NONCONVEX OPTIMIZATION AND ITS APPLICATIONS

0y {X) “‘\\.
‘0 SN X “‘:“3
2

(XSG $lesiess
NN NN\
N N2
oo, W) \‘,"I#‘?f‘” .

8N



LARGE-SCALE NONLINEAR
OPTIMIZATION



Nonconvex Optimization and Its Applications

VOLUME 83

Managing Editor:

Panos Pardalos
University of Florida, U.S.A.

Advisory Board:

J.R. Birge
University of Chicago, U.S.A.

Ding-Zhu Du
University of Minnesota, U.S.A.

C. A. Floudas
Princeton University, U.S.A.

J. Mockus
Lithuanian Academy of Sciences, Lithuania

H. D. Sherali
Virginia Polytechnic Institute and State University, U.S.A.

G. Stavroulakis
Technical University Braunschweig, Germany

H. Tuy
National Centre for Natural Science and Technology, Vietnam



LARGE-SCALE NONLINEAR
OPTIMIZATION

Edited by

G. DIPILLO
University of Rome “La Sapienza,” Italy

M. ROMA
University of Rome “La Sapienza,” Italy

@ Springer



Library of Congress Control Number: 2005935078

ISBN-10: 0-387-30063-5 e-ISBN: 0-387-30065-1
ISBN-13: 978-0387-30063-4

Printed on acid-free paper.

AMS Subject Classifications: 90C30, 90C06, 65K05, 65K10

© 2006 Springer Science+Business Media, Inc.

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer Science+Business Media, Inc., 233 Spring Street, New York, NY
10013, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in
connection with any form of information storage and retrieval, electronic adaptation, computer software,
or by similar or dissimilar methodology now known or hereafter developed is forbidden.

The use in this publication of trade names, trademarks, service marks, and similar terms, even if they are
not identified as such, is not to be taken as an expression of opinion as to whether or not they are subject
to proprietary rights,

Printed in the United States of America.

987654321

springeronline.com



Contents

Preface VI

Fast Linear Algebra for Multiarc Trajectory Optimization
Nicolas Bérend, J. Frédéric Bonnans, Julien Laurent-Varin, Mounir
Haddou, Christophe Talbot ... .. . i i, 1

Lagrange Multipliers with Optimal Sensitivity Properties in
Constrained Optimization
Dimitri P. Bertsekas ..o vt 15

An O(n?) Algorithm for Isotonic Regression
Oleg Burdakov, Oleg Sysoev, Anders Grimuvall, Mohamed Hussian ... ... 25

KNITRO: An Integrated Package for Nonlinear Optimization
Richard H. Byrd, Jorge Nocedal, Richard A. Waltz ................... 35

On implicit-factorization constraint preconditioners
H. Sue Dollar, Nicholas I. M. Gould, Andrew J. Wathen ............. 61

Optimal algorithms for large sparse quadratic programming
problems with uniformly bounded spectrum
Zdenek Dostdl . ... e 83

Numerical methods for separating two polyhedra
Yury G. Evtushenko, Alezander I. Golikov, Saed Ketabchi...... ... ... 95

Exact penalty functions for generalized Nash problems
Francisco Facchinet, Jong-Shi Pang ..., 115

Parametric Sensitivity Analysis for Optimal Boundary
Control of a 3D Reaction-Diffusion System
Roland Griesse, Stefan Volkwein ....... .. .. oo i, 127

Projected Hessians for Preconditioning in One-Step One-Shot
Design Optimization
Andreas Griewank ... ... 151



VI Contents

Conditions and parametric representations of approximate
minimal elements of a set through scalarization
César Gutiérrez, Bienvenido Jiménez, Vicente Novo............ .. .... 173

Efficient methods for large-scale unconstrained optimization
Ladislav LukSan, Jan VIdek. ... .. . o 185

A variational approach for minimum cost flow problems
Giandomenico MasStroemi. ...t e e 211

Multi-Objective Optimisation of Expensive Objective
Functions with Variable Fidelity Models
Daniele Peri, Antonio Pinto, Emilio F. Campana ................ ..., 223

Towards the Numerical Solution of a Large Scale PDAE
Constrained Optimization Problem Arising in Molten

Carbonate Fuel Cell Modeling

Hans Josef Pesch, Kati Sternberg, Kurt Chudej . ..................... 243

The NEWUOA software for unconstrained optimization

without derivatives
M.J.D. Powell ... .o 255



Preface

This volume contains refereed papers presented at the Workshop on Large
Scale Nonlinear Optimization held in Erice, Italy, at the “G. Stampacchia”
International School of Mathematics of the “E. Majorana” Centre for Scientific
Culture, during June 22-July 1, 2004, The Workshop was the fourth in a series
of Workshops on Nonlinear Optimization held in Erice; the three previous ones
were held in 1995, 1998, 2001, respectively.

In the tradition of these meetings, the purpose of the Workshop was to
review and discuss recent advances and promising research trends in the field
of Nonlinear Optimization and its applications, with a main focus on the large
dimensional case, currently at the forefront of the research effort.

The meeting was attended by 71 people from 18 different countries. Besides
the lectures, several formal and informal discussions took place. The outcome
was a wide and deep knowledge of the present research achievements and
tendencies in the field. We wish to express our appreciation for the active
contribution of all the participants in the meeting. By editing this volume
we alm at enlarging the community of researchers, professionals and students
who can benefit from this valuable knowledge.

The 16 papers included in this volume represent a significant selection of re-
cent developments in Nonlinear Optimization theory and practice. They show
that there are plenty of exciting ideas and new applications which give evi-
dence of a fast evolution in the field. Moreover, they give an updated overview
from different and complementary standpoints: theoretical analysis, algorith-
mic development, implementation issues, real world applications.

In particular, as concerns unconstrained optimization, the paper by Lukan
and Vi¢ek is an up-to—date survey of efficient methods for large scale prob-
lems, while Powell gives an accurate description of the derivative—free NEWUOA
software. Large space in the volume is devoted to constrained optimization,
from both a theoretical and algorithmic point of view. In fact, the paper
by Bertsekas deals with sensitivity properties of Lagrange multipliers. Dostél
reviews recently proposed algorithms for large quadratic programming prob-
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lems. Byrd et al., in their paper, give a detailed description of the KNITRO
package for nonlinear programming. This package is designed for solving large
scale problems; various algorithmic options, including two interior point meth-
ods and an active-set method, are considered. A new class of preconditioners
is proposed in the paper by Dollar et al.: implicit—factorization constraint
preconditioners are considered for the iterative solution of symmetric linear
systems arising from saddle—point problems. Preconditioning in one-step one-
shot design optimization is considered in the paper by Griewank: in particular,
the problem of minimizing an objective function subject to a very large dimen-
sional state equation with a separate design space is tackled, addressing the
issue of selecting a suitable preconditioner for the approximate reduced gra-
dient. The use of exact penalty functions for solving generalized Nash equilib-
rium problems is proposed by Facchinei and Pang; a broad algorithmic scheme
for the solution of such problems is described too. In the paper by Mastroeni a
variational model for traffic network problems is studied; in particular, the au-
thor considers a generalized minimum cost flow problem formulated by means
of a variational inequality. The paper by Bérend et al. deals with the use of
dedicated algebra solvers and an interior point algorithm for the efficient so-
lution of the linear systems arising when solving an optimal control problem
by a Runge-Kutta discretization scheme. Vector optimization is also treated:
in the paper by Gutiérrez et al. approximate solutions of vector optimization
problems are studied by means of a concept of approximate efficiency.

The paper by Evtushenko et al. deals with algorithms for constructing a
family of parallel hyperplanes that separate two disjoint polyedra given by
systems of linear inequalities; it is well known how the capability of finding
such hyperplanes plays an important role in solving some practical problems.
Another interesting problem is considered in the paper by Burdakov et al.: the
problem, known as isotonic regression, has important applications in Opera-
tions Research and Statistics, and it is often characterized by large dimension-
ality. In order to solve such problems the authors introduce a new algorithm
which exhibits both low computational complexity and high accuracy.

Finally, important real world applications are considered in the papers by
Griesse and Volkwein, in the paper by Pesch et al. and in the paper by Peri et
al. The first one considers boundary optimal control problems for a nonlinear
reaction—diffusion equation system in three spatial dimensions. The second
one presents a mathematical model for the dynamical behaviour of a molten
carbonate fuel cell, which yields a large scale partial differential algebraic
equation constrained optimization problem. The third one deals with optimum
ship design problems and proposes the use of multi-objective formulations and
global optimization strategies for their solution.

We are indebted to many anonymous referees who took care to review all
the papers submitted for publication in this volume.



Preface IX

The Workshop was organized within the framework of the activities of the
Research Project FIRB RBNEO1IWBBB on “Large Scale Nonlinear Optimiza-
tion”, funded by the Italian Ministry of Education, University and Research.

We are grateful to Professor Franco Giannessi, Director of the International
School of Mathematics “G. Stampacchia”, for promoting the Workshop and
contributing valuable advice.

We are grateful to the “E. Majorana” Centre in Erice, which offered its
facilities and rewarding environment: its staff was certainly instrumental for
the success of the Workshop.

We are also grateful to the University of Rome “La Sapienza”, to the Uni-
versity of Calabria, to the University of Pisa, to the Italian National Research
Council through its “Research Center on Parallel Computing and Supercom-
puters”, for their financial support.

Finally, we wish to thank Springer for publishing this volume.

August 2005 Gianni Di Pillo
Massimo Roma
Universita di Roma “La Sapienza”, Roma, Italy
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Summary. This paper presents some methods for solving in a fast and reliable way
the linear systems arising when solving an optimal control problem by a Runge-
Kutta discretization scheme, combined with an interior-point algorithm. Our anal-
ysis holds for a multiarc problem, i.e., when several arcs, each of them associated
with a dynamics and integral cost, are linked by junction points, called nodes; with
the latter are associated junction conditions and a cost function.

Our main result is that a sparse QR band factorization combined with a spe-
cific elimination procedure for arcs and nodes allows to factorize the Jacobian of
the discrete optimality system in a small number of operations. Combined with an
“optimal” refinement procedure, this gives an efficient method that we illustrate on
Goddard’s problem.

Key words: Optimal control, differential equations, Runge-Kutta and sym-
plectic schemes, sparses algebra, band matrices, QR factorization.
1 Introduction

This paper discusses numerical methods for solving multi arc optimal control
problems. Let us give an example of a possible mission to be optimized.
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Orbital station Rendez-vous with station

o

End of mission

Booster separation

O Return of booster

Orbiter and Booster
on ground

Here a separation between booster and orbiter occurs at some point; the
orbiter meets a spatial station and both remain linked for some time. The
return trajectory of the booster is to be optimized, as well as the one of the
space station. While arcs are connected here through separation or rendez-
vous, one may think also of other arcs corresponding to possible events, for
instance of failure, that requires to change trajectories.

We concentrate on direct methods, which solve approximately a time dis-
cretized version of the optimal control problem, and are able to refine dis-
cretization. See [4,11,18,19] for an overview of numerical methods for optimal
control problems, and [5,7] for specific direct methods.

The paper is organized as follows. Section 2 deals with single arc problems.
We discuss the error analysis in subsection 2.1, and linear algebra issues in
subsection 2.2. An “optimal” refinement technique is presented in 2.4, and
2.5 discusses the monitoring of interior-point algorithms. Section 3 is devoted
to multiarc problems. Their structure is presented in subsection 3.1, and the
linear algebra is analysed in subsection 3.2. Since our software is still under
construction, we present only numerical results for the well known (single arc)
Goddard problem in section 4.

2 Single arc problem

2.1 Framework and discretization

We start by describing an optimal control problem with a single arc and, to
begin with, without constraints. We may assume without loss of generality
(adding an additional state variable if necessary) that there is no integral
cost, and we take into account only a final cost:

Min @(y(T)); §(t) = fy(t),ult)), te[0,T) y(0)=1y°. (1)

Here f and @ are C* functions IR™ x R™ — R™ and IR"™ — IR, respectively.
Introduce now a Runge-Kutta type discretization, as done in Hager [14]:
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Min &(yn);
Yk+1 = Yk + hk: Z::l bif(ykivuki)a k= O" o ,N - 17
Yii = Y+ he 252 i f(Ykg weg), 1 =100, 8,
- 0
Yo=Yy

(2)

The positive time steps hg are such that sz;Ol hy = T. Note that with each
“inner state” yy; is associated an inner control ug;. The Runge-Kutta scheme
is parameterized by its coefficients (a,b), an s X s matrix and a vector of
IR™ respectively. Assuming all coefficients b; to be nonzero, it was shown by
Hager [14] that the optimality system can be written in the following form:

(Yk+1 = Yr + P 3oy bif (Ukis Uks)s k=0,...,N -1,
Yki = Yk + e 2 i1 @i f (Ukjs k), i=1,...,s
Pr+1 = P — hie S0y b fy (Wkis urs) Tori, k=0,...,N =1,
Pri = Pk — P 5y Qi foy(Uks ug) T Drjy 1= 1,08, (3)
0= fulye,ur) " Pk, k=0,...,N -1,
0= fulYki> uki) " Pres i=1,...,s,
L =19 v = P(yn),

where X
b:=b and flij = (bibj - bjaz-j)/bi, for all i and ] (4)

The above system may be interpreted as a partitioned Kunge-Kutta discretiza-
tion scheme for the optimality conditions of problem (1) stated below:

y(t) = f(y(t)’u(t))v te [O,T},

P(t) = — f, (y(8), u(t)) Tp(t), ¢ € [0,T),

p(T) = ¥(y(T)), y(0) =1, (5)
0= fu(y(t), u(t)Tp(t), tel0T]

If the Hamiltonian function H(y,u,p) := p- f(u,y) is, in the neighborhood of
the optimal trajectory, a strongly convex function of u then we can eliminate
the control from the above algebraic constraint (thanks to the implicit function
theorem) so that (5) reduces to a two points boundary value problem. In view
of (4), this system is symplectic [15-17]. These references present the theory
of order conditions for partitioned Kunge-Kutta schemes. One may find in [8]
a simplification of order conditions for symplectic schemes, that allows to
state them for order up to 6 (they were obtained in [14] for order up to 4).
Yet these results apply only for unconstrained problems with strongly convex
Hamiltonians; some results for for constrained optimal control problems may
be found in [12,13].
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2.2 Linear algebra: problems without design variables

Here we present a fast and reliable approach to the numerical resolution of
the linear systems arising when solving the discrete optimality conditions (3),
in the case when there is no design variable. The starting point is that the
Jacobian matrix denoted A is, when variables are ordered by increasing values
of time, a band matrix. Let ¢ denote the band size, i.e., such that A;; = 0if [i—
J| > q (for instance, a diagonal matrix has band size 0). Remind that n (resp.
m) denotes the number of states (resp. controls). Our implementation achieves
a band size of ¢ = (s +1)(2n + m) + n, where s is the number of inner stages
in the Runke Kutta scheme. For a problem with ny distributed constraints
(upper and lower bounds), dealt with by the interior-point approach discussed
later, we have a band size of ¢ = (s + 1)(2n + m + 2ny) +n — 1. Note that
at each time step there are (s + 1)(2n 4+ m + 2ny) variables (state, costate,
control and Lagrange multipliers) and there are dynamic constraints with the
previous and next state and costate.

Lemma 1. The number of multiplications for a QR factorization based on
Givens rotations, applied to a matriz M of band size qpr, and having Ny lines,
with Nyy large w.r.t. qu, is at most 6¢3, Ny + O(q3,) multiplications. The
number of multiplications for solving the linear system (after factorization) is
6qMNM.
Proof. Row ¢ eliminates element of index (i + k,4) with k& varying from 1
to qps. This results in a fill-in from row 1 only. Therefore, when elimination
of element (¢ + &,4) occurs, row ¢ of R has only ¢ + k elements, and hence,
4(qm + k) + O(1) operations are performed. Since Y 1%, (qn + k) = 3¢%,/2 +
O(qar), the result follows.

Solving needs the resolutions of two linear systems with matrices R and
Q. For the one with matrix R, we compute the components of the solution
backwards (starting from the last one). Computing component i knowing all
components of index j > ¢ needs 2¢5; multiplications, except for the 2q,s last
rows, that is a total of 2gp Nays + O(g%,) multiplications. For the one with
matrix @, we have to apply the inverse gas Nas + O(q3,) Givens rotations to
the right-hand-side, each of them needing 4 multiplications. The conclusion
follows. ]

Remark 1. (i) Usually m and ng are of the order of n, and in this case the cost
of factorization (resp. resolution) of the Jacobian A is of order s3n3N (resp.
$2n?N).

(ii) It would be interesting to have an idea of the least possible number of
operations for an orthogonal factorization of a band matrix. Our procedure
seems to be quite effective, but we do not know how far it is from this lower
bound.

(ili) The ratio between factorization and solve is, under the assumptions of
the lemma, essentially sn. Typical values of sn will be larger than 10. This
means that factorization is by far the most expensive part of resolution.
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2.3 Linear algebra: problems with design variables

We start our analysis with a general result on the factorization by elimination.
Let A be a nxn invertible matrix, where n = nj+ng, n; and ng being positive
integers. Let Ay;, 7,7 = 1,2, be its decomposition by blocks of size n; x ny, as
on the figure below (corresponding to the case when A;; is a band matrix):

Let (x,y) be solution of the following linear system:
Anz + Appy = b1y Asiz + Ay = b (6)

Assuming Aj; to be invertible, we may eliminate z from the first equation,
and express (z,y) as

y=(Agy — Ag AT Ap) H(bo — Ag1 AT'b1); = ATHb — Ary). (T)

The factorization step consists in factorizing A1, solving ng linear systems
of type A112 = ¢, where ¢ is an arbitrary column of Ajs, and computing the
reduced matriz Ag 1= (A2 — AglAl"llAlg)_l, and finally factorizing Ar. The
resolution step needs the resolution of two linear systems with matrix Apg,
and one with matrix Agp. We obtain the following complexity result:

Lemma 2. The resolution of (6) based on reduction (7) requires (i) for fac-
torization: the factorization of Ai1, ng resolutions with matriz Aiq, and the
factorization of Agr, and (ii) for each resolution (after factorization): to solve
two linear systems with matriz Ay and one with matriz Ag.

We apply this result to the case of a single arc problem with n, static
parameters, the time dependant variables being eliminated first, using the
number of operations estimated in lemma 1. Then static parameters are com-
puted using a full matrix factorization. Lemma 2 implies the following result:

Corollary 1. A single arc problem with ng static parameters, using the above
elimination procedure, and the QR factorization for time dependant variable,
needs O(nsg*N +q>N)+0(n3) operations for factorization, and O(Ng?+n?)
for each resolution (after factorization).
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2.4 Mesh Refinement

For a Cauchy problem (integration of an ordinary differential equation with
given intial value) the control of the size of time step is done once for all for
each given time step. For a two points boundary value problem, the situation
is different. Although the error estimate is of the same nature, one needs to
solve a given discretization grid accurately enough before obtaining the local
error estimates that allow to predict the needed additional grid points. Some
refinement schemes are based on primal errors only, see [5,6]. We show here
how to compute an “optimal” refinement for the state and costate equations.

The theory of error estimates tells us that the local error on step & is of
the form ey = C’kh£+1, where the order p is, in principle, known. The error
estimate may be obtained by comparing the local variation of the differential
variable with the one computed by a scheme of higher order. Dividing the
step Ay into gy smaller steps of size hy /gy, where ¢ is a positive integer, we
reduce the error to Ci(hx/qx)P*! on each smaller step, i.e. a total of er/q, on
the ¢x steps. This is valid, of course, provided the step is small enough. The
problem of reaching a specific error estimate by adding the smallest number
of new grid points can therefore be formulated as follows:

N N
Min Y g Y :—’; <E. (INP)
k=1 k

N
geN — et

This nonlinear integer programming problem appears to be easily solvable,
by adding iteratively points at steps for which the local gain, obtain by incre-
menting gi by one, is maximal. See algorithm 1 below, and [3] for details.

Algorithm 1 Primal Algorithm
Fork=1,...,N dogy :=1. End for
While SV ey/q? > E do

Compute kg, € argmaxy{ex (1/¢h — 1/(qx +1)P)}

Qky ‘= qr, T 1.
End While

2.5 Interior-point algorithms

Consider now a constrained optimal control problem of the following form:

Min Te(y(t),u(t))dt+¢(y(T));
0
y(t) = fly(t),u(t), tel0,T); (8)
0 <g(y(t),u(t)), tel0,T];
y(0) = ¢°.

Introducing a nonnegative slack variable for inequality constraints, a using
a logarithmic penalty for the nonnegativity constraint on the slack variable,
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and setting £ (y,u) := £(y,u) — &> i_, gi(y,u), where € > 0, we obtain the
following approximation:

T

Min / £(y(8), u(®))dt + By(T));

oy 20 (9)
y(t) = f(y(t)’u(t))’ te [OvT}»

y(0) = ¢°.

The penalized problem (9) is unconstrained with an integral and final cost.
Adding an additional state variable allows to reduce it to a problem with final
cost only, that can be discretized by the Runge-Kutta schemes discussed in
subsection 2. For a given value of ¢ the error analysis of that section applies
when the steps vanish. The constants, however, will depend on ¢.

An interesting open problem is to obtain error estimates for given pa-
rameter & and discretization steps. This is obviously difficult, since without
logarithmic penalty, one may encounter a reduction order when state con-
straints are active (it is known that in general a Runge-Kutta scheme applied
to an algebraic differential system suffers from order reduction). In addition
junction points for constraints (times when the constraint begins or stops to
be active) need a specific analysis.

Related to this is the question of the choice of a path of convergence, ie.,
at which speed should the parameter £ and the discretization steps to 0. Again
this is essentially an open problem. In our present implementation we simply
require that the error estimate is not more than a constant times e.

3 Multiarc problems

3.1 Framework

With a multiarc problem is associated a scenario graph whose edges are the
arcs of the optimal control problem, i.e. time intervals with a given dynamics
and integral cost, and vertices are junction points corresponding to starting
or ending points, separation, or rendez-vous. For instance, with the mission
example stated in the introduction is associated the following scenario graph:

4 5

1

Formally, the graph is a pair (V, E} where V is the finite set of vertices, and
E C V XV is the set of edges. With edge e = (i, §), where ¢ and § are vertices,
are associated the following variables and data:
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y(t) € R", ut(t) € R™e : state and control,

7€ € RMee ; static optimization parameters, size ns.e,

Lo (t, ye(t), us(t), 7) : distributed cost, (10)
fe(t,ye(t), us(t), n¢) : state dynamics,

ge(t, Yo (t), us(t), 7°) : distributed constraints.

Static optimization parameters are parameters involved at each time step,
such as a mass of vehicle or the engine power. Since we reduce the possible
variable time (spent on the arc) to a fixed unit time through the usual change
of variables, the durations also appear as static parameters in our formulation.
With a vertex j € V' are associated the following variables and data:

29 variables at vertex, size n;,
@;(27):  cost at vertex, (11)
gi(t;,z%) « distributed constraints.

Variables z7 include the date t; associated with the vertex, a copy of either
initial or terminal states of arcs connected to this vertex, and as a copy of all
static optimization parameters of these arcs. The multiarc problem may be
formulated as follows:

tj )
Min Y Ce(t,yo(t), u(1))dt + > 8;(27));
e=(i,j)eE i jev
ye(t) = fe(t,ye(t), us(t), n®), t€ [ts,t;], foralle=(i,7)€E,
0 < ge(t,yo(t), us(t),n®), foralleeckE,
0<gtj,27), foralljeV,
LO = hj(tja (y(qj)(tj% W("j)), (y(j")(tj)v’/'r(j“))’ Zj)7 for all ] eV

,

The equality constraint at the nodes h; includes the above mentioned copies of
initial or terminal states and static parameters, as well as equality constraints
on initial or terminal states, if any.

3.2 Linear algebra
Here is the main result of this section.

Theorem 2. Let (V, E) be the scenario graph of the multiarc optimal control
problem. Let N denote the number of time steps of arc e, Denote by s the
number of inner steps in the Runge Kutta formula used for arc e, and by ng .
the number of distributed constraints on arc e. Let ns. and n, denote the
number of static parameters on edge e, and the number of vertices variables
on vertex v, respectively.

Then the band size g, on arc e satisfies ge = 5¢0(ne + me + nge), and a
procedure (to be detailed below) allows to obtain a complexity for factorization
and resolution of the Jacobian of discretized optimality system of order
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Z [Ne<q2 + ns,qu) + nz,e] + Z(ng,e -+ que)(n§+ T’Lg) + Z n% (12)
e€ER ecE vevV

Here e and & denote the starting and ending vertices, respectively, of edge e.

Remark 2. (1) The first sum in (12) represents the order of number of oper-
ations needed for the factorization of parts of the Jacobian corresponding to
each arc. Therefore the total cost is proportional to the number of vertices
and edges (weighted by coefficients depending on the number of associated
variables) and the overall complexity (12) seems to be quite low.

(ii) For most real world optimal control problems, we may expect that the
dominant term in (12) will be Y, 5 g2 Ne, itself of order Y, p s3n2N,.

The elimination procedure is as follows.
Algorithm 3 Elimination

1) Factorize the parts of Jacobian corresponding to each arc
2) Eliminate all arc variables
3) Eliminate recursively all node variables, starting from leaves

Proof of theorem 2. That ¢, = 5.0(ne +me +ng ) results from the discus-
sion before lemma 1. In view of that lemma, the number of multiplications for
step 1 is of order 3, ¢ g[Ne(q2 +ng,eq?)+nd ). Step 2 needs at most (ne + ne)
resolutions of the four blocs matrix and each resolution need (n2, + ¢2N.)
operations. In step 3, elimination of leaf v connected to vertex w does not
interplay with other vertices, and need, by lemma 2, the factorization of ma-
trices of size n; and ny, plus solving n; linear systems of size n;, which means
a number of operations of order n3 + n? 4+ n;n2. Since n;n? < max(n, n?)
this is of order n? +n?. The third step being recursive, the conclusion follows.
[ |

Remark 3. Our implementation of the elimination procedure in C describes
matrices as data structures plus a routines allowing factorization, so that
sparse matrices of different types may be involved. We have presently three
types of matrices: band, full and identity. Only the single arc minimization is
implemented presently, but it uses already this general elimination procedure.
What lacks for the multiarc problem is the construction of the optimality
conditions and its Jacobian, starting from the description of subsection 3.1.

4 Application to Goddard’s problem

Goddard’s problem, stated in 1919 (see e.g. [20]) consists in maximizing the
final altitude of a rocket with vertical ascent. The model involves three state
variables: altitude r, speed v and mass m, and the thrust ' as control variable,
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The objective is to maximize the final altitude, the final time being free. The
Dynamics is

#(t) = v(t),
o(t) = (F(t) — D(v(t),r(t)))/m(t) — g(r(t)), (13)
m(t) = —F(t)/c

where D is the drag function, with arguments speed and altitude, g(r) is the
gravity field, and ¢ is the speed of ejection of gas. The final mass is given, and
we have a bound on thrust: 0 < F(t) € Fmax.

Starting from a speed close to zero, it happens that the optimal thrust is
not (as numerical experiments show) to set the thrust at Fmax as long as the
final mass is not attained. The reason is that aerodynamic forces would, in
that case, tend to reduce significantly the speed. Therefore (although this is
apparently not proved yet) the optimal law is to set the thrust at Fmax for a
certain time, then to set it to values in (0, Finax) (this is the singular arc) and
finally to set it to zero. The term singular arc comes from the fact that, since
the control appears linearly in the dynamics (and not in the cost function) it
cannot be computed by minimizing the Hamiltonian function. There exists a
nice piece of theory that allows to obtain the control law during the singular
arc (see [10,20]), but of course we do not use it in our numerical experiments.

Although our code may use arbitrary Runge-Kutta coeflicients, we have
used only the Gauss-Legendre of order 2, so that we may see how the code
bevahes when there are many time steps. The results are synthetized in Table
1. Each major iteration corresponds to the resolution of the penalized problem
for a given value of €. We display the values of the major iteration ¢, the size
N of the mesh, the number of points to be added (predicted by the refinement
procedure), the current value of € and the threshold E on error estimates. Ob-
serve the great accuracy of the refinement procedure, that essentially predicts
in one shot the points to be added. The number of inner iterations remains
small. It is fair to say, however, that our reduction procedure for ¢ is quite
conservative (division by 2). Stronger reductions will be the subject of future
research.

The optimal control and states are displayed on figures 1-4, for each value
of the parameter . We observe the barrier effect for large £, and the conver-
gence to a three arcs structure, one of them being singular.

The density of mesh, after each major iteration is displayed in figure 5.
The small numbers on the vertical axis are 0,4,8,10,14,16. The original mesh
has 100 equal steps. We can observe on the final mesh a high density in the
region corresponding to the singular arc.

5 Conclusion

The main features of our approach are the use of dedicated algebra solvers
that exploit the band structure of sparse matrices, and the optimal refinement
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It|| N |ns|Points 5 E

1] 100 | 13| +43 1.0e-3 5.0e-4
143 3| +1
1441 3| +0

2| 144 | 6 | +63 5.0e-4 2.5e-4
20731 +1
208 3| +0

3112086 |+102| 2.5e-4 1.25e-4
310 3| +0

411310 | 6 | +163 | 1.25e-4 6.25e-5
47313 | +0

5114731 5| +283 | 6.25e-5 | 3.125e-5
756 3| +0

61756 | 5 | +484 | 3.125e-5 | 1.5625e-H
1240 3 | +0

71112401 5 | +862 | 1.5625e-5 | 7.8125e-6
21021 2 | +0

812102 5 |+1458| 7.8125e-6 13.90625e-6
3560 2 | +0

9113560 5 |+2663{3.90625e-6]1.95313e-6
6223] 2 | +0

Table 1: Results

scheme. The interior-point methodology avoids the need for large number of
iterations as in sequential quadratic programming algorithms [5, 7], but it
also gives flexibility for refinement that can be performed at any iteration.
Of course shooting methods are always less expensive for a given precision,
but they are not always stable and frequently need a priori knowledge of the
sequence of active constraints.

We apply our methodology to reentry problems in [1] (that paper contains
also a detailed analysis of the refinement problem). Numerical computations
for multiarc problems will be presented in J. Laurent-Varin’s Ph.D. Thesis.

Much remains to be done in several directions. (i) In the case of state
constraints there is a reduction in error orders that should be taken into
account in the analysis. (ii) We do not have any theory telling what should
be the order of parameter ¢ for a given value of discretization errors (i.e.,
along which path these two parameters should go to zero). (iii) Convergence
could be improved (especially for avoiding stationary points that are not local
minima) by using step decomposition, see [9, Part III].

Finally heuristics for having good starting points are of course essential
and are a research subject by themselves.
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Fig. 1: Thrust law Fig. 2: Altitude
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Fig. 3: Velocity Fig. 4: Mass

References

1. Bérend, N., Bonnans, F., Haddou, M., Laurent-Varin, J., Talbot, C.: An Interior-
Point Approach to Trajectory Optimization. INRIA Research Report RR-5613,
www.inria.fr/rrrt/rr-5613.html (2005)

2. Bérend, N., Bonnans, F., Haddou, M., Laurent-Varin, J., Talbot, C.: A Pre-
liminary Interior Point Algorithm For Solving Optimal Control Problems, 5"
International Conference on Launcher Technology. Madrid, Spain (2003)

3. Bérend, N., Bonnans, F., Haddou, M., Laurent-Varin, J., Talbot, C. On the
refinement of discretization for optimal control problems. 16" IFAC SYMPO-
SIUM Automatic Control in Aerospace. St. Petersburg, Russia (2004)

4. Betts, J.T.: Survey of Numerical Methods for Trajectory Optimization. AIAA
J. of Guidance, Control and Dynamics, 21, 193-207 (1998)

5. Betts, J.T.: Practical methods for optimal control using nonlinear programming.
Society for Industrial and Applied Mathematics (SIAM), Philadelphia (2001)

6. Betts, J.T., Huffman, W.P.: Mesh refinement in direct transcription methods
for optimal control. Optimal Control Applications & Methods, 19, 1-21 (1998)

7. Bonnans, J.F., Launay, G.: Large Scale Direct Optimal Control Applied to a
Re-Entry Problem. AIAA J. of Guidance, Control and Dynamics, 21, 996-1000
(1998)



10.

11.

12.

13.

14,

13.

Fast Linear Algebra for Multiarc Trajectory Optimization 13

é 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
l 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
§; T g L ey
13 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
l 0.02 0.04 0.06 0.08 ‘ 0.10 0.12 0.14 0.16 0.18 0.20
3 I m mm' IS
g- RN ssmsaer R S avssasettsssorssessarsarsaresmveassetuasess
0.02 0.04 0.06 0.08 0.10 0.12 0.14 016 0.18 0.20
3T g [ T T
g- T e T LTI oo cps
lg 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
} 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
g; hmﬂmmmﬂml[IIHIH]]HII!HIHH]HIIIHHHIHHIIITIIHI
13 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 20
0.02 0.04 0.06 0.08 0.10 0.12 0.14 G.16 0.18 0.20
Fig. 5: Mesh

. Bonnans, J.F., Laurent-Varin, J.: Computation of order conditions for sym-

plectic partitioned Runge-Kutta schemes with application to optimal control.
INRIA Research report RR-5398, www.inria.fr/rrrt/rr-5398.htm! (2004)

. Bonnans, J.F., Gilbert, J.Ch., Lemaréchal, C., Sagastizabal, C.:. Numerical Op-

timization: theoretical and numerical aspects. Springer-Verlag, Berlin (2003)
Bryson, A. E., Ho.,, Y.-C.: Applied optimal control. Hemisphere Publishing,
New-York (1975)

Bulirsch, R., Nerz, E., Pesch, H. J., von Stryk, O.: Combining direct and indirect
methods in optimal control: range maximization of a hang glider. In “Optimal
control”, Birkh&user, Basel, 273-288 (1993)

Dontchev, A. L., Hager, W. W.: The Euler approximation in state constrained
optimal control, Mathematics of Computation, 70, 173-203 (2001)

Dontchev, A. L., Hager, W. W., Veliov, V. M.: Second-order Runge-Kutta ap-
proximations in control constrained optimal control. STAM Journal on Numer-
ical Analysis, 38, 202-226 (2000)

Hager, W.: Runge-Kutta methods in optimal control and the transformed ad-
joint system. Numerische Mathematik, 87, 247-282 (2000)

Hairer, E., Lubich, C., Wanner, G.: Geometric numerical integration. Springer-
Verlag, Berlin (2002)



14

16.

17.

18.

19.

20.

N. Bérend et al.

Hairer, E., Ngrsett, S. P., Wanner, G.: Solving ordinary differential equations I.
Springer-Verlag, Berlin (1993)

Hairer, E., Wanner, G.: Solving ordinary differential equations II. Springer-
Verlag, Berlin (1996)

Pesch, H. J.: A practical guide to the solution of real-life optimal control prob-
lems. Control and Cybernetics, 23, 7-60 (1994)

von Stryk, O., Bulirsch, R.: Direct and indirect methods for trajectory opti-
mization. Annals of Operations Research, 37, 357-373 (1992)

Tsiotras, P., Kelley, H.J.: Drag-law effects in the Goddard problem. Automatica,
27, 481-490 (1991)



Lagrange Multipliers with Optimal Sensitivity
Properties in Constrained Optimization

Dimitri P. Bertsekas?

Dept. of Electrical Engineering and Computer Science, M.I.T., Cambridge, Mass.,
02139, USA. (dimitriblmit.edu)

Summary. We consider optimization problems with inequality and abstract set
constraints, and we derive sensitivity properties of Lagrange multipliers under very
weak conditions. In particular, we do not assume uniqueness of a Lagrange multiplier
or continuity of the perturbation function. We show that the Lagrange multiplier
of minimum norm defines the optimal rate of improvement of the cost per unit
constraint violation.

Key words: constrained optimization, Lagrange multipliers, sensitivity.

1 Introduction

We consider the constrained optimization problem

minimize  f(x) P
subject to z € X, g;(z)<0, j=1,...,rm (P)
where X is a nonempty subset of 7, and f: R" — R and g; : R — R are
smooth (continuously differentiable) functions.

In our notation, all vectors are viewed as column vectors, and a prime
denotes transposition, so z'y denotes the inner product of the vectors z and
y. We will use throughout the standard Euclidean norm ||z|| = (z'z)Y/2. The
gradient vector of a smooth function A : R — R at a vector z is denoted by
Vh(z). The positive part of the constraint function g;(z) is denoted by

g; (z) = max{0, g;(x)},
and we write

9(z) = (1(z),...,9:(x)), 9T (x)= (g7 (2),..., 97 (2)).

! Research supported by NSF Grant ECS-0218328.
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The tangent cone of X at a vector € X is denoted by Tx(x). It is the set
of vectors y such that either y = 0 or there exists a sequence {z*} C X such
that =¥ # x for all k and

k

kg r-r Y
S S P ey ]

An equivalent definition often found in the literature (e.g., Bazaraa, Sherali,
and Shetty [BSS93], Rockafellar and Wets [RoW98]) is that Ty (x) is the set
of vectors y such that that there exists a sequence {zF} ¢ X with 2* — =,
and a positive sequence {a*} such that o* — 0 and (z* — z)/a* — y. Note
that Tx(z) is a closed cone, but it need not be convex (it is convex if X is
convex, or more generally, if X is regular at z in the terminology of nonsmooth
optimization; see [BNOO3| or [RoW78]). For any cone N, we denote by N* its
polar cone (N* = {z | 2’y <0, Vy € N}). This paper is related to research on
optimality conditions of the Fritz John type and associated subjects, described
in the papers by Bertsekas and Ozdaglar [BeO02|, Bertsekas, Ozdaglar, and
Tseng [BOT04], and the book [BNO03]. We generally use the terminology of
these works.

A Lagrange multiplier associated with a local minimum z* is a vector
= (t1,..., ) such that

/

.

Vi) + > uVgi(ar) | d=0,  VdeTx(z"), (1.1)
j=1

pu; =20, Vi=1,...,r py =0, Vj¢Ax"), (1.2)

where A(z*) = {j | g;(z*) = 0} is the index set of inequality constraints
that are active at x*. The set of Lagrange multipliers corresponding to z*
is a (possibly empty) closed and convex set. Conditions for existence of at
least one Lagrange multiplier are given in many sources, including the books
[BSS93], [Ber99], and [BNOO03], and the survey [Roc93].

We will show the following sensitivity result. The proof is given in the next
section.

Proposition 1. Let z* be a local minimum of problem (P), assume that the
set of Lagrange multipliers is nonempty, and let u* be the vector of minimum
norm on this set. Then for every sequence {z*} C X of infeasible vectors such
that % — x*, we have

Fa*) = @) < e lllg* (=) + o(lla® - ]). (1.3)

Furthermore, if u* # 0 and Tx (x*) is conves, the preceding inequality is sharp
in the sense that there exists a sequence of infeasible vectors {z*} C X such
that zF — z* and
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- fl@) = f(@b)
lim = = | (1.4)
k—oo g™ (z*)]|
For this sequence, we have
+ (pk *
T (x "
- gi( k) _ ui ’
koo |lgt (@) [lwl

j=1...,r (1.5)

A sensitivity result of this type was first given by Bertsekas, Ozdaglar, and
Tseng [BOT04], for the case of a convex, possibly nondifferentiable problem. In
that paper, X was assumed convex, and the functions f and g; were assumed
convex over X (rather than smooth). Using the definition of the dual function
lg(p) = infeex {f(z) + #'g(2)}], it can be seen that

¢ = f(z)=qu*) = f(z) < flz) +u'glx) - f(z) = p*g(z) < ]l g™ ()],

¥ z € X, where ¢* is the dual optimal value (assumed finite), and p* is the
dual optimal solution of minimum norm (assuming a dual optimal solution
exists), The inequality was shown to be sharp, assuming that u* # 0, in the
sense that there exists a sequence of infeasible vectors {z*} C X such that

s q* _ f(mk) _ *
f P e

This result is consistent with Prop. 1. However, the line of analysis of the
present paper is different, and in fact simpler, because it relies on the machin-
ery of differentiable calculus rather than convex analysis (there is a connection
with convex analysis, but it is embodied in Lemma 1, given in the next sec-
tion).

