.110) follows the useful relation

E—E+ e (P'Q1  pQi 1
_ - _— = = 1.111
w Qo+ c ( kp' kp t o2 202 kp' @=0 )

We will assume that the Dirac particle is nonpolarized and summation
over the final particle polarizations (photon and electron) will be made. Then
we need to calculate the sum

(27h)® me2
7Z|Szf| 4R ¢ 2HH0 Z

0'0'6

— 2
o (6) Mo (9)|

(27Tﬁ) me?c?

P — sy
Ahw! Ty T} XE:SP [(P +mc)M¢f(p+mc)M,-f} , (1.112)

where
Mg =yoM] #70-

Taking into account that spur of the product of odd number v matrices is
zero we will obtain

1 5 (27h)® me2c —~ =
L = S o o, 1,7}

The summation over the photon polarizations is equivalent to the replace-
ments

€6y = —gup, €46 — 20, eabee — 2cha, (1.113)
where g,,, is the metric tensor. So,
Sp [Mifﬂif} = —16]Qol’

and

Sp [p'MigpM g | = ') |Qol’
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8e ; P'Q1  pQa
i (2212 )

C2

kp  kp' 5 8e? N
|:kp kp} Q1] —CTRe(Qon)~

Then using the relation (1.111) we obtain

0'0'6

2mh)” me‘c
5 Z |Sif]? = hWIHOHcI)[ m?c?|Qol®

e? 2 (kk')? .
~3 (1 + W) (11 + e (%%))] N CREE

c

For the differential probability per unit time we have

dIT’  dk’
AW = il = 1.115
QT(Z;E' I Gy Gy (1.115)

where T is the interaction time. Then taking into account Egs. (1.108)—(1.110)
and the relation

§(IT' — IT + hk' — shk) (IT' — II + hk' — s'hk)

0, if s # ¢,
- (1.116)

(2;:2 0 (II' — I + hk' — shk) ,if s =4,

for the differential probability of the nonlinear Compton effect we obtain

AW =Y W$§(II' - IT + hk' — shk) dIT'dK, (1.117)

s=1

, e*m2c® €2 2 (kk')?
W = geomm; |1 T N 2en om
ww'llolly (pk) (p'k)

(0459 (16 + Gl - 2161
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+(1 - 92)R6 [2G2—1Gs+1 =G (Gs—a + Gs+2)])] . (1.118)

The four-dimensional d-functions in Eq. (1.117) for differential probability
express the conservation laws for quasimomentum and quasienergy of the
particle in the nonlinear Compton process. Different s correspond to partial
scattering processes with fixed photon numbers and W) are the partial
probabilities of s-photon absorption by the particle in the strong wave field.

The spectrum of emitted photons is determined from the conservation
laws. Taking into account Eqgs. (1.95) and (1.96) we will have the following
expression for the radiated frequency:

1 — Ycosdy
C

w v 9 shw 9 ’
1= Zcosd + 72 (1 — cosvy)

/
W =S

(1.119)

where ¥, ¥ are the incident and scattering angles of incident strong wave and
radiated photon with respect to the direction of the particle mean velocity
vV = I/l and ¥, is the angle between the incident wave and radiated
photon propagation directions. The quantum conservation law of nonlinear
Compton effect (1.119) differs from the classical formula (1.64) by the last
term in the denominator ~ sfiw/Ily, which is the quantum recoil of emitted
photon.

Making the integration over IT' in Eq. (1.117) and multiplying by the
photon energy we obtain the radiation power. In the case of circular polar-
ization of an incident strong wave (g = +1) we have |G,|> = J2() and the
radiation power is

w?e?m?c B2 (kk')? )

3
(s) 2 2
pY =Y e 14 )
W = et [ : (“)+§°< T2k 'R

o?

2 /I
x [(S - 1) J2 () + JQQ(a)H x & (HOFLHO +uw' — Sw) dw'dO,

where the Bessel function argument

!/
QER ) A
Taking into account that

’r /
5<M+w’—sw> dw'—>’ 0 <HO—|—w’>

4o
hw

o =

-1
I’

EXSaN

h ow' \ h
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for the angular distribution of radiation power we obtain

dP®) wBe2m2e h2 (kk')?
- | (10

dO  — 2nlly (II'K (pk) (p'k)

X (<z; - 1) J2(a) + Jf(oz))]. (1.121)

This formula differs from the classical one (1.63) only by the terms of quantum
recoil, which are of the order of hkk'/(II'k). The maximal value of this
parameter is 2sh (ITk) /m*?c? and if

2sh (ITk)

m*262 <1

one can omit the quantum recoil and taking into account that in this case

2 (kk')?
H/k/ ~ Hk'/, A =~ Qclgssics 5T o << 1’
2 (pk) (p'k)

from Eq. (1.121) we obtain the classical formula for radiation power.
In the limit of weak EM wave when £, << 1 (linear theory) the ar-
gument of the Bessel function o << 1 and the main contribution to the

radiation power gives the first harmonic (as in the classical theory). In this
case JZ(a1) ~ a3 /4, JP2(on) = 1/4, [T ~ &, I} ~ &', and

R2 (kk')?

Then, using conservation laws, it is easy to see that

2 2 2
PPNy LN e a1 1
Hk(p’k pk)” =2 (p’k’ pk) C\pk k)

h2 (kk')? ok Pk
<”2<pk><p'k>> L )

and for the one-photon Compton effect we obtain

E B wBe2m?2e
dO  8n& (p'K)

E wBe2m? c5 m2c? 7 m2e¢2 \ 2
dO — 8xE (k) [\ n(p'k) h(pk)
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2.2 2.2 L "
me  me Pr o PRy (1.122)
h(p'k) h(pk)) p'k  pk
For the differential cross section
do _ 1 dP
dO  hw'J dO
one should make the replacement
47the?
e (1.123)

2
A —

)

corresponding to photon field quantization and

3pk
7= wé&

is the initial flux density (quantization volume V' = 1). Hence, for the differ-
ential cross section of the one-photon Compton effect we obtain

do w’

2
2,4 [( m2c2 m2c2>

O~ 2¢t (pk)? | \R (')~ h(pk)
m2c? m2c? pk Pk
— — 4+ —|. 1.124
(h(p’k) ﬁ(pk)) Tk (1124
For a particle initially at rest
2 2

pk = mw, pk' =mw, %—%zl—cosﬁr,

and the differential cross section of the one-photon Compton effect may be
written in the known form of Klein and Nishina formula
(1.125)

do 2 (W \[w o
dO:2<w> L/m—sm Ur

where 7. = €2/mc? is the classical radius of the electron.
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1.7 Bremsstrahlung in Superstrong Wave Fields

The other major radiation process with the free electrons in vacuum is
bremsstrahlung. In the presence of an external coherent radiation field the
bremsstrahlung acquires induced character and stimulated bremsstrahlung
(SB) takes place. In the laser fields of relativistic intensities SB becomes es-
sentially multiphoton and the description of nonlinear SB requires relativistic
quantum consideration. The latter may be made again via Volkov wave func-
tion (1.94), at the electron scattering on a static potential field in the first
Born approximation. This process can be described by the first-order Feyn-
man diagram (Fig. 1.7), where the “dressed electron” initial and final states
are described by corresponding wave functions (1.94) and the dashed line
corresponds to pseudophotons of scattering potential field.

Fig. 1.7. Feynman diagram for bremsstrah-
lung in superstrong wave field.

For the probability amplitude of the transition ¢ — f at SB process we
have

Siy = Uy A (2) Uppd'e, (1.126)

where A() () is the four-dimensional vector potential of the scattering field.
Upon Fourier transformation

A(e) 6) 7iq':vd4 /7
Eq. (1.126) will have the form
Sis = _ﬁ / Trygr A (¢) e ", d* g d*a. (1.127)
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The static potential field (for nucleus/ion — as a scattering center — the
recoil momentum is neglected) will be described by the scalar potential ¢ (r)

A (@) = (¢ (r),0)

and for the Fourier transform of A(®) (z) we have

A (¢') = (276 (ah) (1) ,0).

Then one can conclude that the S-matrix amplitude of this process may
be obtained from the S-matrix amplitude of the Compton effect (1.106) by
substitutions of the amplitude of vector potential of quantized photon field,
as well as four-dimensional polarization and wave vectors of the photon as
follows:

2mhc? 1
— (5 / !/ d4 /’
", ) (2) ¢ (d)
€ — ¢ =(1,0,0,0), K — —q.

Hence, making these substitutions in Eq. (1.107) and using § functions of
Eqgs. (1.108)—(1.110) for the integration over ¢, the probability amplitude of
SB may be represented in the form

e —

Sif = — i ——————T (p' ) M, pis 1.128
= i ()Mo (0) (1128)
with
e} 5 I~ ~TD
- —~ eBlsk:eo 660/{3313
M;r = ; By
o s;mw(qé) ot <2C(kp’) T (i) )
62(k60)B2 -~
— 2 S (I — g — shw 1.12
+262(/€p’)(k‘p) ( 0 0 s )a ( 9)

where the vector functions BY, = (0,B15) and scalar functions By, Bas are
expressed via generalized Bessel functions G(«, 3, ¢):

oo

Bls = % Z {el (Gsfl(a’ﬁv 90) + Gs+1(a76a 90))

S§=—00

+i829 (Gs—l(avﬁaw) - Gs+1(0l,ﬂ,<,0))} ) (1130)
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By = Gs(a, B, ), (1.131)

A2 A2
By, = 70(1 +9%)Go + 70(1 )

oo

X Z s— 2 «, /6» )+G8+2(a7ﬁ3§0))7 (1132)

S=—00
and

hqs=II' — II — shk (1.133)

is the recoil momentum. The definitions of arguments «, 3, ¢ are the same as
in Egs. (1.103)—(1.105).

The differential probability of SB process per unit time, summed over the
electron final polarization states and averaged over the initial polarization
states, is

1 o dIl
= ﬁ2|sif| e (1.134)

The calculation of spur will be made in the same way as has been made for
the Compton effect using Eq. (1.111) and the following relations:

0, if s # &,
520 (1T — IIg — shw) , if s =5

Then we obtain

1 o 2me®T _e(pByy)w e2wBy, |
NS s ’
2;' s = RIT{IT Z“P ) {‘ (kp) c + 2¢2(kp)

e2h? [kq,]?

gy (Bl ~ R (BsB)

hz \BI } (1T — Iy — shw) . (1.135)
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Dividing the differential probability of the process (1.134) by initial flux den-
sity |II| ¢?/IIy, and integrating over I1{ we obtain the differential cross section
of multiphoton SB process

do e do'(s)
Tn T A 1.1
0 a0 (1.136)
§>—5m
where
Ao _ lp@) W] [l c®Bw o, [
dO 4m2htct || (kp) ¢ 2¢2(p)
e o i kq,]’ 2
- B|" + —— 7"~ ||B1s|” — Re (B2 B} 1.1
4 | 5| + 4(kp')(/€p) [| 15‘ Re( 2s s)} ( 37)

is the partial differential cross section, which describes the s-photon SB pro-
cess. The final quasimomentum of the electron corresponding to s-photon
absorption (s > 0) or emission (s < 0) processes in the strong wave field is

I = \/1'[2 + % (20T + shw), (1.138)

and s,, is the maximum number of emitted photons:

H _ E W
o —m*c? (1.139)

For circular polarization of the incident EM wave
Gs(a,0,0) = (=1)° Jy(a)e™?,

and taking into account (1.130)—(1.132), for the partial differential cross sec-
tion of SB we have

do®) _ e (a)*[IT' H(n 4 S %[kp}>2 3 hq] J2(a)

do 42kt 1T (kp) 2 4

e a5 1) 20+ 200
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Jr62,4% [%[kp]]ZJ/z(a)} ’ (1.140)

where

= {k (;; - ;};ﬂ (1.141)

and the Bessel function argument is

_c4o

ozhw%|.

(1.142)

At the absence of incident EM wave (Ag = 0) from Eq. (1.140) we obtain
the Mott formula for elastic scattering of the electron in the Coulomb field,
which corresponds to s = 0 harmonic. Thus, taking into account the Fourier
transform of Coulomb potential

AmZge
q?

¢ (a) (1.143)

where Z, is the charge number of the nucleus, and Eq. (1.133) for qp, Eq.
(1.140) becomes

doyore 47203 2[ B hzq%CQ]

0 R23q} 482

(1.144)
where ag = €?/(he) = 1/137 is the fine structure constant.

Concerning the applied approximation for description of multiphoton SB
note that the condition of validity of obtained cross sections (1.137) in the first
Born approximation by static potential field holds for electron renormalized
velocities in the incident wave field. In particular, for Coulomb potential the
known condition for the Born approximation turns into conditions

Z,e> Z.e2
<<1l, —
hv hv

<<1, (1.145)

where ¥ = ¢2 [II| /Iy, ¥ = ¢2 |II'| /II}) are the electron initial and final mean
velocities in the EM wave field.

For a << 1 the main contribution to the SB cross section produces one-
photon emission and absorption processes. In particular, for one-photon stim-
ulated radiation from Eq. (1.140) we have

do' ™) _ lp(a )’ | A [, (Ep _ep'\]’
dO  167m2hict|p| h2w? pk  pk
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2,2 [ (p p\]® Aw?[ka_]’
T {k@%‘m”’%%@w@>‘ (1.146)

From this formula one can obtain the Bethe-Heitler formula for spontaneous
bremsstrahlung (one-photon emission) in the Coulomb field. For the latter

one needs to make the replacement (1.123) in Eq. (1.146) and multiply the
cross section of bremsstrahlung by the density of photon states

then we will have the Bethe—Heitler formula
s B a§Z2 |p/| y 5p’ B 5/}) 2
BH = 2p2c2, |pl q*, vk pk

R2a2 . 2 / 2 pa2 [k 2
q%@%<pp>}+<v[mﬁ}m@w_ (1147

4 p'k  pk 2(kp’)(kp)

For multiphoton SB in the nonrelativistic limit (v << ¢) one can make
dipole approximation for EM wave and omit the terms proportional to k2
and q? in Eq. (1.140). Then we obtain the nonrelativistic factorized cross
section of multiphoton SB

do) _ dog 1 (edo
dO dO 7\ hw

where
dor _ m*e|p (q,)|” P
do 4m2h* |p|

(1.148)

is the Reserford cross section.

Comparing the nonrelativistic cross section (1.148) with the relativistic
one (1.140) it is easy to see that besides the additional terms, which re-
sult from spin-orbital and spin-laser interaction (~ ¢2), as well as from the
intensity effect of strong EM wave (~ &2), the relativistic contribution is
conditioned by arguments of the Bessel functions. Because of sensitivity of
the Bessel function to the relationship of its argument and index the most
probable number of emitted or absorbed photons is determined by the con-
dition |s| ~ |a|. For this reason the contribution of relativistic effects to
the scattering process is already essential for intensities ) ~ 0.1. Hence, the
dipole approximation is violated for nonrelativistic parameters of interaction.
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Besides, the state of an electron in the field of a strong EM wave and, con-
sequently, the cross section of SB essentially depends on the polarization of
the wave. In particular, the cross section for linear polarization of the wave
is described by the generalized Bessel function. The cross sections in both
cases are complicated and to show some features of multiphoton SB process
we present the results of numerical investigation. For the numerical calcula-
tions we have chosen the initial electron momentum p to be colinear with
the laser propagation direction. In this case for circular polarization of the
wave there is an azimuthal symmetry with respect to propagation direction,
which simplifies the calculation of integral quantities. Then we have taken
moderate initial electron kinetic energy £ = 2.7 keV (100 a.u.), neodymium
laser (fiw ~ 1.17 eV ), screening Coulomb potential

_ AmZge

w(q)—m,

with radius of screening Yy~ ! =4 a.u. and Z, = 1.

In Fig. 1.8a the envelopes of partial differential cross sections as a function
of the number of emitted or absorbed photons for circular polarization of
EM wave are shown for the deflection angle ¢ = ZITII' = 10 mrad. The
relativistic parameter of intensity is taken to be £y ~ 0.1. The dotted and
dashed lines correspond to initial electron momentum parallel and antiparallel
to the laser propagation direction k, respectively, and the solid line gives the
nonrelativistic result. The energy change of a particle is characterized by the

absorption/emission (AE) cross section. Partial AE differential cross section
will be

(s) (s) (—s)
doge (da do ) (1.149)

do do do
In Fig. 1.8b the envelopes of partial AE differential cross sections for circular
polarization of EM wave are shown for the same parameters. It is seen from
Fig. 1.8 that the differences between the cases of initial electron momentum
parallel or antiparallel to the laser propagation direction k on the one hand
and between nonrelativistic result on the other hand are notable already for
&o ~ 0.1. In particular, the absorption and emission edges and the magnitudes
of the peaks are different.
To show the dependence of the SB process on laser intensity in Fig. 1.9a
the summed differential cross section

oo

di _ do(®)
do dO

S>—8m

(1.150)
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Fig. 1.8. (a) Envelopes of partial differential cross sections in atomic units as a
function of the number of emitted or absorbed photons for circular polarization of
EM wave for the deflection angle ¥ = ZIIII' = 10 mrad. The relativistic parameter
of intensity is & ~ 0.1. (b) Envelopes of partial absorption/emission differential
cross sections for the same parameters. The dotted and dashed lines correspond
to initial electron momentum parallel and antiparallel to the laser propagation
direction k, respectively, and the solid line gives the nonrelativistic result.
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Fig. 1.9. The summed differential cross sections for circular polarization of EM
wave are plotted as a function of relativistic parameter of intensity & in the range
0 < & < 1. The initial electron momentum is parallel to the laser propagation
direction k. (a) SB differential cross section do/df2; (b) absorption/emission differ-
ential cross section doge/df2. Numbers denote different values of deflection angle:
1, ¥ = 6 mrad; 2, ¥ = 5 mrad; 3, ¥ = 4 mrad.

is plotted for various deflection angles as a function of relativistic param-
eter of intensity &y. The initial electron momentum is parallel to the laser
propagation direction k. In Fig. 1.9b summed AE differential cross section is
shown. We see from Fig. 1.9 that SB as well as AE cross sections decrease
with increasing wave intensity. This is a consequence of the SB process being
essentially nonlinear in contrast to perturbation theory where s-photon SB
cross section ~ £3°.

For the integral quantities such as the total scattering cross section ¢ and
total emission/absorption cross section (o) which characterizes net energy
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change, one should integrate partial differential cross section of SB process
do(®) /dO over solid angle and perform summation over photon numbers:

o= Y o, (1.151)
§>—8m
and total AE cross section (o7) will be
or= Y so. (1.152)
S>—8m

Note that for these quantities in the optical range of frequencies one can
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Fig. 1.10. The envelopes of integrated absorption/emission partial cross sections
a((l? for circular polarization of EM wave as a function of photon number in the
range 0 < s < 500 for various laser intensities. The initial electron momentum
is parallel to the laser propagation direction k. Negative values correspond to net
emission, while positive values correspond to net absorption.

neglect the contribution from the spin interaction. The latter is essential for
large angle scattering which produces a minor contribution to the total cross
sections (for optical frequencies the quantum recoil is negligibly small). For
the strong laser fields one should take into account a large number of terms
in Egs. (1.151) and (1.152) since multiphoton absorption/emission processes
already play a significant role for moderate laser intensities (§; < 1) in
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contrast, for example, to nonlinear Compton scattering where multiphoton
processes become essential for £, ~ 1 and the cutoff number of absorbed
photons ~ &. This essentially complicates the analysis of total cross sections
(1.151) and (1.152). As a first step to exhibit the dependence of SB process
on laser intensity, Fig. 1.10 plots the envelopes of integrated AE partial cross
sections O'((li) for various laser intensities as a function of the photon number in
the range 0 < s < 500. The initial electron momentum is parallel to the laser
propagation direction k. Negative values correspond to net emission, while
positive values correspond to net absorption. Figure 1.10 reveals that for this
initial geometry the absorption process is dominant but with increasing wave
intensity the AE cross section decreases.
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2 Interaction of Charged Particles with Strong
Electromagnetic Wave in Dielectric Media.
Induced Nonlinear Cherenkov Process

What can we expect from particle-strong wave interaction in a medium es-
sentially different from that of a vacuum?

It is well known that in a medium with the refractive index n(w) > 1 (di-
electric media) the Cherenkov effect takes place — charged particle moving
with a velocity v = const radiates spontaneously transverse EM wave of fre-
quency w at the angle 0 satisfying the condition of coherency cosf = ¢/vn(w).
This means that in the presence of an external plane EM wave of the same
frequency w propagating at this angle with respect to the particle motion the
spontaneous Cherenkov radiation of the particle will acquire induced charac-
ter and the inverse process of Cherenkov absorption from the incident wave
by the particle is possible as well. This is the general character of arbitrary
type spontaneous radiation process in corresponding induced one. However, in
contrast to the noncoherent process (e.g., bremsstrahlung), if the spontaneous
process is of coherent nature, such as the Cherenkov process, for the satisfac-
tion of the condition of coherency the external wave should be weak enough
to not change considerably the particle initial velocity v and violate the men-
tioned condition of coherency of the spontaneous process. Consequently, this
explanation of formation of induced process with the charged particles (in-
duced free—free transitions in quantum terminology) corresponds to the linear
theory.

The behavior of induced Cherenkov process in the strong EM wave field is
quite different from the mentioned one. The existence of the threshold value
of the particle velocity for the spontaneous Cherenkov radiation (v > ¢/n(w))
stipulates for the threshold value of the wave intensity essentially changing
the character of the dynamics of the particle—wave interaction in a medium
and, consequently, the character of electromagnetic processes in dielectriclike
media, proceeding in the presence of strong radiation fields. As we will see
later, the peculiarities which arise at the nonlinear interaction of charged
particles with strong EM waves are the general features of coherent processes
like the Cherenkov one.

To reveal the nonlinear behavior and principal peculiarities of a particle—
strong wave interaction in a medium, this chapter will present the nonlinear
classical theory of induced Cherenkov process.
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2.1 Particle Classical Motion in the Field of Strong
Plane EM Wave in a Medium

A plane quasi-monochromatic EM wave in a medium may be described by the
vector potential A(t,r) = A(t —noror/c), where ng = n(wp) is the refractive
index of the medium at the carrier frequency of the wave (actually laser
radiation). For the electric and magnetic fields we will have respectively

E(t,r) = E(t —novor/c); H(t,r) = H(t —novor/c); H =ng[E]. (2.1)

Hereafter we will assume that the frequency wqg is far from the main
resonance transitions between the atomic levels of the medium to prohibit the
wave absorption and nonlinear optical effects in the medium and consequently
ng = /Eofto = const will correspond to the linear refractive index of the
medium (g9 and po are the dielectric and magnetic permittivities of the
medium, respectively).

Without loss of generality we will direct vector vy along the OX axis of
a Cartesian coordinate system: vy = {1,0,0} and the relativistic classical
equations of motion of a charged particle in the field (2.1) will be written in
the form

dp,
dt

= no~ [vy By (r) + v-E:(7)], (22)

T L S (e

where 7 =t —ngx/c is the retarding wave coordinate of the quasi-monochro-
matic plane EM wave in a medium.

The integration of Egs. (2.2) and (2.3) is carried out as was done for Egs.
(1.3) and (1.4) and with Eq. (1.9) one can obtain the particle transversal
momentum

e e
Py = Poy — EAy(T)a Pz = Poz — EAZ(T) (24)
and integral of motion

K= é'fip:c = const, (2.5)
no

which together with the relation £2 = p2c? + m?¢c* determine the energy of
the particle in the field of strong quasi-monochromatic plane EM wave in a

medium:
& Vox Voz \ 2
E=—"(n2(1-—=2 (1 - —)
n%—l{n()( cno):F T
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o 1/2
_(Oggl) (e*A” (1) — 2ecpoA (7)) : (2:6)

Here pg = {pOcr,pOy;pOz}, &o, and vq, are the particle initial momentum,
energy, and longitudinal velocity, respectively, at 7 = —00 (A(7) |r=—co= 0
according to unique definition of the vector potential of the wave (1.7)).

Equation (2.6) describes the energy exchange between the charged particle
and plane transverse EM wave of arbitrary intensity in a medium in the
general case. However, besides the formula of the energy for the description
of the particle nonlinear dynamics in this process we will need the formula for
the longitudinal velocity of the particle in the field — a major characteristic of
the induced Cherenkov process. The latter can be defined from the relation
vy = ¢®p,/E within the expression for the longitudinal momentum of the
particle p,, which is determined by the integral of motion (2.5) and Eq.
(2.6). Then for the longitudinal velocity of the particle we will have

1 —voyu D
Vg = cno—; vou/ o ¥ VD (2.7)

ng (1 — vog/cng) F VD’

where
D = (1 —ngvoe/c)’ — ((ng—1) /&) (°A® (1) — 2ecpoA (7)) . (2.8)

Further, for the consideration of radiation processes we will need the formulas
for transversal velocities of the particle, which can be defined from Egs. (2.4)
and (2.6):

¢ (n(Q) - 1) (cpoy,» — €Ay (7))

- . 2.9
T g n3 (1 —voz/cno) F VD (2.9)

As is seen from Eqs. (2.6)—(2.9) the expressions determining the particle
energy or velocity in the wave field are, first, not single-valued and, second,
may become imaginary depending on particle and wave parameters. The pe-
culiarity arising in the induced Cherenkov process because of particle-strong
wave nonlinear interaction is connected with this fact. Hence, treatment of
the particle dynamics in this process should start by clarification of these
questions.

2.2 Nonlinear Cherenkov Resonance and Critical Field.
Threshold Phenomenon of Particle “Reflection”

To consider the behavior of a particle upon nonlinear interaction with a strong
wave in a medium on the basis of Eq. (2.6) we will analyze the case where the
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initial velocity of the particle is directed along the wave propagation direction
for which the picture of the particle nonlinear dynamics is physically more
evident. In this case Eq. (2.6) becomes

:F\/<1 _ no%‘))rz —(n2—1) (”(;C]Qf €2(7)] , (2.10)

where £2 (1) is the relativistic invariant parameter of a plane EM wave inten-
sity, determined by Eq. (1.19).

As is seen, Eq. (2.10) is twovalence and, at first, we shall provide the
unique definition of the particle energy in accordance with the initial con-
dition. In the case of plasma (ny < 1 ) or vacuum ( ng = 1 ) the term
under the root is always positive, hence, in these cases one has to take before
the root only the upper sign (—) to satisfy the initial condition £ (1) = &
when £(7) = 0. In the case of a vacuum, Eq. (2.10) yields results obtained in
Chapter 1 (see Eq. (1.13) or Egs. (1.24) and (1.36) for the circular and linear
polarizations of the wave).

Further investigation is devoted to the case of a medium with refractive
index ng > 1. In this case the nature of the particle motion essentially depends
on the initial conditions and the value of the parameter £ (7) as far as the
expression under the root in Eq. (2.10) may become negative, while the energy
of the particle should be a real quantity and uniquely defined as well. To
solve this problem one needs to pass the complex plane, according to which
we represent Eq. (2.10) in the form of known inverse Jukowski function (to
determine also the sign before the root corresponding to initial condition
E(T) |r=—c0 = &y since at ng > 1 the quantity 1 —mngvo/c under the root may
be negative as well):

g= 2 [n% (1 - VO) F(1-no™2)[1- 5257)1 . (211

cr

where
_poYo
& |1 —ne

cr =

(2.12)

me? /2 =1

If &mae < Eer (Emax is the maximum value of the parameter £(7)) the
expression under the root in Eq. (2.11) is always positive and in front of the
root one has to take the upper sign (—) according to the initial condition.
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Then £ = & after the interaction ({(7) — 0) and the particle energy remains
unchanged.

If £mar > Eor the particle is unable to penetrate into the wave, i.e., into
the region & > £, since at £ > &, the root in Eq. (2.11) becomes a complex
one. This complexity now is bypassed via continuously passing from one Rie-
mann sheet to another, which corresponds to changing the inverse Jukowski
function from “—” to “4” before the root. Hence, the upper sign (—) in
this case stands up to the value of the wave intensity £(7) < &, then at
& (1) = & the root changes its sign from “—” to “4+”, providing continuous
value for the particle energy in the field. The intensity value & (1) = & of
the wave is a turn point for the particle motion, so that we call it the critical
value.

Thus, when the maximum value of the wave intensity exceeds the critical
value a transverse plane EM wave in the medium becomes a potential barrier
and the “reflection” of the particle from the wave envelope (£(7)) takes place.
If now £(7) — 0, we obtain after the “reflection” for the particle energy

1 — noYo
£=& {1 + 2"06} . (2.13)
n,

If the initial conditions are such that the wave pulse overtakes the particle
(vo < ¢/ng ), then after the “reflection” £ > &y and the particle is acceler-
ated. But if the particle overtakes the wave ( vo > ¢/ng), then £ < & and
particle deceleration takes place.

This nonlinear threshold phenomenon is bounded on the stimulated
Cherenkov process. The coherent nature of the Cherenkov process is related
to the existence of the critical intensity of the wave &... Indeed, from Eq.
(2.7) it follows that when £ = &, the longitudinal velocity of the particle in
the field becomes equal to the phase velocity of the wave: v (§) |e=¢,.= ¢/no
irrespective of its initial velocity vo. The latter is the Cherenkov condition of
coherency in a dielectric medium. Fulfillment of the Cherenkov condition in
the strong wave field leads to the nonlinear Cherenkov resonance, at which
the induced absorption or emission of Cherenkov photons becomes essentially
multiphoton. As a result, the particle velocity becomes greater or smaller (de-
pending on initial velocity vo) than the wave phase velocity and it leaves the
wave, i.e., the “reflection” from the wave front occurs. In addition, the energy
lost by the particle at the deceleration (vo > ¢/ng) is coherently transferred
to the wave via induced Cherenkov radiation. As is seen from Eq. (2.13), for
the initial “Cherenkov velocity” vo = ¢/ng the energy of the particle after
the “reflection” does not change: £ = & , which is in congruence with the
critical value of the field: &.,. = 0 at the initial Cherenkov velocity of the par-
ticle (see Eq. (2.7)). The latter confirms the nonlinear character of Cherenkov
resonance in the strong wave field. In this case the induced Cherenkov effect
will occur at v, = vg = const, i.e., the wave field should not change the
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particle initial velocity, which can take place approximately, only in the weak
fields — induced Cherenkov effect in the linear theory (in accordance with
the initial condition &(7) |;=—ooc= 0 — the wave is turned on adiabatically
— it is evident that in this case the linear induced Cherenkov effect is absent
as well).

This threshold phenomenon of the particle “reflection” can be more clearly
presented in the frame of reference connected with the wave. In this frame
the electric field of the wave vanishes (E’ = 0) and there is only the static
magnetic field (|H'| = |H| \/n2 — 1/n¢ ). For not very large particle velocities
in this frame the magnetic field will turn the particle back — elastic reflection
from the standing wave barrier. In the opposite case the particle slips through
the magnetic field. Such behavior of the particle in the intrinsic frame of the
wave corresponds to the cases £ > &, (large velocities close to the Cherenkov
one at which &, is small and the condition £ > &, is achievable) and £ < &,
in the laboratory frame of reference, respectively (see Eq. (2.7)). Note that
because of the particle reflection from the standing barrier in the frame of
reference of the slowed wave we term the revealed nonlinear phenomenon a
“reflection” one.

Hence, the threshold-coherent nature of spontaneous Cherenkov effect
over the particle velocity (v, = ¢/ng) causes the threshold for the external
wave intensity (£, = &), which in turn causes the phenomenon of particle
“reflection” from the plane EM wave. It is worth emphasizing that the latter
may be very small (§, — 0) if the particle initial velocity is close to the
wave phase velocity (vo — ¢/ng), which means that in this case the linear
theory is not applicable even for very weak wave fields (£ — 0), since the
nonlinear phenomenon of particle “reflection” will take place (£ > &.. — 0).
Also, it is important that due to this phenomenon the induced process at £ >
& proceeds strictly in a certain direction — either radiation or absorption
(inverse induced process), which has a principal meaning for induced free—
free transitions related especially to problems of laser acceleration and free
electron lasers.

Let us estimate the particle energy change due to “reflection”. Note, at
first, that the latter does not depend on interaction length or magnitude
of the field (it is necessary only that & > &..). It is a nonlinear acceler-
ation/deceleration of the shock character, which proceeds in short enough
time — smaller than the wave pulse duration. As is seen from Eq. (2.13),
for a certain value of the refractive index of the medium the stronger the
initial velocity of the particle differs from the Cherenkov one and the closer
to 1 (ng — 1 << 1), the larger is the energy change. As follows from Eq.
(2.12) in these cases the strong wave fields are necessary. However, as the
medium is to be dielectriclike (ng > 1) the wave intensity is confined to the
threshold ionization of the medium. As is known in nonionized media a wave
of intensity €2 < I/mc? , where I is the first ionization energy of the medium
atoms (for dielectrics, the width of the forbidden zone), can propagate. In the
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opposite case a tunnel ionization of the atoms can take place. Consequently,
the region of intensities where the “reflection” phenomenon in dielectriclike
media can be applied is €2 < €2, < I/mc?. For typical values I ~ 10 eV we
have &40 ~ 5x 1073, To such values of the wave critical intensity correspond
particle velocities near the Cherenkov one, which is possible in the case of
relativistic particles in the gases (ng — 1 << 1), whereas for nonrelativistic
ones, in solids (ng — 1 ~ 1). However, in the last case the negative effects
of multiple scattering and ionization loss of the particle in solids also can
influence. Thus, this phenomenon can be realized in the gases for relatively
low densities. The optimal values of the refractive index of the gaseous media
for this phenomenon are ng — 1 ~ 1072 = 107° (e.g., for CO, and He at
standard pressure and temperature ng — 1 ~ 4.48 x 10~% and ~ 3.47 x 1075,
respectively).

As the application of large intensities is restricted with ionization thresh-
old of the medium, we express the particle energy change due to “re-
flection” through the wave critical intensity. If np — 1 = pu; << 1 and
1 —vo/c=p2 << 1 from Egs. (2.12) and (2.13) we have

1 — pol 2 [ 2
o 2 AE| ~&omety [ — . 2.14
3 N |AE] ~¢ Voo (2.14)

Estimations show that an electron with initial energy & ~ 10 MeV after
the “reflection” from a laser pulse with & ~ 5 x 10~* (which corresponds to
the neodymium laser radiation strength £ ~ 107 V/em ) in a medium with
no—1 ~ 1073 acquires (vo < ¢/ng) or loses (vo > ¢/ng) energy |AE| ~ 10 keV.
As the particle deceleration occurs because of stimulated Cherenkov radiation
in this case the wave amplification takes place. Hence, as a result of the
“reflection” of a beam with electron total number ~ 5 x 10'* an energy of
~ 1 J coherently will be radiated into the wave.

The phenomenon of charged particle “reflection” from a plane EM wave
may also be used for the monochromatization of particle beams. The fact
that above the critical intensity value the induced Cherenkov process occurs
in only one direction — either emission or absorption — and for the initial
Cherenkov velocity v, = ¢/ng the energy of the particle after the “reflection”
does not change, in principle enables conversion of the energetic or angular
spreads of charged particle beams due to “reflection.” The latter requires
considering the general case of interaction at the arbitrary direction of par-
ticle initial motion with respect to wave propagation. So, without repeating
the analysis, which has been made in the case of particle-wave parallel prop-
agation we will present the ultimate results of the “reflection” phenomenon
in the general case.

Thus, when the particle initial velocity is directed at an angle (9) to the
wave propagation direction the energy of the particle is given by Eq. (2.6),
which at the linear polarization of the wave reads
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£(r) = 20 {ng(l—v()cosﬁ)q:{(lnovocosﬂ)z(ngl)

ng—1 cno c

mc? 2 9 2 2p0 sin v ] 1/2 9

X (50) [5 (1) cos” woT — — &(7) costTH (2.15)
(the wave is linearly polarized along the axis OY with vector potential A, =
A(7) coswpT and one can assume py = {pgcosd;posindd;0}, as far as the
coordinate z is free). As is seen from Eq. (2.15), in this case the “reflection”
occurs from certain planes of equal phases but from the front of the wave
intensity envelope as in the case ¥ = 0. At the actual values of the parameters
for induced Cherenkov process (ultrarelativistic particles in gaseous media
with refractive index ng — 1 << 1 and not very small angles 9, as well as
the wave intensity being confined to ionization threshold of the medium)
the second term under the root is much smaller than the third one, that is,
2po| sin¥|/me >> &naq and for the critical field in this case we have

c & (1 — ng2 cosﬁ)

2
T 2vome® (n2 —1)]cos V| .

Eer () 9 #0 (2.16)

(in the case ¥ = 0, & is determined by Eq. (2.12)).
If the maximal value of the wave intensity &z > Eor(9), then the particle
energy after the “reflection” is

2 (1 — no2 COS’!9)
ng—l

EMW) =& |1+ (2.17)

Let the charged particle beam with an initial energetic ( Ag) and an-
gular (dg) spread interact with a plane transverse EM wave of intensity
Emaz > Eor(9) in a gaseous medium. To keep the mean energy & of the beam
unchanged after the interaction (at the adiabatic turning on and turning off
of the wave) the axis of the beam with mean velocity vg must be pointed at
the Cherenkov angle (9o) to the laser beam, i.e., ng(¥g/c) cos¥y = 1. Under
this condition the particles with velocities vocos? < ¢/ng will acquire an
energy and the other particles for which the longitudinal velocities exceed
the phase velocity of the wave (vg cosd > ¢/ng) will loss an energy according
to Eq. (2.17). As a result the energies of the particles £ () will approach
close to the mean energy & of the beam (€ (9) — & ) and the final energetic
width of the beam will become less than the initial one. As there is one free
parameter (for a specified velocity ¥ the parameters ¥ and ng are related
by Cherenkov condition) it is possible to use it to control the exchange in the
energy of the particles after the “reflection” (2.17) and to reach the minimal
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final energy spread of the beam A << Ay — monochromatization. Depend-
ing on the relation between the initial energetic and angular spreads and
mean energy of the beam, the opposite process may occur, namely angular
narrowing of the beam. Physically it is clear that with the monochromati-
zation the angular divergence of the beam will increase and the opposite —
the angular narrowing of the beam — leads to demonochromatization (in ac-
cordance with Liouville’s theorem). More detailed consideration of this effect
with the quantitative results can be found in the bibliography of this chapter.

To illustrate the typical picture of nonlinear interaction of a charged parti-
cle with a strong EM wave in a medium we present the graphics of numerical
solutions of the Eqgs. (2.2) and (2.3) for the laser pulse of finite duration,
showing the behavior of particle dynamics below and above critical intensity,
with the effect of acceleration. At first we will not take into account the de-
pendence of the slowly varying intensity envelope of a laser beam from the
transversal coordinates. Thus, a laser beam may be modeled as

Ey

EIZO, .E’Z:O7 Ey:m

COS W, (2.18)

where 07 characterizes the pulse duration. The particle initial energy is taken
to be & = 40 MeV and the initial velocity is directed at the angle 9 = 9x 1073
rad to the wave propagation direction (pp, = 0). The refractive index of
the gaseous medium for this calculation has been chosen to be ng — 1 =
10~%. Figure 2.1 illustrates the evolution of the particle energy: the energy
versus the position z is plotted for a neodymium laser (hwg ~ 1.17 eV) with
electric field strength Ey = 3 x 108 V/em and §7 = 4T (T is the wave
period). For these parameter values the wave intensity is above the critical
point and, as we see from this figure, the particle energy is abruptly changed
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Fig. 2.1. “Reflection” of the particle. The energy versus the position z is plotted
when the wave intensity is above the critical point.
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corresponding to the “reflection” phenomenon. Figure 2.2a illustrates the
evolution of the energies of particles with different initial interaction angles.
The initial energies for all particles are & ~ 40 MeV. Figure 2.2b illustrates
the role of initial conditions: the final energy versus the interaction angle is
plotted. As follows from Eq. (2.16) the critical intensity, as well as the final
energy (2.17), depend on the initial interaction angle and as a consequence
we have this picture. Note that the acceleration rate neither depends on the
field magnitude (only should be above threshold field) nor on the interaction
length.

0 40 80 120 160 200 240
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Fig. 2.2. “Reflection” of the particles with different initial interaction angles. Panel
(a) displays the evolution of the energies of particles. In (b) the final energy versus
the interaction angle is plotted.

To demonstrate the dependence of the considered process on transversal
profile of the laser intensity for actual beams in Fig. 2.3 the evolution of the
energies of particles with various initial phases (with initial energies & ~ 40
MeV) is illustrated. The laser beam transversal profile is modeled by the
Gaussian function
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Fig. 2.3. The evolution of the energies of particles with various initial phases are
shown for the laser beam with transversal intensity profile for the various entrance
cordinates: (a) z =0, (b) z =d/4, and (c) z = d/2.

4

(2.19)

with d = 103\, 67 = 507. As we see from this figure the acceleration picture
is essentially changed depending on the entrance coordinates of the parti-
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cles. This is the manifestation of the threshold nature of the “reflection”
phenomenon.

2.3 Particle Capture by a Plane Electromagnetic Wave
in a Medium

If for the intensity exceeding the critical value a plane EM wave becomes a
potential barrier for the external particle (with respect to the wave), then for
the particle initially situated in the wave it may become a potential well and
particle capture by the wave will take place. As the particle state in the wave
depends on wave phases we will assume in this case a certain polarization of a
monochromatic wave. Let it be linearly polarized with electric field strength
along the axis OY :

E,=FEycos¢; ¢ = wy (nO% — t) . (2.20)

The solution of equations of motion (2.2) and (2.3) in the field (2.20) may
be presented in the form

o o 50 1 Voz 1 Vozx 2 2 1 m02 2
px(@_n%—l? ( _cno):F[( _nOT) —(no— ><50)

mcéy

1/2
x &2 (sin ¢ — sin ¢) <Sin¢ —singg — 2 Poy )} }, (2.21)
py(®) = poy — mco(sing — singo) ,

E(¢) = niopx(sb) + & (1 - VO””) , (2.22)

cno

where &y = eFy/mcwy is the intensity parameter of the monochromatic wave
(see Eq. (1.25)), ¢o = w(nozo/c — to) is the initial phase of the particle in
the wave. Here without loss of generality it is assumed that the z component
of the particle initial momentum py, = 0 as far as the coordinate z is free.
Tt is seen from Eq. (2.21) that the particle can be in the field region where

W () = (sin ¢ — sin ¢o) <sin¢ — sin g — 2L >

mcgo
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< < 2 >2 (1= novos/c)” . (2.23)

mc? (ng —1)&

If the maximum value of the function W(¢)

50 )2 (1 — TL0V09;/C)2 (2.24)

Wmax 5 T 9 N /2
(6)> (m02 (ng—1)&
then the region (2.23) will be a potential well for the particle and the capture
of the latter by the transverse EM wave will take place. The equilibrium
phases of the wave (¢5) correspond to the extrema of the function W(¢):

sin ¢4 = sin ¢ + Poy ; cos s £ 0, (2.25)
mcép
_q- : ; Doy
cos s =0 ; sin ¢ # sin ¢o + . (2.26)
mcgo

The particle moves with a Cherenkov velocity v, = ¢/ng when it is in the
equilibrium phases ¢4. Equation (2.22) together with Eqgs. (2.25) and (2.26)
determine the equilibrated values of the particle transverse momentum p,s.
In particular, pys = 0 corresponds to the case (2.25). The motion of the
particle in these phases will be stable when

|sin o + 2| < 1. (2.27)
c€o

m

If the initial velocity of the particle is equal to the Cherenkov one (vo, =
¢/ng = Vgs), then from Eq. (2.24) we have the following condition for the
particle capture by the wave:

Doy

<1+ |singg + 22|, (2.28)
mcéo

mc€y

At the fulfillment of Eq. (2.27) the condition of particle capture (2.28) always
holds, and therefore the condition of stable motion (2.27) thus determines
the capture of the particle in the considered regime. In particular, as is seen
from Egs. (2.25) and (2.27), when p,o = 0, then ¢, = ¢¢ and any phase is
equilibrated. In this case the phase cos¢g = 0 (Ey = 0) is unstable. This
is physically clear in the wave frame where the magnetic field of the wave
corresponding to this phase is zero: H = 0, while the stability in the capture
regime is due to particle rotation around the vector of the magnetic field
(when pys = 0). If the particle initial velocity differs from the Cherenkov
value vo, = vg = ¢/ng + Av, then in the capture regime the particle will
undergo stable oscillations close to the equilibrated Cherenkov value. From
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Eq. (2.24) one can obtain the following condition for the capture of such
particle:

2
|Av] < nio%gm/(n2 —1) (1 + | sin o)) - (2.29)

The spread tolerances of the unequilibrated particle’s initial phase and
velocity can be defined from the condition (2.29) (Av = (¢/nowo)|d¢/dt]).

Note that the needed value of the field for the particle capture by the
wave defined from Eq. (2.29) is the critical value of the field (2.12) for the
“reflection” of the external particle (¢o =0 ).

Consider now the particle capture in equilibrium phases (2.26). With the
help of Egs. (2.22) and (2.23) one can show that the particle motion at the
phases cos ¢g = 0 will be stable when

pyssSings >0; ¢, =2k+1)m/2; k=0;£1;£2;.... (2.30)

For the capture of initial Cherenkov particle (vo, = ¢/ng) at the phases
o¢s = (2k + 1)7/2 from Eq. (2.24) one can obtain the following condition:

p
m

Winax() = 4] sin g + ——L| > 0,

c&o

which always holds. Therefore, the particle capture in this case is determined
by condition (2.30). If p,osin ¢g > 0, the phase ¢¢ is an equilibrated one for
any value of the particle transverse momentum (pg, = pys). But if vo, =
¢/ng + Av, the condition for capture is

2 2
|Ava| < Z5/n2 — 15 g4| sin o + 22 [1/2, (2.31)
no &o o

m

From Eq. (2.31) the critical value of the field can be defined for unequilibrated
particle “capture” at the wave phases ¢g = (2k + 1)7/2.

If cos ¢¢ # 0 from Eq. (2.24) one can obtain that when po, /mc§y > 2 the
Cherenkov particle capture is defined again by condition (2.30).

2.4 Laser Acceleration in Gaseous Media. Cherenkov
Accelerator

The phenomenon of charged particle “reflection” and capture by a trans-
verse EM wave can be used for particle acceleration in laser fields. As the
application of large intensities in this process is restricted because of the
medium ionization the acceleration owing to “reflection” in the medium with
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refractive index ny = const — single “reflection” — is relatively small. How-
ever, if the refractive index decreases along the wave propagation direction in
such a way that the condition of particle synchronous motion with the wave
vz () = ¢/no(x) takes place continuously, the phase velocity of the wave will
increase all the time and the particle being in front of the wave barrier (at
& > &) will continuously be “reflected”, i.e., continuously accelerated. The
law ng = ng(x) must have an adiabatic character not to allow the particle to
leave the wave after the single “reflection”. Such variation law of the refrac-
tive index can be realized in a gaseous medium adiabatically decreasing the
pressure.

For particle acceleration one can also use the capture regime. In this
case in the medium with ny = const the particle energy does not change
on average (particle makes stable oscillations around the equilibrium phases
in the wave moving with average velocity < v, >= ¢/ng). However, if one
decreases the refractive index along the propagation direction of the wave,
so that the particle does not leave the equilibrium phases, then the wave
will continuously accelerate the particle. Then, to realize the capture regime
(2.25) one needs po,/mc&y < 2. For not very strong fields this is sufficiently
strict confinement on the transverse momentum of the particle. On the other
hand, to accelerate the particle significantly large transverse momenta are
needed. Therefore, this regime can be used to pass the particles through the
matter and, also, to separate the particles by velocities (parameter £ defines
the region of particle velocities captured by the wave (see Eq. (2.29)).

For particle acceleration by laser fields one can use the capture regime
(2.26) corresponding to large transverse momenta of the particle po, /mc§y >
2. So, we will consider the general case of particle capture with arbitrary
initial momentum pg and laser acceleration in gaseous medium with varying
refractive index ng(x).

We will use the particle equations of motion (2.2) and (2.3) in the field
(2.20) where the refractive index ng — mo(xz) and consequently the wave
phase is determined as follows:

o(z,t) = 2 / no(z)dz — wot. (2.32)
c
Then from the equations

dos 0 Pos
da 2

(2.33)

defining wave equilibrium phases we obtain the variation laws for equilibrium
velocity of the particle and refractive index of the medium, respectively:

Vas(T) = (2.34)

no(z)’
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dno(x) _ nd(x) (de)s. (2.35)

dxz c? dt

From Eq. (2.2) and the equation for the particle energy variation

d&

i evy By cos ¢(x, t) (2.36)

one can obtain the acceleration of the particle in the longitudinal direction

dvy ecng(z) Ve
dt &

cno(x)} vyEp cos ¢(z,t). (2.37)

The equation of motion (2.3) determines in general for an arbitrary ng(x)
the integral of motion (2.5), from which for the equilibrium transverse mo-
mentum of the particle we have (again without loss of generality it is assumed
that the z component of the particle initial momentum pg, = 0 since the co-
ordinate z is free)

Dys = Poy — mcp (sin g5 — sin ) . (2.38)
Defining within Eq. (2.38) the equilibrium transverse velocity of the particle

vys(z) = *pys/Es(x) and substituting together with Eq. (2.34) into Eq.
(2.37) for the equilibrium value of the particle longitudinal acceleration we

obtain
dv, Dys me? \° n3(x) —1
- Pys o5, . 2.
(%), =eneonzeone (255) "ot (239

Substituting Eq. (2.39) into Eq. (2.35) we will have the equation which de-
termines the variation law of the medium refractive index:

dng(x) 2

e (85 i b e

It is seen from this equation that for the particle acceleration in the cap-
ture regime via decreasing refractive index of the medium (dng(z)/dx < 0)
one needs pyscos s > 0 (equilibrium transverse momentum of the particle
must be directed along the vector of the wave electric field). In the opposite
case the continuous deceleration of the particle will take place accompanied
by induced Cherenkov radiation (regime of continuous amplification of the
wave by the particle beam at dng(x)/dz > 0).

The energy of equilibrium particle acquired on the distance x is defined
by
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2
2 ng(z) 2.4 2 2
Ei(x) = W (m*c* +¢ pys) . (2.41)
Integrating Eq. (2.40) within Eq. (2.41) the ultimate formula for the vari-
ation law of the medium refractive index becomes

1[ mno(0)  no() ]+1ln[no(x)+1_no(0)—l
2 [ng(0)—1 mn3(x)—1 47 |no(z) =1 ne(0)+1

_ M owiobys COSGs (2.42)
m2ct + CQPQ?/S

Equation (2.41) in the general case defines the particle acceleration in
the capture regime when the medium refractive index falls along the wave
propagation according to law (2.42). It defines the longitudinal dimension of
such “Cherenkov accelerator” as well. The transverse dimension of the latter
is defined by

Es(y) = E(0) + mewobo(y — yo) cos ps. (2.43)

Here &;(0) and yo are the initial equilibrium values of the energy and
transverse coordinate of the particle (y — yo is the transverse dimension of
“Cherenkov accelerator”). As is seen from Eq. (2.43) the particle acceleration
takes place if (y —yo) cos ¢s > 0, and in the opposite case deceleration occurs
(Es(y) < &5(0)) in accordance with what was mentioned above. For relativistic
particles, when ng(x) ~ 1 and ng(z) — 1 << ng(0) — 1, from Eq. (2.42) we
have

2.4 2.2
moc” + c7py 1

no(z) — 1 ~ (2.44)

T Amc?Eowopys CoS s T
As as this formula is valid at the large variation of the medium refractive index
no(z) — 1, then according to Eq. (2.41) it corresponds to large acceleration of
the particle: E;(z) >> &,(0). In particular, Eq. (2.41) determines the initial
value of the refractive index ny(0) as a function of the initial value of the
equilibrium energy of the particle £5(0):

E:(0) — \/552(0) —c2p2, —m2ct
no(0) —1 = ! (2.45)
\/552(0) —c2p2, — mict

(since ¢s = conmst, then p,s = const according to Eq. (2.38)). From the
comparison of Egs. (2.44) and (2.45) (no(z) —1 << ny(0) —1; ng(0) ~ 1) one
can find the longitudinal dimension of acceleration on which the decreasing
law of refractive index (2.44) is valid:
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E2(0) — czpf]s —m2ct

xr >> .
2m02§0w0pys oS ¢

(2.46)

The energy of the equilibrium particle acquired on such distances is

Es(x) ~ \/2m02§0w0\pys oS ¢ ; Es(x) >> &5(0). (2.47)

The estimations show that, for example, at electric field strengths of laser
radiation E ~ 108 V/cm an electron with initial energy &£5(0) ~ 5 MeV
acquires energy Es(x) ~ 50 MeV already at the distance  ~ 1 cm. The
transverse dimension of acceleration y — yq is of the order of a few millimeters
and the longitudinal dimension of the system is of the order of the transverse
one (a few times larger). At the distance z ~ 1 m the particle energy gain is
of the order of 1 GeV . Note that because of multiple scattering on the atoms
of the medium the particles can leave the regime of stable motion as a result
of change of p,,. The analysis shows that the multiple scattering essentially
falls in the above-mentioned gaseous media (see Section 2.2) for laser field
strengths E > 107 V/cm.

To illustrate the particle acceleration in the capture regime we will rep-
resent the results of numerical solution of Eqs. (2.2) and (2.3) in the field of
an actual laser beam with the electric field strength

cos (‘”—C“ J no(z)dz — wot + goo)

L [no(x)dz—t+po/w ’
COSh ( 0 o $o 0)

4
E, = Eyexp (—d2 (v* + z2)> (2.48)

Eﬂc:07 EZZOa

where §7 characterizes the pulse duration and ¢y is the initial phase. Simula-
tions have been made for neodymium laser (fuwp ~ 1.17 eV) with electric field
strength Ey = 3 x 10® V/em and §7 = 10007, d = 5 x 103\. The variation
law for the refractive index of the medium is defined in self-consistent manner
(see Egs. (2.35) and (2.37)), that may be approximated by the function

n(z) = Mot ns (0= mo)

5 5 tanh (kz) , (2.49)

where ng, ny are the initial and final values of the refractive index and &
characterizes the decreasing rate.

Figure 2.4 illustrates the evolution of the particle energy in the capture
regime. The particle initial energy is taken to be & = 50.5 MeV and the initial
velocity is directed at the angle ¥ = 9 x 1072 rad to the wave propagation
direction (po, = 0). The initial value of the refractive index has been chosen
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Fig. 2.4. The evolution of the particle energy in the capture regime with variable
refractive index.
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Fig. 2.5. Acceleration of the particles in the capture regime. Panel (a) displays the
evolution of the energies of particles with various initial phases. The initial entrance
coordinate is z = 0. In (b) the final energy versus the initial phase is plotted.
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to be ng —1 ~ 10™%. As we see in the capture regime with variable refractive
index, one can achieve considerable acceleration.

To show the role of initial conditions in Fig. 2.5a the evolution of the
energies of particles with the same initial energies & = 50.5 MeV (9 =
9 x 1073 rad) and various initial phases is illustrated. The initial entrance
coordinate is z = 0. Figure 2.5b displays the role of initial conditions: the
final energy versus the initial phase is plotted. In Fig. 2.6 the parameters
are the same as in Fig. 2.5a except the initial entrance coordinate, which is
taken to be z = 0.25 mm. As we see from these figures the captured particles
are accelerated, while the particles situated in the unstable phases (or if the
conditions for capture are not fulfilled) after the interaction remain with the
initial energy.

(@)

sst ()

0.2 04 06 038 1
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Fig. 2.6. Acceleration of the particles in the capture regime. Panel (a) displays the
evolution of the energies of particles with various initial phases. The initial entrance
coordinate is z = 0.25 mm. In (b) the final energy versus the initial phase is plotted.
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2.5 Nonlinear Compton Scattering in a Medium

“Reflection” and capture phenomena are essentially changing the picture of
Compton scattering in a medium. The existence of the critical field in a
medium with refractive index n(w) > 1 confines the intensity of external
wave on which Compton scattering of a charged particle proceeds. Therefore,
one can consider the Compton effect in dielectriclike media only if the wave
intensity does not exceed the critical value. On the other hand, as was men-
tioned above the multiphoton absorption and radiation due to the nonlinear
Cherenkov resonance in the field just occurs at wave intensities close to the
critical one. Hence, it is important to consider the nonlinear Compton effect
in a gaseous medium where the induced Cherenkov radiation will accompany
and interfere with the Compton radiation at external wave intensities close
to the critical value. At the latter the nonlinear Compton effect (high har-
monic radiation) will take place even in very weak wave fields (£ < &, << 1)
in contrast to nonlinear Compton effect in vacuum where for the radiation
already of the second harmonic with considerable intensity, superstrong fields
(€ > 1) are required, as has been shown in Chapter 1.

The energy radiated by a charged particle in a medium at a frequency w
in the domain dw and solid angle dO is given by

2

e?n(w) , Hoo . .
dey = 12 v dwdO ‘/OO [vv]exp [ikr(t) — iwt] dt| (2.50)

where k = vn (w) w/c is the radiation wave vector in the medium (v is a unit
vector along the radiation direction) and n (w) is the refractive index of the
medium at frequency w.

The particle law of motion r(¢) in the plane monochromatic EM wave of
circular polarization is determined by analogy with Egs. (1.27)—(1.29) and is
written as

z(t) = vat,
(t) = €5 P s (1 V”)t (2.51)
=—¢f——F————coswp (1 —npg— .
Y wo &€ (1 —npe) 0 )"

C mc2

. Vz
z(t) = §w0 z (1 - no\%) sin wy (1 no p ) t.
Here it is assumed that the initial velocity of the particle is directed along the
wave propagation (vo = vg,) at which the particle longitudinal velocity v,
and energy £ do not vary in time since it depends only on the wave intensity
€% (see Egs. (2.7) and (2.10)) and for the circular polarization of the wave
€2 = const (the strong wave intensity effect is responsible for permanent
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renormalization of these quantities in the field). Then, in the equations for
particle energy and velocity (2.7)—(2.10) one should take only the sign minus
before the root in accordance with the above discussion.