Note that Prop. 1 establishes the optimal rate of cost improvement with
respect to infeasible constraint perturbations, under much weaker assumptions
than earlier results for nonconvex problems. For example, classical sensitivity
results, include second order sufficiency assumptions guaranteeing that the
Lagrange multiplier is unique and that the perturbation function

p(u) = xEX,Hgl(fx)Su f(z)

is differentiable (see e.g., [Ber99]). More recent analyses (see, e.g., Bonnans
and Shapiro [BoS00], Section 5.2) also require considerably stronger conditions
that ours.

Note also that under our weak assumptions, a sensitivity analysis based
on the directional derivative of the perturbation function p is not appropriate.
The reason is that our assumptions do not preclude the possibility that p has
discontinuous directional derivative at u = 0, as illustrated by the following
example, first discussed in [BOT04].
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Ezample 1. Consider the two-dimensional problem,

minimize —T3
subjectto ze€ X ={z |23 <z}, gi(z) =21 <0, go(z) =22<0,

we have
—Ug if u3 < u,
pu) ={ v ifu; <udu; >0,u2 >0,
o0 otherwise.

It can be verified that z* = 0 is the global minimum (in fact the unique
feasible solution) and that the set of Lagrange multipliers is

{p=0]pe =1}

Consistently with the preceding proposition, for the sequence z* = (1/k?, 1/k),

e have fz®) = f(zF)
z*) — f(z

1' ———— s * = 1,

S Tl =t

However, u* = (0,1), is not a direction of steepest descent, since starting at
u = 0 and going along the direction (0,1}, p(u) is equal to 0, so

p'(0;u*) =0.

In fact p has no direction of steepest descent at u = 0, because p'(0;-) is
not continuous or even lower semicontinuous. However, one may achieve the
optimal improvement rate of ||u*|| by using constraint perturbations that lie
on the curved boundary of X.

Finally, let us illustrate with an example how our sensitivity result fails when
the convexity assumption on T'x (z*) is violated. In this connection, it is worth
noting that nonconvexity of Tx(z*) implies that X is not regular at z* (in
the terminology of nonsmooth analysis - see [BNO03] and [RoW78}), and this
is a major source of exceptional behavior in relation to Lagrange multipliers
(see [BNOO3|, Chapter 5).

Ezample 2. In this 2-dimensional example, there are two linear constraints
gi1(z) =z + 22 <0, go(z) = —z1 + 2 <0,
and the set X is the (nonconvex) cone
X ={z| (z1 + z2)(z1 — 72) = 0}
(see Fig. 1). Let the cost function be

flzy,zs) =22 + (22 — 12
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xaT
X

NG \/

Feasible Region

Fig. 1: Constraints of Example 2. We have Tx (z*) = X = {z | (z1+z2(z1—22) = 0}.
The set X consists of the two lines shown, but the feasible region is the lower portion
where x2 < 0.

Then the vector z* = (0,0) is a local minimum, and we have T'x (z*) = X, so
Tx (x*) is not convex.
A Lagrange multiplier is a nonnegative vector (u¥, 13) such that

(VF(@*) + uiVar(e™) + p3Vge(2*))d 20, VdeTx(z"),

from which, since Tx(z*) contains the vectors (1,0), (-1,0), (0,1), and
(0, -1), we obtain

V(@) + uiVai(z*) + u3Vga(z*) =0,

(5)=(0) (3 =0

Thus the unique Lagrange multiplier vector is u* = (1, 1). There are two types
of sequences {z;} C X (and mixtures of these two) that are infeasible and
converge to x*: those that approach z* along the boundary of the constraint
T 4+ 73 < 0 [these have the form (—¢F,¢F), where ¢¢ > 0 and ¢* — 0], and
those that approach z* along the boundary of the constraint —z; +z9 < 0
[these have the form (¢%,£F), where €¥ > 0 and ¢* — 0]. For any of these
sequences, we have f(z*) = (¢%)? + (¢F — 1)2 and ||g* (zF)| = 2¢*, so

Lim f(.’L’*)—'f(il?k) o 1—<§k)2_(§k_1)2 =1<\/'2':”‘u*||

koo lgT(aF)l T koo 28k

Thus ||*|| is strictly larger than the optimal rate of cost improvement, and
the conclusion of Prop. 1 fails.
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2 Proof

Let {zF} C X be a sequence of infeasible vectors such that z* — z*. We
will show the bound (1.3). The sequence {(z* —z*)/|z* — z*||} is bounded
and each of its limit points belongs to Tx (z*). Without loss of generality, we
assume that {(z* — z*)/|z*¥ — 2*||} converges to a vector d € T'x(z*). Then
for the minimum norm Lagrange multiplier u*, we have

(w )+ 3 1V *)) a>0 (21)

i=1
Denote %
- x*
Sk = — —d.
jjzk — 2]
We have
/
(vf )+ ZN] Vyj(z )) (xk —-z")
Jj=1

Jj=1

(w )+ Vg >) (d+¢&) e a7,

so using Eq. (2.1) and the fact £&¥ — 0, we have

(Vf +ngJ >) (" — ") > o(||z* ~ z7]]). (2.2)

j=1

Using Eq. (2.2), a Taylor expansion, and the fact u*'g(z*) = 0, we have
f(zF) + p*'g(a®) = fz*) + p'g(a")+

(Vf +ZMJV93 )) (a¥ —2*) +o(llz* — z*|])

j=1
> f(z") + o(f|z* — z*)).
We thus obtain, using the fact x> 0,
fl@) = f(zF) < u'g(z*) + o(lla® — 27||) < w'gt(a¥) + o(lla* — z7])),

and using the Cauchy-Schwarz inequality,

Fa*) = £(@®) < el llgt @)+ o(llz* - 2*1),
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which is the desired bound (1.3).

For the proof that the bound is sharp, we will need the following lemma
first given in Bertsekas and Ozdaglar [BeO02] (see also [BNOO03], Lemma
5.3.1).

Lemma 1. Let N be a closed conver cone in %", and let ag,...,a. be given
vectors in R™. Suppose that the set

M= pZO‘— aO+ZMjaj eEN
j=1

is nonempty, and let u* be the vector of minimum norm in M. Then, there
exists a sequence {d¥} C N* such that

gl — — % (@A) - G=1er (23)

For simplicity, we assume that all the constraints are active at =*. Inactive
inequality constraints can be neglected since the subsequent analysis focuses
in a small neighborhood of z*, within which these constraints remain inactive,
We will use Lemma 1 with the following identifications:

N = Tx(z")", ag = Vf(z™), a; =Vg;(z*), j=1,...,m

M = set of Lagrange multipliers,
w* = Lagrange multiplier of minimum norm.

Since T'x(z*) is closed and is assumed convex, we have N* = Tx(z*), so
Lemma 1 yields a sequence {d*} C Tx(z*) such that

Vi@)dh — - ? Vg@)dt -y, j=1.m

Since d* € Tx(z*), for each k we can select a sequence {z*} C X such that
z%t £ 2* for all ¢ and

k.t *
Tt —
lim Mt = z*, lim ————— =dF (2.4)
t—o0 t—o0 ”xkvt — ;L‘*H
Denote L
*
gkt — T -k
[T =]
For each k, we select ¢y sufficiently large so that
lim &8t =, lim zFt = z*,
k—o0 k—o00

and we denote

k kot k __ kit
Tt =z, £ =¢""
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Thus, we have
k *
k E_ T —ZX k
AT el P e I

Using a first order expansion for the cost function f, we have for each k and
t

F(@®) = f(z*) = Vf(z") (2" — 2*) + of||z* — z"))
= V@) (d° +€°) |2* - 2*] + of[la* — 27)))
_ k * *\/ 1k *\/ ¢k O(ka —1'*”)
~ o~ o) (VoY + vy + AEZED),
and, since ¢¥ — 0 and Vf(z*)'d* — —||u*||?,
F(a®) = fl@) = —[a* — 2| - [|u*)® + o(llz® — 2™}, (2.5)
Similarly, using also the fact g;(z*) = 0, we have for each k and ¢,
9;(z") = flz* — &) + o —2*|),  J=1....m
from which we also have
g (@) = |2* —a*|uj +o(flc®* —2*)),  J=1,...,m (2.6)
We thus obtain
g™ (")) = ll=* — 2| - ||| + o(ljz* — ™), (2.7)

which, since ||u*| # 0, also shows that ||g* (z*)] # 0 for all sufficiently large
k. Without loss of generality, we assume that

By multiplying Eq. (2.7) with [|u*||, we see that
I g™ (@) = llz® = 27| + oflla* — ™). (2.9)

Combining Eqs. (2.5) and (2.9), we obtain
Fla®) = £&*) = [l - llg* @) + o(z* —z*]),
which together with Eqgs. (2.7) and (2.8), shows that
fa®) = fa¥) o(llz* — =*[)) _
lig* (=) 2% =z ]l + ojz* — =)
Taking the limit as £ — oo and using the fact |[©*]] # 0, we obtain
- f@7) — f(=H)
lim ot
koo gt (k)]
Finally, from Egs. (2.6) and (2.7), we see that
g7 (@) _ i olfzt — 2"
lg™ @) el zh =z
from which Eq. (1.5) follows. O

=l +

= [lw”l

j:]"""’r’
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An O(n?) Algorithm for Isotonic Regression

Oleg Burdakov, Oleg Sysoev, Anders Grimvall, and Mohamed Hussian

Department of Mathematics, LinkSping University, SE-58183 Link&ping, Sweden
({olbur,olsys,angri,mohus}@mai.liu.se)

Summary. We consider the problem of minimizing the distance from a given n-
dimensional vector to a set defined by constraints of the form z; < 2;. Such con-
straints induce a partial order of the components z;, which can be illustrated by an
acyclic directed graph. This problem is also known as the isotonic regression (IR)
problem. IR has important applications in statistics, operations research and signal
processing, with most of them characterized by a very large value of n. For such
large-scale problems, it is of great practical importance to develop algorithms whose
complexity does not rise with n too rapidly. The existing optimization-based algo-
rithms and statistical IR algorithms have either too high computational complexity
or too low accuracy of the approximation to the optimal solution they generate.
We introduce a new IR algorithm, which can be viewed as a generalization of the
Pool-Adjacent-Violator (PAV) algorithm from completely to partially ordered data.
Our algorithm combines both low computational complexity O(n*) and high accu-
racy. This allows us to obtain sufficiently accurate solutions to IR problems with
thousands of observations.

Key words: quadratic programming, large scale optimization, least distance
problem, isotonic regression, pool-adjacent-violators algorithm.

1 Introduction
We consider the isotonic regression problem (IR) in the following least distance
setting. Given a vector a € R™, a strictly positive vector of weights w € R™

and a directed acyclic graph G(N, E) with the set of nodes N = {1,2,...,n},
find z* € R™ that solves the problem:

min iwi(xi —a;)* (1
=1

st.x; <xz; V(i j)eE.
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Since this is a strictly convex quadratic programming problem, its solution z*
is unique. The optimality conditions and an analysis of the typical block (or
cluster) structure of z* can be found in [BC90,Lee83,PX99]. The monotonicity
constraints defined by the acyclic graph G(N, E) imply a partial order of the
components x;, ¢t =1,...,n.

A special case of IR problem arises when there is a complete order of
the components. This problem, referred to as IRC problem, is defined by a
directed path G(N, E) and is formulated as follows:

n

min Zwi(m —a;)? (2)
i=1

st. x1 <@ < ST

IR problem has numerous important applications, for instance in statis-
tics [BBBB72,DR82, Lee83], operations research [MM85, R86] and signal pro-
cessing [AB98, RB93]. These applications are characterized by a very large
value of n. For such large-scale problems, it is of great practical importance
to develop algorithms whose complexity does not rise with n too rapidly. The
existing optimization-based algorithms [DMTO01] and statistical IR algorithms
have either high computational complexity or low accuracy of the approxima-
tion to the optimal solution they generate. In this connection, let us quote a
recent paper by Strand [Str03]:

Unfortunately, in the case where m > 1 and at least some of the
explanatory variables are continuous (i.e. typical multiple regression
data), there is no practical algorithm to determine LSIR ... estimates

where m stands for the number of explanatory variables, The case m > 1 in
the least squares isotonic regression (LSIR) corresponds to problem (1), while
the case m = 1 corresponds to (2).

The most widely used method for solving IRC problem (2) is the so-called
pool-adjacent-violators (PAV) algorithm [ABERS55, BBBB72, HPW73]. This
algorithm is of computational complexity O(n) (see [BC90,PX99]). The PAV
algorithm has been extended by Pardalos and Xue [PX99] to the special case
of IR problem (1), in which the partial order of the components is presented
by a directed tree. Several other special cases, in which the PAV algorithm
is applied repeatedly to different subsets of the components, are considered
in [BDPR84,DR82,5597,Str03]. In [BC90], it was shown that some algorithms
for problems (1) and (2) may be viewed as active set quadratic programming
methods. The minimum lower set algorithm [Br55| is known to be the first
algorithm proposed for the general IR problem. It was shown in [BC90] that
this algorithm, being applied to IRC problem, is of complexity O(n?). Per-
haps, the most widely used approaches for solving applied IR problems are
based on simple averaging techniques [M88,MS94, Str03]. They can be easily
implemented and enjoy a relatively low computational burden, but the quality
of their approximations to =* are very case-dependent and can be far from
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optimal. The best known computational complexity for the general case of IR
problem is O(n*), and it refers to an algorithm introduced in [MM85, R86].
This algorithm provides the exact solution to problem (1) by solving O(n)
minimal flow problems.

The aim of this paper is to present our generalization of the PAV algorithm
to the case of IR problem (1). It is referred to as the GPAV algorithm. Our
numerical experiments shows that it enjoys both low computational burden
and high accuracy. The computational complexity of our algorithm is O(n?2).
It must be emphasized here that, for graphs of some special structure, the
number of non-redundant monotonicity constraints in (1) grows in proportion
to n2.

In the case of the partial order presented by a directed tree, the GPAV
algorithm is closely related to the algorithm of Pardalos and Xue [PX99).
These two algorithms provide the exact optimal solution, and they are of
complexity O(nlogn).

The article is organized as follows. Section 2 describes the GPAV algo-
rithm. Its O(n?) complexity is discussed in Section 3. Section 4 presents the
results of our numerical experiments, which indicate that the GPAV algo-
rithm provides much higher accuracy and has lower computational burden in
comparison to the simple averaging algorithm. The numerical results comple-
ment those we reported in [BGHO04,HGBS05] for some other test and applied
problems.

2 Generalization of PAV algorithm

We say that the component z; is adjacent to the component z;, if (4,7) € E.
According to [BC90, Lee83,PX99], the optimal solution to IR problem (1) is
characterized by groups (blocks) of several adjacent components z} with one
and the same value equal to the average a-value over the block they belong
to.

The GPAV algorithm generates some splitting of the set of nodes N into
disjoint blocks of nodes. Since the values of components within one block
are the same, each block is presented in the subsequent computations by one
element called the head element. The block with the head element i € N is
denoted by B;. The set of head elements is denoted by H. Obviously, H C N,
and moreover,

. BigN, ViEH,
o UegB;=N,
L] BiﬂBJ‘:@, Vi,j € H.

The components of x associated with each block By, 1 € H, have the following

values
_ YokeB, WkOk

Zj = Wi ) V] S Biv
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W7;= Zwk

keB;

where

is the weight of block B;.

For node i € N, denote the set of its immediate predecessors {j € N :
(4,%) € E} by i~. The block B; is said to be adjacent to block Bj, or called
immediate predecessor for Bj, if there exist k € B; and [ € B; such that
k € I7. Let B denote the set of all adjacent blocks for B;. The GPAV
algorithm sets initially B; = {t} and B; = i~ for all the nodes i € IV, and
subsequently operates with the blocks only.

The GPAV algorithm deals with a reduced acyclic graph of blocks, which
is initially identical to G(N, E), and which subsequently can shrink from step
to step. This is because one block can absorb, under certain conditions, its
adjacent block. This operation reduces the set of blocks and edges connecting
them. The operation of absorbing B; € B} by B; can be presented as follows.

Algorithm ABSORB (i, 5).

Set H = H \ {i}.

Set By = B; UB; \ {i}.

Set z; = (Wj!Ej + Wiz,) / (W]' + Wy).

Set Bj =B;UB;and W; =W, + Wi

For all k € H such that i € B, set B, = B \ {i} U{j}.

Ot WD

The GPAV algorithm returns a feasible approximation £ to the optimal
solution z*. Our numerical experiments show that the accuracy of this ap-
proximation is sufficiently high. The GPAV algorithm begins with the set of
untreated blocks U = N, and then treats the blocks in U one by one. This
takes n steps. After each treatment step, the values assigned to the compo-
nents z;, 1 € H \ U, ensure the fulfillment of those of the original monotonic-
ity constraints, which involve only the components composing the blocks B;,
i € H\ U. It is typical in practice that these values are optimal solutions to
problem (1) reduced to the variables 2; € N\ U. If not optimal, the values of
these components are reasonably close to the optimal ones.

We call Bj a lower block of U, if the set {i € U : i € B} '} is empty, i.e.,
if U contains no blocks adjacent to B; € U. The block to be treated, say Bj,
is chosen in the GPAV algorithm among the lower elements of the partially
ordered set U. Then B; can be enlarged by absorbing, one by one, some of its
adjacent blocks in H \ U. If the common value of the components of = in the
new block violates any of the monotonicity constraints involving its adjacent
blocks, the new block absorbs the one corresponding to the mostly violated
constraint. This operation is repeated until all the constraints involving the
new block and its adjacent ones are satisfied. Our generalization of the PAV
algorithm can be presented as follows.
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Algorithm GPAV.

Set H=N and U = N.
For all i € N, set B; = {i}, B, =17, z; = a; and W; = w;.
While U # 0, do:
Find any of the lower elements of U, say, j. Set U = U\ {j}.
While there exists & € Bj‘ such that z, > z;, do:
Find i € By such that z; = max{zx : k € B} }.
ABSORB (1, 7).
For all kK € H and i € By, set £; = zy.

00 N O Otk N

This algorithm can be viewed as a generalization of the PAV algorithm,
because they coincide for IRC problem (2). Moreover, the GPAV algorithm is
closely related to the algorithm of Pardalos and Xue [PX99], when the graph
G(N, E) in IR problem (1) is a directed tree.

3 Complexity

A detailed proof of the fact that the GPAV algorithm is of computational
complexity O(n?) will be presented in a separate paper. Here we just outline
the basic properties of our algorithm which will be used in the proof.

Obviously, Steps 1, 2 and 8 of Algorithm GPAV take O(n) time. Step 4
is repeated n times, and each time the complexity of finding a lower element
of U does not exceed O(|U|). Thus, all the operations related to Step 4 are
of complexity O(n?). Algorithm ABSORB can be implemented in O(n) time.
The number of times that it is called on Step 7 of Algorithm GPAV does not
exceed n, the total number of nodes. The while-loop presented by Steps 5-7
can not be repeated more than 2n times, because every computation of the
while-condition either terminates (n times at most) the treatment of the new
block, or allows (n times at most) the new block to absorb one of its adjacent
blocks. At Steps 5 and 6, each operation of finding the maximal value of the
head components of the blocks adjacent to the new one takes O(n) time.
Therefore, the total number of operations associated with the while-loop can
be estimated as O(n?).

The reasoning above explains why the GPAV algorithm is of computational
complexity O(n?). Notice that the complexity is of the same order as the
possible maximal number of non-redundant constraints in (1), which is also
estimated as O(n?).

4 Numerical results

We used MATLAB for implementing the GPAV algorithm, the simple averag-
ing algorithm described in [M88], and a modification of the GPAV algorithm.
They are referred to as GPAV, SA and GPAV+, respectively.
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In the modification mentioned above, we run GPAV twice. First, we run it
on the original problem (1), which returns an approximation &’ to the optimal
solution. Second, we run it on the problem

n

min Zwi(a‘:i - (_17;)2
=1

st.Z;<%; V(,j) € E,

which is equivalent to (1) for @; = —a,, & = —z; and for the same edges in
E as in E, but inverted. Let #// denote the resulting approximation to the
optimal solution of (1). Denote the convex linear combination of these two
approximations as z(A) = A&’ + (1 — A)&’7, where the scalar A € [0,1]. Since
the feasible region in (1) is a convex set, z(A) does not violate the monotonicity
constraints. Then GPAV+ returns an approximation to the optimal solution
of problem (1) that corresponds to the optimal sclution of the simple one-
dimensional problem:

n
. Lo (XY 2
Orsnl\lglgwl(zz(/\) a;)*.
In our test IR problems we set w; = 1, ¢ = 1,...,n. The test problems

were based on the model
a=U; +Us+e¢,

where Uy, Us are two explanatory variables (m = 2) and ¢ is an error. Samples
of n = 80, n = 400 and n = 2000 observations

) Uf 1 % ;
U= Ué’ s a1:U1+U2+ErL, l=l,...,n,

were generated for normally distributed explanatory variables and for nor-
mally, exponentially or double-exponentially distributed error. Thereafter, for
each i, € N such that U* < U7 component-wise, we generated the mono-
tonicity constraint z; < x;. In this way we constructed the set of edges

E={(,5): U' LU, i,j €N}, (3)

that, along with a1, ..., a,, define problem (1). Then we reduced E by elimi-
nating all the redundant constraints, i.e., we eliminated the edge (4, 7), if there
existed k € N such that (i,k) € E and (k,7) € E. We also performed a topo-
logical sort [CLRSO01] of our directed acyclic graph to assure that (,7) € E
implies 7 < 5. The topological sort allowed to skip the search for a lower ele-
ment of U at Step 4 of Algorithm GPAV; instead, the blocks were treated in
the natural order By, Bs,..., By,.

For the future numerical experiments, we plan to generate in an efficient
way the reduced set of edges directly from the data, without generating the
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complete set of edges (3). This will produce simultaneously a topological sort
of our graph.

The numerical results presented here were obtained on a PC running under
Windows XP with a Pentium 4 processor (2.8 GHz). We compare the objective
function value of problem (1), obtained by GPAV, GPAV+ and SA, with the
optimal objective function value obtained by MATLAB solver lsqlin. Tables 1,
2 and 3 summarize the obtained performance data, where we use the notation

N/A = lsqlin failed to solve problem within given time limits,
sum = objective function value (sum of squares},
cpu = CPU time (seconds) until termination,

r.e.% = relative error (%) calculated as follows,

sump — SUm [gqlin
SUm 1sqlin

where A stands for GPAV, GPAV+ or SA.

- 100%,

Table 1: Normally distributed errors.

n 80 400 2000

sum cpu r.e% sum  cpu re% sum cpu
GPAV 41.966 0.016 4.14 279.819 0.172 1.16 1670.699 6.532
GPAV+ 41.315 0.048 2.52 279.496 0.562 1.05 1657.814 19.579
SA 52.722 0.047 30.83 356.515 0.875 28.89 2132.418 18.875
Isqlin 40.297 0.657 0.00 276.589 263.969 0.00 N/A N/A

Table 2: Exponentially distributed errors.

n 80 400 2000

sum cpu r.e% sum cpu r.e.% sum cpu
GPAV 19.475 0.032 2.52 161.177 0.171 0.74 1445.026 6.375
GPAV-+ 19.365 0.062 1.94 160.631 0.655 0.40 1439.493 19.359
SA 23.601 0.047 24.24 222,578 0.891 39.12 1726.989 18.750
Isqlin 18.995 0.390 0.00 159.983 233.766 0.00 N/A N/A

The three tables show that GPAV required less CPU time than SA for pro-
ducing much more accurate approximation to the optimal solution. Moreover,
GPAV+ always improved the relative error produced by GPAV, requiring for
this about three times more CPU time. The linear combination of the ap-
proximations generated by GPAV+ and SA did not result in any appreciable
improvement of the accuracy.
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Table 3: Double-exponentially distributed errors.

n 80 400 2000

sum cpu r.e% sum cpu re% sum cpu
GPAV 51.190 0.015 0.93 604.085 0.266 1.56 3344.406 6.266
GPAV+ 51.105 0.047 0.76 598.177 0.702 0.56 3317.172 18.219
SA 70.043 0.031 38.10 1406.101  0.844 136.40 7488.342 18.250
Isqlin 50.716 0.484 0.00 594.787 365.000 0.00 N/A N/A

All these observations are in good agreement with the numerical results
reported in [BGHO04, HGBS05] for some other test and applied problems.

5 Conclusions

The presented generalization of the PAV algorithm allows us now to obtain
sufficiently accurate solutions to the isotonic regression problems with thou-
sands of observations. The lack of the complete order in the data is not that
limiting now as it was previously.

In our future work, we plan to improve the presented version of the GPAV
algorithm in the following way. When the algorithm is running, it is not diffi-
cult to check whether the z-components of the new block produced on Steps
5-7 are suspected to be nonoptimal. Then such block can be split in smaller
ones in order to make the corresponding values of the z-components more
close, or even equal, to the optimal values.
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Summary. This paper describes KNITRO 5.0, a C-package for nonlinear optimiza-
tion that combines complementary approaches to nonlinear optimization to achieve
robust performance over a wide range of application requirements. The package is
designed for solving large-scale, smooth nonlinear programming problems, and it is
also effective for the following special cases: unconstrained optimization, nonlinear
systems of equations, least squares, and linear and quadratic programming. Various
algorithmic options are available, including two interior methods and an active-set
method. The package provides crossover techniques between algorithmic options as
well as automatic selection of options and settings.

Key words: nonlinear optimization, optimization software, interior-point,
SLQP.

1 Introduction

Nonlinear programming problems are often difficult to solve. In spite of the
rapid pace of algorithmic improvements, the most efficient algorithms avail-
able at present provide no guarantees of success or of fast performance over a
range of applications. To complicate matters, the search for improved meth-
ods has led researchers to propose a variety of algorithms, each of which is
typically implemented in a separate software package. To overcome the nu-
merous difficulties that arise in practice, software developers have included
a variety of options and heuristics to improve the chances of success. These
packages are, however, constrained by the underlying algorithm, and as is

! This author was supported by Army Research Office Grants DAAG55-98-1-0176
and DAAD19-02-1-0407, and NSF grants CCR-0219190 and CHE-0205170.

2 These authors were supported by National Science Foundation grants CCR-
0219438 and DMI-0422132, and Department of Energy grant DE-FGO02-
87ER25047-A004.



36 Richard H. Byrd, Jorge Nocedal, and Richard A. Waltz

well known, no single approach is uniformly successful in nonlinear optimiza-
tion. The prospective user is thus faced with a difficult choice. Each code is
unique in many ways: input and output formats, options and conventions.
Thus there is a steep learning curve in trying to achieve the most effective
use of a package. The availability of many codes through the NEOS Server
http://www-neos.mcs.anl.gov/ addresses only some of these issues.

The KNITRO software package aims to achieve greater flexibility and ro-
bustness through an integration of two powerful and complementary algorith-
mic approaches for nonlinear optimization: the interior-point approach and
the active-set approach. The impressive success of an integrated approach
of this sort for linear and integer programming, particularly over the past
decade [21, 23], argues for a similar approach to be taken in nonlinear opti-
mization. KNITRO is capable of applying features of an interior-point method
or an active-set method — or possibly both — depending on problem charac-
teristics. Within the interior-point approach, KNITRO provides two algorithms
implementing distinct barrier approaches. One of the main challenges in the
development of KNITRO has been the effective integration of the interior and
active-set algorithms into a unified package, and the development of tools that
exploit the power of our integrated approach.

The nonlinear programming formulation considered in this paper is:

min f(z) (1.1a)
subject to cgx(z) =0 (1.1b)
cr(z) 20, (1.1c)

where f : R™ — R, ¢ : R* = R! and ¢; : R® — R™ are twice continuously
differentiable functions. Problem (1.1) includes as special cases unconstrained
optimization, systems of nonlinear equations, least squares problems, linear
programs and quadratic programs. An important feature of the algorithms
implemented in KNITRO is that they automatically reduce to effective algo-
rithms for each of the simpler problem classes.

The quality and diversity of nonlinear optimization software has greatly
improved during the last 10 years. Some of the established packages have ma-
tured, and new packages have emerged. SNOPT [18] and FILTERSQP [15] im-
plement active-set sequential quadratic programming (SQP) methods. SNOPT
uses a line search approach, and in its default setting, employs quasi-Newton
approximations to the Hessian, FILTERSQP follows a trust region approach,
with filter globalization, and makes use of second-derivative information. The
MINOSs [29] and LANCELOT [12] packages, which were the first widely available
codes capable of solving problems with tens of thousands of variables and con-
straints, implement augmented Lagrangian methods. Another well established
package is CONOPT [14], which offers reduced Hessian and SQP methods.

Most of the new packages are based on the interior-point approach. LoQo
[33] implements a line search primal-dual algorithm that can be viewed as a
direct extension of interior methods for linear and quadratic programming.
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The first release of KNITRO [6] offered a trust region interior-point algorithm
employing a conjugate gradient iteration in the step computation; the sec-
ond release added a line search interior algorithm that is safeguarded by the
trust region approach [38]. BARNLP (2] and IPOPT [36] implement line search
interior-point approaches; IPOPT uses a filter globalization and includes a fea-
sibility restoration phase. MOSEK [1] is a primal-dual interior-point method
for conver optimization, and PENNON [25] follows an augmented Lagrangian
approach.

New active-set methods based on Sequential Linear-Quadratic Program-
ming (SLQP) have recently been studied by Chin and Fletcher [9] and Byrd
et al. [5]. Unlike SQP methods, which combine the active-set identification
and the step computation in one quadratic subproblem, SLQP methods de-
couple these tasks into two subproblems. The active-set algorithm in KNITRO,
implements the SLQP method described in [3].

Interior-point and active-set methods offer competing state-of-the-art ap-
proaches for solving nonlinear optimization problems — each with its own set
of advantages. Benchmarking studies [13,28] have tried to identify the classes
of problems for which each approach is best suited, but the rapid pace of soft-
ware development makes it difficult to arrive at concrete conclusions at this
time. We take the view that interior-point and active-set methods will both
be needed in the years to come.

2 Overview of the Package

KNITRO 5.0 is a C-package for solving nonlinear optimization problems. It
is designed for large-scale applications, but it is also effective on small and
medium scale problems. A great deal of attention has been given to the per-
formance of the KNITRO algorithms on simpler classes of problems such as
systems of nonlinear equations and unconstrained problems because these
tasks are crucial in the solution of nonlinear programming problems. We have
also ensured that the algorithms are fast and reliable on linear and quadratic
programming problems. A schematic view of the KNITRO package is given in
Figure 1.

In Figure 1 the nomenclature CG reflects the fact that the algorithmic
step is computed using an iterative conjugate gradient approach, while DI-
RECT implies that the step is (usually) computed via a direct factorization
of a linear system. As the figure suggests, the software design will enable the
addition of future options in the package such as a DIRECT version of the
active-set algorithm. Throughout the remainder of this paper we will refer to
the implementations of the CG and direct interior-point algorithms in KNI-
TRO as INTERIOR/CG and INTERIOR/DIRECT, and the active-set algorithm
implementation will be called ACTIVE.

In the following sections we give an outline of the algorithms implemented
in KNITRO. The descriptions are inevitably incomplete, since many additional
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Crossover

INTERIOR-POINT f---=====-==---~=~-~ ACTIVE-SET

DIRECT

]

Fig. 1: The main algorithmic options in the KNITRO 5.0 package.

features (such as second-order corrections, iterative refinement steps, resetting
of parameters, and regularization procedures) are needed to achieve efficiency
and robustness over a range of problems. Nevertheless, our outlines highlight
the main features of the algorithms.

3 Interior-Point Methods

The interior (or barrier) methods implemented in KNITRO associate with (1.1)
the barrier problem

m
rglgl flzy—p leog s (3.1a)
subject to cg(z) =0 (3.1b)
ci(z) —s =0, (3.1c)

where s is a vector of slack variables and p > 0. The interior approach consists
of finding (approximate) solutions of the barrier problem (3.1) for a sequence
of positive barrier parameters {44} that converges to zero.

The KKT conditions for (3.1) can be written as

Vi) - AT (x)y — AT (2)z2=0 (3.2a)
—pue+ Sz=0 (3.2b)

cx{z) =0 (3.2¢)

e(z) —s=0, (3.2d)

where e = (1,...,1)7, § = diag(sy,...,sm), Az and A, are the Jacobian ma-
trices corresponding to the equality and inequality constraint vectors respec-
tively, and y and z represent vectors of Lagrange multipliers. We also must
have that s,z > 0. In the line search approach, we apply Newton’s method
o (3.2), backtracking if necessary so that the variables s, z remain positive,
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and so that the merit function is sufficiently reduced. In the trust region ap-
proach, we associate a quadratic program with (3.1) and let the step of the
algorithm be an approximate solution of this quadratic subproblem. These
two approaches are implemented, respectively, in the INTERIOR/DIRECT and
INTERIOR/CG algorithms, and are described in more detail below.

The other major ingredient in interior methods is the procedure for choos-
ing the sequence of barrier parameters {ux}. Several options are provided in
KNITRO. In the Fiacco-McCormick/monotone approach, the barrier param-
eter  is held fixed for a series of iterations until the KKT conditions (3.2)
are satisfied to some accuracy. An alternative is to use an adaptive strategy
in which the barrier parameter is updated at every iteration. We have im-
plemented the following adaptive update options: (i) the rule implemented
in LoQo [33] based on the deviation of the minimum complementarity pair
from the average; (ii) a probing strategy that uses Mehrotra’s predictor step
to select a target value for y; (iii) a so-called quality-function approach; (iv)
variants of option (ii) which possibly utilize safeguarded corrector steps. These
rules are described and tested in Nocedal, Waechter and Waltz [30]. Since it
is not known at present which one is the most effective in practice, KNITRO
allows the user to experiment with the barrier update strategies just men-
tioned.

To control the quality of the steps, both interior algorithms make use of
the non-differentiable merit function

ou(z,8) = f(z) —p)_logsi+vllea(@)a + vlede) = sl (3.3)

i=1

where v > 0. A step is acceptable only if it provides a sufficient decrease in ¢,.
Although it has been reported in the literature [22, 34| that merit functions
of this type can interfere with rapid progress of the iteration, our experience
indicates that the implementation described in Section 3.3 overcomes these
difficulties. These observations are consistent with the results reported in Ta-
ble 2 of Wéachter and Biegler [36], which suggest that this merit function
approach is as tolerant as a filter mechanism.

3.1 Algorithm I: KNITRO-INTERIOR/DIRECT

In this algorithm a typical iteration first computes a (primary) line search
step using direct linear algebra. In order to obtain global convergence in the
presence of non-convexity and Hessian or Jacobian singularities, the primary
step may be replaced, under certain circumstances, by a safeguarding trust re-
gion step. INTERIOR-DIRECT is an implementation of the algorithm described
in [38].

We begin by describing the (primary) line search step. Applying Newton's
method to (3.2), in the variables z, s,y, z, gives



40 Richard H. Byrd, Jorge Nocedal, and Richard A. Waltz

V2L 0 A (z) A ()] [ds Viz)— As’ (2)y — A5 ()2
0 Z 0 S ds _ Sz — pe
As(z) 0 0 0 dy | cs(z) ’
Ax) -1 0 0 d, e(z)—s
(3.4)

where £ denotes the Lagrangian
L(z,s,y,2) = f(z) -y es(z) — 27 (ci(x) - 5). (3.5)
If the inertia of the matrix in (3.4) is
(n+m,l+m,0), (3.6)

then the step d determined from (3.4) can be guaranteed to be a descent
direction for the merit function (3.3). In this case, we compute the scalars

o™ = max{a € (0,1] : s+ ad, > (1 —7)s}, (3.7a)
o™ = max{a € (0,1] : z + ad, > (1 — 1)z}, (3.7b)

with 7 = 0.995. If min(ay™*, ap**) is not too small, we perform a backtracking
line search that computes the steplengths

as € (0, a0™], o, € (0,07%, (3.8)

providing sufficient decrease of the merit function (3.3). The new iterate is
then defined as

zt =z + ady, sT = s+ ads, (3.9a)
Yyt =y +a.dy, 2t =z +0.d,. (3.9b)

On the other hand, if the inertia is not given by (3.6) or if the steplength a;
or ¢, is less than a given threshold ay,;», then the primary step d is rejected.
In this case the algorithm reverts to the trust region method implemented
in the INTERIOR/CG algorithm (see the next section) which is guaranteed
to provide a successful step even in the presence of negative curvature or
singularity.

The use of this safeguarding trust region step makes the KNITRO-INTERIOR/
DIrECT algorithm distinct from other line search interior-point algorithms,
such as BARNLP, IPOPT and L0QO, which modify the Hessian V2,£ when-
ever the inertia condition (3.6) is not satisfied. We prefer to revert to a trust
region iteration because this permits us to compute a step using a null-space
approach, without modifying the Hessian V2_£. An additional benefit of in-
voking the trust region step is that it guarantees progress in cases when the
line search approach can fail [7,35]. Since it is known that, when line search
iterations converge to non-stationary points, the steplengths «; or «, in (3.9)
converge to zero, we monitor these steplengths. If one of them is smaller than
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a given threshold, we discard the line search iteration (3.4)-(3.9) and replace
it with the trust region step.

We outline the method in Algorithm 3.1. Here D¢, (x,s;d) denotes the
directional derivative of the merit function ¢, along a direction d. The algo-
rithm maintains a trust region radius Ay at every iteration, in case it needs
to revert to the trust region approach.

FAlgorithm 3.1: KNITRO-INTERIOR/DIRECTJ

Choose zg, so > 0, and the parameters 0 < 7, and 0 < amin < 1.
Compute initial values for the multipliers yo, zo > 0, the trust-region
radius Ag > 0, and the barrier parameter ¢ > 0. Set £ = 0.
Repeat until a stopping test for the nonlinear program (1.1) is satisfied:
Repeat until the perturbed KKT conditions (3.2) are approximately
satisfied:
Factor the primal-dual system (3.4) and record the number neig
of negative eigenvalues of its coefficient matrix.
Set LineSearch = False.
If neig <!+m
Solve (3.4) to obtain the search direction d = (dz, ds, dy, dz).
Define w = (zk, sx) and dy = (de, ds).
Compute a7**, a7™ by (3.7).
If min{ad**, a7™} > amin,
Update the penalty parameter v, (see Section 3.3).
Compute a steplength o, = @ad™*, a € (0, 1] such that
Pv (W + asduw) < ¢y (W) + nas Doy (w; duw).
If Qg > Qmin,
Set a, = daj
Set (Zi41, Sk+1,Yk+1,26+1) by (3.9).
Set LineSearch = True,
Endif
Endif
Endif
If LineSearch == False,
Compute (@k+1,Sk+1, Yk+1, Zk+1) using the INTERIOR/CG
algorithm of Section 3.2.
Endif
Compute Agy1.
Set k«—k+1.
End
Choose a smaller value for the barrier parameter p.
End
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The initial multipliers yg, 20 are computed as the least-squares solution of
the system (3.2a)-(3.2b). When the line search step is discarded (the last If-
Endif block in Algorithm 3.1) we compute one or more INTERIOR/CG steps
(described in the following section) until one of them provides sufficient re-
duction in the merit function.

We assume in Algorithm 3.1 that we are using the Fiacco-McCormick/
monotone approach for updating the barrier parameter . However, this algo-
rithm is easily modified to implement the adaptive barrier update strategies
discussed at the beginning of Section 3. In this case, there is no barrier stop
test and the barrier parameter u is updated at every iteration using some
adaptive rule (which could cause u to increase or decrease).

3.2 Algorithmic Option II: KNITRO-INTERIOR/CG

The second interior algorithm implemented in KNITRO computes steps by
using a quadratic model and trust regions. This formulation allows great free-
dom in the choice of the Hessian and provides a mechanism for coping with
Jacobian and Hessian singularities. The price for this flexibility is a more
complex iteration than in the line search approach. INTERIOR/CG is an im-
plementation of the algorithm described in {6], which is based on the approach
described and analyzed in [3].

To motivate the INTERIOR/CG algorithm, we first note that the barrier
problem (3.1) is an equality-constrained optimization problem and can be
solved by using a sequential quadratic programming method with trust re-
gions. A straightforward application of SQP techniques to the barrier prob-
lem leads, however, to inefficient steps that tend to violate the positivity of
the slack variables and are frequently cut short by the trust-region constraint.
To overcome this problem, we design the following SQP method specifically
tailored to the barrier problem.

At the current iterate (zj,sk), and for a given barrier parameter u, we
first compute Lagrange multiplier estimates (yg, zx) and then compute a step
d = (d;,ds) that aims to solve the subproblem,

1 1
min Vf(:v;g)TdI + —Q-deﬁIE(:ck, SkyYks 2k )z — ueTS,:lds + EdZEkds

(3.10a)

subject to  Ag(xg)dy + cplzr) =78 (3.10b)
Al(wk)dz —ds + cl(x/c) =8 =T (3 IOC)
dz, S sz < A (3.10d)

ds = —Ts, (3.10e)

where Xy = Sk_le and 7 = 0.995. Ideally, we would like to set r = (rp,7,) =
0, but since this could cause the constraints to be incompatible or produce
poor steps, we choose 7 as the smallest vector such that (3.100)-(3.10d) are
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consistent (with some margin). This computation is described in more detail
below.

We can motivate the choice of the objective (3.10a) by noting that the
first-order optimality conditions of (3.10a)-(3.10c) are given by (3.2) (with
the second block of equations scaled by S~!). The steps computed by using
{3.10) are thus related to those of the line search algorithm described in the
previous section. The trust-region constraint (3.10d) guarantees that (3.10)
has a finite solution even when V2 L(xy, sk, yk, 2k) is not positive definite.
Therefore the Hessian need never be modified. The scaling S, !in the trust-
region constraint is crucial; its effect on the iteration will be discussed later
on,

Step Computation

The subproblem (3.10) is difficult to minimize exactly because of the pres-
ence of the nonlinear constraint (3.10d) and the bounds (3.10e). We can, how-
ever, compute useful inexact solutions, at a moderate cost. To do so, KNITRO
follows a null-space approach in which the step d is the sum of a normal step
v that attempts to satisfy the linear constraints (3.10b)-(3.10¢) (with r = 0)
as well as possible subject to a trust region, and a tangential step that lies on
the tangent space of the constraints and that tries to achieve optimality.

To compute the normal step v = (v, vs), we formulate the following sub-
problem:

min | Agve + culld + | Arve — vs + ¢; — 8|2 (3.11a)
subject to ||(vg, S v,)||2 < 0.8A. (3.11b)

(Here and below we omit the arguments of the functions for simplicity.) We
compute an inexact solution of this problem using a dogleg approach, which
minimizes (3.11a) along a piecewise linear path composed of a steepest descent
step in the norm used in (3.116) and a minimum-norm Newton step with
respect to the same norm. The scaling S~!v, in the norm tends to limit the
extent to which the bounds on the slack variables are violated.

Once the normal step v is computed, we define the vectors r; and 7, in
(3.100)-(3.10¢) as the residuals in the normal step computation, namely,

rg = AgUz + Cg, r, = A —vs + (¢; — ).

Having computed the normal step (v,,v;), the subproblem (3.10) can therefore
be written as

min Vild, — uet S7ld, + = (dTvizﬁd +d¥'2d,)  (3.12a)
subject to Azdy = Agzv, (3.12b)
Ady —dg = Ay — v, (3.12¢)

I(dzy S™1ds)ll2 < 4, (3.12d)
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which we refer to as the tangential subproblem. To find an approximate solu-
tion d of (3.12), we first introduce the scaling

dy — S™1d,, (3.13)

which transforms (3.12d) into a sphere. Then we apply the projected conju-
gate gradient (CG) method of Section 5 to the transformed quadratic program,
iterating in the linear manifold defined by (3.12b)-(3.12¢). During the solu-
tion by CG, we use a Steihaug strategy, monitoring the satisfaction of the
trust-region constraint (3.12d), and stopping if the boundary of this region is
reached or if negative curvature is detected. Finally, we truncate the step d if
necessary in order to satisfy (3.10e).
We outline this interior method in Algorithm 3.2. Here

ared(d) = ¢, (z,s) — ¢u(x + dgz, s+ ds) (3.14)

is the actual reduction in the merit function, and the predicted reduction,
pred(d), is defined by (3.15),(3.16).

\ Algorithm 3.2: KNITRO-INTERIOR/CGJ

Choose parameter n > 0. Choose initial values for p > 0, g, so > 0
and Ag > 0.
Set k = 0.
Repeat until a stopping test for the nonlinear program (1.1) is satisfied:
Repeat until the perturbed KKT conditions (3.2) are approximately
satisfied:
Compute the normal step vy = (Vz,vs).
Compute Lagrange multipliers yi, 25 > 0.
Compute the total step di by applying the projected CG method
to (3.12a)-(3.12¢) (see Section 5).
Update the penalty parameter vy (see Section 3.3).
Compute aredx(dx) by (3.14) and pred, (di) by (3.16).
If aredy (di) > npred, (di)
Set zx+1 = xk + dz, Sk+1 = Sk + ds, and update Ax41.

Else
Set Tx+1 = Tk, Sk+1 = Sk, and choose Axt1 < Ayg.
Endif
Set k «— k+ 1.
End
Choose a smaller value for the barrier parameter u .

End

The multiplier estimates (yx, 2x) are computed by a least squares approx-
imation to the equations (3.2a)-(3.2b) at zy, and shifted to ensure positivity
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of zx. The barrier stop tolerance can be defined as €, = p. As with the IN-
TERIOR/DIRECT algorithm, this algorithm is easily modified to implement
adaptive barrier update strategies.

The interior-point method outlined in Algorithm 3.2 is asymptotically
equivalent to standard line search interior methods, but it is significantly dif-
ferent in two respects. First, it is not a fully primal-dual method in the sense
that multipliers are computed as a function of the primal variables (z,s) —
as opposed to the formulation (3.4} in which primal and dual variables are
computed simultaneously from their previous values. Second, the trust-region
method uses a scaling of the variables that discourages moves toward the
boundary of the feasible region. This causes the algorithm to generate steps
that can be very different from those produced by a line search method.

3.3 Merit Function

The role of the merit function (3.3) is to determine whether a step is produc-
tive and should be accepted. Our numerical experience has shown that the
choice of the merit parameter v plays a crucial role in the efficiency of the
algorithm. Both interior-point methods in KNITRO choose v at every iteration
so that the decrease in a quadratic model of the merit function produced by
a step d is proportional to the product of v times the decrease in linearized
constraints.

To be more specific, suppose that either the INTERIOR/DIRECT or IN-
TERIOR/CG algorithm has produced a step d. We define the following lin-
ear/quadratic model of the merit function ¢,:

Qu(d) = VfTd, — ueTS~1d, + g- (dTV2, Ld, + dT5d,) + v (m(0) — m(d)),
(3.15)

where

m(d) =

b

Agdy +ci
Ady, —dg+c,—s

denotes the first-order violation of the constraints, and ¢ is a parameter to be
discussed below. We also define the predicted decrease in the merit function
as

pred(d) = Qu(o) - Qu(d) (316)

In all cases we choose the penalty parameter v large enough such that
pred(d) > pvm(0) — m(d)), (3.17)

for some parameter 0 < p < 1 (e.g. p = 0.1). If the value of v from the previous
iteration satisfies (3.17), it is left unchanged, otherwise v is increased so that
it satisfies this inequality with some margin. Condition (3.17) is standard for
trust region methods, but not for line search methods, where it may require
v to be larger than is needed to simply provide a descent direction. As shown



46 Richard H. Byrd, Jorge Nocedal, and Richard A. Waltz

in [38] this stronger condition can improve performance of the line search
iteration.

For a trust region method, such as that implemented in INTERIOR/CG,
we set ¢ = 1 in (3.15) because these methods can deal well with indefiniteness
of the Hessian. A line search method, on the other hand, does not always
produce a descent direction for the merit function if the model on which it is
based is not convex. Therefore in the INTERIOR/DIRECT algorithm we define
o as

(3.18)

_ 1if deizﬁdm + dz):’ds >0
7= 0 otherwise.

This choice of ¢ guarantees the directional derivative of ¢, in the direction d
is negative.

4 Active-set Sequential Linear-Quadratic Programming

The active-set method implemented in KNITRO does not follow an SQP ap-
proach because, in our view, the cost of solving generally constrained quadratic
programming subproblems imposes a limitation on the size of problems that
can be solved in practice. In addition, the incorporation of second derivative
information in SQP methods has proved to be difficult.

We use, instead a sequential linear-quadratic programming (SLQP) method
[5,9,16] that computes a step in two stages, each of which scales up well with
the number of variables. First, a linear program (LP) is solved to identify a
working set. This is followed by an equality constrained quadratic program-
ming (EQP) phase in which the constraints in the working set W are imposed
as equalities. The total step of the algorithm is a combination of the steps
obtained in the linear programming and equality constrained phases.

To achieve progress on both feasibility and optimality, the algorithm is
designed to reduce the £; penalty function,

Plziv) = (@) +v Y le@) +v Y (max(0, —ci(z)),  (41)

€€ 1€Z

where ¢;, i € £, denote the components of the vector ¢z, and similarly for ¢,.
The penalty parameter v is chosen by an adaptive procedure described below.

An appealing feature of the SLQP algorithm is that established techniques
for solving large-scale versions of the LP and EQP subproblems are readily
available. Modern LP software is capable of solving problems with more than a
million variables and constraints, and the solution of an EQP can be performed
efficiently using the projected conjugate gradient iteration discussed in Sec-
tion 5. We now outline the SLQP approach implemented in KNITRO-ACTIVE.
This algorithm is an implementation of the algorithm SLIQUE described in [5].
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4.1 Algorithm III: KNITRO-ACTIVE

In the LP phase, given an estimate x; of the solution of the nonlinear program
(1.1), we would like to solve

mdin Vf(zr)Td (4.2a)
subject to ¢;(zx) + Vei(zx)Td =0, i€€& (4.2b)
cilzy) + Vei(zp)Td >0, ieT (4.2¢)

d]loo < A%, (4.2d)

with AF > 0. (Note that (4.2) differs from the subproblem used in SQP
methods only in that the latter include a term of the form $d” Hd in (4.2a),
where H is an approximation to the Hessian of the Lagrangian of the nonlinear
program.) Since the constraints of (4.2) may be inconsistent, we solve instead
the ¢; penalty reformulation of (4.2) given by

minl, (d) C Vi) Td+ve Y leilr) + Veilar)Td

ic€
+ zkamax ,—ci(z) — Vey(zp) T d) (4.3a)
i€l
subject to [|d]loc < A7, (4.3b)

The solution of this linear program, which we denote by d“?, is computed by
the simplex method so as to obtain an accurate estimate of the optimal active
set.

Based on this solution, we define the working set YW as some linearly
independent subset of the active set A at the LP solution, which is defined as

A(d?) = {i € Elci(ar)+Ve(zp)Td™ = 0}U{i € Tlei(zy)+ Ve (zp) Td = 0}.
Likewise, we define the set V of violated constraints as
V(d*?) = {i € Elei(zk)+Vei(zr)Td™™ # 0}U{i € Tles(xx) + Ve (zp) Td™ <0},

To ensure that the algorithm makes progress on the penalty function P,
we define the Cauchy step,
dC - aLPdLP’ (44)

where o'® € (0,1] is a steplength that provides sufficient decrease in the
following {piecewise) quadratic mode!l of the penalty function P(z;v):

a(d) = 1,(d) + 387 H (@, M) (45

Here H is the Hessian of the Lagrangian or an approximation to it, and I, (d)
is defined in (4.3a).
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Given the working set W}, we now solve an equality constrained quadratic
program (EQP) treating the constraints in W), as equalities and ignoring all
other constraints. This gives the subproblem

T
mdin %dTH(xk, Ak)d + (Vf(;rk) + v Z 'y,;Vci(:vk)) d (4.6a)

i€V
subject to c¢;(zg) + Vei(zk)Td =0, i€ EnNWy (4.6b)
ci(zy) + Vei(zp)Td =0, i€InNWy (4.6¢)
ldll2 < A, (4.6d)

where ; is the algebraic sign of the violated i-th constraint. Note that the
trust region (4.6d) is spherical, and is distinct from the trust region A" used
in (4.2d). Problem (4.6) is solved for the vector d? by applying the projected
conjugated gradient procedure described in Section 5. The total step d of the
SLQP method is given by

d=d° +a®(d® - d°),

where a® € [0,1] is a steplength that approximately minimizes the model
function (4.5).

’Algorithm 4.1: KNITRO-ACTIVEJ

Initial data: zg, 45 > 0, AFF > 0,0<n < 1. Set k = 0.
Repeat until a stopping test for the nonlinear program (1.1) is satisfied:
LP point. Update the penalty parameter v and solve the LP (4.3)
to obtain the step di¥, and working set W.
Cauchy point. Compute of° € (0,1] as an approximate minimizer of
g(adi”) such that aiF |diT]| < Ak Set df = af"d;T .
EQP point. Compute di by solving the EQP (4.6).
Define dij® = di — df as the segment leading from the Cauchy point
to the EQP point.
Trial point. Compute ag € [0,1] as an approximate minimizer of
q(df + adg®). Set di = df + o2di” and = = xk + di.
Step Acceptance. Compute
pr = (P(zk;ve) = Plzr;ve))/(96(0) — qr(dk)).
If pi > 7, set xy+1 < xv, otherwise set xp41 — Zk.
Update A%, and Agyq. Set bk — k+ 1.
End

The trust region radius Ay for the EQP phase is updated based on the
ratio py, following standard trust region update strategies. The choice of A}F
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is based on an effort to generate a good working set. In our implementation,
ARL is set to be a little larger than the total step di, subject to some other
restrictions, as described in [5]. The multiplier estimates Ay used in the Hessian
are least squares estimates using the working set Wy, and modified so that
N >0forieZ.

Penalty Parameter Update Strategy.

A novel feature of our SLQP algorithm is the procedure for updating
the penalty parameter. Unlike most strategies proposed in the literature [11],
which hold the penalty parameter v fixed for a series of iterations and only
update it if insufficient progress toward feasibility is made, our algorithm
chooses an appropriate value of v at each iteration. This selection takes place
during the linear programming phase, as we now explain.

We define a (piecewise) linear model of constraint violation at a point zj

by
mi(d) =Y _|es(zx) + Vei(ze)Td) + > max (0, —ei(zi) — Vey(zx) T d), (4.7)

€€ i€l
so that the objective (4.3) of the LP subproblem can be written as
L(d) = Vf(zr)Td + v m(d). (4.8)

Given a value v, we write the solution of the LP problem (4.3) as d“F ()
to stress its dependence on the penalty parameter. Likewise, d"¥ (Voo ) denotes
the minimizer of my(d) subject to the trust region constraint (4.3b). The
following algorithm describes the computation of the LP step di* and the
penalty parameter vy.

Algorithm Penalty Update. LP Step and Penalty Update Strategy.
Initial data: zx, vk—1 > 0, AFF > 0, and parameters €, €2 € (0, 1).
Solve the subproblem (4.3) with v = v;_1 to obtain d*® (vx-1).
If my(d® (vp—-1)) =0
Set v — vy_1.
Else compute d*F (voo)
If mp(d*® (Veo)) =0
Find vt > vg_1 such that mg(d*"(vT)) = 0.
Else
Find v* > vy_; such that
mi(0) = my(d™" (17)) = e1]mi(0) — M (d*" (Voo ))]-
Endif
Endif
Increase vt if necessary to satisfy
Lo+ (0) = L+ (d"P (v ) > eav™ [mg (0) — my (d¥F (v1))].
Set vy — v and di® — d*P(vT).
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The selection of v+ > 141 is achieved in all cases by successively increas-
ing the current trial value of v by 10 and re-solving the linear program. The
penalty update algorithm above guarantees that v is chosen large enough to
ensure convergence to a stationary point [4]. Although the procedure does
require the solution of some additional linear programs, our experience is that
it results in an overall savings in iterations (and total LP solves) by achieving
a better penalty parameter value more quickly, compared with rules which
update the penalty parameter based on monitoring progress in feasibility. In
addition, the extra LP solves are typically very inexpensive requiring rela-
tively few simplex iterations because of the effectiveness of warm starts when
re-solving the LP with a different penalty parameter value.

5 Projected CG Iteration

One of the main modules shared by the algorithms implemented in KnI-
TRO, is a projected conjugate gradient iteration, The tangential subproblem
(3.12) in the INTERIOR/CG algorithm and the EQP phase (4.6) of the Ac-
TIVE algorithm both require the solution of an equality constrained quadratic
program. We solve these problems using a projected conjugate gradient itera-
tion [10, 20,24, 26, 32], which is well suited for large problems and can handle
the negative curvature case without the need for Hessian modifications. We
now outline this iteration and refer the reader to [20] for a more detailed
derivation.
Consider the quadratic program

min %xTG:v +hTz (5.9a)
subject to Ax = b, (5.9b)

and assume that G is positive definite on the null space of A. One way to solve
(5.9) is to eliminate the constraints (5.96) and apply the conjugate gradient
method to the reduced problem. An equivalent strategy is to apply a special
form of the CG iteration to the KKT system of (5.9), which is given by

L

A0
Although the coefficient matrix is not positive definite, we can apply the
CG method to (5.10), provided we precondition and project the CG method
so that it effectively solves the positive definite reduced problem within the
feasible manifold (5.95). This algorithm is specified below. Here we denote the
preconditioning/projection operator by P and give its precise definition later
on.
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Algorithm PCG. Preconditioned Projected CG Method.

Choose an initial point zg satisfying Azy = b. Set x — zg, compute r = Gz+h,
z=Prandp= -z

Repeat the following steps, until ||z|| is smaller than a given tolerance:

a=rTz/pTGp (5.11)
Te—2z+ap (5.12)
rt =r+aGp (5.13)
2t = pPrt (5.14)
B = ()Tt /rTe (5.15)
pe— —zT +Bp. (5.16)
ze—z2" and r ~ 7T (5.17)

End

This iteration has exactly the same form as the (standard) preconditioned
CG method for solving symmetric and positive definite systems; see e.g. [19].
The crucial difference is that normally P is a symmetric and positive definite
matrix, whereas in our case it represents a projection and preconditioning
matrix, which we define (indirectly) as follows. Given a vector r, we compute
z = Pr as the solution of the system

z r
I e

where D is a symmetric matrix that is positive definite on the null space of
A, and w is an auxiliary vector. For (5.18) to be a practical preconditioning
operation, D should be a sparse matrix, so that solving (5.18) is significantly
less costly than solving (5.10).

By construction z = Pr is in the null space of A, and so are all the
search directions generated by Algorithm PCG. Since initially Azp = b, all
subsequent iterates x also satisfy the linear constraints. To view this iteration
relative to the reduced CG method in which we eliminate the constraints
(5.9b) and apply CG to a problem of dimension n — [, note that all iterates of
Algorithm PCG may be expressed as = = xg + Zu, for some vector u € R*™!,
and where the columns of the n X (n — ) matrix Z form a basis for the
null space of A. In these null-space coordinates the solution of the quadratic
program (5.9) is given by the vector u that solves

(ZTGZ)u = ZT (Gxo + h). (5.19)

D AT
A0

It can be shown (see e.g. [20]) that the iterates « generated by Algorithm PCG
are given by x = xg9 + Zu, where u are the iterates of the preconditioned
conjugate gradient method on the system (5.19), using the matrix Z7 DZ as
a preconditioner. Therefore, Algorithm PCG is a standard preconditioned CG
iteration as long as G and D are positive definite on the null space of A.
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There are two advantages of following the approach of Algorithm PCG over
the reduced CG approach. First, there is no need to compute a null space basis
and consequently no risk that ill-conditioning in Z will deteriorate the rate of
convergence of the CG iteration. Moreover, in the INTERIOR/CG algorithm
we first scale the slack variables by (3.13), so that the matrix A in (5.9) has

the form
Az O
. 5.20
[A, _S] (5.20)

Therefore there is no ill conditioning caused by some slack variables approach-
ing 0. The second benefit is that the projection matrix in (5.18) can also be
used to compute the normal step and Lagrange multipliers; thus the extra
cost of each of these computations is only one back solve involving the factors
of this projection matrix.

In the INTERIOR/CG and ACTIVE algorithms we solve quadratic programs
of the form (5.9) subject to a trust region constraint ||z|| < 4, in addition, G
may not be positive definite on the null space of A. We adapt Algorithm PCG
to this case by following Steihaug's approach: we terminate Algorithm PCG
if the trust region is crossed or if negative curvature is encountered.

KNITRO 5.0 sets D = I in (5.18) so that the preconditioner removes only
ill-conditioning associated with the constraint matrix A. (We have experi-
mented with other choices of D and future releases of KNITRO will include
banded and incomplete Cholesky preconditioners.)

Algorithm PCG assumes that an initial feasible point zg is provided. The
factorization of the system in (5.18) allows us to compute such a point by

solving
DAT| |w 0

which is in fact the minimum-norm solution in the norm weighted by D.

6 Special Algorithmic Features

The KNITRO package provides many algorithmic options and features that are
listed comprehensibly in the documentation that accompanies the software
[37]. Here we highlight some of these options and discuss their relationship to
the algorithms presented in the previous sections.

Hessian Options

The user can supply first and second derivatives, which generally results
in the greatest level of robustness and efficiency for the three algorithms in
KNITRO. In some applications, however, the Hessian of the Lagrangian V2 L
cannot be computed or is too large to store, but products of this Hessian
times vectors can be obtained through automatic differentiation tools, adjoint
codes or user-provided routines. For this case the INTERIOR/CG and ACTIVE
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algorithms allow the user to provide these Hessian vector products at every
iteration of the projected CG iteration. In a related option, KNITRO takes
control of this process and approximates the Hessian-vector products by finite
differences of gradients of the Lagrangian; in this case the user need only
provide gradients of the objective and constraints.

Quasi-Newton options have also been implemented for the three algorithms
in KNITRO. Here, the Hessian of the Lagrangian V2_L is replaced by a quasi-
Newton approximation By, which is updated by the BFGS, SR1 or limited
memory BFGS formulae. For example, for the interior-point methods, we de-
fine

Al =V Lz, st yT, 2T) -V L(x,sT,yT,2T), Az =zt —z,

and substitute the correction pairs (Al, Az} in the standard definition of the
BFGS, SR1 or limited memory BFGS update formulae (see e.g. [31]). To
ensure positive definiteness of the BFGS and L-BFGS updates the vector Al
is modified, if necessary, using Powell’s damping procedure. SR1 updating
is safeguarded to avoid unboundedness, but is allowed to generate indefinite
approximations.

Feasible Mode.

In some applications, it is desirable for all of the iterates generated by the
optimization algorithm to be feasible with respect to some or all of the inequal-
ity constraints. For example, the objective function may be defined only when
some of the constraints are satisfied, making this feature absolutely necessary.
Interior-point methods provide a natural framework for deriving feasible al-
gorithms, and we have therefore developed versions of the INTERIOR/CG and
INTERIOR/DIRECT algorithms that have this feature,

The adaptation is simple. If the current iterate x satisfies c;(z) > 0, then
after computing the step d, we let ¥ = z + d,,, redefine the slacks as

sT ¢ (z™), (6.21)
and test whether the point (z 1, s*) is acceptable for the merit function ¢,. If
so, we define this point to be the new iterate; otherwise we reject the step d and
compute a new, shorter, trial step (in a line search algorithm we backtrack,
and in a trust-region method we compute a new step with a smaller trust
region). This strategy is justified by the fact that, if at a trial point we have
that ¢;(z™) < 0 for some inequality constraint, the value of the merit function
is +00, and we reject the trial point. This strategy also rejects steps z + d;
that are too close to the boundary of the feasible region because such steps
increase the barrier term —u 7", log(s;) in the merit function (3.3). Apart
from the reset (6.21), in the INTERIOR/CG algorithm we must introduce a
slight modification [8] in the normal step computation to ensure that this step
makes sufficient progress toward feasibility.
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Initial Point Strategy.

As is well known, interior methods can perform poorly if the initial point
is unfavorable. To overcome this problem, we have implemented several initial
point strategies that work well for linear and quadratic programming and are
also appropriate for nonlinear programs. At present, the initial point strategies
are available only in the INTERIOR/DIRECT option. We now describe one of
these strategies.

We first compute, at the user supplied initial point zg, an affine scaling
step d4 = (d4,d2, i, d2) by setting u =0 in (3.4). Then we define

sy =max(1,|so +d5]), 21 = max(1,|z + d2}),

where the max and absolute values are applied component-wise. The primal
variables  and the equality-constraint multipliers y are not altered, i.e., we
define (z1,y1) = (20,%0). Finally we define the initial value of the barrier
parameter as uj = s3 21/m.

The motivation for this strategy is to take care that the initial slacks and
inequality multipliers are not too close to the feasible boundary which can
lead to slow progress, and ideally to generate an initial point nearer to the
central path. Furthermore, nonlinear programming algorithms compute only
local minimizers and accept user-supplied initial estimates zg that often lie in
the vicinity of a minimizer of interest. Therefore initial point strategies should
either respect the user-supplied estimate zp or compute one that is not too
distant from it. In addition, large initial values of the multipliers should be
avoided in the Hessian since they may introduce unnecessary non-convexities
in the problem. In particular if one of the components, say 2%, is large and
the corresponding Hessian term VZc;(z;) is indefinite, the Hessian of the La-
grangian can become indefinite, slowing down the iteration. Therefore, when
computing the first step of the interior algorithm from (z1, $1, y1, 21) we evalu-
ate the Hessian of the Lagrangian using zg and not z1, i.e., Vixﬁ(mo, 80, Y0, 20)
(this Hessian is independent of s, so the choice of that variable is irrelevant).
More details about the initial point strategies are given in [17].

Special Problem Classes

When the nonlinear program (1.1) has a special form, the algorithms in
KNITRO often reduce to well-known special-purpose methods.

For unconstrained optimization problems, the INTERIOR/CG and Ac-
TIVE algorithms (using second derivatives) reduce to an inexact Newton-CG
method with trust regions. This is because, in the unconstrained case, these
algorithms skip their respective first phases, and compute the step using, re-
spectively, the tangential subproblem (3.12) and the EQP phase (4.6), which
are identical in this case. In the INTERIOR/DIRECT option, the algorithm will
attempt to compute the Cholesky factorization of the Hessian, and if it is
positive definite a backtracking line search will be performed along the New-
ton direction. If the Hessian is not positive definite, the algorithm reverts to
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the trust region INTERIOR/CG algorithm and therefore computes an inexact
Newton-CG step.

If the problem (1.1) is a system of nonlinear equations, the algorithms
in KNITRO implement a form of Newton’s method (if second derivatives are
provided). In INTERIOR/CG, only the normal step (3.11) is computed, and
the resulting algorithm coincides with the Levenberg-Marquardt trust region
method. The INTERIOR/DIRECT algorithm reduces to a line search Newton
method in this case, using as a merit function the Euclidean norm of the resid-
uals of the system of equations. If the Jacobian is singular, INTERIOR/DIRECT
reverts to the Levenberg-Marquardt method.

KNITRO adapts itself automatically to the two classes of problems just
discussed (unconstrained minimization and nonlinear equations). If the prob-
lem is a linear or quadratic program, the user must inform KNITRO, so that
the algorithms can take full advantage of this fact. For LPs or QPs, INTE-
RIOR/DIRECT is the recommended interior-point option and automatically
enables the initial point strategy described above, as well as a more aggres-
sive barrier update strategy. ACTIVE reduces to a simplex method in the LP
case.

Infeastbility detection

It is not rare for users to generate optimization problems that do not have
a feasible solution, and KNITRO includes heuristics to attempt to diagnose
this situation. As is well known, however, infeasibility detection is a very diffi-
cult problem for nonlinear constraints, and the algorithms in KNITRO cannot
distinguish between infeasible problems and convergence to an (infeasible)
stationary point for a measure of feasibility.

In the interior point algorithms, our heuristics are based on the theory
developed in [3]. It states that, if the interior point algorithm is not ca-
pable of finding a feasible point, then we have that Ay(zx)Tcs(zr) — 0,
and A,(zg)Tc,”(zx) — 0, where ¢;,” = max(0, —¢;). The KNITRO interior-
point algorithms will terminate if these vectors are sufficiently small while
{eslzr), c;~ (zx))|| stays above some level,

Since the algorithm implemented in ACTIVE is a penalty method, it can
deal naturally with infeasibility. If a problem is infeasible then the penalty
parameter will be driven to infinity. Moreover, if the algorithm is converging
to a stationary point for our infeasibility measure, we have

mi(0) — my (7 (Vo)) — 0,

during the penalty update procedure providing a clear indication of local
infeasibility.

7 Crossover

Interior methods provide only an approximate estimate of the solution and
the optimal active set. In many practical applications, however, it is useful to
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know precisely which constraints are active because this corresponds to the
presence or activity of certain constituents of the solution. In addition, it is
often important to have accurate estimates of the Lagrange multipliers (or
sensitivities). This can be done by switching from the interior to an active-set
iteration, a process that is often called crossover. Although crossover tech-
niques have received much attention in the context of linear programming [27],
to the best of our knowledge, none of the nonlinear interior codes provide an
option for it. We regard it as essential to have this facility in our integrated
system, both for computational efficiency, and to return solutions in a form
that is useful for applications.

In linear programming, crossover involves two stages: identifying active
constraints, and moving from a nonbasic optimal solution to a nearby basic
one. In nonlinear programming, of course, we cannot expect the set of active
constraints to correspond to a basic solution. Instead, our crossover procedure
seeks to identify a set of active constraints with linearly independent constraint
gradients, and computes a solution at which those constraints are satisfied
with near equality, and which satisfies Lagrangian stationarity using these
constraints only.

This crossover procedure is implemented by internally switching to the
ACTIVE algorithm after the INTERIOR/DIRECT or INTERIOR/CG algorithm
has solved the problem to the requested tolerance. We first solve the EQP
phase of ACTIVE using a tolerance-based active-set estimate, and minimize
the model function (4.5) along the resulting step direction to generate a new
solution estimate. If this step does not solve the problem immediately, we
begin the full ACTIVE algorithm with an initial LP trust region based on
that active-set estimate. The goal is to judiciously choose the initial LP trust
region small enough to exclude all the inactive constraints, but large enough to
include the active ones. Below is a basic description of the KNITRO crossover
procedure.

Algorithm Crossover. KNITRO Crossover Procedure.

1. The interior-point iteration terminates with stopping tolerance e, at
iterate (zx, Sk, Yk, 2k )-

2. Estimate the set of active constraints, A, using a tolerance test based on
primal-dual feasibility and complementarity.

3. Using this active-set estimate, generate a step by solving the EQP given
by (4.6) for d? and perform a line search to compute the steplength .
If zx + a°dR satisfies the stopping tolerances, terminate with that value
and the corresponding multipliers.

4. Otherwise determine the initial LP trust region ASF, and penalty param-
eter vy for the KNITRO-ACTIVE algorithm (Algorithm 4.1):

LP _ s ci(xkask) o
AO = mln{m v 1 g A}, (722)

vo = 10{/(Yk, 2k) floo- (7.23)



KNITRO: An Integrated Package for Nonlinear Optimization 57

5. Start KNITRO-ACTIVE using initial point (zx, Sk, ¥s, 2%), A% and vo.

Initially in Step 3 of crossover, the active set is estimated using a tolerance
test rather than by solving the LP (4.3). This is because, on some difficult
problems, the cost of solving the LP subproblem can be non-trivial and we
would like the cost of our crossover procedure in most cases to be a small part
of the overall solution time. Therefore, if it is not necessary to solve the LP
to identify the optimal active set, we seek to avoid doing this. In many cases,
especially if strict complementarity holds at the solution, the initial estimate
of the active set based on the simple tolerance test will be correct and the
crossover will succeed in one iteration without solving any LPs.

The condition (7.22) used to initialize the initial LP trust region A"
guarantees that if our active-set estimate is correct, the initial LP trust region
will be small enough to exclude all inactive constraints. Motivated by the
theory for the £y exact penalty function, the penalty parameter v is initialized
to be a little larger than the Lagrange multiplier of largest magnitude at the
interior-point solution.
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Summary. Recently Dollar and Wathen [14] proposed a class of incomplete factor-
izations for saddle-point problems, based upon earlier work by Schilders [40]. In this
paper, we generalize this class of preconditioners, and examine the spectral implica-
tions of our approach. Numerical tests indicate the efficacy of our preconditioners.
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1 Introduction

Given a symmetric n by n matrix H and a full-rank m (< n) by n matrix A,
we are interested in solving structured linear systems of equations

(39)()-6) w

Such “saddle-point” systems arise as stationarity (KKT') conditions for equality-
constrained optimization [37, §18.1], in mixed finite-element approximation of
elliptic problems [5], including in particular problems of elasticity [38] and
incompressible flow {19], as well as other areas.

In this paper, we are particularly interested in solving (1.1) by iterative
methods, in which so-called constraint preconditioners [33]

T
Ko = (j“‘o ) (12)

are used to accelerate the iteration for some suitable symmetric G. In Sec-
tion 2, we examine the spectral implications of such methods, and consider
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how to choose G to give favourable eigenvalue distributions. In Section 3,
we then extend ideas by Dollar, Schilders and Wathen [14, 40] to construct
“implicit” constraint preconditioners for which we can apply the eigenvalue
bounds from Section 2. We demonstrate the effectiveness of such an approach
in Section 4 and make broad conclusions in Section 5.

Notation

Let I by the (appropriately-dimensioned) identity matrix. Given a symmetric
matrix M with, respectively, m., m_ and mg positive, negative and zero
eigenvalues, we denote its inertia by In(M) = (my, m—, mg).

2 Constraint preconditioners

2.1 General considerations

For K¢ to be a meaningful preconditioner for certain Krylov-based methods
[27], it is vital that its inertia satisfies

In(Kg) = (n,m,0). (2.1)
A key result concerning the use of K¢ as a preconditioner is as follows.

Theorem 1. [33, Thm. 2.1] or, for diagonal G, 34, Thm. 3.3]. Suppose that
Ky is the coefficient matriz of (1.1), and N is any (n by n —m) basis ma-
triz for the null-space of A. Then KEIKH has 2m unit eigenvalues, and the
remaining n — m eigenvalues are those of the generalized eigenproblem

NTHNv = ANTGNv. (2.2)

The eigenvalues of (2.2) are real since (2.1) is equivalent to N'GN being
positive definite [7,26].

Although we are not expecting or requiring that G (or H) be positive
definite, it is well-known that this is often not a significant handicap.

Theorem 2. [1, Cor. 12.9, or 12, for example]. The inertial requirement (2.1)
holds for a given G if and only if there exists a positive semi-definite matriz D
such that G+ AT DA is positive definite for all D for which D — D is positive
semi-definite.

Since any preconditioning system

5))-() e

may equivalently be written as
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T T u r
)0 e

where w = v— DAu, there is little to be lost (save sparsity in G) in using (2.4),
with its positive-definite leading block, rather than (2.3). This observation has
allowed Golub, Greif and Varah [25,31] to suggest® a variety of methods for
solving (1.1) in the case that H is positive semi-definite, although the scope
of their suggestions does not appear fundamentally to be limited to this case.
Luk3an and Vl¢ek [34] make related suggestions for more general G.

Note, however, that although Theorem 2 implies the existence of a suitable
D, it alas does not provide a suitable value. In [31], the authors propose
heuristics to use as few nonzero components of D as possible (on sparsity
grounds) when G is positive semi-definite, but it is unclear how this extends
for general G. Golub, Greif and Varah’s methods aim particularly to produce
well-conditioned G + AT DA. Notice, though, that perturbations of this form
do not change the eigenvalue distribution alluded to in Theorem 1, since if
H(Dg)=H+ ATDypA and G(Dg) = G + ATDgA, for (possibly different)
DH and Dg,

NTH(Dy)Nv = NTHNv = ANTGNv = ANTG(Dg)Nv.
and thus the generalized eigen-problem (2.2), and hence eigenvalues of
Ké(lDG)KH(DH), are unaltered.
2.2 Improved eigenvalue bounds with the reduced-space basis

In this paper, we shall suppose that we may partition the columns of 4 so
that
A= (A Ag),

and so that its leading m by m sub-matrix

Aj and its transpose are easily invertible.

Since there is considerable flexibility in choosing the “basis” A; from the rect-
angular matrix A by suitable column interchanges, assumption A1l is often
easily, and sometimes trivially, satisfled. Note that the problem of determining
the “sparsest” A; is NP hard, [8,9], while numerical considerations must be

% They actually propose the alternative

G+ATDAATY (u\ [r+ATDs
A 0 v) ]

although this is not significant.
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given to ensure that A; is not badly conditioned if at all possible [23]. More
generally, we do not necessarily assume that A, is sparse or has a sparse fac-
torization, merely that there are effective ways to solve systems involving A,
and AT. For example, for many problems involving constraints arising from
the discretization of partial differential equations, there are highly effective
iterative methods for such systems [4].

Given A1, we shall be particularly concerned with the reduced-space basis
matrix

R
N = (1_) , where R=—A]'A,. (2.5)

Such basis matrices play vital roles in Simplex (pivoting)-type methods for
linear programming [2,20], and more generally in active-set methods for non-
linear optimization [23,35, 36].

Suppose that we partition G and H so that

G11 Gle Hll Hérl
G= and H = , 2.6
<G21 Ga Hy Hop (26)

where G1; and Hjj are (respectively) the leading m by m sub-matrices of G
and H. Then (2.5) and (2.6) give

NTGN =G, + RTGL, + GywR+ RTG 1R
and NTHN '—'I_IQQ + RTH2Tl + H21R + RTHllR'

In order to improve the eigenvalue distribution resulting from our attempts
to precondition Ky by K¢, we consider the consequences of picking G to
reproduce certain portions of H.

First, consider the case where

Ggg = Hgg, but Gll =0 and G21 =0. (27)

Theorem 3. Suppose that G and H are as in (2.6) and that (2.7) holds.
Suppose furthermore that Has is positive definite, and let

p = min [rank(Ag),rank(Hgl)J
+ min [rank(Az), rank(Ho1) + min[rank(Ag),rank(Hu)]} .
Then KalKH has at most
rank(RTHZ, + HyyR+ RTHyR) + 1 < min(p,n —m) +1 < min(2m,n —m) + 1
distinct eigenvalues.

Proof. Elementary bounds involving the products and sums of matrices show
that the difference
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NTHN - NTGN = RTHL + H,,R+ RTH,,R

is a matrix of rank at most min(p,n — m). Since NYGN is, by assumption,
positive definite, we may write NTGN = WW?7 for some non-singular W.
Thus

WINTHENW-T =1+ WY RTHY, + H,,R+ RTH,,RW™T

differs from the identity matrix by a matrix of rank at most min(p,n—m), and
hence the generalized eigenproblem (2.2) has at most min(p, n — m) non-unit
eigenvalues.

As we have seen from Theorem 2, the restriction that Has be positive
definite is not as severe as it might first seem, particularly if we can entertain
the possibility of using the positive-definite Hqy + A% DA, instead.

The eigenvalue situation may be improved if we consider the case where

Goo = Hyy and Gq; = Hyp but Ga; = 0. (28)

Theorem 4. Suppose that G and H are as in (2.6) and that (2.8) holds.
Suppose furthermore that Hyy + RT HE R is positive definite, and that

v = 2min [rank(Ag), rank(Hgl)} .

Then KZ'Ky has at most
rank(RTH; R)+ 1 <v+4+1<min(2m,n—m) +1
distinct eigenvalues.