Substituting Eqgs. (2.7), (2.9), and (2.51) into Eq. (2.50) and integrat-
ing, the following ultimate formula for the spectral power of the Compton
radiation of the s-th harmonic in a medium is obtained:

2 2 2
() _ €n(w) w Ve 2 J%(a)
dp) = _ cosf
k 2mc wp (1 —np*=) { [n ) c } n? (w) sin? @

5 [ mc? 2 " 1 —n(w)* cosd
+e2 (I2) J2(a) bo |w— e T2 o dwdo, (2.52)
& wo (]. — no?*)

where 6 is the angle between the radiation direction and axis OX , and the
argument of the Bessel function
2 .
mc®  wn(w)sin @
wo (1= no¥)
The é-function in Eq. (2.52) determines the conservation law of the Comp-
ton radiation process in a medium (radiation spectrum)

1—n0%

W = Swy (2.54)

I —n(w)% cosh

First, let us consider the cases of limit intensities of the wave £ = 0 and
& =¢.. Ifin Eq. (2.52) £ — 0, then the radiation power will differ from zero
only for the s = 0 harmonic. In that case, the conservation law of Compton
process (2.54) becomes the condition of Cherenkov radiation (v, — vo, = vo)
and Eq. (2.52) after the integration over 6 passes to the Tamm-Frank formula

vy c?
1-— dw. 2.55
3 (1= o) (259

In the other limit case of £ = &, the longitudinal velocity of the particle
vy = ¢/ng and Eq. (2.54) allows the nonzero frequencies of radiation either
for infinitely large harmonics (s = 0o ) or when the condition

dP® =

1- n(w)% cosf =0 (2.56)

is fulfilled. However, it is easy to see that at the satisfaction of condition
(2.56) the radiation power becomes zero. Hence, at the value of external
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wave intensity & = &, only the harmonics s = oo are radiated the power of
which differs from zero at the value of the Bessel function argument o = s,
which gives

1_ kv,

=0; k =wvn(w)

w
)
c

w

where

g

C l—nom
Ver = 7’0’0\/71(2)_170
no 2( Vo)

cno

In that case, Eq. (2.52) again passes to the Tamm-Frank formula (2.55) for a
particle moving with the velocity vo = v¢r > ¢/n(w). In this case the radiation
of fundamental frequency wq exists as well. So, only in limit cases £ = 0 and
& = &, does Compton radiation fully turn into Cherenkov radiation and at
the values of external wave intensity 0 < £ < £, the radiation of the particle
involves superposition of Compton and Cherenkov radiation.

The nonlinear scattering in laser fields of moderate intensities, that is, ra-
diation of high harmonics at £ << 1, is of great interest. In considering this
process it is possible even at weak wave fields of intensities £ ~ &.,. << 1 due
to the Cherenkov resonance, i.e., when the radiation is close to the Cherenkov
cone with the incident wave. In accordance with Eq. (2.52) significant nonlin-
earity in the radiation process arises when the argument of the Bessel function
a~ s (s>>1). As is seen from Eqs. (2.53) and (2.54) such large values of «
can be reached due to v, — ¢/ng, i.e., if the intensity of an incident wave is
close to the critical value (¢ — &) and radiation is close to the Cherenkov
cone (1 —n(w)(vy/c)cosd — 0).

To determine the conditions and quantitative results for high harmonics
(s >> 1) radiation, one should substitute in Eq. (2.53) the concrete expres-
sions of the particle longitudinal velocity v, and energy £ in the field. From
Egs. (2.7) and (2.10) we have

9 .
oo e n(w)wsin @ ¢ (2.57)
50 wo (177?,0\%0) 1-— £

52)"

In Eq. (2.57), the radiation angle (sin#) should be defined from the con-
dition 6 ~ 0., where 0. is the Cherenkov angle. At fundamental frequency
wo the Cherenkov angle 6. << 1, whereas at other frequencies w it may not
be small depending on the medium dispersion and, consequently, the con-
ditions of nonlinearity will be different. However, the number of harmonics
at all frequencies is large enough. The harmonic s = 0 at fundamental fre-
quency wy cannot be radiated since v, < ¢/ng. The first harmonic (s = 1)
at frequency wy is radiated at the angle § = 0 . The negative harmonics
(s = =1, —=2,...) correspond to anomalous Compton scattering in a medium
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with refractive index n(w) > 1. At frequencies w # wy the harmonic s = 0
corresponds to Cherenkov radiation; however, the power of the radiation dif-
fers from the Tamm—-Frank formula because of the oscillatory character of
the particle motion in the wave field (influence of Compton effect).

2.6 Radiation of a Particle in Capture Regime.
Cherenkov Amplifier

Consider the radiation of the particle captured by a plane monochromatic
wave in a gaseous medium. We will assume that the particle initial velocity is
directed along the wave propagation and has a value close to the Cherenkov
one:

Vo = Vos = nio (1+p); p<<l (2.58)

From the equations of motion (2.2) and (2.3) it follows that at u =0

c c
Vm:Vzozn—0 , vy =0, a:::vo—i—n—ot, (2.59)

where g, yo = 0, zg = 0 are the initial coordinates of the particle at the
moment ¢ = 0 in the wave of linear polarization

E = FE, = Fycos (woﬂoé - w0t> . (2.60)
The solution of Egs. (2.2) and (2.3) at p << 1 can be represented as

valt) = o (Lt pua(t) 5 vy(t) = epuy (1) (2.61)

and after the linearization of these equations by parameter p we have the
following set of equations for the functions u(t) and wu,(t):

du, e (n% — 1)3/2
G T ndme  Tocosdoruy,

1/2
du, e(n§—1)
Sy 230 Ficosdo - ug 2.62
di me 0 COS Pg * Uy ( )
Integrating this set of equations at the initial conditions uzo = 1 and 1, =0
in accordance with Eq. (2.59), for the particle velocity in the capture regime
we obtain
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vi(t) = n—co (14 pcos 2t),

c
vy(t) = ————— psin 2t (2.63)
T m-n”

O — e (n§ — 1) Eo| cos gy (2.64)
0 nomc ’ ’

In the derivation of Eqgs. (2.63) and (2.64) the following approximation has
been made (due to the small parameter p):

wo
— 1 2.
Hoy << (2.65)

which is violated for the wave phase cos ¢y = 0. This is connected with the
fact that the stability in the capture regime is provided by the action of
magnetic field H' in the frame of reference connected with the wave and
H’ = 0 in the phase cos ¢y = 0, so that this phase is unstable.

As is seen from Eq. (2.63) the particle velocity in the wave oscillates with
the frequency {2y, which depends on the initial phase ¢¢. In the particle beam
case the various particles being initially in different phases of the wave well
will have diverse velocities and space bunching of the particles will occur as a
result of which the current density of the beam will be modulated. Equation
(2.64) shows that the modulation frequency 2 ~ wo (ng — 1) £| cos ¢y| and
as even for the strong laser fields £ << 1 (and ng —1 << 1), then 2 << wy.

To calculate the power of noncoherent radiation by Eq. (2.50) one needs
the particle law of motion r(¢) in the capture regime. Defining the latter by
integration of Eq. (2.63) with the initial conditions #(t) |;—o= 0, y(t) |—o= 0

c

z(t) =z + . L sin £20t ,
no

nofly

C

m (1 — COS Qot) (266)
0 0

y(t) = —n

and expanding the exponent of Eq. (2.50) into the series over the small pa-
rameter p (taking into account as well that uw/f2y << 1), after the calcula-
tions we will have the following formula for differential power of noncoherent
radiation in the capture regime:

AP = dPY +dP{" + aP{" (2.67)
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e2n(w)

dp =
k 2mend

w?sin?6 -6 [wn(w) cosf — w} dwdO, (2.68)
no

2 2
dPlEi) = uQe n(w) w2 1 wn(w) cos —w £ 2
8mc ng(ng —1) ng

2 2
x{[ng+ <”20 - 1) sin29} i2$ @0 - 1) Qicosesnﬁe
0 0

n?(w) w? | ng ng
+ pERH sin” 6 [20 + <20 - > cos? 9] } dwdO, (2.69)

where 6 is the angle between the radiation direction and axis OX. The term
dPIEO) corresponds to Cherenkov radiation by the particle moving with the
velocity v = ¢/ng in the wave and the terms dPlii) determine the radiation

due to oscillatory motion of the particle. According to the §-functions in Egs.
(2.68) and (2.69) for the radiation angles we have

[p)
cos by = n?fj)’ cosfy = % <1 F w0> . (2.70)

Note that the approximation uw/f2y << 1 applied in the calculations is
necessary only to obtain ultimate analytical formulas (in the general case the
particle velocity is expressed by elliptic functions and analytical solution of
the problem is complicated).

Integrating Egs. (2.68) and (2.69) over the solid angle for the spectral
distribution of the radiation we obtain

e? ng
dP® = — |1 - | wdw , (2.71)
eng n?(w)
1 nZ +n?(w) -2
dPE) — 26 2 0
¢ a 4eng (nd —1) Mot 2
w? ng 2\°
— — 1 — dw. 2.72
<o (72 | e 27

In Eq. (2.72)

(2.73)
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As 2y depends on initial phase ¢g (see Eq. (2.64)), in the case of a particle
beam captured by a wave of linear polarization at a certain angle § a whole
spectrum of frequencies will be radiated, in contrast to common Cherenkov
radiation at which only a definite frequency is radiated at that certain angle.

Let us compare the radiation at the fundamental frequency wg with the
common Cherenkov radiation at the same frequency (in the absence of the

external wave). In this case dPng) = 0 and for chg_) the conservation law for
the radiation of frequency wy is violated (see the second expression in Eq.
(2.70)). From Eq. (2.72) at w = wy we have

2
dPS) = = 1220 dw. (2.74)

If one substitutes v = ¢(1 + u)/ng in the Tamm-Frank formula (2.55), then
with the linear approximation by parameter p we will have

dP,, = = jwydw. 2.75
0 = —pwodw (2.75)

A comparison of Egs. (2.74) and (2.75) shows that the radiation of the particle
at the fundamental frequency wg in the capture regime is much smaller than
the spontaneous Cherenkov radiation (because of condition (2.65)). Such a
decrease of radiation is connected with the violation of coherency due to
oscillation of particle velocity in the wave field.

The fundamental frequency wg in the capture regime is radiated at the
angle 0 ~ /28 /wy (see Eq. (2.73)). The common Cherenkov angle is 6, ~
V11/2 and as far as p << £2y/wq then 6 >> 6., i.e., the radiation angle at
the frequency of stimulating wave in the capture regime is much larger than
the spontaneous Cherenkov angle in the absence of the external wave.

At the other frequencies w # wy the radiation is mainly determined by
dPu(,O), which practically coincides with the Tamm-Frank formula.

Consider now the case of circular polarization of the incident wave

E, = FEycos (wonox — wot) , E. = Eysin (wonox — wot) . (2.76)

Linearizing the equations of motion (2.2) and (2.3) in the field (2.76) under
the condition (2.58) for the particle velocity in the capture regime we obtain

c

(1 + pcos 20t),

Ve
no

& .
Vy = —1111_71)1/2 COS Qb() - sSin .Q(l)t N (277)
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& L B /
v, = —MW sin ¢q - sin {2yt ,

where the oscillation frequency in the wave well (2] does not depend on the
initial phase ¢ in contrast to the case of the linearly polarized wave. If we
calculate the radiation power by Egs. (2.77), then the same formulas (2.67)—
(2.73) for the case of wave linear polarization will be obtained. The only
difference is that (2 is constant for all particles situated at the difference
phases in the wave well, and at the certain angle only one frequency will be
radiated in this case.

Equations (2.63) and (2.77) show that the energy of the particle in the
field

2

£o 7 cos 20t ; & = _memo (2.78)

E=¢
0 +MTL% (n% _ 1)1/2

oscillates between the values

f f
gmln 50( n%l)’ gmax 50( +n(2)1>7

consequently the exchange of the energy is

mecng

AE =2p——-——.
(ng ~1)*"*

(2.79)

According to Egs. (2.78) the particle captured by the wave periodically ac-
quires and loses such energy AE. Due to the induced Cherenkov effect the
energy lost by the particle is coherently radiated into the wave (particularly
for this reason the above-considered noncoherent radiation at the frequency
of stimulating wave wy is sufficiently suppressed) and the amplification of
the initial wave will take place. Hence, the particle capture phenomenon may
in principle serve as a FEL mechanism (Cherenkov amplifier). For the lat-
ter one needs to solve the self-consistent problem on the basis of the set of
Maxwell-Vlasov equations.

Let us now consider the amplitude of the wave field to be a slowly varying
function of the space-time coordinates (z, t) with respect to the phase. The
problem will be investigated first for the circular polarization of the wave

E,(z,t) = E(x,t) cos (wonoaj - wot) )
c

E.(z,t) = E(z, ) sin (“’Ozox - w0t> (2.80)

with the boundary conditions
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Ey(O, t) = EO COS u)()t y EZ(O, t) = —E() sin (.U()t. (281)

Related to particles we will assume that it crosses the boundary of the
medium = = 0 at the moment ¢ = ¢, with the initial velocity (2.58). Lin-
earizing the equations of motion (2.2) and (2.3) in the field (2.80) for a single
particle velocity in the field we obtain

c _le(m3g—1) [t ,
vy = ———————pucos(wotp)sin | ——= [ E(t',z)dt'|,
om-n'? l meno i,
c . . |€ (n(% - 1) /t / /
v, = ———=psin(wotp) sin | ——= [ E(t',x)dt’| . (2.82)
T [ meng Jy

To define the electric current of the particle stream we assume that the space
is continuously filled with the charged particles. Then at the moment ¢y in
the point  will be situated only the particles for which ¢ty = t— nox/c (with
accuracy uwo/2y << 1). Hence, for the electric current of the particle stream
we will have

. €CPo wonox
Jy(z,t) = —p cos ( — wmﬁ)
' (mg—1)* N e

X sin [6(”3_1) / t B, St —t)+a)dt'| (2.83)

mceng —nox/c no

. ( t) €CPo . (wonol‘ t)
12\Z, 1) = — [ sin —wo
z (mg—1)"* % e

b

2 1 t
X sin [B(”O) / E(t', S (¢ —t) + z)dt’
mcno t—nox/c no

where pgy is the mean density of the particles in the initial stream, which
will be assumed constant (since p << 1 the variation pg is small and can be
neglected).

Because we are investigating the induced radiation, the field of the scalar
potential and longitudinal radiation field along the axis OX will not be con-
sidered here. Substituting Eqs. (2.83) into the Maxwell equation and taking
into account the slow variation of the radiation field amplitude:

wono

oF oF
’[)t << WO‘E|, ‘ar << ‘.E‘|7

C



76 2 Induced Nonlinear Cherenkov Process
we obtain the equation of the self-consistent field:

OF  no0E _ 2mepg

ot e o e

X sin r(ng_l) /t E(, =t —t)+z)dt'| . (2.84)

mcno —noz/c no

Equation (2.84) has a simpler form over wave coordinates 7 =t — ngx/c,
n = x. Then, for the field amplitude E(t,z) = f(7,n) we have

2mepg

no (ng — 1)

0 .
877f(7’ n) = 173 Hsin

% /0 ! f(r,n’)dn’]. (2.85)

The simple analytic solution can be received at the incident monochromatic
wave: f(7,0) = Ey. In this case, it follows from Eq. (2.84) that f(7,n) does
not depend on 7, i.e., f(7,17) = f(n), and for the quantity

o= U820 [ sy (2.56)

we have the nonlinear equation of anharmonic oscillator

0o 271’62po (n% — 1) 1/2

e wsin p, (2.87)

the general solution of which is the incomplete elliptic integral of the first
kind
®/2 dz

05— 1) 2

me2 — J \/1+CQSian7

8w mc?po
¢ = (2.88)
no (ng — 1¥? E§
In the linear case when ¢ << 1 from Eq. (2.88) we have
cosh (f) , wu>0,
E(z) = E N (2.89)

0
oS (%), w<0.
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Hence, for p > 0, which corresponds to particles’ initial velocity vo > ¢/ng,
exponential amplification of the incident wave occurs. For pu < 0, that is,
vo < ¢/ng, the amplification vanishes on average. The quantity in Eq. (2.89)

) 1/2
mcng
l. = - ; 73 (2.90)
2me?ppo (ng — 1)

is the coherent length of amplification. Equation (2.85) is an analogue of
the equation of the quantum amplifier. The role of inverse population in
atomic systems here performs detuning of the Cherenkov resonance vy —c¢/ng
(parameter p).

Analysis of the obtained formulas shows that the linear regime takes place
at the electric field strengths of amplifying radiation

me2\*
E < elopo ()
&o

(Ao is the wavelength of incident wave) and at the coherent length of ampli-

fication
I < mc2 g() 2
C~e2Xgpo \mc2 )

In the saturation regime from Eq. (2.85) we have

2rmc? po 1 eFox
E(x):EO—l—,u{l—cos{ na —1 . (2.91)
no (n(z) _ 1)3/2 EO ( 0 ) mC2

The wave energy gain found from Eq. (2.91) corresponds to the particle
energy exchange in the capture regime (in a unit volume) according to Eq.
(2.79):

2ppo&o
nZ—1"

AW = poAE = (2.92)

The saturation regime and Eq. (2.91) is valid when the electric field
strengths of amplifying radiation

&
E Z eXopo—5.
mc

Consider now the case of linear polarization of incident wave

E, = E(z,t)cos (wonox - wot) . (2.93)
c
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By analogy with the previous case for the velocity of a single particle in the
field (2.93) we obtain

t
v, = — (1 + pcos [/ th’,a:)dt'}) ,
no to

‘ t
Vy = ———————=usin {/ Qo(t’,a:)dt’} , (2.94)
Yoz -)? to

where the modulation frequency
1)
2y(t,x) = ———=E(x,t) coswoto (2.95)

already depends on initial phase ¢g = wgty. Therefore, in the particle beam
case, all harmonics will be radiated in contrast to circular polarization of the
wave. By calculating the electric current of the particle stream and expanding
into series over Bessel functions we find that the induced radiation stipulated
by the y component of the current (coherent radiation) will include only the
odd harmonics and the noncoherent part of the radiation stipulated by the z
component of the current (longitudinal field along the axis OX) will include
only the even harmonics. As in the previous case we will consider the coherent
radiation. Then, substituting y component of the current

+oo

. ecpo o1 . nox

Jylx,t) = —p———m—— E i°7 " Js(a) exp {zswo (— - t)} ,
! (n% - 1)1/2 s§=—00 ¢

s=2k—1; k=0,+1,+2, ...,

2 1 t
MLUeWO)/ B, St —t) + z)dt’ (2.96)
mcng tfnoz/c No

into the Maxwell equation for the slowly varying amplitude of the self-
consistent field we will have the equation

OE, 2 9F, 2w?
215w (nO + Ds ) + il (n2 — n%) E,

c Ox c2 Ot c? s

4dmeposwo
—— 1 hds(a),
1)1/2

:7:5

(2.97)
c(ng -
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where n, is the medium refractive index at the s-th harmonic of the funda-
mental frequency wy (ns = n(swp)).

Consider Eq. (2.97) with regard to the presence and absence of synchro-
nism. In the last case, when ngs # ng taking into account the slow variation
of the field amplitude from Eq. (2.97) we obtain

B.— it 4dmecpy 1 1

As is seen from this formula in the absence of synchronism, there is a weak
dependence of radiation field on harmonics’ number.
In the case of synchronism (ns = ng), Eq. (2.97) becomes

OF, no OF, I 2mwepg 7

(2.99)
no (ng —

For the first harmonic (fundamental coherent radiation) the results repeat
almost exactly the case of wave circular polarization (Egs. (2.88)—(2.90)), the
only difference being that the coherence length in this case is v/2l..

To determine the radiation on the other harmonics in the case of synchro-
nism consider the problem in the given field. Then, for large x when

2
e (no 12) Eox o1
me

for the harmonics’ amplitudes we have

2rmc? po 1

E, = is—luWE—o. (2.100)
Hence, the radiation intensity on the harmonics
I, = Z|B,? ~ ¢20A6r0)° (’50)2 (2.101)
S8 Y o mc?

Equation (2.101) as well as Eq. (2.92) and estimation formulas are ob-
tained when u ~ &(mc?/&y)?, which is defined from the condition of particle
capture. As in the linear regime the coherence length increases as energy
squared, and the losses of the particles in the medium depend on energy
logarithmically, then the energy increase for amplification of weak signals
does not give an essential advantage. The optimal energy is & ~ mc?. Then
le ~ (ToXopo) ™1, where 79 = €2/mc? is the electron classical radius. The es-
timations show that for the amplification of optical radiation in the capture
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regime with ng = const, electron beams of large densities are necessary. The
situation considerably will be improved if media with varying refractive index
no(z) are used. Then along the direction of increase of ng(x) the particles will
be continuously decelerated, and the wave continuously amplified (a regime
inverse to the one considered in Section 2.4).
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3 Quantum Theory of Induced Multiphoton
Cherenkov Process

The existence of critical intensity in the induced Cherenkov process at which
nonlinear resonance with a given coherent radiation field takes place leading
to threshold phenomena of particle “reflection” and capture, in the quantum
description, corresponds to multiphoton absorption/radiation of the particle
at free—free transitions. Hence, first it is important to determine the probabil-
ities of induced Cherenkov radiation and absorption below the critical value
and close to this one when these probabilities considerably increase. As a
result of the multiphoton absorption/radiation the particle quantum state is
modulated at the wave harmonics.

Then one should elucidate the role of particle spin in these phenomena
since in dielectriclike media the wave periodic electromagnetic field in the in-
trinsic frame of reference becomes a static magnetic field and spin interaction
with such a field should resemble the Zeeman effect.

What other quantum effects may be expected in induced Cherenkov process
taking into account that spontaneous Cherenkov effect is of classical nature
and has no quantum peculiarity?

The particle “reflection”effect from the wave envelope is also of classical
nature, but the quantum state of the reflected particle after the interaction
becomes modulated at X-ray frequencies.

The classical phenomenon of particle capture by the wave leads to quantum
effect of zone structure of particle states like the particle states in a crystal
lattice.

The inelastic diffraction scattering of the particles on the traveling EM
wave of intensity below the critical value in induced Cherenkov process takes
place like Bragqg diffraction (elastic) on a crystal lattice.

The consideration of these quantum problems is the subject of this chapter.

3.1 Quantum Description of Induced Cherenkov Process
in Strong Wave Field

The multiphoton interaction of a charged spinor particle with a plane EM
wave in induced Cherenkov process should be described in general by the
Dirac equation. As will be shown below, the exact solution of the Dirac
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equation can be obtained only for the particular case when the particle ini-
tial velocity is parallel to the wave propagation direction, which is monochro-
matic and is of circular polarization. In other cases the quantum equations
of motions (both nonrelativistic and relativistic) are reduced to ordinary dif-
ferential equations of the second order of Hill or Mathieu type, the exact
solution of which are unknown. In these cases one needs to develop adequate
approximations for the quantum description of particle-wave nonlinear in-
teraction.
The Dirac equation for the spinor particle in the given coherent radiation
field in a medium is written as
m%f - [ca(ﬁ - SA(t — ngz/c)) + Bmcﬂ v, (3.1)

In contrast to the case of interaction in a vacuum where the Dirac equation
has been solved in the spinor representation (see Egs. (1.78) and (1.78)) here
it is convenient to solve the problem in the standard representation with the

Dirac matrices
~ 0o -~ I 0
a= (02) 3= (1 %), o)

Here 0 = (04, 0y,0.) are the Pauli matrices (1.79), and I is a two-dimensional
unit matrix. In Eq. (3.1) A = A(t — noz/c) is the vector potential of a lin-
early polarized plane quasi-monochromatic EM wave propagating in the OX
direction in a medium

A ={0,Ao(7)coswyr,0}; T=1—nox/c (3.3)

As in previous considerations we shall assume that the EM wave is adiabat-
ically switched on at 7 = —oo and switched off at 7 = +o0.

To solve Eq. (3.1) it is more straightforward to pass to the frame of
reference of the rest of the wave (R frame moving with velocity V = ¢/n).
As has been shown in Chapter 2, in the R frame there is only the static
magnetic field that will be described according to Eq. (3.3) by the following
vector potential:

Ar ={0,Ap(2") cosk’'z’, 0}, (3.4)
where
w
kK = ?0 ng—1. (3.5)

The wave function of a particle in the R frame is connected with the wave
function in the laboratory frame L by the Lorentz transformation of the
bispinors
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¥ = 5(9)¥pg, (3.6)

where the transformation operator

~ 9 9 vV 1
For ¥r we have the equation
o4 oy € ~
i R = [ca(p' — SAg(x) + 5mcﬂ U (3.8)

Since the interaction Hamiltonian does not depend on the time and transverse

(to the direction of the wave propagation) coordinates the eigenvalues of the

operators H’, p, pl, are conserved: £ = const, pj = const, p}, = const and

the solution of Eq.(3.8) can be represented in the form of a linear combination
of free solutions of the Dirac equation with amplitudes a;(z") depending only
on z':
4
UR(r' ) =3 ai(a)w”. (3.9)

i=1

(0) &t me |77
WLZ = 25/ / ’
U,,;CperO'pry

S rmez P12

Here

X exp [;(péw’ +p;y’—5’t)] 7

(0) E' +mc? ¥12
W374 = 28/ / ’
—0zCPp,t+oy CPy

E'+mc? ¥1,2

X exp {;(—p;x' —|—p;y'—5’t)} , (3.10)

where
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The solution of Eq. (3.8) in the form (3.9) corresponds to the expansion of
the wave function in a complete set of the wave functions of a particle with
certain energy and transverse momentum p; (with longitudinal momenta
+(£2)c2 — p;f —m2c?)1/2 and spin projections S, = +1/2). The latter are
normalized to one particle per unit volume. Since there is symmetry with
respect to the direction A (the OY axis), we have taken, without loss of
generality, the vector p’ in the XY plane (p,, = 0).

According to Egs. (3.9) and (3.10) the induced Cherenkov effect in the
R frame corresponds to elastic scattering process by which the reflection of
the particle from the wave field occurs: p/, — —p/. However, in contrast to
classical reflection when the periodic wave field becomes a potential barrier
for the particle at the intensity & > £, this quantum above-barrier reflection
takes place regardless of how weak the wave field is. Hence, the probability
of multiphoton absorption/radiation of the incident wave photons by the
particle in the L frame, that is, induced Cherenkov effect, will be determined
by the probability of particle elastic reflection in the R frame.

Substituting Eq. (3.9) into Eq. (3.8) and then multiplying by the Her-
mitian conjugate functions and taking into account Egs. (3.10) and (3.2) we
obtain a set of differential equations for the unknown functions a;(z’). The
equations for ai, az and as, a4 are separated and for these amplitudes we
have the following set of equations:

/ dal(m/) _ iep;
Toda! he

Ay(a")ax (27)

das(z") ie
p/m dx’ = 7%p;Ay(x/)a3(xl)
L+ ip, 2i
—e(pLhCZpy)Ay(x’) exp (F:p;x’) ar (2. (3.12)

A similar set of equations is also obtained for the amplitudes as(z’) and

a4(z"). For simplicity we shall assume that before the interaction there are

only particles with specified longitudinal momentum and spin state, i.e.,
jar(—o0)[* = 1, |az(+00)[* =0, |az(—o00)|* = 0, |as(+o0)]* =0. (3.13)

From the condition of conservation of the norm we have

la1(2)]> = Jas(2')|* = const (3.14)
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and the probability of reflection is |a3_,4(—oo)|2.
The application of the unitarian transformation

] ep/ zl 19/
ai(z') = by(z") exp <th;/; /_OO y(m)dn — 2) ,

as(fﬂ’)=b3(x')exp< hcp/ Ay( dn+zﬁ> (3.15)

simplifies Eq. (3.12). Here ¢’ is the angle between the particle momentum
and the direction of the wave propagation in the R frame. The new ampli-
tudes by (2) and bs(z’) satisfy the same initial conditions: |by(—o0)|* = 1,
|b3(+00)]* = 0, according to Eq. (3.13).

From Egs. (3.12) and (3.15) for by (z’) and bs(z’) we obtain the following
set of equations:

dby (2!
D) faryeata,
dbs (2’ e
BT) ), (3.16)
where
N o_ eAy(t)p’ _% ro 2epy /x’

P = /P2 + P2

Using the following expansion by the Bessel functions

exp (—iasink'z") Z Jn () exp (—iNk'z'),
N=—oc0

we can reduce Eq. (3.16) to the form

dby (2’ - i
c;;(y ) __ > fvexp [—h@p; - Nhk:’)x’] bs (<),
N=—o00
dbg

Z fNeXp{ (2pl, — Nﬁk')z’} by (x'), (3.18)

N=—o0
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where

P’ me P,
y T

Because of conservation of particle energy and transverse momentum (in
R frame) the real transitions in the field will occur from a p/, state to the

—pl, one and, consequently, the probabilities of multiphoton scattering will
have maximal values for the resonant transitions

o = shk! (s ==+1,42..). (3.20)

The latter expresses the condition of exact resonance between the particle
de Broglie wave and the incident “wave lattice”. In the L frame the inelastic
scattering of the particle on the moving phase lattice takes place and Eq.
(3.20) corresponds to the known Cherenkov conservation law

28(1 —np*2 cos )
(ng — 1)

= shwy, (3.21)

where ¥ is the angle between the particle momentum and the wave propaga-
tion direction (the Cherenkov angle), and v and & are the particle initial
velocity and energy in the L frame.

So, we can utilize the resonant approximation keeping only resonant terms
in Eq. (3.18). Generally, in this approximation, at the detuning of resonance

|5S‘ =

2% — sk" << K, we have the following set of equations for the

particular s-photon transition amplitudes bgs)(x’ ) and bgs) (z'):

db(s) :L'/ ) s ,
P — —foexp i 1@,

dbi(’f)(x,) o g (8) s

— = —fsexp [ids2'] b7 (2). (3.22)

This resonant approximation is valid for the slow varying functions bgs)(aﬁ’ )
and bgs)(x’), i.e., by the condition

dbi*}(a")

o -k (3.23)

<< )b({j%(x/)

First we shall solve the case of exact resonance (05 = 0). According to the
boundary conditions (3.14) we have the following solutions for the amplitudes
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b (') = z C @) = N (3.24)
cosh Ufoo fsdn} cosh [LOO fsdﬂ}
and for the reflection coefficient
(s) ? 2
R — ’bs (—oo)‘ = tanh? [f,Ax'] | (3.25)

where Az’ is the coherent interaction length. The reflection coefficient in the
laboratory frame of reference is the probability of absorption at vy < ¢/ng or
emission at vo > ¢/ng. The latter can be obtained expressing the quantities
fs and Az’ by the quantities in this frame since the reflection coefficient is
Lorentz invariant. So

R = tanh? [F,A7], (3.26)
where

F, =

v 1/2
{(1 —ng cosV)?  vi sin? 19}

2 _ 2
ng—1 c

swoc 2mvocsin ¥ ) (3.27)

x 2vpsin®g ~° (gth(]. —np2 cos 1)

and A7 for actual cases is the laser pulse duration in the L frame. The
condition of applicability of this resonant approximation (3.23) is equivalent
to the condition

|F,| << wo, (3.28)

which restricts the intensity of the wave as well as the Cherenkov angle. Be-
sides, to satisfy condition (3.28) we must take into account the very sensitivity
of the parameter F toward the argument of the Bessel function, according to
Eq. (3.27). For the wave intensities when FsA7 2 1 the reflection coefficient
is of the order of one that can occur for a large number of photons s >> 1
for the argument of the Bessel function a ~ s > 1 in Eq. (3.27) (according
to the asymptotic behavior of Bessel function J,(«) at ov >~ s > 1).

For the off resonant solution, when d5 # 0, but f2 > §2/4 from Eq. (3.22)
we obtain the following expression for R(®):

2 inh?[2,Az']
plo _ Js  sinh7|6 . 0, =/FP -8/, (3.29)
021+ L5 sinh®[0,A07) o

which has the same behavior as in the case of exact resonance. In the opposite
case when f2 < §2/4 the reflection coefficient is an oscillating function of
interaction length.



88 3 Quantum Theory of Induced Multiphoton Cherenkov Process

3.2 Quantum Description of “Reflection” Phenomenon.
Particle Beam Quantum Modulation at X-Ray
Frequencies

Though the phenomenon of particle “reflection” from the front of a plane
EM wave is of classical nature, which means that quantum effects of tunnel
passage and above-barrier reflection should be small enough, nevertheless the
quantum consideration of this phenomenon is worthy of note in relation to the
appearance of an important coherent quantum effect as a result of classical
“reflection” of particles. The influence of spin interaction is not essential here;
on the other hand, it is quantitatively small enough in the induced Cherenkov
process (for optical frequencies) and may be neglected. The qualitative aspect
of spin effects in the induced Cherenkov process will be considered below.

Neglecting the spin interaction, the Dirac equation in quadratic form be-
comes the Klein—-Gordon equation, so we will consider the problem on the
basis of the equation

0w e x.12
20 o Ca T 2 4
h 5 {c [ ihsy CA(t noc)} +mZe }W (3.30)

Equation (3.30) over wave coordinates 7 = t — ngx/c and n = t + nox/c is
written as

0*w 0w o4
2 (.2 912 (2 2(n2 1) 2
B (ng —1) 5z — 2h (ng+1) oron + B (ng —1) o
e 2
— 2 [—ihv—EA(T)} U + m2ctw. (3.31)

As the coordinate 7 is cyclic (as the transverse coordinates r) ), then the
corresponding component of generalized momentum p,, is conserved

1/ c
P =5 (nopx — 8> = const, (3.32)

which coincides (with a coefficient) with the classical integral of motion (2.5).
Hence, the solution of Eq. (3.30) may be sought in the form

1

1
Ulrn.n) = @ (r)exp | ppiors + 1] (3.33)

h

where p_ ¢ is the initial transverse momentum of the particle in the plane of
wave polarization. Then for @ (1) we have the equation
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d*® dd
12 (18— 1) 2 it (34 1) 22 < 42 (0~ 1)
2 € 2 2 4
=c [pm—EA(T)} D+ mcP, (3.34)

which within the transformation

ind+1
® () =U(7)exp (,mg — 1pn7> (3.35)
0

turns into the one-dimensional Schrédinger equation for the introduced new
function U (1)

d?U 1 1 9 o 9 9 e 2
Tz + Ww{élnopn — (no — 1) c [pJ_O—EA(T)]

—(ng—1) m204}U =0. (3.36)

The exact solution of Eq. (3.36) can be obtained when the particle initial
velocity is parallel to the wave propagation direction (p_ o = 0) and the latter
is monochromatic of circular polarization (A?(7) =const):

. &o Vo 2 me2 2
0= Crom firat sy (1-m ) - -0 () @

v S0 YN iz (M)
+C5 exp Wh(n%—l)\/(l noc> (n§ 1)<50 &, (3.37)

One can define constants C; and C5 by introducing an envelope for the
monochromatic wave.

Equations (3.33), (3.35), and (3.37) determine the complete wave function
of the particle
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P N Vo 2y (M0 e
+C5 exp ”h(n%—l)\/(l noc) (n§ 1)(50 I3 , (3.38)

that is the superposition of two waves — incident and reflected — with the
different energy values. If one moves from coordinates 7, n to ¢, z, these two
values of particle energy will coincide with the classical expressions (2.10)
that comprise the “reflection” phenomenon, where the sign “+” before the
root corresponds to an incident particle, and the sign “—” to a reflected one.

To calculate the probability of reflection from the wave barrier one needs
to consider an EM pulse with the envelope of intensity damped asymptotically
at infinity. Let it have the form

&

2 _
&(r)= cosh? = (3.39)

where &2 is the maximal value of intensity and 7 is the half-width of the
pulse.

The wave function of the particle at the interaction with the field (3.39)
is expressed by the hypergeometric function and for the passage coefficient
we obtain

sinh? (% §7'0>

D = if !27'05 <1,
~ ~ 2 cr
sinh? (gQTO> + cos? (’2’ 1— (QTO) é%)
sinh? (th()) ~
D= 2 if 279 5—0 > 1.
12 ~ 2 ~ 2 5 gcr
sinh (gQTO) +cosh” | § (.QTo) 52 -1
(3.40)
Here
§—2L‘1—nl@ (3.41)
 Th(mE-1) 07 ’

is the quantum frequency corresponding to particle classical energy change
due to “reflection” (see Eq. (2.13)) and & is the classical value of critical
intensity (2.12).

The major quantity 27y in Eqs. (3.40) 27 >> 1 (for actual parameters
of electron and laser beams in a medium with refractive index ng —1 ~ 10~4
the parameter 27 ~ 10110 for laser pulse duration 7y ~ 107810712 5),
hence at &y > &, for the coefficient of reflection we have
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P [W§T~0 (55*0* )} . (3.42)
Ut exp [ (& 1))

This equation shows that R = 1 with great accuracy (the coefficient of tunnel
passage in this case is of the order exp [(—10'%) + (=10'1)]). If & < &,
then the coefficient of reflection R = 0 with the same accuracy, i.e. the
above barrier reflection is negligibly small in this case. Thus, the quantum
effects of tunnel passage and above barrier reflection do not impact on the
classical phenomenon of particle “reflection” from the plane EM wave. This
is physically clear since the Compton wavelength of a particle (electron) is
much smaller than the space size of actual EM pulses. Nevertheless, due to
the particle quantum feature as a result of classical reflection the coherent
effect of quantum modulation of the free particle probability density and,
consequently, electric current density occurs because of superposition of an
incident and reflected particle’s waves.

Thus, the particle free state after the reflection (£ (7) = 0) will be de-
scribed by the asymptotic expression of Eq. (3.38), that is,

Wz, t) = C) {exp [;1 (poz — Sot)}

+ exp

i noh$2 i ~ :
5 <p0:|2 c )x—h(cfo:th(2>t+@gpo

}. (3.43)

Here we have taken into account that the coefficient of reflection R =
|C5” /|C1]? = 1 and the constant phase o = arg (C/Ch); constant C
is determined by the normalization condition. The signs () in the exponent
correspond to cases vy < ¢/ng and vo > ¢/ng, respectively.

The density of electric current of the particle beam defined by Eq. (3.43)
is modulated at frequency 19}

J(x,t):J0{1+cos [f) (t—nog) —cpo}}, (3.44)

where Jo = const is the electric current density of the initially homogeneous
and monochromatic particle beam. The modulation frequency {2 in actual
cases lies in the X-ray domain as follows from the estimation of particle
classical energy change due to “reflection” AE in Chapter 2 (2 = AE /h).

Note that quantum modulation in contrast to classical modulation is ex-
ceptionally the feature of a single particle and so is conserved after the inter-
action.
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3.3 Exact Solution of the Dirac Equation for Induced
Cherenkov Process

Consider the nonlinear quantum dynamics of a spinor particle in the field
of a plane monochromatic EM wave in a medium. The exact solution of the
Dirac equation can be found for the above-considered case when the particle
initial velocity is parallel to the wave propagation direction and the latter is
of circular polarization:

A, = Apsinwy (t - n0%> ;. A, = Agcoswy (t — n0%> . (3.45)

The Dirac equation in quadratic form for the spinor wave function

h
f =
f2
in the field (3.45) is written as
h26—2+ 2(A—EA)2—h (H+E) + m?c* } f =0 (3.46)
o2 T (P eco i m-c =0. .

The complete wave function of the particle is determined by the spinor f as
follows:

f
1 ~0 PN
V= —; {z’hﬁat — cfa (p—ZA) + ch} ) (3.47)

where @, B\ are the Dirac matrices in the standard representation (3.2).

Equation (3.46) is a set of two differential equations of the second order
for the spinor components f; and fy. Passing from variables z, ¢ to wave
coordinates 7 =t — ngzx/c, n =t + nox/c and looking for the solution of Eq.
(3.46) in the form

i fl(T)eiwo-r
f=enbnl ) (3.48)
2\ T

(the quantity p, = const is given by Eq. (3.32)), then the variables 7, n are
separated and we obtain the following set of equations for f; and fo:

d? fr
dr2

+ 24 (UJQ —
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ng — 1) p2 + e2 A2 + m2c iecH,
(g =) 7 fi=—————F, (3.49)
h? (ng —1) hng (no + 1)
Pfy P nO—I—l% B (ng —1)pp +AF+m?c" | ecH, P
dr? “n ng—1dr B2 (ng —1) > hng(ng — 17"

Here Hy is the amplitude of the wave magnetic field strength: Hy =
TLQW()A(]/C.

This set of differential equations of the second order is equivalent to one
differential equation of the fourth order the characteristic equation of which
may be reduced to a biquadratic algebraic equation. The roots of the latter
are

Pnn()+1 o
hinid—1" h(nZ-1)

ﬂl_nocigc;g<g_1)r_( (Y e am)

where the signs “+” before the root correspond to an incident and reflected
particle analogously to Eq. (3.38). However, due to relativistic quantum ef-
fects (spin—field interaction and quantum recoil of photons) two different
values of (2 arise as for the incident particle ({21 2) as well as for the reflected
one ({23 4) corresponding to the signs “+” under the root. Consequently, two
critical values of intensity appear here corresponding to different initial spin
projections along the direction of particle motion:

91234—_7

2
o1 = (é‘o) {1 ik 258 6 1)] . (3.51)

me (g~ 1)

From Eq. (3.47), within Egs. (3.48) and (3.50) we obtain the complete
wave function of a spinor particle. We present the ultimate equations for
spin projections —1/2 and 1/2. If the particle spin before the interaction is
directed opposite to axis OX (o, = —1) we have

(1 +a) etolt-mo)

as+1 ’_
W (x,t) = C) ew(Prz=Et) (3.52)

(a1 — ag) e0(t=0%)

CL3—1
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where

&o Vo huwg 2 f(%
- 1-mp2 4+ 20 (2 —1) ) [1— /1 - .
& =&+ o ( o+ o8 (ng )> ( 2 | (3.53)

and p; is determined by &; via conserved quantity p,. The quantities in the
bispinor (3.52) are

ng+1& —cpo

’ agzi(no—l)gli&)' &o — cpo

az =
mc2&y mc2

a; = ag
ng—1 mc?

and the coefficient of normalization (one particle in the unit volume)

1 2 2 2\ ~1/2
C ———(l—l—a + |az|” + |a: )
1 \/§ |1| |2| |3|

In the case of 0, = +1 we have
bs+1
(bl + b2>e—iw0(t—n0%)

Uy (z,) = Co e (P2z=E21) (3.54)
by — 1

(b1 — by) e ten(t=mo%)

where
g() Vo hwo 2 g(%
=&t -2 (1-me2 = 20 (2 1)) (11— =20, (3.
& =&+ 21 ( s = 5e (ng—1) 2 (3.55)
The bispinor (3.54) is determined by the quantities
no — 1 & + cpo . & —& Eo + cpo
b1 =b ———; by = 1 ;o by= ———
1 2 no + 1 me2 2 ? (nO + ) mczfo ) 3 me2
and the normalization coefficient
Co= = (1 a4 [baf? +10af?)
2 NG 1 2 3 .
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The wave functions of reflected particles ¥3 and ¥, corresponding to spin
projections o, = +1 and o, = —1, respectively, are obtained from the ex-
pressions ¥, and ¥, by the replacement 25 — (23 and (2; — {24 and for &5 4
we have

go Vo hwo 2
Es4 = Fhwo + & 1—nyp— £ — -1
3,4 = Fhwo + 0+n31( o~ 250(710 )

y <1+ -5 ) (3.56)

crl,2

In particular, from this equation it follows that in Eq. (3.51) &.-2 corresponds
to a particle with the spin directed along the axis OX, while .1 corresponds
to the opposite one. The normalization coefficients can be defined by intro-
ducing the wave envelope as was stated in Section 3.2.

The expressions of particle wave functions show that the degeneration of
particle states over the spin projection that takes place in vacuum (Volkov
states) vanishes in a dielectriclike medium. In that case the wave function
¥, corresponds to superposition state with energies & and & — hwg, while
¥, corresponds to energies £ and & + hwgy. The removal of degeneration of
Volkov states is related to the fact that in a medium with refractive index
no > 1 in the intrinsic frame of reference of the wave there is only a static
magnetic field and the spin interaction with such a field results in the splitting
of the particle states as by the Zeeman effect. The splitting value (AE =
|51 - 52| = |54 — 53|) is

Yo hwo o &
<1 noc—|—2&) (no 1)) (1 fﬂ

M 2
_<1_n0‘§_2£(ng_1)) <1_,/ _§02>

As is seen from Eqgs. (3.52)—(3.55), in vacuum this splitting vanishes and the
wave functions ¥; and W pass into Volkov wave function (1.93).

The spin interaction in a medium within the nonlinear threshold phe-
nomenon of particle “reflection” may lead to particle beam polarization since
the critical intensity (3.51) depends on spin projection along the direction of
particle motion. Thus, if the condition £2,, < &2 < €2, holds, then only the
particles with certain direction of the spin (along the axis OX) will be re-
flected. Since the velocities of reflected particles are different from the nonre-
flected ones, then by separating the particles after the interaction a polarized
beam may be obtained.

(3.57)
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3.4 Secular Perturbation at Nonlinear Cherenkov
Resonance

The multiphoton induced Cherenkov interaction in the capture regime cor-
responding to transitions between the particle bound states occurs at the
nonzero initial angles of particle motion with respect to the wave propaga-
tion direction, at which, as mentioned above, the Dirac or Klein—-Gordon
equations are of Hill or Mathieu type and unable to solve it exactly. How-
ever, as was shown in the quantum description of “reflection” phenomenon
(free—free transitions), the interaction at the arbitrary initial angle resonantly
connects two states of the particle (in the intrinsic frame of reference of the
wave the states with longitudinal momenta p, of the incident particle and
pz + shk of the scattered particle; s is the number of absorbed or radiated
photons with a wave vector k), which makes available the application of res-
onant approximation to determine the multiphoton probabilities of free—free
transitions in induced nonlinear Cherenkov process. Concerning the quantum
description of the particle’s bound states in the capture regime one must take
into account the degeneration of initial states of free particles in the “longi-
tudinal momentum”. Therefore, regardless of how weak the field of the wave
is, the usual perturbation theory in stimulated Cherenkov process is not ap-
plicable because of such degeneration of the states and the interaction near
the resonance is needed for description by the secular equation. The latter,
in particular, reveals the zone structure of the particle states in the field of a
transverse EM wave in a dielectriclike medium. Note that in contrast to the
zone structure for the energy of electron states in a crystal lattice, the zone
structure in this process holds for the conserved quantity p,, as the energy
could not be quantum characteristic of the state in the nonstationary field of
the wave.

First we will solve the Klein-Gordon equation for a scalar particle (3.30)
in the given coherent radiation field in a medium (3.45) or the equivalent one-
dimensional equation of the Schréodinger type (3.36) in the wave coordinate
T.

Within Eq. (3.30) the state parameter p,, can be expressed by the initial
parameters of a free particle:

2
4”(2)1’337 - (”g - 1)(1&002 + m2c4) = 502 (1 - novfo cosq?)
c

and for the circular polarization of the wave (3.45), Eq. (3.36) may be repre-
sented in the form

2 2 2
d7U(r) + & [(1 —n0 00519) +2(n2 - 1)

dr? hi2(nd —1)2 c
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2 2
X (Trg) :@0 €osind coswr — (nd — 1) (g) 5

(&0, po, vo are the initial values of energy, momentum, and velocity of a free
particle, ¥ is the angle between the initial momentum of a particle and the
wave vector of the wave; due to the azimuthal symmetry in the direction of
the wave propagation OX, without loss of generality, the initial momentum
of the particle is chosen in the plane X Z.)

According to Floquet’s theorem the solution of Eq.(3.58) is sought in the
form

U(r)=0. (3.58)

U(r) =% Z ByeTiw0T (3.59)

S§=—00

p?rE(n(Q)g—gl)Q[(l_nOVCOCOS§>2_( —1)(5 ) 50] (3.60)

is the major quantity in the induced nonlinear Cherenkov process, which is the
renormalized (because of intensity effect) generalized momentum of the par-
ticle in the laboratory frame conjugate to wave coordinate 7. It connects the
“width of initial Cherenkov resonance” 1— ngvg/c and wave intensity (£3) as
the main relation between the physical quantities of this process determining
also the condition of nonlinear resonance (see Chapter 2; v (&) |¢=¢.,.= ¢/no).
In the intrinsic frame of reference of the wave p, corresponds to longitudinal
momentum p, of the particle on which the degeneration exists.

From Egs. (3.58) and (3.59) for the coefficients ¢, we obtain the recurrent
equation

me3pofo sin @

22 2
(s“hwi — 2shwop, )Ps = 2 - 1)

[st—l +¢s+1] ) (361)

which can be solved in approximation of the perturbation theory by the wave
function:

|@1| << |§Zj0|, |@2| << |@1|, (362)

Then from Eq. (3.61) we find the amplitudes of the particle wave function,
corresponding to an s photon process. But for condition (3.62) to hold, it is
necessary that

22 2 me? .
|s*h*wi — 2shwop-| >> (271;;050 sind|. (3.63)
ng —1)
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Regarding those values p, for which condition (3.63) does not hold, the
usual perturbation theory is already not applicable. In particular, if the ex-
pression on the left-hand side of this condition is zero, i.e., at s =0 and s = ¢
(¢ =1,2,3,... ), when
227 — Yy, (3.64)

h
from Egs. (3.58) and (3.59) it is evident that we already have two states
@y and ?,, which are degenerated in the “longitudinal momentum” p,, since
p2 = (p; —lhwo)?. Because of this double degeneration in the state parameter
pr for the definite p,, of the initial unperturbed system it is necessary to use
perturbation theory for the degenerated states on the basis of the secular
equation.

Thus, under condition (3.64), Eq.(3.58) within perturbation theory should
be solved on the basis of the secular equation, according to which we search
the solution in the form

Lw,

U(T) _ 61’%7’ (430 _|_qv)éefi12wor) — @OeiTOT + @g@ii%‘r (3.65)

and the conserved quantity p, = p%o) + p%l) , where p%o) is the value corre-

sponding to the Bragg resonance condition (3.64).
In the case of one-photon interaction (¢ = 1), substituting Eq. (3.65) in
Eq. (3.58), we obtain

;@0 _i%0 ;@0
ArPpe' 2T + A Pie 2T + 201 Ppe' 2 T coswgT

+2a1¢16_"%7 coswoT = 0, (3.66)

where A, is the correction to the value p2 at the fulfillment of condition
(3.64) for £ =1:

8n2p(0) me3po&o sin ¥
A, =071 _p). =~ POSUP 7 3.67
R VA (T Y (367

By the standard method from Eq.(3.67) one can obtain the following set of
equations for the amplitudes @y and @q:

A Py + a1P1 =0,
(3.68)
ATQZjl + 041@0 =0.

From the compatibility of Eqgs. (3.68) we have A, = £«;. The signs “+” and
“—7 relate to p2 > h?w3 /4 and 0 < p2 < h%w?/4, respectively. Thus, at the
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fulfillment of condition (3.64) we have a jump in the value of p2, which is
equal to 2aq, i.e.,

&2 Vo 2 9 me2\” 9 h2w?
0 o _ _ [ >
172 {(1 no~_ cosﬂ) (ng—1) g T + aq,
& Vo 2 9 me?\ > 9
0<(n(2)_1)2{(1—ngccosﬁ> —(TLO—]_) 570 0

< hzwg
- 4

— . (3.69)

For ¢ = 1 the matrix element of transition from state @, to state @1 (here
we note the state without a phase) is equal to a, which is also evident from
Eq. (3.68). For large ¢ (¢ > 2) the matrix element of transition g «— Py is
equal to zero in the first order of perturbation theory. In this case it makes
sense to take into account the transitions to the states with other energies in
higher order. For example, for £ = 2 it is necessary to consider the transitions
@y — @1 and Py — D,. For arbitrary £ the matrix element of transition is
defined by

af

(€= 1) (hp) ™Y

Qy = (3.70)

It should be noted that here it is also necessary to take into account the
corrections to the energy eigenvalue of state @ in the appropriate order,
however, the latter are only of quantitative character, unlike the qualitative
corrections (3.70), and will be omitted.

As is seen from Eq. (3.69), the permitted and forbidden zones arise for
the particle states in the wave. The widths of permitted zones in the general
case of f-photon resonance are defined from the condition

22wk &2 Vo 2 9 me\ 2 9
< 0 )1 py0 —mE-1) (2=
1 4oy < 2172 ( no-_ COSﬁ) (ng ) ( Z ) &

_ (£+1)%hup
= 4

— Of41- (371)

Such zone structure for the particle states in the wave arises in dielectriclike
media because of particle capture by the wave and periodic character of the
field — quantum influence of infinite “potential” wells on the particle states
similar to zone structure of electron states in a crystal lattice.
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To investigate the particle wave functions on the edges of the forbidden
zones we turn to the set of equations (3.68). The latter has two solutions
and, hence, from Eq. (3.65) we obtain two wave functions corresponding to
the top and bottom borders of the forbidden zone (3.71). Thus, for A, = a3
we obtain

U (7) = 2idy sin %7, (3.72)

and at Ay = —og
U_(7) = 2B, cos %7. (3.73)

With the help of Egs. (3.72) and (3.73) the particle wave function is deter-
mined by

zn +1

Uy(r,t) =UL (1) exp plor + o 2 1 PnT (3.74)

h pn77+

h
The condition at which secular perturbation theory is valid taking into
account the above-stated degeneration, is a1 << h?w2 /4, or

Ame3po&o sin @
R g — 1) < 1. (3.75)

Thus, it can be concluded that in the induced Cherenkov process there
exists zone structure for the quantum parameters p,, pi1o (or quantity p,
(3.60) corresponding to multiphoton “Bragg resonance” (3.64)) of the particle
state in the wave. The permitted zones for this quantity are determined by
condition (3.71).

Consider now the case of spinor particles. Proceeding from the Dirac
equation, the wave function of a particle can be presented in the form

1 ~0 P Us
U= — |ih— — cBa(p — —-A) + mc?
mc? ot c U
7 +1
X exp [hpj_or + hpnn + - g —P 7,7'] , (3.76)

where @, 3 are the Dirac matrices (3.2) in the standard representation. The
spinor function U, satisfies the equation

d*Uy (1) 1 2,2 2 2 € 2
dr2 + hQ(ng — 1)2 |:4n0p77 - (nO - 1)0 (pJ_O - EA(T)>
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—(ng — 1)ym?*c* + (ng — V) heco(H +iE)|U, (1) = 0, (3.77)

where E = —0A/cO0t and H = rotA are the electric and magnetic field
strengths of the wave. In the case of a linearly polarized wave (Eq.(3.45) at
A, = 0), with the help of a unitarian transformation of spinor wave function
it is possible to obtain a system of two independent equations of second order
for the components of new spinor function from Eq.(3.77). For the other po-
larizations of the wave, in particular, circular polarization, the components
of spinor function are not separated and Eq.(3.77) is equivalent to a differ-
ential equation of fourth order (it is related to the absence of a definite field
direction, for which the spin projection could have a definite value, as occurs
for linear polarization). The above stated spinor transformation, in the case
of a linearly polarized wave, is

5 o\ (V1)
Uy (1) = (cosh 5 0s sinh 2) ; tanhd =
Va (7)

1
= (37

T &=

which represents the transformation of the spinor in four-dimensional space
(r,t ) at a rotation by angle ¢. The latter has a simple physical interpretation.
It corresponds to the Lorentz transformation in a system of reference moving
with a velocity V = ¢/ng, where the wave electric field E = 0 and there
is only a static magnetic field H/, directed along the axis Z and the spin
projection on it has a definite value, since in the chosen representation the
matrix o, is diagonal.

Thus, after the transformation (3.78), Eq. (3.77) will be transformed into
the following independent equations for the spinor components V7, Va:

d*Vi (7) 1 2,2 2 2 ¢ 2
72 + R2(ng — 1)2 {4n0pn —(ng—1)c (pLO — EA(7)>
H
—(ng - 1)m204}V1 (7) + ———— Vi (r) =0, (3.79)
fingy/né — 1
d*Va (7) 1 2.2 2 2 € 2
dr2 + R2(n2 — 1) {4n0pn —(ng — 1 (pm — EA(7)>

ecH

2

——— V5 (1) =0. 3.80
hngy/ng —1 2(7) ( )

—(ng — 1)m204}V2 (1) —

The solution of Eq. (3.79) (or (3.80)) is sought in the form
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Vi(r) = €'% Z K e~ tswor (3.81)

S§=—00

where

is the particle “longitudinal momentum” in the wave of linear polarization.

Repeating the procedure as in the case of scalar particles, we obtain the
Bragg condition (3.64), at which it is necessary to use the secular perturbation
theory for degenerated states. At £ = 1 we obtain the following system of
equations for coefficients Ky and K;:

A Koy + (—iOél + %/1,) K, =0,

(3.82)
(ion + 2p) Ko+ A-Ky =0,
where
hecH
p=————. (3.83)
noy/ng — 1
From Eq. (3.82) for the correction to p? we obtain
Lo, o :
A=+ s +ail . (3.84)

It is easy to see that K; = FKoe'?, where tgp = 21 /u. Hence, each spinor
component of particle wave function has two values corresponding to the top
and bottom borders of the first forbidden zone:

Vi (1) = Ko (%87 - i)

Vi (r) = Ko (ei“’#f + e_i%”'i“’) . (3.85)

For V5 (1) we have the same expressions as (3.85), where it is only necessary
to replace ¢ by —¢.