Proof. The result follows as before since now N'HN — NTGN = RTHI, +
H, R is of rank at most v.
The same is true when

(oo = Hyo and G31 = Hyp but G =0. (2.9)

Theorem 5. Suppose that G and H are as in (2.6) and that (2.9) holds.
Suppose furthermore that Hyy + RTHI, + Hy R is positive definite, and that

4 = min [rank(Ag),rank(Hu)} .
Then KalKH has at most
rank(RTH; R) +1 < p+1 < min(m,n —m) + 1

distinct eigenvalues.



66 H. Sue Dollar, Nicholas I. M. Gould, and Andrew J. Wathen

Proof. The result follows, once again, as before since now NTHN - NTGN =
RTH ;R is of rank at most .

In Tables 1 and 2, we illustrate these results by considering the complete
set of linear and quadratic programming examples from the Netlib [21] and
CUTEr [29] test sets. All inequality constraints are converted to equations by
adding slack variables, and a suitable “barrier” penalty term (in this case, 1.0)
is added to the diagonal of H for each bounded or slack variable to simulate
systems that might arise during an iteration of an interior-point method for
such problems,

Given A, a suitable basis matrix A; is found by finding a sparse LU fac-
torization of AT using the HSL [32] packages MA48 and MA51 [17]. An attempt
to correctly identify rank is controlled by tight threshold column pivoting, in
which any pivot may not be smaller than a factor 7 = 2 of the largest entry
in its (uneliminated) column [23,24]. The rank is estimated as the number
of pivots, p(A), completed before the remaining uneliminated sub-matrix is
judged to be numerically zero, and the indices of the p(A) pivotal rows and
columns of A define A;—if p(A) < m, the remaining rows of A are judged
to be dependent, and are discarded.* Although such a strategy may not be
as robust as, say, a singular-value decomposition or a QR factorization with
pivoting, both our and others’ experience [23] indicate it to be remarkably
reliable and successful in practice.

Having found A, the factors are discarded, and a fresh LU decomposition
of A;, with a looser threshold column pivoting factor 7 = 100, is computed
in order to try to encourage sparse factors. All other estimates of rank in
Tables 1 and 2 are obtained in the same way. The columns headed “iteration
bounds” illustrate Theorems 1 (“any G"), 3 (“exact Hgp") and 5 (Yexact Hag
& H1"). Note that in the linear programming case, Hp; = 0, so that we have
omitted the “exact Hyo" statistics from Tables 1, since these would be identical
to those reported as “exact Hoo & Hyy”.

Table 1;: NETLIB LP problems

iteration bound

rank any Glexact Hog & Hay
name n m A A; Hiyi Hig u+1 upper
25FV47 1876 821 820 725 820 0| 1057 726 822
80BAU3B 12061 2262 2262 2231 2262 0| 9800( 2232 2263
ADLITTLE 138 56 56 53 56 0 83 54 57
AFIRO 51 27 27 21 27 0 25 22 25
AGG2 758 516 516 195 516 0 243 196 243
AGG3 758 516 516 195 516 0 243| 196 243
AGG 615 488 488 123 488 0 128 124 128
BANDM 472 305 305 161 305 O 168, 162 168
BCDOUT 7078 5414 5412 1102 2227 0r 1667| 1103 1667
BEACONFD 295 173 173 118 173 0 1231 117 123
BLEND 114 74 74 37 74 0 41 38 41
BNL1 1586 643 642 458 642 0 945( 459 644
BNL2 4486 2324| 2324 1207 2324 0| 2163| 1208 2163

4 Note that if this happens, the right-hand inequalities in Theorems 3-5 will depend
on n — rank(A) not n — m.
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Table 1: NETLIB LP problems (continued)

iteration bound

rank any Glexact Hoo & Ho
name n m A Ag Hii Hig w1 upper
BOEING1 726 351 351 314 351 0] 376| 315 352
BOEING2 305 166| 166 109 166 O 140| 110 140
BORE3D 334 233 231 73 231 0O} 104 74 104
BRANDY 303 220 193 98 193 O 111 99 111
CAPRI 482 271 271 144 261 0| 212{ 145 212
CYCLE 3371 1903 1875 1272 1868 0| 1497| 1273 1497
CZPROB 3562 929 929 732 929 0| 2634 733 930
D2QO6C 5831 2171} 2171 2059 2171 0| 3661} 2060 2172
D6CUBE 6184 415| 404 403 404 0| 5781 404 416
DEGEN2 757 444 442 295 442 0} 316| 296 316
DEGEN3 2604 1503| 1501 1052 1501 0| 1104 1053 1104
DFL001 12230 6071 6058 5313 6058 0O 6173] 5314 6072
E226 472 223| 223 186 223 0| 250 187 224
ETAMACRO]| 816 400f 400 341 400 0| 417| 342 401
FFFFF800 1028 524| 524 290 524 0| 505] 291 505
FINNIS 1064 497| 497 456 497 0| 568| 457 498
FIT1D 1049 24 24 24 24 0| 1026 25 25
FIT1P 1677 627 627 627 627 0| 1051 628 628
FIT2D 10524 25 25 25 25 010500 26 26
FIT2P 13525 3000| 3000 3000 3000 0| 10526| 3001 3001
FORPLAN 492 161 161 100 161 0| 332] 101 162
GANGES 1706 1309| 1309 397 1309 0| 398 398 398
GFRD-PNC | 1160 616 616 423 616 0| 545/ 424 545
GOFFIN 101 50 50 50 0 0 52 1 51
GREENBEA | 5598 2392{ 2389 2171 2389 0] 3210| 2172 2393
GREENBEB | 5598 2392| 2389 2171 2386 0| 3210| 2172 2393
GROW15 645 300 300 300 300 0 346! 301 301
GROW22 946  440| 440 440 440 0 507 441 441
GROWT?T 301 140 140 140 140 0 162| 141 141
SIERRA 2735 1227| 1217 768 1217 0| 1519] 769 1228
ISRAEL 316 174 174 142 174 O 1431 143 143
KB2 68 43 43 25 43 0 26 26 26
LINSPANH 97 33 32 32 32 0 66 33 34
LOTFI 366 153| 153 110 153 Of 214( 111 154
MAKELA4 61 40 40 21 40 O 22 22 22
MAROS-R7 | 9408 3136| 3136 3136 3136 0] 6273| 3137 3137
MAROS 1966 846 846 723 846 0| 1121} 724 847
MODEL 1557 38 38 11 38 0| 1520 12 39
MODSZK1 1620 687] 686 667 684 0| 935 668 688
BCDOUT 7078 5414 5412 1107 5028 0} 1667 1108 1667
NESM 3105 662| 662 568 662 0] 2444| 569 663
OET1 1005 1002| 1002 3 1000 O 4 4 4
OET3 1006 1002| 1002 4 1000 O 5 5 5
PEROLD 1506 625 625 532 562 0 882| 533 626
PILOT4 1123 410| 410 387 333 0| 714 334 411
PILOTS87 6680 2030| 2030 1914 2030 0] 4651| 1915 2031
PILOT-JA 2267 940 940 783 903 0] 1328| 784 941
PILOTNOV | 2446 975| 975 823 975 0| 1472 824 976
PILOT 4860 1441| 1441 1354 1441 0| 3420] 1355 1442
PILOT-WE 2928 722| 722 645 662 0] 2207| 646 723
PT 503 501 501 2 499 0 3 3 3
QAPS8 1632 912| 853 697 833 0| 780 698 780
QAP12 8856 3192| 3089 2783 3089 0| 5768| 2784 3193
QAP15 22275 6330 6285 5632 6285 0| 15991 5633 6331
QPBD_OUT| 442 211| 211 176 211 0O} 232 177 212
READING2 | 6003 4000| 4000 2001 2001 0O} 2004| 2002 2004
RECIPELP 204 91 91 78 91 0 114 79 92
SC105 163 105 105 58 105 0 59 59 59
SC205 317 208| 205 112 205 O 113 113 113
SC50A 78 50 50 28 50 O 29 29 29
SC50B 78 50 50 28 50 O 29 29 29
SCAGR25 671 471 471 199 471 0 201 200 201

67
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Table 1: NETLIB LP problems (continued)
iteration bound

rank any Glexact Hog & Hay

name n m A Ay Hiyy Hig w41 upper

SCAGR7T 185 129 129 56 129 0 57 57 57

SCFXM1 600 330f 330 217 330 0 2711 218 271

SCFXM2 1200 660 660 440 660 0 541 441 541

SCFXM3 1800 990] 990 660 990 0 811| 661 811

SCORPION 466 388 388 77 388 0 79 78 79

SCRS8 1275 490] 490 341 490 0 786 342 491

SCSD1 760 77 7707 77 6] 684 78 78

SCSD6 1350 147 147 147 147 0 1204| 148 148

SCSD8 2750 397 397 397 397 0| 2354] 398 398

SCTAP1L 660 300| 300 246 300 0 361 247 301

SCTAP2 2500 1090 1090 955 1090 0] 1411| 956 1091

SCTAP3 3340 1480| 1480 1264 1480 0f 1861] 1265 1481

SEBA 1036 515| 515 479 515 0 522 480 516

SHAREI1B 253 117 117 72 117 0 137 73 118

SHARE2B 162 96 96 65 96 0 67 66 67

SHELL 1777 536 535 489 535 0| 1243| 490 537

SHIP04L 2166 402} 360 343 360 0} 1807| 344 403

SHIP04S 1506 402 360 256 360 0f 1147| 257 403

SHIPOSL 4363 78| 712 679 712 0| 3652| 680 779

SHIPO08S 2467 778 712 406 712 0| 1756] 407 779

SHIP12L 5533 1151 1042 828 1042 0| 4492 829 1152

SHIP12S 2869 1151| 1042 451 1042 0 1828 452 1152

SIERRA 2735 1227 1217 768 1217 0| 1519 769 1228

SIPOW1M 2002 2000( 2000 2 2000 0 3 3 3

SIPOW1 2002 2000| 2000 2 1999 0 3 3 3

SIPOW2M 2002 2000| 2000 2 2000 0 3 3 3

SIPOW?2 2002 2000} 2000 2 1999 0 3 3 3

SIPOW3 2004 2000| 2000 4 1999 0 5 5 5

SIPOW4 2004 2000| 2000 4 1999 0 5 5 5

SSEBLIN 218 72 72 72 72 0 147 73 73

STAIR 614 356 356 249 356 0] 259 250 259

STANDATA 1274 359y 359 283 359 0 916 284 360

STANDGUB | 1383 361 360 281 360 0| 1024) 282 362

STANDMPS | 1274 467 467 372 467 0 808 373 468

STOCFORI1 165 117 117 48 117 0 49 49 49

STOCFOR2 3045 2157| 2157 888 2157 0 889 889 889

STOCFORJ3 (23541 16675|16675 6866 16675 0| 6867| 6867 6867

TFI2 104 101 101 3 100 0 4 4 4

TRUSS 8806 1000| 1000 1000 1000 0| 7807) 1001 1001

TUFF 628 333| 302 207 301 0 327 208 327

VTP-BASE 346 198 198 86 198 0 149 87 149

WQODI1P 2595 244 244 244 244 Q| 2352 245 245

WOODW 8418 1098| 1098 1098 1098 0} 7321| 1099 1099

Table 2: CUTEr QP problems
iteration bound

rank any G| exact Hqy |exact Hgy & Hog
name n m A Ag Hyy Hyy p+ 1 upper|u-+1 upper
AUG2DCQP| 20200 10000| 10000 10000 10000 0] 1020110001 10201]10001 10001
AUG2DQP 20200 10000| 10000 10000 10000 0| 10201(10001 10201]10001 10001
AUG3DCQP| 27543 8000 8000 7998 8000 0| 19544 7999 16001| 7999 8001
AUG3DQP 27543 8000 8000 7998 8000 0] 19544 7999 16001| 7999 8001
BLOCKQP1| 10011 5001 5001 5001 5001 5000 5011] 5011 5011| 5002 5002
BLOCKQP2 | 10011 5001 5001 5001 5001 5000( 5011; 5011 5011| 5002 5002
BLOCKQP3 | 10011 5001 5001 5001 5001 5000| 5011| 5011 5011} 5002 5002
BLOWEYA 4002 2002 2002 2000 2002 2000{ 2001| 2001 2001| 2001 2001
BLOWEYB 4002 2002 2002 2000 2002 2000| 2001| 2001 2001} 2001 2001
BLOWEYC 4002 2002 2002 2000 2002 2000{ 2001| 2001 2001} 2001 2001
CONT-050 2597 2401 2401 192 2401 0 197 193 197 193 197




On implicit-factorization constraint preconditioners 69

Table 2: CUTEr QP problems (continued)

iteration bound

rank any G| exact Hgo |exact Hap & Hay
name n m A Ag Hy1 Hia o+ 1 upper|p+1 upper
CONT-101 10197 10098| 10098 99 10098 0 100[ 100 100 100 100
CONT-201 40397 40198 40198 199 40198 0 200 200 200 200 200
CONTS-QP | 40601 40200| 40200 401 40200 0 402 402 402 402 402
CONT1-10 10197 9801 9801 392 9801 0| 397 393 397 393 397
CONT1-20 40397 39601 39601 792 39601 0| To7| 793 797} 793 797
CONT-300 90597 90298| 90298 299 90298 0] 300f 300 300 300 300
CVXQP1 10000 5000 5000 2000 5000 2000 5001] 4001 5001 2001 5001
CVXQP2 10000 2500] 2500 2175 2500 1194 7501 3370 5001} 2176 2501
CVXQP3 10000 7500| 7500 1000 7500 2354| 2501 2001 2501; 1001 2501
DEGENQP |125050 125025125024 26 125024 0 27 27 27 27 27
DUALC1 223 215 215 8 215 0 9 9 9 9 9
DUALC2 235 229 229 6 229 0 7 7 7 7 7
DUALCS 285 278 278 7 278 0 8 8 8 8 8
DUALCS 510 503 503 7 503 0 8 8 8 8 8
GOULDQP2| 19999 9999| 9999 9999 9999 0| 1000110000 10001|10000 10000
GOULDQP3| 19999 9999| 9999 9999 9999 9999| 10001}10001 10001{10000 10000
KSIP 1021 1001| 1001 20 1001 0 21 21 21 21 21
MOSARQP1{ 3200 700 700 700 700 3| 2501; 704 1401 701 701
NCVXQP1 10000  5000{ 5000 2000 5000 2000{ 5001| 4001 5001| 2001 5001
NCVXQP2 10000 5000] 5000 2000 5000 2000| 5001| 4001 5001| 2001 5001
NCVXQP3 10000  5000| 5000 2000 5000 2000} 5001| 4001 5001| 2001 5001
NCVXQP4 10000 2500 2500 2175 2500 1194{ 7501| 3370 5001| 2176 2501
NCVXQPs5 10000  2500( 2500 2175 2500 1194| 7501| 3370 5001| 2176 2501
NCVXQP6 10000 2500{ 2500 2175 2500 1194! 7501| 3370 5001 2176 2501
NCVXQP7 10000  7500| 7500 1000 7500 23547 2501| 2001 2501 1001 2501
NCVXQP8 10000 7500 7500 1000 7500 2354| 2501| 2001 2501; 1001 2501
NCVXQP9 10000 7500 7500 1000 7500 2354} 2501| 2001 2501| 1001 2501
POWELL20 | 10000 5000 5000 4999 5000 0| 5001| 5000 5001| 5000 5001
PRIMALC1 239 9 9 9 9 0, 231 10 19 10 10
PRIMALC2 238 7 7 7 7 0| 232 8 15 8 8
PRIMALCS 295 8 8 8 8 0| 288 9 17 9 9
PRIMALCS 528 8 8 8 8 0| 521 9 17 9 9
PRIMAL1 410 85 85 85 85 0| 326 86 171 86 86
PRIMAL2 745 96 96 96 96 0| 650 97 193 97 97
PRIMAL3 856 111 111 111 111 0| 746] 112 223| 112 112
PRIMAL4 1564 75 75 75 75 0 1490 76 151 76 76
QPBAND 75000 25000 25000 25000 25000 0] 5000125001 50001]25001 25001
QPNBAND | 75000 25000| 25000 25000 25000 0] 5000125001 5000125001 25001
QPCBOEI1 726 351 351 314 351 0] 376| 315 376| 315 352
QPCBOEI2 305 166 166 109 166 0 140| 110  140] 110 140
QPCSTAIR 614 356 356 249 356 0] 2591 250 259 250 259
QPNBOEI1 726 351 351 314 351 0| 3v6| 315 376 315 352
QPNBOEI2 305 166 166 109 166 0 140| 110 140; 110 140
QPNSTAIR 614 356 356 249 356 0| 259] 250 259 250 259
SOSQP1 5000 2501 2501 2499 2501 2499| 2500] 2500 2500 2500 2500
STCQP1 8193  4095| 1771 0 1771 317| 6423 1 6423 1 4096
STCQP2 8193 4095 4095 0 4095 1191] 4099 1 4099 1 4096
STNQP1 8193 4095 1771 0 1771 317| 6423 1 6423 1 4096
STNQP2 8193  4095| 4095 0 4095 1191} 4099 1 4099 1 4096
UBH1 9009 6000| 6000 3003 6 0| 3010 7 3010 7 3010
YAO 4002 2000| 2000 2000 2000 0| 2003| 2001 2003| 2001 2001

We observe that in some cases there are useful gains to be made from
trying to reproduce Haz and, less often, Hap1. Moreover, the upper bounds on
rank obtained in Theorems 3 and 5 can be significantly larger than even the
estimates g+ 1 and p -+ 1 of the number of distinct eigenvalues. However the
trend is far from uniform, and in some cases there is little or no apparent
advantage to be gained from reproducing portions of H. Nonetheless, since
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significant improvements are possible, we now investigate efficient ways of
computing decompositions which are capable of reproducing sub-blocks of H.

3 Implicit-factorization constraint preconditioners

It has long been common practice (at least in optimization circles) [3, 6, 10,
18, 22, 34, 39, 42] to use preconditioners of the form (1.2) by specifying G
and factorizing K¢ using a suitable symmetric, indefinite package such as
MA27 [16] or MA57 [15]. While such techniques have often been successful, they
have usually been rather ad hoc, with little attempt to improve upon the
eigenvalue distributions beyond those suggested by the Theorem 1.

Recently, Dollar and Wathen [14] have suggested using a preconditioner

of the form
Kg = PBPT, (3.1)

where solutions with each of the matrices P, B and P7 are easily obtained.
In particular, rather than obtaining P and B from a given K¢, K¢ is derived
implicitly from specially chosen P and B. In this section, we examine a broad
class of methods of this form.

3.1 Structural considerations

In general, we may write

P, AT B, BY
P= and B = (3.2)
P2 0 32 333
where B; and Bsz are symmetric and P; is of full rank; the zero block in P
is selected so as to mimic that in Kg. Given this form, we have

Ko — (PlBlPlT + ATB,PT + P,BT A+ ATBy, A P,B, P + ATBQP2T>
P,B, Pl + P,Bj A P,B\Pf
and since we wish (1.2) to hold, we require that
P,B,PT + P,BfA=A and P,B,P{ =0. (3.3)
As A and P, are of full rank, we write

A=(A; Ag) and P, = (Py; P3)

for nonsingular m by m matrices A; and P31, and shall likewise write

P. P B,, BZ,
P, = 11 12 , By = 11 ~al and B, = (B3; Bsy).
B, P, By, By,
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The second requirement in (3.3) is then that
T T T pT T
P31 B11 Py + Pay By Psy + Py By Py + Pay Bop Py = 0.

Although there are a number of ways of guaranteeing this,® the simplest is to
insist that
ng =0 and Bll = 0.

The first requirement in (3.3) may be satisfied if
P,B] =1 and P,B, Pl =0, (3.4)

although again there are other (more complicated) possibilities. It then follows
that
B, = P3—1T and Py B3, (P}, Pj) =0

and the second of these implies that
By =0

since P3; is non singular and (P% PJ) must be of full rank.® Thus

Py Py, AT 0 0 Bf
P = P21 P22 Ag and B = 0 B22 Bg‘Q s (35)
Bif 0 0 Bs, By, Bss

where Bs; and Bgy are non-singular. Furthermore, it follows trivially from
Sylvester’s law of inertia (see, for example, [11]) that

Bss must be positive definite (3.6)

if (2.1) is to hold.

3.2 Solution considerations
Solves involving P and its transpose

Suppose that Bs; is chosen to be easily invertible—Dollar and Wathen [14]
suggest picking Bs; = I, but other simple choices are possible. Then, in order
to solve systems involving the block (reverse) triangular matrix P and its
transpose, it suffices to be able to do so for systems involving the sub-matrix

Py AT

Py, AzT .
% In general By = —Py;' (Pay By Py + P31 BI, Py + Py Bpo Phy) Pi” for any Pra.
& The latter follows since P33 = 0 and P is required to be non-singular.
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Although A1 allows a general (Schur-complement) pivot, in which such sys-
tems may be solved knowing factors of A; and Py + RT Py, perhaps the
easiest possibility is, again, to follow [14] and pick

P, =0, (3.7)

This then presupposes that Ps» is non-singular.

One further saving here in the solution of (2.3) via forward and backward
substituting from (3.1) in the usual (preconditioning) case for which s = 0
is that the the block zero component of the right-hand-side may trivially be
exploited in the initial forward substitution

P, 0 AT p1 1
Py Py, Ag D2 | = | T2
B;Y 0 0 q 0

for which p; = 0.

Solves involving B

It follows from (3.5) that solving systems of equations whose coefficient matrix
is B relies on being able to solve systems with coefficient matrices Bz;, Bag
and BI}. The choice Bs; = I made by Dollar and Wathen [14] is again ideal
from this perspective.

3.3 Considerations relating to preconditioning

So far, we simply require that P and B satisfy (3.5} in order to ensure K¢
is of the form (1.2), but additionally that (3.6) holds for K¢ to be a useful
preconditioner. Note that without (3.6) we could choose the components of P
and B to factorize Kg in the case where H = G, but if

In (Z/%T> # (n,m,0)

it will not be possible to find Bgs satisfying (3.6) in this case.

Recovering G
The leading diagonal block G of K¢ is
G =P, B Pl + ATB,PT + P,BY A+ AT By, A. (3.8)

In what remains, we shall thus assume that P and B, are given by (3.5), and
that (3.7) holds, that is that
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P, 0 AT 0 0 BL
P= P21 P22 Ag a,nd B= 0 B22 BE{Z . (3.9)
B 0 0 Bs, By, Bss

It follows immediately from (2.6), (3.8) and (3.9) that

Gi1 =P B5 A, +A] By P+ AT By A

Gag = Py By Pl + Py B]) Ay + Pyy Bly Ay + AT By Py + A Byy P, + Af Bas A,
Notice that we have not as yet determined Piy, FPs1, Pao, Bpa, Bsi, Bas

and Bgsz, but that G involves significantly less information, and thus there is

likely to be considerable freedom in our remaining choices even if we wish to

recover a particular G.
It follows from (3.8) that

NTGN = NTP,B,PTN

for any null-space basis matrix N, since AN = 0 It also follows from the
required form (3.9) of P and B that

P131P1T: 0 0
0 P22B22P2T2

and in the case of the reduced-space basis matrix (2.5) we have that

NTGN = P22322P2:g.

3.4 Particular choices of P and B
Existing proposals

Schilders [40] sets B3y = I and Bz = 0, and uses Py and Pps as free param-
eters to determine Pyy, Bgg and Bss from G. Dollar and Wathen [14] consider
the same choices for B3, and Bss, and use Pi; and Ppp and Bss as free pa-
rameters to determine Psy, Bas and Gog from Gy; and Gy, So for example,
if

Py =0,P =0, Pog=1, By =1, Bao=1I, B3 =0 and B33 =0

then
Gll =0, G21 =0 and G22 =1,
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Reproducing H2,

The simplest option is to set as many of free components of P and B as
possible to zero; this corresponds to setting

P11 = 0, P21 = 0, ng =0 and ng = 0, (310)
and results in
G =0, Gy =0 and Gay = Py By Py,

Thus the requirement (3.6) forces Gaq to be positive definite, and any positive-
definite G2 may be accommodated by the choice (3.10). In particular, if Hyp
is positive-definite, Theorem 3 shows that picking G = Hjys leads to an
improved eigenvalue bound over that for generic G. In this case Pa; and Bag
could accommodate (sparse) Cholesky or LDL” factors of Hap.

Reproducing Hy; and Ho,

The choice
.P11 =0 and 33320 (311)

gives

Gll = O, G21 = PZlBg‘lAl + PzngzAl and
Gy = PpyBoy Py + Py BI| Ay + Py BL, Ay + A B3 Py + AT By, Pi.

while choosing
P11 = O, B32 =0 and B33 =0 (312)

gives
Gll = 0, G21 = leBg‘lAl and G22 - PQQB22P27; + PQIBér]AQ + AgBS],PQ’I;

Both of these possibilities allow us to choose Ggp = Hgs and Goy = Hay, and
Theorem 5 indicates that such choices lead to further improved eigenvalue
bounds. Moreover, in both cases,

PyyByyPjy = Goy + RTG, + Gy R

regardless of how we choose Py, B3y and Bajs.

Ensuring that G is positive definite

The role of the matrix Bz is interesting. For Theorem 2 and (3.8) suggest
that by picking Bjsgs sufficiently negative definite, the remaining terms

P,B,PT + ATB,PF + P,BT A

will be positive definite. However, since any significantly dense rows of A will
result in dense blocks in A7 B3z A, it may well be wise to keep Bss = 0.
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3.5 Factors in other orders

We have seen that specifying decompositions of the form (3.1) in which P
and B have the block form (3.2) is an extremely flexible approach. A natural
question is: are there other block forms which are equally useful? The most
obvious alternative is to seek a decomposition

Ko =QEQT, (3.13)

E, ET
0= (99 s po (B 52 (3.14)
A0 E, Eqq
where F; and E33 are symmetric and Qs is of full rank; here again the zero
block in @ is selected so as to mimic that in K. In this case

o Q:1B,Q + Q. FQT + QET QT + QuE33Q% QB AT + Q. E AT
¢ AE,QT + AEFQT AE, AT

where

(3.15)
But now we see a strong disadvantage of (3.13) compared with (3.1), namely
that requiring that the 2,1 and 2,2 blocks of (3.15) reproduce A and 0 respec-
tively place strong restrictions on Ei, Ez, Q; and Qq. In particular, Ey AT
must lie in the null-space of A. Since this seems to limit the scope of (3.13)-
(3.14) we do not pursue this further.

4 Numerical experiments

In this section we indicate that, in some cases, the implicit-factorization pre-
conditioners proposed in Section 3 are very effective in practice.

We consider the set of quadratic programming examples from the CUTEr
test set examined in Section 2. For each, we use the projected preconditioned
conjugate-gradient method {27] to solve the resulting quadratic programming
problem

EQP: minimize ¢(z) = 27 Hz + ¢’z subject to Az = b.
z€R"™

Firstly a feasible point = x¢ is determined. Thereafter, iterates zg + s
generated by the conjugate-gradient method are constrained to satisfy As =0
by means of the preconditioning system (2.3). Since, as frequently happens in
practice, ¢(zg + s) may be unbounded from below, a trust-region constraint
|Is|| < A is also imposed, and the Generalized Lanczos Trust-Region (GLTR)
method [28], as implemented in the GALAHAD library [30], is used to solve
the resulting problem

minimize g(zo + s) subject to As =0 and |s|| < A4; (4.1)
zelR™
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a large value of A = 10° is used so as not to cut off the unconstrained solution
for convex problems.

In Tables 1 and 2, we compare four preconditioning strategies for (ap-
proximately) solving the problem (4.1). We consider both low and high(er)
accuracy solutions. For the former, we terminate as soon as the norm of the
(preconditioned) gradient of g(zo + s) has been reduced more than 1072 from
that of g(xg), while the latter requires a 10~ reduction; these are intended
to simulate the levels of accuracy required within a nonlinear programming
solver in early (global) and later (asymptotic) phases of the solution process.

We consider two explicit factorizations, one using exact factors (G = H),
and the other using a simple projection (G = I). The HSL package MA57 [15]
(version 2.2.1) is used to factorize K¢ and subsequently solve (2.3); by way
of comparison, we also include times for exact factorization with the earlier
MA27 [16], since this is still widely used. Two implicit factorizations of the form
(3.1) with factors (3.9) are also considered. In the first, we use the method
in Section 3.4 to get Ga = I. The second follows Section 3.4 and aims to
reproduce Goz = Hjyo, and uses MAB7 to compute its factors. In particular,
we exploit one of MAB7’s options to make modest modifications [41] of the
diagonals of Hyy to ensure that Gy is positive definite if Hy; fails to be—this
proved only to be necessary for the BLOWEY* problems.

All of our experiments were performed using a single processor of a
3.05Mhz Dell Precision 650 Workstation with 4 Gbytes of RAM. Our codes
were written in double precision fortran 90, compiled using the Intel ifort 8.1
compiler, and wherever possible made use of tuned ATLAS BLAS [43] for core
computations. A single iteration of iterative refinement is applied, as neces-
sary, when applying the preconditioner (2.3) to try to ensure small relative
residuals.

For each option tested, we record the time taken to compute the (explicit
or implicit) factors, the number of GLTR iterations performed (equivalently,
the number of preconditioned systems solved), and the total time taken to
solve the quadratic programming problem EQP (including the factorization).
The initial feasible point xg is found by solving

5 E)-6)

using the factors of K. Occasionally-—in particular when ¢ =0 and G = H—
such a point solves EQP, and the resulting iteration count is zero. In a few
cases, the problems are so ill-conditioned that the trust-region constraint is
activated, and more than one GLTR iteration is required to solve EQP even
when G = H. Furthermore, rank deficiency of A occasionally resulted in
unacceptably large residuals in (2.3) and subsequent failure of GLTR when
G = H, even after iterative refinement.

In many cases, the use of an “exact” preconditioner G = H is cost ef-
fective, particularly when the newer factorization package MA5S7 is used to
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Table 1: CUTEr QP problems—residual decrease of at least 1072
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Explicit factors

Tmplicit factors

G=H G=17 Goa =1 Gog = Hyp
MA27 MAB7 MAB7 MAB7 MAB7
name fact. iter. total | fact. iter. total| fact. iter. total| fact. iter. total] fact. iter. total
AUG2DCQP 0.08 1 0.13] 047 1 0.54] 046 1 0.53] 0.04 125 1.54| 0.25 123 2.01
AUG2DQP 0.08 1 0.13| 0.47 1 054] 046 2 0.53| 0.04 120 1.49| 0.25 125 203
AUG3DCQP 1,36 1 1.66 | 1.54 1 1687 145 1 1.57| 003 41 071 079 41 1.89
AUG3DQP 1.39 1 1.69) 1.29 1 1.42| 1.46 2 1.59] 0.05 43 0.71] 078 40 1.56
BLOCKQP1 0.06 0 0.08| 0.21 0 0.23] 0.23 1 026 033 2 033] 0.39 2 041
BLOCKQP2 0.06 0 0.08| 0.21 0 0.23| 023 2 026 0.33 2 036 039 2 041
BLOCKQP3 0.06 0 0.081 0.21 0 023! 023 1 025| 033 2 035 0.38 2 041
BLOWEYA 26.50 1 26.60| 0.04 1 0.05{ 005 35 021} 003 530 0.13| 004 50 0.5
BLOWEYB 26.29 1 26.39 0.04 1 005{ 005 13 0.11{ 003 32 009 004 32 011
BLOWEYC 26.27 1 26.36 0.04 1 005 005 36 021] 0.03 50 0.12] 004 50 015
CONT-050 0.17 1 0.19| 0.12 1 0.14]| 0.12 1 014| 009 3 0.10| 0.09 3 011
CONT-101 3.03 1 3.18 | 0.73 2 0.85| 0.70 2 082 0.86 2 091 086 2 091
CONT-201 35.96 4 3838 578 5 6.99| 5.63 6 7.04/10.14 2 10.41]10.10 2 10.37
CONT5-QP 33.89 1 3489 3.37 1 3.83| 3.35 2 38002001 39 22.36119.94 37 22.20
CONT1-10 2.81 1 2.95| 0.68 1 0.80| 0.66 1 077 0.90 3 097 091 3 0.99
CONTI1-20 30.94 1 3163 6.85 1 7.46| 667 2 7.28]10.83 3 11.22(10.86 3 11.26
CONT-300 140.10 9 146.23}19.33 5 22.26(18.33 5 21.25(40.82 2 41.46[41.00 2 4164
CVXQP1 579.20 0 ©580.15( 3.99 0 4.11| 0.20 3 0.24] 021 57 036 024 55 0.69
CVXQP2 139.11 0 139.48] 1.70 0 1.78) 0.10 3 012] 0.01 14 0.07| 0.10 14 0.23
CVXQP3 1353.52 0 1335.13| 9.93 0 10.13] 0.32 3 038| 033 44 0.64| 0.3¢ 43 0.68
DEGENQP 3.85 1 4.14|14.36 1 14.72| 0.01 2 001 2,43 3 2.87| 2.45 3 2.8
DUALC1 0.01 5 0.01] 0.00 2 001| 0.00 1 0.00/ 0.00 8 0.00] 0.00 8 0.00
DUALC2 0.01 9 0.01{ 0.00 1 001] 001 2 0.01f 0.00 6 0.00| 0.00 6 0.01
DUALCS 0.01 8 0.02( o001 1 0.01| 001 2 001] 000 6 0.01] 0.00 6 0.01
DUALCS 0.11 5 0.13} 0.01 2 001 0.20 0 023 001 7 0.01] 001 7 0.01
GOULDQP2 0.05 0 0.07} 0.23 0 0.27| 020 2 025 003 0 0.05] 0.08 0 010
GOULDQP3 0.07 1 0.11| 0.32 1 040]| 0.05 5 0.06] 0.03 6 0.11| 0.08 6 0.17
KSIP 0.01 1 0.02| 0.05 1 006 0.04 3 005 002 3 003] 0.02 3 0.03
MOSARQP1 0,02 1 0.03] 0.04 1 0.04| 0.20 3 0.24]| 0.086 6 0.07] 007 6 0.08
NCVXQP1 573.69 0 574.65| 4.10 0 4.22| 0.20 3 024 0.21 55 0.54| 0.24 55 0.68
NCVXQP2 584.17 0 385.14| 4.02 0 4.14( 0.20 3 024 0.20 55 054 0.24 56 0.70
NCVXQP3 573.04 0 573.98| 4.15 0 4.28| 0.11 3 0.13) 0.20 54  0.53 0.23 55 0.69
NCVXQP4 138.52 0 13890 1.71 0 179| 0.10 3 0J12] 001 14 0.07| 010 13 022
NCVXQP5 130.26 0 130.64| 1.69 0 178 0.10 3 0.13] 001 14 006! 010 14 0.24
NCVXQP8§ 139.37 0 139.75| 1.70 0 1.79] 0.32 3 0.38] 001 14 006 0.10 14 0.24
NCVXQP7 |1363.85 0 1365.49}10.03 0 10.23| 0.33 3 0.39| 033 43 064 034 43 067
NCVXQP8 | 1386.80 0 1388.4510.07 0 10,26 0.33 3 0.38] 033 43 063 034 43 067
NOVXQP9 |1357.68 0 1359.31(10.12 0 10321 0.09 2 0.11| 0.33 44 0.84| 034 43 067
POWELL20 0.03 0 0.05( 0.09 0 011 0.00 5 001] 0.01 2 0.03] 0.07 2 008
PRIMALC! 0.00 1 0.00{ 0.00 1 001] 0.00 3 0.00({ 0.00 11 0.00| 0.00 6 0,00
PRIMALC2 0.00 1 0.00) 0.00 1 001} coo 6 0.01| 0.00 5 0.00] 0.00 5 0.00
PRIMALCS 0.00 1 0.00( 0.00 1 0.01| 0.01 4 0.01| 000 6 0.00] 0.00 5 0.00
PRIMALCS 0.01 1 0.01| 0.01 1 001 001 8 0.02| 000 11 0.01f 0.00 7 0.01
PRIMALL 0,01 1 0.01| 0.01 1 0.02| 003 5 003 000 15 0.01| 000 27 002
PRIMAL2 0.01 1 0.01} 003 1 003} 0.06 4 007( 000 13 0.01| 001 21 0.02
PRIMAL3 0.03 1 0.03| 0.06 1 006] 0.03 3 0.04f 001 18 004y 001 26 006
PRIMAL4 0.04 1 0.04| 0.03 1 0.03]14.34 2 1469] 0.01 12 0.03| 0.02 15 004
QPBAND 0.16 1 0.30( 1.08 1 1.28| 1.84 2 199 0.09 2 0.19| 0.40 2 054
QPNBAXD 0.17 1 .30 1.07 1 1.27| 1.83 3 203 0.09 3 0.24) 041 2 0.5%
QPCBOEI 0.01 1 0.01] 0.02 2 002 001 3 001] 000 12 0.01] 000 12 0.01
QPCBOEI2 0.00 1 0.01| 0.00 1 001| 000 3 001| 000 12 0.00| 0.00 12 000
QPCSTAIR 0.01 1 0.01| 0.02 1 0.02] o001 3 002( 000 12 001f 000 14 Q.01
QPNBOEI 0.01 1 0.01] 0.02 2 0.02] 0.01 3 001} 001 12 o001 000 12 0.01
QPNBOEI2 0.00 1 0.00{ 0.00 1 0.01| 0.00 3 001, 000 12 0.00| 000 12 0.00
QPNSTAIR 0.01 1 0.01| 0.02 1 0.02] 001 3 0.02( 000 12 001{ Cc0O0 12 001
SOSQP1 0.01 0 0.01] 0.04 0 0.04] 004 ¢ 0.05| 0.03 1 004] 0.05 1 0.05
STCQP1 rank deficient A rank deficient A |20.67 3 21.01| 0.02 3 0.04| 009 1 010
STCQP2 9.76 0 9.84| 087 0 092 0.14 3 0.17: 0.03 3 005 0.11 1 013
STNQP1 113.27 0 113.59| rank deficient 4 |20.75 3 21.09: 002 3 0.04) 009 1 011
STNQP2 9.64 0 9.72{ 0.87 0 092 014 3 017 0.03 3 005 011 1 013
UBH1 0.02 0 0.03]| 0.12 0 0.14( 011 0 013 0.02 0 003] 0.04 0 0.05
YAQ 0.01 1 0.01) 0.03 1 004] 0.03 6 0.05] 001 21 0.04] 0.02 21 0.06
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Table 2: CUTEr QP problems—residual decrease of at least 1072
Explicit factors Implicit factors
G=H G= Gz =1 Gao = Hao
MA27 MAB7 MABT MABT7 MAB7
name fact. iter. total | fact. iter, total| fact. iter. total| fact. iter. total| fact. iter. total
AUG2DCQP 0.08 1 0.13| 047 1 0.54] 0.46 T 0.53] 0.04 866 10.35| 0.25 872 12.50
AUG2DQP 0.08 1 0.13| 047 1 0354 046 4 0.60] 004 882 10.67| 0.25 855 12.33
AUG3DCQP 1.56 1 1,661 1.54 1 1.67] 1.45 1 1.57) 005 378 6.04| 079 377 818
AUG3DQP 1.59 1 1.69| 1.29 1 1.42| 1.46 5 175 0.05 381 590 078 380 827
BLOCKQP1 0.06 ] 0.08| 0.21 0 023 023 1 0.26| 033 3 037 0.39 3 043
BLOCKQP2 0.06 0 0.08| 0.21 0 023! 0.23 2 0.26] 0.33 3 037 039 3 043
BLOCKQP3 0.06 0 0.08| 0.21 0 0.23) 023 1 025 033 5 0.38] 0.38 4 044
BLOWEYA 26.50 1 26.60| 0.04 1 0.05> 10000 iterations | > 10000 iterations | > 10000 iterations
BLOWEYB 26.29 1 26.39| 0.04 1 003| 005 216 099 0.03 668 1.23|> 10000 iterations
BLOWEYC 26.27 1 26.36| 0.04 1 0.05 (> 10000 iterations | > 10000 iterations | > 10000 iterations
CONT-050 0.17 1 0.19| 0.12 1 014} 012 1 014 0.09 7 0.12] 0.09 7 013
CONT-101 3.03 1 3.18] 0.73 4 1.11| 070 5 1.15| 0.86 10 1.09{ 0.86 10 110
CONT-201 35.96 4 38.38| 5.78 8 9391 563 13 11.26|10.14 11 11.48|10.10 11 11.43
CONT3-QP 33.89 1 34.58| 3.37 1 3.83| 3.35 2 395(20.01 113 26.81]19.9%4 98 25.89
CONT1-10 2.81 1 2,95 0.68 1 0.80| 0.66 1 077 0.90 10 1.13) 091 10 1.16
CONT1-20 30.94 1 31.65| 6.85 1 7.46]| 6.67 5 9.08]10.83 12 12.29110.86 12 12.34
CONT-300 140.10 27 174.66|19.33 26 45.80|18.33 40 58.01(40.82 13 44.98)41.00 15 45.16
CVXQP1 579.20 0 580.153{ 3.99 0 4.11| 0.20 5 027] 021 211 149) 024 207 1.94
CVXQP2 139.11 0 13948 1.70 0 1.78| 0.10 5 014 001 31 0.21) 010 51 0.39
CVXQP3 1353.52 0 1355.13| 9.93 0 10.13| 0.32 5 042] 033 183 1.62| 034 178 1.71
DEGENQP 3.85 1 4.14 | 14.36 1 1472 0.01 11 001 243 3 3.00| 243 7 3.52
DUALC1L 0.01 5 0.01| 0.00 11 ©.01] 0.00 1 0.00{ 0.00 8§ 0.01| 0.00 8 000
DUALC2 0.01 9 0.01| 0.00 1 001; 001 4 001 0.00 6 0.00]| 0.00 6 001
DUALCS 0.01 145 0.20] 0.01 1 001] o001 5 0.01| 000 7 0.01] 0.00 7 001
DUALCS 0.11 3 0.13| 0.01 7 0.02] 020 0 023} 001 7 0.01| 001 7 001
GOULDQP2 0.05 0 0.07{ 0.23 0 0.27| 020 5 0.31] 003 0 0.05| 0.08 0 010
GOULDQP3 0.07 1 011 0.32 1 040 0.05 21 0.08] 0.03 1614 18.95| 0.08 1579 23.38
KSIP 0.01 1 0.02) 0.05 1 0.06} 0.04 5 0.05] 0.02 18 0.05( 0.02 10 0.04
MOSARQP! 0.02 1 0.03| 0.04 1 0.04] 0.20 5 0.27| 0.06 36 0.10] Q.07 35 0,13
NCVXQP1 §73.69 0 §574.65| 4.10 0 4.22: 0.20 5 0.27] 021 215 1.561| 024 204 1.89
NCVXQP2 584.17 0 585.14| 4,02 0 414, 0.20 6 028 0.20 212 150} 024 212 2.00
NCVXQP3 573.04 0 57398 4.15 0 4.28| 0.11 5 014| 020 210 1.46| 023 204 1.92
NCVXQP4 138.52 0 13890| 171 0 179 0.10 5 0.14) 0.01 31 0.20] 010 51  0.60
NCVXQP5 130.26 ¢ 130.64) 1.69 0 176} 0.10 6 015 001 51 0.20f 010 50 0.39
NCVXQP6 139.37 0 139.75| 1.70 0 1.79) 0.32 5 042] 001 51 0,21 0.10 51 0.61
NCVXQP7 1363.85 0 1365.49|10.03 0 10.23| 0.33 3 043] 033 189 1.689| 034 176 1.67
NCVXQP8 1386.80 0 1388.45|10.07 0 1026 0.33 5 0.42] 033 191 169 034 176 1.70
NCVXQP9 1357.68 0 1339.3110.12 0 1032 009 20 0.23] 0.33 193 169 034 179 171
POWELL20 0.03 0 0.05| 0.09 0 011 o.00 11 0.01| o001 40  0.21} 0.07 40 0.31
PRIMALC1 0.00 1 0.00| 0.00 1 0.01] 000 4 0.00] 0.00 25 0.01| 0.00 12 0.01
PRIMALC2 0.00 1 0.00 | 0.00 1 001} 0.00 10 0.01] 000 9 0.00| c.00 g 0.00
PRIMALCS 0.00 1 0.00| 0.00 1 0.01] o001 7 001 0.00 15 0.01| 0.00 10 001
PRIMALCS 0.01 1 0.01} 0.01 1 001 001 14 0.02| 0.00 20 0.01] 0.00 10 0.01
PRIMALI1 0.01 1 0.01] 0.01 1 0.2/ 0.03 8 0.03} 0.00 153 0.08: 0.00 158 0.09
PRIMAL2 0.01 1 0.01| 0,03 1 003{ 0086 6 0.07| 000 86 0.06| 001 92 008
PRIMAL3 0.03 1 0.03| 0.08 1 0.086| 0.03 5 0.04] 001 74 0.14| 001 80 0.15
PRIMAL4 0.04 1 0.04| 0.03 1 0.03|14.34 2 1480 0.01 41 0.07 0.02 44 0.09
QPBAND 0.16 1 0.30} 1.08 1 1.28| 184 5  2.19! 0.09 7 0.46] 040 3 078
QPNBAND 0.17 1 0.30| 1.07 1 1.27] 1.83 6 2.24| 0.09 8 0.51| 041 6 0.84
QPCBOEIL 0.01 1 0.01| 0.02 5 0.02; 0.01 5 0.02| 0.00 47 0.037 0.00 47 0.03
QPCBOEI2 0.00 1 0.01| 0.00 1 001 0.00 5 001 0.00 38 0.01] 0.00 37 0.01
QPCSTAIR 0.01 1 0.01] 0.02 1 0.02] 0.01 8 0.02] 0.00 40 0.02} 0.00 32 0.03
QPNBOEI1 0.01 1 0.01! 0.02 5 0.08] 001 5 0.01] 001 48 0.03] 0.00 47 0.03
QPNBOEI2 0.00 1 0.00] 0.00 1 001] 0.00 5 0.01]| 0.00 7 0.01] 0.00 37 001
QPNSTAIR 0.01 1 0.01{ 0.02 1 0.02] 001 8§ 002 0.00 40  0.02| 0.00 56 0.03
SOSQP1 0.01 0 0.01} 0.04 0 004 0.04 0 0.05] 003 1 0.04}| 003 1 005
STCQP1 rank deficient A rank deficient A | 20.67 6 21.35| 0.02 8 0.05| 009 1 010
STCQP2 9.76 0 9.84 | 0.87 0 0927 014 7 020} 0.03 7 007! 011 1 0.13
STNQPI 113.27 0 113.39 ] rank deficient A |20.75 6 21.43| 0.02 6 0.05) 0.09 1 on
STNQP2 9.64 0 9.72| 0.87 0 0.92| 014 8 0.22) 0.03 & 0.08) 011 1 013
UBH1 0.02 0 0.03| 0.12 0 0147 011 0 013} 0.02 0 003 f 0.04 0 005
YAO 0.01 1 0.01| 0.03 1 0.04) 003 26 0.11] 0.01 107 0.18| 0.02 106 0.23
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compute the factors. For those problems for which the exact preconditioner
is expensive—for example, the CVXQP* and NCVXQP* problems—the “inexact”
preconditioners are often more effective, particularly when low accuracy so-
lutions are required. The explicit preconditioner with G = [ is often a good
compromise, although this may reflect the fact that H is often (almost) diag-
onal. The implicit factors are sometimes but not always cheaper to compute
than the explicit ones. The cost of finding a good basis A; using MA48 is
higher than we would have liked, and is usually the dominant cost of the over-
all implicit factorization. Nonetheless, for problems like the DUAL*, PRIMALx
and ST* examples, the implicit factors seem to offer a good alternative to the
explicit ones. We must admit to being slightly disappointed that the more so-
phisticated implicit factors using Gag = Has seemed to show few advantages
over the cheaper Gy = I, but again this might reflect the nature of H in our
test set.

5 Comments and conclusions

We have developed a class of implicit-factorization constraint preconditioners
for the iterative solution of symmetric linear systems arising from saddle-
point problems. These preconditioners are flexible, and allow for improved
eigenvalue distributions over traditional approaches. Numerical experiments
indicate that these methods hold promise for solving large-scale problems,
and suggest that such methods should be added to the arsenal of available
preconditioners for saddle-point and related problems. A fortran 90 package
which implements methods from our class of preconditioners will shortly be
available as part of the GALAHAD library [30]. We are currently generalizing
implicit-factorization preconditioners to cope with problems for which the 2,2
block in (1.1) may be nonzero [13].

One issue we have not really touched on—aside from the need for stable
factors—is the effect of partitioning of the columns of A to produce a non-
singular sub-matrix A;. Consider the simple example

0
A=<X ><0>’
0 x x X

where each x is non-zero. If we chose A; as the sub-matrix corresponding to
the first two columns of A, A, has rank two, while if A; were made up of
columns one and three, A, then has rank one. This simple example indicates
how the choice of A; may effect the iteration bounds obtained in Theorems 3—
5, and significantly, leads us to ask just how much we can reduce the bounds
indicated in these theorems by judicious choice of A4;. We plan to investigate
this issue in future.
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Optimal algorithms for large sparse quadratic
programming problems with uniformly bounded
spectrum

Zdeng&k Dostal

VSB-Technical University Ostrava, TF 17. listopadu, CZ-70833 Ostrava, Czech
Republic (zdenek.dostal@usb.cz)

Summary. Recently proposed algorithms for the solution of large quadratic pro-
gramming problems are reviewed. An important feature of these algorithms is their
capability to find an approximate solution of the convex equality and/or bound con-
strained quadratic programming problems with the uniformly bounded spectrum
of the Hessian matrix at O(1) iterations. The theoretical results are presented and
illustrated by numerical experiments.

Key words: quadratic programming, box and equality constraints, aug-
mented Lagrangians, adaptive precision control.

1 Introduction

An important ingredient in development of effective methods for the solution
of very large problems is identification of algorithms that can solve some spe-
cial classes of problems with optimal (i.e. asymptotically linear) complexity.
For example, the interior point methods were applied successfully to the solu-
tion of very large problems of nonlinear optimization with many constraints
and tens of thousands of decision variables observing that the Hessian ma-
trix with a special pattern of the nonzero elements may be decomposed with
nearly linear complexity ( [18]).

Another important class of problems may be characterized by distribution
of the spectrum of the Hessian matrix. For example, the major breakthrough
in the development of effective algorithms for numerical solution of elliptic
partial differential equations was the observation that application of the do-
main decomposition methods [25] or multigrid methods [19] to these problems
may result in the class of unconstrained QP problems with the cost functions
whose Hessian matrices are very sparse and have their spectrum in a given
positive interval. Since there are well known algorithms, such as the conju-
gate gradient method, with the rate of convergence dependent on the condition
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number of the Hessian matrix, it followed easily that the discretized elliptic
problems may be solved with optimal (i. e, asymptotically linear) complexity.

Until recently, there were no theoretical results like this for inequality con-
strained problems, the only exception known to the author being the results
by J. Schéberl based on the gradient projection [26,27]. However, experimen-
tal results were reported by several authors ( [1,9,11,21-24]). The lack of the
theoretical results is not very surprising if we realize that any result of this
type requires identification of the active constraints for free and the rate of
convergence independent of conditioning of the constraints. Let us point out
that even though the Hessian matrix of any of the problems we are talking
about is sparse, its sparsity pattern typically does not allow fast decomposi-
tion, so that the complexity of even single step of the interior point methods
is far from optimal.

In this paper, we review our optimal algorithms [4-7,16] for the solution of
convex bound and/or equality constrained quadratic programming problems.
These algorithms can be implemented in such a way that, for the class of
problems with the spectrum of the Hessian matrix in a given positive interval,
they can find approximate solutions of each particular problem at the cost
proportional to that of the matrix-vector multiplication. In combination with
our variants of FETI [13,14] or FETI-DP [15] methods, these algorithms
turned out to be a powerful engine in development of scalable algorithms for
numerical solution of elliptic variational inequalities. Numerical experiments
with the solution of variational inequalities discretized by more than eight
millions of nodal variables confirmed that the algorithms extend both the
numerical and parallel scalability of the linear FETI method (e.g. [17]) to
constrained problems.

We demonstrate the performance of our algorithms by solving for each type
of the constraints the class of well conditioned problems of varying dimensions
with the quadratic form ¢, defined for t € {2,3,...} by the symmetric Toeplitz
matrix A = A; of the order 2 % t* determined by the nonzero entries a;; =
12,a12 = a1, = —1 and by the vectors b = b, defined by the entries b; =
—1,i=1,...,2 % t. Using the Gershgorin theorem, it is easy to see that the
eigenvalues A; of any A; satisfy 8 < A\; < 16. The equality constraints were
defined by the matrix C' = C, with t rows comprising 2 x t? entries which are
zeros except ¢;2_;41 =land ¢ 24, = —-1,i=1,...,¢t

In the whole paper, g(z) = 227Az — b7z will always denote a strictly
convex quadratic function defined on JR™ with the Hessian matrix V3¢ = A €
R™™ symmetric positive definite and z,b € IR™. The eigenvalues of A will
be denoted A;(A),

)\min(A) = /\1(A) < <L /\n(A) = Amax(A) = HAH

The Euclidean norm and the A—energy norm of = will be denoted by ||z| and
x|l a, respectively. Thus (|z}|* = 27z and ||z||4 = T Az. Analogous notation
will be used for the induced matrix norms.
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2 Equality constrained problems

We shall start with the problem of finding the minimizer of the quadratic
function g(z) subject to the linear equality constraints, that is

minimize ¢(z) subject to z € Qg (1)

with 2 = {z € R" : Cz = d},C € R™*", and d € R™. We require
neither that C is a full row rank matrix nor m < n, but we shall assume
that d belongs to the range of C to guarantee that 2z is not empty. Our
development is based on the augmented Lagrangian method [2] which reduces
(1) to a sequence of the problems of the form

minimize L(z, u*,pr) subject to z € RP (2)

where oh
L(z, u*, pr) =Q($)+(Mk)T(CI—d)+—Q-HC-”C—dW (3)
is known as the augmented Lagrangian function, pu* = (u¥,...,uk)7 is the

vector of the Lagrange multipliers for the equality constraints, and py is the
penalty parameter. The precision of the approximate solution z* of the auxil-
iary problems will be measured by the Euclidian norm of the feasibility error
and of the gradient of the augmented Lagrangian. The latter is always denoted
by g, so that

9(@, 1, 0) = Vel(z,psp) = Az —b+CTp+pCT(Cz—d).  (4)

Our algorithm with the adaptive precision control reads as follows.

Algorithm 1. Semi-monotonic augmented Lagrangians for equality
constraints (SMALE)

Givenn >0, 8>1, M >0, po >0, and u® € R™,set k =0.

Step 1. {Inner iteration with adaptive precision control.}

Find z* such that

lg(a*, u*, pr) || < min{M|Ca* —df|,n}. ()
Step 2. {Update u.}
Wt = i + pp(Ca - d). (6)

Step 3. {Update p provided the increase of the Lagrangian is not sufficient. }
If k>0 and

L(kaukvpk) < L(xkhlwuk_l,pk—ﬂ + %chk - ng (7>

then
Prt+1 = Bpk, (8)
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else
Pk+1 = Pk 9)

Step 4. Set k =k + 1 and return to the Step 1.

In Step 1 we can use any convergent algorithm for minimizing the strictly
convex quadratic function such as the conjugate gradient method [2]. Algo-
rithm 1 differs from those considered by Hager [20] and Dostél, Friedlander
and Santos [8] by the condition on the update of the penalization parameter
in Step 3.

Algorithm 1 has been proved to be correctly defined and to enjoy a kind
of optimal convergence of the feasibility error [4]. To present our optimality
result related to the conjugate gradient implementation of Step 1, let 7 denote
any set of indices and assume that for any ¢ € 7 there is defined a problem

minimize ¢;(x) subject to z € 2% (10)

with 24 = {z € R™ : Ciz = 0}, q(z) = 32T A — bz, A, € R™*™
symmetric positive definite, C; € R™ "™, and b;,z € IR™.

Theorem 1. Let {zF}, {uF} and {p: 1} be generated by Algorithm 1 for (10)
with ||b]] > m >0, 8>1, M >0, pro=po >0, pu?=0 Let0 < ampn <
max aNd 0 < Cpin < Cmax be given constants. Let Step 1 be implemented by the

conjugate gradient method which generates the iterates :L'f’o, xf’l, e ,xf’l =¥

for the solution of (10) starting from xi° = &F~1 with z7? = 0, where | = I,

is the first index satisfying
lg(af’, uf, o)l < M Coat| (11)

or
lg(at™, nf, pr)| < ellbel| min{1, M}, (12)

Let the class of problems (10) satisfies

Qmin S Amin(At> S )\max(At) S Omaxs Cmin < Umin(ct> S HOtH S Crmax; (13)

where omin(Ct) denotes the least nonzero singular value of Ct. Then the fol-
lowing statements hold:
(i) Algorithm 1 generates an approzimate solution x¥ of any problem (10)

which satisfies
jz* =z < ellbi] (14)

at O(1) matriz-vector multiplications by the Hessian of the augmented La-
grangian Ly for (10).

(i) The images of the Lagrange multipliers CTu* are bounded and converge
to CT71, where Ti denotes any vector of Lagrange multipliers of the solution.
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Proof: See [6].

We have implemented Algorithm 1 in Matlab and solved a class of prob-
lems of the varying dimension defined in the introduction. We solved the
problem with 7, = |4, = 10,p = 200, = 1 and po = 0 using the stop-
ping criterion ||g:(z, 4, p)|| < 1073|b;|| and ||Cyz|| < 1075(|b4||. The results are
in Table 1.

Table 1: Performance of SMALE

Equality constrains cg Outer
=bandwidth Dimension n iterations iterations

10 200 25 4
50 5000 22 4
100 20000 18 3
250 125000 18 3
500 500000 17 3

We conclude that we can observe optimality in practice for well conditioned
problems. More numerical experiments and theoretical results may be found
in [4,6].

3 Bound constrained problems

We shall now be concerned with the problem
minimize ¢(z) subject to z € {25 (15)

with 25 = {z : « > £} and £ € IR". The unique solution Z of (13) is fully
determined by the Karush-Kuhn-Tucker optimality conditions [2] so that for
t1=1,...,n,

T, ={; implies g, > 0 and T; > ¢; implies g; =0 (16)
where g = g(z) denotes the gradient of g defined by
g=g(x) = Az - b. (17)

The conditions (16) can be described alternatively by the free gradient ¢ and
the chopped gradient B that are defined by

wi(z) = gi(x) for z; > £, @i(x) =0 for z; = ¢,

Bi(z) =0 for z; > &4, Bi(x) = g; (x) for z; = ¢;
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where we have used the notation g;; = min{g;,0}. Thus the conditions (16)
are satisfied iff the projected gradient g¥'(z) = ¢(z)+B(x) is equal to the zero.
The algorithm for the solution of (15) that we describe here exploits a
given constant I" > 0, a test to decide about leaving the face and three types
of steps to generate a sequence of the iterates {x®} that approximate the
solution of (15).
The expansion step may expand the current active set and is defined by
okt = ok —EP(ek) (18)
with the fixed steplength
with the entries @; = &;(x

If the inequality
18(")? < I@(z") T p(a*) (19)

holds then we call the iterate o strictly proportional. The test (19) is used to
decide which component of the projected gradient ¢ (z*) will be reduced in
the next step.

The proportioning step may remove indices from the active and is defined
by

@ € (0, A7) and the reduced free gradient @(z)
Yy =min{(z; — 4)/T, v}

2"t = 2F — a . B(a”) (20)

with the steplength oy that minimizes q (z* — a8(z*)). It is easy to check [2]
that a.y that minimizes g(z — ad) for a given d and x may be evaluated by
the formula

dg(z
Qeg = acg(d) = deEld) (21)
The conjugate gradient step is defined by
gt = 2P — ap* (22)

where p* is the conjugate gradient direction [2] which is constructed recur-
rently. The recurrence starts (or restarts) from p® = @(z°) whenever z° is
generated by the expansion or proportioning step. If p* is known, then p*+!
is given [2] by

g0($k+1)TApk

k+1 k —
) =p", ’Y—W‘

P = oz (23)
Algorithm 2. Modified proportioning with reduced gradient projec-
tions (MPRGP)

Let 2° € 2, @ € (0, ]|4]|"Y], and I > 0 be given. For £ > 0 and z* known,
choose z**1 by the following rules:

Step 1. If g¥(2*) = 0, set zF*1 = z*,

Step 2. If z¥ is strictly proportional and g (z*) # 0, try to generate zF*! by
the conjugate gradient step. If *¥1 € 12, then accept it, else use the expan-
sion step.
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Step 3. If ¥ is not strictly proportional, define z**1 by proportioning.

Algorithm 2 has been proved to enjoy the R-linear rate of convergence
in terms of the spectral condition number [16]. To formulate the optimality
results, let 7 denote any set of indices and assume that for any t € 7 there
is defined the problem

minimize ¢;(z) subject to z € 2% (24)

with 24 = {x € R™ : 2 > ¢}, q(z) = 32T A — bz, A, € R™*™ symmet-
ric positive definite, and by, z, £; € IR™. Our optimality result then reads as
follows.

Theorem 2. Let the Hessian matrices A; = V2q; of (24) satisfy
0 < amin < /\min(At> < /\max(At) < Omaxs

let {xF} be gemerated by Algorithm 2 for (24) with a given 20 € 0%, @ €
(0,amk,], and let I' > 0. Let there be a constant a, such that ||z?|| < apl|b,|]

max

foranyteT.
(1) If € > 0 is given, then the approzimate solution Ty of (24) which satisfies

2 =T < effbe]

may be obtained at O(1) matriz-vector multiplications by A;.
(i) If € > 0 is given, then the approzimate solution x¥ of (24) which satisfies

llgf (@)l < ellbe]
may be obtained at O(1) matriz-vector multiplications by A;.

Proof: See [7,16].

Table 2: Performance of MPRGP

Active Matrix-vector
Bandwidth Dimension n constraints multiplications

10 200 48 11
50 5000 1244 16
100 20000 5049 18
250 125000 31940 20
500 500000 128370 22
710 1008200 259206 22

The results indicate that we can observe optimality for well conditioned
problems. More numerical experiments and implementation details may be
found in [16)].
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4 Bound and equality constrained problems

We shall be finally concerned with the problem of finding the minimizer of
the strictly convex quadratic function ¢(z) subject to the bound and linear
equality constraints, that is

minimize ¢(z) subject to z € g (25)

with 2 = {z € R" : > £ and Cz = 0} and C € R™*". We do not require
that C' is a full row rank matrix, but we shall assume that (2 is not empty. Let
us point out that confining ourselves to the homogeneous equality constraints
does not mean any loss of generality, as we can use a simple transform to
reduce any non-homogeneous equality constraints to our case. The algorithm
that we describe here combines in a natural way the algorithms SMALE and
MPRGP described above. It is related to the earlier work of Friedlander and
Santos with the present author [10]. Let us recall that the basic scheme that
we use was proposed by Conn, Gould and Toint [3] who adapted the aug-
mented Lagrangian method to the solution of the problems with a general
cost function subject to general equality constraints and simple bounds.

Algorithm 3. Semi-monotonic augmented Lagrangians for bound
and equality constraints (SMALBE)

Givenn >0, 8>1, M >0, pg >0, and u® € R™,set k = 0.

Step 1. {Inner iteration with adaptive precision control.}

Find z* such that

197 (2", ¥, i)} < min{M|Cx®|},n}. (26)

Step 2. {Update u.} ot . .
pt = u" O, (27)

Step 8. {Update p provided the increase of the Lagrangian is not sufficient.}
If k>0 and

L(a* i, %) < L@ 0 piy) + BE O 2 (28)
then
pr+1 = Bpk, (29)
else
Pk+1 = Pk- (30)

Step 4. Set k =k + 1 and return to Step 1.

Algorithm 3.1 has been shown to be well defined [10], that is, any con-
vergent algorithm for the solution of the auxiliary problem required in Step
1 which guarantees convergence of the projected gradient to zero will gener-
ate either z* that satisfies (26) in a finite number of steps or a sequence of
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approximations that converges to the solution of (25). To present explicitly
the optimality of Algorithm 3 with Step 1 implemented by Algorithm 2, let
T denote any set of indices and let for any ¢t € 7 be defined the problem

minimize g¢;(x) subject to z € 2%g (31)

with QL ={z € R™ : Cizx =0 and z > 4}, qlx) = %mTAtx — blz,
Ay € R™*™ symmetric positive definite, C; € R™*™, and b;,¢; € IR™.
Our optimality result reads as follows.

Theorem 3. Let {zF}, {uF} and {p: 1} be generated by Algorithm 8 for (31)
with |[b]l > me >0, 8> 1, M >0, pro = po > 0, ul = 0. Let Step
1 of Algorithm 3 be implemented by Algorithm 2 (MPRGP) which generates

the iterates z¥° 1 . 2Pl = zF for the solution of (31) starting from
xf’o =P~ with 27! = 0, where | = I, is the first index satisfying
k)l k,l
9™ (2", 1t o) | < M Coay™ | (32)
or y
llg” (2", 1t o) < ellbe || min{1, M1}, (33)

Let 0 < amin < @max and 0 < cmax be given and let the class of problems (31)
satisfies

Qmin S /\min(At) S /\max(At) S Amax and HCtH S Cmax- (34)

Then Algorithm 3 generates an approrimate solution xf“ of any problem (31)
which satisfies

lg? (@, us®, Pk, )| S ellbe]| and |Gt < €be] (35)

at O(1) matriz-vector multiplications by the Hessian of the augmented La-
grangtan L;.

Proof: See [7].

We have implemented Algorithm 3 in Matlab and solved the class of well
conditioned problems of the varying dimensions specified in the introduction.
We solved the problem with n; = ||bs]|,3 = 10,p = 200, M = 1 and pp =0
using the stopping criterion [|g:(z, s, p)|| < 107%)|b4]|, [|Cez]l < 1075|b4||. The
results are in Table 3.

5 Conclusions

Theoretical results concerning optimality of the recently proposed algorithms
for bound and/or equality constrained quadratic programming were presented
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Table 3: Performance of SMALBE

Equality constrains Active cg Outer
=bhandwidth Dimension n constraints iterations iterations

10 200 57 38 9

50 5000 1239 41 9

100 20000 4997 39 8

250 125000 31193 44 8

500 500000 124887 44 8

and illustrated by numerical experiments. The unique feature of the presented
algorithms is their capability to find the approximate solution of the class of
problems with the uniformly bounded spectrum of the Hessian matrix at O(1)
matrix-vector multiplications. No assumptions concerning regularity of solu-
tion are used and the results are valid even for linearly dependent constraints.
The algorithms were combined with FETT [5,9,11,12] and FETI-DP [15]
domain decomposition methods to develop scalable algorithms for numerical
solution of elliptic variational inequalities and contact problems of elasticity
and tested on problems discretized by up to more than 8 millions of nodal
variables.
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Summary. The problem of finding a family of parallel hyperplanes that separates
two disjoint nonempty polyhedra is examined. The polyhedra are given by systems
of linear inequalities or by systems of linear equalities with nonnegative variables.
Constructive algorithms for solving these problems are presented. The proposed
approach is based on the theorems of alternative.
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1 Introduction

The theorem on the existence of a separating hyperplane plays a key role in
functional analysis, optimization theory, and operations research. In solving
practical problems, one should not only know that there exists a separating
hyperplane but also be able to constructively determine it. The method for
finding a hyperplane that separates two polyhedra defined by a system of
inequalities was developed by I.I. Eremin (see [1, Theorem 10.1]).

In this paper we propose the numerical methods for construction of a
family of parallel hyperplanes that separate two disjoint nonempty polyhedra
given by systems of linear inequalities or by systems of linear equalities with
nonnegative variables. Our approach is based on new theorems of alternative
described in [2, 3].

In Section 2 we consider two polyhedra defined by systems of linear in-
equalities. If polyhedra are disjoint then the union of these systems (original
system) is inconsistent. The alternative system is solved by minimizing the
residuals of the inconsistent original system. The results of this minimization
are used to find the normal solution (with a minimal Euclidean norm) to the
alternative system. The replacement of the alternative system by the mini-
mization of the residuals of the original system may be advantageous when the
dimension of the new variables is less than that of starting ones. In this case,
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such a reduction results in minimization problem in a space of lower dimen-
sion and allows one to obtain the normal solution to the alternative system.
After finding the normal solution of the alternative system we construct the
family of parallel hyperplanes which separates the polyhedra.

In Section 3, we construct families of separating hyperplanes for two poly-
hedra given by systems of linear equalities with nonnegative variables. In con-
trast to the previous case, every solution to the alternative system determines
two distinct families of separating hyperplanes.

In Section 4, we examine the following problem: how can one distinguish a
solution to the alternative system that generates a family of separating hyper-
planes with a maximal thickness, which coincides with the minimal distance
between the polyhedra?

In Section 5, we give a brief review of the generalized Newton method for
calculating the normal solution to the alternative system. The normal solu-
tion is used for constructing a family of separating hyperplanes for polyhedra
given by systems of linear inequalities. The generalized Newton method was
implemented in Matlab and showed a good performance in solving large-scale
test problems.

2 Separation of polyhedra defined by inequalities

Let z € R™ and b € R™, where ||b]] # 0, be given vectors and A € R™*" be a
given rectangular matrix. Define the two sets

X ={z eR": Az > b}, U={u€Rm:ATu:On, bTu=p,u20m},

where p > 0 is an arbitrary fixed positive number and 0; is the zero vector of
dimension i. The linear systems

Az > b, (1)
ATu=0,, blu = 0, u > Oy, (2)
which determine the sets X and U, respectively, are alternative for any strictly
positive value of p, which means that exactly one of them is consistent (this
is the Gale theorem; e.g., see [2,3]). We take the scalar products of both sides

of the first equality in (2) with the vector # and then subtract the second
equality from the resulting relation. This yields

uT(Az —b) = —p < 0. (3)

This equality is a key tool for constructing a family of hyperplanes that se-
parate two polyhedra given as intersections of half-spaces. We write A4, b, and

u in the form
b1 U1
b b= ) - b
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where A; and A, are matrices of sizes m; X n and mg X n, respectively:
bi,u; € R™; by, us € R™?; and my + mg = m. Define the two nonempty sets

Xlz{meR”:Alebl}, X2={$ERHZA2(EZb2},

which determine two polyhedra (or polyhedral sets; see [4]) such that X =
= X1 N X, = 0. Define the hyperplane ¢’z — v = 0, where ¢ € R™, ||| # 0
is a normal vector and «y is a scalar. We say that this hyperplane separates
Xiand Xpifc'e—y>0forallz e Xy and 'z — v <0 for all z € Xo.
If we have the strict inequalities in both conditions, then we say that this
hyperplane strictly separates X; and Xj.

Consider the problem of calculating the hyperplanes that separate X
and Xs. Taking into account the partition introduced above, we can rewrite
systems (1) and (2) and relation (3) as follows:

Az > by, Az 2 by, (4)
AlTul + A2Tu2 = 0p, blTul + bgug =p, U1 20my, u2>0p,, (B
UI(AICL‘ - bl) -+ u;(A2$ - bg) =—-p <0 (6)

Define a linear function ¢(z, @) of variable € R™ and a scalar parameter
o ranging on the interval [0,1]):

olz,q) =u] (Ajz — b)) + ap. (7)
Relation (6) implies that ¢(z,a) can be equivalently defined as
Pz, a) = ug (b2 — Ag) + (a = 1)p. (8)

The equality ¢(z,a) = 0, where u; and up satisfy (5) and « belongs to
[0,1], determines the hyperplane that separates the sets X; and X5, Indeed,
if z € X, then, according to (7), we have ¢(z,a) > 0, while if z € X3, then,
according to (8), we have ¢(z,a) < 0. In view of system (5), the hyperplane
¢(z, ) = 0 determined by a function of form (7) or (8) can be written as

T

olr,a)=c z—v=0,

where
c=Ajuy = —A]J uy, v =bluy —ap=—bjuy —(a—1)p.

Here, u; and ug are arbitrary solutions to system (3). For fixed distinct vectors

u' = [uf,u]] that satisfy system (5), we examine the family of parallel

hyperplanes given by the following equivalent definitions:

Fa)={zeR":u] Ajz —bjuy +ap =0} = {z € R": p(z,a) =0}, (9)
INe) ={zxeR": —uj Asx +bg up + (o — 1)p = 0}. (10)
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All the hyperplanes belonging to this family are parallel, because they have
the common normal vector ¢ = A{ u; = —AJ us.
The hyperplane I'(1) can be obtained from I'(0) with the help of the shift
vector y:
r1)y=r) +y.

The norm of y (i.e., the distance between the hyperplanes I'(1) and I'(0)) will
be called the thickness of the family of hyperplanes.

According to [3,4] the projection Z* of a point Z onto the hyperplane I'(«)
is determined by the formula

7 =5+ e — ¢T3 — ap)/|l el (1)

Denote by pr(0,,I'(e)) the projection of the origin onto the hyperplane
I'(a). Setting Z = 0, in (11), we obtain pr(0,, () = c(b] u1 — ap)/||c/|?.
From this, we find the shift vector y and the thickness |ly|| of the family of
hyperplanes I'():

y = pr(On, I'(1)) — pr(0y, I(0)) = —cp/|lc|?, (12)
lyll = p/llcl. (13)

LI.Eremin was the first who proposed to use any solution to system
(5) for construction the separation hyperplan utilizing function ¢(z,a) with
o =1/2 [1]. System (5) may have many solutions. In this section, we examine
the properties of the family of separating hyperplanes, where u is the normal
solution @* to system (5). The results of [2,3] allow us to relatively easily con-
struct the normal solution, i.e., to solve the following quadratic programming
problem:

1
min =|ul|? U={uecR™: ATu=0,, b'u=p, u>0n} (14)
u€lU 2
Henceforth, we use the Euclidean norm of vectors.

We introduce the following unconstrained minimization problem for the
residual vector of system (1)

1
I; = min =|/(b— Az) .| 15
1 zeR"QH( )+l (15)

Here, a. is the nonnegative part of a vector a; i.e., the ith component of a is
the same as the ith component of a if the latter is nonnegative; otherwise, the
ith component of a.. is zero. The unconstrained minimization problem (15) is
dual to the following quadratic programming problem:

I = max {bTz - 31212}, (16)
Z

{zT = [zf,z;—] ER™: Al 2y + Al 20 =0, 21 > Omys 22 2 Om, )
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Problems (15) and (16) are always solvable. Moreover, problem (16) has a
unique solution, because its feasible set is nonempty and its objective func-
tion, which is quadratic and strictly concave, is bounded above by ||bf|?/2.
Theorem 1, given below, asserts the equivalence between the quadratic pro-
gramming problems (14) and (16) in the sense that the solution to one problem
determines the solution to the other. The solution z* € R™ to the quadratic
programming problem (16) can be expressed in terms of the solution z* € R™
to the simpler problem (15) of the unconstrained minimization of a piecewise
quadratic function. Usually, we have n « m in the problem of separating
polyhedra (4).

Theorem 1. Let X; and X, be nonempty disjoint polyhedra. Every solution
z* to problem (15) determines a unique solution z*' = [2*],z*5] to problem
(16) given by the formulas

Zr = (b1 - All‘*)+, Z; = (b2 — AQCE*)+. (17)

The normal solution 4~ to system (5) can be obtained from the solution z* to
problem (16) by the formula

@ = pz* /|21, (18)

while the solution z* to problem (16) can be obtained from the solution G* to
problem (14) by the formula

2 = pi"/||a" % (19)

It holds that ||@*||||2*|| = p. The optimal values of the objective functions in
problems (15) and (16) are the same: I = Iy = ||z*]|?/2.

The assertions of Theorem 1 follow from the results of [2,3]. The vector

227 = (27, 25 7] will be called the vector of minimal residuals of system (4).

Consider the family of hyperplanes (9), (10) that uses the normal solution %*
to system (5). This family is given by the two equivalent definitions
Ma)={zeR": @ (Aiz —b1)+ap =0}, (20)
Fa)={zeR": — @} (Asz—by)+(a—1)p=0} (21)
Note that if @* is replaced by z* using (19), then families (20) and (21) can
be written in yet another equivalent form
Ma)={z €R": 2z (Aiz ~ b)) +afz|? =0},
F()={z €R": 2z (by — Asz) + (0 — 1)||2*]|* = 0}.
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Theorem 2 (on family (20), (21) of parallel separating hyperplanes).
Let X1 and Xq be nonempty disjoint polyhedra. Assume that ™ is a solution
to problem (15), while the vectors z* and @* are determined by (17) and (18).
Then, the following is true:

1) there exists o solution to system (5); for every solution to this system, it
holds that |ju1| # 0, |luall # 0, and ||A] u1|| = ||Aj ug|| # 0;

2) when 0 < a <1, the set I'(a) determines a family of parallel hyperplanes
that separate X1 and X, if 0 < a < 1, then the hyperplanes I'(a) strictly
separate X1 and Xo;

3) if a is equal to ax = ||27]|?/||2*||?, then the point x* belongs to the sepa-
rating hyperplane corresponding to this value of «;

4) the shift vector y = I'(1) — I'(0) and the thickness of the family I'(a) are
determined by the formulas

ATy e
Aae T AT

5) ifa>0,then XiNI'(a)=0;ifa <1, then XoN () = B;

6) if X1 N I(0) # 0, then I'(0) is a supporting hyperplane of the set X1; if
XoNI(1) #0, then I'(1) is a supporting hyperplane of the set Xo;

7) every solution x* to problem (15) belongs to neither X1 nor Xs.

’y:

Proof.
1. System (5) is alternative to the inconsistent system (4); hence, there
exists a solution to (5); moreover, ||A] ui|| = |4 up||. We show that these

norms cannot vanish. The relation b{ u1 + b ug = p > 0 implies that at least
one of the two summands on the left-hand side is strictly positive. Without
loss of generality, we can assume that

bius = p1 > 0. (22)

By the condition of the theorem, X; # 0. Hence, the system A]u; = O,
blTul = p1, U1 = Opp,, which is alternative to the system A,z > b, is inconsis-
tent. Thus, if (22) is fulfilled and ©; > O, , then the vector A]—ul cannot be
zero. Therefore, AJ us is not a zero vector as well. It follows that the solutions
uy and ug to system (5) are nonzero.

2. The necessary condition for a minimum in problem (15), combined with
(17) and (18), leads to AT 2* = 0,, and AT%* = 0,,. Define the vector c as

follows:
Cc= Al ul A2 Ug (23)

Since assertion 1 has already been proved, we have ||c|| # 0. Taking the normal
solution @* as the vector u in formulas (7) and (8), we arrive at the relations

olz,0) =1} (Ajz—b)+ap=c'z - bIa; + ap, (24)
ol o) =05 (b —Ajx)+(a—Dp=c z+b) a5+ (a—1)p. (25)
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If 2 € Xy and o > 0, then p(z,a) 2 0. If z € X3 and o < 1, then
e(z,a) < 0. Hence, I'(a), where 0 < o < 1, is indeed a family of separating
hyperplanes.

If > 0 and x € X, then, by (24), we have ¢(z,a) > 0. Similarly, if
o < 1 and zp € Xy, then (25) implies that ¢(z,a) < 0. Thus, in this case,
I'(a) defines a family of strictly separating hyperplanes.

3. We set T in (11) equal to the vector z* and set a equal to a,. Then, we
find from (11) that

F* Tk HZTHQ_ T %
TF—z"=c| b U] sz*H2 c'z™ ).

Using this relation and taking into account (17) and (18), we arrive at the
equality Z* — z* = 04; i.e., in this case, the vector * belongs to the sepa-
rating hyperplane I"(a,). Similarly, substituting o, into (21) and taking into
account the relation 1 —a, = ||23| /]2 ||, we conclude that z* belongs to the
separating hyperplane I'(a.).