At ¢ = 2 we have already two channels for the transition from state K
to state Ko. The first is the result of the interaction described by a term
quadratic in the field (~ A?), the matrix element of which at £ = 2 is equal

to (m02)2 £2/4h%(n3 — 1), and the second channel proceeds both in the case
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of scalar particles via transitions Ky — K; and Ky — K, , stipulated by
the charge interaction ~ pA, as well as for the spin interaction, the matrix
elements of which at each transition are equal to —iay and /2, respectively.
Therefore, for two-photon transition

1
1 1 h2w3(mc?)2¢2 ? ’
A=t |22 — a2 EOUNCT S0 2,2 3.86

and on the borders of the second forbidden zone for the component of spinor
function V' we obtain (for top and bottom borders accordingly)

‘/1J,F2 - K, (eiwor _ eioniitp) : ‘/1T2 =K, (eion + e—iwo"’iﬂ/’) ) (387)

where
arp

1,2 _ 2 hwi(me)?eg”
Z Y e T H 1Y)

tgp = (3.88)

The obtained results for spinor particles are valid at the fulfillment of the
condition

h2 2
A << Z. (3.89)

Thus, the quantum picture of induced Cherenkov interaction for charged
spinor particles does not differ qualitatively from the case of scalar particles,
i.e., the spin interaction results only in quantitative corrections to the quan-
tities describing the process. However, in the absence of charge interaction
(PA = 0) in the first order in the field, i.e., for one-photon interaction, the
first forbidden zone (¢ = 1) does not exist for scalar particles, but exists for
spinor particles due to the spin interaction.

3.5 Inelastic Diffraction Scattering on a Traveling Wave

Up to now we have considered the nonlinear phenomena in induced Cherenkov
process at the external wave intensities exceeding the critical one — the
threshold value of nonlinear Cherenkov resonance in the strong EM radi-
ation field. However, purely quantum effects at the wave intensities under
the critical value in induced Cherenkov process exist. Those are the inelastic
diffraction scattering of charged particles on a traveling wave in dielectriclike
media and quantum modulation of particle beams at the wave fundamental
frequency and its harmonics. This and the next section of the present chapter
will consider these effects.

Consider first the diffraction of particles on the phase lattice of a slowed
traveling wave in a dielectriclike medium. Neglecting the spin interaction, the



104 3 Quantum Theory of Induced Multiphoton Cherenkov Process

Dirac equation in quadratic form is written as the Klein—Gordon equation
for the particle in the field of a plane EM wave with vector potential A(7) :

2y
fhz?a? = {fh202v2 +m?c* + 2iehcA(T)V + e* A% (1)} 0. (3.90)
Equation (3.90) will be solved in the eikonal approximation by particle wave
function
i

U (r,t) = %f(x,t) exp {h (por—&)t)} ) (3.91)

according to which f(x,t) is a slowly varying function with respect to free—
particle wave function (the latter is normalized on Ny particles per unit vol-
ume):

ﬁf 80 af Pox

—| << =|fl; —| << == 1. 3.92

<< oins [E]<<Bein (3.92)
Choosing a concrete polarization of the wave (assume a linear one along
the axis OY') and taking into account Eq. (3.90) for f(z,t) we will have a
differential equation of the first order:

o1 + Vo cosﬂoa—f

ot or

- % [2ecpg sin W - Ao(7) coswor — €2 A3 (1) cos> wor] f(z,t),  (3.93)
0

where Ap(7) is a slowly varying amplitude of the vector potential of quasi-
monochromatic wave and 1, is the angle between the particle velocity and
wave propagation direction. As &max < &er << 1, then for actual values of
parameters pg sing/me >> Epax and the last term ~ A2 in Eq. (3.93) will
be neglected. Changing to characteristic coordinates 7/ =t — z/vg cos ¥y and
17’ = t, it will be obvious that at the fulfillment of the induced Cherenkov
condition vgcos¥y = ¢/ng the traveling wave in this frame of coordinates
becomes a diffraction lattice over the coordinate 7/ and for the scattered
amplitude of the particle wave function from Eq. (3.93) we have

; i 72
f(r") =exp {zecp’(;;mﬁo coswoT’ / A(n’)dn'} , (3.94)
0

m

where 7; and 7y are the moments of the particle entrance into the wave
and exit, respectively. If one returns to coordinates x and ¢ and expands the
exponential (3.94) into a series by Bessel functions for the total wave function
(3.91) we will have
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Ny 7
U (r,t) =4/ =—=exp | —yposint
(r,t) \ 28, p(hypo 0)

+oo : ;
o 1 snohw 1
X E 1°Js(a) exp <h [po cos g — Oc 0} vy [Eo — shwp] t) , (3.95)

S§=—00

where the argument of the Bessel function

evp sin ¥g

ta
o= 20U [ poay 3.96
o [ (3.96)

and F is the amplitude of the wave electric field strength. The wave func-
tion (3.95) describes inelastic diffraction scattering of the particles on the
slowed traveling wave in a dielectriclike medium. The particles’ energy and
momentum after the scattering are

hw
E = Ey—shwy; psr = pocos¥g— 1o O; py = const; s=0,%£1,.... (3.97)
The probability of this process
W, = J2 {ec% Sin /t2 E(n')d ’] (3.98)
s s el " nan | . .

The condition of the applied eikonal approximation (3.92) with Eq. (3.94)
is equivalent to the conditions |p,—poz| << por and |€ — Ep| << &y, which
with Eq. (3.97) gives: |s| nofiwg/c << po.

In the case of a monochromatic wave from Eq. (3.98) we have

2 ind
mc? cpg sin Ot0>, (3.99)

W,=J2({—
where ty = to — t1 is the duration of the particle motion in the wave.

As is seen from Eq. (3.99) for the actual values of the parameters o >> 1,
that is, the process is essentially multiphoton. The most probable number of
absorbed/emitted Cherenkov photons is

m62 Vo

The energetic width of the main diffraction maximums I'(5) ~ 5*/3hw, and
since § >> 1 then I'(3) << |€ — &
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The scattering angles of the s-photon Cherenkov diffraction are deter-
mined by Eq. (3.97):

snohwg sin Jg

tand, = (3.101)

epo + snghwg cos Vg

From Eq. (3.101) it follows that at the inelastic diffraction there is an asym-
metry in the angular distribution of the scattered particle: |[J_s| > ¥s, i.e.,
the main diffraction maximums are situated at different angles with respect
to the direction of particle initial motion. However, in accordance with the
condition |s| nofuwgy/c << po of the eikonal approximation this asymmetry is
negligibly small and for the scattering angles of the main diffraction max-
imums from Eq. (3.101) we have J_; ~ —d,. Hence, the main diffraction
maximums will be situated at the angles

nohw

CPo

Vs = £5——L sin v (3.102)

with respect to the direction of the particle initial motion.

3.6 Quantum Modulation of Charged Particles

Coherent interaction of charged particles with a plane EM wave of inten-
sity smaller than the critical one in the induced Cherenkov process leads to
quantum modulation of the particles’ probability density and, consequently,
current density after the interaction at the wave fundamental frequency and
its harmonics. In contrast to classical modulation of particles’ current den-
sity proceeding in the free drift region after the interaction and conserving
for short distances, the quantum modulation, being quantum feature of a sin-
gle particle, is conserved after the interaction unlimitedly long. To reveal this
quantum coherent effect it is necessary to take into account the quantum char-
acter of particle-wave interaction entirely in contrast to the above-developed
eikonal approximation for particle wave function. The mathematical point of
view requires taking into account in Eq. (3.90) the second-order derivatives
of the wave function as well, which have been neglected in the description of
the diffraction effect.

To describe the effect of particle quantum modulation with regard to
the wave harmonics we will solve Eq. (3.90) by perturbation theory in the
field of monochromatic wave (A(7) = {0, Ag coswyT, Ag sinwy7}) of intensity
o < €. << 1 at which one can neglect again the constant term ~ A2. Then
we look for the solution of Eq. (3.90) in the form

1 1

N,
U(r,t) = -0 exp {h (pozx — Eot) + hpgyy
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~+o0 z

Z U, exp [iswo (t — nof)] , (3.103)
s§=—00 ¢

where Ny = const is the density of initially uniform particle beam. Substi-
tuting Eq. (3.103) into Eq. (3.90) we obtain the recurrent equation

[(n% — 1) hQSng + 2&pshwy (1 — nov%)] v,

= ecpoon [![’571 + Werl] 5 (3104)
which will be solved in the approximation of perturbation theory by wave
function:

|Sp:|:1| << |!p0|; |£l7:|:2| << ‘&pﬂ:ﬂ,....

Thus, for the amplitude of the particle wave function corresponding to s-
photon induced radiation (s > 0) we obtain

1 bs
v, — = : 3.105
St D) (it 289) (it 5) (3.105)

and for s-photon absorption

(o b
L TRy vy ws By ey, S Gt

Here the dimensionless parameter of one-photon interaction
b= —-——sindy (3.107)
c

is the small parameter of perturbation theory: |b| << 1 and

hw
w=1- noE cos Yo; Ap=(ng—1) —0 (3.108)
C 250

are the dimensionless Cherenkov resonance width and quantum recoil pa-
rameter, respectively. Hence, for total wave function of the particle after the
interaction we have

NO & b eisw(,(t—noz/c)
Pt =20l 0 [
(r,1) 250{ Sz::s! (4 Ap) (4 205) -+ (u + sAp)

1
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efiswo(tfnom/c)

—-1)° e%(porffot)’ )
+(-1) (M—Ah)(u—QAh)---(M—sAh)]} (3.109)

The current density of the particles after the interaction corresponding to
obtained wave function will be expressed by

. . - b? 1
jt, x) .]0{1+28_ZIS! [(M+Ah)"'(N+SAﬁ)

(=1)°

+(U_Aﬁ)"'(,u_5Aﬁ)

} cos swy (t — noz/c)

+2 Z Z s bs+s ——cos[(s + §")wo (t — noz/c)]

s=1s'=1

1
X(/H-Ah)"'(/H-sAn)'(M—An)"'(M—S’Ah)}’

where jo = const is the current density of initially uniform particle beam. As
is seen from Eq. (3.110) as a result of direct and inverse induced Cherenkov
effect the current density of initially uniform particle beam is modulated
at the wave fundamental frequency and its harmonics. This is a result of
coherent superposition of particle states with various energy and momentum
due to absorbed and emitted photons in the radiation field that remains after
the interaction unlimitedly long (for a monochromatic beam).

We present in explicit form the expression of modulated current density
for the first three harmonics

(3.110)

2

3 Az
j(t,x) =jo |1 — Beoswy (t —nox/c) + 432:W cos 2wy (t — noz/c)
5 2_ A2 2
B? (v ) cos 3w (t — noxz/c) + -, (3.111)

87 (P —447) (u? - 943)

where the modulation depth at the fundamental frequency of stimulating
wave

eA Y0 (ng — 1) sindy
&o (1 —no*2 cos 190) —(n3—-1)

B= (3.112)

h2w2 *
483

The denominators in Egs. (3.110)-(3.112) becomes zero at the fulfillment
of exact quantum conservation law for multiphoton Cherenkov process (3.21).
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In this case perturbation theory is not applicable and the consideration in
the scope of above-developed secular perturbation is required. However, in
actual cases because of nonmonochromaticity of particle beams the width of
Cherenkov resonance is rather larger than quantum recoil (4; << p) and
one can neglect the latter in Egs. (3.111)—(3.112). Then the modulation depth
at the wave fundamental frequency (3.112) is expressed via critical intensity
(2.16):

(3.113)

and the current density of modulated beam (3.111) will be represented by
the parameter of critical field

3
coswp (t —noz/c) + —

N RO <)
J(t,l’) =Jo [1 - Egcr(ﬁ) 16 <£cr(19)>

§
Eer (V)

3
X cos 2wy (t — noz/c) — % ( ) cos 3wy (t — nox/c) + - - (3.114)

The equation for particle modulation being expressed in this form shows that
the effect of quantum modulation at the stimulating wave harmonics proceeds
at intensities smaller than the critical one when the induced Cherenkov in-
teraction of the particles with the periodic wave field (photons) occurs. In
the opposite case the interaction proceeds with the potential barrier, i.e.,
the particle does not “feel” photons (periodic wave field). Note that in the
last case the above-considered quantum modulation of the particles due to
“reflection” phenomenon (see Section 3.2) occurs at the frequency (actually
X-ray) corresponding to particles’ energy exchange as a result of the interac-
tion with the moving barrier. It is clear that a modulated particle beam is a
coherent source of EM radiation.
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4 Cyclotron Resonance at the Particle-Strong
Wave Interaction

In this chapter we will consider a charged particle interaction with a strong
EM wave in the presence of a uniform magnetic field along the wave propaga-
tion direction when the resonant effect of the wave on the particle rotational
motion in the static magnetic field is possible.

In vacuum, as a result of the interaction of a charged particle with a
monochromatic EM wave and uniform magnetic field the resonance created at
the initial moment for the free-particle velocity automatically holds throughout
the interaction process due to the equal Doppler shifts of the Larmor and wave
frequencies in the field. This phenomenon is known as “Autoresonance”. This
property of cyclotron resonance in vacuum makes possible the creation of a
generator of coherent radioemission by an electron beam, namely, a cyclotron
resonance maser (CRM).

From the point of view of quantum theory the relativistic nonequidistant
Landau levels of the particle in the wave field become equidistant in the au-
toresonance due to the quantum recoil at the absorption/emission of photons
by the particle. In addition, the dynamic Stark effect of the wave electric field
on the transversal bound states of the particle does not violate the equidis-
tance of Landau levels in the autoresonance. Then the inverse process, that
is, multiphoton resonant excitation of Landau levels by strong EM wave and,
consequently, the particle acceleration in vacuum due to cyclotron resonance,
in principle, is possible.

In a medium with arbitrary refractive properties (dielectric or plasma)
because of the different Doppler shifts of the Larmor and wave frequencies in
the interaction process the autoresonance is violated. However, the threshold
(by the wave intensity) phenomenon of electron hysteresis in a medium due
to the monlinear cyclotron resonance in the field of strong monochromatic
EM wave takes place. In contrast to autoresonance, the nonlinear cyclotron
resonance in a medium proceeds with a large enough resonant width. This
so-called phenomenon of electron hysteresis leads to significant acceleration
of particles, especially in the plasmalike media where the superstrong laser
fields of relativistic intensities can be applied.

The use of dielectriclike (gaseous) media makes it possible to realize cy-
clotron resonance in the optical domain (with laser radiation) due to an ar-
bitrarily small Doppler shift of a wave frequency close to the Cherenkov cone,
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in contrast to the vacuum case where the cyclotron resonance for the existing
mazximal powerful static magnetic fields is possible only in the radio-frequency
domain.

4.1 Autoresonance in the Uniform Magnetic Field in
Vacuum

Let a charged particle move in the field of a plane EM wave in the presence
of a homogeneous static magnetic field directed along the wave propagation
direction vy = {1,0,0}:

HO = VoHo. (41)

Relativistic classical equation of motion of the particle in the fields (1.1),
(4.1) will be written in the form

% —cE (7‘) + E [VH (7‘)] + @ [VVO} . (4'2)

For the integration of the equation of motion (4.2) the latter should be written
in components:

dp e
g = VB, (4.3)
T — (1= T2) B+ vanl, (.4)

where p; = {0,py,p-} and v, = {0,v,,v.} are the transversal momentum
and velocity of the particle in the field.

As we see from Eq. (4.3) the existence of the uniform magnetic field (4.1)
does not change the equation for the longitudinal momentum of the particle
in the field of a plane EM wave (1.3), nor does the equation for particle
energy (1.9) change. Hence, in the considered process the integral of motion
A = E—cpr, for a charged particle in the field of a plane EM wave in vacuum
(1.10) survives.

For integration of the equation for particle transversal momentum (4.4)
we pass from the variable ¢ to wave coordinate 7 =t — yyr/c. Then Eq. (4.4)
becomes

dpj_ (%
— - = E 4
dr +1 7 % [yopj_] € (T)? ( 5)
where
H,
Q=00 (4.6)

&
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is the Larmor frequency for a relativistic particle in the uniform magnetic
field.
From the integral of motion A = £ — cpy,, follows the conservation of the
quantity in Eq. (4.5)
N

1 — v

= const = §2'. (4.7)

The set of equations (4.5) for the transversal components of the particle
momentum {p,,p.} is equivalent to the equation

v i2p=eE(r). (4.8)
dr

Here we have introduced the complex quantities related to particle momen-
tum and EM field:

p(7) =py (7) +ip= (1), (4.9)
E(1)=E, (1) +iE. (1). (4.10)

The solution of Eq. (4.8) will be

B =poe (=) ¢ / E(r)e @ (="ar, (4.11)

70

where po = poy + ipo. is defined according to initial condition
P lr=ry=Po- (4.12)

Separating the real and imagenary parts of the solution (4.11) we obtain the
transversal momentum of the particle:

Py = Doy €08 2’ (T — 79) + po sin 2 (1 — 1)

te / B, () cos @ (1 —7) + E. ()sin @ (r — )] dr',  (4.13)

T0
P2 = Po cos 2’ (T — 7o) — poy sin 2 (7 — 7p)

+e/ [E, () cos 2" (1 —7") — E, (7')sin 2" (r — 7')] d7". (4.14)

70
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Now we can define the particle longitudinal momentum (p,) and energy
with the help of Eq. (4.11) utilizing the dispersion law of the particle energy-
momentum and the integral of motion A. We obtain the following equations
in the field of a plane EM wave of arbitrary form and polarization:

161" — [Bol”

T (4.15)

Pz =Pox +C—F7F—

~2 1~ 2
PI” — [pol

_ 2
E=&+c 21 ,

(4.16)
where pg, and & are the initial longitudinal momentum and energy of the
free particle.

Let us consider the case of a monochromatic wave (1.20) of circular po-
larization (right- or left-hand) and when the initial velocity of the particle is
parallel to the wave propagation direction. For the field (1.20), when g = +1
we have

E (1) = —igEye«T, (4.17)

Substituting Eq. (4.17) into Eq. (4.11) and assuming an arbitrarily small
damping for the amplitude Ej to switch on adiabatically the wave at 7y =
—00, we obtain

~ _geEO igwoT
=7 4.18
P= o g (4.18)
and by the components
—gekiy
Dy = m COS WoT, (419)
—eky .
ps = O 1 gwn sin woT. (4.20)

As we see, for the left-hand circular polarization when g = —1 in Eqgs. (4.19)
and (4.20) a resonant effect of the wave on the particle motion is possible
when {2 = wy, or taking into account Eq. (4.7):

)

1_VI/0
c

= wp. (4.21)

Condition (4.21) performs the equality of the Larmor and Doppler-shifted
wave frequency w :



4.1 Autoresonance in the Uniform Magnetic Field in Vacuum 115

N=u; o =uwo (1 - ﬂ) : (4.22)
C

The latter means that the particle and the wave electric field rotate in the
same direction with the same frequency and as a result coherent energy ex-
change between the particle and the wave takes place. In addition, the energy
exchange does not violate the resonance condition as the ratio of the Doppler-
shifted wave frequency to the Larmor frequency of the particle is conserved:

w’ wo/l
i = t 4.2
0 = ool cons (4.23)

and the resonance created at the initial moment automatically holds through-
out the interaction. This is the phenomenon referred to as “Autoresonance”.

According to Egs. (4.15) and (4.16) the longitudinal momentum and en-
ergy of the particle in this case are given by

e g
L - 124
g
= —_— . 4.
E=&+ 2 (1 B §)2 ( 25)

By analogy of the renormalization of the particle mass in the field of a plane
EM wave for these values of energy and momentum (the average transversal
momentum p, = 0 in accordance with Egs. (4.19) and (4.20)) one can in-
troduce the “effective mass” of the particle due to the intensity and resonant
effects of the strong wave:

m* =m 1+i (4.26)
I AT |

The comparison of Eq. (4.26) with the analogous formula (1.18) in the absence
of a static magnetic field shows that instead of the parameter of nonlinear-

ity €2 in the strong wave field the effective nonlinearity in this process is

. 2
determined by the resonant parameter &2/ ( — %) >> £2.

At the exact resonance the solutions (4.19), (4.20) are not applicable. In
this case taking into account the resonance condition before the integration
in Eq. (4.11) we have

py = eFEgTsinwgr, (4.27)

p, = eEgT coswyT (4.28)
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and for the particle longitudinal momentum and energy we obtain

21;2
Pr = Pos + 2/10072, (4.29)
e?E3c?
E=E+— (4.30)

It is seen that at the resonance the energy of the particle monotonically
increases.

Then, taking into account Eq.(1.15) for the law of the particle motion in
the parametric form r = r(7) we obtain

2¢E
y(T)zceizo (SinwyT — woT COSwoT) , (4.31)
Awg
2
E
z(r):C © 20 (coswoT + woT sinwgT) (4.32)
Awg
2 E 2
Y2 (1) + 22(1) = (c ¢ 20> (14+wir?), (4.33)
Awg
2 eQEgc?’T?’
CC(T) = IpOccT + A2 (4.34)
40
20 [
o, ot
c
=20 |
40

0

2000
4000
0, 8090 gop

c

10000

Fig. 4.1. Trajectory of the particle (initially at rest) in the field of circularly
polarized EM wave and uniform magnetic field at the cyclotron resonance. The
relativistic parameter of intensity is taken to be & = 1.
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Equations (4.31)—(4.34) show that the particle performs helical-like motion
(see Fig. 4.1) with increasing radius (in the plane of the wave polarization)
and increasing step along the wave propagation direction.

4.2 Exact Solution of the Dirac Equation for Cyclotron
Resonance

The quantum description of the dynamics of cyclotron resonance in vacuum
in the scope of relativistic theory requires solution of the Dirac equation. The
configuration of EM fields when a uniform magnetic field is directed along
the axis of propagation of a transverse EM wave is one of those specific cases
for which exact solution of the Dirac equation in vacuum has succeeded.
The latter has the basic role for quantum description of diverse nonlinear
electromagnetic processes in superstrong laser and magnetic fields.

Let a charged particle move in the field of a plane EM wave and uniform
magnetic field along the wave propagation direction (OX axis). The vector
potential of this configuration of EM fields can be represented in the form

A(r,t)=Apg (y)+ Ay, (1), (4.35)

where

Ay (y) = (0,0,yHo) (4.36)

is the vector potential of uniform magnetic field with the strength Hy (4.1)

and
T

Ay (1) = {o,Ay (t - %) LA, (t - 7)} (4.37)

c

is the vector potential of a plane transverse EM wave (1.1). The Dirac equa-~
tion in the field (4.35) is written as

zh%—f = {ca (—ihv - SAH (y) — gAw (T)) +ﬁm62} v. (4.38)

Here «, @ are the Dirac matrices in the standard representation (3.2). As
the magnetic field is directed along the X axis for the Pauli matrices we will
assume the o, to be diagonal:

e (30) oo (2)ee= (05). ao

Looking for the solution of Eq. (4.38) in the form
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= (4.40)
V2 \p—x

and eliminating the spinor ¢ from the equation for y and passing to the
retarding and advanced wave coordinates

T x
T=t-— - n= t + )
c c
we obtain the Dirac equation in the quadratic form for spinor function y

02 ~ e 2
2 2 _¢ 2 4
{471 59 +c [PL CAw (7')} +m-c

TON
—echo(Ho + H+ ZE)}X =0, (4.41)
where
~ e g 0
P, =—ih - -A ; = —_— . 4.42
1 W/ | c H(y)7 Vi {076],/782’} ( )

The spinor function ¢ will be defined via x as follows:

1 0 .
o(r,t) = P {zﬁat — o (ichy + eA (r, t))} X (r,t). (4.43)
The particle quantum motion at ¢ — —oco when A, (7 = —c0) = 0 and only

the uniform magnetic field exists is separated into the cyclotron (y,z) and
the longitudinal (z) degrees of freedom. Since the coordinate z is a cyclic in
this issue (also in the presence of a plane EM wave) the cyclotron motion will
be described by the set of quantum characteristics of the state {l,p.}, where
by the number [ we indicate the Landau levels and by p., the z component
of the generalized momentum. Then the longitudinal motion at ¢ — —oo
will be described by the x component of the particle initial momentum p,.
Concerning the particle transversal initial state we will assume that at ¢
— —oo the particle is situated in the [ = s Landau level. In addition, there is
a fourth quantum number o which describes the polarization of the particle:
o= j:% (spin projections S, = :I:% on the direction of magnetic field Hy).
So, the wave function of the particle at t — —oo will be given by the equation

1/}570,1)7@7;02 (I‘, t) = ws,ae%(sz+pzZ7£s (pz)t)’ (444)
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where the bispinors 1), , describing the states with the different spin polar-
izations, are

(‘gs (pa:) + mc? )és (y)

0

q/)871/2 =N ) (445)
cpePs(y)

—iv2sche H® 1 (y)

0

(gs (pr) + mCQ)QSS—l (y)
Ys,—12 =N , (4.46)
iV2sche HD(y)

—cpePs1(y)

and
1

N G )

(4.47)

is the normalization constant. Here

Ps(y) = ,/ﬁexp [— (ay - 22)2] Us (ay - %) :
eHy,

are the Hermit functions and the dispersion law for the particle energy-
momentum is

E%(py) = m2c* + p2c® + 2echHys. (4.48)

For the spin projection o = 1/2 the quantum numbers for s are: s =0, 1,2, .. .,
while for 0 = —-1/2:s=1,2,....

Due to the existence of a definite direction of the wave propagation the
variable 17 becomes a cyclic and the conjugate to coordinate 1 momentum
is conserved. This is the known integral of motion (1.10). Hence, the spinor
function x(r,t) can be sought in the form

1

57, (P+7 + An)} Xo(X1,7), (4.49)

x(r,t) = Nyexp {—
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where
P+ = 55(1%) + Py X1 = {07 Y, Z} (450)

Taking into account the dispersion law (4.48) for the spinor function xo(x,7)
we obtain the equation

A N 2
{Qiha _ {PL _fA, (T)j| +2%hHys
C C

R
+ecJ(H0+H+iE)}X0(xJ_,T) =0. (4.51)

In Eq. (4.51) the transversal and longitudinal motions are not separated. But
after the unitarian transformation for the transformed function the variables
are separated. The corresponding unitarian transformation operator is

ﬁ' = e%K(T)Pi, (452)
where the vector function
K(r) = {0, Ky(7), K.(7)} (4.53)

will be chosen to separate the cyclotron and longitudinal motions and to sat-
isfy the initial condition. Taking into account that for the Hermitian operator
F=Ft

. PO 7 1T~ T~
¢FLem P = L+i|F,L] - = 2[R L)]+ (4.54)
for the transformed operators in Eq. (4.51) we will obtain

ﬁf’ijT:ﬁlJre[KHO},

Cc

~ 0 ~ 0 i [(dK=x e dK
Sl Y e o — (H, [K==] ).
U@TU or h(dT J')4_@207‘1( O{ dT:|)
Let us choose the function K(7) in such a form that the coefficient of the
term ~ P in the equation for transformed function

Xo = Uxo(x1,7)
becomes zero. Then for the function K(7) we will obtain the classical equation

of motion for transverse coordinates describing stimulated cyclotron rotation
in the EM wave field (see Eq. (4.5)):



4.2 Exact Solution of the Dirac Equation for Cyclotron Resonance 121

LS [voK] = _%

= A, (1), (4.55)

where (2’ is the Doppler-shifted Larmor frequency (4.7). The solution of Eq.
(4.55) can be written with the help of the complex quantities

K=K, +iK,; A=A, +iA, (4.56)

as follows:

T

K = —exp{—if2'} % / A () exp {i2'7'} dr'. (4.57)
In Eq. (4.57) we have taken into account the initial condition

K, (—00) = K, (—o0) = 0.

Hence, for the transformed spinor function x{, we obtain

hA O ~ e eAd [ dK
2i— — —P% +2-hHys + — | — A,
{20287' 1t c 08+63 (dT >

h
+ % (H, +H+iE)}X6 ~0. (4.58)
c
Looking for the solution of Eq. (4.58) in the form
X1 (XJ-a T)
Xo = ; (4.59)
X2 (Xla T)

we obtain the set of equations for the functions y; and yo:

hA O ~ e ed [(dK
2i—— —P? +(25s+1)-hHy+ — [ —A = 4.
{20287 T+ (254 )Ch 0+c3(d7 w)})ﬁ 0, (4.60)

hA D =, e ed (dK
{22(:26'7' — P + (25— l)EhHo + = <d7-Aw>}X2

—&—2@'% (Ey(T) +1E.(1)) x1 = 0. (4.61)
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Now in Eq. (4.60) the variables are separated and the solution can be written
as

T

_N© . € dK
X1 (x1,7) = N7 Ts(x1) exp 12—%/ (dT’Aw(T/)) dr'|, (4.62)

where

Ty(x1) = Gy(y)eh?=?

describes the free cyclotron motion of the particle. The solution for the second
function xo can be obtained in the same way (adding the particular solution
of the nonhomogeneous equation). Hence, for the spinor function y{, we obtain

NT, (x1)
X() = _
N{Ty g (x1) = N LAET (%))

T

e dK , ,
X exp | i / (dT’Aw (r )) dr'| . (4.63)

The coefficients N. 1(0), NQ(U)WiH be chosen to satisfy the initial condition. Thus,
for the different initial polarization states (¢ = £3) we have

N2 A+ mcz. N1/2) in/2scheHy

! 2me? 2 2me2 (4.64)
Nl(,l/g) _ _i\/QSCFLeHO; N2(71/2) _ P+ + mc? . (4.65)

2mc? 2mc?

Using inverse transformation yo = U X0 (%L, 7), with the help of the relation
L = e=3lFLlF oL (4.66)
we obtain the solution of the initial equation (4.41) (taking into account
Eq.(4.49)):

7
X (I‘, t) = Nf exp ﬁ (pzz - & (pz)t)
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[ (dK
e e 1
t— —A V) dr' +i—HoK - =K
+2hc (dT’ w(T)> T+hc 0 Z(y 2 y)}
— 00

NT, (x, — K)
x . (4.67)
NOT, g (x) —K) = ND21ET () —K)

cdr

Finally, with the help of Eq. (4.43) the solution of Eq. (4.38) for spinor particle
wave function can be written as

yv/S ,0,Da 3Dz ( ) Nf €xXp [h (p:E - gs (pm)t)

e [ [dK . )\ ., e 1

(N(g) py + mc?) + zN( \/QSCheHo) s (x1 —K)
(N(U) /1 + me ) iNl(g)\/QscheHo) Ts-1 (x1 — K)

(p+ — mc?) + iN( \/QSCheHo) s (x1 —K)

(N;@ (4= me2) —iN{* V2scheHy ) Ty (x1 — K)

(N(U)A N(U)\/ZscﬁeHO) C-Ts 1 (x1 —K)

—ng)mc%TS (x1 — K)
+ . (4.68)
(N(U)A N(U)\/ZscﬁeHg) C-Ts 1 (x1 —K)

]\fl(a)mc%TS (x1 — K)

In particular, for the state with the spin projection o = 1/2 from Egs.
(4.68) and (4.64) we have

gls 1/24)1,1& ( ) Nf exp [h (pw - gs(pm)t)
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T

. € dK , , . e 1

— 00

(mc? + Eu(pa)) T (x1 — K) —iy/SheHo dEop (x| _K)

y =
—%%TS (XJ_ _ K)

X . (4.69)
epTs (x) —K) —iy/ %%Ts_l (x1 — K)

—i/2scheHo Ty (x1 — K) + Atme dEq (| K)

For a quasi-monochromatic EM wave the states (4.68) can be normalized
by the condition

/ Ul ot o Wsope podr = 8 (0L = p2) 8 (P, — Pa) S,00 0,50

where d; ;- is the Kronecker symbol. Then for the normalization constant we
will have

1
Ny = — ,
27Th\/258(p$)(58 (px) + mCQ)
where
AR [

is the average energy of the particle in the field (4.35).

4.3 Multiphoton Excitation of Landau Levels by Strong
EM Wave

On the basis of the obtained wave function consider the possibility of mul-
tiphoton excitation of Landau levels by a strong quasi-monochromatic EM
wave at the cyclotron resonance in vacuum. We will consider the concrete
case of circularly polarized EM wave (1.20) with ¢ = —1. For a quasi-
monochromatic wave it should be Ay = Ao(7), where Ag(7) is a slowly
varying amplitude with respect to the phase oscillations over the wor and
the conditions of adiabatic switching on and switching off will take place
automatically.



4.3 Multiphoton Excitation of Landau Levels by Strong EM Wave 125

To determine the probabilities of the multiphoton induced transitions
between the Landau levels one must first define the function K(7). After
the interaction with the wave (¢ — 400 ) from Eq. (4.57) at the resonance
condition (4.21) we have

~ ecAoT

K= 1 e ot (4.70)

where T is the coherent interaction time (for actual laser radiation T is the
pulse duration) and Ay is the average value of the slowly varied envelope.
Substituting Eq. (4.70) into the expression for the wave function (4.68) and
expanding the latter in terms of the full basis of the particle eigenstates (4.44)

stavpzspz( ) /dpzdpz Z ss’ pz>pz ’(/}s 0! ,;DI,PZ (I‘ t) (471)

s’ o’

we will find the probabilities of the multiphoton induced transitions between
the Landau levels (we expand only by positive energy solutions as in this case
the Dirac vacuum is not excited). To calculate the expansion coefficients

ss’ pz7pz /’(/}s o’ ,px,pz (I‘ t) WSJ,Pmpz (I‘,t) dI‘, (472)
we will take into account the result of the following integration
/exp(fikx)és(aflx +ab)®Py(a 2 4 ab)dx

=exp{ip+i(s — s)A\} L (), (4.73)

where Iy () is the Lagger function and defined via generalized Lagger poly-
nomials L, (a) as follows:

I o (o) = ik Ta 2 L5 (a),
1 dr
l a, =l —a  n+l
L, (o) = et o (ema™t). (4.74)

The characteristic parameters u, A, and « are determined by the expressions

ka2(b+b') L,k Lk2 4 (b—b')?
=5 A = tan A e R (4.75)
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Taking into account Eqs.(4.68), (4.70), (4.72), and (4.73) we get the following
expansion coefficients:

, / 1
52 (1) = 032 o) exp { 1 (E005) — E4lp) — o = o)t}

x8(p, = p=)0(py — pa — h”—co(s’ —5)). (4.76)

Here the Dirac J-functions express the momentum conservation law. The
transition amplitudes w?7 (pl,, p’,) for the spin projection of the particle o =
1/2 are defined as follows:

w;§?71/2(p;,plz) = NyN' (27h)? {{Cprp; + (Eulpz) + mc?)

X (55/ (ph) + ch)} Ii o (@) — Q (p'+ + mc2) V2scheHols—1 s ()

+2cheHoVss'Is_1 91 (o) — Q (/1 + mcz) 2s'cheHols 51 (a)}, (4.77)
and the transition amplitudes with the spin flip 1/2 — —1/2 are

Wi 0l) = —iNgN' 270)* [Q (v + me?)
x (A + mC2) Isas/—l (O() - Cp; 2SCFL€H()IS_178/_1 (Oé)

+v/2s'cheHocpyLs s (o) — 2che HyQV s'sTs—1 o (a)] (4.78)

The analogous formula is obtained for o = —1/2:

w2 (o, pl) = NpN' (2mh)? [{chxp; + (Es(pz) + mc?)

x (E¢(Pl) + mc?) } Is—1,9—1 (@) — Q (py + mc?) \/2scheHol, y—1 ()

+2cheHyV ss'I o (o) — Q+/2s'cheHy (/1 + mcz) Is_q,s (a)} , (4.79)

and the transition amplitudes with the spin flip —1/2 — 1/2 are

Wi PP pl) = —iNgN' 27h)? [Q (v + me?)
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X (/1 + ch) I 1 e (o) — cpln/2scheHols o ()
+v/2s'cheHocpypls—1 1 () — 2QcheHoV ss'I5 o1 (a)]. (4.80)

Here the parameter

wWo BZOT

Q=57 (4.81)

and the argument of the Lagger function is
_ cefl (erT)Q. (4.82)

2h A

According to Eq. (4.76) the transition of the particle from an initial state
{s,0,pz,p.} to a state {s',0’,pl,p,} is accompanied by the emission or ab-
sorption of s — s’ number of photons. Consequently, substituting Eq. (4.76)
into Eq. (4.71) and integrating over the momentum we can rewrite the par-
ticle wave function as

oo .
o, 1
sto'vpmapz (r7t) = Z wss}/2 €xXp |:h6SSS/ (I', t):| ¢s’,1/2
=0

0o .
+ Z w:;TI/Q €xXp l:;ésss’ (I‘,t):| '(/Js’,fl/% (483)

s'=1

where
th / /
0Sss (r,t) = poz + (po + ?(s — )z — (Es(pz) + hwo(s’ — s))t.  (4.84)

Using Egs. (4.77)—(4.80) and the momentum conservation law, and taking
into consideration the recurrent relations for the Lagger function

(07

Lis1(0) =4/ (

s—8 —«

T (@) L (@)
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the transition amplitudes w79 (pl,p.) can be written in the compact form

V(s Two

1/2,1/2
wss/’ / = NSS/ {IS’S/ (Oé) + 65/ (p' ) + ch

I o1 (a)} , (4.85)

w1/27_1/2 . —iNSS/ (A + mc2) th

o’ = m ﬂafs,s/,l (@) (4.86)

and

/s hwg

w2 N @ S @, s

w_1/2’1/2 _ 72‘NSS, (A + mc2) hwo

, — A\ —als_ , 4.88
s Es () +mc? 24 Hsh (@) (4.88)

where

58, / 58, / 2
N =& (p%) (Es () + m;’ ) (4.89)
Es(P2)(Es(pz) +me?)
Now let us consider the concrete case of initial spin polarization o = 1/2.
The probability of the induced transition s — s’ between the Landau levels
is ultimately defined by Egs. (4.85) and (4.86):

2 2
1/2,1/2 1/2,—1/2
Wep = w23 4 [ulf21

ss’

ES (pz)

For the particle initially situated in the ground state the Lagger function

Ey (PL) [ 12 shwo
Is,s’ (O[) + gs(p$) + m62

(1210 (0) — 12, <a>>] (490)

/
S

o -«

Ig,s’ (Oé) = $' € ’

and consequently for the probability of the induced transition 0 — s’ we have

Eo(pz) + hwps’ o

Wy = o
0 Eo(pe) + Awpar 8! €

- (4.91)

If hwy << &y(p.;) this is the well-known Poisson distribution:
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!
a®
Wosr (o) = e

e
s'!

at which the mean value of s’ is s’ = a and there is a maximum at o = s’.
The latter shows that the most probable transitions are

ﬁo.)os’ = Agcl = Eo(px) — Eo(px), (492)

i.e., the energy change corresponds to classical dynamics. This is a conse-
quence of the fact that the Poisson distribution describes the coherent state
of harmonic oscillator which can be created from the ground state s = 0 (a
special case of coherent state). In the coherent state the probability distri-
bution in space retains its shape, and its center follows the trajectory of a
classical particle in a harmonic well (in the considered case the static mag-
netic field is equivalent to a harmonic well).

Let us now estimate the average number of emitted (absorbed) photons
by the electron at the cyclotron resonance for the high excited Landau levels
(s >> 1) and for the strong EM wave. In this case the most probable number
of photons in the strong EM wave field corresponds to the quasiclassical limit
(|s = §'| >> 1) when multiphoton processes dominate and the nature of the
interaction process is very close to the classical one. In this case the argument
of the Lagger function can be represented as

« (4.93)

i ecAop, T ?
4s hA ’

where p; ~ +/2ehiHys/c is the particle mean transverse momentum. The

2
Lagger function is maximal at o« — a9 = (\/? — \/5) , exponentially falling

beyond «ag. Hence, for the transition s — s’ and when |s — §'| << s we have

ap 2 ———F, (4.94)

The energy change of the particle according to classical perturbation theory
(when eAgwoT/c << pl)is

echZOwOT

A =
gcl A

(4.95)

The comparison of this expression with Eqgs. (4.93) and (4.94) shows that the
most probable transitions are
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A&y
hwo

|s — s'| ~

(4.96)

in accordance with the correspondence principle.

4.4 Cyclotron Resonance in a Medium. Nonlinear
Threshold Phenomenon of “Electron Hysteresis”

Consider now the dynamics of cyclotron resonance in the field of a strong
EM wave in a medium. In this case the problem can be solved analytically
only for the circular polarization of monochromatic wave and if the initial
velocity of the particle is directed along the axis of the wave propagation.
The particle equations of motion in components in this process are written
as

d
L2 — 1o [y By (7) + v Ba(7)], (4.97)
dt c
dpy . Vg Vz
e (1 - nO?) E,(r) + e~ Ho, (4.98)
dp- _ (1 - nov—””> E.(7) — XX H,. (4.99)
dt c c

As far as the equation for the particle longitudinal momentum (4.97) is not
changed in the presence of a uniform magnetic field with respect to Eq. (2.2)
in the field of a plane EM wave in a medium, and the equation for the particle
energy change in the field (1.9) remains unchanged, then we have the same
integral of motion (2.5) in this process. Hence, with the help of the latter one
can represent the particle longitudinal velocity

V, A\ 2(7') 1/2
(1-35) - (o) [15 5

2 T
ng (1 - CVT°0> —(1=no) [1 + (I;fc(g))2

(4.100)

Vg = CNy

}1/2
and energy
1/2
g0 J2(1_ Yo f(lfnﬁ) i) / (4.101)
n2—11)"° cno 07 (me¢)? ’

via the transversal momentum p (1) = {0,py(7),p.(7)} in the field. Here
the parameter ¢ is
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1 — ng¥e
N | (4.102)

me? g 1]

Note that ¢ is the critical value of the wave intensity (2.12) (at ng > 1) for
the particle “reflection” phenomenon in the absence of a static magnetic field
(Ho = 0). The sign “—"under the roots in Eqgs. (4.100), (4.101) corresponds
to the case of the interaction in dielectriclike media with ng > 1 and the
sign “+”, plasmalike media with ny < 1. Note that in contrast to the case
Hy = 0 (induced Cherenkov process) in Egs. (4.100), (4.101) before the root,
only the sign “—” is taken (in accordance with the initial conditions v, = vq
and £ = & of the free particle) since, as will be shown below, in this case
the expression under the root is always positive and consequently the root
cannot change its sign. Formally, Eqs. (4.100) and (4.101) have the same
form as the analogous equations (2.7) and (2.10) if p? (1)/m?c* — &3(1).
However, there is a principal difference between these equations because of
the above-mentioned fact. In particular, in the presence of a static magnetic
field the particle “reflection” and capture phenomena vanish — the particle
longitudinal velocity cannot reach the phase velocity of the wave (threshold
value for nonlinear Cherenkov resonance in the wave field) due to the particle
transversal rotation in the uniform magnetic field.

Now the considered problem reduces to definition of the particle transver-
sal momentum p (7). To integrate Eqs. (4.98) and (4.99) it is convenient to
pass from the variable ¢ to wave coordinate 7 = t— ngz/c. Then taking into
account Egs. (4.100) and (4.101) for the particle transversal momentum we
will have the equations

dp ecH,
Tf_ y(T)"" 0 2(7_) 1/2 Z(T)v
& (1-no2) [1 T (I:rfcgf]
dpz ecHy,
gy = eB=(7) - 730y (7). (4.103)

& (1—no%2) [1F £ ]

From the set of Eqgs. (4.103) one can obtain the equation for the complex
quantity

py(7) +ip(7)

Z (1) = .

(4.104)
related to the dimensionless parameter of the particle transversal momentum.
It is written as

dZ (1) _ eE(T) s 2

d |2
T mc (1—710"?") [1:': \Z(CQ)|

(4.105)

Z (1),
]1/2
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where
E(r) = Ey(1) +iE.(7)
and
ecHy
_Q =
0 %o

is the Larmor frequency for the initial velocity of the particle.

For an arbitrary plane EM wave Eq. (4.105) is a nonlinear equation the
exact solution of which cannot be found. However, for the monochromatic
wave of circular polarization when

E(1) = Ege ™07, (4.106)

one can find the exact solution of Eq. (4.105). The latter is sought in the
form

Z(1) = Zge woT (4.107)

and for the transversal momentum of the particle we obtain the following
algebraic equation:

(4.108)

i
1- X,
( o (= m0®) mW‘)ﬂ

where the quantities Fy, Zj are expressed in the scale of the parameter (:

ZO _ A, eEO _ S0
¥ =iB; ol = ¢ X. (4.109)

We will not represent here the exact solution of Eq. (4.108) for 8. An in-
teresting nonlinear phenomenon exists in this process which can be found out
through the graphical solution of Eq. (4.108). Thus, depending on the ratio
of the Larmor and wave frequencies as well as on the initial velocity of the
particle (in the case of dielectriclike medium where vy < ¢/ng) the solution
of Eq. (4.108) is a single-valued or multivalent that essentially changes the
interaction behavior of the particle with a strong EM wave at the nonlinear
cyclotron resonance in a medium. Hence, we will consider separately the cases
2y > wy and 2 < wj at vo < ¢/ng where

wh = wo (1 — noﬁ) (4.110)

is the Doppler-shifted frequency of the wave for the initial velocity of the
particle. If vy > ¢/ng the effects considered here will take place with the
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opposite circular polarization of the wave (wg — —wp) or in the opposite
direction of the uniform magnetic field (Hy — —Hy).

X (a)
Q)20
-1 B
X (b)
Q, <o,
X

i 7\’17902/@62 i
BB, ., 1 B

Fig. 4.2. Dependence of normalized transversal momentum 3 on the normalized
EM wave amplitude X at ng > 1.

Consider first the case of a medium with refractive index ng > 1 (sign
“~"under the root) in Eq. (4.108). We will turn on the EM wave adiabatically
and draw the graphic of dependence of the particle transversal momentum
on the wave intensity 3(X). For the case {2y > w} the latter is illustrated in
Fig. 4.2a. As is seen from this graphic with the increase of the wave intensity
the transversal momentum of the particle increases in the field (consequently
the energy as well) and vice versa: with the decrease of the wave intensity it
decreases in the field and after the passing of the wave (X = 0) the transversal
momentum becomes zero (5 = 0), i.e., the particle momentum-energy remain
unchanged: p = pg and £ = &.
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With the increase of the transversal momentum the longitudinal velocity
of the particle increases as well, but in contrast to the case Hy = 0 it always
remains smaller than the wave phase velocity if initially the wave overtakes
the particle (vo < ¢/ng) and larger if the particle overtakes the wave (v >
¢/ng). For this reason the particle “reflection” phenomenon vanishes in the
presence of a uniform magnetic field. Indeed, as is seen from Eq. (4.108)
for an arbitrary finite value of X we have § < 1 and from Eq. (4.100) it
follows that the longitudinal velocity of the particle in the field v, < ¢/ng if
vo < ¢/ng and v, > ¢/ng if vo > ¢/ng. The value 8 = 1 may be reached only
at X = oo when the root in Eq. (4.100) becomes zero and v, = ¢/ng. So, the
expression under the roots in Egs. (4.100), (4.101) cannot become zero for
finite intensities of the EM wave and, consequently, the root cannot change
its sign. According to the latter in Eqgs. (4.100), (4.101) before the roots only
the sign “—” has been taken so as to satisfy the initial condition.

Consider now the case {2y < w(,. The graphic of dependence of the particle
transversal momentum on the wave intensity G(X) in this case is illustrated in
Fig. 4.2b. As is seen from this graphic §(X) is already a multivalent function:
for wave intensities smaller than the value corresponding to the maximum
point of the curve 3(X) three values of the particle transversal momentum
exist for each value of the wave intensity. At the maximum point, which will
be called a critical one, the wave intensity has the value

X, = [1 _ (90>2/3] 3/2_ (4.111)

A
wo

There are two values (.. and 3/ which correspond to critical intensity
(4.111). The first one, .., is the value of the parameter [ corresponding

to particle transversal momentum at the maximum point of the curve 8(X).
From the extremum condition of Eq. (4.108) for §., we have

937 1/2
By = [1— (IZ?) ] . (4.112)
Wo

The second critical value for the parameter § corresponding to critical in-
tensity X, is situated on the left-hand side branch of the curve 5(X). To
determine its value one needs the analytic solution § = 3(X) of Eq. (4.108),
but there is no necessity here to present the bulk expression for 5.

We shall decide on that branch of the curve §(X) which corresponds to
real motion of the particle. Up to the critical point the particle transversal
momentum can be changed on that branch which corresponds to initial con-
dition 8 = 0 at X = 0. On this branch the particle momentum increases
with the increase of the wave intensity and vice versa. It is evident that with
further increase of the field the particle cannot be situated on the right-hand
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side from the critical point. Hence, it should pass to the left-hand side branch
of the curve B(X). Indeed, it is easy to see that the critical point is an unsta-
ble state for the particle, while all states on the left-hand side branch of the
curve 3(X) are stable and at the critical point the particle changes instan-
taneously its transversal momentum and passes by jumping to that branch.
The further variation of the particle transversal momentum occurs already
on this branch. Note that the instantaneity here is related to the fact that
the solution of Eq. (4.105) has been found for the monochromatic wave. It
is clear that the momentum change actually occurs during finite time. This
jump variation of the particle momentum (energy) is due to the induced res-
onant absorption of energy from the wave at the critical point because of
which the particle state at this point becomes unstable and it leaves the reso-
nance point for a stable state that corresponds to the transversal momentum

/' on the left-hand side branch of the curve 8(X). Indeed, if one draws a
graphic of the dependence of the particle transversal momentum on the ratio
of the Larmor and wave frequencies (2 /wj for a certain intensity of the wave
(Fig. 4.3), then it will be seen from the graphic 5(£2/w() that the cyclotron
resonance in the strong EM wave field takes place at the critical point with
the satisfaction of the condition 2y < w(. The latter means that to reach
the cyclotron resonance in a medium, in contrast to vacuum autoresonance
it is necessary to be initially under the resonance condition, since due to the
effect of the strong wave field in a medium with refractive index ng > 1 the
Larmor frequency increases in the field and then reaches the resonance value.
In vacuum the cyclotron resonance proceeds at 29 = w(, which survives in-
finitely, because of which the energy of the particle turns to infinity. Thus,
from Eq. (4.108) in this case (ng = 1) for the particle transversal momentum
we have

B = o (4.113)

which diverges (consequently the energy as well) at 2) = w(. As is seen from
Fig. 4.3 this divergence vanishes in a medium.

With the further increase of the field (X > X,,) the transversal momen-
tum of the particle will continuously increase on the left-hand side branch of
the curve 5(X) and tend to value —1 at X — oo. With the decrease of the
field the transversal momentum decreases on this branch and at X = X,
already has only the value /. since the value /3. corresponds to the unstable
state at the resonance point and now there is no reason for inverse transition
from the stable state to the unstable one. With the further decrease of the
field the transversal momentum decreases, but as is seen from Fig. 4.2 after
the interaction (X = 0) the particle does not return to the initial state (5 = 0
at X = 0) and remains with the final transversal momentum
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point of | resonance Q, /0

B "
cr

Fig. 4.3. Dependence of normalized transversal momentum on parameter (2 /w() <

1 at no > 1.
0 2
v (@)
Wo

This is a nonlinear phenomenon of charged particle hysteresis in the cyclotron
resonance with a strong EM wave in a medium at intensities exceeding the
threshold value (4.111).

The longitudinal velocity of the particle corresponding to the value g
(4.114) is

1/2
(4.114)

1— 22— (1-ne¥e) &

Ve = eng 0 —. (4.115)
g (1-2) - (1-no2) &
The energy acquired by the particle due to hysteresis is given by
(1-no) (1- )
E=E&) |1+ . (4.116)

2
ng —1

If the wave intensity is smaller than the critical value (4.111) the energy of the
particle oscillates in the field and after the interaction remains unchanged.
Equation (4.116) determines the particle acceleration due to a strong
transversal EM wave at the cyclotron resonance with the powerful static
magnetic field in a gaseous medium (ng — 1 << 1). Because of the latter
one can achieve the cyclotron resonance using optical (laser) radiation in a
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medium with the refractive index ng > 1, since the Doppler shift for a wave
frequency 1 —ngvp/c (see Eq. (4.110)) in this case may be arbitrarily small in
contrast to vacuum, where the cyclotron resonance for the existing powerful
static magnetic fields is possible only in the radio-frequency domain. On the
other hand, the application of powerful laser radiation for large acceleration
of the particles in gaseous media is confined by the ionization threshold of
the medium.

Consider now the case of a plasmous medium (ng < 1). In Eq. (4.108) this
case should take the sign “+”under the root at which the confinement for the
particle transversal momentum, existing in a dielectriclike medium, vanishes.
In addition, the above-considered behavior of the cyclotron resonance in a
plasmous medium takes place with the inverse relation between the initial
Larmor and wave frequencies (2y/w(. Thus, at {2y < w{ with the increase
of the wave intensity the transversal momentum of the particle increases in
the field and vice versa: with the decrease of the wave intensity it decreases
in the field and after the passing of the wave (X = 0) the transversal mo-
mentum becomes zero (8 = 0), i.e., the particle momentum-energy remain
unchanged: p = py and & = &y. The nonlinear phenomenon of particle hys-
teresis in a plasmous medium takes place at 29 > wy, since in a medium
with refractive index ng < 1 the Larmor frequency decreases in the field and
then becomes equal to the resonance value. The graphic of dependence of
the particle transversal momentum on the wave intensity S(X) in this case is
illustrated in Fig. 4.4. As is seen from this graphic, in contrast to the case of
dielectriclike media the parameter (3 in the plasmas increases with no limit
at the increase of the field. The latter allows the large acceleration of the
particles achieved by the current superstrong laser fields of relativistic inten-
sities (£ > 1) due to this phenomenon of hysteresis in the plasmas. The final
transversal momentum of the particle as a result of the hysteresis in this case
is
1/2

(fg>2 _ 11 , (4.117)

the final energy of which will be determined by the same equation (4.116)
since both the numerator and denominator of the fraction in the expression
analogous to Eq. (4.116) for the particle energy in a plasma change sign.

Note an interesting effect at the cyclotron resonance in a medium as well.
At 2y = wj no matter how weak the EM wave field is — &y << ¢ (that is,
& << 1 even for ¢ ~ 1) — from Eq. (4.108) it follows that

1/3
18] ~ (250> : (4.118)




138 4 Cyclotron Resonance
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Fig. 4.4. Dependence of normalized transversal momentum § on the normalized
EM wave amplitude X at ng < 1.

that is, an essential nonlinearity (~ SS/ BSOS &o) arises in a case where one
would expect a linear dependence on the field according to linear theory. It is
the consequence of nonlinear cyclotron resonance the width of which is large
enough in this case:

2/3
Aw ~271/3. <i?> w). (4.119)
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4.5 High Harmonics Radiation at Cyclotron Resonance

The considered phenomena at the cyclotron resonance in vacuum and in a
medium will resonantly enhance the efficiency of charged particle radiation in
the presence of a uniform magnetic field with respect to Compton radiation in
the strong wave field. Hence, here we will consider the radiation of a charged
particle in the field of a strong monochromatic EM wave in the presence of a
uniform magnetic field directed along the wave propagation direction in the
scope of the classical theory. We will analyze the case of circular polarization
of the incident wave and when the initial velocity of the particle is parallel
to the wave propagation direction. This case of particle-wave parallel propa-
gation is of certain interest since in this case the interaction length with the
actual laser beams is maximal which is especially important for the problem
of high harmonic generation.

To determine the radiation energy at the cyclotron resonance in vacuum
and in a medium we will consider the general case of radiation in a medium
and then we will move to the vacuum case substituting the refractive index
of a medium ng = n(w) = 1 in the ultimate equation for radiation energy.
The latter is given by Eq. (2.50) where the kinematic quantities v (¢) and
r = r(t) for the cyclotron resonance in a medium will be defined by Egs.
(4.100), (4.101), and (4.108). If in the considered case

pz (1) + pf,(T) = pﬁ_ = const,
then the longitudinal velocity and the energy of the particle in the field
vy = const; & = const, (4.120)

and from Egs. (4.104), (4.107), and (4.109) for the transversal components
of the particle momentum we will have

3
vy (t) = me sin wo (1 - nov—m) t,
C
3
v. (t) = mcgw cos wo (1 - no%) t. (4.121)

The particle law of motion r = r (¢) corresponding to Eqs. (4.120) and (4.121)
is

z (t) = vat,
_ mdp .
y(t) oo (1 - no"—) coS Wy (1 — nO?) t, (4.122)
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3
z(t) = __mees sin wy (1 - nov—x> t.
Ewp (1 — no‘%) c
Substituting Eqs. (4.120)-(4.122) into Eq. (2.50) and integrating over t,
the following ultimate equation for the spectral power of the particle radiation
at the cyclotron resonance in a medium is obtained:

2 2 o0
dPx = %Vi s;@é (w (1 - n(w)‘% (30519) — Swo (1 - no\%)>
n?(w)v2 — c? 53 2 ,
X [(W + (a) ) J3 () + Jf(a)} dwdO. (4.123)
Here
vy = mc;w (4.124)

is the amplitude of the transversal velocity of the particle in the field, and
the argument of the Bessel function « is

a= n(w)(m sin 1. (4.125)
Noting that
n?(w)yv? — 1 % n(w) -1
n2(wyv: (¢B)? [ Com2t n2(w) }

Eq. (4.123) may be written in the form

2 2 2\ 2
AP — e*n(w)w (Cﬁn?)