4. This assertion follows from formulas (12) and (13).

5. The conditions z; € X; and 4} > 0,,, imply that ﬂ{T(Alxl —b1) > 0.
On the other hand, from the condition z; € I'(e), we have ﬂ}‘T(Alxl - b)+
+ap = 0, which is impossible if ap > 0. Hence, the intersection of X; and
I'(a) is empty for any a > 0. The case « < 1 is treated analogously.

6. The set X has at least one common point x; with I'(0). Moreover, X,
belongs to the half-space ¢'z; — ilfTbl > 0, because this inequality can be
rewritten as ﬁ*{T (Ajz1—b1) 2 0. It follows that I'(0) is a separating hyperplane
of the set X at its point z;. The second assertion is proved analogously.

7. Assume the contrary; i.e., there exists a solution z* to problem (15)
such that z* € X;. This means that z} = 0,,,. Then, by (18), the solution to
system (5) is such that ||@}| = 0, which contradicts assertion 1. The theorem
is proved. O

Theorem 2 suggests that the simplest method for constructing a family of
separating hyperplanes is as follows. First, one solves in R" the unconstrained
minimization problem (15) for the residual of the inconsistent system (5) and
calculates the normal solution @* to system (5). Then, one constructs I'(c),
using (20) or (21). The approach of Eremin is to find an arbitrary solution
to the consistent system (5), where the number of unknowns is m. Since we
usually have n <« m, the approach suggested by Theorem 2 is preferable.

Note that the normal solution @* to system (5) can be found by a different
method, namely, by solving the dual problem to the quadratic programming
problem (14). The dual problem is the following unconstrained maximization
problem for a piecewise quadratic function:

e mar { 59 = 3100 - 40). P} (26)

geR! ze
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The number of variables in this problem is n + 1.
If B, ¢’ is a solution to problem (26), then the normal solution @* to
system (3) is given by
0" = (8'b— Az')4.

In the following theorem, we determine the distance between the suppor-
ting hyperplanes constructed with the help of the normal solution %* to system

(5)-

Theorem 3. Let the conditions of Theorem 2 be fulfilled. Then, there ezist
& < 0 and & > 1 such that the family of parallel hyperplanes (20), (21},
where & < a < &, separates X1 and Xo. The hyperplanes I'(&) and I'(&) are
supporting hyperplanes of the sets X1 and X, respectively. The hyperplane
I'(&) can be obtained from (&) by the formula I'(&) = I'(&) + y, where
the shift vector y and its norm are given by y = (& — a@)c/||cl|? and fly|| =

= (@—a)/ll|.
Proof. The form of ¢(z, o) implies that the inequalities

go(x @) =4} (Alz—b)+ap=cla—blal+ap>0, (27)
Tz >bla} —ap (28)

are fulfilled for all x € X; and « > 0. Similarly, the inequalities

olz, a) =3 (by—Aja)+(a—Dp=cla+bjas+(a—1)p<0, (29)
'z < by —(a—1)p (30)

hold for all z € X, and o < 1. According to (28) and (30), there exist Z € X,
and Z € X5 such that

¢'# = min ¢ , ¢'Z=maxc z. (31)
z€X) z€X2
Setting = Z in (27) yields
—b{a} +ap>0. (32)
If @ =0, then we have
blaf—cT2<0. (33)
Therefore, (32) is valid for any « > &, where
= (bj W —c"#)/p <0, (34)

Relation (29) implies that

plz,a)=c'#+bg iy +pla—1)<0
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for x € Xo and oo < 1. If @ = 1, then we have
c' &+ by a} <O0. (35)

Hence, the inequality ¢(x,«) < 0 holds for all z € X3 and « such that a < &,
where
G=1~(cTd+b)u3)/p>1. (36)

The hyperplane I'(&) = {z € R" : ¢'z = ¢' #} has the common point &
with the set X;. In view of (31), every point of X; belongs to the half-space
c'(2 —z) < 0. It follows that I'(&) is a supporting hyperplane of X;. The
vector ¢ is a supporting vector of X; at the point &. In particular, if & = 0,
then I'(0) is a supporting hyperplane. In a similar way, we show that I'(&) is a
supporting hyperplane of X, at the point £. The shift vector y is obtained by
simple calculations similar to those in (12) and (13). The theorem is proved.
O

In certain cases, the knowledge of the normal solution 4* makes it possible
to easily determine the optimal values of the objective functions in problems
(31) and find out whether the hyperplanes I'(a) corresponding to o = 0 and
o = 1 are supporting hyperplanes for X; and X5, respectively. Denote by
wy € RT* and wy € RT'? the Lagrange multipliers, and define the Lagrangian
functions for problems (31):

Li(z,w) = 'z + w;r(bl — A7), Ly(z,w) = —~c'z+ w;(bg — Aox).

The pair [z, w;] is a Kuhn-Tucker point for the first problem in (31) if it
holds that

Cc = AlTwl, D(wl)(ln - Al.’L‘l) = Oml, Wi Z Omw A1£E1 Z bl- (37)

Analogously, the pair [z, ws] is a Kuhn—Tucker point for the second problem
n (31) if

[ -—Agwg, D(UJg)(bQ - AQZL’Q) = Omz, wa > 0m2, Agl'z Z bg. (38)

We take 4] as the vector wy in (37). If there exists a vector z; that satisfies
(37), then [z1,4}] is a Kuhn-Tucker point. Moreover, (34) implies that & = 0;
i.e., I'(0) is a supporting hyperplane of X; at the point z;. Similarly, let us
set wy = 43 in the second problem in (31). If there exists a vector zy that
satisfies (38), then, in view of (36), we conclude that & = 1. Thus, I'(1) is a
supporting hyperplane of X, at the point zo. If & < 0 or & > 1, then we seek
the optimal Lagrange multipliers w} or wj for the corresponding problems in
(31). The first conditions in (37) and (38) imply that these vectors satisfy the
relation

ATwl + AJw) =0.

Setting £ = x; and Z = x5 in (33) and (35), respectively, we obtain
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CTCL‘1 Z bllT{, —CT.’EQ Z bgﬂ;

Adding these inequalities, we find that
bl wi + by wh = ¢’ (z1 — ) > b] 4} + by 145 = p > 0.
T [ *T

It follows that the vector w w} ', ws ], together with 4%, satisfies system
(5). The family of separating hyperplanes can be represented as

7]

F(e)={zeR":w (Aiz—b)+ap=0}, (39)
I'a)={zeR": —sz(Agx—b2)+(a—1)p:O}. (40)

Thus, we have constructed two families of parallel separating hyperplanes
of form (20), (21) and (39), (40), respectively. For the first family, we use the
normal solution to system (5); for the second, the optimal Lagrange multipliers
for the linear programming problems (31). Both vectors 4* and w™ satisfy
(5). The following theorem asserts that the normal vector ¢ and the scalar v
which determine an arbitrary strictly separating hyperplane can be expressed
in terms of a solution to system (5).

Theorem 4. Let the hyperplane ¢’ x = v strictly separate two nonempty dis-

joint polyhedra X1 and Xo. Then, there exists a solution uy, ug to the system
A;rul + A;uz =0, b;rul + bgTug =p >0, up >0, wu >0, (41)
such that the vector ¢ and the scalar v are given by
c=A1Tu1 =—A2TuQ, 'y=b1Tu1 -, =—b;ruQ—|-p2,

where py and py are arbitrary positive constants such that p1 + p2 = p.

Proof. For definiteness, we assume that the given strictly separating hy-
perplane is such that all z € X satisfy the inequality ¢’z > +, while all
z € X, satisfy the inequality ¢z < 7. Then, the system

Aiz>b;,  cz<y

is unsolvable, whereas the alternative system is consistent. Hence, there exist
a vector ¢ > 0, and a scalarn >0, n € R! such that

Alg—cn=0,  big—ym=p1 >0 (42)

Here, p; is an arbitrary positive constant. The scalar 7 cannot vanish, since,
otherwise, the consistent system (42) has the form

Alg=0,  blg=p1>0, ¢=0n,.
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Therefore, the alternative system Az > b1 is inconsistent, which contradicts
the condition X % 0. Thus, (42) yields ¢ = 4] ¢/n and v = b] ¢/n — p1/7.
Using the notation ui = q/n and p1/n = p1, we obtain

Alrul =C, blTul —v=p1 >0, Uy > Oml- (43)
In a similar manner, we arrive at the relations
AJuy = —c, by ug + v = pg > 0. (44)

Adding (43) and (44), we obtain the consistent system (41), which is alterna-
tive to (4). The theorem is proved. [

3 Separation of polyhedra defined by equations with
nonnegative variables

Consider the case where two polyhedra are represented by equality systems
given on the nonnegative orthant; i.e., we have two nonempty sets

Xy ={zeR": A1z =by, z>0,}, Xo={zeR": Aoz =by, z>0,},

such that X = X; N Xy = 0. According to Farkas’ lemma, the inconsistency
of the system
Az = by, Apx = be, x > On,

where the variables are nonnegative, implies that the system,
AIUI + A;—UQ < Op, b;—ul + szUQ =p (45)
is consistent. Here, p is a positive constant.

Theorem 5. Let two nonempty disjont polyhedra X1 and Xy are defined by
the equality systems given on nonnegative orthant. Then any solution [u{ ,u;
to system (45) determines two families of parallel hyperplanes that separate
X1 and Xg

p1(z, ) = uI(Alx—bl)—&—ap =0, po(z,a) = —u;—(Agx—bg)— 1-a)p=0,

where a € [0 1].

Proof. System (45) is solvable, and every its solution satisfies the inequali-
ties [juill # 0, |[uall # 0, |AT u1]| # 0, and ||AJ ug|| # 0. Indeed, assume the
contrary; namely, let A] u; = 0,. Since X is nonempty, the alternative system
Alu1 <0, bf u; = p1 # 0, is inconsistent. By assumption, A] u; = 0,; hence,
b) u; = 0. In this case, (45) converts into the consistent system Ag uy < 0y,
bgTug = p. However, this is the alternative system to Asxz = by, z > 0p.
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By assumption, the latter system is consistent, because X is nonempty. The
contradiction obtained proves that the equality AJu; = 0, is impossible. If
uy = Oy, , then AlTul = 0,, which is impossible. Taking the scalar product of
the inequality part in (45) with a nonnegative vector = and then subtracting
the equality part, we obtain

uy (Arz — b1) + uy (Agz — by) < —p < 0. (46)

Define two linear functions of variable z € R™ and a parameter a € [0,1] as
follows:

o1(z,a) = u (A —by) + ap, wa(z,a) = —ug (Agz — by) — (1 — a)p.
Then, inequality (46) can be rewritten as
o1(z,a) =u] (Ayz—by) +ap < —ug (Agz —by) — (1 —a)p = wo(z, ). (47)

Fix vectors u1 and ug constituting an arbitrary solution to system (45). Using
p1(z,a) and po(z, o), we obtain two families of hyperplanes that correspond
to @ € [0,1] and separate X; and X,. If z € X, then ¢1(z,a) > 0 for
a € [0,1]. If z € Xy, then va(z,a) < 0 for @ € [0,1]. Then, (47) implies
that ¢1(z,a) < 0. It follows that the hyperplanes in the family ¢;(z, a) =0,
o € [0,1] separate X; and X;. If 0 < @ < 1, then inequality (47) shows that
the hyperplane ¢1(z, ) = 0 strictly separates these sets. Now, we show that
the condition ¢g(x, @) = 0 determines the family of hyperplanes that separate
X and X for a € [0,1] and strictly separate these sets if 0 < a < 1.

Indeed, if z € Xq, then o(z,a) < 0 for o € [0,1] and pa(z, ) < O if
0 <a <1 Ifz € Xy, then (47) implies that go(z,a) > 0 for o € [0,1] and
wa(z,a) > 0if0<a<1. O

Thus, by solving the alternative consistent system (45), we obtain two
families of separating hyperplanes determined by ¢1(x,«) and @q(z, a)). It
follows that the case under analysis differs from the case of polyhedra given
by inequality systems, which was examined above.

Define a nonnegative linear combination of ¢ (2, @) and ¢5(z, @) by setting

503(1’7&) = /\1901 (l‘,&) + )‘2902('?;7&)'

Here, )\1 Z 0 and /\2 Z 0.
Consider the following three families of separating hyperplanes and their
unions:

1
Li(a)={z €R":pi(z,0) =0}, =] Nla), i=1,23
a=0

It is easy to show that the hyperplanes in I';(«) separate X; and X, for any
nonnegative scalars A; and Mg, of which at least one is nonzero. As in the
preceding section, we denote by p* the vector joining two nearest points in
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X and Xi; then, the distance between these sets is |[p*||. It is often possible
to choose A; and A; such that the vector

p* = /\1AIU1 - )\QA;-UQ,

where u' = [u],ug ], satisfies condition (45). In this case, p* is the normal
vector of I'3(x, ), and the thickness of this family is equal to the minimal
distance between X; and X5. The following theorem is an analogue of Theo-
rem 4.

Theorem 6. Let the hyperplane c'x — v = 0 strictly separate two nonempty
disjoint polyhedra X1 and X1. Then, there exists a solution ui, us to the
system

Alup + AJup €0, bjuy+bgug=p >0,

such that
Afur<e,  AJup<-c,  y=blui—p=-byus+ps,

where p1 and pa are arbitrary positive constants such that p1 -+ p2 = p1.

The proof is an almost word-for-word repetition of the proof of Theorem 4.

Theorem 6 asserts that polyhedra given by equality systems on the non-
negative orthant are different from polyhedra given by inequality systems in
the sense that it is not always possible to find w; and us that satisfy the
consistent alternative system (45) and, at the same time, satisfy either the
condition ¢ = A] u1, or the condition ¢ = —A, uy. In other words, there may
not exist vectors u; and ug that satisfy (45) and have the property that the
separating hyperplane ¢’z — v = 0 belongs to either I'(a) or I3(a).

4 The thickest separating family of parallel hyperplanes

In this section we consider the polyhedra defined only by systems of linear
inequalites. The problem of finding the minimal distance between two disjoint
sets X1 and Xq can be written in the form

! 2
i in =llz; — . 48
g, g, ol )

We change the variable to p = 27 — zp and rewrite problem (48) as

1 2
min min - 49

subject to
Az + A1p 2 by, Asxy > bo. (50)
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The norm ||p|| is the same as the distance between the convex sets X; and X».

The vector p obtained by solving problem (49), (50) will be called the vector

determining the distance between these sets. The vector y introduced above

is not always the same as the vector p produced by solving problem (49).
The Lagrangian function for problem ((49) has the form

L(p,z2,v) = |pl|?/2 + v] (b1 — A1p — A122) + vg (by — Ags).
Using this function, we can write the dual problem:

max max min min L(p,zo,v). (51)
U1ER+ v2€R+ Z‘QER R

The optimality conditions for the inner minimization problem in (51) are
as follows:

Ly(p,22,v) = p — Al v1 = O, (52)
Ly (p,zo,v) = — Al vy — Aj vy = Oy, (53)
Relations (52) and (53) imply that p = AJv; = —A] vy, The substitution of

this expression into the Lagrangian function results in the dual Lagrangian
function

L(za,v) = |Av1]2/2 + v] (b1 — A1 A vy — A123) +vg (by — Agzp) =
= b v1 + by vy — | AT v1]|?/2 — 3 (A] v1 + A] va).
Taking into account (53), we obtain the dual problem to problem (49), (50):

max = max {bl v1 + by vy — AT vy]|?/2} (54)
UIERT vz € +

subject to

Al v + A vy = 0,,, V1 2 Omyy U2 2 O,y (55)
Denote by [p*, x3] a solution to problem (49), (50) and by [v},v3] a solution
to the dual problem (54), (55). By the duality theorem, we have

b v} +bg v3 — | AT o |*/2 = ([p")?/2. (56)
Substituting p* = A v} into (56), we obtain
b{ vi + b3 v3 = || A vf|*. (57)

Thus, we have the following assertion.

Theorem 7. Every solution v*' = [v},v3] to the dual problem (54), (55)
determines the unique first component p* in a solution [p*,x3] to problem
(51), which is given by the formulas

= Al Ul A2 ’U;. (58)
Moreover, it holds that
Tor = A2 = [Ag v3)1? = ()
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Theorem 7 implies that the vector v* found from (54), (55) satisfies system
(5) for p = 5" .

Note that a solution v* to the dual problem (54), (55) determines only
the first component p* in a solution [p*,z%] to the primal problem (49), (50).
To determine z3%, one should substitute p* into the constraints of the primal
problem and solve the resulting system of inequalities

Ajzg > by — A1p”, Agzy > by

with respect to the vector xp. Thus, the situation here is different from that
of a pair of mutually dual problems, which was examined above.

Theorem 8 (on a family of parallel separating hyperplanes). Let X
and Xo be nonempty disjoint polyhedra, and let v*, p*, x5 be a solution to
problem (51). Then, the family of parallel hyperplanes that separate X1 and
Xg can be represented in the form

F(e)={zeR":p* Tz —b] vl +a|p*|? =0}, (59)
P(a)={z € R™:p" "z +bJv; — (1 a)|lp*|* =0}, (60)

where a € [0, 1]. Moreover, if 0 < a < 1, then these hyperplanes strictly sepa-
rate X1 and Xg. The hyperplanes I'(0) and I'(1) are supporting hyperplanes
for the sets Xy and Xa, respectively. The thickness of the family I'(a) is equal
to ||p*|; it is the same as the distance between the polyhedra X; and Xo.

Proof. Since v* is a solution to problem (54), (55), we have

Multiplying this relation on the left by 2T, where z is an arbitrary vector in
R™, and subtracting the resulting equality from (57), we obtain

aT Al vf +aT Agvs — bl vf — by vy = —| A1} 2 (61)

Using the coefficient o € [0,1] and the equality ||A] v}|| = ||A] v3]], we can
rewrite (61) as

v T (A1z = b1) + o A{ vf[f* = 3T (b2 — Aaz) + (o = 1)) A5 03[,

Due to (58), we arrive at the equivalent representations (59) and (60) of the
hyperplane I'(a).

The triple [v*,p*, 23] is a Kuhn-Tucker point for problem (49). Therefore,
the following complementary slackness conditions must hold:

UTTLUI(p x?v ) - 0 TLUz(p ‘T27 ) = 0 UT Z Oml’ ”U; Z Omz?
Lvl(p 1 T3, U v*) < Op, Ly, (p*, x5, v )Somz'
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From these conditions, we derive
viT(by — Arz) =0, v} (by— Agzl) =0, Az} >by, Agxh > by (62)

The relations obtained imply that z} € X3, 27 € I'(0), 25 € X3, and 2} €
e I'(1).

For an arbitrary point z in X;, we have A;x > b;. Taking the scalar
product of this inequality with the nonnegative vector v7, we obtain vTT (Arz—
—by) > 0. Taking into account (58), we arrive at the relation

p*T:c-blTv}‘ > 0. (63)

From (62), we find that
blvp = e, (64)

From (63), we conclude that p* "z > p*' #% for any = € X and at least one

point z7 € X belongs to the separating hyperplane p*T:z: = p*Tm*{. Hence,
X belongs to one of the half-spaces determined by the hyperplane I'(0), and
I'(0) is a supporting hyperplane for this set at its point z}. In a similar way,
we show that I'(1) is a supporting hyperplane for X5 at the point z4. It holds
that

byvs = —p* T3, (65)

All the points in X, satisfy the inequality p* 'z < p*Taz’ﬁ and at least one
point z3 € X, belongs to the hyperplane p*Tx = p*T:zg.

The distance between the supporting hyperplanes is the same as the dis-
tance between X; and Xz; both are equal to ||p*||, which follows from the
formulation of problem (49), (50). The theorem is proved. O

Note that, if relations (64) and (65) are taken into account, then hyper-
planes I'(a) of form (59), (60) can be represented as

Fle)={zeR":p" z—(1-a)p* zf—ap* z; =0}, (66)

i.e., each member of the family of separating hyperplanes can be represented as
a convex combination of supporting hyperplanes for X, and Xs. To construct
a family of hyperplanes of form (66), one needs to solve problem (49), (50)
in a space of variables of dimension 2n. To represent the same family in form
(59), (60), it is required to solve the dual problem (54), (55) in a space of
variables of dimension m. The vector p* appearing in this representation is
expressed in terms of v* by formula (58).

Now, we examine the following issue: is it possible to distinguish a solution
to system (5) that determines a family of hyperplanes whose thickness is equal
to the distance between the sets X; and X3? According to formulas (12) and
(13), the shift vector y and the thickness ||ly|| of the family of separating
hyperplanes I'() are given by y = —pAf u1/||A] wi||* and |ly|| = p/||A] will,
respectively; here, uT = [u] ,ug ] is a solution to system (5). It is then natural



Numerical methods for separating two polyhedra 111

to pose the problem of finding a solution u* " = [ut",u3 '] € U to system (5)

for which the thickness of the family of separating hyperplanes is maximal:

7]

S1ATug)? = min o) 47w, (67)

U={ueR™: Aful + AgTuz = 0p, bful—i-
+ bgu2 =p, U1 Z Omm U2 Z Omz}' (68)

In this case, the shift vector y = I'(1) — I'(0) yields the thickness of the
family of hyperplanes, which is identical to the minimal distance between the
polyhedra X; and X5. This is explained by the fact that the solution u* to
problem (67), (68) allows us to find the minimal distance between X; and
X3. It turns out that problems (54), (55) and (67), (68) are equivalent in the
sense that the solution to one of them can be found from the solution to the
other.

Theorem 9. Let X1 and X be nonempty disjoint polyhedra. Then, the solu-
tion v* to problem (54), (55) and the solution u* to problem (67), (68) satisfy

the relations N

pu” . P
U* = —— u = .
IA] wil|?’ bTo

The family of separating hyperplanes can be represented in each of the follo-
wing forms:

(69)

(o) ={zeR":u} Ajz —b] ul + ap = 0}, (70)
(o) ={z € R": —u} Az + by uj + (o — 1)p = 0}, (71)

where 0 < o < 1. The thickness of this family is identical to the minimal
distance between X, and Xs.

Proof. The vector u* satisfies system (5); hence, || A uf|| # 0 (see the first
assertion in Theorem 2). By Theorem 7, it holds that b7 v* # 0. Formulas (69)
are obtained by comparing the Kuhn—-Tucker conditions for problems (54),
(55) and (67), (68). Using (38), (69) and (12), we have

pAT U

* T, *®
pr=Aler = Lo
PR AT gl

It follows that, for the family of separating hyperplanes (70), (71) the thickness

is identical to the minimal distance between X; and Xs:

W _ P _

The theorem is proved. O
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The dual problem to problem (67), (68) is as follows:

max max max {pE 1HQ||2}
qeR™ zeR™ ¢eR! 2

subject to
Al(Q+x>—b1§ZOm1a AQ"E"b2§ZOm2~

The unknown vector ¢ can be obtained from the solution u* to the primal
problem (67), (68) by using the formula ¢* = A] u} = —AJ u}. By the duality
theorem, the solutions u* and [¢*,z*,£*] to the primal and dual problems
satisfy the relation p¢* = ||A]u}}|%. Therefore, £* > 0 and p* = ¢*/¢*, and
xy =z*/€".

Thus, we have constructed the three equivalent representations (59)—-(60),
(66), and (70)-(71), for the same family of separating hyperplanes whose
thickness is equal to the minimal distance between the polyhedra. Each re-
presentation requires solving its own optimization problem. Geometrically we
fined the thickest slab that separates two polyhedra.

5 The generalized Newton method

Since we usually have n <« m in the problem of separating polyhedra given
by inequality systems (4), it is preferable to solve problem (15): minimize the
function F(x) = (b — Az)+||?/2, which depends on n variables. The uncon-
strained minimization of F(z) can be performed by any method, say, by the
conjugate gradient method. However, Mangasarian showed that the genera-
lized Newton method is especially efficient for the unconstrained optimization
of a piecewise quadratic function (see [4,5]). We give a brief description of
this method. The objective function F(z) of problem (15) is convex, piecewise
quadratic, and differentiable. Such a function does not have the conventional
Hessian matrix. Indeed, the gradient

Fo(z)=—AT(b— Az).

of F(x) is not differentiable. However, for function F(z), one can define the
generalized Hessian matrix, which is an n x n symmetric positive semidefinite

matrix of the form
82F(m) = ATD”(Z)A.

Here, D¥(z) denotes the n x n diagonal matrix whose ith diagonal entry 2* is
equal to one if (b— Az)® > 0; z° is equal to zero if (b— Az)* < 0,i=1,...,m.
Since the generalized Hessian matrix can be singular, the following modified
Newton direction is used:

—(8?F () + 61,) "' Fy(x),
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where § is a small positive number (in our calculations, we typically set § =
= 10~% and I, is the identity matrix of order n. In this case, the modified
Newton method has the form

Tsr1 = 25 — (02 F(xs) + 61,) " Fu(zs). (72)
We used the following stopping criterion for this method:
| zer1 — z5|| < tol.

Mangasarian has studied the convergence of the generalized Newton
method as applied to the unconstrained minimization of a convex piecewise
quadratic function of this type with the step size chosen by the Armijo rule.
The proof of the finite global convergence of the generalized Newton method
can be found in [5-7]. The generalized Newton method as applied to the
unconstrained minimization problem (15) was implemented in Matlab and
showed a good performance in solving large-scale test problems. For instance,
problem (15) with n = 500 and m = 10 whose matrix A was fully filled with
nonzero entries was solved in less than one minute on a 2.24 GHz Pentium-IV
computer.
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Summary. We propose the use exact penalty functions for the solution of gener-
alized Nash equilibrium problems (GNEPs). We show that by this approach it is
possible to reduce the solution of a GNEP to that of a usual Nash problem. This
paves the way to the development of numerical methods for the solution of GNEPs.
We also introduce the notion of generalized stationary point of a GNEP and argue
that convergence to generalized stationary points is an appropriate aim for solution
algorithms.

Key words: (Generalized) Nash equilibrium problem, Penalty function.

1 Introduction

In this paper we consider the following Generalized Nash Equilibrium Problem
(GNEP) with two players:

minimize, 6;(z,y) minimize, fy(z, y)
subject to hl(z) <0 and subject to h'l(y) <0 (1)
g'(z,y) <0 g (z,y) <0
where

» <R ye R,

» O1(z,y) (bu(z,y)) is a continuously differentiable function from R™+72 to
R, such that, for every fixed y (z), &:1(-,y) (6u(z, ")) is convex;

o hl(z) (R(y)) is a continuously differentiable convex function from R™
(R™2) to R™ (R™2);

o g'(z,9) (¢"(z,y)) is a continuously differentiable function from R™*72 to
R™ (R™2) such that, for every fixed y (), gi(*,y) (gnu(z,-)) is convex.
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The extension of all the results of the paper to the case of a finite number of
players is trivial and we do not discuss this more general case just for the sake
of notational simplicity.

For every fixed y, denote by S(y) the (possibly empty) solution set of
the first player and, similarly, for every fixed =, S(z) is the (possibly empty)
solution set of the second player. We further denote by F C R™ x R™? the
feasible set of the GNEP, i.e. the set of points (z,y) that are feasible for the
first and second player at the same time. Note that, by the assumptions made,
once y is fixed, the first player’s problem is convex in  and analogously we
have that the second player’s optimization problem is convex in y for every
fixed z. A point (Z,7) is a solution of the GNEP if Z € S(7) and § € S(Z).
Solutions of the GNEP are also often called egquilibria.

The presence of the “coupling” constraints g'(z, y) and g'!(z, y) which make
the feasible set of one player depend on the variables of the other player is
what distinguish the GNEP from the standard Nash Equilibrium Problem
NEP and actually makes the GNEP an extremely difficult problem. To date
there have been very few attempts to define algorithms for the calculation of
an equilibrium of a GNEP. One possibility is to write the optimality condi-
tions of the two players using the minimum principle thus obtaining a Quasi
Variational Inequality (QVI). This has been recognized by Bensoussan [1] as
early as 1974 (see also [11] for the finite-dimensional case). However there is
also a lack of proposals for the solution of QVIs, so this reduction is not very
appealing from the algorithmic point of view. There are a few other scattered
proposals in the literature, based either on fixed point approaches or the use
of the Nikaido-Isoda function: [2,3,14,16,19] (see [15] for the definition of
the Nikaido-Isoda function). These kind of algorithms, however, require quite
stringent assumptions that cannot be expected to be satisfied in general. On
the other hand there is certainly a wealth of interesting applications that call
for the solution of GNEPs: see, as a way of example, [4,10,13,17,18§]

Recently, Fukushima and Pang [10] proposed a promising sequential penalty
approach whereby a solution is sought by solving a sequence of smooth NEPs
problems for values of a penalty parameter increasing to infinity. The ad-
vantage of this idea is that the the penalized NEPs can be reformulated as
Variational Inequalities (VI) to which, in principle, well understood solution
methods can be applied, see [9]. In this work we propose a solution framework
whereby, by using ezact penalization techniques, the GNEP is reduced to the
solution of a single NEP. The advantage is that we only deal with a single
NEP with a finite value of the penalty parameter. The disadvantage is that
the players in this NEP have nonsmooth objective functions.

Before describing our approach more in detail we think it is important
to set the goal. The GNEP has a structure that exhibits many “convexities”
and so one could think that a reasonable goal for a numerical method is to
find a solution (or to determine that the problem has no solutions): this would
parallel what happens for a convex optimization problem. However the GNEP
is really a “non convex” problem. For example, under our assumptions, the
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feasible set F is non convex and even finding a feasible point, let alone a
solution, is a difficult task. Therefore we cannot expect that we can solve
GNEP unless some (more) stringent assumptions are made.

In nonlinear programming a research line has emerged that attempts to
analyze algorithms under minimal assumptions; an algorithm is considered
successful if it can be shown to find a “generalized stationary point” un-
der these minimal assumptions. Roughly speaking, a “generalized stationary
point” of a nonlinear program is a either a Karush-Kuhn-Tucker (KKT) point
or Fritz-John (FJ) point or an (unfeasible) stationary point of some measure
of violation of the constraints. After this analysis has been carried out, it
is investigated under which additional assumptions one can guarantee that,
indeed, the algorithm converges to a KKT point, thus ruling out other unde-
sirable possibilities. This point of view seems very sensible and enriches the
usual approach in that when one applies an algorithm to the solution of a non-
linear optimization problem, one does not usually know in advance that the
problem satisfies the regularity assumptions required by algorithm (i.e. linear
independence of active constrains, positive linear independence of violated
constraints and so on). It is then of interest to show that, in any case, the al-
gorithm behaves in a reasonable way, locating a generalized stationary point,
and to show that, if in addition some more stringent regularity conditions are
satisfied, convergence actually occurs to a KKT point of the problem.

In this paper we parallel these kind of developments and show that the
penalization technique we propose can only converge to a “Nash generalized
stationary point”. Then we give additional conditions to guarantee that con-
vergence occurs to a solution. Our first task on the agenda is then to give
a suitable definition of Nash generalized stationary point. Our definition is
inspired by similar definitions in the case of nonlinear optimization problems
and also takes into account the convexities that are present in the GNEP.

Definition 1. A point (z,y) € R™ 72 is a Nash generalized stationary point
if
1. z is either a KKT or a FJ point of
minimize, 6;(z,y)
subject to Al(z) <0 (2)
g'(z,y) <0

or a global minimizer of [|A1(:)+, ¢'(",¥)+ |2 with |R}(z)+, ¢} (z,¥)+ ]2 > 0;
2. y is either a KKT or a FJ point of

minimizey Or1(z,y)
subject to hll(y) <0 (3)

g z,y) <0
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or a global minimizer of ||A*(:)+, g™ (z, ) |2 with[|R(y)+, ¢* (=, y)+[l2> 0.

Two observations are in order. Every solution is clearly a Nash generalized
stationary point, but the viceversa does not hold. If z is a KKT point (by which
we mean that z, together with appropriate multipliers, satisfies the KKT
conditions) then x solves, for the given fixed y, the optimization problem (2)
and similarly for y. If z is FJ point, instead, this reflects a “lack of constraint
qualification” and in this case we cannot say whether z is or is not a solution
to (2). Finally, if z is a global minimizer of the function |h!(:)+,d*(,4)+ |2
with |AY(z)+,¢"(z,v)+ |2 > 0, this means that, for the given y, problem (2)
is unfeasible. Note that the definition of generalized stationary point extends
in a natural way similar definitions valid for nonlinear optimization problems.
We remark that under the assumptions we will make to analyze the algorithm
the existence of a solution is not guaranteed, so it would be unreasonable to
expect that any algorithm can surely find one!

2 Exact penalty functions for the GNEP

Our aim is to transform the GNEP (1) problem into a(n unconstrained),
nondifferentiable Nash problem by using a penalty approach. To this end we
consider the following penalization of the GNEP:

ming 6i(z,y) + o1 1R} (2), 6% (2, )|z

and (4)

miny 911(‘17 y) + o1 th(y),g}i—l(mv y)HQ?

where p; and pyp are positive penalty parameters. In this paper all the norms
are always Euclidean norms; therefore from now on we will always write | - ||
instead of || - ||2. By setting

Pi(z,y; pr) = Oi(z,y) + p1 | W (2), gl (2, )|

and
Pu(z,y; pu) = Ou(z,y) + o |hE (v), o3 (2, )],

problem (4) can be rewritten as
ming Pi(z,y;p1)  and  miny Pry(2,y; o).

It is also possible to penalize only some of constraints, the most natural choice
being to penalize only the coupling constraints gl (z,y) < 0 and ¢'/(z,y) < 0.
This would give rise to the following penalized Nash problem

mingex 01(z,y) + prllgh (z,v)|  and  mingey fulz,y) + pu llgi(z, v,
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where X = {z : h'(z) <0} and Y = {y : h!!(y) < 0}. Different penalizations
could further be considered where, maybe, also some “difficult” constraints in
the definition of X or Y are penalized while the simple ones (e.g. box con-
straints) are not penalized. We do not consider all this variants in this paper,
but with some obvious technical changes all the developments we consider for
the penalization (4) can be extended to these different penalizations.

Note that for every fixed y, the first player subproblem in (4) is convex,
although nondifferentiable, and the same holds for the second player. In this
section we show that under appropriate conditions and for sufficiently large
(but finite) values of the penalty parameters, the solutions sets of the GNEP
(1) and that of the Penalized GNEP (PGNEP) (4) are strongly related. In the
next section we will give a general scheme that allows us to iteratively update
the penalty parameters in an appropriate way supposing that a minimization
algorithm is available for the solution of the PGNEP (4) for fixed values of
the penalty parameters.

The first result we discuss is basically known (see [12] for example), how-
ever we report it here with a proof for sake of completeness and also because
we could not find a reference with the precise statement below that we need.

Proposition 1. Consider the minimization problem

minimize, f(z)

(5)

subject to v(z) £ 0,

where f: R" — R and v : R" — R™ are C! and (componentwise) convex. Let
Z be a solution of this problem and assume that set M of KKT multipliers
is non-empty. Let A be any multiplier in M. Then, for every p > ||All, the
solution sets of (5) and

minimize, f(2) + p v+ (2)||

coincide.

Proof. Let Z be a solution of (5) and suppose that p > ||A||. We show that Z
is a minimum point of the penalty function P(z; p) = f(2) +p|lvs+(2)]] (which
is also convex). We recall that Z is a minimum point of the Lagrangian of the
constrained problem (5), that is

f(2)y+2Tg(z) > £(3) + ATy(3), Yz € R®

(A is a fixed KKT multiplier; recall that the set M of multipliers of problem
(5) does not depend on the solution considered). Therefore we get, for any
z € R™,
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f@)+ o |ve () > f 2) + [ Al o+ (2)]
() +2Tv(z) 4
f(z) + ATu(2)
2) + AT (2)
)
)

(
s
I/
(2
(
(

f
f
=f

N ™\

+olve (A,

where we have used the facts that A > 0, ATv(Z) = 0 and v4(2) = 0. Suppose
now that Z is a (global) minimum point of the penalty function P(z, p). Since
the penalty function P and the objective function f coincide on the feasible
set of problem (5), in order to show that Z is a solution of problem (5) it is
sufficient to verify that Z is feasible to problem (5). If this were not the case

P(zp) > P(Z M)
f(~) +2Tw(2),
FE) + 2Tu(2)
F(2)+ 2T g(2)
f(2)

=P(2;p),

(where the fourth inequality derives again from the fact that z is a minimum
point of the Lagrangian of the constrained problem (5)). This would show that
Z is not a global minimum of the penalty function thus giving a contradiction
and therefore Z must be feasible. A

Consider now the first player’s problem in (1). We can see it as a collection
of convex optimization problems, one for each possible y. The same holds for
the second player’s problem, with the role of “parameter” taken here by z.
The previous theorem suggests that if we want to penalize (1) and obtain
some kind of equivalence to the penalized problem for finite values of the
penalty parameters, we should require the boundedness of the multipliers of
the player’s problems for each value of the other player’s variables. This lead
us to the following assumption.

Assumption 2.1 (Generalized Sequential Boundedness Constraint Qualifi-
cation (GSBCQ)) There exists a constant M such that for every solution (Z, )
of the generalized Nash equilibrium problem there exists a corresponding cou-
ple (A, 1) of KKT multipliers such that ||(A, p)l] < M.

We refer to chapter 3 in [9] for more details on this constraint qualification
(CQ) condition (in the case of optimization problems). Here we only stress
that the GSBCQ appear to be a rather mild constraint qualification that
unifies many standard CQ such as the Mangasarian-Fromovitz CQ and the
constant rank one.

Under this assumption it is easy to prove the following result.
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Theorem 1. Suppose that the GSBCQ is satisfied. Then there exists g1 > 0
and py; > 0 such that for every p; > pr and pyr > pn every solution of (1) is
a solution of (4); viceversa every solution of (4) feasible to (1) is a solution of
(1) (independent of the values of the penalty parameters).

Proof. Take p; and py; larger then the constant M in the definition of the
GSBCQ. Suppose (Z,7) is a solution of the GNEP. Then, by Proposition 1
(Z,7) is also a solution of (4). Viceversa, assume that (Z,7) is a solution of
(4) feasible to (1). It is trivial to see then, that it is also a solution for (1). &

This result is somewhat weaker than the corresponding one in the case of
constrained optimization, where in the second part there is no necessity to
postulate the feasibility of the solution of (4) to conclude that the point is a
solution of (1). However we do not believe that it is possible and, actually,
sensible to expect such a result in the case of a GNEP. In the case of penalty
functions for constrained optimization, in fact, a basic assumption is always
that the optimization problem is feasible. In the case of GNEP, instead, we
deal with (looking at the first player, for example) an infinite number of op-
timization problems, one for each possible y, and some of this problems can
be expected to have no solution or even no feasible points.

Theorem 1 is certainly of interest and basically shows that a penalty ap-
proach for GNEPs has sound bases. In the next section we give a general
algorithmic scheme and show, on the basis of Theorem 1, that this penalty
algorithmic scheme can locate generalized stationary points.

3 Updating the penalty parameters

In general the correct value of the penalty parameters for which the solutions
of the generalized Nash problem (1) and those of the Nash problem (4) coincide
is not known in advance. Therefore, a strategy must be envisaged that allows
to update the values of penalty parameter so that eventually the correct values
are reached. In this section we show how this is possible in a broad algorithmic
framework.

The aim of the penalization method is to transform the original problem
into one that is easier to solve. It is clear that, in principle, (4) is easier
than (1), even if the non differentiabilty of the players’ objective functions is
somewhat problematic, at least in practice. There exist methods to deal with
nondifferentiable (4) and the equivalent VI-type reformulation. Furthermore,
ad-hoc methods (such as smoothing methods, for example) could be developed
to deal with the very structured nondifferentiability of the objective functions
of (4). In this paper we do not go into these technical details. Our aim is,
instead, to give a broad framework that is as general as possible to show
the viability of the approach. To this end, we simply assume that we have a
“reasonable” algorithm for the solution of the Nash problem (4). To be more
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precise we suppose that we have at our disposal an iterative algorithm A that,
given a point (z*,y"), generates a new point (z*+1,y*+1) = A[(z*,y*)). We
make the following absolutely natural and basic assumption on the algorithm

A.

Assumption 3.1 For every (z°,4°), the sequence {(z*, y¥)} obtained by it-
eratively applying the algorithm A is such that every of its limit points (if
any) is a solution of (4).

It is clear that virtually every algorithm that can be said to “solve” (4) will sat-
isfy this assumption. We can now consider the following algorithmic scheme.
Below we denote by F(y) the feasible set of the first player for a given y and,
similarly F(x) is the feasible region of the second player for a given z.

General penalty updating scheme

Algorithm. 2

Data: (29 9% € R™*72 o1 p;1 > 0, ¢, c11 € (0,1). Set k = 0.
Step 1: If (z*,y*) is a solution of (1) STOP.

Step 2: If z* ¢ F(y*) and

1Vai(z®, 5 ) > er {1 | Vallif (@), o (25,951 (6)

then double p; until (6) is not satisfied.
Step 3: If y* & F(2*) and

[Vy0u(z®, y5) > cn [on || Vol W), ot (2%, 9™ ][] (7)

then double py; until (7) is not satisfied.
Step 4: Compute (z**+1,y*+1) = A[(z*,y*)]; set k «— k 4+ 1 and go to step 1.

Note that if the perform the test (6) the point z* is not feasible for the first
player, so that ||k (z*), g (z*,y*)|| > 0 and, since the norm is the Euclidean
norm, the function || (), g7 (-, y*)|| is continuously differentiable around z*
and the test (6) is well defined. Similar arguments can be made for the test
at Step 3.

In what follows we assume that the stopping criterion at Step 1 is never
satisfied and study the behavior of Algorithm 2.

Theorem 3. Let the sequence {(z*,y*)} produced by the Algorithm 2 be
bounded. If either p; or pr; are updated an infinite number of times, then
every limit point of the sequence {(2*,y*)} is a generalized stationary point
of the GNEP (1). If instead the penalty parameters p; and pr are updated
only a finite number of times, then every limit point of the sequence {(z*, y*)}
is a solution of the GNEP (1).

Proof. Suppose the both penalty parameters are updated a finite number of
times only. Therefore for & sufficiently large we are applying the algorithm A4
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to problem (4) for fixed penalty parameters. We denote these fixed values by
p1 and pr1. Hence, by the assumption made on A we know that every limit
point of the sequence {(z*,y*)} is a solution of (4). Let (%, §) be such a limit
point. We want to show that (Z,7) is also a solution of (1). By Theorem 1
we only have to show that (Z,§) is feasible for (1). Suppose this is not true
and assume, without loss of generality, that the constraints of the first player
are not satisﬁed at (Z,§). Furthermore, since (Z,§) is a solution of (4) and
AT (Z), 97 (£,7)|| > O, we can write

V201(Z, §) + mVellhi (2), 6 (2, 9)] = O,
from which we deduce
[Ve01(Z,7)| = o1 || Vallof (2), 07 (@. D] -

But this, together with ¢; < 1 and some simple continuity arguments, shows
that the tests at Step 2 must be satisfied eventually and p; updated. This
contradiction shows that (Z, ) is feasible for both players.

Consider now the case in which at least one penalty parameter is updated
an infinite number of times. Without loss of generality assume that it is pr
that is updated an infinite number of times and that the infinite subsequence
of iterations where the updating occurs is K. If {(Z,7)} is the limit of a
subsequence of {(z*,y*)} with k € K we can reason as in the previous case
and conclude that {(Z,7)} is a solution of (1). Let us analyze then the case
in which {(,7)} is the limit of a subsequence of {(z*,y*)} with k € K. We
have that the the sequence (z%,y*) is bounded by assumption and so is, by
continuity, {V,0;(2*,y"*)} x. Therefore, since the test (6) is satisfied for every
k € K and the penalty parameter goes to infinity on the subsequence K, we
can conclude that

{|| Vallnf (%), o (=5, 49)|| ||} — O

If (Z,7) is infeasible we then have by continuity that V. ||h{ (), gf (Z,7)|| =
0 and therefore, since ||h{ (), g (z,y)| is convex in z (for a fixed y), this
means that Z is a global minimizer of the function ||A}(-),,g'(,¥)4 | with
1h1(2)+, 6" (2,9)+ > 0.

If (:1: y) is feasible, we have, taking into account that every z* with k € K
is infeasible for the first player, that

Vahl(z¥) bl () + Vag!(a*, ") ol (2%, 4%)
VIR @4))2 + g} (24, y%))12

Passing to the limit for £k — oo, & € K, it is easy to check that Z is a FJ

point for the first player (when the second player chooses the strategy ). It

is now immediate to see, reasoning along similar lines, that also ¥ must be
either a solution or a FJ point for the second player or global minimizer of the

Val|hf (2F), g (2%, 9F)| =
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function ||AM(\)+, g% (z, )+ with |RY(Z)+, g"(Z,7)+ || > 0. Hence we conclude
that in any case (Z,§) is a generalized stationary point of the GNEP (1). A

It should be clear that there is no need to perform the tests at steps 2 and 3
for every k. It is enough that they are performed an infinite number of times.
Also, if the updating test, say that at Step 2, is passed, it is sufficient to take
the new py larger than

[V 61(

z,7)l]
| Vllhf (2), 91

@l "

Actually any updating rule for the penalty parameter p; will be acceptable as
far as it is guaranteed that if p; is updated an infinite number of times then
it grows to infinity. We leave the details to the reader and discuss instead the
more interesting issue of whether it is possible to guarantee that every limit
point is a solution and not just a generalized stationary point of the GNEP (1).
Note that in Theorem 3 we did not make any regularity assumption on the
problem; correspondingly, and quite naturally, we could prove convergence
to generalized stationary points and not to solutions. However, Theorem 3
makes clear that convergence to generalized stationary points that are not so-
lutions can only occur if a(t least one) penalty parameter goes to infinity. In
turn, the proof of Theorem 3 shows that if this occurs, then we can find a se-
quence {a: ,yk} of mfeaSIble points such that either {Vxllh+< SN LT
or {Vy||hf (v%), g55 (¥, y%)||} tend to zero. The following corollary then easily
follows from the above considerations.

y
+

Corollary 1. Let the sequence {(z*,4*)} produced by the algorithm 2 belong
to a bounded set B. Suppose that there exists a positive constant ¢ such that,
for every infeasible point (z,y) € B,

IVallhf (@), gt ® "Il 2 0 [[Vallbf (%), g &5 9P| 2 0o (8)

Then p1 or p11 are updated an finite number of times and every limit point of
the sequence {(z*,y*)} is a solution of the GNEP (1). A

In the case of one player (i.e. in the case of optimization problems) the condi-
tion (8) has been used and analyzed in detail, see [5-8|. Basically this condition
can be viewed as a sort of generalization of the Mangasarian-Fromovitz CQ.
Its practical meaning is rather obvious: the functions || (z), g (z,y)|| and
IR (¥), 915 (z, y)|| which represent the violation of the constraints of the first
and second player respectively, must not have stationary points outside the
feasible set. This condition seems very natural and says that the “feasibility”
problem which is a “part” of the generalized Nash equilibrium problem is easy
(in the sense that the only stationary points of the functions representing the
violation of the constraints are the global minima). From this condition we
could derive several sets of sufficient conditions for Corollary 1 to hold, along
the lines developed in [5-8]. We leave this for future research.
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4 Conclusions

In this paper we proposed the notion of generalized stationary point for the
Generalized Nash Equilibrium Problem and argued that this is an appropri-
ate and realistic target for any numerical solution method. Furthermore we
introduced an exact penalization method for the solution of the GNEP. We
gave a broad algorithmic scheme and showed that this scheme is able to gen-
erate sequences converging to a generalized stationary point under a mere
boundedness assumption. Finally we also discussed an additional regularity
condition that guarantees convergence to solutions (as opposed to general-
ized stationarity points). There are certainly still many issues that deserve
more study, prominent among these an effective solution procedure for the
nondifferentiable (unconstrained) problem arising from the application of the
exact penalty approach. It certainly was not our intention to investigate all
the issues connected to a penalization approach to the solution of a GNEP.
However, we remark that, given the lack of results in the study of GNEPs,
we believe that the approach proposed in this paper could not only be useful
from the numerical point of view, but also lead to new sensitivity and stability
results.
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Summary. A boundary optimal controcl problem for an instationary nonlinear
reaction-diffusion equation system in three spatial dimensions is presented. The
control is subject to pointwise control constraints and a penalized integral con-
straint. Under a coercivity condition on the Hessian of the Lagrange function, an
optimal solution is shown to be a directionally differentiable function of perturba-
tion parameters such as the reaction and diffusion constants or desired and initial
states. The solution’s derivative, termed parametric sensitivity, is characterized as
the solution of an auxiliary linear-quadratic optimal control problem. A numerical
example illustrates the utility of parametric sensitivities which allow a quantitative
and qualitative perturbation analysis of optimal solutions.

Key words: optimal control, reaction-diffusion equations, sensitivity analy-
sis,

1 Introduction

Parametric sensitivity analysis for optimal control problems governed by par-
tial differential equations (PDE) is concerned with the behavior of optimal so-
lutions under perturbations of system data. The subject matter of the present
paper is an optimal boundary control problem for a time-dependent coupled
system of semilinear parabolic reaction-diffusion equations. The equations
model a chemical or biological process where the species involved are subject
to diffusion and reaction among each other. The goal in the optimal control
problem is to drive the reaction-diffusion model from the given initial state as
close as possible to a desired terminal state. However, the control has to be
chosen within given upper and lower bounds which are motivated by physical
or technological considerations.
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In practical applications, it is unlikely that all parameters in the model are
precisely known a priori. Therefore, we embed the optimal control problem
into a family of problems, which depend on a parameter vector p. In our case,
p can comprise physical parameters such as reaction and diffusion constants,
but also desired terminal states, etc. In this paper we prove that under a coer-
civity condition on the Hessian of the Lagrange function, local solutions of the
optimal control problem depend Lipschitz continuously and directionally dif-
ferentiably on the parameter p. Moreover, we characterize the derivative as the
solution of an additional linear-quadratic optimal control problem, known as
the sensitivity problem. If these sensitivities are computed "offline”, i.e., along
with the optimal solution of the nominal (unperturbed) problem belonging to
the expected parameter value po, a first order Taylor approximation can give
a real-time ("online”) estimate of the perturbed solution.

Let us put the current paper into a wider perspective: Lipschitz dependence
and differentiability properties of parameter-dependent optimal control prob-
lems for PDEs have been investigated in the recent papers [6,11-14,16,18]. In
particular, sensitivity results have been derived in [6] for a two-dimensional
reaction-diffusion model with distributed control. In contrast, we consider here
the more difficult situation in three spatial dimensions and with boundary
control and present both theoretical and numerical results. Other numerical
results can be found in [3,7].

The main part of the paper is organized as follows: In Section 2, we in-
troduce the reaction-diffusion system at hand and the corresponding optimal
control problem. We also state its first order optimality conditions. Since this
problem, without parameter dependence, has been thoroughly investigated
in [9], we only briefly recall the main results. Section 3 is devoted to estab-
lishing the so-called strong regularity property for the optimality system. This
necessitates the investigation of the linearized optimality system for which
the solution is shown to be Lipschitz and differentiable with respect to per-
turbations. In Section 4, these properties for the linearized problem are shown
to carry over to the original nonlinear optimality system, in virtue of a suit-
able implicit function theorem. Finally, we present some numerical results in
Section 5 in order to further illustrate the concept of parametric sensitivities.

Necessarily all numerical results are based on a discretized version of our
infinite-dimensional problem. Nevertheless we prefer to carry out the analy-
sis in the continuous setting so that smoothness properties of the involved
quantities become evident which could then be used for instance to determine
rates of convergence under refinements of the discretization etc. In view of
our problem involving a nonlinear time-dependent system of partial differ-
ential equations, its discretization yields a large scale nonlinear optimization
problem, albeit with a special structure.
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2 The Reaction-Diffusion Optimal Boundary Control
Problem

Reaction-diffusion equations model chemical or biological processes where the
species involved are subject to diffusion and reaction among each other. As
an example, we consider the reaction A+ B — C which obeys the law of mass
action. To simplify the discussion, we assume that the backward reaction C' —
A+ B is negligible and that the forward reaction proceeds with a constant (not
temperature-dependent) rate. This leads to a coupled semilinear parabolic
system for the respective concentrations (¢, ¢z, ¢c3) as follows:

—gzcl(t,x) =diAc;(t,z) — kicy (¢, x)ca(t, x) for all (t,z) € @, (la)
%cz(t,a:) = daAca(t, ) — kacy (¢, x)ca(t, ) for all (t,2) € @, (1Db)

%cﬂt,m) = dgAcs(t, x) + kze1(t, z)ca(t, ) for all (t,2) € Q. (lc)
The scalars d; and k;, ¢ = 1,...,3, are the diffusion and reaction constants,
respectively. Here and throughout, let 2 C R® denote the domain of reaction
and let @ = (0,T) x {2 be the time-space cylinder where T' > 0 is the given
final time. We suppose that the boundary I" = 942 is Lipschitz and can be
decomposed into two disjoint parts I" = I, U I, where I, denotes the control
boundary. Moreover, we let X, = (0,7) x I, and X, = (0,T) x I'.. We
impose the following Neumann boundary conditions:

dl%(t,x) = for all (t,z) € X, (2a)
dg%%(t,x) = u(t) alt,z) for all (t,z) € X, (2b)
dz%%(t,l‘) = for all (t,z) € Xy, (2¢)
dg%(t,z) = for all (¢t,z) € 2. (2d)

Equation (2b) prescribes the boundary flux of the second substance B by
means of a given shape function a(t,z) > 0, modeling, e.g., the location of a
spray nozzle revolving with time around one of the surfaces of {2, while u(¢)
denotes the control intensity at time ¢t which is to be determined. The re-
maining homogeneous Neumann boundary conditions simply correspond to a
“no-outflow” condition of the substances through the boundary of the reaction
vessel (2.

In order to complete the description of the model, we impose initial con-
ditions for all three substances involved, i.e.,

c1(0,2) = c1p{z) for all x € 2,
c2(0,z) = cop(z) for all z € 2, (
c3(0,z) = cgo(z) for all z € £2.

w W
w

o T ®
PR
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Our goal is to drive the reaction-diffusion model (1)-(3) from the given
initial state near a desired terminal state. Hence, we introduce the cost func-
tional

Ji(er,co,u) = / (B1)e1(T) — err]? + B2 |ea(T) — cor|?) da

T
+1/ lu — ug|? dt.
2 Jo

Here and in the sequel, we will find it convenient to abbreviate the notation
and write ¢;(T) instead of ¢; (T, ) or omit the arguments altogether when no
ambiguity arises.

In the cost functional, 81, B2 and v are non-negative weights, c¢;r and
cor are the desired terminal states, and u, is some desired (or expected)
control. In order to shorten the notation, we have assumed that the objective
J1 does not depend on the product concentration cz. This allows us to delete
the product concentration cs from the equations altogether and consider only
the system for (c1,cz). All results obtained can be extended to the three-
component system in a straightforward way.

The control u : [0,7] — R is subject to pointwise box constraints
ue(t) < u(t) < up(t). It is reasonable to assume that u,(t) > 0, which to-
gether with a(¢,z) > 0 implies that the second (controlled) substance B can
not be withdrawn through the boundary. The presence of an upper limit u, is
motivated by technological reasons. In addition to the pointwise constraint, it
may be desirable to limit the total amount of substance B added during the
process, i.e., to impose a constraint like

T
/ u(t) dt < u,.
0

In the current investigation, we do not enforce this inequality directly but
instead we add a penalization term

1 T ’
Ja(u) = gmax{o,/o u(t) dt—uc}

to the objective, which then assumes the final form
J{er, ca,u) = Ji(ey, co, u) + Jo(u). (4)
Our optimal control problem can now be stated as problem (P)

Minimize J(c1,c2,%) s.t.  (la)-(1b), (2a)-(2c) and (3a)-(3b)
and  ug(t) < u(t) < up(t) hold. (P)
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2.1 State Equation and Optimality System

The results in this section draw from the investigations carried out in [9] and
are stated here for convenience and without proof. Our problem (P) can be
posed in the setting

uweU=L%0,T)
(Cl,CQ) €Y = W(O,T) X W(O,T).

That is, we consider the state equation (1a)-(1b), (2a)-(2c) and (3a)-(3b) in
its weak form, see Remark 1 and Section 2.2 for details. Here and throughout,
L%(0,T) denotes the usual Sobolev space {1] of square-integrable functions on
the interval (0,7") and the Hilbert space W(0,T") is defined as

W(0,T) = {p € L*(0,T; H(2)) : %«; € L*(0,T; H' (2)")}.
containing functions of different regularity in space and time. Here, H*(£2) is
again the usual Sobolev space and H'(f2)' is its dual. At this point we note
for later reference the compact embedding [17, Chapter 3, Theorem 2.1]

W(0,T) —<— L*0,T; H*(R2)) forany 1/2<s<1 (5)

involving the fractional-order space H*({2)}. For convenience of notation, we
define the admissible set

Usd = {u €U : ug(t) Sult) <up(t)}.

Let us summarize the fundamental results about the state equation and
problem (P). We begin with the following assumption which is needed
throughout the paper:

Assumption 1 (a)Let 2 C R3 be a bounded open domain with Lipschitz
continuous boundary I' = 82, which is partitioned into the control part I
and the remainder I',. Let d; and k;, i = 1,2 be positive constants, and
assume that o € L>®(0,T; L*(I,)) is non-negative. The initial conditions
cio, 1 = 1,2 are supposed to be in L%(£2). T > 0 is the given final time of
the process.

(b) For the control problem, we assume desired terminal states c;y € L2(12),
i = 1,2, and desired control ug € L?(0,T) to be given. Moreover, let 81, B2
be non-negative and v be positive. Finally, we assume that the penalization
parameter € s positive and that u, € R and u, and upy are in L=(0,T)

such that fOT ug () dt < ue.

Theorem 1. Under Assumption 1(a), the state equation (1a)-(1b), (2a)-(2c)
and (3a)-(3b) has o unique weak solution (c1,cg) € W(0,T)xW(0,T) for any
given u € L%(0,T). The solution satisfies the a priori estimate

leillwory + lieellwor < C (1+ llewollrz(a) + leaolL2cay + llullzo,m)

with some constant C > 0.
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In order to state the system of first order necessary optimality conditions,
we introduce the active sets

for any given control u € Usg.

Theorem 2. Under Assumption I, the optimal control problem (P ) possesses
at least one global solution in Y xU,g. If (c1,co,u) € Y xU,gq is a local solution,
then there exists a unique adjoint variable (A1, A2) € Y satisfying

—%/\1 - d1A/\1 = —klch\l - kgCg)\g m Q, (6&)

—%/\2 — dgA/\g = -—-k‘101>\1 — k)gcl)\g m Q, (6b)
OA1

dl% =0 on X, (6c)
BAy

an—'I‘L =0 on 2, (6d>

M(T) = =B1(ci(T) - arr) in {2, (6e)

/\\Q(T) = —ﬂg(Cz(T) - CQT) in 2 (6f)

in the weak sense, and a unique Lagrange multiplier € € L?(0,T) such that
the optimality condition

T

2
'y(u(t)—ud(t))—i-::)- max {O,/ u(t) dt—uc} —/ alt,z) Ao (t,z)dz+£&(t) =0
0 I
(7)
holds for almost all t € [0,T), together with the complementarity condition
fla_@w 20, &law =0 (8)

Remark 1. The partial differential equations throughout this paper are always
meant in their weak form. In case of the state and adjoint equations (1)-(3)
and (6), respectively, the weak forms are precisely stated in Section 2.2 below,
see the definition of F. However, we prefer to write the equations in their
strong form to make them easier understandable.

Solutions to the optimality system (6)—(8), including the state equation,
can be found numerically by employing, e.g., semismooth Newton or primal-
dual active set methods, see [8,10,19] and [2,9], respectively.

In the sequel, we will often find it convenient to use the abbreviations
y = (c1, ¢g) for the vector of state variables, z = (y, u) for state/control pairs,
and A = (A1, Ag) for the vector of adjoint states. In passing, we define the
Lagrangian associated to our problem (P),
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T
E(CE,)\) = J((E)+/ {<201,>\1> +d1/ Ve Varde +/ kicicoA d{E} dt
0 ot 17 2

T
+/ {<262,>\2>+d2/ Vea Vs do +/ k‘gclcg)\gdx—dg/ CYU/\gd:U} dt
0 ot Q o) a0

+ /Q (e1(0) = ¢10) A1(0) dz +/Q(02(0) —c20) A2(0)dz (9)

for any z = (e1,¢0,u) € Y x U and A = (A1, A9) € Y. The bracket (u,v)
denotes the duality between u € H'(2)' and v € H'({2). The Lagrangian
is twice continuously differentiable, and its Hessian with respect to the state
and control variables is readily seen to be

Loz (2, M)(Z,Z) = Biller(T) N2y + Ballea(T)|Z oy + YT 20,1y

2
T T
+gmax{0,/ u(t) dt—uc} </ a(t) dt) +2/(k1>\l+k2/\2)6152 dz dt.
0 0 Q

(10)

The Hessian is a bounded bilinear form, i.e., there exists a constant C' > 0
such that

Lze(2,A)(T1,T2) < ClZ1|yxvu|Z2|yxv

holds for all (z1,T2) € [Y x U)°.

2.2 Parameter Dependence

As announced in the introduction, we consider problem (P) in dependence on
a vector of parameters p and emphasize this by writing (P(p)). It is our goal
to investigate the behavior of locally optimal solutions of (P{p)), or solutions
of the optimality system (6)-(8) for that matter, as p deviates from its given
nominal value p*. In practice, the parameter vector p can be thought of as
problem data which may be subject to perturbation or uncertainty. The nom-
inal value p* is then simply the expected value of the data. Our main result
(Theorem 3) states that under a coercivity condition on the Hessian (10) of the
Lagrange function, the solution of the optimality system belonging to (P(p))
depends directionally differentiably on p. The derivatives are called paramet-
ric sensitivities since they yield the sensitivities of their underlying quantities
with respect to perturbations in the parameter. Our analysis can be used to
predict the solution at p near the nominal value p* using a Taylor expansion.
This can be exploited to devise a solution algorithm for (P(p)) with real-time
capabilities, provided that the nominal solution to (P(p*)) along with the
sensitivities are computed beforehand (“offline”). In addition, the sensitivities
allow a qualitative perturbation analysis of optimal solutions.
In our current problem, we take
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p= (dla d25 kla k2§ ﬁla 52» Y Ucy €, €10, €20, C1T, €T, Ud)

e R x LA2(Q)* x L?(0,T) = IT (11)

as the vector of perturbation parameters. Note that p belongs to an infinite-di-
mensional Hilbert space and that, besides containing physical parameters such
as the reaction and diffusion constants k; and d;, it comprises non-physical
data such as the penalization parameter ¢.

In order to carry out our analysis, it is convenient to rewrite the optimal-
ity system (6)-(8) plus the state equation as a generalized equation, involving
a set-valued operator. We notice that the complementarity condition (8) to-
gether with (7) is equivalent to the variational inequality

T
/ E()(T(E) ~ u(t)) dt <0 VT € Une. (12)
0
This can also be expressed as € € N(u) where
T
N(w) = {v € L2(0,T) : / v(T = u)dt <0 for all T € Usa)
0

if u € Ugg, and N(u) = 0 if u & U,q. This set-valued operator is known
as the dual cone of U,q at u (after identification of L%(0,T) with its dual).
To rewrite the remaining components of the optimality system into operator
form, we introduce

F:W(0,T) x L*(0,T) x W(0,T) x Q — Z
with the target space Z given by
Z =L%0,T; HY(2))?* x L*(2)* x L*(0,T) x L*(0, T; H*(12)")? x L*(N)*

The components of F' are given next. Wherever it appears, ¢ denotes an
arbitrary function in L?(0,T; H'({2)). For reasons of brevity, we introduce
K = k1M1 + k2.

T
Fl(y,u,)\,p)(QS):/o {<—%)\1,¢>+d1/{2V/\1-V¢dx+/QK02¢dzv} dt

T
Fz(y,u,A,p)(¢)=/o {<—%)\2,¢>+d2/nv>\2'V¢d$+/ﬂK01¢dw} dt

Fy(y,u, A\ p) = M(T) + B1(ar(T) — arr)

F4(y>U» Aup) = /\2(T) + ﬁQ(CQ(T) - C2T)

2
T
F5(y,u,)\,p):ﬂy(u—ud)-%gmax{o,/ u(t)dt——uc} —/a)\gd:r
0 e
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T
F@(y,u,)\,p)(qb) = / {<%Cl,¢> + dy /QVcl 'Vqﬁdm-}-/;)]ﬁclcg ¢dl‘} dt

0

T
Fr(y,u, A p)(9) = / {<%Q,¢>+d2 V02-V¢dx+/kgclc2 ¢dx} dt
0 2 2

—/ au¢drdt
X
FB(yauv)\vp) = Cl(o) — €10

Fo(y,u, A\, p) = c2(0) — co0.

At this point it is not difficult to see that the optimality system (6)-(8),
including the state equation (1a)—(1b), (2a)—(2¢) and (3a)-(3b), is equivalent
to the generalized equation

0€ F(y,u, N\, p) + N(u) (13)

where we have set V(u) = (0,0,0,0, N(u),0,0,0,0)T C Z. In the next sec-
tion, we will investigate the following linearization around a given solution
(y*, u*, A*) of (13) and for the given parameter p*. This linearization depends
on a new parameter § € Z:

y—y*
§ € Fy",u*, \",p") + F'(y",u", A", p") (u —u*> + N (u). (14)
A= A"

Herein F' denotes the Fréchet derivative of F with respect to (y,u, ). Note
that F' is the gradient of the Lagrangian £ and F’ is its Hessian whose "upper-
left block” was already mentioned in (10).

3 Properties of the Linearized Problem

In order to become more familiar with the linearized generalized equation (14),
we write it in its strong form, assuming smooth perturbations é = (dy,...,ds).
For better readability, the given parameter p* is still denoted as in (11), with-
out additional * in every component. We obtain from the linearizations of Fy
through Fy:
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-—gz/\l——d1A/\1+Kcz+K*Cg=K*C§+51 in @, (15&)
—%Az—dzA/\Q+KCT+K*Cl =K*C’{+52 in @, (15b)
OA

d16—n1 = (51'2 on Z, (150)

Oy
dg—éﬁ- = 52|2 on 2, (15(1)
/\1(T) = -3 (Cl (T) - ClT) =+ 83 in (2, (156)
A2(T) = —B2(ca(T) — cor) + &4 in £, (15£)

where we have abbreviated K = k1M1 + kg and K* = k1 AT + ko A3, From
the components Fy through Fy we obtain a linearized state equation:

]
01 diAcy + kieich + kicies = kicics + 6 in Q, (16a)
o)
—8—tCQ ~ dglco + k‘gclc; -+ kQCTCQ = kQCTC; +4d7 in @, (16b)
Oc
dlg-nl = 6|z on X, (16c)
dc
dz-éf —aqu+d&|s on X, (16d)
Cl<0> = c19 + 03 in £2, (166)
¢2(0) = ¢ + b9 in 2. (16f)

Finally, the component F5 becomes the variational inequality

/ @Y —ue)dt <o voe 17)
0

where in analogy to the original problem, £ € L?(0,T) is defined through

T

3 2
Y(u — ug) + = max{O,/ u*(t)dt—uc} —/az\gdaz—és
3 I,

0
T

+ g max {0,/0 uw*(t)dt — uc} /OT(u(t) —u"(t))dt +£(t) =0. (18)

In turn, the system (15)-(18) is easily recognized as the optimality system for
an auxiliary linear quadratic optimization problem, which we term (AQP(4)):
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Minimize %Em(:r*,A*)( z) — Bl/ ara(T )d:r—ﬁg/ cor c2(T) dx

+3max{ / dt—uc} /
_g max {O,/OTu*(t) dt—uc} (/()Tu*(t) dt) </0Tu(t) dt>

T
—’y/ ududt—/(kl)\*{ + kaA3)(cier +c1ch) de dt
0 Q

T
- <61,Cl> — <(52,Cg> - /Q(Sgcl(T) — Ad4CQ(T) —/O 55udt (19)

subject to the linearized state equation (16) above and u € Usq. The
bracket (6, ¢;) here denotes the duality between L2(0,T; H(£2)) and its dual
L2(0,T; H1(£2)"). In order for (AQP(J)) to have a strictly convex objective
and thus to have a unique solution, we require the following assumption:

Assumption 2 (Coercivity Condition)
We assume that there exists p > 0 such that

Laa(z™, ) (z,2) 2 pllz]¥xv

holds for all x = (c1,c2,u) € Y x U which satisfy the linearized state equation
(16) in weak form, with all right hand sides except the term au replaced by
zero,

Sufficient conditions for Assumption 2 to hold are given in [9, Theorem 3.15].
We now prove our first result for the auxiliary problem (AQP(4)):

Proposition 1 (Lipschitz Stability for the Linearized Problem).
Under Assumption 1, holding for the parameter p*, and Assumption 2,
(AQP(6)) has a unique solution which depends Lipschitz continuously on the
parameter § € Z. That is, there exists L > 0 such that for all 3,5 € Z with
corresponding solutions (£, ) and (Z, A),

lér —éillwor + ¢ = &llwo,r) + 18 — Ul L2 0,1
+ 1A = At lwoury + Ao = Rallwory S LG -4

z
hold.

Proof. The proof follows the technique of [18] and is therefore kept rela-
tively short here. Throughout, we denote by capital letters the differences we
wish to estimate, i.e., Cy = & — &1, etc. To improve readability, we omit the
differentials dx and dt in integrals whenever possible. We begin by testing the
weak form of the adjoint equation (15) by C; and Cs, and testing the weak
form of the state equation (16) by A; and A, using integration by parts with
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respect to time and plugging in the initial and terminal conditions from (15)
and (16). One obtains

51HCH(T>H"’+52||02112+2/QK*01 Cz+LaUA

—(Cl,A1>—(Cg,Ag)Jr/QCl(T)quL/ Co(T) g — (Ay, Ag) — (A, An)

/A1 Ag—/Ag Ao, (20)

From the variational inequality (17), using @ = @ or @ = ¥ as test functions,
we get
T 6 T T 2
—/ alUA; < ~7HU|I2+/ UAs — —maX{O,/u*(t)dt—uc} </ Udt).
z 0 € 0 0
(21)

Unless otherwise stated, all norms are the natural norms for the respective
terms. Adding the inequality (21) to (20) above and collecting terms yields

Laz(x™, X")((Ch, Co,U), (C1,Cr, U))
T
< —<C1,A1>—(Cz,42>+/901(T)43+/0C'2(T)A4+/0 UAs

— (A1, 46) ~ (A2, 47) - /0/11(0)48 - /{2/12(0)49

9
K (L+ ) (ICP + [ Calf® + A2 + [ A2]1%) + £ U P + ;}f; Z 1442

(22)

where the last inequality has been obtained using Holder's inequality, the
embedding W(0,T) — C([0,T]; L?(£2)) and Young’s inequality in the form
ab < ka? + b?/(4k). The number s > 0 denotes a sufficiently small con-
stant which will be determined later at our convenience. Here and throughout,
generic constants are denoted by ¢. They may take different values in different
locations.

In order to make use of the Coercivity Assumption 2, we decompose C; =
zi +w;, ¢t = 1,2 and consider their respective equations, see (16). The z com-
ponents account for the control influence while the w components arise from
the perturbation differences A1,..., A4. We have on @, X' and {2, respectively,
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0 d
azl—d1A21+k1zlc;+k‘10IZ2 =0, —a-zwl—dlﬂwﬁ-klwlcg -+ klc“{wg = Ag

%ZQ—dQAZQ—l—kQZlCS-}—kQCTZQ =0, %wg—dgAw2+kgw1c§ + kzc’fwg = A,
821 - 8’(1)1 .
dy—= n 0, dr% = Ag|z
0z ow
dy5 = al, da—— = Arls
1( )=0 wl(O)ZAB
22(0) = 0, w2(0> = Ag.

Note that for (z1, 23, U), the Coercivity Assumption 2 applies and that stan-
dard a priori estimates yield | z1]|+ | 22]| < ¢|U|| and |jw1]| + |lwz| < e(]|As]| +
| Ar|+14s|+ | As]). Using the generic estimates |21 > | Cy |2 ~2|C. ]|+
lwil|? and [|2;}] < ||Csll + lw;]|, the embedding W (0,T) — C([0,T); L*(2))
and the coercivity assumption, we obtain
,sz(CE*, /\*)((Cl, CQ: U), (Clv C’Zv U)) = £Im<$* /\*)(<Zla 29, U) (zla Zz, U))

B[ a@unT)+ 60 [ a@ua(T)+ L@ + Zlwa)1?

52 17,
+ / K*(wl.Zz + z1wq + wiwy)
Q

2 p (IC1)2 + 1C2)1* + UII?) = 20| Cul w1l + | Calpw2l])
= BreJwr | ([Cal + flwell) = Bac w2 | (1 C2ll + fjwel)
= cl|K*[|z2(@) (w1 IC2ll + lICu[lIlwall + 3fjwi | fjwz])). (23)
For the last term, we have employed Holder’s inequality and the embedding

W(0,T) — L*Q), see [4, p. 7]. Combining the inequalities (22) and (23)
yields

p(ICL? + 11C2l* + 1TU11%) < 20 (IC1|[wall + | Callwel))
+ Bre wrl[(|C1ll + llwil]) + Bacllwel (J|C2 ] + Jlwall)
+ el K7 2oy (flhwHIC2ll + IC [ lwe | + 3] wi | wef)
29: 1412 + 1+c VICHE + [ Call® + ALl + | 42))%) + g—ilU!l:’

(24)

and the last two terms can be absorbed in the left hand side when choosing
k > 0 sufficiently small and observing that A; and A; depend continuously on
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the data C; and Cy. By the a priori estimate stated above, w;, i = 1,2, can
be estimated against the data A;,..., Ag. Using again Young's inequality on
the terms ||C;||||w; || and absorbing the quantities of type «||C;[|? into the left
hand side, we obtain the Lipschitz dependence of (C1,Ca,U) on 4y, ..., Aq.
Invoking once more the continuous dependence of A; on (Ci,Cy), Lipschitz
stability is seen to hold also for the adjoint variable. O

If (z*,A*) is a solution to the optimality system (6)-(8) and state equa-
tion, then the previous theorem implies that the generalized equation (13) is
strongly regular at this solution, compare [15]. Before showing that the Co-
ercivity Assumption 2 implies also directional differentiability of the solution
of (AQP(8)) in dependence on §, we introduce the strongly active subsets for
the solution (y*,u*, A*) with multiplier £* given by (7),

A" (w) = {te[0,T] : € (t) <0}
AL ={te[0,T] : &(t) > 0}

Note that necessarily u* = u, on A% (u*) and ©* = up on 4% (v*) hold in view
of the variational inequality (12). Based on the notion of strongly active sets,
we define U,q, the set of admissible control variations:

u=0on A% (u*) U A% (u")
u€Upg e ueLl?0,T)and { u>0on A_(u*)
uw<0on Ay(u*)

This definition reflects the fact that if the solution u* associated to the pa-
rameter value p* is equal to the lower bound u, at some point ¢ € [0, T], we
can approach it only from above (and vice versa for the upper bound). In
addition, if the control constraint is strongly active at some point, i.e., if it
has a nonzero multiplier £* there, the variation is zero.

Proposition 2 (Differentiability for the Linearized Problem).

Under Assumptions 1 and 2, the unique solution to (AQP(4)) depends direc-
tionally differentiably on the parameter 6 € Z. The directional derivative in
the direction of § € Z is given by the solution of the auziliary linear quadratic

problem (DQP(3)),

Minimize %Em(z*,)\*)(x,x) — <51,cl> — <52,02> —/ b3c1(T) —/ b4c5(T)
Q 2

TA
——/ 55u dt
0

subject to u € ﬁad and the linearized state equation
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%cl —d1dcy + kieich + kicier = 56 in Q (25a)
%CQ — doAcy + kacrch + kocieq = 57 in Q@ (25b)
dl% = 56|2 on X (25¢)

dg%%:auﬁ-éﬂg on X (25d)

¢1(0) = bg in 2 (25€)

c2(0) = g in 0. (25¢)

Proof. Let § € Z be any given direction of perturbation and let {7,} be a
sequence of real numbers such that 7, \, 0. We set 6, = 720 and denote the
solution of (AQP(8,)) by (cf, 5, u™, AT, A5). Note that (c},ch, u*, A}, A5) is
the solution of (AQP(0)). Then, by virtue of Proposition 1, we have

M =X +‘A3—A;
T

Tn n
in the norms of W(0,T), L?(0,T), and Z, respectively, and with some Lip-
schitz constant L > 0. We can thus extract weakly convergent subsequences
(still denoted by index n) and use the compact embedding of W (0,7 into
L?(Q) to obtain

*
ct—c cy —c3 Up — U

+ + <L|§|

Tn n Tn

"

(26)

_u*

—~ @ in L*0,T) (27)

Tn
cf—a

—¢ InW(0,T) and —é& in L?Q) (28)

Tn

and similarly for the remaining components. Taking yet another subsequence,
all components except the control are seen also to converge pointwise almost
everywhere in @. From here, we only sketch the remainder of the proof since
it closely parallels the ones given in [6,12]. In addition to the arguments
given there, our analysis relies on the strong convergence (and thus pointwise
convergence almost everywhere on [0, 7] of a subsequence) of

A2 = A3 S L2
/ Q- — aAy in L2(0,T) (29)
© T I,
which follows from the compact embedding of W (0,T) into L2(0,T; H*(12))
for 1/2 < s < 1 (see (5)) and the continuity of the trace operator H*({2) —
L2%(I,). One expresses u™ as the pointwise projection of u™ + £/ onto the
admissible set U.q with " given by (18) evaluated at (u™, A}). Using (27)
and (29), one shows that (u™ —u*)/7™ possesses a pointwise convergent subse-
quence (still denoted by index n). Distinguishing cases, one finds the pointwise
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limit & of (u™ — u*)/7™ to be the pointwise projection of lim, e (u™ -+ £™/7)
onto the new admissible set Jag. Using a suitable upper bound in Lebesgue’s
Dominated Convergence Theorem, one shows that @ is also the limit in the
sense of L?(0,T") and thus @ = & must hold. It remains to show that the limit
(81,82, 0, A1, Ag) satisty the first order optimality system for (DQP(6)) (which
is routine) and that the limits actually hold in their strong senses in W(0,T)
(which follows from standard a priori estimates). Since we could have started
with a subsequence of 7" in the first place and since the limit (&, é, 4, 5\1 , ;\2)
must always be the same in view of the Coercivity Assumption 2, the conver-
gence extends to the whole sequence. O

4 Properties of the Nonlinear Problem

In the current section, we shall prove that the solutions to the original non-
linear generalized equation (13) depend on p in the same way as the solutions
to the linearized generalized equation (14) depend on . To this end, we in-
voke an implicit function theorem for generalized equations. Throughout this
section, let again p* be a given nominal (or unperturbed or expected) value
of the parameter vector

D= (d15d27 klv k2aﬁ1a/62571uc»51010aCQO»ClTaC2T»Ud)
€RY x L3(2)* x L*(0,T) =: IT

satisfying Assumption 1. Moreover, let (z*,A*) = (e}, ¢5,u*, A7, A5) be a so-
lution of the first order necessary conditions (6)—(8) plus the state equation,
or, in other words, of the generalized equation (13).

Theorem 3 (Lipschitz Continuity and Directional Differentiability).
Under Assumptions 1 and 2, there exists a neighborhood B(p*) C II of p* and
a neighborhood B(y*,u*,\*) C Y xU XY and a Lipschitz continuous function

B(p*) >p— (ypaupa)\p) € B(y*,U*,/\*)

such that (yp, up, Ap) solves the optimality system (6)-(8) plus the state equa-
tion for parameter p and such that it is the only critical point in B(y*,u*, A\*).
Moreover, the map p — (yYp,up, Ap) is directionally differentiable, and its
derivative in the direction p € IT is given by the unique solution of (DQP(3)),
in the direction of § = —Fp(y*, u*, A*, p*) .