2me |1 — n(w) %= cos V|

R |6 e (e e | )

S§=—00

1—n0%

X0 (w — Swo ) dwdO. (4.126)

1 —n(w)*= cosv

Consider first the case of vacuum. If ng = n(w) = 1 when the autoresonance
phenomenon takes place, parameters (4.124) and (4.125) become
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N med & o wme? & sin
L= — =
E 1— L wod 1 — &, ’
0

where A is the integral of motion in vacuum (1.10) and w{ = wp (1 — vo/c)
is the Doppler-shifted frequency of the incident strong wave for the initial
velocity of the particle. Then from Eq. (4.126) for the radiation power in
vacuum we obtain

P, — 2 (me2\? w? 25 11—
D 1—‘%00819( _ )2 WSO T e s 0 —Vmcos19

1
5\2 ( _%2> 2 2
x (&) L= S i)+ T ) | dedO. (4.127)

Note that in Eq. (4.127) the term s = 0 corresponds to w = 0 (according to
the o-function) for which the radiation power is zero, so that the summation
proceeds from s = 1. The s = 0 harmonic arises in a dielectriclike medium
which corresponds to Cherenkov radiation. Concerning the terms with the
negative s in the sum (4.127) then those are zero in vacuum according to the
argument of the d-function taking into account that wg,w > 0.

In the absence of a static magnetic field (29 = 0) Eq. (4.127) coincides
with the equation for the spectral power of nonlinear Compton radiation
(1.61). Comparison of Eq. (4.127) with the latter shows that the radiation
power at the cyclotron resonance in vacuum resonantly enhances with the
parameter of nonlinearity &/ (1 — 2o/w() instead of the parameter of non-
linearity &y for nonlinear Compton radiation. Hence, we will not repeat the
analysis of the conditions for revelation of nonlinearities in the considered
process that is the radiation of high harmonics, which has been done for non-
linear Compton radiation and the substitution of the strong wave intensity
parameter £ — &/ (1 — 2y/wy() only should be made.

Consider now the radiation in a medium at the nonlinear cyclotron reso-
nance. In this case the Doppler factor 1 —mngvo/c may be as positive as well as
negative — anomalous Doppler effect at ng > 1. However, as has been shown
in the previous section, for the anomalous Doppler effect the considered pro-
cess of cyclotron resonance will take place at the opposite circular polarization
of the incident strong wave. Hence, we also assume here vy < ¢/ng at which
Eq. (4.110) has a meaning. In addition, since for vo < ¢/ng the longitudi-
nal velocity in the field always remains smaller than the wave phase velocity
(ve < ¢/ng), then the Doppler factor 1 — ngv,./c > 0 as well.

Taking into account Egs. (4.124), (4.125), and (4.102) as well as using
the d-function, which expresses the radiation spectrum of the process, the
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equation for radiation power (4.123) may be written in the form

e?n(w)w

1 —noﬁ
dPx = ) - Ve
K 2mc |1 —n(w)*= cos 19’ Z < Ty n(w) = cosﬂ)

n(w)¥e —cos?\” , vi o,
—_—c — dwdO 4.12
g l< n(w) sind ) Tule) + c? Ji7(@) | dwdO, ( 8)
where the argument of the Bessel function is
a=n(w w sy b (4.129)

wo /I —1] V1T 52

Concerning the terms with the negative s in Eq. (4.128), note that according
to the argument of the § function the harmonics with s < 0 correspond to
the anomalous Doppler effect for radiated frequencies (as for the fundamental
frequency 1 — ngv,/c > 0) which is possible due to the dispersion of the
medium, if

1-— n(w)v—w cosv < 0,
c

i.e., the harmonics with s < 0 may be radiated inside the Cherenkov cone.
Arising from Eq. (4.108) one can express the argument of the Bessel func-
tion via the parameter of the cyclotron resonance 2y /wy

w mc? &o

vy €0 \/1:F52*%§

which evidences the resonant enhancement of the parameter of nonlinearity
and, consequently, the intensity of high harmonics radiation (a ~ s >> 1). If
(3% << 1, which corresponds to linear cyclotron resonance, from Eq. (4.130)
we see that the radiation power in a medium resonantly enhances with the
parameter of nonlinearity &/ (1 — £20/w{) as in the case of vacuum.

The radiation of high harmonics at the nonlinear cyclotron resonance in a
medium arises for the wave intensities in the area close to the critical value for
electron hysteresis phenomenon (4.111). Corresponding to this intensity the
transversal momentum of the particle 4 in Eq. (4.130) should be substituted
by the critical value g.,. from Eq. (4.112). In the other case of particle-wave
nonlinear interaction at the cyclotron resonance in a medium that takes place
at 20 = w() and & << ¢ (see Eq. (4.118)), the transversal momentum of the
particle 3 in Eq. (4.130) should be substituted from Eq. (4.118).

a=n(w)— sin 19, (4.130)
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5 Nonlinear Dynamics of Induced Compton
and Undulator Processes

In this chapter we will consider the interaction of charged particles with super-
strong radiation fields of relativistic intensities in induced coherent processes
in vacuum where there is no restriction on the field intensity taking place
at the induced Cherenkov interaction in dielectriclike media. Those are the
induced Compton and undulator processes.

In the presence of a second wave of different frequency, the Compton
scattering, as well as spontaneous undulator radiation in the external EM
wave field acquire induced character. Because of its coherent nature (as the
Cherenkov one) these induced processes have the same peculiarity and, con-
sequently, the nonlinear interaction of charged particles with the mentioned
fields leads to analogous threshold phenomena of particle “refiection” and
capture by the plane EM waves in vacuum.

On the other hand, it is clear that the second wave in the induced Comp-
ton process or the undulator field perform the role of the third body for the
real radiation/absorption of photons by the free electrons in vacuum. Hence,
irrespective of revelation of new phenomena the consideration of nonlinear dy-
namics of induced Compton and undulator processes in current superstrong
laser fields is of great interest, especially from the point of view of FEL and
laser accelerators. Further, the significance of the undulator (wiggler) is great
enough as the unique version of the current FEL and expected X-ray laser
due to its large coherent length and effective power of the static magnetic field
for relativistic particles.

To achieve relatively large coherent lengths in the induced Compton pro-
cess we will consider the case of counterpropagating waves.

5.1 Interaction of Charged Particles with Superstrong
Counterpropagating Waves of Different Frequencies

Consider the classical dynamics of a charged particle at the interaction with
two counterpropagating (along the axis OX) plane EM waves having ar-
bitrary electric field strengths E; (t — %) and Eq (t+ %) in vacuum. The
relativistic equation of motion in components is written as
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dp, e

Lz _ C(VE, - vE 1

be _© (vE, —vEy), (5.1)
dpy_ Vg Vg
= (=) By e (147) By,
dpz—e(l—E)E te(1+2)E (5.2)
dt - c 1z c 2z- .

This set of equations allows exact solution when the particle initial velocity is
directed along the axis OX and the waves are monochromatic with circular
polarization:

E1 (I,t) = {O,El COS W1 (t* z) ,El sinwl (t* g)},
Cc c

Es (,t) = {O,E2 CoS W (t n %) , By sinws (t n %)} : (5.3)

From Eq. (5.2) in the field (5.3) we obtain

ek x ebsy . x
py = — sinwy (t— 7> + ——=sinws (t—l— 7) ,
w1 C w2 C
E E
D, = _e COS w1 (t — E) _e= COS Wy (t + E) (5.4)
w1 & w2 C

(the waves are turned on and turned off adiabatically at ¢ — Foo).
For the integration of Eq. (5.1) we will use the equation for the particle
energy exchange in the field

@ _ e(vE; + vEg). (5.5)
dt
Thus, defining the particle transverse velocity in the field by Egs. (5.4), from
Egs. (5.1) and (5.5) we obtain the following integral of motion in the induced
Compton process:
w1 — w2

£ —c——=p, = const. 5.6
R (5.6)

The latter together with Eq. (5.4) determines the particle energy in the field

80 2 Vo
&= 1—-—
n%—l{m( eni ) T

2

(1-m%) @2 -1) (";)2
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2, 2 x\171/2
x [+ + 28 cos (w1 —w) (t-m )] ] - (5.7)

The parameter ny included in Eq. (5.7) is

Wi + wo
w1 — wal’

ni (5.8)

and the parameters & 2 = eFj o/mews 2.

As is seen from Eq. (5.7) due to the effective interaction of the particle
with the counterpropagating waves a slowed traveling wave in vacuum arises.
The parameter n; denotes the refractive index of this interference wave and
since ny > 1 (see Eq. (5.8)) the phase velocity of the effective traveling wave
vph = ¢/n1 < c¢. Then the expression under the root in Eq. (5.7) evidences
the peculiarity in the interaction dynamics like the induced Cherenkov one
that causes the analogous threshold phenomena of particle “reflection” and
capture by the interference wave in the induced Compton process. Hence,
omitting the same procedure related to bypass of the multivalence and com-
plexity of Eq. (5.7), which has been made in detail for the analogous expres-
sion in the Cherenkov process, we will present the final results for particle
“reflection” and capture by the effective interference wave in the induced
Compton process. The threshold value of the “reflection” phenomenon or the
critical field for nonlinear Compton resonance is

& 1—¥0) — 14 Yo
or (w12) = (& + &), = ng‘wl( 62\)/“?:}2( ha C)’

If one knows the longitudinal velocity v, of the particle in the field, then it
is easy to see that & (w1,2) is the value of the total intensity of counter-
propagating waves at which v, becomes equal to the phase velocity of the
effective interference wave: v, = v,;, = ¢/nq irrespective of the magnitude of
particle initial velocity vo. The latter is the condition of coherency of induced
Compton process

(5.9)

w1 (1 _ ‘%) = wy (1 n Vf) . (5.10)

Under condition (5.10) the nonlinear resonance in the field of counterpropa-
gating waves of different frequencies occurs and because of induced Compton
radiation/absorption the particle velocity becomes smaller or larger than the
phase velocity of the interference wave and the particle leaves the slowed
effective wave. In the rest frame of the latter the particle swoops on the mo-
tionless barrier (if &1 +&2 > & (w1,2)) and the elastic reflection occurs. In the
laboratory frame it corresponds to inelastic “reflection” and from Eq. (5.7)
for particle energy after the “reflection” (£1.2 — 0 adiabatically at ¢t — +00)
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we have
(1= 2) + o (14 2)
20)1(4.)2 '

E=E&o

(5.11)

From this equation it follows that the energy of the particle with the initial
velocity vo = ¢|wy — wa| / (w1 + w2) corresponding to the resonance value of
the induced Compton process does not change after the interaction (£ =
&o). For such particle & (w1,2) = 0, i.e., it cannot enter the field: {& =
& = 0. The particle with the initial velocity vo > clw; — wa| /(w1 + we)
after the “reflection” is decelerated, while at vy < c|wy — wa| / (w1 + we) it
is accelerated because of direct and inverse induced Compton processes. At
the acceleration the particle absorbs photons from the wave of frequency
wy and coherently radiates into the wave of frequency ws if w; > we and
at the deceleration the inverse process takes place. Hence, at the particle
acceleration the amplification of the wave of a smaller frequency holds, while
at the deceleration the wave of a larger frequency is amplified.

In the case of wi = wy = w the refractive index of the interference wave
n1 = oo and nonlinear interaction of the particle with the strong standing
wave occurs. It is evident that in this case the process is elastic: & = & =
const (see Eq. (5.11)) and for the longitudinal momentum of the particle in
the field we have

2
Pz = :t\/pg — m2c2 <§% —+ {3 + 25152 COS Z‘)I> . (512)

From this equation it is seen that at & + &2 > &.r (w) = |po| /me the standing
wave becomes a potential barrier for the particle and elastic reflection occurs:
the root changes its sign and p, = —po (if & + &2 < & (w) we have p, = py).

Consider now the nonlinear dynamics of a particle with the arbitrary
direction of velocity vq initially situated in the field of counterpropagating
waves (internal particle). It is clear that at the wave intensities & + &5 >
&er (w1,2) when the “reflection” of an external particle from the slowed trav-
eling wave holds, an internal particle under the specified conditions may be
captured by the such slowed wave. Consequently, one needs to define the con-
ditions for the particle capture by the effective field in the induced Compton
process.

Let a particle with velocity v be situated in the initial phases ¢19 =
w1 (to —xo/c) and ¢pag = wa(to +o/c) of linearly polarized along the axis OY
counterpropagating waves (in Eq. (5.3) E1, = Fs, = 0, so the coordinate z is
free and one can assume vo, = 0). The solution of Egs. (5.1) and (5.2) under
these initial conditions for the particle momentum in the field gives

2
ny & Vo Vog \ 2
Pz = Pos + —5— {1_71136:':{(1_”136)
ny — C C C
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9 mc? 2 1, ., 9 . . .
—(ni-1) () [2 (& + &) + (&1sinpio + €2 5in ¢gg) (51 sin ¢10

&o
P, 1/2
+€2 sin ¢og — 2) + 6152 Ccos (¢1 d)g):l:l }, (513)
Dy = Poy + mcéy (sin @1 — sin @) + mes (sin go — sin ¢ay) , (5.14)

where

$1 — g2 = (w1 — w2) (t—m%) .
In the derivation of Eq. (5.13) the averaging over fast oscillations of separate
waves with respect to the interference wave (in the intrinsic frame of which
only a static magnetic field acts on the particle) in Egs. (5.1) and (5.5)
has been made. Physically it corresponds to time averaging of noncoherent
interaction with separate waves in relation to coherent interaction due to
induced Compton resonance. In this approximation the integral of motion
(5.6) remains applicable and with Eq. (5.13) it determines the energy of the
particle at the coherent interaction with the counterpropagating waves of
different frequencies.
The equilibrated phases for the particle capture in this process correspond
to extrema of the interference wave and the motion of the particle is stable
in the phases

(¢1—¢2)5:(w1—w2)(t—n1%> =n(2k+1); k=0,£1,.... (5.15)

Equation (5.15) shows that the particle situated in the equilibrated phases
moves with the velocity

Ves = c(w1 —wa) /(w1 + w2).

Let the particle initial longitudinal velocity be equilibrated: v, = vgs.
If poy = 0 as well, then the analysis of Eq. (5.13) shows that the capture
of such particle is possible at & = & (eE1/w; = eFs/ws, ie., the waves
should transfer to the particle equal momenta) and (¢1 — ¢2), = 7 (2k + 1) =
(61 — ¢2),. From Eq. (5.14) for equilibrated transverse momentum in this
case we have pys = poy = 0. If vo; = vzs+ Av and pg, = 0, then we have the
following condition for the particle capture:

c mc

|Av| < 5\/ -1 2 + (sin ¢y + smd)go) , (5.16)
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from which one can define the tolerance for divergences of initial phases and
velocity of a nonequilibrium particle. On the other hand, condition (5.16) de-
fines the threshold value of the wave intensities for the capture of a nonequi-
librium particle, which coincides with the critical intensity for the “reflection”
of an external particle (5.9) at &, = & = € and ¢19 = ¢go = 0 (coefficient /2
arises because of different polarization of the waves).

Now let vo, = vus but poy # 0. If at that (¢ — ¢2), # 7 (2k + 1), then
the motion of the particle will be stable at the condition

|p0y|
mcé

Poy (Sil’l ¢10 + sin ¢20) > 0 > 1. (517)

The condition for the capture in this case is [poy| /mc€ < 3/2, which with the
condition of stability (5.17) strictly restricts the transverse momentum of the
particle. Meanwhile the conditions of stability and capture in the minimums
of the interference wave (¢1 — ¢2), = 7 (2k + 1) are automatically satisfied.
Hence, these phases are equilibrated at the arbitrary transverse momentum
of the particle (poy = pys)-

If the particle initial velocity differs from the equilibrated one (voy # Vis)
and po, # 0, the tolerance for the capture of a nonequilibrium particle is
defined analogously to condition (5.16).

5.2 Interaction of Charged Particles with Superstrong
Wave in a Wiggler

Consider the nonlinear dynamics of a charged particle at the interaction with
a strong EM wave in a magnetic undulator. Let a particle with an initial
velocity vo = vg, enter into a magnetic undulator with circularly polarized
field

2 2
H(z) = {o, —H cos TWx,Hsin er} (5.18)

(I is the space period or step of an undulator) along the axis of which prop-
agates a plane monochromatic EM wave of circular polarization with the
electric field strength

E(z,t) = {O,EO sin wo(t — %),EO cos wo(t — %)} (5.19)

The equation of motion of the particle in the fields (5.18) and (5.19) in
components is written as

d,
% = SEO [Vy sinwp(t — %) + v, coswy(t — %)]
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2 2
<+ |:Vy sin Tﬁx—l—vz Cos Tﬂ-x , (5.20)
c

dp, . 2
Py _ ek (1 — vi) sinwp(t — f) — e Hsin ix,
c c c

dt l
dp, Vg T Vg 2
=By (1= ) coswo(t — =) = ™ H cos . 21
e - coswo(t C) e——Hcos—u (5.21)
Integration of Egs. (5.21) under the assumed initial conditions (at ¢t = —oco

the particle has only longitudinal velocity, i.e., poy = po. = 0) gives

e T elH 27
Py = oo coswp(t — =) + 90 S8 7T
eky . x.  elH . 27
, =2 t— ) S sin g, 5.22
P = sin wp( C) 5o ST (5.22)

The integration of Eq. (5.20) is made analogously to the integration of Eq.
(5.1). Using the equation for the particle energy exchange in the field

€ . x x
T eEy [Vy sin wy(t — E) + v, coswy(t — E) , (5.23)

with the help of Egs. (5.1), (5.22), and (5.23) we obtain the integral of motion
in the induced undulator process

E———px = const. (5.24)

1/2
x |68 + €8 — 26otm coswo(t - ni’)}] } (5.25)

in the field of a strong EM wave in the magnetic undulator, which is charac-
terized by relativistic parameter

_elH
T 2rmc?

&n (5.26)
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(for large magnitudes of undulator field strength H and space period | when
& > 1 such undulator is called a wiggler).

From Eq. (5.25) it follows that at the particle-wave nonlinear resonance
interaction in the undulator an effective slowed traveling wave is formed as
in the induced Compton process. The parameter

A

is the refractive index of this slowed wave, which causes the analogous thresh-
old phenomenon of particle “reflection”% in the induced undulator process.
The effective critical field at which the nonlinear resonance and then the
particle “reflection” take place in the undulator, is

A

_ A) Yo
gcr (l) = (50 +€H)cr — Mﬁ

. (5.28)
A A\ mc?

7 (1+3)
At this value of the resulting field the longitudinal velocity of the particle v,
reaches the resonant value in the field at which the condition of coherency in
the undulator

27 v

Ty =wo (1-22) 5.29

l v o < c ( )

is satisfied. The latter has a simple physical explanation in the intrinsic frame
of the particle. In this frame of reference the static magnetic field (5.18)
becomes a traveling EM wave with the frequency

and phase velocity vy, = v,. For coherent interaction process this frequency
must coincide with the Doppler-shifted frequency of stimulated wave.

The energy of the particle after the “reflection” (in Eq. (5.25) §o = &g =0
at the sign “+” before the root) is

E=Ep

1= (1)
1+(1+]. (5.30)

From this equation it follows that the particle with the initial velocity vy <
¢/(1 + A\/l) after the “reflection” accelerates, while at vo > ¢/(1 + A/1) it
decelerates because of induced undulator radiation.



5.2 Interaction of Charged Particles with Superstrong Wave in a Wiggler 153

If a particle is initially situated in the field, under the certain conditions
it may be captured by the slowed-in-the-undulator effective wave. We shall
define those conditions.

Let a particle with the velocity v be situated in the initial phases ¢19 =

wo(to—xzo/c) and ¢og = 27/l of a linearly polarized EM wave and undulator
field

2
Ey(x,t) = —Eq coswy(t — %), H,(x) = H cos Tﬂ-x (5.31)

The solution of Egs. (5.1) and (5.2) under these initial conditions for the
particle momentum in the field gives

ny & Vo Vog ) 2
Pz = Poz + 2{1 _n2i + |:(1 _nQJ)
nsg—1c c c

2 2
—(m2-1) (";z) B (€2 + €2%) + (€0 5in d10 + £ sin )

1/2
X (50 sin ¢19 + € sin gog — 2P0y) + oy coswy(t — ngx)” }, (5.32)
me c
Py = Poy + mcéo {sin wo(t — %) — sin ¢10}

2
+mcéy (sin wa — sin ¢20> . (5.33)

Note that at the derivation of Eq. (5.32) in Egs. (5.20) and (5.23) the time
averaging of noncoherent interaction with respect to coherent interaction has
been made. In this approximation the integral of motion (5.24) remains ap-
plicable and with Eq. (5.32) determines the energy of the particle at the
coherent interaction with the strong EM wave in a wiggler.

The equilibrated phases for the particle capture correspond to extrema
of slowed-in-the-undulator effective wave and the motion of the particle is
stable in the phases

qbs:wo{t—(l—i—?)i} =nw(2k+1); k=0,+1,.... (5.34)

From Eq. (5.34) one can define the particle velocity in the equilibrated phase:
vzs = ¢/(1+ A/l). If the initial velocity of the particle vo, = vy and poy =
0 the capture of such particle is possible at & = &gy that is AEy = [H,
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i.e., the strong wave and wiggler field should transfer to the particle equal
momenta and ¢19 — ¢20 = ¢s (at that p,s = 0). If the initial velocity of
the particle differs from the equilibrated one (vo, # Vvas) and poy, = 0 the
tolerance for the capture of nonequilibrium particles is defined analogously
to condition (5.16) in the induced Compton process. If pg, # 0, then as in the
case of counterpropagating waves the phases ¢g = 7 (2k + 1) automatically
are equilibrated for the arbitrary po, (poy = pys). In the other cases the
conditions for particle capture by the effective slowed wave in the regime of
stable motion in the wiggler are defined as for those in the induced Compton
interaction.

The “reflection” phenomenon of charged particles from a plane EM wave,
as was shown in the induced Cherenkov process, may be used for monochrom-
atization of the particle beams. Note that the considered vacuum versions of
this phenomenon are more preferable for this goal taking into account the
influence of negative effects of the multiple scattering and ionization losses
in a medium. On the other hand, the refractive index of the effective slowed
waves in vacuum np or ng in corresponding induced Compton and undulator
processes may be varied choosing the appropriate frequencies of counter-
propagating waves or wiggler step. In particular, for monochromatization of
particle beams with moderate or low energies via the induced Cherenkov pro-
cess one needs a refractive index of a medium ng — 1 ~ 1 that corresponds
to solid states. Meanwhile, such values of effective refractive index may be
reached in the induced Compton process at the frequencies w; ~ ws of the
counterpropagating waves. However, we will not consider here the possibility
of particle beam monochromatization on the basis of the vacuum versions
of “reflection” phenomenon since the principle of conversion of energetic or
angular spreads is the same. To study the subject in more detail we refer the
reader to original papers listed in the bibliography of this chapter.

5.3 Inelastic Diffraction Scattering on a Moving Phase
Lattice

Consider now the quantum dynamics of a particle coherent interaction with
the counterpropagating waves of different frequencies in the induced Compton
process. Neglecting the spin interaction (with the same justification that has
been made in the above-considered processes) we will derive from the Klein—
Gordon equation in the field of quasimonochromatic waves with the vector
potentials Ay (t — z/c) and As(t 4+ 2/c) which is written as

o
ot?

2
= {—h202v2+m204+62 Al(t—g)—i—Az(H-g)}
& &
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. T x

2ichc Ay (t — L) + A(t + 7)} v}w. (5.35)
c c

As we saw in the classical consideration of the dynamics of the induced Comp-
ton process the effective interaction occurs with the slowed interference wave.
At the intensities of the waves &1 + &2 < & (w1,2) when the particle can pen-
etrate into the interference wave the latter will stand for a phase lattice for
the particle (at the satisfaction of the condition of coherency (5.10)) and the
coherent scattering will occur as for the diffraction effect on a crystal lattice.
However, in contrast to diffraction on a motionless lattice (elastic scattering)
the diffraction scattering on the moving phase lattice has inelastic charac-
ter. To determine this quantum effect we will solve Eq. (5.35) in the eikonal
approximation by the particle wave function (3.91) corresponding to multi-
photon processes in strong fields. In accordance with the latter the solution
of Eq. (5.35) for the waves of linear polarizations (along the axis OY)

Ai(t—x/c) = A (t) coswi(t —x/c),

As(t+z/c) = Ag(t) coswa(t + x/c)

we look for in the form Eq. (3.91) and for the slowly varying function f(z,t)
(see Eq. (3.92)) we obtain the following equation:

of of _ ie? 2 2 T 2 2 £
B¢ TVoeg, = {_2h50 {Al(t) cos” wq (t — Z) + A5(t) cos” wa(t + Z)

W) — w2 I
+A1(t)Aa(t) cos(wr + wa) (t _ wi_{_wzc>

+ A1 (1) Aa(t) cos(wr — wy) (t - MI)}

w1 —wy C

1€CPoy
hé&o

[Al(t) coswy (t — %) + As(t) coswa(t + %)} } fe,t).  (5.36)

As is seen from Eq. (5.36) at the interaction with the counterpropagating
waves of different frequencies two interference waves are formed — third
and fourth terms on the right-hand side — which propagate with the phase
velocities

and
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w1 — wo
w1 = wal

Vph = <c,

w1 + wa

respectively. It is clear that the interaction of the particle with the wave prop-
agating with the phase velocity v,5, > ¢, as well as with the incident separate
waves propagating in the vacuum with the phase velocity ¢ (remaining four
terms on the right-hand side of Eq. (5.36)), cannot be coherent. These terms
correspond to noncoherent scattering of the particle in the separate wave
fields which vanish after the interaction. Coherent interaction in this process
occurs with the slowed interference wave (fourth term), in accordance with
the classical results (see Egs. (5.8) and (5.10)).

For the integration of Eq. (5.36) we will pass to characteristic coordinates
7' =t —1x/vo, and i’ = ¢. Then, if one directs the particle velocity vq at the
angle ¥y with respect to the waves’ propagation axis providing the condition
of coherency of the induced Compton process (resonance between the waves’
Doppler-shifted frequencies) for the free-particle velocity

|wi — wo

, 5.37
o s (5.37)

vocosty = c¢

the traveling interference wave in this frame of coordinates becomes a stand-
ing phase lattice over the coordinate 7/ and diffraction scattering of the par-
ticle occurs. From Eq. (5.36) for the amplitude of the scattered particle wave
function we obtain
ie? 2
f(r') =exp {_2ﬁ€0 cos(wy — wg)T’/ Ay (n')Ag(r]’)dn’} , (5.38)

m

where 7; and 7y are the moments of the particle entrance into the field and
exit, respectively.

If one expands the exponential (5.38) into a series by Bessel functions and
returns again to coordinates z, ¢ with the help of Eq. (3.91) for the total wave
function we will have

. “+o0
7 (r,0) = | 3 e 1 Gosindo)s| 3 (-)°0(a)

X exp{; {pocosﬁo —&—shw} z— L

3 [g() + sh (w1 — LUQ)] t} R (539)

where the argument of the Bessel function

ae2€2/t2E(l)E(/)d/ (540)
a 2h50w1w2 th 1 27 1 '
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(E7 and Fs are the amplitudes of the waves’ electric field strengths).

Equation (5.39) shows that the diffraction scattering of the particles in
the field of counterpropagating waves of different frequencies is inelastic. Due
to the induced Compton effect the particle absorbs s photons from the one
wave and coherently radiates s photons into the other wave and vice versa
(resonance between the Doppler-shifted frequencies in the intrinsic frame of
the particle), i.e., the conservation of the number of photons in the induced
Compton process takes place in contrast to spontaneous Compton effect in
the strong wave field where after the multiphoton absorption a single photon
is emitted. However, because of the different photon energies the scattering
process is inelastic. From Eq. (5.39) for the change of the particle energy-
momentum we have

AE = sh(wy —wa); Apy = sh(wi +ws) fc; Apy =0; s=0,+1,....
(5.41)
The probability of inelastic diffraction scattering is

W, = J2 [2hw1w250/ Ey()Es(y)dn' (5.42)

According to the condition of eikonal approximation (3.92): |Ap| << pg and
|AE| << &y from Eq. (5.41) we have the condition of applicability of the
obtained results: |s| (w1 + w2) /¢ << po.

In the case of monochromatic waves

6202E1E2t0
W,=J? o 5.43
< 2h50w1w2 ) ’ ( )

where tg = to — t1 is the time duration of the particle motion in the in-
terference wave (I. = votgcosdg is the coherent length of the process). For
the actual values of the parameters including in Eq. (5.43) the argument
of the Bessel function o >> 1, consequently the most probable number of
absorbed /radiated photons

m02 m02

to.
0

S~

62— (5.44)

1
2
The energetic width of the main diffraction maximums

I'(3) >~ 530 (W — ws)

and since 5 >> 1 then
I's)<<|€=&].
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The scattering angles of s-photon diffraction on the counterpropagating
waves are

sh (w1 + we) sin gy .
cpo + sh (w1 + ws) cos Vg

tan s = s=0,%£1,.... (5.45)

As in the Cherenkov process at the inelastic diffraction there is an asymmetry
in the angular distribution of the scattered particle: |9_;| > ¥s, i.e., the main
diffraction maximums are situated at the different angles with respect to the
direction of particle initial motion. However, since |s|fi(w; + w2) /¢ << po
this asymmetry can be neglected, i.e., |[9_s| ~ ¥5 and the scattering angles
of the main diffraction maximums will be determined by the equation

h (w1 + WQ)
CPo

Vi =43 sin 9. (5.46)

In the case of counterpropagating waves of equal frequencies (w1 = wy =
w) the phase velocity of the interference wave v,;, = 0 and the coherent scat-
tering on the motionless phase lattice takes place, which is elastic: AE = 0 and
Ap, = 2shw/c. This is the known Kapitza—Dirac effect for electron diffraction
on a standing wave (in the one-photon approximation for the weak waves). As
follows from Eq. (5.37) the coherent scattering in this case is possible at the
incident angle 99 = /2, i.e., if the particle velocity is perpendicular to the
axis of waves’ propagation, to exclude the Doppler shift of waves frequencies
because of its counterpropagation (a longitudinal component of the particle
velocity will result in different Doppler shifts of equal laboratory frequencies
because of different wave vectors k and —k of counterpropagating waves and,
consequently, will violate the resonance between the waves).

5.4 Inelastic Diffraction Scattering on a Traveling Wave
in an Undulator

Charged particles diffraction scattering is also possible on a plane EM wave
propagating in vacuum if the interaction proceeds in an undulator. As the
diffraction effect is the result of particle coherent interaction with the periodic
wave field the effective field in the undulator should be smaller than the
threshold value of “reflection” phenomenon: & + £ < &g (A/1) (to prohibit
the nonlinear resonance in the field at which the periodic EM field becomes
a potential barrier for the particle and coherent interaction with the periodic
wave field impossible). Under this condition we will solve the relativistic
quantum equation of motion

o*w 2
—hzw = {—h202v2 +m?ct e A (t — %) + A2($)]
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T

+2iehe AL (t—2) + AQ(x)} v}w, (5.47)
c

where A;(t — z/c) is the vector potential of the quasimonochromatic EM
wave and As(z) is the vector potential of the undulator magnetic field. For
the linear undulator

2
H,(x) = H cos TWx

the vector potential will be described by the equation

IH . 27
Agy(z) = 5, S,

and correspondingly the EM wave will be assumed linearly polarized along
the axis OY

Ayt —x/c) = A(t) sinwo(t — x/c).

To determine the multiphoton diffraction effect Eq. (5.47) will be solved again
in the eikonal approximation. In accordance with the latter we present the
solution of Eq. (5.47) in the form of Eq. (3.91). Then taking into account the
condition (3.92) for the slowly varying function f(x,t) we obtain the equation

of of ie? 2/ . 9 x I’H? 52«
ot +V0xax = {_Qh&) [A (t) sin® wo(t — C)+ 1o Sl
lH A\ x lH AN\ x
+%A(t) coswp (t - <1 + l) c) - ﬁA(t) coswp <t <1 - l) cﬂ
Py | 4t) sinwo(t — 2y + L sin 27
+ he, [A(t) sinwp(t c) + 5 SIS x} } f(z,t). (5.48)

As is seen from Eq. (5.48) under the induced interaction in the undulator,
traveling waves propagating with the phase velocities v, = ¢/ (1 4+ A/l) < ¢
and vp, = ¢/ (1 —A/l) > c arise. We will not repeat here the analogous
interpretation of the terms in Eq. (5.48) which correspond to interaction of
the particle with the waves propagating with the phase velocities v,;, > c that
has been done for the above-considered induced Compton process. Note only
that coherent interaction in this process occurs with the slowed interference
wave propagating with the phase velocity vy, = ¢/ (1 4+ A/l) < ¢ (third term
on the right-hand side of Eq. (5.48)), in accordance with the classical results
for the induced interaction in the magnetic undulator (see Egs. (5.27) and
(5.29)).
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The integration of Eq. (5.48) is simple if we pass to characteristic coor-
dinates 7/ =t — x/vo, and i’ = t. Then, if one directs the particle velocity
vo at the angle ¥y with respect to the wave propagation direction (undula-
tor axis) thus providing the condition of coherency in the undulator for the
free-particle velocity

c

A
142

vocosty = (5.49)

the slowed traveling wave in this frame of coordinates becomes a motionless
phase lattice (over the coordinate 7/) and diffraction scattering of the particle
occurs. For the amplitude of the scattered particle wave function we obtain

ie’lH 2
f(7') = exp {_47Th€() cos on’/ A(n')dn’} , (5.50)

m

where 7; and 7, are the moments of the particle entrance into the undulator
and exit, respectively.

Expanding the exponential in Eq. (5.50) into a series by Bessel functions
with the help of Eq. (3.91) for the final wave function of the scattered particle
we will have

A

X exp {;i {po cos Vg + sh% <1 + l)] T — % (Eo + shwp) t} , (5.51)

where the argument of the Bessel function

e2lH ("
T Anng, J,,

A(n"ydn'. (5.52)

The expression for the particle wave function (5.51) shows that the initial
plane wave of the free particle as a result of the induced undulator effect
is expanded into the envelope of plane waves with all possible numbers of
absorbed and emitted photons — the inelastic diffraction scattering occurs.
The energy and momentum of the particle after the scattering are

A hw
€ =& +shwo; ps = pocosdy+ <1+l) =

py =const; s=0,%1,.... (5.53)
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According to the condition of eikonal approximation (3.92) shwy << &p.
The probability of inelastic diffraction scattering in the undulator is

el ("
W, =J2 A(n)ydn'| . 5.54
i | Aonian (5.54)
If the incident strong EM wave is monochromatic, the probability of this
process is
e?cEylH
Wy =J? ———1t ), 5.55
s (47r77w050 0) ( )

where ty = to—t; is the time duration of the particle motion in the undulator,
and Ey is the amplitude of the electric field strength of stimulating wave.

For the actual values of the parameters the argument of the Bessel func-
tion a >> 1, consequently the inelastic diffraction scattering in the undulator
is essentially multiphoton as in the Cherenkov and Compton processes. The
main diffraction maximums correspond to the most probable number of ab-
sorbed/radiated photons

mc? el H
S~ ——r 5.56
s £O 50 4mh 0 ( )
with the energetic width I'(3) ~ 5"/ hwy.
The scattering angles of s-photon diffraction in the undulator are
hwo (1 + 2) sin®
tang, = o (14 7)sindo s=0,%1,.... (5.57)

cpo + shwy (1 + %) cos Y ;

The main diffraction maximums are situated at the angles (taking into ac-
count the condition of applied eikonal approximation)

(14 %) shwo
CPo

’l9i§ =+ sin ’190, (558)

with respect to the direction of the particle initial motion.

5.5 Quantum Modulation of Particle Beam in Induced
Compton Process

Consider the effect of a particle beam quantum modulation at the interac-
tion with the counterpropagating waves of different frequencies and intensities
smaller than the threshold value for nonlinear Compton resonance or the crit-
ical value of the particle “reflection” phenomenon (5.9) (since the quantum
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modulation of the particle state is the result of coherent interaction with
the periodic wave field, while at values larger than the critical one the latter
becomes a potential barrier for the particle).

Neglecting the spin interaction the quantum equation of motion (5.35) for
the plane waves of circular polarization

A; ={0,4; cosw; (t — %) , Aqsinw, (t — %)},

A2 = {O,AQ COS W2 <t + E) ,Ag SiIl(.UQ (t + E)}
c c
may be presented in the form

o*w )
R AW — h2ﬁ = {62 (A% + A3) + m2ct + 2iehe [Al (t — %)

+A, (t + %)] W + 2e% A1 Ay cos (wy — wo) (t — Ww) }W (5.59)

W1 — w2 C

If the initial velocity of the particle is directed along the axis of wave propa-
gation (po, = 0) the noncoherent interaction with the separate waves ~ A;
and A, vanishes and we have the equation

2.2 282@ 2 2 2 2 4
hcAu'/—hﬁ: e’ (A} + A3) + m?c
1262 A Ay cos (w1 — ws) (t - Z::jzi) }w (5.60)

which describes the coherent interaction with the slowed interference wave of
frequency w; — wy (corresponding to Compton resonance between the coun-
terpropagating waves) and constant renormalization of the particle mass in
the field because of the intensity effect of strong waves ~ A? + A3. To deter-
mine the effect of quantum modulation at the harmonics of the fundamental
frequency w; — ws the problem will be solved in the approximation of pertur-
bation theory (besides, the wave intensities should be smaller than the critical
value in the induced Compton process). It is found this renormalization in
the field is rather small and since it vanishes after the interaction as well,
we will omit this term. Then one needs to take into account the quantum
recoil which has been vanished by consideration of the diffraction effect on
the basis of eikonal-type wave function, when the second-order derivatives of
the wave function have been neglected. Hence, we will keep the second-order
derivatives in Eq. (5.59) and solve it within perturbation theory by the wave
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function. Then the solution of Eq. (5.60) is sought by the series of harmonics
of the fundamental frequency wi — wa:

U(r,t) = \/g exp [; (poz — got)}

x f W, exp [is(wl ~ ) (t - Ww)} . (5.61)

e oo w1 —wy C
(for Ny particles per unit volume) corresponding to s-photon absorption by
the particle from the wave of frequency w-s and s-photon coherent radiation
into the wave of frequency w; and vice-versa (induced Compton effect with
the conservation of the number of interacting photons). Substituting the wave
function (5.61) into Eq. (5.60) we obtain the following recurrent equation for
the amplitudes ¥:

[4h282w1w2 + 2Eysh (wl —wo — (w1 + wa) V—Oﬂ v,
c

= —62A1A2 [stl + Q5+1} . (562)

Equation (5.62) will be solved in the approximation of perturbation theory
by the wave function:

|¢:|:1| << |LD()|; |Q7:|:2| << ‘Wﬂ:ﬂ,....
Thus, for the amplitude of the particles’ wave function corresponding to ab-

sorption of s photons of frequency wo and induced radiation of s photons of
frequency w; we obtain

(71)3 €2A1A2 i 1
v, = B . (5.
s ) o 00

vo
o1 w1 —wz—(uJ1 +WQ)?+281 S

and for the inverse process (absorption of s photons of frequency w; and
induced radiation of s photons of frequency ws):

1 €2A1A2 - 1
() T o

— — Yo __
o1 W1 — w2 (wl + wo) P 251 I

Hence, for the total wave function of the particles after the interaction we
have the equation
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NO > 1 62A1A2 5
W(r’t)_‘/m{Hle!(%gO >

s=

. ﬁ (—1)%exp {is(wl —w2) (t B %ﬁ%”

81:1

w1 —wp — (w1 +wa) & + 25 nglowz

5 exp [fis(wl — ws) (t - %%)]

A
wi — w2 — (W1 +wp) 0 — 25 g2

+ et (Por—Eot) (5.65)

81:1

Here the dimensionless parameter of one-photon absorption-radiation is the
small parameter of applied perturbation theory

€2A1A2

2hEy |w1 — wae — (w1 —|-WQ) VT(? ﬂ:ZH%f

<< 1. (5.66)

The denominators in Eq. (5.65) become zero at the fulfillment of exact reso-
nance (with the quantum recoil 2hw;ws/ &) corresponding to the conserva-
tion law for the induced Compton process

1+%

_—c 5.67
1Yo +2s0e (5:67)

W1 = W2

In this case, perturbation theory is not applicable and consideration must be
given to secular perturbation theory.

Corresponding to wave function (5.65) the current density of the particles
after the interaction will be expressed by the equation

. . =1 [e?A1A5\°
J<t’$):J0{1+225|(2{f:02)
s=1""

s _13
XlH (-1)

_ _ Yo hwywy
o w1 w2 (w1 +wz) 22 + 25 &

11 1 |

_ _ Yo _ hwiwy
s1=1 w1 (5) (w1 + UJQ) e 251 %
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o (- 222

W1 — Wy C

s €2A1A2 aad ’ w1 +woex
<2h€0 ) coS {(5+5)(w1—w2) (t—wl—wg c)]

o0 o0 71
w3y Ol

s=1s'=1

S S/
1
XH w1 —wy — (w1 + wy) Y& 4 25, herws
s1=1s5=1 1 2 1 2) ¢ 1 Eo

1
x - , (5.68)
w —wy — (W1 +wa) 5 — 2sp 742

where jo = const is the initial current density of the particles.
We present in explicit form the expression of modulated current density
of the particles for the first three harmonics

j 3 fwa
it ) =jo {1 + B (w1,2) cos (w1 — w2) <t - “}12>
W1 —wa C
3 w1 +wa T
=B’ 2 (wy — _ LTt
+4 (w1,2) cos2 (w1 — wa) (t - c)
5
+§B3 (w1,2) cos 3 (w1 — wa) (t — mi) 4o (5.69)

where the modulation depth at the fundamental frequency wi — wo

§162

2

B (""172) - cr (w1,2)

(5.70)

is represented by the parameter of critical field (5.9) in the induced Compton
process. As was mentioned above for quantum modulation of the particle
state at the harmonics of interference wave the intensity of the latter should
be smaller than the threshold value of nonlinear resonance in the field or the
critical value in the induced Compton process. Equation (5.70) shows that
this requirement (£1& < €2 (w1,2)) holds in any case since in accordance
with perturbation theory (condition (5.66)) &€ << &2, (w1,2). Note that
for the representation of modulation depth in the form of Eq. (5.70) it was
assumed that the quantum recoil is smaller than the Compton resonance
width because of nonmonochromaticity of actual particle beams.
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5.6 Quantum Modulation of Particle Beam in the
Undulator

If in the induced Compton process the particles’ quantum modulation takes
place at the difference of frequencies (and harmonics) of two waves, the in-
duced interaction in the undulator leads to particles’ quantum modulation
at the stimulating wave frequency and its harmonics. The latter is similar to
Cherenkov modulation, but it is important that in this case the modulation
takes place in the vacuum.

The quantum equation of motion of the particle (5.47) in the undulator
with circular polarization of the magnetic field in the presence of a plane
monochromatic EM wave of circular polarization with vector potentials re-
spectively

lH 2r IH | 2
Ay(z) = {0, —5, €08 Tﬂx, %sin ZTI} ,

Ai(z,t) = {O,AO coswy(t — %), —Apsinwy(t — %)}

is written as

o*w I12H? x
2.2 A _ 52 _J 2 42 2.4 o; _7T
hoc" AV — I 92 {e <A0 + 12 ) +m“c —|—226hc{A1 (t c)

+A, (x)]v - 6217HA0 cos wo (t - (1 + ?) ”;) } v, (5.71)

The coherent interaction in this process which leads to particles’ quantum
modulation proceeds with the effective slowed wave ~ H Ag (last term on the
right-hand side of Eq. (5.71)). If the free-particle initial velocity is directed
along the undulator axis (po1 = 0) the noncoherent interaction with the EM
wave ~ A; and magnetic field of the undulator ~ Ay vanishes and we have
the equation

0w I2H?
AW — FLQW = {62 (A% + 47r2> +m?ct

fngAo COS Wy (t - (1 + )\> m) } v, (5.72)
s l)c

which describes the particle coherent interaction with the effective slowed
wave in the undulator and constant renormalization of the particle mass in
the field due to the intensity effect of strong wave ~ A2 and powerful magnetic
field of the wiggler ~ H?[?. With the same justification made at the solution
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of this problem in the induced Compton process these constant terms will be
neglected and the solution of Eq. (5.72) will be sought in the form

W(r,t) = \/g exp [;_L (poz — 5015)}

x io W, exp [iswo (t - (1 + ?) i)} . (5.73)

§=—00

Substituting the wave function (5.73) into Eq. (5.72) we obtain the recurrent
equation for the amplitudes ¥, corresponding to s-photon induced absorption
by the particle from the effective slowed wave (s < 0) and induced undulator
radiation (s > 0)

2mch AN o A\ vo
T () e (- () )]

o GQZHAO
- 47‘(507%)0

W1 + W], (5.74)

which will be solved in the approximation of perturbation theory by the wave
function:

|Q7:|:1| << |W0|; |W:|:2| << ‘Wﬂ:ﬂ,....

For the amplitude of the particle wave function corresponding to s-photon
induced radiation we obtain

1 62lHA0 >s 5 1
U - , 5.75
s! <4”50h‘*’0 H L= (1+7) % +251 7 (1+ 3) (575)

1=1

and for s-photon absorption

(-1)° <62lHA0 ) 2 1
Vs = (576
s! 4ArEphwo Sgll_(1+%)%_251%(1+%) ( )

Hence, for total wave function of the particles after the interaction we have

[N 1 [ e2HAy\°®
vt =38, {1 * 2 5 <47r50hw0>
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ﬁ exp [iswo (t = (1+7) 2)]
1—

s1=1 (1+%)%+231%(1+%)

"‘H 1_ eXp —iswy (t — (1—|—A)£)]

+7)%¢ 2% (14 )

} et (Poz=Eot) (5.77)

The small parameter of applied perturbation theory (dimensionless parame-
ter of induced one-photon absorption-radiation in the undulator) is

€2lHAO

Am€ohin |1 (1+3) 20 £ 272 (14 3)|

<< L (5.78)

The denominators in Eq. (5.77) become zero at the fulfillment of exact reso-
nance (with the quantum recoil) between the EM wave and undulator fields

A c whc? A
—=——-1£2 1+ — .
l Vo Slg()VQ ( + 21) ’ (5 79)

for which the perturbation theory is not applicable and the consideration
should be made in the scope of secular perturbation theory.

With the help of the wave function (5.77) for the current density of the
particles after the interaction we obtain the equation

) ) 1 [ e2lHAy\®
it x) JO{IJFQZS' (Wi})
s=1 """

: 1
% [H 1—(1+%)%+251%(1+§l)

oo (+)2)]

X ()Y [ PHA , Az
+2ZZ o1\ Tr€oin cos |(s+ s wo [t — 1+l p

s=1s'=1

(-1)°
+
H 1—(14+2)x —251’;%(1+§)

Iyt

S1= 152 1
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L } . (5.80)

X1—(1+%)%—232%(1+%)

From Eq. (5.80) for the modulation at the fundamental frequency of the
stimulating wave we have

Ji(t, ) jo{lB()\/l)coswo (t <1+’l\> "Z)} (5.81)

where the modulation depth

mc? i (L+ A)
SO me? T 2 . 5.82
(A1) §olH ( & ) [1 _ (1 + %) ‘%0]2 — 47;2652;2 (1 + 2%)2 ( )

The depth of quantum modulation can be represented by the parameter of
critical field (5.28) in the induced undulator process. As the resonance width
because of nonmonochromaticity of actual particle beams is rather larger than
the quantum recoil, then neglecting the latter, for the modulation depth we
will have

§oln
2.\

In accordance with perturbation theory the modulation depth B(\/l) < 1
(condition (5.78)) and Eq. (5.83) shows that &y < £2,.(M\/1), i.e., the effective
field in the undulator for the considered regime of coherent interaction holds
under the threshold of nonlinear resonance or critical value in the undulator
(above which the quantum modulation of particles, as well as the above-
considered diffraction scattering, do not proceed).

B(\/I) = (5.83)
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6 Induced Nonstationary Transition Process

How will the nonstationarity of a medium reflect on the process of charged
particle interaction with strong laser radiation?

In the current laser fields of ultrashort pulse duration and relativistic in-
tensities any medium turns instantaneously (on a time span much smaller
than one wave cycle) into a plasma, that is, abrupt change of the medium
properties, particularly the dielectric permittivity, occurs in time.

On the other hand, with the abrupt change in time of the dielectric per-
mittivity of a medium, charged particle radiation occurs similar to transition
radiation on the boundary of two media with different dielectric permittivity.

In the presence of an external EM radiation field this nonstationary tran-
sition process acquires induced character and the inverse process of radiation
absorption by a charged particle is actualized, particularly in plasmas where
in the stationary states the radiation or absorption of quanta of a transversal
EM radiation field (monochromatic radiation such as a laser one) by a free
particle cannot proceed.

With the abrupt change in time of the medium dielectric permittivity the
production of hard quanta of relativistic energies from the laser radiation is
possible and, consequently, electron—positron pair creation in nonstationary
plasma of common densities is available. Meanwhile, for electron—positron
pair production in a stationary plasma (a medium should be plasmalike for
this process) by a ~y-quantum a superdense plasma with electron densities
greater than 103*cm ™3 is necessary. Such superdense matter exists in astro-
physical objects (in the core of neutron stars — pulsars), leading to special
interest in the processes of electron—positron pair production and annihilation
in superdense plasma. On the other hand, the matter in the astrophysical 0b-
jects may also be in a strongly nonstationary state.

Hence, it is important to study the induced nonstationary transition pro-
cess in the strong EM radiation field in a medium with an arbitrary dielectric
permittivity changing abruptly in time.
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6.1 Effect of Abrupt Temporal Variation of Dielectric
Permittivity of a Medium

In the investigation of charged particle interaction with strong EM radiation
in a medium, overall it was supposed that the electromagnetic properties of
the latter, i.e., the dielectric (gg) and magnetic (po) permittivities and, con-
sequently, refractive index ng, are not changed in the field and the medium
being initially in the stationary state maintains its electromagnetic charac-
teristics ng = /oo = const.

Consider now how the nonstationarity of a medium will reflect on the
process of charged particle interaction with strong EM radiation. From the
physical point of view it is clear that the effects that arise here because of
the nonstationarity of a medium will be essential at the abrupt temporal
change of the dielectric permittivity (as it is generally assumed the magnetic
permittivity of the medium will be taken as pg = 1). Under the abrupt
change of € here we mean its change at the time At << 27 /w, where w is
the characteristic frequency because of the nonstationarity of a medium (then
radiation frequency by a charged particle in this process). Such abrupt change
of the dielectric permittivity occurs with the propagation of ultrashort laser
pulses of relativistic intensities in a medium when the tunneling ionization of
atoms on a time span smaller than a few femtoseconds/attoseconds occurs
and the medium instantaneously becomes a plasma.

Let a charged particle with constant initial velocity vy move in a spatially
homogeneous and isotropic medium whose dielectric permittivity € changes
abruptly at the time from a value €7 to e

€1, t<0,
€= (6.1)
€9, t>0,

and let a strong EM wave propagate in this medium. To determine the elec-
tromagnetic field in that type of nonstationary medium one should solve the
macroscopic Maxwell equations

rotH (r, t) = %% + 4%1 (r,t), (6.2)
rotE (r,t) = —1%:715) (6.3)
&

for ¢t < 0 and for ¢ > 0, then the obtained solutions should be laced at
the instant of time ¢ = 0. At the discontinuity of the dielectric permittivity
(in general, properties of the medium) only the derivatives of the physical
quantities can have large values. Hence, the conditions of the lacing can be
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obtained by the integration of the Maxwell equations (6.2) and (6.3) over ¢
in the arbitrary small region including the instant of time ¢ = 0 at which the
stepwise discontinuity of the dielectric permittivity (6.1) occurs. The latter
means that the integration should be made between the moments t; = — At
and to = At and then one should take the limit At — 0. Taking into account
that the quantities rotH, rotE, and J are finite, after this procedure we obtain

D (r, t)|t:70 =D (r, t)'t:+0 )

B (I‘, t)|t:—0 = B (I‘, t)|t:+0 .
These equations can be written in terms of electric and magnetic field
strengths with the help of the constitutive equations

D(r,t)=c@)E(r,t); B(rt)=H(r1),
which yield to “boundary conditions”

&1 E (I‘, t)|t:—0 =e E (I‘, t)|t:+0 ) (64)

H (r, t)|t:—0 = H(r, t)|t:+0 . (6.5)

Under the conditions (6.4) and (6.5) the charged particle radiation will
occur in the nonstationary medium similar to transition radiation on the
boundary of two media with different dielectric permittivity. This sponta-
neous radiation field can be obtained from the Maxwell equations (6.2), (6.3)
with the corresponding current density of a charged particle J (r,¢) under the
conditions (6.4) and (6.5). However, we will not describe here the spontaneous
nonstationary transition radiation effect and refer the reader interested in this
process to the original work presented in the bibliography of this chapter. We
will consider the induced nonstationary transition process in the external EM
wave field. For the latter one needs also to clear up the question of how the
change of the dielectric permittivity (6.1) of the medium affects the external
monochromatic wave.

If a plane monochromatic wave of frequency wg, wave vector kg, and elec-
tric field amplitude Eq propagates in a medium with the mentioned proper-
ties, then at ¢ < 0 when € = ¢

E (r,t) = Bge!@ot=%or) L cc. <0 (6.6)
and at t > 0 when € = &5 there are two waves — transmitted and reflected:

E (r,t) = Ejef@t—kar) f gyeil-wet=ker) L cc. ¢ >0, (6.7)
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Here wy, k1, Eq and ws, ko, Eg are the frequencies, wave vectors, and ampli-
tudes of the electric fields of the transmitted and reflected waves, respectively.
Since the medium is assumed to be spatially homogeneous, for the wave vec-
tors the condition takes place:

ko = k; = ko = const, (6.8)

and the nonstationarity of the medium leads to a change of frequency. From
the condition for the wave vectors (6.8) follows the relations between the
frequencies of the incident, transmitted, and reflected waves:

wo\/gzwl\/?g:wg\/@. (69)

Let the wave propagate along the axis OX with the vector of electric
field amplitude Eq directed along the OY axis. Then using conditions (6.4),
(6.5) and Maxwell equations (6.2), (6.3) for the field (6.6), (6.7) in the case
of the wave linear polarization, for the amplitudes of the electric field of the
transmitted and reflected waves we obtain

Ey = VEL(VEL+ VE) Ey, (6.10)

282

By = VEL(VEL = VED) Ey. (6.11)

252

Equations (6.10), (6.11) with the analogous equations for the magnetic
strengths, and Egs. (6.8), (6.9) determine the electromagnetic fields of the
transmitted and reflected waves at the propagation of a plane monochromatic
EM wave in a medium the dielectric permittivity of which changes abruptly
at the time.

6.2 Classical Description of Induced Nonstationary
Transition Process

As was mentioned above in the presence of an external EM radiation field the
nonstationary transition process acquires induced character and the interac-
tion of a charged particle with the incident plane monochromatic wave in a
medium will proceed with the actual energy change and the acceleration of
the particles or induced coherent radiation will take place. It is of special in-
terest, in particular, in plasmas where for the stationary states the real energy
change between a charged particle and a transversal EM wave cannot proceed
because of the violation of the conservation law of energy-momentum for the
absorption/emission of quanta in the field of a plane monochromatic wave by
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a free charged particle. Hence, we will study the classical and quantum dy-
namics of the induced nonstationary transition process in the external wave
field on the basis of relativistic equations of motion for a charged particle.

Consider first the classical dynamics of the particle-wave interaction in a
medium with the abrupt temporal change of the dielectric permittivity. Then,
the initial monochromatic wave is transformed into a continuous wave spec-
trum (in general, finite since the change of & actually occurs in finite time).
This spectrum of frequencies (w) depends on the time during which the elec-
tromagnetic properties of the medium are changed. If the characteristic time
T << 27/w, then the abrupt temporal change of the dielectric permittivity
can be described by the stepwise function € (6.1).

With the stepwise discontinuity of the dielectric permittivity (6.1) the ini-
tial monochromatic wave (of linear polarization) is transformed into a spec-
trum that can be found via Fourier transformation over ¢

E,(zt) = / B, (z.w)e“'dw. (6.12)

Then for the field (6.6), (6.7) the Fourier transform E,, (z,w) may be presented
in the form

e—iko.’l}
2w

0o ) eikow 0 )
+ Ez/ e_ete_l(‘”lw)tdt} + {Eo/ elemiwotwlt gy
0 2

0 S
Ey (;E7w) = {EO/ eetei(UJo—UJ)tdt_’_El/ e—etei(wl—w)tdt

—00 0

— 00

+ El/ e_Ete_i(“1+‘”)tdt+E2/ e_etei(“l_“)tdt}, (6.13)
0 0

where we have introduced an arbitrarily small damping factor e — 0 to switch
on/off adiabatically the wave at t = Foo. After the integration in Eq. (6.13)
for the Fourier transform of the field we obtain

7’il€0$
e E FE E
E, (vw) = . { > — + - 2 }
211 W+ wp —1e  wW—wi — 1€ w — wo + 1€
etkor E E E
+ { 2__+ L 2 } (6.14)
21 W — Wy — 1€ w4 wy — 1€ w + wo + 1€

The infinitesimal quantity e in the poles of Eq. (6.14) indicates the path
that should be chosen at the integration over w (at the inverse Fourier trans-
formation as well). Taking into account Egs. (6.9), (6.10), and (6.11) for the
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E, (x,w) we will have
E, (rw) = E(w)e”*0® — B(—w)ei*or, (6.15)

where

Bw) = % <Z N 1) (w — wo) (w; - wgg—;) ' (619

Here we have omitted the infinitesimal ie¢ bearing in mind the role of the
poles bypass.
The analogous equations can be obtained for the magnetic field strength:

H, (z.w) = H(w)e *o® — H(—w)e*o®, (6.17)

H(w) = @E(w).

Now the problem of the particle-wave interaction in a nonstationary
medium with the abrupt temporal change of the dielectric permittivity re-
duces to the particle interaction with the EM field possesing the spectral
components (6.15), (6.17). Consequently, the relativistic classical equations
of motion of the particle take the form

d o - ronl i
% — %Vy/ [H(w)efzkox _ H(_w)ezkgz] ezwtdw’ (618)

— 00

dp > —ikox ikox] Jiw
7; :e/ [E(w)e™"*0® — B(—w)e™*] ™' dw

(o)
—va/ [H(w)e_ik” - H(—w)eikox] e“tdw, (6.19)
c — 00
dp.
= U. .2
=0 (6.20)

The energy change of the particle is given by the equation

de oo —ikox ikox] Jiw
- =V /_O<> [E(w)e 0% — B(—w)e*0?] ¢! duw. (6.21)

The equations of motion (6.18)—(6.20) can be presented in the form
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dpe e >
o = fzgko [m vy F(w, z,t)dw, (6.22)
d o0
Py _ ;¢ / (kovae — w) F(w, =, t)dw (6.23)
dt cJ o
dp-
=0 6.24
=0 (6.24)

where the kernel in the integrals (6.22), (6.23)
F(w,z,t) = A(w)exp[i (wt — kox)] — A* (w) exp [—i (wt — koz)],

and

Aw) = &0 (61 - 1) d (6.25)

2m \é2 (w—wo) (w2 — w%i—;)

is the spectral amplitude of the vector potential of the field (6.12).

We shall solve the set of equations (6.22)—(6.24) in the approximation
of the perturbation theory by the field. The parameter of the perturbation
theory is & = eEy/mewy << 1. As long as the particle motion along the z
axis remains free we can choose the initial velocity of the particle in the zy
plane: vo = {vgcosf,vpsinf,0}. According to perturbation theory

P =po+ Ap; |Ap| << |pol,

and from the Egs. (6.22), (6.23) in first-order approximation by &y (keeping
only the uniform part of motion z(t) = xg + vo,t on the right-hand side of
the equations) for the changes of the particle momentum in the field Ap we
will obtain the following equations:

A (oo}
d Pa = _ZEkO/ VO'[/F(W7 o + VOwta t)dwa (626)
dt c oo
A o0
d dfy — Z'Z / (kovor — w) F(w, o + vozt, t)dw . (6.27)

Integrating Eqs. (6.26) and (6.27) over ¢ from —oo to +oco we obtain
in first-order approximation by &, the following expressions for the particle
momentum change after the interaction:

2mek > .
Ape = =i 0wy, [ [A (et
C

— 00
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—A" (w) eik‘]“] 0 (w — kovog) dw, (6.28)

2me [ —ikox

Ap, = i— (kovos — w) [A (w) e~ oo
—A" (w) e“‘“”o] 0 (w — kovog) dw. (6.29)

The J-function in these expressions defines the condition of induced ra-
diation/absorption by a free charged particle in the field of a transversal
monochromatic EM wave under the nonstationary transition process:

w — koVO =0. (630)
Integrating in the same way Eqs. (6.21) and taking into account Eq. (6.30) for

the particle momentum and energy changes after the interaction we obtain
the following ultimate formulas:

NE
Ap, = Ap, =0, Apy = ——— 31
Py P 0 b vg cos 6 (6.31)

3 : 2

A(S,:ch%ov% (61— &) sin 0 cos* 0 _
¢ (l—ﬁ%cosﬁ) (1—€2c—300520)
. v cos 0

X sin | wo+/21 ; to ] . (6.32)

Here tg is the instant of time corresponding to the initial phase of the particle
in the external EM wave. Note that Eq. (6.32) besides the induced nonsta-
tionary transition process describes generally the induced Cherenkov effect as
well (see the denominator) if a medium initially (at ¢ < 0) was dielectriclike
(in principle, it includes also the Cherenkov effect at ¢ > 0 if eo > 1, but
for actual physical cases we assume that the stepwise discontinuity of £ (6.1)
may be realistic at the abrupt transformation of a dielectriclike medium into
a plasma for which e < 1 and the induced Cherenkov effect is excluded).
As is seen from Eq. (6.32) depending on the initial phase

Dy = woloy/E1 (Vo/c) cos b

the particle is either accelerated after the interaction or is decelerated radi-
ating coherently into the wave. This real energy exchange is due to the direct
and inverse induced nonstationary transition effect. In the case of a particle
beam, various particles situated initially in the diverse phases @y will acquire
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or lose different energies in the field and the particles’ free drift after the
interaction will result in bunching of an initially homogeneous particle beam.

6.3 Quantum Description of Multiphoton Interaction

Consider now the quantum dynamics of the induced nonstationary transi-
tion process. Quantitative analysis of Eqgs. (6.31) and (6.32) shows that the
classical energy exchange of a particle with strong EM radiation in a non-
stationary medium as a result of the induced nonstationary transition effect
corresponds to absorption and emission of a large number of photons. On the
basis of the quantum theory such multiphoton process can be described by
the quasiclassical-type wave function neglecting, in fact, the quantum recoil
at the absorption/emission of photons by the particle. The latter corresponds
to a slowly varying wave function for which the derivatives of the second order
of the particle wave function can be neglected with respect to the first order
ones that have been made in the consideration of the multiphoton processes in
the previous chapters. The role of the particle spin is inessential here, hence
by neglecting the spin interaction the Dirac equation in quadratic form is
written as the Klein—Gordon equation (3.30) for the particle in the specified
EM field. Assuming the same geometry as in Section 6.1 the latter takes the
form

a4 .
—hQW = [—h202v2 + 2iech 7y Ay(z,t) + eQAj(x, t) + m264] v, (6.33)
where
Ay(z,t) = / [A(w)eiikﬂm + A(—w)eikom] e“tdw (6.34)

is the vector potential of the field (6.12) expressed via the spectral amplitude
A(w) (6.25).

Equation (6.33) will be solved in the mentioned approximation by the
particle wave function

Ny

!I/(I',t): T&)

f(z,t) exp {; (por—c‘?ot)} , (6.35)

where f(z,t) is a slowly varying function with respect to the free-particle wave
function (see Section 3.5). Taking into account the conditions (3.92) and Eq.
(6.35) from Eq. (6.33) for f(z,t) we will obtain the differential equation of
the first order:

of of _ i 2 42
ot + Voo 9r ~ ong, [2ecpoy Ay (z,t) + €A% (x,t)] f(z, ). (6.36)
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The conditions (3.92) correspond to a small change of the momentum and
energy of the electron in the field compared with the initial values Ap << pg
and AE << &, that is, the approximation made in the classical consid-
eration, where the intensity of the EM wave is restricted by the condition
& << 1. Then for actual values of parameters po,/mc >> & and the last
term ~ A% in Eq. (6.36) will be neglected.

Passing from z,t to characteristic coordinates v/ =t — x/vq,, ' =t and
integrating Eq. (6.36) we obtain

ie

n/
f(r',n) =exp { ;’C()y / Ay(voz (0" = 1") ,n”)dn”} ) (6.37)

Then after the interaction (" — +o00) taking into account Eq. (6.34) we
obtain

1dmevy
YA

f(r) =exp {hc (wo\/av%) cos <w0\/avzf'37)} . (6.38)

The spectral amplitude in Eq. (6.38) is determined by Eq. (6.25):

Voz\ Eo €1 —€&2 Vo cosf
A (wo\/aT) C2mwd \E VO aoqf) V3 o2g 1) (6.39)
0 (VEr cos — 1) (e228 cos? 6 — 1

Returning to coordinates z,¢ and expanding the exponential (6.38) into
a series by the Bessel functions and taking into account Eq. (6.39) for the
total wave function (6.35) we will have

[N, i =
¥ (r,t) = ﬁexp [hpoyy] Z i°Js (a)

§=—00

i

X exp {;_L |:p0z - Sh\/a%] ™ [50 — shwo\/av—co cos 9} t} , (6.40)

where the argument of the Bessel function is

mvg €1 — €9 sinf cos 0

hwo \/?1 (1—\/571"70(:05(9) (1—62%;00829)'

a =26 (6.41)

As is seen from Eq. (6.40), due to the induced nonstationary transition
effect the particle absorbs or emits s photons, as a result of which the mo-
mentum and energy after the interaction are changed:
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Apy = sh%\/a, Ap, =0, AE :shwo\/av—co cos . (6.42)
The probability of the induced s-photon process is

2¢6omvi (g1 — &2) sinf cos @

hwo\/a(l — e cos¢9) (1 - 52‘;—‘22’ cos?2 0)

W, = J? (6.43)

The comparison of the expression for a with the amplitude of the classical

change of the particle momentum (Ap;), .. (6.31) and energy (AE), ... (6.32)
shows that
(Ape)
- max 44
@ = (Ehehu, (6.4

in accordance with the correspondence principle (s ~ a >> 1).

At the small value of «a or small number of photons s when the interac-
tion has entirely quantum character it is necessary to take into account the
quantum recoil as well. It is especially important in this process, because at
the abrupt temporal variation of the dielectric permittivity the hard quanta
in the spectrum of the initial radiation arise. We will solve for this purpose
Eq. (6.33) keeping also the derivatives of the second order of the particle
wave function for a single-photon absorption or emission. Correspondingly,
in first-order approximation of the perturbation theory from Eq. (6.33) we
have the following equation for the particle wave function at the single-photon
interaction with the field (6.35) in the nonstationary transition process:

0%, 1 0%y, 1
0z2 c? Ot? h2c?

(m204 + ch(Q)y) 21

__oC€Poy
ch?

Wy (r,t) = \/ng exp {; (Por — 50t)] (6.46)

is the initial wave function of the particle (normalized on Ny particles per
unit volume). The solution of Eq. (6.45) is sought in the form

[Ay (t) e ™07 4 A% (t) e ] Wy, (6.45)

where

i

Wy (r,t) = D4 (t)e~ ko 4 @g(t)eikoﬂ exp [h

(poI‘ - 50t):| . (647)

Substituting Eq. (6.47) in Eq. (6.45) for the functions @ (¢t) and P5(t) we
obtain the equations:
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d2¢1 50 d@l 2 Po NO ECPo
— 22— = — ko (255 — ko ) D1 =24/ — YA, (t 6.48
a € 0( ) 0) =2/, e Av®, (649)

d*® EdPy Doz Ny ecpo
9082 L 2y (2— k)@ =0, [20EPOy 4y (649
az Y a Tk (2T TR ) P =2y A (1) (6:49)

The solution of Eq. (6.48) is

o No e,
Pl = =2\ W - )

t t
% |:ei(21t/ e*iﬂlt/Ay (t/) dt/ _ ei(bt/ 67”22t/Ay (t/) dt{l , (650)

— 00 — 00

where the characteristic frequencies 2; and {2, are given by the expressions

& & vor |~ vi 2
0 0 0 .
o= 5 l(ﬁ —wovEr - ) + wiey < - 702 )1 (6.51)

with the signs “F” correspondingly.
Passing from A, (t) to the Fourier component of the field we obtain for
&4 (t) after the interaction (¢t — +00)

_ 4 [No  mecpo, it 1029t
Dy (t) = —4iq/ & 7 (2~ ) [A(2)e A (1) "], (6.52)

where the spectral amplitudes of the wave vector potential A (£21) and A (£23)
are determined by Eq. (6.25).
Solving Eq. (6.49) in an analogous way for the function @2 (t) we obtain

. [No  mecpoy N it I st
Do (t) = —4 —7{14* —2])e" 1t — A% (=12 ’2], 6.53
2() ? 60 h2(01_0é) ( 1)6 ( 2)6 ( )
with the characteristic frequencies

&
91,2 = *OZF

1/2
&o vor \* o Ve
7 % +WO\/<§T +w051 — CT . (654)

Equations (6.51) and (6.54) correspond to the energy-momentum conser-
vation law for a particle in the induced nonstationary transition process: the
particle can emit only the photons with frequencies {2; 5 and absorb photons
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with frequencies 91’2. As long as £y /h >> w\/€1Voz/c for the frequencies of
a strong coherent radiation field we expand the square roots in Egs. (6.51),
(6.54) in a series and retain only the small terms of first order. We then
obtain for the radiation frequencies:

Vou hw? V3,
O ~wyfe1— —e1— (1 - —=*
1 = WovEl c €1 28, ( )

&o Vog hw% v%
29 ~2— —wor\/E1— —(1-== .
> 5 Wor/€1 p +é1 2, (6 55)

and for the absorption frequencies:

Vou hw% v%
2 ~ — [e1 —= _ 1 - =z
! WOVELT T T Eoe < ’

c2

&o Vo Fuw? v2
2, ~2=2 Ve —= 01— =), .
2 n + wov/el c +eé1 2%, 2 (6.56)

These expressions show that the emission of a photon with frequency (2o
and absorption with frequency (2 has a clearly quantum character, and its
probability, as is seen from Eq. (6.25), depends on the change of the dielectric
permittivity of the medium e —e5. We therefore consider two cases: €1/e5 S 1
and 61/62 >> 1.

If e1/e2 S 1 we get from Eq. (6.25)

A(2) =~ A (2‘?) << A()~ A (wo\/a‘%) : (6.57)

so that in this case we can neglect in Egs. (6.52) and (6.53) the pure quantum
process of emission and absorption of hard quanta {25 ~ 2&;/h. Then for
the amplitudes of the particle wave function @4(t) and P2(t) we will have
correspondingly

. [NoeviEge; — e sinf cos 6
Pra(t) =i\ 25 5 -
0 5C  VEL (1—\/§V70cos9) (1_5273‘30529>
hw 2
X exp {iwo {:t\/alvco cosf — 612500 <1 - Z—g cos? 9)} t} (6.58)

with the signs “+” correspondingly. Equation (6.58) with Eq. (6.47) deter-
mines the particle’s wave function after the single-photon interaction with the
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field (6.35) in the nonstationary transition process. In this case (g1/e2 < 1)
we obtain for the current density (~ |¥o + W1|*) of the particles after the

interaction
. . hw2 2
j(x,t) =jo {1 + 2acsin [51250 (1 - 62 cos 9) }

X €OS {wofvocose( v ﬂ} (6.59)

v cos 0

where jo = const is the particle’s initial current density and « is defined by
Eq. (6.41) or (6.44). As is seen from Eq. (6.59) as a result of the stimulated
absorption and emission of the photons of frequency

Vo
21 = wo+/e1— cos B
c

the quantum modulation of the particle’s probability density and, conse-
quently, current density at this frequency occurs with a depth I} = 2a. Also,
in contrast to the effect of quantum modulation in coherent processes con-
sidered in previous chapters, the pure temporal modulation here takes place
as well that is caused by the nonstationarity of the medium. The period of
this temporal modulation is

4 50

T, = o .
hwieq (1 — 25 cos? 9)

If we derive the particle’s wave function in the next orders of perturba-
tion theory, then we obtain the modulation at higher harmonics of the wave
frequency. The modulation depth at the s-th harmonic will be I'y ~ I'}.

For €1/e5 >> 1, it is necessary to also take into account in Egs. (6.52),
(6.53) the pure quantum process of emission and absorption of hard quanta
25 ~ 2&y/h. The spectral amplitude of the wave vector potential A ({22) at
such frequencies is

2 2\ 1
A(2y) = 02 (50 - Ele) . (6.60)

87T 135

In an analogous way for the particles current density after the interaction we

will have
th 2
jlz,t) =jo {1 + I sin {5125@ <1 — 02 cos 9> }



6.4 e”, eT Pair Production by a y-Quantum in a Medium 185

X COS [wo\/?lvo cos 0 (t 33 ﬂ

c vg cos 6

+1I5sin (2(?;15) coS [wo\/avo cos 0 <t + x )} } , (6.61)

c v cos 0

where I'y = 2a, and the modulation depth I'; due to the absorption-emission
of hard quanta (2 is

mvochwg €1 sin 0
I, = o - 5 (6.62)
0 21_a (M)
£2 250

The period of temporal modulation in this case is To = wh/&p.

As the modulated particle beam radiates coherently this mechanism can
be of interest in astrophysics where the radiating matter may be in a strongly
nonstationary state.

6.4 Electron—Positron Pair Production by a v-Quantum
in a Medium

The formation of hard y-quanta of frequencies ~ £ /h in the spectrum of a
strong monochromatic EM wave propagating in a nonstationary medium, the
dielectric permittivity of which abruptly changes in time, makes available the
single-photon production of electron—positron (e, e¥) pairs from the intense
light fields in a nonstationary medium.

In general, the single-photon reaction v — ¢~ 4 e™ as well as the inverse
reaction of the electron—positron annihilation (e~ + e™ — ) can proceed
in a medium that must be plasmalike (for the satisfaction of conservation
laws for these reactions one needs n(w) < 1). However, as will be shown
below, excessively large densities of the plasma in this case are required.
Meanwhile, the single-photon production of e, e pairs in a nonstationary
plasma is possible at ordinary densities. Moreover, this process can proceed
in the strong light fields in an arbitrary medium turning abruptly into a
plasma (with the temporal variation law of € (6.1)). Hence, we will consider
both single-photon reactions ¥ = e~ + e’ in a stationary plasma and the
production of e, et pairs from the intense light beam in a nonstationary
medium.

Consider first the production of electron—positron pairs by a ~y-quantum
and its annihilation in a stationary medium. It is easy to see from the con-
servation laws of the energy and momentum for the single-photon reactions
yZe +et

hk =p1+p2; Tw=&+& (6.63)
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(w, k are the y-quantum frequency and wave vector, |k| = n(w)w/c, p1,2 and
&1,2 are the momenta and energies of the electron and positron, respectively)
that the phase velocity of a y-quantum v, = ¢/n(w) must be larger than c,
i.e., a medium for these processes must be plasmalike: n(w) < 1. The latter
restricts the energy of a «-quantum because of the dispersive properties of
a medium. Indeed, for the macroscopic meaning of the refractive index of a
medium for a y-quantum at least one particle within a distance of the order of
A/2 is required (A is the wavelength of the y-quantum), that is, the condition
A/2 Z | must be satisfied, where [ is the distance between the electrons in
a plasma. Therefore, besides the threshold condition that follows from the
conservation laws (6.63):

2 2
hw > —— (6.64)
1—n2(w)

for the reactions v 2 e~ +e* in a medium the following requirement on the
plasma density N/V for a specified frequency w of a y-quantum arises:

N\ /3
w7 (V) = Wiim- (6.65)

Hence, condition (6.65) determines the lower bound for the density of the
medium or the upper bound for the energy of the y-quantum, while threshold
condition (6.64) determines the lower bound for the energy of the y-quantum
to cause the reactions v = e~ + e to proceed in a medium.

From the standpoint of single-photon pair creation and annihilation in
plasma, the latter must compensate the longitudinal momentum Ap = [1 —
n(w)]hiw/c transferred in these processes. Consequently, the characteristic
length in the macroscopic description of the dispersion of the medium is
the wavelength //Ap, which corresponds to the transferred momentum, and
the condition necessary for this is h/Ap > (V/N)/3. Since n(w) < 1, this
condition is satisfied automatically when condition (6.65) is satisfied.

The plasma densities satisfying conditions (6.64) and (6.65) are at least:
N/V > 10**cm~2. Such superdense matter exists only in astrophysical ob-
jects, particularly in the core of the neutron stars (pulsars). At these densities
the electron component of the superdense plasma is highly degenerate (the
dispersion of the transverse electromagnetic waves is determined by elec-
trons). Actually, the degeneracy temperature of the electron component of
such plasma is Tr > 10'° K. On the other hand, because of neutrino energy
losses, the physically attainable temperatures in an equilibrium system are
much lower than this: T' << T and the superdense plasma is fully degener-
ate.

Since the Fermi energy at the densities N/V > 1033cm ™3 is & > mec
we need the dispersion law of the fully degenerate relativistic plasma. To

2
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determine the dispersion relation n = n (w) of the latter we shall solve the self-
consistent set of Maxwell-Vlasov equations for the transverse monochromatic
EM wave in the relativistic collisionless plasma with the distribution function
f(p,r,t) (we will not consider the ions’ motion).

The characteristic equations of f (p,r,t) coincide with the single particle
equation of motion. The latter has been solved for an arbitrary medium in
Section 2.1 and in the case of plasma we have the following solutions in the
wave field with the vector potential A = {0, A cos (wt — n (w)wz/c),0}:

n (w)
Pz = Poz — c(l—rﬂ(w)){go —n (w) cpox

—\/(50 —n (w) epoa)’ + (1 —n2 (w)) [€2A2 — 2ecpo, Ay }, (6.66)

e
Py =Poy — - Ay Pz = Pos, (6.67)
and for the energy of the particle in the field:

1

R e 1)

{en-ntram.

—\/(50 —n (W) epoe)’ + (1 —n2 (W) [€2A2 — 2ecpo, Ay | } (6.68)

The density of the electric current induced in the plasma can be defined by
the equation

i) =e / v/ (por.t) dp, (6.69)

where v =c?p/£ is the velocity of the electrons with the distribution function
in the field f (p,r,t). According to the Liouville theorem for the collisionless
plasma we have

f(p,r,t) = fo (Po,ro,t0) = fo (po), (6.70)

since the electrons before the interaction were distributed stationary, uni-
formly and isotropic.

Defining from Eqs. (6.66)—(6.68) the velocity of the electrons as a function
of the pg, r, and ¢ and then passing from the integration over p to integration
over po (taking into account Eq. (6.70)), Eq. (6.69) may be presented in the
form
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pOar t
t) = J t)d 6.71
I' eC 5 po,r t ( ) (p07r7 ) Po, ( )
where
a X b
J(porr,t) = Lol )

a(pOrv Doy, pOz)

is the Jacobian of transformation. From Egs. (6.66), (6.67) for the latter we

have
J(po, I‘,t) =1- T _n,f:;)(w) (C};Zr —n (W)>
o1 & —n(w) cpos (6.72)

V(& —n (@) epn)® + (1= n? (@) [242 — 2ecn, 4,

In the linear approximation by a weak wave field (since it will be applied for
a y-quantum) Eq. (6.72) can be written as follows:

n(w)

J(p07r7t) =1 =+
(Eo —n(w) chI)2

<cp0m —-n (w)> ecpoy Ay . (6.73)
&o

The components of the electric current density (6.71) in this linear regime of
interaction can be expressed in the form

) o, Poy (1 —n? (w)) cpoyeAy 3 ﬁ
Jy (r,t) = ec /{ £ <1+ (€ — 1 () oo )2 > & }

x fo (po) dpo, (6.74)

o =j. = 0. (6.75)
Then turning to spherical coordinates in Eq. (6.71)
Doz = po cos B; poy = po sinb cos @; po. = posin b sin g,

and taking into account that the initial distribution of the electrons in a
plasma is isotropic, after the integration in the equation

. _ 2 B (1 —n?(w)) g,
Jy (r,t) = —e CAy/{l (& —n (w) Cp01)2}
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o fo (po) P§

0

9 sin AdOdpdpg (6.76)

by the angles, for the electric current density induced by a wave field in the
plasma we will have

A,
o ey =~ [ ooy

y {1 & (1-n* W) ln{&) + n (w) cpo}} dpo. (6.77)

2n (w) cpo & —n (w) epo
The Maxwell equation for the vector potential

[ 2 012834 Ay (6, 1) = — 24, (r,1) (6.78)

with the current density (6.77) gives the following equation for the refractive
index of a relativistic plasma:

16772 f po
n? () = /

) {1 &) { £ +1(w) cpo }} dpo.  (6.79)

2n (w) cpo & —n(w)epo

Equation (6.79) describes in general the dispersion law of a relativistic plasma
for an arbitrary electron distribution function. In principle, it is also valid for a
nondegenerate (relativistic and Maxwellian) electron plasma if an equilibrium
distribution with temperature 7' 2 Tr can be realized in nature.

Now consider the production of electron—positron pairs by a y-quantum
in a stationary medium (homogeneous and isotropic) with a refractive index
n(w) < 1 (6.79). As this process is a QED effect of the first order, then
using the general rules for constructing the matrix element of a single-vertex
v — e~ + et diagram in a dispersive medium the probability amplitude will
be written in the form

f 1 _ .
L ~A) ikx 4
Sit e Soan? () /wle " hod . (6.80)

Here
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w dn(w)

w=1 ;
“ +n(w) dw

k*(w, k) is the 4-dimensional wave vector of the photon, quantization volume
V =1, €™ is the four-dimensional polarization vector of the photon (€ =

eff‘)'y“), and
g1 =u (p1) ePITED 4y = uy (—py) e P (6.81)

are the free electron and positron wave functions. Here the units A =c =1
are used.

Performing integration in Eq. (6.80) with the wave functions (6.81) by the
standard method for the differential probability of the v — e~ + e* process
per unit time and unit space volume (in the momentum volumes dp; / (27)°
of the electrons and dps/ (27)° of the positrons, respectively) we will have

e2 2

@) Uy (P1)€(A)U2 (—p2)| 0 (w—& —&)

AW = ——————
8m2way,n?

x6 (k — p1 — p2) dp1dp>. (6.82)

We will assume that the v-quantum is nonpolarized and perform averaging by
the polarization states of the y-quantum and summation over the electron and
positron spin projections. Then the probability of the e~, e™ pair production
per unit time is given by the expression

€2 E1E9 + m? — pipa cos ¥y cos Do
- §(w—& —
W 8m2a,wn?(w) / &1 (w—& —&)
x6 (k — p1 — p2) dp1dpa, (6.83)

where ¥, 5 is the angle between the vectors k and p; 2, respectively.
Integrating Eq. (6.83) over the positron momentum ps we obtain the
following expression for the pair production probability:

W—e2/ 1+m2+plcosz91(p1cos191—k)
8m2a,wn?(w) E1/EE + k2 + kpy cos

) (w —& - \/512 + k2 + kp; cos 191) dp1. (6.84)

For the integration over the electron momentum p; note that because of
azimuthal symmetry
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dp1 = 27Tp1(€1d(€1 sin 191d’l91

and the integration over 9 reduces formally to the following replacement in
Eq. (6.84):

) (w — & — \/512 + k2 + kp cos 191) sin9;d¥;

w — 81
kp

[H (&1 — Emin(w)) — H (&1 — gmaX(w))] )

where H(x) is the Heaviside function

After the integration over 1, Eq. (6.84) becomes

e? Emax(2) 2 2 2 2
- zwww)/gmm(w) [(1 = n2(w)) (€2 — wE1) + n2(w)m

1 —n*(w)

T

w2] d&;. (6.85)

The limits of integration over £; € [Emin, Emax) in Eq. (6.85)

(6.86)

gmin,max (w) =

S3 {“’2 1 —4232@)} N

are determined by the conservation laws for the v = e~ + e’ processes in
a medium (6.63) with the threshold value (6.64). Taking into account Eq.
(6.86) after the integration over the electron energy in Eq. (6.85) we obtain
the total probability for the single-photon e~, e* pair production in a plasma:
e2m?2 ) Am2 1/2

© 6rw2a,n?(w) [w 1- nQ(w)}

x {; (£) 1 -n2)] + 1}. (6.87)
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Equation (6.86) with the dispersion law (6.79) of a relativistic plasma for
an arbitrary electron distribution function determine the probability of the
electron—positron pair production by a y-quantum. As the electron compo-
nent the of superdense plasma required for this process is fully degenerate the
Pauli principle must also be taken into account that imposes an additional
restriction on the v — e~ + e™ reaction. The general picture of this process
taking into account the conditions (6.64), (6.65) and the Pauli principle will
be analyzed together with the electron—positron annihilation process in the
next section.

6.5 Annihilation of Electron—Positron Pairs in a
Medium

Now we will consider the inverse process of a single-photon annihilation of
an electron—positron pair in a stationary plasma. This process is also a QED
effect of the first order and the matrix element of a single-vertex e~ + e™
— ~ diagram is the complex conjugate to the v — e~ + e diagram matrix

element:
1 _ .
[ ~A) ,—ikx 4
i ey Swaun? () /¢26 e ""ydie. (6.88)

The differential probability of the annihilation process per unit time and unit
space volume, summed by the polarization states of the created v -quantum
in the momentum volume dk/ (27)%, is given by the expression

we? E1E5 + m? — pips cos Y cos Vs

Wy = 2wa,n?(w) &€

><6(w—81 —52)(5(1{—1)1 —pg) dk. (689)

Equation (6.89) determines the annihilation probability for a single e~ e™
pair in plasma. To obtain the total probability of annihilation of an initial
positron with the plasma electrons one must define the probability of annihi-
lation of a positron of specified energy £ with the electrons of the medium
in the momentum range p1, p1 + dpi:

me? E1&E + m? — p1p2 cos ¥y cos ¥q
Wy = 2wa,n?(w) /f (1) &1&
><5((.u 751 752)5(1{7 P1 7p2)dkdp1, (690)

where f (p1) is the distribution function of the plasma electrons. We first
integrate over k in Eq. (6.90) and then over p; taking into account that
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dp1 = 2mp1&1dE7 sin¥dy, where 9 is the angle between the vectors p; and
P2. The integration over ¢ reduces formally to the following replacement in
Eq. (6.90):

0 (w - 51 - 52) sin 9dv

wa,n?(w)

b [H (&1 = Emin(w)) = H (&1 = Emax(w))],

where the quantities Eyin(max)(w) are given by Eq. (6.86) and w must be
replaced by &1 + & according to conservation law (6.63). Then for the prob-
ability of annihilation of a positron (with an energy £;) with the electrons of
the medium we will have

_ me? 2 2 1—n*(w) 1= n?(w)
Wq—pxb/f@ﬂ{ HE ) e &&}

% [H (&1 — Emin(@)) — H (&1 — Eman(w))] dE1. (6.91)

In contrast to the pair-production process (its probability can be obtained
without resorting to the explicit form of n(w)), here we must have the explicit
form of the function n = n(w) in order to be able to integrate over the electron
energy & (w is now a function of &1, since w = & + &).

As the considered processes v = e~ + eT are possible in the superdense
plasma where the electrons are fully degenerate, then the dispersion law of
such relativistic plasma can be obtained substituting the Fermi distribution
function for a fully degenerate electron gas

=, P <pr
f(p1) = (6.92)
0, p1>pr

in Eq. (6.79), describing in general the dispersion law of a relativistic plasma
for an arbitrary distribution function of electrons f(pg). Here pp is the bound-
ary Fermi momentum:

1/3
pr = (37%p.) """, (6.93)
and p,. is the electron density of a degenerate Fermi gas.
Integrating in Eq. (6.79) with the distribution function (6.92) over the
electron momenta we obtain the following dispersion law of a relativistic
degenerate plasma:
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ot e A

X {ngp -

where Ep is the relativistic Fermi energy corresponding to boundary momen-
tum (6.93). Inserting the dimensionless parameter

_ n(w)pr
B = e

Eq. (6.94) can be written in the form

2 o 262pF5F 1 7ﬂ2 1+,6

or in the form more convenient for further investigation

W =1- 2T, (6.96)

where the function ¢ () is

¢>(5):1{1—1_ﬂ2 Hﬁ} (6.97)

p? 26 1-p

By analogy with the usual determination of a plasma frequency, from
the equation n(w,) = 0 we obtain the plasma frequency for a relativistic
degenerate one

4e?p?,
Wy = .
P 37‘(’51?

(6.98)

The frequency range corresponding to transverse waves that can propa-
gate in a superdense relativistic degenerate plasma — w, < w < co — can
then be obtained by varying the refractive index in the range 0 < n < 1.
Therefore, we present the dispersion relation (6.96) in the inverted form
w=w(n):

2 _ 22 pf 1
W= 0 (). (6.99)

The parameter § in Eq. (6.99) then varies in the range 0 < 8 < pr/EF.
The analysis of the function ¢ (8), which can be expressed in the form

ﬁQs 2
Z T
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shows that throughout the physically admissible range 0 < 3 < 1 (for super-
dense ultrarelativistic plasma pr/Ep ~ 1) the function ¢ (3) varies monoton-
ically between the values 2/3 and 1.

The problem now reduces to the determination of the range of variation of
the energies of electrons that actually participate in the annihilation process
taking account of conditions (6.64), (6.65) and & < Ep for the annihilation
process. The situation may be clarified by defining this region graphically.
Figure 6.1 shows the Eyin(max)(w) curves and the lines corresponding to fre-
quencies w = wiim = (7/3)3pp (see Eq. (6.65)) and w = wayx = Ep+Es. The
energies of the particles and y-quantum can vary within the region ABC A,
and the limits of integration with respect to the electron energy &; i, and
&1 max are determined by the points at which the & = w — & line cuts the
boundaries of this region.

Evaluating the integral in Eq. (6.91) with the dispersion law (6.99) we
obtain a bulky expression for the total probability of the annihilation process.
However, for the admissible values of n(w) and electron density p. with a great
accuracy for the function ¢ () we have: ¢p(npr/Er) ~ 2/3 and the ultimate
expression for the probability of the e~ +e™ — ~ process is rather simplified.

E A //
S
/&
E / 4 /\&
F P
e
////
or (o)
)
EF /,, max
4
~ .
Elmax / El :(D_Ez
//
/Al
\
\
B AEAN T En®) ¢
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m - ' >
/
noo, O ®

Fig. 6.1. Curves of Emin(w), Emax(w) and the lines corresponding to frequencies
W = Wiim = (7T/3)1/3pp and w = wmax = EF + &2. The energies of the particles and
y-quantum can vary within the region ABCA, and the limits of integration with
respect to the electron energy &1 min and &1 max are determined by the points at
which the & = w — & line cuts the boundaries of this region.
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The points of intersection of the line & = w — & and the boundaries of the
region ABC'A then correspond to

w—pz [wpé'g — Do (cuf7 - 4m2)

2m 1/2}

w1 =

)

w 1/2
T |:wp€2 + p2 (w2 — 4m?) / } ;& < Enin (W = Wiim)

wy = (6.100)

Wlim» gmin (W = wlim) < 82 < gmax (w = Wlim) .

Finally, the total probability of the annihilation process is

e? w2 1 w?
W, = P+ 2 — —w, [ €3+ -2
" T dpas l(m o | Lemw)dge | &+

(w2 — wp) (w1 + wp) _ 52“’12) In (w2 — wp) (w2 + wp)
(w2 +wp) (W1 — wp) 2 (w1 — wp) (W1 + wp)

X In

(6.101)

The lower limit for the density of the medium, above which pair annihilation
is possible, can be defined from the reaction threshold condition (6.64) and
the dispersion law (6.96). Thus, we obtain w, > 2m, which is equivalent to
Er > V/3mm/e ~ 36m. The electron density of the plasma corresponding to
this value of £ is p. > p3 /372 ~ 3-103%cm 3.

For a nonrelativistic positron annihilation in an electron plasma we have
a simple formula for the total probability:

2.3
W, = —p (w2 — 47112)1/2 <<m (6.102)
T 8mm3 VP ’ b2 ' '

Let us now analyze the results for the electron—positron pair production
in a superdense relativistic degenerate plasma with the dispersion law (6.96).
The Pauli principle in this case demands the satisfaction of the condition & >
Er which together with conditions (6.64) and (6.65) substantially reduces the
range of parameter values for this process to proceed even in the required
superdense plasma. The range of integration with respect to & in Eq. (6.85)
shrinks to a point and the probability of the process v — e~ + e' tends
practically to zero. With the increase of the electron density when & 2
150m (Emax(wiim) > Er, see Fig. 6.1), a narrow region appears and Eqgs.
(6.65), (6.100) show that the creation of a pair by a y-quantum with energy
w1(& = Er) < w < wWiim becomes possible in this region. As a result, the
lower bound of the energy of a created electron instead of &y (w) should be
Er and from Eq. (6.85) we obtain
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W= : iir:z)j;}n)ﬁ(wé)}:) { - T;) (W) (EIZIIax (w) + gFgmax(W) + 5}27)
l—nz(w) 9 9 1_n4(w) )
——g @ Emax(W) + &) + T (w)m” + ————w } (6.103)

However, it is important to recall that this region w ~ wy;y, lies at the limit of
validity of the macroscopic concept for a refractive index of a medium (one
particle within the length A\/2).

6.6 Electron—Positron Pair Production by Strong EM
Wave in Nonstationary Medium

As the probability of the single-quantum production of an electron—positron
pair in a stationary plasma, as a macroscopic dispersive medium, practically
equals zero (even at the required superdensities of electrons) it is reasonable
to consider an exclusive possibility for a single-photon pair production in a
nonstationary medium of ordinary densities by strong light fields. Namely,
we assume the abrupt temporal change of the dielectric permittivity of a
medium which may be described by the stepwise function & (6.1).

In order to describe pair production in the field (6.6), (6.7) we shall employ
the Dirac model (all negative-energy states of the vacuum are filled with
electrons). The Dirac equation in the field (6.6), (6.7) has the form (i =c¢ =

1)

ov ~ 3
i = [atp—ea) + ] v, (10
where
i%ei(wot—kor) +cc., t<O0
N (6.105)

-E, iwit—kor _ sEo —iwit—kor
ire ike +cc., t=0

is the vector potential of the EM field and &, B are the Dirac matrices in the
standard representation (3.2).

We solve Eq. (6.104) by perturbing in the field of the wave. This method
is valid if

mwo

e\ /2 eE
1+ (;) ] fo<<1, & =—2. (6.106)
2

We expand the perturbed first-order wave function ¥ (r,t) in a complete
set of orthonormalized wave functions of the electrons (positrons) with mo-
menta p — ko and p + kg:
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2] (r7 t) = gpl(i)(t)ei(l)—ko)r + Wl(Jr) (t)ei(l)-i'ko)l"

() = > at)u (p— ko, ), (6.107)
=1
4
T (8) =3 b(t)uy (p + kout) -
j=1

Here a;(t) and b;(t) are unknown functions and u; (p’,t) are orthonor-
malized bispinor functions which describe the particle states with energies
+& = +/p'? + m?:

& 1/2 ©1,2
ue (p'1) = (2;,m> / exp (—i€'t), (6.108)
g?-_EWQOLQ
70'])/
&' 12 [ m X34
uz 4 (p'st) = ( 2Z,m> exp (i€'t). (6.109)

X3,4

These functions are normalized to one particle per unit volume: uj u; = 6;;;
the constant spinors ¢ 2 and x3.4 are

B (1 . (0
Y1 = X3 = 0)° Y2 = X4 = e

Under the transformations (6.107)—(6.109) the Dirac equation for the per-
turbed wave function ¥ = Wy + W1 + - -+, (1] << |P)):

(z'gt —ap — Bm) U = —ea AW, (6.110)

transforms into a system of 16 equations for the unknown functions a;(t) and
bj (t)

0 ~ - i(p— r
(iat —ap — 6m> [Z ai(t)uy (p — ko, t) e (P~ko)

=1

4
+bi(t)u; (p+ko,t) 6“"“‘0)”1

j=1
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= —ed [A)(t)e ™" + A (t)e™ | u, (p,t) P, (6.111)

where s = 3,4 and

iBaeit ¢ <0,
ALt = | ’ A (t) = A7 (t). (6.112)
ittt —jBremit g >,

The bispinor functions us (p,t) in Eq. (6.111) correspond to the unper-
turbed states of the Dirac vacuum (they are determined by Eq. (6.109) with
s =3 and s = 4, where p’ = p and £ = £ are the momenta and energies
of the free vacuum electrons). According to this model, a pair is produced
because of the interaction of the external field with the electrons of negative
energies of the Dirac vacuum. In the first-order perturbation theory in the
field this leads to electron states in the region of positive energies with the

values
5(_) = (p — k0)2 + m2, 5(4_) =/ (p + ko)2 + m2.

The probabilities of these transitions are determined by the amplitudes a2
and by o, respectively (the indices 1 and 2 correspond to two different spin
states). Therefore the problem reduces to determining the functions a; 2(t)
and by 2(t) by integrating the set of Egs. (6.111). From the latter we obtain
the following set of equations:

4
d
i (P —Ko.t) = @A) (t)us (p.1). (6.113)
=1
L. db,
D it (Pt Ko t) = —edA( (B)us (p,1). (6.114)
j=1

Multiplying Eq. (6.113) on the left by uzr (p — ko,t) and Eq. (6.114) by
u;[ (p + ko, t) and taking into account that the bispinors are orthonormal

(ujum = 0im) We obtain eight equations for the transitions amplitudes a;(t)

and b;(t) for a given spinor state s of a vacuum electron (s =3 or s =4) :

day (¢

aé; ) _ ieu (p — ko, t) GA((Dus (Pt),  1=1,...,4, (6.115)
db;(t R ‘

i(t) ieul (p + ko, t) GA (4 (us (1), j=1,...4. (6.116)

dt
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Orienting the z axis parallel to the electric field Eq of the wave and the x
axis parallel to the wave vector ko, we obtain for the amplitudes a; 2 and by 2

t
ar2(t) = ieuLQ (p — ko) aus (p)/ A(_)(t')ei(ﬂg(—))t dt’, (6.117)

¢
b12(t) = z'eu;2 (p + ko) azus (p) / A(+)(t/)ei(5+5<+>)t dt’, (6.118)

— 00

where uLQ (p Fko) and wus (p) are constant bispinors determined by Egs.
(6.108) and (6.109) (preexponential factors in Eqgs. (6.108), (6.109)) .

The probability of electron production from a definite vacuum state p,
s is determined by the quantity |aq(¢)]* + |a2(t)[* 4+ [b1()|* + |b2(t)|? (the
probability of the production of a positron with a momentum p in a definite
spinor state s). The differential probability of pair production, summed over
the initial spin states of the Dirac vacuum, in an element of the phase volume
dp/(2m)? (the spatial normalization volume V = 1), is

_dp
(2m)>

Integrating Eqgs. (6.117), (6.118) over time with Eq. (6.112) and assuming
that the EM wave is switched on and switched off adiabatically: Eq(t =
—o0) = E1(t = 400) = Eq(t = +00) = 0 (the amplitudes of the incident,
transmitted, and reflected waves are assumed to be slowly varying functions
of time), we obtain the following expressions for the amplitudes a1 2 and b; o
after the wave interaction with the Dirac vacuum:

dW =2 [lax () + a2 ()* + [b1 (O + [b2()*] |5+ (6.119)

ieky (61 — 52) (5 + g(,))

a172(t = —|—OO) =
€9 (5 + g(,) + wo) ((5 + 5(,))2 — wgi—;)
X {Ub (P — ko) ez us (p)] ; (6.120)
bl’g(t = +OO) = teko (61 _ 62) (5 + 5(+))

€9 (5 + 5(4,.) - WO) ((5 + 5(4‘))2 B Mg%)

% [ul» (b + ko) s ()] (6.121)

Evaluating the transition matrix elements in Egs. (6.120), (6.121), we ob-
tain with the help of Eq. (6.119) the differential probability of pair production
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by a strong EM wave in a nonstationary medium:
_ e? E? (& 2
W= 20 (2
(2m)° € \e2

(&+E0)" [EEC) +m® + palps — ko) + 12 — p?)
2
Ey (E+E0) +wo)* [(E+€0)" - wig]

(e E)” [E€ce) +m? + palps + ko) + P2 — p?]
2
Ecry (€ + &) —wo)* {(5 +Em)" - w%%}

dp. (6.122)

As one can see from Eq. (6.122), the process exhibits azimuthal asymmetry
with respect to the direction of propagation of the wave. Orienting the polar
axis in this direction (dp = pEdE sin OdOdp, where 6 is the angle between
the vectors p and ko and ¢ is the azimuthal angle relative to the direction
of polarization of the wave) and integrating over the energy, we obtain the
angular distribution of the produced electrons (positrons). As the case of
physical interest is an EM wave of frequencies w << m, Eq. (6.122) simplifies
greatly and takes the form

dW_62E§ gy 2 VET T2
o 271’3 [Sp] &

m?sin? 0 cos? ¢ 4 £2 (1 — sin? 6 cos? <p)
2
(452 — wgz—;)

Integrating Eq. (6.123) over the energy we obtain the number of pairs
produced in the element of solid angle do = sin 6dfdp:

2712 2 2
AW (6, p) = — 0 <81 ~ 1) {F (2;1-2- e )

= 12872m \ &y 2% dm2e,

X

sin 0dfdpd€E. (6.123)

§3 wgsl
2’ 74’”7/262

1
x (1 —sin® @ cos® p) + ZF (2; > sin? 6 cos? 4 do,  (6.124)

where F(v; u; \; z) is the hypergeometric function.
For the energy distribution of the produced electrons (positrons) we have
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2e°E2 (e 2 VEZ —m? (262 + m?
dw () = =51 <11) ( . )
e\ (16— wi2)
2

deE. (6.125)

Integrating Eq. (6.124) over the angles § and ¢ (or Eq. (6.125) over the
energy) we obtain the total number of electron—positron pairs produced by a
strong EM wave in a nonstationary medium:

262E2 €1 2 1 w2€1
W= O (= —1) |F(25=52-2
48mm (52 ) { ( 2 74m252)

1 2
o F (2;3-3 ol )} . (6.126)

8 2777 dm2eq

Note that in Eqgs. (6.123) and (6.125) the denominators become zero for
woy/€1/e2 = 2€. This is the conservation law for the single-photon pair pro-
duction by a wave of the frequency w; = wg+/e1/e2 (by the transmitted and
reflected waves) in a medium with the index of refraction ny = (/g2 < 1
(plasma). Since Egs. (6.123)—(6.126) correspond to the case w << m, the
pole in Eq. (6.123) can be reached, i.e., the conservation laws of energy and
momentum for the process ¥ — e~ + e can be satisfied only if g1 /g5 >> 1.
Actually this is possible if €5 << 1, in agreement with the fact that pair
production by a photon field requires a plasmalike medium. It is obvious
from Eq. (6.126) that the total probability of the process diverges when
wgsl / 4m?2ey = 1. The latter is associated with the fact that these probabili-
ties were determined for an infinitely long interaction time. In perturbation
theory probabilities are proportional to the interaction time (under station-
ary conditions) and diverge as t — oco. Thus, this divergence is not associated
with the process studied here, which is governed by the time dependence of
the medium, and it can be eliminated by assuming w3e;/ea < 4m?. More-
over, for laser frequencies and realistic values of the dielectric permittivities
woy/€1/€2 << 2€ and from Eq. (6.126) we obtain the following expression
for the total number of e, et pairs produced in the volume V due only to
the medium nonstationary properties:

3e2 B2V e1)”
=—|1-—— . A2
W 128mm < 62) (6.127)

In the general case, for arbitrary frequency of EM wave and temporal
variation of the dielectric permittivity of the medium €, /eo from Eq. (6.122)
the following formula for the pair’s probability distribution over the total
energy & = E,- +E&.+ of the produced particles can be derived:
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AW _ B (0 e\ 4m? \"?
d& ~ 6m2 €2 EZ — Kk

G2 (82 +uB) (€7 +2m® — k3)
2
(&7 —wB) (82 - wi2)

. (6.128)

Bibliography

G.S. Sahakyan, Zh. Eksp. Teor. Fiz. 38, 843 (1960)

G.S. Sahakyan, Zh. Eksp. Teor. Fiz. 38, 1593 (1960)

V.L. Ginzburg, Izv. VUZov, Radiofizika 16, 512 (1973) [in Russian]

V.L. Ginzburg, V.N. Tsitovich, Zh. Eksp. Teor. Fiz. 65, 132 (1973)

H.K. Avetissian, A.K. Avetissian, R.G. Petrossian, Zh. Eksp. Teor. Fiz. 75,
382 (1978)

V.L. Ginzburg: Theoretical Physics and Astrophysics (Pergamon Press, Ox-
ford 1979)

H.K. Avetissian, A.K. Avetissian, Kh.V. Sedrakian, Zh. Eksp. Teor. Fiz. 94,
21 (1988)

H.K. Avetissian, A.K. Avetissian, Kh.V. Sedrakian, Zh. Eksp. Teor. Fiz. 100,
82 (1991)



7 Induced Channeling Process in a Crystal

It is known that due to the relativistic motion of a charged particle in a crystal
an exotic situation takes place when the effective potential of the crystal planes
or azes becomes a potential well for the particle in the transversal direction
with respect to its initial motion, and so-called channeling of the particle
occurs accompanied by spontaneous channeling radiation.

The channeling radiation of ultrarelativistic electrons and positrons in a
crystal is of great interest for two major reasons: the radiation is in the short-
wave region (X-ray and y-ray domains), and its spectral intensity considerably
exceeds that of other types of radiation in this range of frequencies.

Induced channeling radiation in the presence of an external coherent ra-
diation field becomes important as a potential source for short-wave coherent
radiation, which may be considered as a version of a free electron laser.

As a periodic system with high coherency and owing to the similar periodic
character of particle motion, the crystal channel may be compared with an
undulator — it is a “micro-undulator” with the space period much smaller
than that of an undulator.

On the other hand, the particle—external coherent EM wave interaction
process in the channel of a crystal proceeds with the inverse stimulated effect
reducing the particle acceleration and other classical and quantum coherent
effects.

Hence, this chapter will consider the induced channeling process with re-
gard to general aspects of coherent interaction of relativistic electrons and
positrons with a plane transversal EM wave in a crystal.

7.1 Positron—Strong Wave Interaction at the Planar
Channeling in a Crystal

If a charged particle with relativistic velocity enters a crystal at the angle

with respect to a crystal plane or crystallographic axis smaller than some
specified angle (Lindhard angle)

20,
0, = o (7.1)
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then the effective electrostatic field of the crystal becomes a transversal po-
tential well related to the particle motion and the latter moves in the crystal
channel — the channeling of the particle occurs. Here Uy is the depth of the
potential well and £ is the particle energy. In the most interesting case of ul-
trarelativistic energies for channeling phenomenon the transversal de Broglie
wavelength of the particle

hic
V2UE

is much smaller than the interplanar or interaxial distance d in a crystal
(Up is of the order of the kinetic energy of the particle transversal motion)
and consequently d/Ap >> 1. On the other hand, the quantity d/\p with
the coefficient coincides with the number of bound states I of the particle
transversal motion in the crystal channel. Hence, in the most important region
of energies [ >> 1 and the particle motion at the channeling can be described
classically.

We will study the induced interaction of a charged particle channeled
in a crystal with the external coherent radiation field within the scope of
the classical theory. In this section the case of the planar channeling will be
considered.

As is known for a positron planar channeling the effective electrostatic
potential of the crystal planes within the channel is well enough described by
the parabolic law

Ap = (7.2)

UO 2
Ux)= 4¥x ) (7.3)
where d is the distance between the crystal planes, and the transversal coordi-
nate x is evaluated from the median plane. The classical relativistic equation
of motion for a positron in the fields (7.3) and an external plane monochro-
matic EM wave

E = Eq cos (wot — kor) ; ko= datid

(7.4)

(no = ng(wo) is the refractive index of the crystal on the wave frequency) is
written as
dp

o = B+~ [VH] = VU (). (7.5)

As for the permitted maximal values of the wave intensities in the dielectric
media the characteristic interaction parameter {y = eFy/mcwg << 1 (see
Section 2.2), then for the ultrarelativistic energies of the channeled particles
the interaction with the EM wave in a crystal with great accuracy can be
described by the classical perturbation theory over the field (7.4). Conse-
quently, in the zero order over the EM wave field from Eq. (7.5) we have the
equations
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dt der ' (7.6)
dpy, dp.
o =0; U =0. (7.7)

Choosing the axis z along the initial motion of the particle from Egs. (7.6)
and (7.7) for the particle energy and momentum we obtain respectively

mC2

&=
V1= (V2 +v2) /e

+U(2), (7.8)

B mv,
VI-(Z+v2) /2

For the transversal velocity of the particle from Eqs. (7.8) and (7.9) we have

(7.9)

Dy = 0; Pz

2 _ 2 [E-U (95)]2 - &
E-U (@)

&, = cy/p? + m2c? (7.11)

is the energy of the longitudinal motion. Equation (7.10) is the exact equation
for the particle transversal motion. One can make some simplification of this
equation taking into account the smallness of the potential energy related to
the energy of the ultrarelativistic particle:

, (7.10)

where

Unax () < €.
Representing the particle energy in the form
&= EH + Ej_v

where £, is the energy of the transversal motion, and taking into account
that for the channeled particles

EJ_ 5Umax (I) < g||7

then the equation for the particle transversal motion (7.10) with the accuracy
of the small quantity &, /&, <<1 will take the form
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vi= 2; [EL-U (z)]. (7.12)

I
Formally Eq. (7.10) has a nonrelativistic character where instead of particle

rest mass, the relativistic mass m,..; =~ &,/mc? stands.
The longitudinal velocity of the particle is determined from Eq. (7.9) and

has the form
1|v2 me?\”

In the case of planar channeling of a positron when the effective elec-
trostatic potential of the crystal may be approximated by Eq. (7.3), the
integration of Eq. (7.12) gives the following law for the transversal motion:

x(t) = zmsin[2(t —to) + ¢]. (7.14)

2c 2U0
R=—— 1
pi \/ 3 (7.15)

is the frequency of the positron transversal oscillations in the potential well

of the crystal channel,
d [&L
=y /== 1
m =V T, (7.16)

is the amplitude and ¢ is the phase of the transversal oscillations at the
moment ty when the positron enters into the crystal. Corresponding to Eq.
(7.14) the transversal velocity of the positron is

Here

Vi (1) = Vam cos [2 (t — to) + 4], (7.17)

a2 &
am — 5 A\ 77 1
v 5 ”Uo (7.18)

is the maximal velocity of the transversal motion of the positron in the crystal
channel. Then using Eq. (7.17) after the integration of Eq. (7.13) we will have

where

z(t) =Vt — 2m sin [202 (t — to) + 2] + 2, sin 2¢p, (7.19)

where
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Vz—c{lél(ﬂf>2+?l‘]} (7.20)

is the mean longitudinal velocity of the positron, and the amplitude of the
longitudinal oscillations z,, is

o C(":J_
ANRE,”

(7.21)

Now we can evaluate the induced channeling effect in the field of an
external EM wave, by the classical perturbation theory in the first order over
the field (7.4). The energy change of the channeled positron at the interaction
with the plane transverse EM wave is given by

A€ = e/E(t —vrng/c)v(t)dt, (7.22)

t1

where the law of motion r = r(¢) and velocity v(t) of the positron in the
crystal channel are determined by Eqgs. (7.14), (7.19) and Eqgs. (7.13), (7.17),
respectively. The induced interaction time At = t5 —¢1 actually will be deter-
mined by the length of the channel (¢;and ¢, are correspondingly the moments
of the wave entrance in the crystal and exit from the channel).

For the concreteness and evaluation of the energy change (7.22) we in-
troduce a new Cartesian coordinate system z’, ', z’ and assume that a
quasi-monochromatic EM wave linearly polarized along the axis z’ propa-
gates along the axis 2/, at a small angle with respect to a crystal plane (see
Eq. (7.1)). The coordinate system z’, 3/, 2’ is related to the system z, y, z
via Eulerian angles «, 3, v as follows:

x’ cos Y siny 0 cosB 0 —sinf
y | =| —siny cosy 0 0 1 0
b4 0 0 1 sin 0 cosf
1 0 0 x
x| 0 cosa sin @ y (7.23)
0 —sina cosa z

At the motion of the positron in the crystal channel by the trajectory
(7.14), (7.19), the wave phase in Eq. (7.22) corresponding to induced inter-
action is

¢ = wot — kor =wt — 31 sin [2 (t — tg) + ¢
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+ea8in 2 [2 (t — to) + ] + 1, (7.24)

w:w()(l—n

OCVZ COS (x COS ﬁ) (7.25)

where

is the Doppler-shifted wave frequency, and the parameters s, 7, 1) are

Tm . Zm
1 = nowo— sin [; 9 = Nowy—— COS & oS (3,
c c

= —noﬂ cos a cos 3 (2, sin 2 — V1) . (7.26)
c

Substituting Eq. (7.24) as well as Egs. (7.13) and (7.17) in Eq. (7.22) for the
energy change of the positron due to the induced channeling effect, in the
first order by the wave field we will have

oo

e
AE = EouvaemAr (s, 51, Ey, (v. om) Ao (8, 321,
£ B B ) e

—2F0,V.mAs (8,501, 300) } {sin [(w — $82) to + sty — s + Y]

—sin[(w — $82) t1 + sty — s + Y|}, (7.27)

where

1 7 . . ’ . ’ ’
An (S,Oé,ﬂ) _ % /COSn wlez(asmap —Bsin2¢p’ —sp )dwl

—T

is the generalized Bessel function with the definitions

(s,a,3) = Z Jsyor (@) Ji (B) ,

k=—o00

Al (S,Oé,ﬂ) :%[AO(Sf17a76)+A0(5+1,a75)}7

A (5,0, 8) = 7 [Ao (5 = 2,0, 6) + 240 (5,0, 6) + Ao (5 + 2,0, )],

and
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o CgJ_

is the amplitude of the positron longitudinal velocity oscillations.

Equation (7.27) shows that the energy change of the positron after the
interaction differs from zero (will have nonoscillating character in the time)
if the condition

wo (1 — nov—cz cosacosﬁ) = s{2; s=0,£1,+2,... (7.29)

is satisfied for a specified s. The latter is the condition of the resonance be-
tween the transversal oscillations of the positron in the potential well of the
crystal channel and EM wave. Only at the fulfillment of this condition does
the coherent energy exchange of the channeled positron with the monochro-
matic wave become real. Then for the energy change of the positron after the
interaction we have

AE = eEy At { v, cos 5 cosyA; (s, 321, 32) + (sin asiny — cos asin 3 cos )
X [(vz + Vzm) AO (57 1, %2) - 2VZ771,A2 (S; 1, %2)]}

X €08 [tho — sp + noﬂ cosacos B (Voto — zm sin2¢p) | . (7.30)
c

Expressing the functions Ag 1.2 (s, 201, 22) via the ordinary Bessel functions,
Eq. (7.30) can be presented in the form

oo

1
Ag = GE()At z {2VTm COSﬂCOS’}/ [Js_l_i_Qk (%1) + Js+1+2k (%1)]

k=—0o0

+7, (sinasiny — cos asin § cos ) Jsqak (321)
—Vzm (sinasiny — cos asin Bcosy) [Js—242r (521) + Jsr242k (%1)]}Jk (502)

X cos |82ty — sp + noﬂ (V.to — 2zm sin 2¢) cos a cos ﬁ} . (7.31)
c

For the X-ray and y-ray frequencies when ng (wo) < 1 the resonance condition
(7.29) corresponds to the normal Doppler effect at which the energy absorp-
tion from the EM wave is accompanied by enhancement of the transversal
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oscillations of the positron (in these cases s > 0 in Eq. (7.31)). For the opti-
cal frequencies when ng (wg) > 1 the anomalous Doppler effect is possible as
well:

1-— noE cosacos 3 < 0, (7.32)
c

which corresponds to enhancement of transversal oscillations of the positron
at the induced radiation (in Eq. (7.31) in this case s < 0). Under the condition

1- nov—cz cosacos 3 =0, (7.33)

that is, the Cherenkov condition in the crystal channel corresponding to s =
0, Eq. (7.29) expresses the real energy exchange at the positron-wave induced
Cherenkov interaction.

Equation (7.31) for the general geometry of the positron planar channeling
at the arbitrary propagation and polarization directions of the wave is very
bulky. It can be simplified in the case of a particular geometry of the induced
interaction — if the EM wave propagates along the direction of the positron
motion in the channel (axis z) with the electric field directed along the axis
— and the positron energy &, < m?c*/€, . Then, for the number of harmonic
s we have: s = 0, =1 (for the coherent accumulation of energy exchange), and
for the frequencies satisfying the resonance condition (7.29) one can suppose
ng (wp) =~ 1. The latter excepts the possibility of the induced Cherenkov effect
( s = 0) and the anomalous Doppler effect (s = —1) as well. Thus, for the
induced energy exchange we have a simple formula

g _
AE :%Atcos [(Q + wovz> to — 90} . (7.34)
c

As is seen from Egs. (7.31) and (7.34) depending on the initial conditions-
a moment ty when the positron enters into the crystal and a phase ¢ of the
transversal oscillations — either the direct or the inverse induced channeling
effect occurs, i.e., positron deceleration or acceleration, respectively. Hence,
at the interaction of the channeled positron beam with the monochromatic
EM wave the diverse particles entering into a crystal at the different moments
and in the different oscillation phases will acquire or lose different energies.
As a result, the modulation of the particles’ velocities will take place leading
to beam bunching if the longitudinal size of the latter I, > 7V, /wp.
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7.2 Induced Interaction of Electrons with Strong EM
Wave at the Axial Channeling

As is known, for an electron axial channeling the effective electrostatic po-
tential of the atomic chain along the crystal axis is well enough described by
the two-dimensional Coulomb potential

Up) = ——=, (7.35)

where . is a constant depending on the type of crystal and the particular
geometry, and p is the distance from the crystal axis. The transversal motion
of the electron in the field (7.35) with a nonzero momentum occurs by the
Keplerian elliptic trajectory. If one directs the coordinate axes OX and OY
correspondingly along the major and minor semiaxes of the ellipse and the
axis OZ along the crystal axis, and if at the moment ¢ = t; the electron
is situated in the perihelion of the orbit of the transversal motion with the
coordinate z = zy, then the electron trajectory may be presented in the
known parametric form

z=a(cosC —€); y:(—l)slbsinc7
0
2=, (t—ty) — QZ% sin ¢ + 2o, (7.36)
¢ —esin(
=205 4y
0 + %o,

where for a full rotation of the electron by the elliptic orbit the parameter ¢
varies from zero to 2. Here the parameters

4= ¢ b=ay1—e (7.37)

218

are the major and minor semiaxes of the ellipse,

2|E | M2c?
=41 - —2— 7.38
€ £, (7.38)
is the eccentricity (M, is the z-component of the orbital moment),
2161 ])?
0= L2IED? (7.39)

aC g\l
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is the rotation frequency, and

2.4

_ m2c c|&L]
V.,=c¢ <1 282 ) 3 (7.40)

is the mean longitudinal velocity of the electron. The parameter s’ in Eq.
(7.36) determines the right-hand or left-hand rotation of the electron by the
elliptic orbit:

=

0, ] >0,
s = (7.41)
M,
1, ] < 0.

As the electron trajectory at the axial channeling is of helical type from
the point of view of the symmetry in this issue we will suppose that an EM
wave has a circular polarization:

B, = Eycos (wot —kor);  Ey = By (—1)* sin(wot —kor)  (7.42)
correspondingly with the left-hand and right-hand rotations:

» |0, left-hand,
T, right-hand.

The coordinate system x'y’z’ relates to the zyz one in accordance with Eq.
(7.23) and in the case of the wave circular polarization one can assume that
the Eulerian angle v = 0.

We will evaluate the induced effect at the axial channeling by Eq. (7.22)
again in the first order by the EM wave field. As far as the particle velocity
and law of motion in the channel in this case are determined in parametric
form (Eq. (7.36)) it is necessary to pass in Eq. (7.22) from the variable ¢ to .
Then the induced energy exchange between the channeled electron and EM
wave will be written in the form

C(t2)

AE = / E(6 (¢))

¢(t1)

dr(¢)
dg

dc, (7.43)

where At = ty — t1 is the duration of electron—wave coherent interaction at
the axial channeling. In the first-order approximation for the wave phase in
the integral (7.43) with the help of Eqs. (7.36)—(7.41) we have

wo — kavz

¢(C):w0t—kol‘: Q

¢ — s18in ¢ — 29 cos € + 1, (7.44)
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where

wo , . .
ko = no— (sin 8, — sin a cos 3, cos a cos 3)
c
and the parameters sy, s, 1 in this case are

o ¢
n = % (wo = ko2¥2) + (=1)" koyb — ko.zaQGz; sy = ako,

1 = wolo + kogae — ko zo.

Performing integration in Eq. (7.43) with the help of Eqs. (7.36) and (7.44)
we obtain the following ultimate equation for the coherent energy exchange
between the electron and external strong EM wave at the axial channeling:

"o . . E
sin asin ¢ — cos asin 3 cos cp} —

AE = —eEo_QAt{Js () [(—1)8 17)

+£Js (5) [acosﬁsin 1 COS p + (—1)5, b sin «r sin 3 cos ¢ cos @1

N 2 5 v
+(=1)° " beosasingcosp + 1+ S| L]}
v.E, 0

(cosasinﬁcosgocos o1 — (—1)8// sin « sin ¢ cos @1)]

+J! (%) [acosﬂsing@cos 01 + (1) bsin asin Bsin g sin ¢

s +g" . 2 72
+(=1)* " beosacospsing; — 1+ E|5L‘ i
ngH ‘Q
X <cosasinﬁsin<psin ©1+ (—1)5” sin asin 1 cos go)} }, (7.45)

where the parameters s, 1, and @ are

— /2 2
n =/ n] + 3,
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1 = — arcsin E, (7.46)
P

wo wo .
© = wotp — ng—2p cos acos B + aeng— sin § — se1.
c c

The physical analysis of Eq. (7.45) is the same as was made for the positron
planar channeling. So, we will not repeat the analogous analysis, noting only
that the condition of resonance at the axial channeling for coherent energy
exchange (7.45) is given by Eq. (7.29), where the frequency of transversal
oscillations 2 of the electron is determined by Eq. (7.39).

Equation (7.46) corresponding to general geometry of the electron axial
channeling in the arbitrary propagation and polarization directions of the
wave is very bulky. It is rather simplified if the wave propagates along the
direction of the electron motion in the channel (axis z) with the components
of the electric field strength directed along the axes x and y, as well as the
electron energy should not exceed the value m2c* /&, . For the induced energy
exchange we have the following ultimate equation:

AE = —eEy QAL {aJ; () + b (—1)* " %Js (%)}

X sin (woto - noﬂz(J) . (7.47)
c

The existence of diverse harmonics in Eq. (7.47) is related to the anharmonic
character of the electron transversal oscillations in the field (7.35) (in contrast
to Eq. (7.34) for the planar channeling, at which the positron is a harmonic
oscillator in the channel).

In addition, note that Eqs. (7.45) and (7.47) due to their coherent de-
pendence on the interaction phase lead to the electron beam classical mod-
ulation and bunching after the interaction with the stimulating wave at the
axial channeling analogously to the positron beam bunching at the planar
channeling.

7.3 Quantum Description of the Induced Planar
Channeling Effect

Consider the interaction of the particles channeled in a crystal and a plane
monochromatic EM wave in the scope of the quantum theory. First we will
study the case of a weak wave when the one-photon absorption and emis-
sion processes dominate and the induced channeling effect may be described
within the quantum perturbation theory by the particle wave function in
the linear over the field approximation with respect to the initial state in



7.3 Quantum Description of the Induced Planar Channeling Effect 217

the potential field of the crystal channel. It means that the latter should be
described exactly.

We will start from the Dirac equation which in the case of the planar
channeling of a positron in the field of an external EM wave is written as

. 2PN
ihr = (HO + V) v, (7.48)
Hy = cap+ pmc® +U (z); V= —eaA, (7.49)

where Q, B are the Dirac matrices in the standard representation (3.2). Ac-
cording to perturbation theory we seek the solution of Eq. (7.49) in the form

V="tV +-; | <L |,

where ¥y satisfies the following equation for the positron in the electrostatic
field of the crystal channel:

W, ~
ih% = |cap + pmc* +U (x)] ¥ (7.50)

with the effective potential U (z) (7.3). The particular solution of Eq. (7.50)
may be presented in the form

© ,
@y (r,t) =b e Rt (7.51)
X

where ¢ and x are spinor functions, £ is the total energy of the positron in
the potential field of the channel, and b is the normalization coefficient. From
Eq. (7.50) for the spinor functions ¢ and y we obtain the following set of
equations:

Ep=c(oP)x +mPp+U (2)¢,

Ex =c(op)p —me*x +U () x, (7.52)
where 0 = (0,,0y,0.) are the Pauli matrices (1.79). Eliminating x from the
first equation (7.52):

cop

X= e rme—0 @) ? (7.53)

for the spinor function ¢ we obtain a differential equation of the second order:
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oVU (z)

Srme—U(2) (0V)p =0. (7.54)

1
Ap+ 5 (€=U @) —m2ct) o+

The solution of Eq. (7.54) is sought in the form

w
p—wp(@etrr— [ | p@etee, (7.55)
wo

where ¢ (x) is the positron wave function corresponding to the transversal
motion in the potential well of the channel, and w is a constant spinor which
should be defined from the wave function normalization condition

whw = wiwy + wiwg = 1.

Neglecting the small terms of the order Upax/E << 1 (or £, /€ << 1) in
Eq. (7.54), for the positron wave function describing the transversal motion
in the crystal channel we obtain a one-dimensional Schrodinger equation in
the potential field U (x)

d2¢ (x) 2meff
dx? h2

€L - U ()] ¢ (x) =0, (7.56)

with the effective mass mes¢ corresponding to the energy &, of relativistic
longitudinal motion

&
meffzgz 72+m2 (757)

In Eq. (7.56) £, = & — &, is the energy of transversal motion, which para-
metrically depends on the energy of longitudinal motion £, = &, (£,). In
the case of planar channeling of positrons with the harmonic potential (7.3),
Eq. (7.56) describes the quantum harmonic oscillator the solution of which

is given by
2\ 1 _an. .0
ot =(Gz) e (\M—M) (7.58)
where
2d%e ¢
n (€)= (=1)" ¢ .
M €)= (-1)" e (7.59)

are the Hermit polynomials, and the quantization law for the positron
transversal energy is
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1
EL(n,E)=n+ 3 hi2, (7.60)

where (2 is given by Eq. (7.15).

Finally, with the help of Eqgs. (7.55) and (7.51) the solution of Eq. (7.48)
for the positron wave function with the longitudinal momentum p, in the
n-th bound state of the transversal motion and spin state o can be written
as

&, +mc? Yo

25,‘ cop
E+mc? EU(:c) Po

u'/pmn,zf (I‘, t) = U, (l‘) 6%(p”rigt), (761)

where ¢, are the spinors (3.11), and the total energy £ is given by the relation

& (pmn) = \/(W + (Tl + ;) he2. (762)

Now we can evaluate the wave function of the channeled positron at the
induced interaction with an external EM wave in the first approximation of
perturbation theory (¥;) on the basis of Egs. (7.61), (7.62) for unperturbed
(by the wave) state in the crystal channel ().

Before the interaction with a plane monochromatic EM wave assume that
a positron with an initial longitudinal momentum p, = (0, py, p.) is situated
in the bound state of the crystal channel characterized by the quantum num-
bers n, o, that is, the initial state is described by the wave function

Uy (r,t) =Vp, no (r,1). (7.63)

The positron wave function ¥; perturbed by the EM wave will be expanded
in terms of the full basis of the eigenstates (7.63) with Eqs. (7.61), (7.62):

U ()= Y e (8) Uy ror (T,1), (7.64)

/ ’ ’
P00

where ap o0 (t) are unknown functions, and the summation is made over
all possible states of the positron transversal motion in the potential well
corresponding to planar channeling. Substituting the wave function ¥ = ¥y +
¥y with Egs. (7.63) and (7.64) in the Dirac equation (7.48) and neglecting
the small terms of the second order by the quantity ~ e A¥; (in accordance
with the perturbation theory) we obtain the following differential equation
for the expansion coefficients ap n/ 5 :



220 7 Induced Channeling Process in a Crystal

ap 7n/ ’ L
Z h—— Wy s o (r,t) =ieqA (r,t) Pp, pno (r,1). (7.65)

pHﬂ'L al’

Multiplying Eq. (7.65) on the left-hand side by !P

over drdt one can present the solution of Eq. (7. 65) in the form

nr o (T, ) and integrating

eAg [2h82
Op .0’ = ZTO Taa’o [\/ﬁ(sn/+1,n, - \/niﬂén/_l,n]
5 67%(5(pu7")*5(p‘,‘,n/)+ﬁw0)t
>< ’
PP +iko € (p“’ TL) — & (p‘/l’ TL’) 4 hwo

e—%( (pu,n)— E(pwn )—hwo)t

0
+ PPy —lko £ (Pn,n) - (pl/Hn/) — fwo

(7.66)

In Eq. (7.66) it was assumed that the wave propagates in the plane yz with
the vector potential directed along the axis x:

A, = Ag cos (wot — kor)

and was taken into account that for actual cases fiwy/E, << 1 and the
positron energies £ < m2c* /Uy as well.

As is seen from Eq. (7.66) only the following expansion coefficients differ
from zero

efi(erQ)t
apu+ﬁko,n—1,a (t) - D\/ﬁﬁ7
e—i(w—Q)t
Qp, +hko,n+1,0 (t) = —'ZD\/’Il;—l—li7
w—
ez(wffl)t
Qp, —hkg,n—1,0 (t) - *D\/ﬁﬁ, (767)
ei(w—i—())t
Qp,, —kko,n+1,0 (t) = D\/’fmm’
where the quantity D is
A h{?
D=ig o (7.68)
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and the Doppler-shifted wave frequency w is

2
w=wy—kov,; v, = % (7.69)

The expressions in Eq. (7.67) show that the second and third coefficients have
a resonance character due to which the induced channeling effect occurs —
resonance absorption of the wave photons by a channeled particle and coher-
ent emission of the photons into the wave. Hence, neglecting in Eq. (7.64) the
small terms with nonresonant expansion coefficients (first and fourth ones in
Eq. (7.67)) of the perturbed wave function for the probability density of the
positron at the planar channeling we will have

W (,0) = % (0) + 5o\ g n 0)

x [Vn+ 1gpit (2) — Vngy—1 (2)] sin (kor — wot) . (7.70)

In the case of the exact resonance (w = §2) Eq. (7.70) is not applicable. In
this case the solution of Eq. (7.65) for the probability density of the positron

gives
2 BAQ /h.Q

X [Vnen—1 (x) = Vn+ Lonit ()] At cos (kor — wot) , (7.71)

where At is the period of channeled positron interaction with EM wave.

As is seen from the Egs. (7.70) and (7.71) the probability density of the
positron due to the induced channeling effect is modulated at the stimulat-
ing wave frequency (in the one-photon approximation; in the next orders of
perturbation theory we will obtain modulation at the harmonics of the wave
fundamental frequency).

The condition of validity of the perturbation theory at which the obtained
formulas are applicable we can obtain from Eq. (7.71):

eEovat

1 7.72
s < 1, (7.72)

where v, is the maximal velocity of transversal motion of the positron in
the channel of the crystal (see Eq. (7.18)):

2nhs? 2
Vgm = c\/ i =c é (7.73)

gl\ g\l
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7.4 Quantum Description of the Induced Axial
Channeling Effect

At the axial channeling the state of the electron is characterized by the pro-
jection of the momentum p, on the crystal axis z, and due to the axial
symmetry of the effective electrostatic potential of an atomic chain within
the channel the projection of the orbital moment of the electron on the same
axis is conserved.

The Dirac equation for an electron at the axial channeling is written in
the form (7.48) with the Hamiltonian

Hy = @ + Pmc® + U (p), (7.74)

where U (p) is given by Eq. (7.35). The interaction of the electron with the
external EM wave will again be taken into account by perturbation theory
(in the one-photon approximation):

WZW@‘FQ/M |W1|<< |W0‘,

where ¥, is the electron wave function in a crystal at the axial channeling,
which satisfies the equation

o, PO
iha—to = [cap + Bmc* + U (p)} Y. (7.75)

The solution of Eq. (7.75) may be presented in the form

Wy (r,t) = b @) eh(Pe=mE0), (7.76)
where & is the total energy of the electron and b is the normalization coeffi-
cient. The bispinors ¢ and y are connected by the relation

cp.o, + cpo
= —FF9. 7.77
X et mee—U (p) (777)
From Eq. (7.75) for the wave function of the electron transversal motion in
the channel with the accuracy of a small term ~ Uy /E we obtain the equation

Dy (py0) + S 6L~ U (p)] @ (p,) = 0, (7.78)

h2c?

where



7.4 Quantum Description of the Induced Axial Channeling Effect 223

A 100y 18
#e = hap\"op) T 2 og?

is the two-dimensional Laplacian,

E = \/ep2 + m2ct

is the energy of the electron longitudinal motion, and £, = £-&, is the
transversal one.

As is seen from Eq. (7.78) for wave function & (p,¢) the variables are
separated and the eigenvalue of the operator

-~ 7]
L, =—ih—
1 8(‘0

— the projection of the orbital moment of the electron on the z axis is
conserved. Then the wave function @ (p, @) can be represented in the form

D(p,p) =D (p)e™; m=0,+1,42 .., (7.79)

where m is the azimuthal quantum number, and from Eq. (7.78) for the
function

2 (p
R() =22 (7.80)
we obtain the equation
R"+ %R’ + [7122; (& + O;) _mol ;21/4} R=0. (7.81)
For the solution of Eq. (7.81) we pass from p to a new variable
r= 2 28, 1€ |p, (7.82)
he
and making a notation
n= % 5 EJ, (7.83)
then introducing the function R (r) in the form
R (r) = rl™=1/2¢=124 (1) (7.84)

for the new function w () we obtain the equation
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" 1 / 1
rw” + |2 |m|—§ +2—r{w + n—\m|—§ w=0. (7.85)

The solution of Eq. (7.85) should not diverge at infinity more quickly than a
limited power r and must be confined at » = 0. The function satisfying the
second condition is the degenerated hypergeometric function

1
w(r)—F(—n+|m—|—2,2|m|—|—1,r) , (7.86)

and the solution satisfying the first condition at infinity will be obtained only
at the integer negative (or equal to zero) values of the argument —n+|m|+1/2
when the function (7.86) turns to polynomial with the power n — |m| — 1/2.
Otherwise it diverges at infinity as e”. Hence, the number n must be a positive
half-integer, and at the specified number m it is necessary that

1 1
n2|m|+§; n:\m|—|—§+np; n,=0,1,2,.... (7.87)

These conditions determine the quantization law of the electron transversal
motion in the potential well of the crystal at the axial channeling. Thus,
from Eq. (7.83) for the spectrum of the transversal energy eigenvalues of the
electron bound states in the potential field (7.35) we obtain

2
i€,

El = ——~ "
L 2h2c2n?

(7.88)

With the help of Eqs. (7.77), (7.79), (7.84) and (7.86) for the wave function
of the channeled electron (7.76), normalized for one particle per unit volume,
we will have the equation

WO (I‘, t) = wpz’nvm’a (I‘, t) = cop
TFmez—U(p) Po

) \/ZRnJml/Q (p) e"™eeh (P=2mEt) (7.89)

where ¢, is a constant spinor determined in Eq. (7.61), and the function
Ry jm|—1/2 (p) is

R (& 3/2 4 2(n+|m| —1/2)! [4&E,acp [m|—1/2
w1720 =Gz ) SR Tl - 172 \ e
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25‘,040 48‘,040
X exp {_nh202p} F (—n +|m|+1/2,2|m| + 1, nh202p) . (7.90)

The total energy £ in Eq. (7.89) is given by the relation

202€&,
& (p2,n) = /c2p2 + m2ct — h2cc2n2' (7.91)

To determine the electron wave function ¥; perturbed by the EM wave in
the next approximation of perturbation theory one needs the concrete form
of the wave vector potential. Let it have the form

Am = AO COSs (th — ]{302) s

Ay = Apsin (wot — koz) . (7.92)

Expanding ¥; in terms of the full basis of the eigenstates (7.89)

Wl (r7 t) = Z Cp, ,n/ m’ o’ (t) Wp/z,n’,m’a/ (I‘, t) ) (793)

/ ! / !’
p,,n',m’,o

and substituting the wave function in the first approximation of perturbation
theory Yo+ ¥, into Eq. (7.48) with Eqgs. (7.89)—(7.92), then after the solution
of the obtained equation for unknown expansion coefficients ¢, v w (t) we
will have

— 4 (=) —E(pLon" ) +hwo)t

.eAo e
5 (p27n) - g (p,/z7n/) + th

’
— mm
Cpy,n/;m' 0! = _ZTCQn'nDn’n door {

5m’,m+1

e—%(E(pz,n)—f(p;,n/)—hwo)t

& (p27n) -& (plz7n/) - th

XOp. p.+hiko T O/ m—10p. .p. —hko } ;o (7.94)

where
, (oo}
Drn:’r;n = /O p3Rn’,|m’|—1/2 (p) Rn,|m|—1/2 (p) dp7 (795)
and
gJ_n’ - gj_n 25@‘3
[p ; =— h302‘n’2n2 (n"+n)(n' —n) (7.96)

is the transition frequency between the initial and excited states of the
transversal motion of the electron in the crystal channel.
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Equations (7.93) and (7.94) determine the wave function of the one-
photon induced axial channeling effect. With the help of the latter the prob-
ability density (ZTW) of the electron after the interaction can be presented
in the form

p er,OR

W= gRiJm\q/z (p) + o Timifm|—1/2 (p)

Ry jm+1i-1/2 (p)

Im
Dt
w— Qn’n n’'n

X E Qn’n
n'2|m+1[4+1/2

R jm—1—
Y Qe gt ) pmim Ui (oo — wnt + ), (7.97)
n'>lm—1|+1/2

where the Doppler-shifted wave frequency w is

w = wo (1 ~ng Cf) . (7.98)

As in the case of the planar channeling the electron probability density is
modulated at the wave frequency. Consequently, the electric current density
in the case of an electron beam will be modulated at the stimulating wave
frequency and its harmonics (corresponding equations for the modulation
at the harmonics can be found in the next approximation of perturbation
theory). Equation (7.97) is complicated enough for general forms of the func-
tions R, m (p) and D™ ™. Tt is rather simplified for resonant transitions of
the electron from the initial bound state of transversal motion to the neigh-
bor ones. Thus, from Egs. (7.88), (7.95), and (7.96) we obtain that in the
expression of the modulation depth quantity Qn/nD;‘L‘/r‘:‘ ~ /€1 /&, The lat-
ter is the amplitude of the velocity of the electron transversal motion in the
channel v ,,,. Besides, the resonant denominators in Eq. (7.97) define the pe-
riod of coherent interaction of the electron with the EM wave in the channel:
(w— Qn/n)fl — At. Hence, the modulation depth ~ eFEygv |, At/w << 1 in
accordance with the perturbation theory.

Note that in general the function D,“L‘,/fl“ determined by Eq. (7.95) may be
presented in the form

D _ 22 2|m\+|m’|
W G I T (3 ) (2 )

(n+|m| —1/2)! (0 + |[m/| —1/2)! [ Il 42— (1/n+1/n)2
><\,/(”—|m|—1/2)!(71’—|m’|—1/2)!/0 (7.99)
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1 2 1 2
< F <_n+ m| + 5.2 m| + 1, Z) F (—n' + || + 5, 2w’ + Lf) dz.
n

n
In Eq. (7.95) integral is known as a function

st !

TP (a,0') = /e_ T VIS (a7, 02) F (o, y — p, ' 2) dz,
0

which is expressed via J° (a, ') by the recurrent relations.

7.5 Multiphoton Induced Channeling Effect

In the quantum description of the induced channeling effect in the previous
two sections the wave field was weak enough so that the interaction process
had mainly one-photon character. The coherent (resonant) interaction of the
channeled particles with a strong EM wave from the quantum point of view
has multiphoton character. Here we will consider the induced channeling
effect in the strong wave fields in the scope of quantum theory, that is, we will
solve the quantum equations of motion for channeled electrons or positrons
in the strong plane EM wave field.

We will assume that the wave propagates in the yz plane of a crystal and
is polarized in the xy plane with the vector potential

A= {Az (t—noz) LA, (t—noz) ,0}, (7.100)

where ng = n(wp) is the refractive index of the medium at the carrier fre-
quency of the wave. We will consider the case when averaged potential of
the crystal for a plane channeled particle is satisfactorily described by the
harmonic potential

U(r) =r—. (7.101)
For the positron at the planar channeling

88Uy
(see the potential (7.3)), while for the electrons the approximate potential of
the channel is actually not harmonic and described by the potential

Ulz) = —msff(i). (7.103)
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Nevertheless, for the high energies it can be approximated by the harmonic
potential (7.101). As we saw in previous sections, for the channeled particles
the depth of the potential hole Uy << &, where £ is the particle energy. The
spin interaction, which is ~ 7U(x), is again less than £. For this reason the
transverse motion of the channeled particle is described by the Schrédinger
equation (7.56) with the effective mass mcss = &,/c®. On the other hand,
the spin interaction can play a role in the particle-wave interaction process
at the energy of the photon comparable with the particle one: fwy ~ &. If
the particle energy is not high enough, i.e., & << m2c*/£, (optimal cases
for the channeling), then the resonant interaction of the channeled particles
with an external EM wave takes place at hwg << £ and the spin effects are
not essential. Hence, one may ignore the spin interaction and instead of the
Dirac equation solve the Klein—-Gordon equation

T R Y PN N s mret| w 7.104
[z 5 (ac)} —{c (p—g (t—nog)) +m } . (7.104)
As we saw in Section 7.3 the channeled particle initial motion (before the
interaction with EM wave) is separated into longitudinal (y, z) and transver-
sal (x) degrees of freedom. For the longitudinal motion we assume an initial
state with a momentum p, = {0, py, p. }, while for the transversal motion we
assume a quantum state {n}, where by n we indicate the energy levels in
the harmonic potential (7.101). As the plane wave field depends only on the
retarding coordinate 7 = t — ngz/c, then using the problem symmetry the
wave function of a channeled particle can be sought in the form

U(r,t) = fx,7)ek@r—El), (7.105)

The multiphoton interaction of the charged particles with a strong EM wave,
in general, as was shown in diverse processes is well enough described by
the eikonal-type wave function corresponding to a slowly varying function
f(x,7) on the wave coordinate 7. Hence, neglecting the second derivatives
of this function compared with the first-order ones in accordance with the
conditions (3.92) for the function f(z,7) we will obtain the equation

8% 2§ ph 0 eh 0
2 ¥ <& _ pno- - .ER o
h 8x2+ 2 e U(m))—|—2zc o 2@CAx(T) o
e e?
+2opy Ay (1) = Z AT (7)| flz,7) =0, (7.106)

where

1
D= - (&, —nocps) - (7.107)
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In Eq. (7.106) the transversal and longitudinal motions are not separated.
But after the definite unitarian transformation for the transformed function
the variables are separated. The corresponding unitarian transformation op-
erator is

§ = eHoMr-g:(mpe} (7.108)

where the functions g1 (7), g2(7) will be chosen to separate the transversal and
longitudinal motions and to satisfy the initial condition. Taking into account
Eq. (4.54) for transformed function

®(x,7) = Sf(x,7) (7.109)
we obtain the equation
0% 28 . (Pdgs2 (1) e 0
2 - 42 _ £ _ _ - —
[h 92 + 2 (€L —U(x)) + 2ih (c I g1(7) CAI (T)) .

2 (.d &, 2iph 0
+- <pgl(7—) + ng(r)) v+ =L g

+Q (7’)] &(x,7) =0, (7.110)

Q) =L (2D 0) - Do) - i) - St

e2

2e 2e
—?Am (M) q1(7) + ?pyAy (1) — C—QA2 (7). (7.111)
Let us choose ¢1(7) and go(7) in such a form that the coefficients of z and
0/0z in Eq. (7.110) become zero. Then for the functions g1 (7) and g2(7) we
will obtain a classical equation of motion describing stimulated oscillations
in the harmonic potential:

dg1 (1) &k
dT = 70719,92(7—), (7112)
dg2 (1) ¢ e
ZT = ggl(T) + EAI (7). (7.113)

The solutions of Eqs. (7.112) and (7.113) can be written as
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BQ/ —i2'r f 27! /
g1 (1) = - Im |e Az (T)e dr'|, (7.114)
g2 (T)ziRe e i / A, (7)€ ! , (7.115)
p
where
02
V== Q2 =c/r/E,. (7.116)
—ngi=

In Egs. (7.114) and (7.115) we have taken into account the initial condition
g1(=00) = ga(—00) = 0.

After the unitarian transformation (7.109) for the function ®(z, ) the
following equation is obtained:

0% 2§ 2iph O
2.7 bt} _ -
h 02 + c? (Er-Ul@)+ or

+Q (T):| &(xz,7) =0. (7.117)

Now in Eq. (7.117) the variables are separated and the solution can be written
as follows:

P(z,7) = Non () exp i% / Q(r)dr' 3, (7.118)

where ¢, (x) coincides with the harmonic oscillator wave function (7.58) and
N =1/,/LyL.is the normalization constant (L, and L, are the quantization
lengths). By inverse transformation

flz, 1) = §Td5(x, 7),

with the help of Eq. (4.66) we obtain the solution of the initial equation
(7.104) (taking into account Eq.(7.105)):

W (r,t) = Nexp {; (Pll‘—gt)} On (T + g2 (7))

xexp | . / QM - Lo () — (x| b, (7119)
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where the function @ (7) can be represented in the form

Q) = Zpy, (1)~ A, () ~ A% (7). (7.120)

This wave function describes the multiphoton interaction of the channeled
particle with the strong EM radiation field. Thus, for a monochromatic wave

A = {Aycos (wot — koz),0,0},

from Eqgs. (7.114) and (7.115) for the functions g;(7) and g2(7) we obtain

912

e
g (1) = EAOZ CoS woT,

A
g2 (1) = %% sin woT, (7.121)

and we will have the following wave function for the particle in the field of a
strong EM wave at the planar channeling:

. 2A2 2 A
U(r,t) = Nexp {;L (p,,r—é‘t _ £ 0% 7') } Pn <Jc + 0% sinw07->

4cpA DA
; A 912 2A2 2 + Q/Q
X exp {;_L ¢ cOA T coswoT + c 0‘*’;0(%‘22 ) sin (2woT) | p, (7.122)
where
A= wg — "7

is the resonance detuning.

On the basis of the obtained wave function (7.119) consider the possibility
of multiphoton excitation of transversal levels by the strong EM wave at the
resonance

N

w027|1_n0% .

(7.123)

The Doppler factor 1 —ngv,/c may be positive as well as negative — anoma-
lous Doppler effect at ng > 1. We will consider the actual case of a quasi-
monochromatic EM wave with a slowly varying amplitude Ag(7). After the
interaction with the wave (¢ — +o0 ) from Eqs. (7.114) and (7.115) at the
resonance condition (7.123) we have
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QZOTQ,

g1 (1) = 5 sin wo, (7.124)
AgT
92 (7) = 62% coswoT, (7.125)

where T is the coherent interaction time (for actual laser radiation T is the
pulse duration) and Ay is the average value of the slowly varied envelope.
Substituting Eqgs. (7.124) and (7.125) into the expression for the wave func-
tion (7.119) and expanding the latter in terms of the full basis of the particle
eigenstates

W(r,t) = > ap o () Y (1,1), (7.126)

’ ’
R

we find the probabilities of the multiphoton induced transitions between the
transversal levels. To calculate the expansion coefficients

apy e (1) = / W o (0,0 W (r,) d, (7.127)

we will take into account the result of the integration (4.73). Taking into
account Eqs.(7.124), (7.125), (7.119), and (7.127) we get the following ex-
pansion coefficients:

ap‘lnn/ (t) = Inn’ (Oé) 617; sPy 517'2 ;pz-’ruhko(n’—n)

X exp {;(E(p,’, n') — E(py,n) — phwo(n' —n))t + i(b} , (7.128)
where
1omp
,U - |1 . nov?z )
and

p

¢ %/Q(T)dT/

is the constant phase. Here the argument of the Lagger function I,, , (&) is

2AT?
o = —.
8h ¢cp

(7.129)
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According to Eq. (7.128) the transition of the particle from an initial state
{py,p=,n} to astate {p;,p},n'} is accompanied by the emission or absorption
of [n — n/| number of photons. Consequently, substituting Eq. (7.128) into Eq.
(7.126) we can rewrite the particle wave function in the form

U (r,t)=N Z Iy (@) exp {;i (pyy + (p2 + phko(n' — n))z)}

n’=0

exp {4 (EBun) + (' =)t +iof o (@) (1130

Hence, the probability of the induced transitions n — n’ between the energy
levels of the particle transversal motion in the channel finally is defined from
Eq. (7.130):

AT (Y
eO) (7.131)

W =12, -
’ n’"( 8hcp

Equation (7.130) shows that in the field of a strong EM wave the transver-
sal levels are excited at the absorption of the wave quanta if 1 — ngv,/c > 0
and pu = 1, corresponding to the normal Doppler effect, while in the case
1—mngv,/c <0 and u = —1 the transversal levels are excited at the emission
of coherent quanta due to the anomalous Doppler effect.

Let us now estimate the average number of emitted (absorbed) photons
by the particle at the resonance for the high excited levels (n >> 1) and for
the strong EM wave. In this case the most probable number of photons in the
strong wave field corresponds to the quasiclassical limit (|n — n’| >> 1) when
multiphoton processes dominate and the nature of the interaction process is
very close to the classical one. In this case the argument of the Lagger function
can be represented as

1 [(AEL\?
= — 132
a= ( s ) , (7.132)
where
E T v
NE, = Z0 AES

2 |1—’I”LOVT‘Z

is the maximal energy change of the particle according to classical pertur-
bation theory (Eq is the amplitude of the electric field strength of the EM
wave, V =~ cy/2nhf2/&, is the particle mean transversal velocity). Note
that according to conditions (3.92) of the considered eikonal approximation
AE << E.
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2
The Lagger function is maximal at @ — a9 = (\/n’ — \/ﬁ) , €Xpo-

nentially falling beyond ag. Hence, for the transition n — n’ and when
|n —n/| << n we have

The comparison of this expression with Eq. (7.132) shows that the most
probable transitions are

in accordance with the correspondence principle.
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8 Nonlinear Mechanisms of Free Electron
Laser

The problem of creation of short-wave coherent EM radiation sources in gen-
eral aspects reduces to the implementation of free electron lasers (FEL). The
principal advantage of a FEL with respect to traditional quantum generators
operating on discrete transitions in atomic/molecular systems is that the ra-
diation frequency is continuously Doppler upshifted due to high relativism of
electron beams, providing rapid tunability over a broad range of frequencies
up to y-ray.

Among the diverse versions of FEL at present the undulator scheme is be-
ing actively developed. Although the amplifying frequencies are still far from
X-ray, the main hopes for an efficient X-ray FEL remain associated with the
undulator scheme based on the accumulation of coherent radiation of ultrarel-
ativistic electron beams in the Self-Amplified Spontaneous Emission (SASE)
regime, in which the initial shot noise on the electron beam is amplified over
the course of propagation through a long wiggler. For that it is required that
the lengths are on the order of several ten to hundred meters. The recent
experimental success shows the feasibility of construction of such facilities.

Nevertheless, because there are no drivers or mirrors operable at X-ray
wavelengths the problem reduces to amplification/generation of coherent ra-
diation in the single-pass regime. It is clear that the latter can be achieved with
more efficiency via the nonlinear schemes of FEL induced by strong pump EM
fields. The latter will considerably abbreviate the amplification length as well
and one can expect small setup FEL devices.

On the other hand, as the photon wavelength moves into the deep UV and
X-ray regions the interaction becomes quantum mechanical, i.e., quantum re-
coil becomes comparable to or larger than the gain bandwidth and quantum
effects play an essential role. The quantum effects are also essential if one
considers the FEL versions where one or two degrees of freedom of the charged
particles are quantized and the resonant enhancement of electron—photon in-
teraction cross section holds. This takes place for the X-ray laser schemes
based on the electron/positron beam channeling radiation in crystals.

The smallness of the electron—photon interaction cross section can also be
compensated and the quality of the output X-ray radiation can be enhanced in
the hybrid schemes of FEL and atomic laser. It can be achieved by means of
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fast high-density ion beam interaction with a strong counterpropagating pump
laser field or with a crystal periodic electrostatic potential.

Investigation of the nonlinear schemes and quantum aspects of FEL on
the basis of a self-consistent set of Mazwell and quantum kinetic equations is
the subject of the present chapter.

8.1 Self-Consistent Maxwell and Relativistic Quantum
Kinetic Equations for Compton FEL with Strong Pump
Laser Field

In contrast to conventional laser devices in atomic systems, the FEL is usu-
ally regarded as a classical device that also exhibits non-Poissonian photon
statistics. But this is not a universal property of FELs as in some cases
quantum effects may play a significant role. In the quantum description the
small-signal gain of the FEL is usually represented as a convolution integral
of the electron beam momentum distribution with the difference between the
probability distributions of emission and absorption per photon. Since the
electron recoils in opposite directions depending on whether it emits or ab-
sorbs photons with the same wave vector k’, the resonant momenta of an
electron for emission p. and absorption p, are different. Hence, the probabil-
ity distributions of emission and absorption are centered at p. and p,, and
when these distributions are much narrower than the spread of the electron
beam distributions f(p), the small-signal gain is proportional to the so-called
“population inversion” f(p.)— f(pa). In the quasiclassical limit when photon
energy hw’ satisfies the condition

hw' << max{Ae,, Aey, Aep} (8.1)

(Ae, and Aey are the resonance widths due to energetic and angular spreads,
and Aisey, the resonance width caused by the finite interaction length) the
quantum expression for the gain coincides with its classical counterpart, being
antisymmetric about the classical resonant momentum p. = (p. + pa)/2 and
proportional to the derivative of the momentum distribution df(p)/dp at
resonant value p.. The result is that amplification takes place only if the initial
momentum distribution is centered above p. as the electrons whose momenta
are above p. contribute on average to the small-signal gain, and the electrons
whose momenta are below p. contribute on average to the corresponding
loss. This severely limits the FEL gain performance at short wavelengths.
In the more conventional undulator devices, to achieve the X-ray frequency
domain one should increase the electron energies up to several gigaelectron
volts, which in turn significantly reduces the small-signal gain (~ ’71;3)- To
achieve the X-ray domain with moderate relativistic electron beams (energy
of electrons < 50 MeV), the frequency of electron self-oscillation should be
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high enough ~ 10'* <+ 10'°s~! (in undulator 10!%s~!). The latter can be
realized, e.g., in the Compton backscattering scheme suggested over 40 years
ago.

Another way to increase the efficiency of a FEL is to achieve the quantum
regime of generation

hw' > max {Ae.,, Aey, Aer}, (8.2)

as in this case the absorption and emission line shapes are separated and the
simultaneous absorption of a probe wave is excluded. From this point of view
the scheme of an X-ray Compton laser has an advantage with respect to the
conventional undulator devices connected with the satisfaction of condition
(8.2) for the quantum regime of generation. To achieve this condition for
current FEL devices operating in undulators is problematic as it presumes
severe restrictions on the beam spread. Thus, the scheme of an X-ray Comp-
ton laser in the quantum regime of generation is preferable, since it requires
considerably lower energies of the electron beam and moderate restrictions
on the beam spreads.

Consider a scheme of X-ray coherent radiation generation in the nonlin-
ear quantum regime by means of a mildly relativistic high-density electron
beam and a strong pump laser field. This makes it possible to achieve the
quantum regime of generation at X-ray frequencies as well, due to radiation
of high harmonics of Doppler-shifted pump frequencies in the strong laser
field. In addition, concerning the further process of X-ray radiation amplifi-
cation it is necessary to realize a single-pass FEL, as long as the construction
of resonators in the X-ray domain is problematic. In the linear regime this
demands very long interaction lengths. Here the main emphasis is on the non-
linear regime of generation. The consideration is based on a self-consistent set
of Maxwell and quantum kinetic equations. Because the energy-momentum
levels are not equidistant, the probe wave resonantly couples only two Volkov
states, and the coupled equations will be solved in the slowly varying envelope
approximation.

We will consider given pump EM wave with four-wave vector k = (w/c, k)
which is described by the four-vector potential

AP = (0,A), (8.3)

where A is defined by Eq. (1.48). As we saw in Section 1.4 the Dirac equation
allows the exact solution in the field of a plane EM wave (Volkov solution).
Although the Volkov states are not stationary, as there are no real transitions
in the monochromatic EM wave (due to violation of energy and momentum
conservation laws) the state of a particle in an EM wave can be characterized
by the quasimomentum IT and polarization ¢ and the particle state in the
field (8.3) is given by the wave function (1.94).
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We assume the probe EM wave to be linearly polarized with the carrier
frequency w’ and four-vector potential

_ € —ik’x
Ay = 5 {Ae(t,r)e + c.c.} , (8.4)

where A.(t,r) is a slowly varying envelope, k' = (w'/c,k’) is the four-wave
vector and e is the unit polarization four vector ek’ = 0, and « = (ct,r) is
the four-component radius vector.

Cast in the second quantization formalism, the Hamiltonian is

b- / G+ HoBdr-+ Hons, (8.5)

where ¥ is the fermionic field operator, ﬁo is the one-particle Hamiltonian
in the plane EM wave (8.3), and the interaction Hamiltonian is

~ 1 [~
Hipy = - /]A’wdra (8-6)
with the current density operator

J = eWtyoy?. (8.7)

We pass to the furry representation and write the Heisenberg field operator
of the electron in the form of an expansion in the quasistationary Volkov
states (1.97)

t) - Zal_[,a (t)gpl_la (I‘, t)7 (88)

where we have excluded the antiparticle operators, since contribution of
particle-antiparticle intermediate states will lead only to small corrections
to the processes considered. The creation and annihilation operators, EE,U(t)
and a,»(t), associated with positive energy solutions satisfy the anticommu-
tation rules at equal times

{ar[ ), e o () =t = 00,07 (8.9)

{ar[ S(t).a ar[' () = = {an,0 (1), arr o (t') }1=¢ = 0. (8.10)

Taking into account Egs. (8.8), (8.7), (8.6), and (1.97), the second quan-
tized interaction Hamiltonian can be expressed in the form
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[ S €Ae —S —iA(s

Hpp= > Y, {QCM( ) (ILo; IT — Rk’ + shik,0”) e "4 ID!
s=—oo Il,o,0
al & eAe » (o) / / iA(s Tt
Xapy, o (e oo (t) + 2 M (L= Ak’ + shko’; TLg) "4
Xa}[—hkurshk,g/(t)aﬂ,o(t)}~ (8.11)
Here
[ e*(ke)Qas(av, B, 0) ~
M) H/,O'/;H,O' _ Ty ’ s\ 10, P) 7
( )= ymn, (p){ 262 (k') (kp)

(e@u(a,ﬂ, p)ke | eehQia(a 5. 9)

2c(kp’) 2c(kp) >+?Q0s(a757<p)}ug(p), (8.12)

where the vector functions Qf, = (0, Q1s) and scalar functions Qqs, Q25 are

expressed via generalized Bessel functions G(«, 3, ¢):

QOS = Gs(a757@)a (813)

A
le - 70 {el (Gs—l(aaﬁa (P) + G5+1(OZ,6, 90))

+ie2g (GS,1<01, 5a 4P> - Gs+1 (a7 63 @))} ) (814)
2
o= 38 (0. 0)
L az=9%) (Gosl G 8.15
0 2 s—2 Oé,ﬂ,@)‘i‘ s+2(aaﬂ7@))' ( . )

The definition of arguments «, 3, ¢ are the same as in Egs. (1.103)—(1.105).
The resonance detuning in Eq.(8.11) is

BA (s, T1) = /¢ (1 — 1’ + shk)? + m*2ch + !

—V/ 21?2 + m*2c* — shw. (8.16)



242 8 Nonlinear Mechanisms of Free Electron Laser

We will use Heisenberg representation, where evolution of the operators
are given by the equation

L [~ =
e — [LH] , 8.17
tho (8.17)
and expectation values are determined by the initial density matrix D

<L>=58p (f)i) . (8.18)

Equations (8.17) should be supplemented by the Maxwell equation for A,
which is reduced to

0A., 2K 0A, B —i47TC
ot W or w’

<€) > exp(ik'z), (8.19)
where the bar denotes averaging over time and space much larger than (1/w’,
1/k') and

<ej >=Sp (e}\f)) . (8.20)
Taking into account Egs. (8.7) and (8.8) we obtain

Goown = 3T {atn st

s=—oco Il" Il,0/ 0

< M) (I, o', ILo) e%(l‘[’—ﬂ—shk—i—hk’)w} _ (8.21)

As we are interested in amplification of the wave with a certain w’,k’, then
we can keep only resonant terms in Eq. (8.21) with IT' = IT — hk’+shk. In
principle, because of the electron beam energy and angular spreads different
harmonics may contribute to the process considered, but in the quantum
regime (see below Eqs. (8.44), (8.45)) we can keep only one harmonic s = sg.
For the resonant current amplitude we will have the expression

=

—i(ej) exp(ik’z) z/j(l_l,t)dl_l7 (8.22)

where
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J(ILt) = —

ie —~ o~ s iA(s
oy 2y o (1o (601 (I o' TL ) 200

(8.23)
and the summation over IT has been replaced by integration according to

1
%ﬁmm?’/dﬂ

Here we have introduced the notation
II;=1I—- k' +sohk. (8.24)

The physical meaning of Eq. (8.23) with Eq. (8.24) is obvious: it describes
the process where a particle with quasimomentum IT is annihilated and is
created in the state with quasimomentum IT — ik’+sphk with the emission
of a photon with the frequency w’ and momentum k’.

Taking into account Eqs.(8.11), (8.17), (8.9), and (8.10) for the operator
j(l_[,t) we obtain the equation

OJ(ILt) - %A,
o iA (s, II) J(ILt) = Seh(2nh)?

x 30 MO (I, 0 TLo) M) (W Ty o)y, (8o (1)

o’,0,01

~MC) (T, o' o) M) (s Ty, 00) iy, oo (Vim0 (8:25)

where we have kept only resonant terms. These terms are predominant
in near-resonant emission/absorption, since their detuning is much smaller
than that of nonresonant terms, which are detuned from resonance by
w >> |A(sg, II)].

We will assume that the electron beam is nonpolarized. This means that
the initial single-particle density matrix in momentum space is

Poios (H17 IT,, 0) =< 632702 (O)aHhUl (0) >= pO(Hh H2)5U1702' (826)

Here po(IL, II) is connected to the classical momentum distribution function
F(II) by the equation

po(r,11) = 2 g o), (8.27)
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~

For the expectation value of J(ILzt) from Eq. (8.25) we have

11t 2M2
OIILY 5 A (s 10y J(1Le) = S A, (P Y — F(I,0). (8.28)
ot 4he
where
2 R R
F(Hht) = W < art, ,oq (t)anh(ﬁ (t) >, (8'29)
M? =" M) (M, 0'; o) M) (o3 T ,07) . (8.30)

The M? is reduced to the usual calculation of a trace (see Eq. (1.112), where
summation over the photon polarizations should not be made), and in our
notations we have

2c¢4 , e 112
? = HfOHO {’ [(pG)QOs - E (lee )”
¢ (AKE? [0 *
_ TCQW {|le| + Re (Q23Q05)] } 5 (831)
where
dek (:1:) : (8.32)

In Eq.(8.31) one can neglect the terms on the order of (hk'k/(kp))? << 1 as
for a FEL this condition is always satisfied. Taking into account Egs. (8.11),
(8.17), (8.9), (8.10), and (8.29) for F(II,t) and F(IIy,t) we obtain

OF(Lt) 1

o = g (ALT(LE) + AT (IL1) (8.33)
OF(Myt) 1, . .
% = g (ALJ(ILE) + Ao (TLD)) (8.34)

To take into account the pulse propagation effects we can replace the time
derivatives by the following expression:

9,9 49
ot ot Vor
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where v = C2H/ Il is the mean velocity of the electron beam and the con-
vectional part of the derivative expresses the pulse propagation effects. In-
troducing the new quantity

SF(IL,¢) = F(II,t) — F(IL;, 1), (8.35)

which physically expresses population inversion in momentum space, from
Eqgs.(8.19), (8.22), (8.28), (8.33), and (8.34) we obtain the self-consistent set
of equations:

aJ(II) _oJ () e
8t +V ar _ZA(S(),H)J(H)—W

ASF (IT),

O5F (IT)  _9sF(IL) 1 . ‘

0A, k' 0A, 4dme
En + o /J(H)dH.

These equations yield the conservation laws for the energy of the system and
particle number:

2 21,/ 2 2
914 +$8|A6| _ _dmhe /(6+v3> SF(ID)dIL,  (8.37)

ot w or W' ot or
(gt +V§3~) <(5F (m)* + 62% |J(H)|2> =0. (8.38)

Note that from the set of Egs. (8.36) one can obtain a small signal gain passing
into perturbation theory which in the quasiclassical limit will coincide with
the classical one (the latter will be done for a wiggler).

8.2 Nonlinear Quantum Regime of X-Ray Compton
Backscattering Laser

In the quantum regime the emission and absorption are characterized by the
widths

A= Als,II) = w'(1 — %cosﬁ)

sohww’
Iy

—sow(1 — %cos Yo) + (1 —=cosb,), (8.39)
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250hww’

Aa =A (So, H—l—hk/ - Sohk) = Ae
I

(1 —cosb,), (8.40)

where ¥y, ¥ are the incident and scattering angles of the pump and probe
photons with respect to the direction of the particle mean velocity v, and
¥, is the angle between the propagation directions of the pump and probe
photons.

The quantum regime assumes that

250l

A, — A, i

(1 —cosébp)

02 A.

> max{‘aAeém + (6m;)?

on; 8771'2

;}’w} , (8.41)

where by 7; we denote the set of quantities characterizing the electron beam
and pump field and by &7; their spreads. The second term in the curly brack-
ets of Eq. (8.41) expresses the resonance width caused by the finite interaction
length and NV, is the number of periods of the pump field. In particular, for the
energetic (AE) and angular (AY) spreads from Eq. (8.41) (for 6, = 6y ~ ,
0 << 1) we will have

AE < I, (8.42)

4307?w

Ai
0AY + <5

2

2
‘ Av . (8.43)

The conditions for keeping only one harmonic s = sg in the resonant current
are

AE 1
= — 8.44
g << (8.44)
9A6+A—192 << (8.45)
5 = )

As we see, for not very high harmonics the conditions (8.44) and (8.45) are
weaker than the conditions in the quantum regime (8.42), (8.43) , or (8.2)
and are well enough satisfied for current accelerator beams.

Our goal is to determine the conditions under which we will have non-
linear amplification. We assume steady-state operation, i.e., dropping of all
partial time derivatives in Egs. (8.36). The considered setup is either a single-
pass amplifier for which an injected input signal is necessary, or self-amplified
coherent spontaneous emission for which a modulated beam is necessary. In
addition, we will consider the case of exact resonance neglecting detuning in
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Eqgs. (8.36) assuming that electron beam momentum distribution is centered
at A, =0, i.e.

J(r,t,II) = J (r,t)6(TI — I1,.), (8.46)

§F (r,t,II) = F (r,t) 6(II — II,), (8.47)

where for II,

Ae =A (So,He) =0.

To achieve maximal Doppler shift and optimal conditions of amplification
we will assume counterpropagating electron and pump photon beams (X axis,
0, = 6y = 7). In this case the optimal condition for the linearly polarized
pump wave is § = 0, while for the circular wave 6 ~ £/~ (0 << 1). For
the on axis radiation we have the following known formula for the radiation

wavelengths
1A 1+g2
N == 1 5 8.48

4 SO’Y% ( + 9 EO) ’ ( )

where X is the wavelength of the pump wave. For both cases we will assume
that the envelope of the probe wave depends only on = . Then the set of Egs.
(8.36) and conservation laws (8.37), (8.38) are reduced to

dJ]  e2M?
— = ——A_F
dx 4hev T
dF 2

— =——"A.J, 8.49
dx hcv ( )

hw'v
2

W =W, + (FO — F) ,
where Ny is the electron beam density, W is the probe wave intensity, and

W is the initial one. From Eq.(8.49) we have the following expressions for J
and F:

e|M| [*
F = NO COSs { 21/2ﬁcv /; Aedl'/ + QOO} 5 (850)
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—_ e|M]| e|M[ [* ,
J = 53/ Ny sin /2 her Acdx’ + g ¢, (8.51)

where g is determined by boundary conditions. Denoting

e|M|

— !
v = 21/2hcv/0 Acdz’ + o, (8.52)

we arrive at the nonlinear pendulum equation

d? .
dixi = x%sin p, (8.53)
where
M2 N,
2= me M Vo (8.54)

hw'cv

is the main characteristic parameter of amplification: L. = 1/ is the char-
acteristic length of amplification. For the linearly polarized pump wave from
Eqgs.(8.13), (8.14), (8.15), and (8.31) we have

A1(0, 3,
— 127;% . |\/ No(1+&3/2). (8.55)

Here «y is the fine structure constant and the function A; (0, 3, s) is expressed

by the ordinary Bessel functions:
so€d ) 5063
(4 + 263) ch (4 wag)y O

In this case only odd harmonics are possible. For the circularly polarized
pump wave we have

1
A1(075780) = 5 {Js02—1

C

o (9’)’1:

-2 % ) [Js, ()] \/ aO—NO(l +E+6%7), (857

and the argument of the Bessel function is

250&00
~ 250807 (8.58)
]. + 50 + 0 ’YL
We will consider two regimes of amplification which are determined by initial
conditions. For the first regime the initial macroscopic transition current of
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the electron beam is zero and it is necessary to have a seeding electromagnetic
wave. In this case the following boundary conditions are imposed:

Flo=0=No; J |z=0=0; W |s=0= Wh. (8.59)
The solution for the probe wave intensity in this case is written as

W (z) = Wodn ™2 (%x, /-@) , (8.60)

K= (1 + Noﬁw’v> , (8.61)

where dn (z, k) is the elliptic function of Jacobi and  its module.

As is known dn (z, k) is the periodic function with the period 2K (k) ,
where K (k) is the complete elliptic integral of first order. At the distances
L=2r+1)cK(x)/x (r=0,1,2,...) the wave intensity reaches its maximal
value which equals

Wnax = Wo + Nohwlv. (862)
For the short interaction length x < L. from Eq.(8.60) we have
W (z) = Wy (1 + x%2?),

and the wave gain is rather small. To extract maximal energy from the elec-
tron beam the interaction length should be at least on the order of half
the spatial period of the wave envelope variation — kK (k)/x. Under this
condition the intensity value Wy, = Wy + NAwW'V is achieved, because all
electrons make a contribution in the radiation field. Taking into account that
seed power is much smaller than Wy, and if 1 — x << 1

1 16
K —In|——
(H)—)Q n[lﬁ},

for amplification length we will have

WII]&X
L~ L,ln (42max ) 8.63
n( WO) (8.63)

Let us now consider the other regime of wave amplification when the electron
beam is modulated — “macroscopic transition current” .J differs from zero.
This regime can operate without any initial seeding power (Wy = 0). Thus,
we will consider the optimal case with the following initial conditions:
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J |e=0= Jo; F' |z=0= 6 Ny; W |z=0=0. (8.64)

Then the wave intensity is expressed by

W (2) = % (1 - 5N°> {W - 1} , (8.65)

and module x of Jacobi elliptic function is determined by
1
K= 5(1—&-—). (8.66)

As is seen from Eq. (8.65) in this case the intensity varies periodically with
the distances as well, with the maximal value of intensity

Nohw'v 0Ny
Wi = ~25 (1 2. (867
The second regime is more interesting. It is the regime of amplification
without initial seeding power and has superradiant nature. For the short
interaction length x < L. according to Eq. (8.65)

I=~,2 .2
_ Nohw'vy*a® (1 _ 5No) . (8.68)

4 No

The intensity is scaled as NZ (x? ~ Np) which means that we have a super-
radiation. The radiation intensity in this regime reaches a significant value
even at r < L.

The coherent interaction time of electrons with probe radiation is confined
by the several relaxation processes. To be more precise in the self-consistent
set of Egs. (8.36) we should add the terms describing spontaneous transitions
and other relaxation processes. Since we have not taken into account the
relaxation processes, this consideration is correct only for the distances L <
CTmin, Where Ty, is the minimum of all relaxation times. Due to spontaneous
radiation electrons will lose energy ~ hw’ at the distances

hw’ 3 50)\

Lyom = —————
W, ™ 21 ao(1 + £/2)82

(8.69)

where Wy is the intensity of spontaneous radiation (for linearly polarized
pump wave; for circularly polarized wave one should replace &2 — 2 £2).
Although the cutoff harmonic increases with the increasing of & ( s. ~ &3 ),
for the high laser intensities &y 7~ 1 the role of spontaneous radiation increases
as Ly ~ &y 4 and the above mentioned regimes will be interrupted. Therefore,
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the obtained solutions are correct at the distances ~ Ls. At & = 1 for the
high harmonics L. decreases and simultaneously the quantum recoil hw'/E
increases, but Ly ~ L.. The first regime will effectively work as a single-pass
amplifier if L. > 10L (see Eq. (8.63): Winax =~ eX/LeW, /4).

The second regime may be more promising as it allows considerable output
intensities even for the small interaction lengths (8.68). It is expected that the
effects of energy and angular spreads will not have a significant influence on
this regime as it is governed by the initial current and only Doppler dephasing
and spontaneous lifetime may interrupt the superradiation process. Note that
necessary for the second regime initially quantum modulation of the particle
beam at the above optical frequencies can be obtained through multiphoton
transitions in the laser field at the presence of a “third body”. The possibilities
of quantum modulation at hard X-ray frequencies in the induced Compton,
undulator, and Cherenkov processes have been studied in Chapters 3 and 5.

8.3 Quantum Description of FEL Nonlinear Dynamics
in a Wiggler

To evaluate the nonlinear gain of a FEL in a wiggler on the basis of quantum
theory we need the relativistic wave function of an electron in a wiggler. We
will consider linear (LW) as well as helical wigglers (HW). The magnetic field
of a wiggler is described by the following vector potential:

A ={0, Agcos(kor), gAgsin(kor)}, (8.70)

where
2
kO = {E,O,O} 5 (871)

with the wiggler step £. In Eq. (8.70) g = £1 correspond to HW, while g = 0
corresponds to LW.

The quantum dynamics of an electron in a wiggler will be described by the
Dirac equation which in the quadratic form (see Egs. (1.82), (1.83)), taking
into account the specified field configuration (8.70), can be represented in the
form

02 ~
{h28t2 + *P? — 2ce AP + 2 A% + mict — ecﬁEH} v =0, (8.72)

where

™
|
PR

g 2) (8.73)
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is the spin operator with the & Pauli matrices and
H=rotAgy (8.74)

is the magnetic field of a wiggler.
As the magnetic field depends only on the ¢ = kor, then raising from the
symmetry, we seek a solution of Eq. (8.72) in the form

U(r,t) = F()eh Pr=e0), (8.75)

where £ and p are the energy and momentum of a free electron.

To solve Eq. (8.72) we will consider F(¢) as a slowly varying bispinor
function of ¢ (on the scale of pk,/(hkZ)) and neglect the second derivative
compared with the first order, which restricts the magnetic field strength by
the condition

EAO €H0€

= — = . 8.76
¢ mc2  2rmc? << ( )

Here y;, = £/mc? is the Lorentz factor (£ is the so-called wiggler parameter
(5.26)).

Hence, from Egs. (8.72) and (8.75) for F(¢) we will have the following
equation:

. d e e? eh ~
{2zﬁ (pky) % + 2EpAH - C—2A%, + CZ}H} F(¢)=0. (8.77)

The solution of Eq. (8.77) can be written in the operator form

¢
7 2e e?
F(¢) = exp Sk, / (CpAH - CQA?{> d¢’

e o Uy

where u, is the bispinor amplitude of a free electron with polarization o (it
is assumed adiabatic entry of the electron into the wiggler — H (—o0) = 0).
Then taking into account the property of spin operator

~

exp [Ea] = %(exp(a) + exp(—a)) + a L

20 (exp(@) = exp(—a)),

and taking into account the condition (8.76), which in this case restricts the
parameter a << 1, for the wave function (8.75) we will have the expression
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ie Uy

U(r,t) = (1 + mi [kOAH}> N

, ¢
x exp{ pr—5t+;/ 25pA —6—2A2 a¢'| 3. (8.79)
h 2 (pky) 2

The wave function (8.77) is an analogy of the Volkov wave function
(1.93). Therefore, it is reasonable to represent the wave function in the
four-dimensional notation making analogy more evident. Introducing four-
dimensional vector potential and “wave vector”

2
AH:(O,AAH)7 kE(O,—l

0,0
87’)7

and taking into account that
S koA = ikAy,

the wave function (8.77) will be written as

M'/(r,t) = <1 + B?C\A\H) Yo

2¢ (pk) V2E

]
X L +L/ 2 pAn — S a2, o (8.80)
exp s |Pe D) pAm — Ay . .

Here p = (€£/c,p) is the four-momentum of a free electron and @ = a*y,.
As we see this wave function by the form coincides with the Volkov wave
function (1.93). Hence, we will not repeat all calculations which have been
done for the Compton effect and use the obtained results for spontaneous
as well as for induced undulator radiation. The main difference in this case
is that k% # 0 but taking into account Eq. (8.76) we can neglect the terms
which come from k2 # 0 (quantum recoil). This will be more evident in the
Weizsacker-Williams approach, when in the frame concerned with electrons
the wiggler field is well enough described by a plane EM wave field.
Performing integration in Eq. (8.80), taking into account Eq. (8.70), for
the electron wave function we will have
e%ﬁH

. 2 A2
wl'[g _ [1 + ua(p) v e AO

?
Iz — 20 (1 - ¢?)sin(2k
5 Oexp[ e h882(pk:)( g°) sin (2kor)

2¢(kp)
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i eA
X exp %Wﬂz) (py sinkor — p.gcoskor) |, (8.81)
where by further analogy with the Volkov states we have introduced four-

quasimomentum

m2c?

4kp

O=p+k (1+g*)€%,. (8.82)

Hence, the state of an electron in the wiggler field (8.70) is characterized
by the quasimomentum IT and polarization o and the wave function (8.81)
is normalized by the condition

1

— [ W, WUndr = 6(I1 — IT')8, o
(27Th)3/ 1’0’ * 11 ( ) s

The FEL dynamics in the wiggler will be described by the same self-
consistent set of Egs. (8.36) with

2 2c* ! e / 2
M2 = 2 |[(0) Qs B,9) — £ (@usle 5,00 | (8.83)
and the parameters «, G, and ¢ are
) 97 1/2
o= Ao Py Py 4 p- .\’
he | \pky p'ko 7 \\pk, ~ pko ’
€2A% 2 k/ko
= —1 , 8.84
5= 5a D (3.5
, o\ 2
9 (plzo o p’IZ«o)
tangp = —————.
Py Py
(pko p’ko)
The resonance detuning for the wiggler is
— 2 ’ 2 *2 4
RA (s0,II) = \/c (IT — kK’ — sohkg)” + m*2c
2TI2 4+ m*2ct + hw'. (8.85)

The spectrum of emitted photons is determined from the conservation laws
A (307 H) =0:
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2T —=
S0 2V cos Uy
(.d/ - v ‘ 2nchs ) (886)
1 — Zcosf + =7g*¢ cos 0,

where 6 and 0, are the scattering angles of probe photons with respect to the
electron beam direction of motion and undulator axis, respectively, and g is
the angle of the electron beam direction of motion with respect to undulator
axis. The last term in the denominator is the quantum recoil. Neglecting the
latter for the on axis radiation 8 = 9y we obtain the following known formula
for the radiation wavelengths

1/ 1+ g2
X:im% (1+ 29 g,%,). (8.87)

Note that the spectrum (8.87) coincides with the spectrum of Compton effect
(8.48) with the factor 1/4 instead of 1/2. As has been mentioned the scheme
of an X-ray Compton laser has an advantage with respect to the conventional
undulator devices concerned with the satisfaction of condition (8.2) for the
quantum regime of generation. To achieve this condition for current FEL de-
vices operating in undulators is problematic as it presumes severe restrictions
on the beam spreads.

8.4 High-Gain Regime of FEL

Now we will solve the self-consistent set of Eqgs. (8.36) for FEL at an arbitrary
detuning of resonance. As the most effective case the hydrodynamic instabil-
ity of a cold electron beam will be considered and the criteria will be obtained
showing that either High Gain or quantum regime of generation takes place
depending on the beam parameters and amplifying photon energy.

We assume steady-state operation of FEL at which one can drop all par-
tial time derivatives in Eqs. (8.36). To achieve maximal Doppler shift and
optimal conditions of amplification we will assume that the electron beam
propagates along the wiggler axis (OX) (or counterpropagating electron and
pump photon beams). Consequently, the electron beam dynamics will be
considered one dimensional.

Our goal is to determine the conditions under which we will have collective
instability, which causes exponential growth of the probe wave. Hence, we
will assume a small density perturbation for the electron beam and seek the
solution of Eq. (8.36) in the form

§F = 6Fy (IT,) + 0F, (IT,, @) .

Then in the first order by the field we will obtain the following set of linear
equations:
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_dJ(z,II;) . _e2M?
Ve —iA (so, ) J(z, II,) = e 0F,y (I1,) Ae (2), (8.88)
dA. (z)  4m
=2 _ o / J(x, IT,)dIT,, (8.89)
where
(SFO (HI) = Fo (Hx) — Fo (HI — hk/ — Sohko) (890)

is defined via initial distribution function Fy (I1,).
Performing Laplace transformation

fg) = / f(@)e " dz (8.91)

for the functions J(q, IT,) and A, (¢) we obtain

e2 M2
(Vg —iA (s0, 1)) J (g, I12) = —2—=0F0 (1) Ac (9), (8.92)
g, (q) = ii / (g, I1,)dI1,. (8.93)

From these equations we arrive at the following characteristic equation for
variable ¢:

dil,. (8.94)

= me? M? / 0Fy (I1)

hw'e vq — 1A (so, 1)
For the initial cold electron beam with the distribution function
Fy (I1,) = Nod (11, — ) (8.95)

from Eq. (8.94) one can obtain the equation

1 1
q:x2[ — — A] (8.96)

where

A=A (307H0x) ,

A, =A (50, Iy, + k' + Sohk‘o)
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are the resonance widths for the emission and absorption and x is the main
characteristic parameter of amplification in the quantum regime (see Eq.
(8.54)). Equation (8.96) is the cubic equation known in the FEL theory, but
it is more generalized and includes the quantum effects. We will solve the
latter in the opposite limits, which characterize the quantum and classical
high-gain regimes.

In the quantum regime when the electron beam momentum distribution
is centered at A, = 0 and

A,
x| << 14d] = |7 (8.97)

the second term in the square brackets of Eq. (8.96) can be neglected and we
obtain

q=*£X
whence the exponential growth rate in the quantum regime will be

Gq=x. (8.98)
This result is predictable from the nonlinear solutions (8.54) and (8.65) for
the short interaction lengths.

In the classical limit the quantum recoil can be neglected and since in this
limit A, = —A, (classical resonance), Eq.(8.96) under the condition

lq]? >> =¢ (8.99)

can be rewritten as

: (8.100)

whence the unstable root defines the classical result for exponential growth

rate:

AN\ L3

Gclz\f(2x2€) : (8.101)
v

For joint consideration of Compton and undulator FELs the resonance
widths (8.39) and (8.85) at the classical resonance for the emission/absorption
can be written as

Ae=g Ty

where the factor e = 2 for Compton FEL and € = 1 for undulator FEL, and A
is the wavelength of the pump wave or wiggler step. Recalling the definition

(8.102)
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(8.54) for the parameter y and using Eq. (8.102) the classical exponential
growth rate can be written as

2.2 V12N, 1/3
Gcl = @ (46807[.6‘/2(‘»()) . (8103)

In particular, at the linear polarization of the pump field for the on axis
radiation from Eqgs. (8.31) and (8.83) we have

2
M2 2 gp
Q’YL

B 5067 50&7
A=Jun <4+2§g> ~Jun <4+2§g ’

and §, = & and §, = &y for Compton and undulator FELSs, respectively.
Then for the classical exponential growth rate (8.103) we obtain the known
equation

A2

where

V3 [ 2esom2cPr. Ny A2 &2
Go=—F | ———=% . 8.104
cl 2 V2A 'YL ( )
Finally we note that the condition (8.99) for the classical high-gain regime
can be written as
A
X >> —, (8.105)

v

which is opposite the condition for the quantum regime (8.97).

8.5 Quantum SASE Regime of FEL

In the previous sections we have described the FEL dynamics by the univer-
sal self-consistent set of Egs. (8.36) which were derived in detail to reveal the
FEL dynamics in general. In particular, it has been solved in the steady-state
regime neglecting the dependence on time. This is appropriate for the FEL
when slippage due to the difference between the light and electron veloci-
ties is neglected. Here we describe the FEL dynamics in the Self-Amplified
Spontaneous Emission (SASE) regime taking into account the propagation
effects. Thus, we will not consider diffraction or saturation effects and the
FEL dynamics will be considered to be one dimensional. Taking into account
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the mentioned fact and keeping the time derivatives in Egs. (8.36), in a simi-
lar way as was done with respect to Eqgs. (8.88) and (8.89) we will obtain the
following set of linear equations:

8J(x,t,II,) _8J(x,t,II,)

ot +v p — 1A (s, ) J(x,t, 1)

2M2
- e4hc 5Fy (IT,) A (2, 1), (8.106)

0A, (z,1) n 0A. (x,t)  4dme
ot “ox W

/ (a4, 11,)dIT,, (8.107)

where 0 Fy (I1,,) is defined again by Eq. (8.90) via initial distribution function
of the electron beam.

By Fourier transformation for slowly varying envelopes of the probe EM
wave and electric current density

Ae(z,t) = /Aw(:z:)ethdw, (8.108)
J(:c,tJLE):/Jw(az,ﬂm)emdw7 (8.109)

Egs. (8.106) and (8.107) are reduced to the equations

OJw(x, I1,) _eAM?
0Ax(z) @ _Ar /
= i As () = = [ (e, I1L)dIL, (8.111)
where
O (IT,) = M_ (8.112)
v

The solution of Eq. (8.110) can be written as

Jo(x, II,) = J(0, [T, )@= )z
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€2M2 r 1) ’
o [ 0= (e=2) 4 (o5 Fy (IL,) da’ 11
Thew | € w(z)0Fy (I1,) dz'. (8.113)
0

Here it is assumed that
J=(0,1I1,;) = 7w5(ﬂx — Iy,), (8.114)

where J_ characterizes the shot noise in the electron beam or modulation
depth for the initially modulated beam. Substituting Eq. (8.113) into Eq.
(8.111) we obtain an integro-differential equation for the phase transformed
amplitude /Tw(a:) of the amplifying wave field:
A, ()
or

+i (% + O, (HOQ,)) Aa(2) = T,

7T€2M2
hw’cv

// (O (I1:) =0 (ox))(v=2") A _(:\§Fy (IT,) da'dIT,, (8.115)

where

A () = Ay (x)e 0= Uloa)z, (8.116)
In the quantum regime, when condition (8.97) holds one can neglect the

second term in Eq. (8.90) (which is equivalent to neglecting the absorption
probability compared with the emission one) and put

(SFO (Hw) ~ No(S(HJ; — How); A (807 How) =0 (8.117)

in Eq. (8.115). Then we will obtain

= _i(l_V) he() = 07 4 x / Ao, (3.118)
0

Performing Laplace transformation (8.91) on Eq. (8.118) we arrive at the
following characteristic equation for variable g¢:

P —i (1 - V) Ta—\2=0, (8.119)
A%

c

and the solution of Eq. (8.118) can be written as
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~ 1 % qA=(0) + 227,

Ay (x) = me‘ﬂdq, (8.120)

~ 2ir

where Zw (0) characterizes a coherent input signal. The contour integration
in Eq. (8.120) is the result of the inverse Laplace transformation and encloses
the poles which are the solutions of the characteristic equation (8.119):

2
; = 1_% 2
. (u)wﬂ(%_( ) = (s.121)

v 4x v

o\ 2
i v\ @ (1-3)" w2
- (1=1)=Z_ 1— </ = 8.122
© 2( c) v X\/ R (8.122)

In Eq. (8.120) the term proportional to A (0) describes the amplifica-
tion of the coherent input signal, while the second term proportional to J
describes either the amplification of the shot noise or coherent spontaneous
emission (for the initially modulated electron beam). Since the main propose
of this section is to study the amplification process without initial seed the
first term will not be considered further. Hence, at A, (0) = 0 Eq. (8.120)
yields

|

~ A Jg oAm T .
Ap(@)= = 2= e 0“2 oo, (8.123)
W q—q2 W aq—q

The root ¢; has a positive real part that gives rise to an exponentially grow-
ing term in the radiation intensity. Keeping only this term and taking into
account that ¢; — go ~ 2x, we have

Ap(x) = —— Jme®?. (8.124)

The spectral property of output radiation is defined by the dependence of ¢;
on w and from Eq. (8.121) we obtain

_%)? 2
Reqi ~ x — - = (8.125)

©
=
<l

For the average spectral intensity

I(z) = é <\Ew(w)|2> s <‘/~1w(x)’2> (8.126)

- 8me

with the help of Eqgs. (8.124) and (8.125) we will have
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— o 2
,7(;” e (m)) 1 X, (8.127)

I,(x) T <|7w‘2>exp

- 2ex?

where w’ is the resonant frequency (o — w — w’) and the spectral width in
the quantum SASE regime is defined as follows:

A, (@) = ﬁlvv. (8.128)

In the classical regime when condition (8.105) holds the electrons have
almost the same probability of absorption or emission of a photon and the
net gain factor is proportional to the derivative of the momentum distribution
function Fy(I1,). Hence, from Eq. (8.90) one can put

OFy (IL.) oI, ¢’

(8.129)

For the initial cold electron beam (8.95) from Eq. (8.115) in this case we

obtain
0An(z) v\ w ~ -
B Faa (1 - ) A=) = 7=

+ic?, / (z — 2) Ao (2/)da, (8.130)
0

where G is the classical exponential growth rate (8.101). Without initial
seed the solution of Eq.(8.130) is given as

~ B _iz jwqeqw
Aotw) = =iz, f CEPRICET ST (8.131)

where ¢ 2.3 are the solutions of the characteristic equation
@ —i (1 - V) T —iG3 = 0. (8.132)
c) v

The unstable solution (suppose Req; > 1) in this case is given as

e dm— ¢
Ag(x) = —Jo e'?®, 8.133
@) " @~ q2) (1 — q3) ( )

where one can put
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<\ 2

(-3 =
R ~ Gc — 707’ 8134
e T 126G, VP (8.134)

2

q1 1
~ 8.135
‘ (Ch - Q2)((I1 - (J3) 12G3l ( )

Hence, for the average spectral intensity (8.126) we have

@ =) a2gae
_QAEZ(x)]eG . (8.136)

I,(z) = GCLGEI <‘jw’2> exp

The spectral width in the classical SASE regime is defined as follows:

Ag(z) = \/%1 — (8.137)

Comparing Eq. (8.136) with its quantum counterpart (8.127) one can see that
for the same initial shot noise in the quantum regime the start-up intensity is
enhanced by the factor G%/x? >> 1 (see conditions (8.97), (8.99)) and the
spectrum of the SASE intensity is narrowed by the factor /2x /3Gy << 1,
while for the quantum SASE regime a longer amplification length is required.

8.6 High-Gain FEL on the Coherent Bremsstrahlung in
a Crystal

To achieve the condition of coherency for generation of shortwave radiation
by electron beams of considerably lower energies, in the problem of X-ray
FEL it may be reasonable to consider other versions of stimulated radiation
in the crystals, based on the coherent bremsstrahlung of charged particles on
the periodic ionic lattice. It is clear that the coherent length in this scheme
is confined by the multiple scattering of electrons in a crystal. The latter
drastically increases the lasing threshold for the beam density. To compensate
it we will consider the case when the electron beam current density is initially
modulated.

Thus, we will investigate the lasing in the X-ray domain due to the coher-
ent bremsstrahlung in a crystal, in the high-gain regime, when the electron
beam moves close to the crystal lattice plane or axis. To avoid the channel-
ing effect in a crystal we assume that the incident angle 6 of an electron
with respect to a crystalline plane or axis is larger than the Lindhard angle
0r. = \/2Uy/E, where Uy is the height of the barrier of a crystal plane (axis)
potential, and £ is the energy of an electron. In this case, when the radia-
tion coherence length . ~ v?v/w (v being the Lorentz factor, v the electron
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velocity, and w the radiation frequency) exceeds the crystal lattice periods:
lc >> d;, the bremsstrahlung emitted from the various centers interfere with
each other and the enhancement of radiation occurs, which is referred to as
coherent bremsstrahlung. The trajectory of a particle can be considered as
quasi-linear and the trajectory period will be determined by the space period
of the crystal potential. In this respect the coherent bremsstrahlung is close
to the undulator radiation, where the trajectory period is determined by the
space period of the magnetic field. We will assume that

N.Z.e*/hv >>1; 1.> R/, (8.138)

where Z, is the nuclear charge number of the crystal atoms, R is the radius
of screening, N, is the number of atoms on the radiation coherence length [,
and # << 1. In this case one can treat the particle motion by the classical
theory (the first condition is contrary to the Born one) and approximate the
interaction of the particle with the crystal by the continuous potential (second
condition of (8.138)) of atomic planes or strings, i.e., the atomic potential is
averaged over the given crystallographic plane or axis, which is oriented at
a small angle to the incident beam. For the concreteness we will consider
the case of the atomic plane, then the generalization for the crystal axis will
be obvious. The potential of the atomic plane, which governs the particle
motion, can be represented as a superposition of the potentials

Uz) =Y Uplw —ldy),
l

U, (z) = d; . / w(r)dydz, (8.139)

where u(r) is the single atomic potential. Considering U (x) as a perturbation,
from the classical equations of motion one can obtain the perturbed velocity
of the electron, which is responsible for the coherent bremsstrahlung. The
latter can be expressed in the form

r U, 2T
vy, ; o exp [zdlnv%] , (8.140)
where
4N, Z 4>
u, = —"aZat (8.141)

2
2mn 1
(32) + %

is the Fourier component of the potential U, (x) (8.139). Here N, is the atomic
concentration in the crystal and for the single atomic potential we have taken
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a screening Coulomb potential. We will consider the more reasonable case
of amplification of forward radiation of the electrons. Ignoring space charge
effects, the probe EM wave can be treated as transversal, propagating parallel
to the electron beam. We assume the probe wave to be linearly polarized with
the carrier frequency w, wave vector k, and electric field strength

E = Ey(t, z)et**=Y L cc., (8.142)
where Ey(t, z;) is a slowly varying envelope and z; is the coordinate along the

electron beam propagation. Taking into account (8.140), the rate of energy
exchange between the electrons and probe wave can be expressed in the form

d& uneFo(t, 2) .
& ~ Z e, exp [i¥,] + c.c., (8.143)
where
2T
¥, =kz —wt + d—nv@t. (8.144)
1

Then, the coherence condition, at which the bremsstrahlung emitted from
various crystal centers along the electron path interfere constructively, is the
following

dyv,, 2mnve

A (8.145)
which represents the general resonance condition for the forward radiation.
Though the consideration can be easily generalized to higher harmonics, we
will consider the fundamental resonance and keep only the resonant term
(n=1) in Eq. (8.143). For the formulation of the Maxwell-Vlasov equations
it is convenient to change the independent variables from (z;,t) to (z;, ¥1 = )
and the conjugate variable to ¢ will be

X = (v =)/, (8.146)

where mc?yy is the electron resonant energy defined from Eq. (8.145). From
Eqgs. (8.143) and (8.144) one can obtain the equations for (¢, x), generally
known as the pendulum equations in the conventional undulator version of
FEL:

dy  Arw
- _ 2 .14
= X, (8.147)

de _ egcb

=9 F W4 cc. 8.148
le 2mcv’y§ O(wa Zl)e + c.c., ( )
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where by further analogy with the undulator or Compton FEL we have in-
troduced the effective interaction parameter &, for coherent bremsstrahlung

8TCNyZore R
o= 8.149
b N ( )
which has the same physical meaning as the usual £y parameter for con-
ventional undulators (r. is the electron classical radius). Hence, taking into
account Eqgs. (8.147) and (8.148) the Vlasov equation for the phase-space
distribution function F'(z;,, x) will be

OF  4mfy 8£ e€ep

0z di O 2mevad

- oF
x (Eo(t, z1)e™ +c.c.) =— = 0. (8.150)
dx
The Maxwell equation for the slowly varying envelope of the probe wave can
be written as

aE() 270 8E0 é-cb_*‘/
T 4 By = —meXe W | Fd , 8.151
om " dy op MO % X (5151

where the bar denotes averaging over time and space much larger than
(1/w,1/k), and to take into account the probe wave damping because of
absorption and scattering in the crystal, we have introduced absorption coef-
ficient p. Equations (8.150) and (8.151) are the self-consistent set of equations
for the considered scheme of FEL. The main impending factor in the coherent
bremsstrahlung process, which we have not taken into account in Eq. (8.150),
is the multiple scattering of electrons in a crystal. The latter will not violate
the electron coupling with the radiation field and, consequently, will not have
essential bearing on the amplification process, if the detuning of the phase 1
due to multiple scattering is less than . For the forward radiation we have
the condition L§¥?2,,/2 < X (where X is the wavelength of the amplifying
wave), which restricts the effective interaction length of the electrons in a
crystal

—1/2
L < Loy = (87rerZNad’101n18SZa’l/3) , (8.152)

where L,,s and 9,5 are the characteristic length and angle of multiple scat-
tering.

We shall determine the conditions under which the collective instabil-
ity develops in the coherent bremsstrahlung process causing the exponential
growth of the probe wave. Correspondingly, we will assume steady-state op-
eration and a small density perturbation for the electron beam and seek the
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solution of Eq.(8.150) in the form
F=Fy+ Fe™ 4 cc.,

dropping all partial derivatives with respect to v in the equations for F; and
FEy. For the initial cold electron beam at the exact resonance with distribution
function

Fo(x) = Nod(x)

(Np is the mean density of the electron beam) from Eqgs.(8.150) and (8.151)
one can obtain the integro-differential equation for the slowly varying enve-
lope Ejy:

TR iy [ (- ) Ea(a)a (5.153)

Here we introduced the gain parameter

B 27r20re§3,bN09

ay = , (8.154)

vyedy
and for the initially modulated electron beam it was assumed that
Fi(z=0,x) = dNod(x),

where dNy /Ny is the modulation depth. Performing Laplace transformation
(8.91) on Eq. (8.153), we obtain the following characteristic equation:

¢+ pg® —ia, =0, (8.155)

which for the values oy > p gives the exponential growth rate for coherent
bremsstrahlung

(8.156)

V3 (27r20re§be09> 13
5\ T os :

G=2X2
V")/gdl

For the high-gain regime the growth rate (8.156) is required to be larger
than the characteristic ones for the impending effects of radiation absorption
and multiple scattering of electrons in the crystal: G > max{u, L. }.

For the electron beam low currents G << {u, L1} and for the initially
modulated current densities (6 Ny # 0), with no input signal, the solution of
Eq. (8.153) gives



268 8 Nonlinear Mechanisms of Free Electron Laser

EQZ

me€ebdNo (6,%2 _ 1) . (8.157)

You

In Eq. (8.157) the amplification length z is restricted by the length of the
multiple scattering of electrons in the crystal L,,;. At the large absorption
of amplifying radiation in the crystal, when p >> 1/L,,s, for the maximal
power of output radiation, which has a superradiant nature, we have

2
1~ C {Weé“mNo] . (8.158)

S22 yop

In the inverse case of small absorption y << 1/L,,, from Eq. (8.157) we have

2
I~5 {”egd’mLms] . (8.159)

- 87 Yo

Although the regimes (8.158) and (8.159) require low electron beam cur-
rents, they nevertheless may provide considerable output intensities for co-
herent X-ray. Hence, the considered setup of coherent bremsstrahlung in a
crystal may serve as a powerful mechanism for prebunched electron beam
superradiation, at moderate relativistic energies of electron beams.

8.7 Nonlinear Scheme of X-Ray FEL on the Channeling
Particle Beam in a Crystal

As the channeling radiation of ultrarelativistic electrons and positrons lies in
the X-ray and v-ray domain, and its spectral intensity exceeds that of other
radiation sources in this frequency range, hence, the stimulated channeling
radiation of charged particles is of certain interest as a potential FEL in the
short wavelength domain. As the absorption coefficients of X-rays and y-rays
in crystals are very high (~ 102 = 103cm™!) and the construction of mirrors
in this domain is very problematic, it is necessary to study the possibilities
of realization of the single-pass nonlinear regimes of X-ray amplification.

To obtain coherent radiation in the crystal channel it is most appropri-
ate to use electron beams with comparatively low energies (€ < 50 MeV
for planar channeled electrons and £ < 10 MeV for axial ones). First, the
states of channeled electrons are most stable in this energy region, i.e., the
scattering of channeled particles on atomic electrons and nuclei of the lat-
tice are suppressed. Then, at these energies a few discrete energy levels in
the transverse potential well of the channeled electron are formed that are
not equidistant. In this case by means of varying the angle of incidence of
the electron beam to the crystal an inverted population of electron states
in the transverse potential can be reached. In addition, at low energies it is
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possible to use electron beams with high densities and increase the popula-
tion inversion. Because the energy levels are not equidistant the stimulating
EM wave resonantly couples only two energy levels, and the physical pro-
cesses in the above-mentioned case of the channeling are similar to those of a
two-level atom (two-dimensional “atom” in the case of axial channeling, and
one-dimensional in the case of planar channeling) moving with relativistic
velocity.

The problem concerned with controlling the overpopulation of channeled
particles can be overcome by two component laser-assisted schemes. In par-
ticular, the stimulated Compton scattering by channeled particles is of cer-
tain interest as the necessity of inverse population of transverse levels for
lasing vanishes and the cross section of the considered process is resonantly
enhanced by several orders with respect to the Compton process on free elec-
trons.

For the description of a FEL operating in the crystal, where transverse
degrees of freedom of the particles are fully quantized, we will begin from the
second quantization formalism. The second quantized Hamiltonian is

b= / Gt HoBdr-+ Hons, (8.160)

where ¥ is the fermionic field operator, ﬁo is the one-particle Hamiltonian
in the channel of the crystal (along the axis OZ) with average electrostatic
potential U(p) (p = z in case of a planar channeling and p = /22 + y? for
the axial one), and ﬁmt is the interaction Hamiltonian:

1 [~
Hipy = =~ /j (Ac+ A)dr. (8.161)

Here 3 = eW+av is the current density operator (& is the Dirac matrix)
and A., A are the vector potentials of the probe and pump EM waves,
respectively. To achieve maximal Doppler shift and optimal conditions of
amplification, we will assume a co-propagating probe EM wave and channeled
particle beam and counterpropagating pump EM wave. We will consider a
linearly polarized (along OX) pump EM wave with the frequency w and wave
vector k that is described by the vector potential

o ,\AO i(wt+kz)
A=x3 {e + c.c.} . (8.162)

We assume the probe wave to be linearly polarized with the carrier frequency
W', wave vector k', and vector potential

1 oot ’
A, =% {Ae(t, 2)ei@'t=k'2) | C.c.} : (8.163)
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where A.(t, z) is a slowly varying envelope.
As in Section 8.1 we write the Heisenberg field operator of the particles
in the form of an expansion in the stationary states

U(r,t) = Gy, (e 7@y, (8.164)
I3

Pz

The creation and annihilation operators @\ ,, () and @y, . (t), associated with
positive energy £,(p) solutions of the Dirac equation, satisfy the usual anti-
commutation rules at equal times (see Egs. (8.9), (8.10)). Here pu, p, are the
complete set of quantum numbers p = {p,,n,c} for the planar channeling
and p = {m,n,o} for the axial one, n is the main quantum number and
m is the magnetic quantum number, o characterizes spin polarization and
Dy, D- are the components of particle momentum; 1, ,, are the normalized
eigenvectors of channeled particle corresponding to the given set of quantum
numbers. We will assume that probe and pump waves resonantly couple only
two transverse levels, which will be labeled (0) and (1). It is also assumed
that the particle beam is nonpolarized and the probability of transitions with
the spin flip is negligible (this imposes a restriction on the wave frequency
hw' << &,(p-)). As a result, taking into account Egs. (8.161)-(8.164) and
keeping only the resonant terms (Rotating Frame Approximation) the Hamil-
tonian (8.160) can be reduced to the form

H=>[&(p:)ad, a0 p. + E(p)ay, d1p.] + Hine (8.165)
Pz

with the interaction Hamiltonian:

.. — Biy. ot = il (pz+hk,ps,w)t
H; = g [20 {ZeA0a07pz+hkaLpz6
p-

+z‘eAea({pz_hk,al,pze”(m*hk’@zM’)t + h.c.}] . (8.166)

Included in Eq. (8.166) the resonance detuning I (p,p’, @) as a function of
any three parameters has the following definition:

E(p) — &) + hw
h b

I(p,p,w) = (8.167)

and (3, is the transition matrix element for the transverse velocity operator:

BL =8, T (8.168)
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where
SJ_ [ El
0, = "#" (8.169)
is the transition frequency between the initial and excited states of the
transversal motion of the particle in the crystal channel. The resonant fre-
quencies of the probe and pump waves for resonant coupling of the two trans-
verse levels are defined from the conditions

F(szFhk,puw) =0, F(pz—ﬁk/,pz,w/) =0

and are written as
201

w= 1+n(w) =

, (8.170)

2
W =—""__ (8.171)

- lfn(w’)‘%

Here v, is the electrons’ mean longitudinal velocity in the beam and n (w)
is the index of refraction of a crystal medium (n (w’) ~ 1 for the frequency
region under consideration).

The energy spectrum of the planar channeled electron in the potential
well (7.103) has the form

7:L2

2
—— 5 — ; =0,1,... 1
Sy [s—n]"; n=0,1,...,[s], (8.172)

gJ_n =

where

1 1 202m~AUy
Ty TVt T

and for the axial channeled electron in the potential (7.35):

mya? 1

= - . n=0,1,2,.... (8.173)
W (s )’

€ln = —

The selection rules for transitions are determined by the matrix element
of dipole momentum and for the axial channeling are: Am = =+1. For the
planar channeling, z,, - differs from zero between the states having different
parities. For the axial channeling there is degeneracy by the magnetic quan-
tum number and in the case of the wave of linear polarization both of the
states m = +1 will have a contribution in the resonant interaction process.
Because 3, depends on |m| for Am = £1 transitions, so the m = +1 states
are equally populated if the initial populations are also equal.
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In the channeling potential (7.103) for the pg = {0,0} — u = {0,1}
transition we have

h s—1\2I?(s—1
m:my(25—1)< 5 > ;2(8)2), (8.174)

where I'(s) is the Euler gamma function. In the potential (7.35) for the
transition po = {0,0} — p = {£1,1} we have

ae |3
BL = \@% 3 (8.175)

where the factor /2 is related to the degeneracy for axial channeling.

For the determination of the self-consistent field we need the evolution
equation for the single-particle density matrix p;;(p.,p.) =< ajfp,z Uip, >.
From the Heisenberg equation (8.17) in the interaction representation we
obtain the following equations for the populations of ground and excited
states:

5/)00(10 p/ t) € / —il(p.,p. —hk,w
zZy Mz _ A . hkt 7 (pz7pz s )t
9t 2FLCIBL |: OPOI(p y D ) )6

+Aopro(ps — bk, pl,, t)et (P=p=—hkw)t
+AZ por (pz, P, + K, t)e*““(p; DLk W )t
+Aep10 (pz + hk/’/’p;) t)eir(pz :pz+hk/,w/)t , (8176)

Op11 (pz > plz)
ot

e . ’ /
= — 551 |[Aopro(p=, L + bk, el (Pithbal )t
+Aep1o(pz,plz . hk/7t)eil"<p’z—ﬁk’7p’z7w/)t
+Aopor (ps + bk, pl,, t)e” T P=Fhkp )t

+AZpor (ps — WKl ) T (PR p= ) (8.177)
and for the nondiagonal elements we have

dpo1(p-, %)

e . ’ L
- A / zF(pz+hk,pz,w)t
ot 2hcﬁL [ 0poo(pz, P, + hk)e
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+Aep00 (pz,plz - ﬁk/)eir(p;—hk,m/z,w/)t
—Aop11(p- — hk,plz)eir(pZJJz—hk,w)t

—Acpir (ps + B pl )t (e p 1) (8.178)

p10(p=, %) = por (VL p2)- (8.179)

This set of equations should be supplemented by the Maxwell equation, which
is reduced to

0A, 0A. dmce I =il (ps,psthk! w')t
5 T = o B D poi (b= pe + e (pucr )t (8.180)

Pz

Equations (8.176)—(8.180) define the FEL dynamics in the crystal channel
with the pump EM wave.

First we consider the case when there is no pump field (49 = 0). In
this case for the X-ray generation process it is necessary to have an inverted
population of the energy levels in transverse potential or one should have
an initial macroscopic dipole momentum, i.e., the electrons should be in the
coherent superposition state of transverse levels.

If Ag = 0 from Eqs. (8.176)—(8.179) one can find the closed set of equa-
tions for the density matrix elements poo(pz,pz), p11(p- + bk, p. + hk'), and

Po1 (pzapz + hkla t)

dpoo (pza Pz, t) €

- A* D hk/ t —il—’(pz,pz-‘rﬁk‘/,w/)t
5t T ep01(Pz, = + Rk t)e

+Aep81<pmpz + hk/, t)eil“(pzypz-‘rhk/,w/)t , (8.181)

9p11(pz + Ik, p. + Bk, 1) Opoo(p2, Pz, t)

= 182
7 5t , (8.182)
and
8p01(pzapz + hklvt) _ ¢ iF(;Dz,;Derﬁk/’W/)t
8t - 28 ﬁJ_Aee
X [p11(p2 + BE' ,p. + BE ) — poo(p2, P2, t)] - (8.183)

Introducing the new quantities

p11(pz + hE' p. + BE' t) — poo(p2, Pz, t) = 2o F (p2),
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6/8 _1/ ’ UJ/
J(p2) = ﬁpm(pz,pz + hk' t)e I(ps.p=+hk' W' )t

and replacing the time derivatives 0/0t — 0/t + v,0/0z, we obtain

00F (pz) +v, 06F (pZ) _ _ € (AZJ(pZ) + A J* (pz)),

ot 0z hic
oJ (pz) oJ (pz) . ’ / _ e? i
ot + v, D2 + I (pz hE ,p.,w ) J(pz) ~ Ohe AF (pz)a
0A. 0Ac(t,z)  4mc
o e T W /J(pZ)dpz’ (8.184)

This set of equations is equivalent to the set (8.36) for the Compton and
undulator FELs. One should make only the replacement in Egs. (8.36)

M? =252, (8.185)

Hence, we will not repeat all calculations which have been done for Comp-
ton and undulator FELs and will use the obtained results. In particular, for
steady-state regimes we have the same solutions (8.60), (8.65), where the
main characteristic parameter of amplification (the characteristic length of
amplification) will be

(8.186)

The coherent interaction time of channeled particles with EM radiation is
confined by the lifetime of eigenstates of channeled particles and dechanneling
effects. For the axial channeling of mildly relativistic electrons the eigenstate
width is of order of 1 eV (at fiw’ ~ 1 keV) which corresponds to relaxation
length L, ~ 1 pm. For planar channeling this length is a little large. To
fulfill the condition L., < L, one needs high electron currents. However,
the maximal current that can be used in this process is strongly restricted
because of the effects of damaging the crystal as well as increasing the beam
divergence and the strong bremsstrahlung background. As we saw in Section
8.2 the regime of wave amplification when the electron beam is modulated
—“macroscopic transition current” differs from zero — may operate without
any initial seeding power, and radiation intensity in this regime reaches a
significant value even for small interaction lengths. In the considered case
initially electrons should be in the coherent superposition state of transverse
levels and the maximal intensity that can be extracted here is
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2
W ~ Nohw/Vz ( LT ) s
Lch

which for allowable electron currents at the frequency fiw’ ~ 1 keV is of order
of 1 kW/ cm?.

8.8 Compton FEL on the Channeling Particle Beam

Consider the scheme of X-ray coherent radiation generation by means of
mildly relativistic high-density channeled particle beam and strong counter-
propagating pump laser field. In this case the necessity of inverse population
of transverse levels for lasing vanishes and as we will see the exponential
growth rate of the considered process is resonantly enhanced by several or-
ders with respect to the Compton FEL. We will assume that the pump laser
field is not too strong (the Rabi frequency is small compared with resonance
detuning) and, consequently, the population of transverse excited state re-
mains small. The main terms responsible for the wave amplification in this
case are poo(pz, p» + Ak’ + hik,t) and po1(p., p. + hk'). Hence, from the set of
Egs. (8.176)—(8.179) in the first order by the fields when

(0) (1)

pij (D= 0%) = pij (=, 0%) + pyj (P2, %)

and keeping only the resonant terms we will obtain

Opoq (p=,p= + Bk + hk,t) _ eB1
ot 2hc

[Aeﬂﬁ% (p» + hK',p, + hk' + hk, 1)

><€ir(pZ ,pz+hk’,w’)t + Aopgi) (pzvpz + hk/v t)

><e*i[‘(pz+hkl+hkapz+hklvw)t:| , (8.187)

(1) Bk A R /
O (pzs D= 4 W) _CRODL ) et k! k) TP, (8 188)

and

apé(i) (pz’p;) — eﬁl zF(P/ +hk,p’ ,w)t
o e [Aopoo (p2,p., + hk)e

AP (b1l — B TP e (8.189)
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The Maxwell equation (8.180) for this process is

0A.  Amce

ot W B

X2 [Pfﬁ) (P2 P2 + ') + {3 (b2 p2 + hk')} e T pp ) (8.190)

Pz

Here we will consider the probe wave amplification in time at which the
spatial dependence of the quantities will be neglected. It is also assumed that
the initial electron beam is uniform and, consequently,

p: + 0,
p(()%)(p27p,/z) = 2nhky (2> Op.pls (8.191)

where F(p,) is the classical momentum distribution function of electrons.
Taking into account Eq. (8.191), the solution of Eq. (8.189) for the first-
order nondiagonal elements of the electrons’ density matrix is

ot (pzp=thk W)t

r (pzvpz + hk;’,w’) ’

p& (P2 ps + HK') = i%eAeFo (p2) (8.192)

PO (P + WK, p. + Bk + hk) = —i%erFo (p- + hk' + hk)

e—iF(pz+hk’+hk,pz+hk',w)t

“T (- + B + B p- + )

(8.193)

Substituting Eqgs. (8.192) and (8.193) into Egs. (8.187) and (8.190) and taking
into account that

I (ps,p. + Wk, w') — I' (p. + Bk’ + Bk, p, + hk',w) = Iy,.
(see the definition (8.167)), where

Eo(pz) — Eo(ps + hE' + hk) + hw' — hw
h

Top. = (8.194)

is the resonance detuning for the Compton scattering, we obtain the self-
consistent set of equations which determines the evolution and dynamics of
the considered FEL:

dA 4dme
e _ .AAS
dt ! + W'

/e—iF(pz,pz+hk/,w/)tJ(pz7 #)dp., (8.195)
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dJ Ape? 57 i (pa+hk'+hk,p.+hk' w)t
— D z z Wz .’UJ t -1
— T on(pz, ) (8.196)

don _ AvAce®BR i, { Fo(p-)

ot A T (p.,p. + Ik, ')

Fo(p. + Ak’ + hik)
- ) 1
I (p. + hk! + hk,p. + hk',w) (8.197)

Here for convenience we have introduced new quantities

1
On(psyt) = 5= pby) (P, ps + K+ hk, 1),

_eB1

J(pzat) - %Pm (pzapz + hklvt)a

and the summation is replaced by integration. Then

2me? 32 Fy(p2)
A= L [ dp. z 1
hw' / p I'(p,,p. + Bk W) (8.198)

is the frequency shift due to the particle beam polarization (induced dipole
moment).

Performing Laplace transformation on Egs. (8.195), (8.196), and (8.197)
we arrive at the following characteristic equation:

metpt A2

q—1A=—i dp-

2h3c2’! / (q+ilop,) (g + iy, p. ko)

X{ Fo(p:) _ Folp: + 1k +1k) ] (8.199)

sz Pz +hE W’ sz+ﬁk'+hk,pz+ﬁk',w

This is a transcendental equation that allows one to determine the small-
signal gain in various regimes. For the cold electron beam (8.95), taking into
account the condition |q| >> |Ip, |, |A| (high gain regime) and neglecting
the quantum recoil, from Eq. (8.199) one can obtain the exponential growth
rate:

1/3

drr, 2
G = V3 [4nre_me S5 N, (8.200)

2 )\c hQOl’}/ (52

Here A\, = h/mc is the particle Compton wavelength, r. is the electron clas-
sical radius, and
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o |w+VZk‘—_(201\

1)
201

is the relative detuning of the resonance.

Equation (8.200) defines the exponential growth rate of X-rays in the
crystal at “Compton” scattering of a strong pump laser radiation on the
channeled particle beam at the resonance. Instead of £2 in the Compton effect
on the free electrons the effective interaction parameter in the channeling
process is determined by the resonance parameter £2/62. For the high-gain
regime it is necessary that GL,/c > 1, where L, is the relaxation length in
the crystal.

The obtained results are also applicable for positron beams channeled
in the zeolite crystals containing hollow channels with the diameter R ~
10 =100 A. In this case, main time channeled particles move in the hollow
channel and atomic electrons are disposed in the thin layer of the internal
surface of the channel and the scattering processes are suppressed and the
relaxation time is much larger than in the monocrystals (L, ~ 0.1 cm).
Besides, if A < R () is the wavelength of amplifying radiation) the X-ray
absorption and scattering process is also suppressed, which in turn reduces
the threshold currents and the considered setup will be more preferable. In
this case, the potential of the channel can be approximated by the potential
U(p)=0,if p < R; and oo, if p > R. Then the resonance can be achieved by
the infrared pump lasers as hf2y; ~ 0.1 eV and one can consider the SASE
regime as a small setup single-pass soft X-ray FEL.

8.9 Nonlinear Scheme of X-Ray Laser on the Ion and
Pump Laser Beams

As an alternative version of FEL we will consider the problem of generation
of coherent shortwave radiation by relativistic ion beams when due to the
existence of bound states, the ion—photon interaction cross section resonantly
increases with respect to the electron—photon scattering one. From this point
of view stimulated radiation from relativistic ion beams is a synthesis of
conventional quantum generators and FELs in the X-ray domain.

We consider as our model a relativistic beam of two level ions, co-
propagating (Z axis) probe EM wave with a frequency w and wave vector
k and counterpropagating strong pump EM wave of frequency wg and wave
vector kg. The EM waves are treated as classical fields and the total electrical
field is given by

1 , ) 1 .
E(r,t) = §eOEoe“’°t*lk“r + ieEe(t’ r)e @tk e, (8.201)

The probe wave is characterized by slowly varying amplitude E.(t,r) and
unit polarization vector ¢, while a pump wave is characterized by a given
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amplitude Ej and polarization vector ¢y (both waves are linearly polarized).
We assume that an internal ionic electron is nonrelativistic and the transition
takes place from an S state to a P state. The Hamiltonian governing the
evolution of the ion beam in the field (8.201) takes the following second
quantized form in the resonant approximation:

H~ E Es(P)ayp ds,p + E [hﬂope a3 bk, 42,p
P

p,s=1,2

RS2 (0 )T e Gap + h.c.] . (8.202)

Here

Es(p) = \/02p2 + (m® +ws)?;, s=1,2 (8.203)

is the total energy of the ion with the momentum p of the center-of-mass
motion and wi, wy are the binding energies of the internal ionic electron
in the ground and excited states, respectively (m; is the ion mass). Then
at,, Gsp denote ionic creation and annihilation operators for the internal
states s = 1,2 with center-of-mass momentum p. These operators satisfy the
usual either bosonic or fermionic type equal times commutation rules. The

couplings

Egeodio vkg
Qop = —20512 () VX0 204
o = 0 (12200}, (5.201)
E.(t,r)ed k
Qp(r,t) = % (1 - Vw> (8.205)

take into account the dipole interaction as well as the interaction of magnetic
moment [di2 X v] /¢ (because of moving electric dipole) with the magnetic
field of the waves. In Eq. (8.205) v = p/m;~y is the ion velocity, v is the
Lorentz factor, and dys is the ionic transition dipole moment.

We will use again the Heisenberg representation where evolution of the
operators are given by Eq. (8.17) and expectation values are determined
by the initial density matrix of the ion beam (see Eq. (8.18)). Then the
Heisenberg equations should be supplemented by the Maxwell equation for
slowly varying amplitude E,(¢,r) analogously to Eq. (8.19). The resonant
current for ion beam is defined by the nondiagonal element of the single-
particle density matrix

prop,prik(t) =< Ty o\ i p > - (8.206)

Hence, for the determination of the self-consistent field we need the evolution
equation for the single particle density matrix
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pijp.p (1) =< @ L @ip > . (8.207)

We will assume that initially ions are in the ground state and the pump
laser field is not so strong or it is far off resonance and consequently, the
excited state population remains small. In analogy with the previous section
introducing the functions

Pr1ppike—tiko (F) = P50 b nie_nieg + (27R)e @70 bn(p, 1), (8.208)

Przppink() = Pon oo + (2nh)2 et I (p, 1) (8.209)

from the Heisenberg and Maxwell equations one can obtain the self-consistent
set of equations which determines the evolution and dynamics of the consid-
ered system:

OE, ?kO0E. . vk
5 + — o iAE, = 4mwed12/ (1 — w> J(p,t)dp, (8.210)

86,] +vo gj + il (p)J = if2ppon(p, t), (8.211)
aon aén .
a + Vvo—— or +ZFO( )57’L = ZQOpQP

I'(p) — Io(p) I (p)

To take into account the pulse propagation effects we have replaced the time
derivatives 0/0t — 0/0t 4+ v(d/0r, where vq is the mean velocity of the ion
beam. Here it is assumed that the initial beam is uniform and consequently

Fy(p+hk —hko)  Fy (P)} . (8.212)

_|_ /
piip (0) = (27h)PFy (P : p ) S (8.213)

where Fj (p) is the ions’ classical center-of-mass momentum distribution func-
tion and dp pr is the Kronecker symbol (summation is replaced by integra-
tion). Then

A:

vk 2
2mw |6d12|2 /dp (1 — Tk) Fy (p) (8.214)

is the frequency shift because of the ion beam polarization (refractive index
caused by ion beam) and
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_ &1(p) — &1(p + hk — fiko) + hw — g

Ih(p) -

(8.215)

is the resonance detuning for the Compton scattering of the strong wave on
ions, while

Iy(p) = 2R I ;52 (p + k) (8.216)

is the resonance detuning for absorption/emission of the probe wave’s quanta.

To determine the conditions under which we will have collective instabil-
ity and consequently the exponential growth of the probe wave, one should
perform the same procedure as was made for the high-gain regime of amplifi-
cation on an electron beam. We will assume again the steady-state operation
at which one can drop all partial time derivatives in Egs. (8.210), (8.211), and
(8.212). Performing Laplace transformation (8.91) on Egs. (8.210), (8.211),
and (8.212) we arrive at the following characteristic equation for variable g:

A K(p)dp
q-id= [ P (8.217)
where
. 2 2 2
K(p) _ 2miw |€§;§|C|Qop| (1 . \2()
Fo(p)  Fo(p+ hk — hko)
. [rxp) Li(p) ~ [h(p) } (8.218)

This is the transcendental equation which allows one to determine a small-
signal gain in various regimes.
For initially cold ion beam

Fy (p) = Niod(p — py)

(Nip is the beam density) taking into account Eqs. (8.215), (8.216), as well as
the conditions |q| >> |Io(po)|, |4| (high-gain regime), and |g| << |[I1(po)]
and neglecting the quantum recoil, from Eq. (8.217) one can obtain the ex-
ponential growth rate of the probe X-ray:

1/3
G V3 | 22 21w’ |6d12|2N 2210
=2 | P Ve o (8.219)
VgL Y2mae
Here
Eyeod
0, = 20tz (8.220)

2h
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is the Rabi frequency associated with the pump wave,
Voz
6 =wiz —wo, (1+°2) (8.221)
c

is the resonance detuning, and

W2 — W1

w12 = 7

is the transition frequency for internal ionic electron.

Equation (8.219) defines the exponential growth rate of X-rays at the
induced “Compton” scattering of a strong pump laser radiation on the ion
beam, which is resonantly enhanced with respect to the Compton laser on
free electrons.

8.10 Crystal Potential as a Pump Field for Generation
of Coherent X-Ray

Consider now the possibility of coherent X-ray radiation generation by a
fast, multiply charged, channeled ion beam in a crystal without a pump
laser field. In the proposed process the X-ray transitions involving the K or
L shell electrons in ions can be resonantly excited by the periodic crystal
potential seen by fast channeled ions. The emission frequencies in this case
are determined by the discrete spectrum of the electron states in ions and
by the Doppler shift due to the ion center-of-mass motion. With respect to
moving ions, the crystal electrostatic potential plays the role of an effective
pumping field with the Rabi frequency corresponding to a high power “X-ray
laser”. By varying the crystal thickness, one can obtain diverse equivalent
“X-ray pulses” leading to various coherent superposition states, from which
one can obtain coherent X-ray radiation from the ion beam spontaneous
superradiation.

Below we will consider superradiant coherent X-ray generation when an
ion beam moves close to the crystal lattice axis. This radiation is predicted by
the second quantized Maxwell and quantum equations governing the motion
of an ion beam in a crystal.

For channeling an ion beam in a crystal, we assume that the incident
angle of ions (with a charge number of the nucleus Z;) with respect to a
crystalline axis (OZ) is smaller than the Lindhard angle. Then the potential
of the atomic chain, which governs the ion motion, can be represented in the
form

Viz,rL) = Z Vo (r1) exp {ZQan} , (8.222)
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where d is the crystal lattice period along the channel axis, V,,(r, ) is defined
by the single atomic potential of the crystal, which is given by the screening
Coulomb potential with the radius of screening R and a charge number of
the nucleus Z,. that has the form

2eZ,.
Va(ry) = 7 Ko (r1qn),

1 2mn \ 2
G =\ 7z + <d) : (8.223)

where K is a modified Bessel function.

The potential (8.222) acts on the internal electron as well as on the ion
center-of-mass motion, providing channeling. The center of mass of the ion
represents slow oscillations in the transversal direction (r ) and free motion
(on average) along the crystalline axis. For the ionic electron the atomic chain
potential acts as an exciting field. The latter is obvious in the rest frame of
reference of the ion (neglecting transversal oscillations) where there is an
oscillating time/space electromagnetic field with a fundamental frequency
27yv,/d (v is the Lorentz factor, v, is the ion longitudinal velocity). If one
of the harmonics (n) of this frequency is close to the frequency wq2 associated
with the energy difference of the ionic electron levels

2Ty,

T i, (8.224)

we can expect resonant excitation of ions. The latter represents the conser-
vation law for the total energy (neglecting quantum recoil) in the laboratory
frame of reference.

As the physical picture of the considered process is more evident in the
frame of reference connected with the ion beam and the problem becomes
nonrelativistic in this frame, then it is more convenient to pass to the rest
frame of the ion beam (moving with the mean velocity vo of the beam). If the
resonance condition (8.224) holds, we can keep only the resonant harmonic
in the potential (8.222) and the Hamiltonian describing the quantum kinetics
of the channeled ion beam takes the following second quantized form in the
resonant approximation:

A, 3 &)ty Gop+ Y (W20 g ap+he|. (8.225)
p,s=1,2 P

Here we have introduced the lattice vector

2Ty

gn:(ovov_ )7
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where o = (1 —v2/c?)~/2, and af, , @, p denote ionic creation and annihi-
lation operators for the states s = 1,2 with center-of-mass momentum p and
energy

p2

&s(p) + ws

(ws is the binding energy of the ionic electron). These operators satisfy ei-
ther the usual bosonic or fermionic type equal time commutation rules. The
coupling is

o 2€ZC’YO
 hd

. _ fr B
£ {=ignf-Ko (T Lqn) +qu”Kl (mqn)} , (8.226)

where f is the ionic transition dipole moment, which represents the Rabi
frequency, with the assumption that the crystal potential acts as a quasi-
monochromatic wave with the frequency

2Ty
d

We = VoGn; Gn = . (8.227)

In Eq.(8.226) we have neglected the ion transverse oscillations, since they are
much slower than the frequency of collisions of ions with the atoms of the
crystalline axis. Here 7, is the ion mean transverse displacement.

The full Hamiltonian describing also the radiation processes will be

~ = PUR
H=H, + E hwckﬂck#
k,u=1,2

+ 3 [y Gl +hc ] | (8.228)
p.k,p

where the second term is the Hamiltonian of the photon field with the cre-
ation and annihilation operators EI: , Ck,u of photons with momentum hk
and linear polarization ¢, (u = 1,2’§. The last term is the Hamiltonian of
interaction of the ions with the photon field and

Oy = V2rhw (e,.f) (8.229)

is the Rabi frequency for the quantized photon field (the quantization volume
is taken to be V =1).

If the effective Rabi frequency is large enough and the crystal length is
short enough, the spontaneous emission and the relaxation processes may
be neglected during the time of interaction of ions with the crystal. In this
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case, the Heisenberg equation (8.17) for the operators asp may be solved
analytically. This gives the following solution:

—~ _i il Oy, . ~(0
di1p=¢e r€1(P)t o —igdy, T {cos QT+22‘;2 sin QT} ag’z),

Qc ~(0)

-~ — _ —igg(p)t 7;15 T a3
Gyp = —le 7 e'20v= SIHQTﬁaLpihgn.

(8.230)

(0)

Here a;

is the initial operator, 7 is the ion interaction time with the crystal,
Oy, = W12 — We — gnVs (8.231)

is the resonance detuning, and

Q=/|Q + == (8.232)

is the effective Rabi frequency. We assume that initially ions are in the ground
state, so that in Eq. (8.230) we have not written the terms with the operator
6(2?2). As we see, the population of electrons oscillates coherently between
the states depending on the crystal length L. ~ v, 7. If |£2.| >> |,.| and
the crystal length corresponds to “pulse area” |2.|7 = jr/4 (j = 1,2,...),
the ion beam will then have the maximal polarization (macroscopic dipole
moment).

To investigate the properties of ion beam radiation (in free space) we
come back to the full Hamiltonian and perturbatively calculate the photonic
operators Ci ,(t):

w8(hw + E1(p — hK) — E5(p)). (8.233)

The output spectrum consists of coherent and incoherent radiation. The co-
herent superradiation is defined by the mean value of the photonic operators
< Cku(t) >; ie., it is proportional to the Fourier transform of the mean ion
polarization < aip_ nk G2.p > . To determine the intensity of coherent radi-
ation we will assume that the mean number of photons is much smaller than
the total number of ions: N,, << IV;. In accordance with this assumption,
one can neglect the retro radiation effects. Otherwise, ions would respond
collectively, and as is known the N-particle spontaneous emission rate might
be much larger than a single-particle spontaneous emission rate, consequently
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the considered equations for the photons and ions operators should be solved
self-consistently.

From Eq. (8.233) we obtain the following equation for the total number
of emitted photons with momentum Ak and polarization g per unit time:

a]\]-l({coh) )
gt = 2mh | (e > Re{piop, —ticpr
P1,P
X p21p,p—nkd (hw + &1 (p — Ik) — &2(p))}, (8.234)

where piop p(t) =< a;p,aLp > is the nondiagonal element of the single-
particle density matrix defined by the operators (8.230). By summing over
photon polarization and integrating over frequency one can obtain the fol-
lowing expression for the angular distribution of superradiant power per unit
solid angle (dO):

dIcoh a2 N w12 2
o= N |G (K5 )|
~ 2
kv
X /exp (zcw12t> P(v,)F(v)dv| , (8.235)
where
1 .

Gla) = 5 / n(r)ei T dr (8.236)

is the beam form-factor with n(r) being the ion beam density function, F(v)

~

is the velocity distribution function of ions, I7 (k) is the single ion radiation
power with the unit vector k in the radiation direction, and

0 dy
P(v,) = ﬁc sin 27 {cos Q1+ i2;2 sin .QT} exp (—ignVv,T). (8.237)

For the beam spatial and velocity distributions we will assume Gaussian
functions with isotropic transverse distributions. Then, from Eq.(8.235) for
the differential power of the ion beam superradiation we obtain

dIcoh
do

- 5v3
= N/ L(k)exp [—ijfgt“' sin’ 19} |P(t,0)*

In

liw% .2 2 9 w12 9
xexp |——=5 - sin®d — g, (1 + o cos¥)?|, (8.238)
c
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where

v, cost v2 dv

P(t,9) = /P(Vz) exp |:Z : wiat — 3532 | Tomov.”

(8.239)

Here [, [, are the transverse and longitudinal bunch sizes of the beam with
the transverse and longitudinal velocity spreads dv,, dv,. As is seen from
Eq.(8.238), if the observed wavelengths are much smaller than the transverse
size of an ion beam, the superradiation from the ion beam will occur primarily
along the Z axis and will cover only a tiny solid angle, which will be defined
by the transverse size of the ion beam

02

AO ~ . (8.240)
li‘*’%z

The superradiant pulse duration depends on velocity spreads of the beam
and will be defined by the function P(¢,4). The analysis of Eq.(8.238) shows
the existence of two superradiant regimes of X-ray generation. For the first
regime when the phase matching condition holds

W12 = CYn, (8.241)

the superradiation from the ion beam may occur primarily in the backward
direction and the longitudinal bunch size [, of the ion beam should not be
smaller than the wavelength of superradiation. On the other hand, for the
resonant excitation the condition |§y| << wia should be fulfilled. Then taking
into account the phase matching condition (8.241), for the detuning (8.231)
we have

Vo

The latter means that for the backward superradiation it is necessary for a
relativistic ion beam to satisfy the resonance condition dg ~ w12/2fy§ << wia.

For the mean power of backward superradiation from Eq.(8.238) one can
obtain the following approximate formula:

Imean ~ NI | P(0,7)|* AO. (8.243)

In the opposite case when the resonance condition holds: wis = w. = vogn,
one can easily fulfill the condition for maximal dipole moment |{2.|] >> dg
for the light ion beams (Z; < 10, 79 =~ 1 ), but since the phase matching
condition (8.241) is violated: wia < cgy, the superradiation will take place if
the longitudinal bunch size of the ion beam is smaller than the crystal lattice
period d.
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9 Electron—Positron Pair Production in
Superstrong Laser Fields

Considering the interaction of charged particles with strong radiation fields
in vacuum we looked at the non-quantum electrodynamic (QED) properties
of electromagnetic vacuum. At such consideration, vacuum stipulates only
the classical dispersion properties of EM waves propagating with the speed of
light c. However, the latter is valid for radiation fields that are not superstrong
(&0 < 1), otherwise the excitation of QED vacuum and production of electron—
positron pairs becomes possible.

As follows from the physical meaning of the wave intensity parameter
&o, at values of & > 1 the energy acquired by an electron over a wavelength
of a coherent radiation field exceeds the electron rest energy mc?. On the
other hand, the energetic width of the vacuum gap or the threshold value for
the electron—positron pair production is 2mc?. This means that electrons of
the Dirac vacuum acquiring the energy £ > 2mc? at the interaction with the
wave field of intensity & > 1 will pass from negative energy states to positive
ones (excitation of the Dirac vacuum) and electron—positron pair production
becomes a fact (with the presence of a third body for the satisfaction of the
conservation laws for this process).

The production of electron—positron pairs by plane EM waves of relativistic
intensities (& >> 1) is essentially a multiphoton process, which principally
differs from the known “Klein parador” — production of electron—positron
pairs in stationary and homogeneous electric field proceeding over the elec-
tron Compton wavelength. The latter corresponds to the tunnel effect through
the effective energetic barrier of finite width formed from the vacuum gap of
infinite width by the presence of a uniform electric field (Schwinger mecha-
nism). The physical mechanisms are similar to two different limits of Above
Threshold Ionization of atoms in strong radiation fields — multiphoton and
tunnel ionization.

This chapter considers the excitation of the Dirac vacuum in superstrong
EM fields and the electron—positron pair production process in the presence
of a diverse type third body.
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9.1 Vacuum in Superstrong Electromagnetic Fields.
Klein Paradox

It has long been well known that in the background of a stationary and
homogeneous electric field the QED vacuum is unstable and electron—positron
(e, e™) pair production from the vacuum occurs (this mechanism is often
referred to as the Schwinger mechanism). However, a measurable rate for pair
production requires extraordinarily strong electric field strengths comparable
to the critical vacuum field strength

(9.1)

the work of which on an electron over the Compton wavelength A\. = i/mc
equals the electron rest energy. As we will see the probability of this process
reaches optimal values when

Eq
=—2>1 9.2
C ECN ? ( )

where Ej is the magnitude of a uniform electric field strength.

Fortunately, it seems possible to produce EM fields with electric field
strengths of the order of the Schwinger critical field in the focus of expected
X-ray FEL and consideration of this problem is theoretically important, since
it requires one to go beyond perturbation theory, and its experimental obser-
vation would verify the validity of theory in the domain of strong fields.

To solve the problem of e~, et pair production in the given electric field
we shall make use of the Dirac model — all vacuum negative energy states
are filled with electrons and e™, et pair production by the electric field oc-
curs when the vacuum electrons with initial negative energies & < 0 due to
“acceleration” pass to the final states with positive energies £ > 0. To dis-
tinguish the free particle states we will switch on and switch off the electric
field elaborating on a model which retains the main features of the spatially
uniform electric field and allows one to obtain an exact solution for the Dirac
equation and final expressions for the pair production rate in closed form.
Thus, we will assume an electric field of the form

Ey .

E(t) = mz,
T

(9.3)

where T is the characteristic period of the field and 7z is the unit vector along
the field strength. The vector potential corresponding to this field may be
written as
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At) = —c j B(t)dt = —cEyT7 {tanh <;> + 1] . (9.4)

We will solve the Dirac equation in the spinor representation (see Eqgs.
(1.77), (1.78)). Since the interaction Hamiltonian does not depend on the
space coordinates, the generalized momentum pg is conserved. Hence, the
solution of Eq. (1.77) may be represented in the form

U(r,t) = Wy, (t) eFPOT, (9.5)
and from Eq. (1.77) for the function ¥y, (t) we obtain the following equation:

iﬁdigo = [ca (po—l-ZA (t)) —l—mCQB} U - (9.6)

In this section the electron charge will be assumed to be —e. Since A(—o0) =
0 the solution of Eq. (9.6) at ¢ — —oo should be superposition of the free
particle solutions wgg,)g with negative (s = —1) and positive (3 = 1) energies
and polarizations o = i% (spin projections S, = :l:% in the rest frame of the
particle):

o ) semcw(1/2) v
q/} 2 _ s 67%%502 9.7
Po,1/2 28 (&9 — »cpoz) (Ey — scopy) wl/2) 7

(€0 + scopg) w1/
w(%) _ ; efiﬁ'z&)t’ (9.8)
Po,—1/2 280 (Eo + 7cpoz) \ 0 2,,(~1/2)

where & = \/c?p + m2c?, o are Pauli matrices, and the spinors wF/ D are

a2 _ (LY. (-172) _ (0
= (p) = (1)

At t — oo, the electric field E(co) = 0 but
A(0) = —2¢EyT7Z, (9.9)

and the solution of Eq. (9.6) at t — oo should be superposition of the free
particle solutions (9.7), (9.8) where the “final momentum”
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oo

Pp=po—e¢ / E(t)dt = po + SA(OO) (9.10)

—00

stands for pg. Equation (9.6) in the quadratic form (see Egs. (1.82), (1.83))
for the bispinor components

f1
(1) = | 2 (9.11)
’ f3
Ja
gives the following set of equations:
d2
{h2dt2 + E2 + 2 A%(t) + 2ecpo. A (t) F iechE(t)} f12=0, (9.12)
d2
{thtQ + &5 + 2 A%(t) + 2ecpo. A (t) £ iechE(t)} f3,4=0. (9.13)
Thus, solving the equation
5 d° 2, 242 '
{h a2 + & + e A%(t) + 2ecpo A (t) — 5zechE(t)} $=0 (9.14)

with 6 = £1 one can construct the whole bispinor (9.11). Passing in Eq.
(9.14) to the new variable

t
2= —e’T,
and seeking the solution in the form
L EQT . eBgT?c
0 52

D(t)=(—2)"7 (1-2) F(2), (9.15)

we obtain the equation for hypergeometric function F («, 5,7, 2):
2(1=2)F"+(y—(a+B+1)2)F' —aBfF =0. (9.16)
The parameters «, 3,7 are defined as follows:

o (€, 8) = Z,Eo + & -|-2]2‘;56E()CTT’
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& — E + 2ideEycT

B(Ey,0) =i o T, (9.17)
&
v (&) =1 —H’%T,

where according to Egs. (9.10) and (9.9)

E =1/ (po — 2B TZ)” + m2ct.
The general solution for hypergeometric equation (9.16) is
F(z) =F (o, 8,7,2)+ 2 "Fla—y+1,8—v+1,2—7,2).  (9.18)
Taking into account the relations

05(80,6)—’7(50)4—1 :Oé(—go,(5>,
B(&0,6) —v (&) +1 =B (=&0,0),
2—-v=7(-&),

& &
P27 41— (&) = —is

2h 2hT7

the general solution for bispinor ¥y, (¢) can be written as follows:
AP (50, 1; Z) + As® (750, 1; Z)
B,® (80, -1 Z) + By® (—50, —1; Z)
Up, (1) = : (9.19)
C1P(Ey, —1;2) + Co® (—&p, —1; 2)
D@ (50, 1; Z) + Dy ® (—50, 1; Z)

where

.ceEgc 2
=T

B(E,0:2) = (—2) T (1 2)"

xF (a(&0,9),3(E0,6) .7 (€0) , 2) (9.20)

and the coefficients Ay 2, Bi 2, C12, D12 should be defined from the initial
condition.
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To determine the probability of e™, et pair production we use the initial
condition: at t = —oo when A(—o00) = 0 this wave function must turn into
the free Dirac equation solution with negative energy in accordance with the
Dirac model. Then taking into account that at

t— —o0; z—0,

. E i
B (E9,0:2 — 0) = (—2)'2h L = ehbol,

we obtain
—mc?® (£, 1;2)
0
1y _ I (9.21)
Po,1/2 2&o (80+Cp02) (Eo + ¢epoz) P (Eo,—1; 2) 7
(cpox + icpoy) @ (o, 15 2)
(—cpox + icpoy) P (€0, 1; 2)
- 1 (50+Cp0z)¢<507_1;z)
i Y S 9.22
po,—1/2 2&0 (&0 — ¢po-) o

0
—mc2® (&, 1;2)

After the interaction at ¢ — +00; 2z — —oo these wave functions become the
superposition of the free Dirac equation solutions. To determine the asymp-
totes of these functions we will use the following property of the hypergeo-
metric function:

F(a’ﬁ’%z)zigﬁ;?g:g (—z)“F(a,a+1_%a+1_5,i>
re)ra=p,_ s T
+F(a)F(7_g)( ) F<575+1 V641 Z) (9.23)

Hence, for the function ¢ we obtain

Ly oo :e—%StF(’V(gO))F(ﬁ(gOaé)_a(5076))
? (60,82 = —oo) T (53 (80, 0) I (7 (o) — o (80,9))
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I' (v (&) I' (a (E,6) — B (&o,0))
I'(a(&0,0)) I' (v (&) — B(&0,9))

Taking into account the relations

+e%£t

(9.24)

E—& +2eEocl & —cp.
E —E+2eEocT & + cpos’

Doz — Dz = 2€E0Ta

for the bispinor wave function (9.21) we obtain

vt too) = C(E) WY, +C (=&)Y (9.25)

Po,1/2 p,1/2 p,1/2’

where

EE&
¢ (8) N \/(50 —-&+ 2€E()CT) (5 - 5() + 2€E06T)

2I (i%eT) I (—i&T)

x I (Z'EO—E-E?;EOCTT) A (ié'o—é'—z%eEocTT) :

(9.26)

The probability of the e~, e™ pair production summed over the spin states
is

W(E) =2|C(&)]. (9.27)
Taking into account that

I Gin)? = T

TG =

for the probability (9.27) we obtain

R
W(E)=2 . 9.28
(£) cosh (W%T) — cosh (ﬁg_—h&JT) ( )

cosh <ﬂ%> — cosh (71'8780 T)

The number of created e~, e™ pairs per unit space volume is

_ dpo
N= /W(g) (2rh)*’

which with Eq. (9.28) is written as
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9 / cosh (w%ﬁz) — cosh (wg_}f" T)

dpo-dposdpoy.  (9.29)
cosh (TF%T) — cosh (wg%go T) e

B (27h)®

The probability (9.28) has a maximum at py, = eEyT (the electrons and
positrons are created with the same energy, i.e., p, = —eFEpT). In the limit
T — oo the electric field (9.3) tends to a constant one: E(t) — Eyz and from
Eq. (9.28) one can obtain the probability of the e™,e™ pair production in
the static, spatially uniform electric field. In this case in the integral (9.29)
over pg, the main contribution gives the maximum point with the width
0po. =~ eEyT. Hence, at

(ceEOT)2 >>m2et + C2P8J_; PoL = \/m

m2ct + C2ng
QCeEoT

we have

Eo = E ~ ceEyT +

and for the number of e~, et pairs created per unit time and unit space
volume we obtain

N 2 m2c* + 2p?
— ~ ——¢E — 0L | o, dpoy. 9.30
T (27Th)3e o/exp{ ™ ceEoh } PozAPoy ( )

Integrating in Eq. (9.30) over transversal momentum we obtain the Schwinger
formula:

2.3

Nsen e*E} m2c
T = aonze P | T e, | (9.31)

or in the terms of critical field

Ngen (% mc? N { 71'}

T 4w\ h

; (9.32)

If ¢ << 1 the probability of pair production is exponentially suppressed and
reaches the optimal values when ¢ 2 1 at which

N,
—;Ch > 10¥cm 3¢ 1.
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9.2 Electron—Positron Pair Production by Superstrong
Laser Field and v-Quantum

For the electron—positron pair production by superstrong laser fields of rela-
tivistic intensities as a third body for the satisfaction of conservation laws in
physically more interesting cases can serve a y-quantum or a nucleus/ion.

Fig. 9.1. Feynman diagram for electron—
positron pair production by laser field and ~-
quantum.

The e~, et pair production process by a plane monochromatic radiation
field and a y-quantum in the scope of QED is described by the first order
Feynman diagram (Fig. 9.1) where wave functions (1.94) correspond to elec-
tron/positron lines. As in QED the production of electron and positron with
quasimomentums I7_ and I1; respectively is interpreted as a transition of an
electron from the vacuum state “—I1.” to state II_. The Feynman diagram
is topologically equivalent to that of the Compton effect. Hence, the S-matrix
amplitude of this process can be obtained from the Compton-effect S-matrix
amplitude (1.114) by the substitutions: e, — ¢,, &' — —k', II — —II,
I — I :

T

. 4 —
St = —i(2mh) Y clly o V3 Uy

(p-)

K MO (5 e K =~k T — —IT I — ) ug(—py).  (9.33)

We will assume that the y-quantum is nonpolarized and corresponding
summation over the electron and positron polarizations will be made. Taking
into account that at the summation over the positron polarizations one should
replace u(—p,)u(—p) by ¢2(py — mc) one can see that

3> Ispl

o’ ,0,€
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_ L Seil? K — —K I — —II,., 1" - II_). 9.34
f +

(Compton)

For the differential probability of e~, et pair production per unit time we
have

1 o dII_ _ dIL,
AW = — SplP V- v 9.35
3 2 15l (2rh)® " (27h)° (9.35)

ol o,€

Hence, using Egs. (1.114) for the Compton effect and taking into account
relation (9.34) for the differential probability (9.35) we obtain

dW = Y W@ (IT_ + ITy — hk' — shk)dII_dIT, (9.36)
§>Sm,
where
1/1/(5):ch6 G,J? - 1_M
27rw’h2]70+]70_ s 2 (p+/€) (p_k)

1+ 2)¢2
(B (6 4 (Gl - 21607

o 2\¢2
n % Re [2G%_Gor1 — G2 (Gon + GS”)})] . (9.37)

The arguments of the functions G; (o, 8, ¢) in this case are

1/2

eAg eip- eipy+ ? 2 [ €2P- €Dy ?
= — — — 9.38
he ( vk k) T\ ok ik (039

e? A2 1 1
- _ 1-¢%) | — + — 9.39
p=-Su-a (S (9.39)
o (5 - %)
tango - (elp— _ e1p+) ' (940)
p-k p+k

Since the pair production is a threshold effect, the number of photons ab-
sorbed from the strong wave must exceed the threshold value
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2m*202
_amoe 9.41
m =02 (kk)’ (9-41)

which follows from the conservation law of this process expressed by the
d-function in Eq. (9.36) and the dispersion law for quasimomentum (1.96).
Note that in Eq. (9.41) the effective mass appears which depends on the laser
intensity. If s, > 1 (for low photon energies), production of the electron—
positron pair may only proceed by nonlinear channels (even for {, << 1).
Besides, this process does not have a classical limit and the quantum recoil
is always essential.

For the concreteness we will investigate the case of circular polarization
of the incident wave (g = #1). In this case |G,|* = J2(a) and from Eq. (9.37)
for the partial probabilities we have

2,25 2 (kk?
o emid | PR
W = T, 1,y [‘JS (@) =& ( 2 (p+k) (p-k)

X ((222 — 1) J2(a) + Jf(a)ﬂ . (9.42)

Taking into account the conservation laws, as well as the relations p_k = II_k
and pyk = Ik, the argument of the Bessel function can be written as

G-l

1/2
__me 1 1 s o 1 1\’
=& - [2571 (H_k: + H+k‘) mic (H_k: + H+k‘) ] . (9.43)

For a weak EM wave: {y << 1 and s,, < 1 (linear theory) the argument of
the Bessel function & << 1 and the main contribution to the probability of
the pair production is the one-photon process. In this case JZ(a1) ~ a2 /4,
J2(ay) ~ 1/4, ITyy ~ &, Iy ~ E_ and taking into account that

2

“ =80T

P . S | [p-k pk}

2(p+k) (p-k) 2 |pik pok

we obtain the G. Breit, A. Wheeler formula:

wm — e?m?cd 52 9 m2c? n m2c?
T 8nwh3ELE hp_k ' hpik
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2.2 2.2\ 2
mc mec _k k
iy (U 4| =2 B (9.44)
hp_k  hpik p+k  p_k

For a strong EM wave it is more convenient to choose the quantum recoil
parameter as an integration variable:

_ hz (kk/)Z _ hZ (kk/)Q
P 2(pek) (p—k)  2(I1 k) (IT_k) (9.45)

Taking into account the azimuthal symmetry with respect to the wave prop-
agation direction one can make the following replacement:

dXT_dII 2 1
§(II_ + 11, — hk' — shk) =t =5 =2

- dp,
ol @ o/ -2

(9.46)

and we obtain

25/Sm
e2m2c® &
W= —rs > / {Jsz(@s(ﬂ))+f§(ﬂ—1)
S§>8m 2

(555 -1) 2tan o+ 72 1) | v =

where the argument of the Bessel function is

9 1/2
o —sp - pz] . (9.48)

o 0) = gt Lm

The latter reaches its maximal value

_ &
CVS max — S
V1t

at p = s/8,,. This value is in the integration range when s > 2s,,. If s, >>
1, which is possible for not so hard v-quantum, and at £ > 1 one can
approximate the Bessel function by the Airy one (see Eq. (1.69) for Compton
effect) and for the probability of the pair production we obtain

(9.49)

25/8m

T ol B (RTTSE [
2

S$>8m
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2 .12 2 43 dP
+&o (p — 1) Ai” (Z) <S> ma (9.50)
where
1 51 2/3 S \ 2
Z=1ieo (5) (1 + e (1 - ?p> ) . (9.51)

As far as the Airy function exponentially decreases with increasing of
the argument one can conclude that the optimal parameters for the pair
production process are determined from the condition Z,,;, ~ 1, where

P (5)2/3 L %) (5
min 2 82 - 258 k)
which gives

For & >> 1, 8y, = 2m2c2€3 /(R2k'k) we obtain

h2k'k
C:

ab 2l (9.52)

The latter means that in the rest frame of created electron the electric field
strength of the EM wave exceeds the critical vacuum field (9.1). Hence, ¢
is the quantum parameter of interaction in the scale of the critical vacuum
field.

For Zyim >> 1 or ¢ << 1 (so called tunneling regime of the pair pro-
duction process) one can use the following asymptotic formula for the Airy
function:

Ai(Z) ~ ﬁZ‘l/‘l exp (—

Hence, the probability of the electron—positron pair production

273/?
)

4

W o exp (—3<> (9.53)

is exponentially suppressed.

For the moderate relativistic intensities £y ~ 1 to show the dependence of
the probability on the wave intensity and quantum parameter of interaction
¢ the normalized probability

N /53
Wy (9.54)

e2m?2¢3
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Normalized Probability

Fig. 9.2. The normalized probability W = h*w'W/(e2m?c?) as a function of rela-
tivistic parameter of intensity &y for various (.

is displayed in Fig. 9.2 as a function of &, for various (.

9.3 Pair Production via Superstrong Laser Beam
Scattering on a Nucleus

Fig. 9.3. Feynman diagram for electron—
positron pair production via laser beam scat-
tering on a nucleus.

The electron—positron pair production via superstrong laser beam scatter-
ing on a nucleus can be described again by the first-order Feynman diagram
(Fig. 9.3) where wave functions (1.94) correspond to electron/positron lines.
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The Feynman diagram is topologically equivalent to that of the stimulated
bremsstrahlung (SB) effect. As in the previous section the S-matrix amplitude
of this process can be obtained from the S-matrix amplitude of SB (1.128)
by the substitutions: [T — —ITy, IT" — IT_:

—ime _ —~(s
Tor (p) M3 2 (I = —I1, T — T1_) g (—py).

Spi= 1,
TV e/ Tos Mo
(9.55)
Making the summation over the electron and positron polarizations one can
see that
2 2
SISslF = ISpile T = —IT 11— 11_). (9.56)

oo

The differential probability of e~, e pair production per unit time is written
as

AL dTT,
il =V —. 9.57

Hence, using Eq. (1.129) for the SB process and taking into account Eq. (9.56)
for the differential probability of pair production per unit time we obtain

dW = Y WG (ITyy + I — shw) dIT_dI1 (9.58)

§>8m

where

s _ 47T 2|<p(qs)2{ qic’ 2 e2h? [kq,]?

o+
Tortio- aiyh | 4 2 T 2ty

2} . (9.59)

e(P+Bis)w e’w

Bo,
(kpy)e " 22(kpy)

[|Bls| — ReByyB }

£,B, +

and

hqs=II_ 4+ II, — shk.

The threshold value of the photon number for this process is defined as fol-

lows:
2m*c?

fuw

(9.60)

Sm =

The arguments «, 3, ¢ of the functions By, Bis, Bes are defined according to
Egs. (9.38)—(9.40).
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In the case of circular polarization of an incident strong wave (g = 1) we
have
GS (O[, Oa QO) = (_1)5 JS (a)e’iS@'

Taking into account the azimuthal symmetry with respect to the wave prop-
agation direction one can make the following replacement:

Ao |TI_| Iy [TL |
02

0 (Mot + Ho— — shw) dII_dIL; — 27m

x sin @y sin 0_df_db dodry., (9.61)

where v = Iy, /(m*c?), 04,0_ are the scattering angles of positron and
electron with respect to the EM wave propagation direction and ¢ is the angle
between the planes formed by IT_, k and II,, k. Hence, for the differential
probability of e~, eT pair production per unit time we have

2m2agm*

= e o M-I [e(as)l’

S§>8m

2
hw » [kp, ]
222 _ 4| 7., - S0« ZBP+] 2
L (0* o) 2 ) |

bk (5 - 1) 2+ 2

4243 [ [kp,]]”
(kpy)? ?

Jf(as)} sin 6, sin@_df_dfdpdy, . (9.62)

In this equation the electron quasienergy and quasimomentum are defined
via Iy according to conservation law and

kpy] [kp_]
pik p-k

(9.63)

=

The Bessel function argument in Eq. (9.62)

SAO |
- |
hw

Qg =

can be represented in the form
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£0Sm B2 sin” 0 B2 sin? 6_

o 2/1+6E2 | (1—Brcosby)®  (1—pB_cosh_)’

1/2
B_ B4 sinf, sin6_ cos ¢

-2 .64
(1—Bycos)(1—pB_cosb_) ’ (9:64)
where
11
Br = 7(:]'7 i|; Iy = shw — Iy
0+

In this particular case we utilize Eq. (9.62) in order to obtain the electron—
positron pair production probability on the Coulomb potential for which the
Fourier transform is

dnZ,e

e (9.65)

¢ (qs)=

Then taking into account Eq. (9.65) for the differential probability of e~,e™
pair production by a strong plane monochromatic wave per unit time at the
scattering on the Coulomb field we will have

[TI_||TT |
W=« 02 2h Z gl

{ e = 2 (o (P ]>)] ()

4e243 (uklu [KIL,
2\ (FI) (RIL)

e? A3 [
(RIT) (K1)

}> T2 () + k(I + 10, )]

52 . .
X [(042 - 1) J2 () + Jf(as)} } sin 6 sin6_d¢df_df dvy.. . (9.66)

S

For a weak EM wave the main contribution in this process is the one-
photon process. Dividing the differential probability (9.66) by the initial flux

density
1 ¢
T ot
we obtain the H.A. Bethe, W. Heitler formula:
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5Ze lp-|lpy| 1
Y27 hiqt hw3

x{thch ([;fg . P;ﬁj) L (6— fke.] , & ko] )

2h2w2 2
I (- + py)J” p sin . sin 0 dodo_do, de. (9.67)

do =

* (kp-) (kp+

In general the expression for the differential probability of e~, et pair pro-
duction by strong radiation field (9.66) is very complicated (one should per-
form four-dimensional integration and summation over photon numbers) but
without integration one can make conclusions about optimal values of laser
parameters for the measurable pair production probability using the prop-
erties of the Bessel function. The Bessel function argument in Eq. (9.66)
as(Y4+,0+,0—,¢) as a function of 0, ,0_, ¢ reaches its maximal value at

cosfy =By, cosf_=p[_, cosp=—1,

and is equal to

2

as (7+) = 5(13—7:52 Vi -1+ \/ 2 7+ -1]. (9.68)

The latter is always small compared with the Bessel function index. Indeed,
as follows from the conservation law

2
1<y, <=1,

Sm

and in this range @; (74 ) reaches its maximal value

= €o 2 _ 2
Qsmax — s —s55, <S8 9.69
e (9.69)

at the 74 = s/s,,. Hence, for £, > 1 and s, >> 1 the main contribution to
the differential probability will give the number of photons s >> s,, and as
in the previous section one can approximate the Bessel function by the Airy
one (1.69). The Airy function argument for o >~ @gmax will be

1 52
Z(s) ~ 35732 s%/3 (1 + 5382) : (9.70)
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As the Airy function exponentially decreases with increasing of the argu-
ment one can conclude that the optimal parameters for the pair production
process are determined from the condition Z,;, ~ 1, Zjuin being the minimum
value of Z(s). The latter corresponds to the number of photons s = v/2£5,,
at which

Bo\2/3
Zmin:Z< 2 m):3 ¢ , 9.71

Vatosn) =3 (5= ) (0.71)
where E. is the vacuum critical field strength (9.1). Hence, at & > 1 the
probability reaches optimal values when { = E./Ey > 1 (at § << 1 quantum
effects are optimal when ¢ ~ &y, which corresponds to linear theory, that is,
the perturbation theory of QED). When ¢ << 1 according to Eq. (9.53) the
probability is exponentially suppressed:

W o exp(—2v/3/¢), (9.72)

as in the Schwinger mechanism for e™,e™ pair production in the uniform
electrostatic field, where W oc exp(—n /(). For the available superstrong op-
tical lasers ¢ ~ 10~4, which practically does not allow for measurable pair
creation probability. As was argued, one can achieve ¢ ~ 10~! at the focus of
expected X-ray FEL facilities, which will allow for measurable pair creation
probability by the Schwinger mechanism.

Note that in the considered process of pair production on a nucleus one
can achieve the condition ¢ > 1 (even ¢ >> 1) in the scheme of counterprop-
agating nucleus beam and X-ray FEL. Then, in the rest frame of the nucleus
we will have ¢ ~ 2(rvr, where vy, is the Lorenz factor of nucleus and ¢y, is
the field parameter in the laboratory frame. Since & is the Lorenz invariant,
then if & > 1 and v, > E./2Ej in the laboratory frame, the probability of
multiphoton e~, et pair production reaches its optimal value.

9.4 Nonlinear e—, et Pair Production in Plasma by
Strong EM Wave

As was shown in Chapter 6 for electron—positron pair production by a ~-
quantum or a plane monochromatic EM wave, a macroscopic medium with a
refractive index ng(wp) < 1 may serve as a third body for the satisfaction of
conservation laws. In such a plasmalike medium the multiphoton production
of e7, eT pairs by a strong laser radiation field is possible at ordinary densities
of plasma, in contrast to single-photon production v — e~ +e™, which is only
accessible in a superdense plasma with the electron density p > 3-10%*cm—2.

In laser fields with £y ~ 1 when the energy of the interaction of an electron
(of the Dirac vacuum) with the field over a wavelength becomes comparable

to the electron rest energy (eEg)\o ~ mc?) the multiphoton pair-production
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process goes in through nonlinear channels. At such intensities, in general,
the dispersion law of a plasma becomes nonlinear, too; i.e., the refractive
index depends on the wave intensity: ng = ng(wo,&3). As is known, because
of the intensity effect, the transparency range of a plasma widens and the
dispersion law ng(wo, €2) < 1, which is necessary for the production of e~ e
pairs, holds all the more. But the intensities required for the appearance of
a real nonlinearity in dispersion become essential when &, >> 1. Hence, in
considering fields {; ~ 1 the dispersion law of a plasma can be regarded as
linear (n(wo) = 1 — 4mwpe? /mwd).

Let a plane transverse linearly polarized EM wave with frequency wg and
vector potential

A (r,t) = Agcos (wot — kor);  |ko| = no%o (9.73)

propagate in a plasma. The multiphoton degree s for the e™, e pair produc-
tion in the light fields is defined by the condition (reaction threshold)

2mc?

V1-n2

To determine the multiphoton probabilities of this process it is convenient
to solve the problem in the center-of-mass frame of the produced pair (C
frame), in which the wave vector of the photons is k/ = 0 (the refractive
index of the plasma in this frame is n’ = 0). The velocity of the C' frame with
respect to the laboratory frame (L frame) is v = cng. The traveling EM wave
is transformed in the C' frame into a varying electric field (the magnetic field
H' = 0) with a vector potential

A
At = TO[exp(iw't') +exp(—iw't')], W' =wpy/1—nd. (9.75)

It is easily noted that with Eq. (9.75) taken into account the reaction
threshold condition (9.74) is obtained from the laws of the conservation of
energy £ + & = shw’ and momentum p’ + p’, = shk’ = 0 in the C
frame (7, p’_ and &, p/_ are the energy and momentum of the electron
and positron, respectively, in the C' frame).

To solve the problem of s-photon production of an e, e™ pair in the
given radiation field (9.73), we shall make use of the Dirac model (all vac-
uum negative-energy states are filled with electrons and the interaction of
the external field proceeds only with this vacuum: on the other hand, the
interaction with the plasma electrons reduces to a refraction of the wave
only).

The Dirac equation in the field (9.75) has the form
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in?l _ [ca (p' — eA’ (t') + Bmcﬂ v, (9.76)

where the Dirac matrices @, 3 will be chosen in the standard representation,
with ¢ the Pauli matrices. Since in the C frame the interaction Hamiltonian
does not depend on the space coordinates, the solution of Eq. (9.76) can be
represented in the form of a linear combination of free solutions of the Dirac
equation with amplitudes a;(t') depending only on time:

U () =Y ai () (1), (9.77)
i=1
Here
4 2 801’2 i ’o 140
50 1) =2 (Hore-e)
’ 2&’ cop’
T rmez P12
(0) E" + mc? Ej—i[:r?c"’ X3,4 i (s et
gy (1) =\ T er (P/HET), (9.78)
X3,4
where

1
e =varTma,  a=u=(3). w=u=(}). o

The solution of Eq. (9.76) in the form Eq. (9.77) corresponds to an
expansion of the wave function in a complete set of orthonormal func-
tions of the electrons (positrons) with specified momentum (with energies
& = £4/c?p’? + m2¢* and spin projections S, = +£1/2). The latter are nor-
malized to one particle per unit volume. According to the assumed model
only the Dirac vacuum is present prior to the turning on of the field, i.e.,

jag(=00)[* = laa(=00)|* =1, Jar(—00)[* = |ag(~o0)|” (9-80)
(the field is turned on adiabatically at ¢ = —o0). From the condition of
conservation of the norm we have

4

S lat)f =2, (9.81)

i=1

which expresses the equality of the number of created electrons and positrons,
whose creation probability is, respectively, |a; 2(')|* and 1 — |as 4 (t')].
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Substituting Eq. (9.77) into Eq. (9.76), multiplying by the Hermitian
conjugate functions Wi(O)T (r',t'), and taking into account orthogonality of
the eigenfunctions (9.78) and (9.79), we obtain a set of differential equations
for the unknown functions a;(t'). Since in the C frame there is symmetry
with respect to the direction Ay (the OY axis), we can take, without loss
of generality, the vector p’ to lie in the z’y’ plane (p,, = 0). Further, having
introduced, to simplify the notation, the new symbols

a1 (t/) = bl (tl)7

2,127 "1/2 2.0 o
/ C"P.D.
S T

C2p/2
. Y
i (1 - W)] ’ (9-82)

we obtain for the amplitudes by (¢') and bs(¢") (|b4(t)| = |aa(t')|) the following
set of equations:

dby(t') Z,ecp;A;(t')

e @)
+i eA%i(t/) \/@ ba(t') exp <2i§t/> ,
db;t(/t') - ecpﬁ%(t')bw)
+16A3;L(t/) 1— CZ,’,’ 2/-”2 by () exp < 2i‘2/tl> . (9.83)

A similar set of equations is also obtained for the amplitudes by (¢') and bs(t').
To solve the system (9.83), we make the transformations

'
/

. ECp
bu(t) = ea(t)exp (1522 [ Aynyan

— 00

, , ecpl,
bult) = eult)exp | <520 [ Aymdn (9.84)
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where ¢;1(¢') and c4(t') satisfy the initial conditions, according to Egs. (9.80)
and (9.82), |c1(—o0)| =0 and |cg4(—00)| = 0.

For the new amplitudes ¢;(t') and ¢4 (') from Egs. (9.83), we obtain the
set of equations

dey (t')

) pye),
deg (¥
) - ) (9.85)
where
! + € ! ! CQPQJQ 22 14/ QZecng !
f(t):zﬁAy(t) 1-— o exp Eft ~ e /Ay(n)dn . (9.86)

We can obtain the solution of Eqs. (9.83), which satisfies the initial con-

ditions of the problem (9.80), with the help of successive approximations,
if

t/
/ F(rydr| << 1. (9.87)
Then, for the transition amplitude ¢;(¢'), we have

c(t') = Boja(t), (9.88)
=0

where

t

(1) / f(r)dm ]If*(m)dm ff*(73)d73-~-

— 00

Baja(t)

T25—1 T

X / f*(T2j)d7'2j/f*(72j+1)d72j+1. (9.89)

We are interested in nonlinear pair production process in the strong wave
field. For that let us calculate the first term of the sum (9.88):
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¢

Bu(t) = [ frin,

— 00

substituting the concrete form of the wave vector potential A;(n) from Eq.
(9.75) into Eq. (9.86) and carrying out the integration. Then for By (') we
obtain

g/ Czp/z 12 = lhw' i(28 _1hw' )t
Bt = 5 <l_ & ) > e Al@)et G (9.90)
Yy

where J,(z) is the Bessel function,

2 !
mc” Cp.
¥ §o =

! !
Py 22
g hw'’ mew'’

a = 250 Eé = %AQ

As & is a relativistic invariant parameter, in Eqgs. (9.90) & = eFy/mcwy,
where wy and Ej are the frequency and amplitude of the electric field of the
wave in the L frame.

For the considered fields, when &, < 1, condition (9.87) always satisfies:
|B1(t')| << 1, but the latter is not enough, yet, in order to be confined to
that term in determination of the amplitude ¢; (¢). Because the resonant term
l=s=2&"/ (') (s >> 1) gives a real contribution in the multiphoton pair
production process and in Eq. (9.90), the maximal value of the Bessel function
can be shifted from the resonant value. Since s >> 1, that shift will be as
small and negligible as possible when the argument of the Bessel function is
a ~ s >> 1. Thus, the condition, when the pair production process will have
an essential nonlinear character, is

me? cp,
e O L (9.91)

o =2

If condition (9.91) is satisfied, we can be restricted to the first term of the
sum (9.88) for the amplitude ¢ (¢'):

c1(t') = By(t). (9.92)
The obtained approximate solution of the Dirac equation is thus applicable

with such intensities of EM wave, when conditions (9.87) and (9.91) are
satisfied simultaneously:

1
S<<h L (9.93)
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According to Egs. (9.82) and (9.84), for the transition amplitude of the
electron from the Dirac vacuum to the state with positive energy (in a definite
spinor state) in the wave field we have

lax()* = by (t)* = |ex(t)]

To obtain the probability amplitude for the production of electrons and
positrons after the wave has been turned off we introduce a small detuning of
the resonance in Eq. (9.90), corresponding to an s-photon transition: 28’ =
shw' + I (I' << W').

The production probability of the e™,e™ pair, summed over the spin
states, is determined by the quantity

2 2 2 2
a1 ()" + |a2 ()" = 2]as ()" = 2|C1(¢)]".
The differential probability of the s-photon process per unit time and

phase-space volume dp’/(27h)? (the normalization volume V = 1) in the
center-of-mass frame of the produced particles is given by

C (41 |2 ’
o _AWEW) o lal)? dp
t t'—oo t'  (27h)3

(9.94)

Substituting Eq. (9.90) into Eq. (9.94) and making use of the definition of
the d-function in the form

2 /
. sin” I't - B , ,
we obtain
2,2 12 2,./2 / ’
o SWE(E? ) , (2eAocp), shw
dwy = 16m2h?c2p;? Is hw'E’ o\E - 2 ap’. (9.95)

Integrating Eq. (9.95) over dp’, we obtain the total probability of the
s-photon e, et pair production in a plasma by the strong EM wave:

5 .5 2 2J2
C _ hs’w {|: 20[5 1:| JE (as) + Qg 1 (QS)

Ws = 2metp | |42 -1 25(2s — 1)

a?Jf_H (as) 4c2p’? a?s

_ S

25(25+1)  s2h%w"? 225(25 + 1) (s1)*
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1 1 3
X o Fy <s+2,s+2,s+1,2s+1,s+2;—a§>}, (9.96)

where o F3 (s + %, s+ %, s+1,2s+1,s+ %; faﬁ) is the generalized hyperge-
ometric function and

_ 2mc* (1 4m?2ct )1/2

o _
s how'! S2hH2"2

As is seen from Eq. (9.95), the pair production probability decreases
highly in the directions perpendicular to the field (p; = 0), and the obtained
approximate nonlinear solution describes the process behavior well at the
angles not too close to 7/2. Thus, Eq. (9.96), which is a result of integration
over all angles, does not contain a large error.

The quantity Wy is a relativistic invariant, and so Eq. (9.96) defines the
pair production probability in the L frame as well. As for the angular dis-
tribution of the probability of s-photon pair production in the L frame, it
can be obtained from the expression dWC (¢') for the differential probability
in the C frame by a Lorentz transformation. Here the quantity multiplying
dp’ is the expression of dWCS (') (see Eq. (9.94)) transforms like the time
component of the current density four-vector of the electrons in the Dirac
vacuum (£’ < 0). One must here take into account that the momentum
of real electrons coincides with the momentum of the vacuum electron p’,
while the momentum of a positron equals —p’ and the vacuum phase-space
volume element dp’/(27h)? (in unit volume) goes over correspondingly into
the volume element in momentum space of electrons and positrons. Further,
transforming the quantities in Eq. (9.95) from the C frame to the L frame,
we obtain for the differential probability of s-photon pair production per unit
time in the L frame:

dw;

L dWE(E) _ s%wd (1= nd) (€ —noeps) [ (€ —noeps)” 5 4
s t 16m2h?c2p2€

2eApc shw (1 . nz)
2 (_ 240Dy _ ~ shwo (1 —ng) ,
s (hwo (€ - TloCm)) 0 (5 0Pz 9 dp’, (9.97)

where £ and p are the energy and momentum of the produced electron or
positron. Integrating Eq. (9.97) over the electron (positron) energy, we obtain
the angular distribution of the probability of the s-photon production of
electrons (positrons) per solid angle element, do = sin ¥ddy (the azimuthal
asymmetry of the probability in the L frame is due to the linear polarization
of the wave: in the case of circular polarization the probability distribution
has azimuthal symmetry):
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2 83w§ (1 — n3)2

dwl =
Ws Z 3272he3 (ep, — no€y cos¥) sin cos? ¢

v=1

232, 2 2
s“hfwg (1 —n,
[0 ( O) —c*p? sin? ¥ cos? (p‘|

8 4
Ame3&yp, sin ¥ cos <p]
x J? [ Y didep, (9.98
sh?wg (1 —nd) )
where
1
= hwo (1 —ng) cosd
P12 2¢ (1 — n? cos? ) {sno o (1= ng) cos
1/2
+ [52h2w3 (1 — ng)Q —4m2ct (1 — ng cos? 19)} },
fro= L1 - n2)
“ 2(1—ndcos?d) 0 0
252, 2 2\2 2 4 2 2 1/2
+ng cos {s RPwi (1 —nd)” —4m*c* (1 — ng cos 19)} . (9.99)

The angle ¢ varies from 0 to 27, while ¢ varies from 0 to ¥ax, which is
determined from the energy and momentum conservation laws (9.99). Fur-
ther, depending on the value of the plasma refractive index ng, the electron
(positron) production at the given angle is possible for a particular momen-
tum or for one of two momenta with different magnitude. For values

2mc2
sﬁwo

noy < 1

(in this case the threshold condition (9.74) for the process is certainly sat-
isfied), we should take in Egs. (9.99) only the upper sign, corresponding to
the fact that in the probability (9.98) only ¥ = 1 (p1) remains and Jpax = T;
i.e., particles are produced in all directions for the given angle ¥ with definite
momentum. In the opposite case we must also take into account the reaction
threshold condition in the region of values of the index of refraction,

1 2mc? <1 4m?2ct
_ n _ e
shwo 0 s2h2w3’
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and an electron (positron) is produced in a given direction with one of two
different values of momentum p; and ps in a cone, opened forward, whose
opening angle is

Umax = arcsin { [(1- ng) (82h2w§ (1- ng) — 4m204)]1/2 /2mc2no} .

The problem of e, et pair production by the photon field is solved in
the C frame and the probability expressions (9.94)—(9.96) in that frame are
adduced with express purpose. This is of independent physical interest, since
Eqgs. (9.94)—(9.96) describe the process of pair production in vacuum by a
uniform periodic electric field (electric undulator)

E(t) = Eq coswot, (9.100)

with the reaction threshold (see Eq. (9.74) when n’ = 0)
shiwg > 2mc?. (9.101)
By integrating over the electron (positron) energy, we obtain the angular
distribution of the nonlinear production of electrons (positrons) in the pe-
riodic electric field (in contrast to the pair production by the photon field

(9.98), here there is azimuthal symmetry):

s3wd  4m2ct cos? 9 + h2s%wg sin® ¥

"~ 327he3 (h252w(2) — 4m204)1/2 cos2

dwg

2.2, 2 2 4\1/2
«J? 2ceEy (B?s?wd — 4m?c*) ™'~ cos ¥ sin9do. (9.102)
sh2wd
where 9 is the angle between the directions of the momentum of produced
electrons (positrons) and the electric field.

Finally, we consider the case of weak fields, eA/ (hwg) << 1 (& << 1/s),
when perturbation theory is applicable. In this case, as was noted above,
we cannot be confined to the first term of the sum (9.88), since every term
Boi4+1(t) of the sum at o << 1 (see Eq. (9.90) for the expression of ) includes
a resonant multiplier ~ &5 (at 21 +1 < s) in the lowest order of perturbation
theory. Then from Eq. (9.88) we obtain the formula of perturbation theory
for the pair production probability in the C' frame, which has a more compact
analytical form (here we could get free of the sum of unwieldy products):

dp’
(2wh)®’

dw® = 2rh®?5 (28" — shuw') (9.103)
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where

s [(s=1)/2] s—2K
()t o o

K=1 S;=1

s—l—(Sl—‘r..A—i-Sj,l)—QK-‘rj 5717(51+...+SQK_1)

> > (9.104)

S;=1 Sox=1

(_1)52+S4+--.+52K
{ (8 - Sl) (Sl =+ 52) [S - (Sl + Sy + ...+ SQKfl)] (S1 + So+ ...+ SQK)

52K
S 1)1 (2 — ). (Sa — D1 [s — 1 — (S1 + Sz + o+ Sorc ]! }] '

Here s > 3, and parameters

1/2
5/ 02/2 mCB/ 1
5= (1 A amstgyt <<
S

2cp;, &£ £

9.5 Pair Production by Superstrong EM Waves in
Vacuum

As we saw in the previous section the conservation laws for the pair pro-
duction in the field of a plane monochromatic wave can be satisfied in a
plasmalike medium where EM waves propagate with a phase velocity larger
than the speed of light in vacuum. In this case

2
‘;’—2 — K% >0, (9.105)

which means that we have a “photon with nonzero rest mass” providing the
creation of the particles with the rest masses. The satisfaction of conservation
laws for the e~, et pair production process in the EM field is equivalent to
the satisfaction of the condition

E’>-H? >0, (9.106)
where E, H are the electric and magnetic strengths of the field. The latter is

obvious in the frame of reference where there is only an electric field that pro-
vides the pair creation (in the opposite case we would have only a magnetic
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field that cannot produce a pair). The condition (9.106) can be satisfied in
the stationary maxima of a standing wave being formed by two counterprop-
agating waves (opposite laser beams) of the same frequencies. It can also be
satisfied in the field of a plane monochromatic wave in a wiggler. Thus, these
processes of multiphoton pair production via nonlinear channels in vacuum
by superstrong laser fields are of special interest.

Let plane transverse linearly polarized EM waves with frequency w and
amplitude of vector potential Ag

Ay = Agcos(wt —kr), Ay = Agcos(wt+ kr), (9.107)

propagate in opposite directions in vacuum. To solve the problem of s-photon
production of an e, e pair in the given radiation fields (9.107) we shall make
use of the Dirac model for electron—positron vacuum. The Dirac equation in
the field (9.107) has the form

zh%—f = {ca(ﬁ - ng cos(wt — kr)—ng cos(wt + kr)) + Bmcz] . (9.108)
c c

Then we have stationary maxima of a standing wave and Eq. (9.108) may be
rewritten in the form

ov N ~
ith— = [ca(p - QZAO coskr coswt) + ﬁmcﬂ v. (9.109)

According to the Dirac model the electron—positron pair production by
the EM wave field occurs when the vacuum electrons with initial negative
energies & < 0 due to s-photon absorption pass to the final states with
positive energies £ = &y + shw > 0. Since we study the case of superstrong
laser fields in which the pairs are essentially produced at the length I << A (A
is the wavelength of laser radiation) and on the other hand the Hamiltonian
of the interaction H;n; ~ p(A;+ Az), then the significant contribution in the
process of e, et pair creation will be conditioned by the areas of stationary
maxima in the direction along the electric field strength of the standing wave.
Consequently, we can neglect the inhomogeneity of the field in the considered
problem, i.e., Eq. (9.109) will reduce to the following equation:

ov i 2
iha = |ca(p — ZSAO coswt) + Bmc? | ¥. (9.110)

In this approximation the magnetic fields of the counterpropagating waves
cancel each other. In the case of ¢~, eT pair production in a plasma we had
a similar equation in the center-of-mass frame of created particles (9.76).

Thus, we will follow the approach developed in the previous section. Since
the interaction Hamiltonian does not depend on the space coordinates, the
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solution of Eq. (9.110) can be represented in the form of a linear combination
of free solutions of the Dirac equation with amplitudes a;(t) depending only
on time (9.77). The application of the unitarian transformations (9.82) and
(9.84) yields the set of equations

d01 (t) -
L = e ), (9.111)
dc;t(t) = —f*(D)es(t). (9.112)

Here the function f(¢) (see Eq. (9.86)) is expanded into series

fy=i > foexp [;(25 - s’hw)t] , (9.113)
where
2,2 % 2
fsr = 2; (1 - Cgl;;;) swlg (45077?%) , (9.114)
Y

and Js is the ordinary Bessel function. The new amplitudes ¢1(¢) and c4(t)
satisfy the initial conditions

|e1(=00) = 0, [ea(—00)[ = 1.

Because of space homogeneity the generalized momentum of a particle is
conserved so that the real transitions in the field occur from a —& negative
energy level to positive +& energy level (in the assumed approximation) and,
consequently, the multiphoton probabilities of e™,e™ pair production will
have maximal values for the resonant transitions 2€ ~ shw. The latter just is
the conservation law of the pair production process at which both electrons
and positrons will be created back-to-back according to zero total momentum:
Pe- + Pe+ = 0, since the considered field is only time dependent. Thus, we
can utilize the resonant approximation, as in a two-level atomic system in
the monochromatic wave field.

The probabilities of multiphoton e, et pair production will have maximal
values for the resonant transitions

2E — shw ~ 0. (9.115)
In this case the function f(t) can be represented in the following form:

f(t) = Fy + &(t), (9.116)
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where

F, = if.e'%? (9.117)
is the slowly varying function on the scale of the wave period and

@(t) — ieiéSt Z fslei(s_S/)Wt (9118)

s'#s,8'=—00

is the rapidly oscillating function. Here we have introduced resonance detun-
ing

hoy = 2€ — shw. (9.119)

As a consequence of this separation the probability amplitudes can be repre-
sented in the form

ar(t) = i (1) + pi(t), (9.120)

ca(t) = ¢ (t) + Pa(t), (9.121)

where cgs)(t) and cfls)(t) are the slowly varying amplitudes corresponding to
¢1(t) and ¢4 (t). The functions £;(t) and B4(t) are rapidly oscillating functions.
Substituting Egs. (9.120), (9.121) into Egs. (9.111), (9.112) and separating
slow and rapid oscillations, taking into account Eq.(9.116), we will obtain the

following set of equations for the slowly varying amplitudes Cgi); (t):

dcgs)

o = Fudl? + 8 () Bl0), (9.122)
dC(s) s -
S R OO (9.123)

and for the rapidly oscillating functions (3 4:

dp s

dTl =& (t) Y, (9.124)
ag . s
d—t“ =—¢* (t) Y. (9.125)

In Egs. (9.122) and (9.123) the bar denotes averaging over time much
larger than wave period. In the set of Eqgs. (9.124) and (9.125) we have ne-
glected the terms ~ Fy (31 4(t) due to the rapid oscillations
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db: |

9.126
I (9.126)

EBy(1)] << \

Solving the set of Egs. (9.124) and (9.125), taking into account that cgi)l are

slowly varying functions, we obtain

Then substituting £1.4(t) into Egs. (9.122) and (9.123), we will have the

following equations for the functions cﬁ:

dec'® s (5 s

— = Focl? — 2fc§ ), (9.127)
e} () , .0f ()

W = —Fscl + 2564 5 (9128)

where

0o 2
;= —2id(t /qﬁ* > |f3’|,. (9.129)

0 s'#£s,8'=—00

The set of Egs. (9.127) and (9.128) can be solved in the general case of
arbitrary wave envelope Ag(t) only numerically. But it admits an exact so-
lution for a monochromatic wave describing “Rabi oscillations” of the Dirac

vacuum. In this case the set of Egs. (9.127) and (9.128) for the phase trans-

formed amplitudes 4o exp (—1dst/2) and & exp (id5t/2) is a set of ordinary
1 4

linear differential equations with fixed coefficients. The general solution of
the latter is given by a superposition of two linearly independent solutions
which with the initial condition is

() = il}%'ei%t sin (£2,t) , (9.130)
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s S A
cfl ) — =%t | cos (02:t) + ;_Q sin (£25¢) | , (9.131)
where
Ay =07+ 6, (9.132)

is the resulting detuning and

A2
2= \ILF+ (9.133)

is the “Rabi frequency” of the Dirac vacuum at the interaction with a peri-
odic EM field. As is seen from Eq. (9.130) with this frequency the probability
amplitude of €™, e™ pair production oscillates in the standing wave field dur-
ing the whole interaction time similar to Rabi oscillations in two-level atomic
systems. In this case the “Rabi frequency” has a nonlinear dependence on the
amplitudes of the opposite EM wave fields. Considerable number of electron—
positron pairs can be produced by a proper choice of intensity and duration
of laser pulses.

The set of Egs. (9.127) and (9.128) has been derived using the assumption
that the amplitudes cgi)l(t) are slowly varying functions on the scale of the
EM wave period, i.e.,

7 << ’c@l(t)‘ w. (9.134)

These conditions with Eq.(9.126) define the condition of applicability of the
applied resonant approximation which is equivalent to the condition

2 << w. (9.135)

The probability of the s-photon e™, et pair production with the certain
energy &£, summed over the spin states, is

2 2|f,]?
WS=2‘C§S>@)‘ - g;' sin?(2,t). (9.136)

Hence, from Eq. (9.114) we have

W, =

s?w? (p?sin® ¥ + m2c?) 2 (450 me3p 60819) sin?(£2,t) (9.137)

2p? cos? 9 hwé oz 7

where ¥ is the angle between the directions of the momentum of produced
electrons (positrons) and the amplitude of the total field electric strength.
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Let us consider the case of short interaction time when
st << 1. (9.138)

In this case we can determine a probability of multiphoton pair production
per unit time according to the following definition of the Dirac d-function:

sin®(02,t)
02

S

— 27ht(2E — shw).

The differential probability of an s-photon e~, et pair production process per
unit time and unit space volume, summed over the spin states, is given by
the following formula:

_ s2w(p?sin® 9 4+ m2c?)

dws 16h272p2 cos? ¥
3pcos e
xJ? (450%) 5 (5 - 82> dp. (9.139)

By integrating over the electron (positron) energy we obtain the angular
distribution of the s-photon differential probability density of created elec-
trons (positrons):

dwg s3wd dm2et + h?s2w? tan? ¥

do ~ 64m2he3 (h2s2w2 — 4m204)1/2

9.140
S sh2w3 ( )

5 <4ceE0 (h282w2 - 4m204)1/2 cosﬁ)
X J. )
where do = sin 9dddyp is the differential solid angle.

Analogously one can describe the multiphoton pair production process
in a wiggler by a superstrong laser pulse of relativistic intensities. Thus, as
we saw in Section 5.4 at the induced interaction of a charged particle with
a plane EM wave in an undulator, or with the counterpropagating waves
of different frequencies (Section 5.3) the two interference waves are formed
which propagate with the phase velocities vy, > ¢ and vy, < c. According
to the conditions (9.105) and (9.106) the wave propagating with the phase
velocity vy, > ¢ will be responsible for the pair production process. By the
appropriate transformations the processes of e~, et pair production in these
EM field configurations can be reduced to the considered pair production
process (as in the case of plasma) in this section. Namely, one should solve
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the problem in the center-of-mass frame of the produced pair moving with
respect to the laboratory frame with the velocity v = ¢2/vpp,.
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