Proof. The proof is based on the implicit function theorem for generalized
equations from [5, 15]. It relies on the strong regularity property, which was
shown in Proposition 1. It remains to verify that F is Lipschitz in p near p*,
uniformly in a neighborhood of (y*,u*, A*), and that F is differentiable with
respect to p, which is straightforward. The formula for its derivative is given
in the remark below. |



Parametric Sensitivity Analysis for Optimal Boundary Control 143

Remark 2. In order to compute the parametric sensitivities of the nominal
solution (cf, c§, u*, A7, A5) for (P(p*)) in a perturbation direction p, we need
to solve the linear-quadratic problem (DQP(6)) with

3:~Fp(y*’U*a/\*7p*)ﬁ
- (d&/ VMV +(lA] + k2 A3)eh, d‘2/ VAV - +(k1 Ay + k2 3) et
Q Q

Bu(ci(T) = eir) — Brér, Ba(c3(T) — cip) — Byéar,
S () 3é 6
’7 - ) ’7 Ud ( *)2-[2 IUC,

dl/VCl V +/ klclcQ, d2/ VC2 V +/ k201627

T
— €10, — C20 ) »

where I means max {O, fOT w*(t)dt — u’c‘} We close this section by remarking
that the parametric sensitivities allow to compute a second-order expansion
of the value of the objective, see [6,12] for details. In addition, the Coerciv-
ity Assumption 2 implies that second order sufficient conditions hold at the
nominal and also at the perturbed solutions, so that points satisfying the first
order necessary conditions are indeed strict local optimizers.

5 Numerical Results

In this section, we present some numerical results and show evidence that the
parametric sensitivities yield valuable information which is useful in making
qualitative and quantitative estimates of the solution under perturbations. In
our example, the three-dimensional geometry of the problem is given by the
annular cylinder between the planes z = 0 and z = 0.5 with inner radius 0.4
and outer radius 1.0 whose rotational axis is the z-axis (Figure 1). The control
boundary I is the upper annulus, and we use the control shape function

a(t,z) = exp (=5 [(z1 — 0.7cos(27t))? + (z2 — 0.7sin(2nt))?]) .

which corresponds to a nozzle circling for ¢t € [0, 1] once around in counter-
clockwise direction at a radius of 0.7. For fixed ¢, o is a function which decays
exponentially with the square of the distance from the current location of
the nozzle. The problem was discretized using the finite element method on a
mesh consisting of 1797 points and 7519 tetrahedra. The ’triangulation’ of the
domain {2 by tetrahedra is also shown in Figure 1. In the time direction, the
interval [0, 7] was uniformly divided into 100 parts. By controlling the second
substance B, we wish to steer the concentration of the first substance A to
zero at terminal time T =1, i.e., we choose
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Fig. 1: Domain £2 C R® and its triangulation with tetrahedra

B =1 B5=0 cjr=0

The control cost parameter is v* = 10~2 and the control bounds are chosen
as

Ug =1 up = 5.

The chemical reaction is governed by equations (1)-(3) with parameters
d} =0.15 5=0.20 1=1.0 k3 =1.0.
As initial concentrations, we use
cio=1.0 ¢ = 0.0.

The discrete optimal solution without the contribution from the penalized
integral constraint J, (corresponding to € = o) yields

T
/ w6 dE = 42401, Ji(c], cut) = 0.2413.
0

In order for this constraint to become relevant, we choose u; = 3.5 and en-
force it using the penalization parameter £* = 1. Details on the numerical
implementation are given in [8,9]. For the discretization described above, we
obtain a problem size of approximately 726 000 variables, including the ad-
joint states, which takes a couple of minutes to solve on a standard desktop
PC.

In Figures 3-4 (left columns) and Figure 2 (left), we show the individual
components of the optimal solution. We note that the optimal control lies on
the upper bound in the first part of the time interval, then in the interior of the
admissible interval [1,5] and finally on the lower bound. From Figure 3 (left)
we infer that as time advances, substance A decays and approaches the desired
value of zero to the extent permitted by the control cost parameter v and the
control bounds. Figure 4 (left) nicely shows the influence of the revolving
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Fig. 2: Left: Optimal control u* (thick solid), true perturbed control u, (thin solid)
and predicted control (circles). Right: Parametric sensitivity du,~ /dp in the direction

of p—p*.

control nozzle on the upper surface of the annular cylinder, adding amounts
of substance B over time which then diffuse towards the interior of the reaction
vessel and react with substance A.

In order to illustrate the sensitivity calculus, we perturb the reaction con-
stants k} and k3 by 50%, taking

k1 =1.5 ko =15

as their new values. With the reaction now proceeding faster, one presumes
that the desired goal of consuming substance A within the given time interval
will be achieved to a higher degree, which will in fact be confirmed below from
sensitivity information. Figure 2 (left) shows, next to the nominal control, the
solution obtained by a first order Taylor approximation using the sensitivity
of the control variable, i.e.,

d .
Up A Upr + d—pup~(p—p ).

To allow a comparison, the true perturbed solution is also depicted, which of
course required the repeated solution of the nonlinear optimal control problem
(P(p)). It is remarkable how well the perturbed solution can be predicted in
face of a 50% perturbation using the sensitivity information, without recom-
puting the solution to the nonlinear problem. We observe that the perturbed
control is lower than the nominal one in the first part of the time interval,
later to become higher. This behavior can not easily be predicted without
any sensitivity information at hand. Besides, a qualitative analysis of the
state sensitivities reveals more interesting information. We have argued above
that with the reaction proceeding faster, the control goal can more easily be
reached. This can be inferred from Figure 3 (right column), showing that the
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Fig. 3: Concentrations of substance A (left) and its sensitivity (right) at times
0.25, t = 0.50, t = 0.75, and ¢ = 1.00.




Parametric Sensitivity Analysis for Optimal Boundary Control 147

Concentrslion c2 a1 | = 8250 Sansitivity c2 al } = 0.250

Concaniration c2 at t « .500 Sensilivily e2 at§ = 0.500

o o ©

S SO S

Concentration ¢2 11 x 1000 Sensiirity 223t tw 1.000

Fig. 4: Concentrations of substance B (left) and its sensitivity (right) at times ¢t =
0.25,t =0.50, t =0.75, and t = 1.00.
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sensitivity derivatives of the first substance are negative throughout, ¢.e., the
perturbed solution comes closer in a pointwise sense to the desired zero termi-
nal state (to first order). The sensitivities for the second state component (see
Figure 4, right column) nicely reflect the expected behavior inferred from the
control sensitivities, see Figure 2 (right). As the perturbed control is initially
lower than the unperturbed one after leaving the upper bound, the sensitivity
of the second substance is below zero there. Later, it becomes positive, as does
the sensitivity for the control variable.
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Summary. One-shot optimization aims at attaining feasibility and optimality si-
multaneously, especially on problems where even the linearized constraint equations
cannot be resolved economically. Here we consider a scenario where forming and fac-
toring the active Jacobian is out of the question, as is for example the case when the
constraints represent some discretization of the Navier Stokes equation. Assuming
that the 'user’ provides us with a linearly converging solver that gradually restores
feasibility after each change in the design variables, we derive a corresponding ad-
joint iteration and attach an optimization (sub)step.

The key question addressed is how the approximate reduced gradient generated
by the adjoint iteration should be preconditioned in order to achieve overall conver-
gence at a reasonable speed. An eigenvalue analysis yields necessary conditions on
the preconditioning matrix, which are typically not satisfied by the familiar reduced
Hessian. Some other projection of the Lagrangian Hessian appears more promising
and is found to work very satisfactorily on a nonlinear test problem.

The analyzed approach is one-step in that the normal, dual and design variables
are always updated simultaneously on the basis of one function evaluation and its
adjoint. Multi-step variants are promising but remain to be investigated.

Key words: Jacobian-free optimization, adjoint equation, algorithmic differ-
entiation, R-linear Convergence, fixed point iteration.

1 Introduction

Design optimization problems are distinguished from general NLPs by the fact
that the set of variables is split a priori into a state vector y € Y and a set
of design or control variables « € U. For simplicity we will assume that not
only Y but also U and thus their Cartesian product X =Y x U are Hilbert

! Supported by the DFG Research Center MATHEON “Mathematics for Key
Technologies” in Berlin
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spaces. With ¢: X — Y the state residual and f: X — R the objective we
obtain the equality constrained optimization problem

Minf(y,u) st c(y,u)=0€Y.

While the solution space Y has often a natural scalar product, the design space
U may be rather heterogeneous, representing for example material properties
and/or shapes in various parameterizations [14]. We will therefore strive to
avoid any dependences on the inner product in U.

For notational convenience we will assume that ¥ and U have finite di-
mensions n = dim(Y) and m = dim(U) with n > m, typically. Then elements
y € Y and u € U may be identified with their coordinate vectors in R™ and
R™ with respect to suitable Hilbert bases. This convention allows us to write
duals as transposed vectors and inner products as the usual scalar products
in Euclidean space. Also we will be able to compute determinants and charac-
teristic polynomials to determine eigenvalues rather than performing spectral
theory in Hilbert spaces.

A key assumption throughout the paper is that at all arguments z = (y, u)
of interest

det(cy(y,u)) # 0 where ¢, = dc(y,u)/ 0y. (1)

Here and elsewhere subscripting by real vectors indicates partial differenti-
ation, whereas integer subscripts are iteration counters. Throughout we will
denote a locally unique solution of c(y,u) = 0 for fixed u as y. = y.(u) and
also annotate other quantities evaluated at such a feasible point by subscript
*,

Related Concepts

The scenario sketched above is similar to the one described by Biros and
Ghattas in [2] under the heading 'PDE Constrained Optimization’. They also
consider a situation, where there are 'only’ equality constraints, which makes
the problem look simple from a superficial point of view. However, the key
assumption is that the state constraint system is so complex that it is impossi-
ble to directly evaluate and manipulate the active constraint Jacobian in any
way. In particular it is considered very troublesome to compute and represent
the generally dense matrix of tangential directions because that requires ma-
trix factorizations or a large number of iterative equation solves. Instead one
wishes to get by with just a few approximate solves for the state equation and
its adjoint per outer iteration.

In another excellent paper [13] Heinkenschloss and Vicente develop a
framework, which is even notationally very close to the one used here. They
rightly emphasize the importance of inner products and the corresponding
norms for the definition of gradients and second derivatives as well as iter-
ative equation solvers of the Krylov and quasi-Newton type. These aspects
may sometimes be ignored with impunity on smaller problems but become
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absolutely crucial on large scale NLPs that arise from the discretization of
design or control problems involving differential equations. Ideally, the overall
optimization algorithm should be set up such that it behaves mesh-invariant
in that it generates approximately the same iterates and function values for
all sufficiently fine meshes [5].

Complexity Growth

Especially when partial differential equations are involved, the process of sim-
ulation, i.e. the computation of a feasible state y given values of the design
or control parameters u may take a substantial amount of computational re-
sources. It is then very important that the transition to optimization causes
neither the operations count nor the number of data transfers and total mem-
ory required to grow by more than a moderate factor. Otherwise one has to
perform the optimization calculation on cruder models, or rely on shear intu-
ition altogether. Ideally, the factor limiting the growth in complexity should
be a problem independent constant. However, even theoretically, one has to
allow for a logarithmic dependence on the problem size in order to limit the
storage requirement [7] for gradient calculations on evolutionary, or insta-
tionary, problems. Even though for actual runtimes the characteristics of the
computing platform and many other issues are important, we will keep in
mind that the complexity of each outer optimization step as well as their
total number required to achieve an acceptable solution accuracy does not
exceed the corresponding costs for the underlying simulation by more than a
moderate factor.

2 (R)SQP variants on the structured KKT System

Whenever the regularity assumption (1) is satisfled in the vicinity of the fea-
sible set ¢1(0) = {z € X : ¢(z) = 0}, the subspace Y =Y x {0} C X can be
used as a subspace of normal directions. The reason is that it must then be
transversal to the nullspace spanned by the row vectors of the matrix

(Z7,1,) where Z = Z(y,u) = —cy(y,w)  eu(y, ).

Here I, denotes the identity matrix of order m. We may therefore use
the adjective normal to qualify all terms and actions that are concerned with
solving the state space equations without changing the design vector u. In
contrast we will use the adjective adjoint for all terms and actions related to
the adjoint equation associated with c(y,u) = 0, namely

0 =2ey,du = Joy(y,w) +pufyly,u) with g7 e R™ (2)

Here p > 0 is a constant weighting of the objective function, which will be
handy later on as relative scale of normal and adjoint errors. It is well known



154 Andreas Griewank

that the solution vector § may be interpreted as the gradient of the weighted
objective function value u f with respect to perturbations of the right hand
side of the state equation c(y,u) = 0. We will view all barred quantities and all
partial derivatives as row vectors, since they really belong to the dual spaces
of Y or U. At feasible points (y(u),u) € ¢c™*(0) the total derivative, or reduced
gradient, of f with respect to v is given by the adjoint vector

a(y,gyu) = §euly,u) +ufuly,w) with a7 € R™

We note that by their definition the adjoint vectors § and @ like all Fréchet
derivatives are heavily dependent on the inner products in ¥ and U. We will
assume that for Y the inner product has been given in a 'natural’ way and
strive to eliminate the influence of the inner product in U, which we view as
more or less arbitrary. In other words we are looking for invariance with respect
to linear transformations on the design space U. Whenever &(y, 7, u) = 0 we
will speak of adjoint feasibility. It should be noted that due to the given
variable partitioning this is not quite the same as the concept of dual feasible
familiar from linear optimization, in particular.

Adding the optimality condition @ = 0 to the state equation ¢(y,0) = 0
and its adjoint (2) we get the coupled system

c(y, u)
E(y,gj,u) = 0. (3)
u(y,7,u)

This is nothing but the KKT system for an equality constrained optimization
problem with the a priori partitioned variable vector x = (y, u). The notational
association of the Lagrange Multiplier vector § with the state variables y is
meaningful because (2) has the exact solution § = u fy(y,u) cy(y,w)~% In
other words &(y, §, u) = 0 defines the Lagrange multiplier estimates such that
the partial gradient of the Lagrangian

Ly, 9,w) = pfy,u)+7gcly,u) (4)

with respect to the state vector y is always zero. Computationally this makes
especially sense when the state space Jacobian ¢, (y, u) is not only nonsingular
but also has sufficient structure to facilitate the economical computation of
Newton steps Ay = —c, (y,u) ~lc(y, u). Whether this is done by factorization
or using iterative solvers, the exact or approximate computation of § by the
same scheme applied to the transposed system will then only require a similar
amount of computing time and very little extra coding. This applies in par-
ticular when c(y,u) is selfadjoint with respect to y, i.e. the partial Jacobian
¢y is symmetric. However, in view of nonelliptic problems we will later in this
paper be mainly concerned with the case, where solving even the linearized
state or adjoint equation for fixed u with any degree of accuracy is already
very expensive.
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Inexact Subspace Iteration

The structure of the KKT system (3) with the state equation Jacobian ¢y be-
ing nonsingular suggests a block solution approach consisting of three substeps
in each major iteration or cycle. First compute a normal step

y = y+4y with Ay = —cy(y,w) ey, u) (5)
towards primal feasibility. Then, at the new y point evaluate

7= ulylywel ' and a=7Feulyw)+pfulyu).  (6)

Finally, given a symmetric positive matrix H € R™*" perform an optimization
step
u = u-+Au with Auz= —H '@l (7

In other words we perform a cycle of three steps on the primal state, ad-
joint state, and design vector, to enhance feasibility, adjoint feasibility, and
optimality, respectively.

On nonlinear problems one needs conceptually infinitely many such cycles,
and it does not matter for the asymptotic behavior with which of the three
steps one begins. Hence we may characterize this approach schematically as

- — normal — adjoint — optim — .-

An (R)SQP interpretation

When the Lagrange multipliers are really recomputed from scratch as sug-
gested by (6) one may merge the second step with the third and obtains a
scheme similar to the Reduced SQP Algorithm 1 detailed in [12] by Hazra and
Schulz. The only difference is that they avoid the evaluation of the constraints
at two different arguments in each cycle by replacing the right hand side for the
computation of Ay with the approximation c(y, @) + ¢y (y, @) (v — @) ~ c(y, u).
Here @ = u — Au denotes the old design at which ¢ and its derivatives were
already evaluated in the previous cycle. Either variant yields locally 2-step,
or more precisely in our context 2-cycle Q-superlinear convergence, if the pre-
conditioner H equals at least asymptotically the reduced Hessian

H(1) = Lyy+ZTLyy + LyyZ + 271y, Z, (8)

where the subscripts u and y denote partial differentiation with respect to the
design and state variables, respectively. Throughout the paper we will use this
notation and refer to H(1) as the reduced rather than the projected Hessian,
since there will be other projections of interest.

R-superlinear convergence has also been established for more classical
RSQP, i.e. reduced SQP, methods where the last step is properly tangen-
tial. One should notice that this is not the case for our optimization step (7},
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which leaves the state variables uncorrected and relies on the subsequent nor-
mal step (5) to straighten them out. Thus we obtain in some way a method of
alternating direction, which like other nonlinear block Gauss-Jordan variants
is generally prone to yield only linear convergence. Proper RSQP methods do
not need to apply the Schulz correction mentioned above and can evaluate all
function and derivative evaluations at a single argument per cycle. There is,
however, a variant due to Coleman and Conn (3] that expends a second resid-
ual evaluation after the normal step in order to achieve 1-cyle Q-superlinear
convergence. In contrast we require a second residual evaluation after the op-
timization step or need to approximate its value by the Schulz correction. This
still does not give us 1-cycle Q-superlinear convergence unless we perform two
normal corrections in a row thus applying the scheme

- — normal — adjoint — optim — normal — .-

For other RSQP variants and a very detailed convergence analysis see the
seminal paper by Biegler, Nocedal and Schmid [1].

3 Pseudo-Newton Solvers and Piggy-backing

The discussion above tacitly assumed that it is possible to approximate normal
and adjoint Newtons steps with some degree of accuracy at a reasonable cost.
Especially on discretizations of nonelliptic PDEs this assumption is rather op-
timistic and one may have to make do with a possibly rather slowly convergent
fixed point iteration of the form

U1 = Gy, u) with G: X =Y xU—Y. (9)

Naturally, we assume that the iteration function G is stationary only at fea-
sible points, i.e.
y=Gu) <= clyu)=0

This holds for example when c(y,u) = P(y,w)[G(y,u) — y] with P(z) = I,
or some other family of nonsingular matrices, e.g. P(y,u) = ¢y(y,u) when G
is defined by Newton’s methods.

Linear Convergence Rates

In aerodynamics it is not unusual that thousands of iterations are needed
to obtain a high accuracy solution of the state equation. We will assume
throughout that G is contractive such that for some constant p in the induced
matrix norm || - ||

1Gy(y, W)l € p<1 = |G(y,u) - Glzu)| <ply—2z].  (10)
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The implication follows from the mean value theorem on any convex subdo-
main of Y. Another consequence is that no eigenvalue of G (y,u) can be in
modulus greater than p at any point (y,u).

Now it follows from Banach’s fixed point theorem that the normal iteration
(9) converges for any given v to the unique fixed point y. = y.(u) solving
c(y(u),u) = 0. Moreover, the rate of convergence is linear with the Q-factor

po = Q{ok — Y}y = lim sup [yrrr =yl / NIy —wll < p.

The norm independent R-factor may be smaller [15] and is given by
pe = R{gk =% }yey = limksup Yllye —vsll < po < p.

When even p, is quite close to 1.0 it makes little sense to refer to (9) as a
Newton-like iteration. In his thesis [4] Courty has considered such slowly con-
vergent solvers for Navier Stokes variants and called them more appropriately
pseudo-Newton iterations.

Our key assumption is that the ’user’ provides (only)} such a pseudo-
Newton solver, which may have been developed over a long period of time
by various people. Presumably, they were experts at exploiting the particular
structure of the state equation, so one cannot easily accelerated or otherwise
improve the given fixed point solver. Now the optimizer faces the task of
converting this given simulation tool into an optimization tool without per-
forming major surgery on the code. We have coined the term piggy-backing
for this hopefully convenient transition.

The Adjoint Iteration

Assuming that the user’ also provides a code for the objective function f(y,u)
one can apply automatic, or algorithmic differentiation in the reverse mode
to evaluate the associated adjoints

Tes1 = Gy, T, ) = T Gylyk,u) + 1 fy(ye, u) (11)
and
Uk+1 = Yk Gu(ykau)""ﬂfu(yk,u)' (12)

It is in the nature of the reverse mode that both §x; and @4 are obtained
simultaneously and with a basic operations count not exceeding 4 times that
for evaluating G and f. While this complexity result from [7] takes into ac-
count memory moves as operations, it does rely on the ability to temporarily
store the intermediate results of all arithmetic operations and special function
evaluations. Alternatively, one may employ checkpointing techniques, which
allow various trade-offs between the increase in the temporal and the spa-
tial complexity for the adjoint (11) relative to the normal (9) iteration. In
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particular one can achieve an only logarithmic growth in both complexity
components. For more details see again {7] and [8].

In the current context it is only important to note that performing the
adjoint step (11,12) is not much more expensive than computing the normal
step (9) and that, except in linear cases, no saving is made if the former is
executed without the latter. More specifically, the computation of the adjoint
quantities §x41 and g4, requires the execution of a forward and a backward
sweep through the evaluation procedure for [G, f], of which the first sweep
already yields yx4+1. As a cautionary note we add that the mechanical appli-
cation of an AD tool in reverse mode to [ successive steps (9) will lead to a
memory requirement that grows proportional to I. This memory growth pro-
portional to the number of iterations is only acceptable for true evolutions,
e.g. discretized dynamical systems. It can and should be avoided whenever
the iterates converge to a stationary solution, in other words if we have a
pseudo-time evolution.

Notice that in (11) the Lagrange multipliers 7, have a true iteration
history, rather than being recalculated from scratch at each primal iter-
ate. The latter is usually done in NLP solvers that have access to the ac-
tive constraint Jacobian. Naturally, the resulting approximate reduced gra-
dient tig4+; will be as good or bad as the current multiplier estimate J. For
c(y,u) = Py,u)[G(y,u) —y] we have at feasible points (y,u) the identity
cy(y,u) = Ply,u) [Gy(y,u) — I,,]. Then it is easy to see that §. = Z.(u) is
exactly a fixed point of (11) at (y,u) € ¢~1(0) if . P(y,u)~? is a solution of
the original adjoint equation (2).

It is well understood that if one first solves the state equation c(y, u) = 0 to
full accuracy and only then executes the adjoint iteration (11) the convergence
rates of the two iterative processes will be very similar to each other. The
reason is that the transposed Jacobian

0G(y,5,u)/0F = GT = [0G(y,u)/0y)"

has of course exactly the same spectral properties as G,. Since, for fixed (y, u),
the adjoint G is linear with respect to 7 we may even expect a more regular
convergence pattern for the adjoints than for the underlying normal itera-
tion. It was first observed in [6] that if G describes Newton’s method so that
Gy(y,u) vanishes at any feasible (y,u), then the adjoints will converge in a
single step, which amounts simply to an application of the implicit function
theorem. For slowly converging solvers on the other hand, it can often be
observed that executing the adjoint iteration simultaneously with the under-
lying state space iteration does not slow the former down significantly. This
simultaneous iteration certainly promises a significant reduction in wall-clock
time, especially on a multiprocessor machine.
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The Coupled Iteration

For the subsequent analysis we write the combination of (9) and (11) in a
Hamiltonian like fashion as

(Vi1 Tetr] = VN T6,w) = [Ng(W, Tes ), Ny (e, Trw)] (13)

where N is defined as

Ny, g,u) = §Gy,u) + p fly,u). (14)

When we set c(y,u) = G(y,u) — y then the function N is related to the
Lagrange function L as defined in (4) by the shift

7y =N 7 u) — Ly, 7, v).
Consequently, we have then
Ny=Ly,+7% and Ny=Lyz+y but N, =L,

and, for the subsequent analysis more importantly, all second derivatives are
identical:
Nyy = Lyy: Nyu = Lyu,Nuu = Lyy.

In the more general situation c(y, u) = P(y,u)[G(y,u) — y] the second deriva-
tives are related in such a way that second order necessary and sufficiency
conditions applied to NV and L are still equivalent.

In any case we note that N is linear in the weighting (7, ») and thus
homogeneous in u, provided 7 solves the adjoint equation Ny(y,7,u) = §
or is initialized and consistently updated proportionally to x. Hence we can
make N and its derivatives arbitrarily small compared to G by reducing the
weighting u on the objective appropriately.

A side benefit of iterating on i simultaneously with g is that the La-
grangian value

p e W) +Tk+1 Wkr1=Yx) = & F(Ye(u), W)+O(|Frr1= el lyrr1—vsll) (15)

converges much faster than u f(yx,u) towards the limit p f(y.(uw), w). This
result was derived in [9] using a very general duality argument. It merely
reflects that the Lagrange multipliers indicate the sensitivity of the optimal
function value with respect to perturbations of the state equations and that
the current iterate exactly satisfies a slight perturbation of these 'constraints’.

Adjoint Convergence Analysis
The Jacobian of the coupled iteration (13) takes the block triangular form

Jy = O(yk+1,Tr41) _ Gy (Y, u) 0
Ok, ) Nyy (Y, Trr ) GT (ye,w)
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By elementary arguments one derives that in the [y matrix norm
17kl < max ([|Gyll, IGY 1) + INyyll = o+ O(w).

In other words for sufficiently small u the combined iteration (13) is, like G,
also a contraction on the product space Y x Y. Using the homogeneity of all
adjoint quantities with respect to u, one can then deduce that for any fixed

1 also
Pe = R{Tk = Tu}pcn = lim sup Vige =g < p.

This R-linear convergence result was generalized in [9] to contractive iterations
of the form yx+1 = Gi(yx, u) = yx— Pr c(yx, u) coupled with the corresponding
adjoints. Here the matrices P, may vary discontinuously from step to step as
is for example the case for quasi-Newton methods.

On the other hand, the following observation was made in [11] for twice
continuously differentiable G(y,u) and f(y, u). Since Jj is block triangular and
has in its diagonal the Jacobian G and its transposed G’z; , every eigenvalue
of Gy is a double eigenvalue of J, which has thus generically Jordan blocks
of size 2. As a consequence, for fixed u the adjoints g and @ converge a little
slower than the normal iterates y; in that in general

[k = Tull ~ 11Tk = Tl ~ & flye — yall. (16)

In other words, despite the common R-factor, the Lagrange multipliers g
and the corresponding reduced gradients % lag somewhat behind the normal
iterates yx. In hindsight that is not all that surprising since the adjoints are
heading for a moving target, namely the solution of an equation parameter-
ized by yx. A practical consequence seems that any optimization algorithms
that is based on the approximate reduced gradients @y will likely exhibit tan-
gential convergence to constrained optima. In other words feasibility will be
reached faster than adjoint feasibility and thus optimality, a pattern that is fa-
miliar from NLP solvers based on exact Jacobians but (secant) approximated
Hessians.

Reduced Hessian as Second Order Adjoints

Differentiating (13) and (12) once more with respect to z = (y,u) in some
direction (yx, @) one obtains an iteration of the form

Vk+1 Gy (Yrs Wk + Gu(yx, Tk, u)t
?jk+1 - ﬂkGy(yk’ U) + (Nyy(yk,gmu)yk + Nyu(yk:: gkvu)d)T . (17)
Uk+1 G5 Gu (i 1) + (Nuy (W, T WPk + Now (Y, G w)i)

Here we have separated on the right hand side the leading terms that are
dependent on gy € R™ and §# € R", respectively. Since they are defined
again in terms of the contractive state space Jacobian G, one gets once more
linear convergence as follows.
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Proposition 1 With Z, = (I — G,)7'G, € R™" the derivatives i €
R™ g € R™ and 4} € R™ converge with R-Factors < p such that in the
limat

Uk 2L
lim | g | = |aT[Z0 [Noy(I = Gy) ™
/Z—:ij uT[Z?,I]sz{ngl}T

Proof: The fact of linear convergence with R-factor < p was proven in [9].
The limits can be derived in the current framework as follows. Simply replacing
in (17) all subscripts k by % and collecting the unknown vector onto the left
side we obtain linear equations for 9., ¥, and #,, all in terms of the matrix
I — Gy or its transpose. The first equation has the right hand side G, which
immediately yields the solution (I —G,)~1G,u = Z,%. Substituting this result
into the second equation we obtain the transposed right hand side

Nyattn = Nyyde + Nyytta = (Nyy Ze + Nyu )it = Nya [ ZI ] i,
Transposition and post-multiplication by (I — G,)~! yields the assertion.
Substitution of this result into the third yields firstly the term .G, =
T (ZT  IINyy(I — Gy)7'Gy = WT[ZT,I|NyyZ, to which we have to add
@7 Ngy, = 0 (ZF,I)N,,,. The sum can than be written as the asserted parti-
tioned matrix product.

The proposition states that for each selected direction % in the domain
space, the first derivative vectors yp converge to the state space direction
Ux = Z,u, which makes ¢ = (9., 4) a feasible direction in the full space
X =Y x U. The corresponding adjoint vectors % converge to the product of
the Lagrangian Hessian and the vector & = (9., %), except for the nonsingular
transformation 7 —G,,. The corresponding second order adjoints iy converge to
the transposed direction 7 multiplied by the reduced Hessian. As in Section 1
we will denote the latter by H,(1) = [Z7, I|N,.[Z2T,I]T € R™*™ for reasons
that will become clear later.

While the iteration (17) looks reasonably complicated it can also be real-
ized in a completely automatic fashion, which does not increase the complexity
by more than a constant factor. If one replaces % in the above results by the
identy I, on the design space the whole reduced Hessian H, (1) is obtained as
i« by what is sometimes called the vector mode of automatic differentiation.
Naturally the cost will then also grow by a factor of m, namely the dimension
of the design space. In our test calculations we have so far made that effort,
though we prefer a different projected Hessian denoted by H.(—1) that can
be obtained using a slight variation of (17).

The analysis in [11] shows that the errors in §; and thus also in 4y lag
asymptotically behind those in y, by a factor proportional to k% so that

[k = ull ~ [Tk = Gell ~ K flyx — sl (18)
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In view of (16) this effect is not surprising and probably not so serious, because
the accuracy of reduced Hessians is not nearly as critical as that of reduced
gradients for rapid and robust convergence.

Inexact Block Gauss-Seidel

Now suppose we decide to always execute the coupled step (13) » > 0 times,
before executing one optimization step of the form (7). Schematically, we may
write this approach as

-+« — [normal, adjoint]” — optim — - - (19)

Here [normal, adjoint| represents (13) with u; = u remaining unchanged
and optim represents the update

wprr = wp — Hy ' [Tk Guyiwe) + t fu(ve we)] ™ (20)

(Thus k is employed to count individual steps rather than whole cycles.)

When we select r very large the first two equation blocks in the KKT
system (3) are solved quite accurately, so that we have a block Gauss-Seidel
type method. However, it is clearly doubtful whether it makes sense to expend
a large computational effort for gaining feasibility and adjoint feasibility at a
design argument u that may still be far from the optimal. This observation
leads naturally to the concept of ’one-shot’ optimization as it is called in
the aerodynamics literature [16]. The basic idea is to adjust the design u as
frequently as possible in order to gain optimality more or less simultaneously
with feasibility.

From an ’algebraic’ point of view it seems attractive to adjust u at every
step. Here we tacitly assume that changing v from a current value ug to
a different design ur+; causes no extra cost for the subsequent evaluation
of the iteration function G at (yg+1,uk+1). However, in applications there
may be a significant setup cost for example due to the need to regrid after
changes in a wing design. In that situation our hypothesis that @g., costs
little extra on top of the evaluation of i+1 may also be a little naive. To
model these effects one would have to consider some partial preevaluation
of G(y,u) and then distinguish the cost of evaluating G and its derivatives
with or without a change in w. For simplicity we shy away from doing so, but
will keep this effect in mind. On a theoretical level one may refine G as a
subcyles of [ normal steps, such that its combined cost clearly dominates the
setup cost incurred by changing the design. In any case we may realistically
assume that m = dim(u) is so small that the linear algebra associated with
the optimization step especially storing and manipulating the preconditioning
matrix H is comparatively cheap.

Finally, as we have observed in the previous section for an RSQP-like
method it may make sense to perform more normal steps than coupled ones
so that one arrives at a the following most general scheme
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.+ — [normal]® — [normal, adjoint]” — optim — - - (21)

Here normal represents (9) with uy = wy remaining unchanged.

Now the key question is naturally how to first select the repetition numbers
s and 7 and then how to best define and compute the matrix Hy in (20). Since
there is no separate line-search it should absorb the step multiplier and achieve
the invariance with respect to linear transformations on the design space.
Naturally, when p{s17) is still close to 1.0 we must choose Hy large and thus
H ! small such that the design variables uy, are adjusted rather cautiously.
Otherwise the iteration may diverge immediately as was we have observed on
our test problem. On the other hand we wish to choose Hy small enough such
that the overall optimization proceeds at a reasonable pace that is not much
smaller than normal iteration for pure simulation at a fixed design u. While
there are some experimental studies and corresponding recommendations for
particular application areas we are not aware of a systematic study on the best
choice of the repetition numbers s,7 and the possible choices of Hy. There is a
natural tendency for optimization people to assume that the reduced Hessian
Hy = H, as defined in (8) is the optimal choice. However, we believe this only
to be true when p” is quite small so that a large degree of normal and adjoint
feasibility is restored before each optimization step. It certainly is not valid
at the other extreme namely for the one-step method

.-+ — [normal, adjoint, optim] — - - (22)

In contrast to the scheme above with s = 0 and 7 = 1 we assume here that
the reduced gradient (12) is still evaluated with the old values (yx, 7x) rather
than the new versions (yx+1,Jk+1) just obtained in the same cycle. As we
have discussed above, from an algebraic view point this value gx G (ye, uk) +
fu(Yk, uk) is a cheap by-product of evaluating [G, f] and G at (yk, Tk, uk), but
obtaining the newer reduced gradient gx+1 Gu(Yx+1, uk) + fu(ys, uk) would
require a completely new evaluation of the same quantities at (Y11, Jr+1, Uk)-
While this simplification may cause the loss of of superlinear convergence for
an RSQP like method, we believe that it makes very little difference for the
convergence speed in a pseudo-Newton setting.

4 Necessary Convergence Condition on H,

Throughout this section we assume that we are within the neighborhood of
a KKT point (y«,Tx,ux), i.e. a solution to (3) in which the contractivity
assumption (10) holds and G as well as f are twice Lipschitz continuously
differentiable. The contractivity implies linear independence of the constraints
G(y,u) —y = 0 and thus uniqueness of the multipliers g, for given (¥, u«).
Using the function N(y,7,u) defined above we may write one step of the
one-step scheme (22) as
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Yk+1 G (yk, uk)
Tet1 | = Ny (e, Grr ur) T . (23)
Uk+1 Ug — HEI[Nu(yk,gk,uk)]T

Omitting the common argument (Y., J«, us) and assuming that the Hy con-
verge to a limit H, we obtain at the fixed point the block 3 x 3 Jacobian

i O(Yk+1, Uk+1, Uk+1)
* Oye: Uk uk) iy, guua)
Gy 0 Gu
= Nyy GT Ny : (24)

~H YNy, —H7'GT I-H7'Ny,

The eigenvalues of the system Jacobian can be characterized as those of
its Schur complement.

Proposition 2 For any nonsingular H. = HT the eigenvalues of the matriz
J. are either eigenvalues of Gy or solve the nonlinear eigenvalue problem
det(M (X)) = 0 with

_ —(G, =A@
MQ) = A=1)H,+ -G (G] = AXI)7!, I|Nyp Gy ; )7 G , (25)
where Nyg = V%y)u)N e Rntm)x(n+m)
Proof: The eigenvalues A must solve the characteristic equation
Gy — Al 0 G,
0 = det Nyy sz — A Ny . (26)

—H7'Ny, —H'GT (1-X\I—-HI'Ny,

Without changing the roots we can premultiply the last block row by the
the negative of the nonsingular matrix —H,, which now occurs in place of 7.
Unless a A is eigenvalue of Gy, the leading 2 x 2 block has the inverse

(Gy — AD)™1 0

—(Gy — M)"TN, (G, — M)~} Gy~ AD)-T | (27)

Using this block to eliminate the last block row and block column we obtain
after some rearrangements as Schur complement exactly the negative of ma-
trix M ().

Now we look for conditions that exclude the existence of eigenvalues with
modulus greater than or equal to 1. To this end we denote the right term in
M(A) by

H(A)

I}
S
p
p—
A~
M~
>
]
1=
N
>
p—
N
M~
N
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where
Z(\) = M -GG, € R™™,

Since we may write the state constraints as G(y,u) —y = 0 the columns of
the particular matrix Z(1) represent feasible directions restricted to the state
space. Therefore the positive definiteness property of H(1) being positive def-
inite, denoted by H{(1) > 0, corresponds to the usual second order sufliciency
condition at constrained minima. More generally the rows of [Z(\)7, I] span
the tangent space of the manifold {G(y,u) = Ay} and H()) represents the
projection of N, onto that m-dimensional subspace.

The nicest situation occurs when G, has n distinct real eigenvalues and
our optimization problem is strongly convex in that the Lagrangian Hessian
Ny is positive definite on the whole space X = R™*™, Then the rational
function det M (A) has n double-poles in the interval (—1,1) and for positive
definite H, we may expect two eigenvalues of J, close to each one of them. Of
those only the ones beyond the largest and below the smallest eigenvalue of G
may destroy contractivity. However, there is no guarantee that there may not
be complex eigenvalues of modulus greater than 1.0 even in this convenient
scenario. Therefore the necessary conditions for convergence derived in the
following proposition are probably quite far from sufficient.

Proposition 3 Provided H(1) > 0, it is a necessary condition for J. to have
no real eigenvalues A > 1 that H. > 0 and det(H (1)) # 0. Moreover, then for

~

J« also to have no real eigenvalues A < —1 it is necessary that H, > %H(—l).

Proof: Since M (1) = H(1) the singularity of H(1) would immediately
imply that A = 1 is an eigenvalue of J,, which establishes det(H (1)) # 0. As
clearly Z(A\) = O(J]A|7!) we have H()\) = Ny, +O(|A|7}) and the leading term
(A=1)H, of M () as defined in (25) dominates M (A) for large {A|. Now if H,
had a negative eigenvalue the matrix M (\), which reduces to H(1) = M(1) at
A = 1, would have to become singular for some A > 1. Because H, is by defini-
tion symmetric and nonsingular we must therefore have H, > 0. Now suppose
the second condition was violated so that M(~1) = ~2H, + H(-1) has a
positive eigenvalue. Then there would have to be a real eigenvalue A < —1
since (A — 1)H, and thus M()) must be negative definite for large negative A.

According to Proposition 2 it is necessary for the iteration (23) to be
contractive that

0 < 2H, = H(=1) = [GT(I+G) T, 1IN [(I +Gy)"'Gy, )7,

provided the second order sufficiency conditions are satisfied at the KKT
point in question. If the underlying optimization problem is strongly convex
then H(—1) is like all H(\) positive definite and it looks like a reasonable
candidate for the preconditioner H,. On the other hand there is no reason,
why the standard projected Hessian H(1) should be greater than H(—1)/2
and if it fails to do so then using it in (23) must prevent even local convergence.
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On our test problem the standard choice H, = H,(1) leads to immediate blow
up of the iteration, while H, = H,(~1) yields full step convergence without
any line-search. While the problem is not everywhere convex we found that
eventually all components of the Lagrange multiplier vector g, were positive
so that naturally both H, = H.(1) and H, = H.(—1) allowed a Cholesky
factorization.

To make the surprising result of our eigenvalue analysis a little more in-
tuitive we offer the following, admittedly very vague explanation. The matrix
Z(1) = (I — Gy)~'G,, spans the tangent space of {G(y,u) = y}, which is rich
in the eigenvectors of G, for which the corresponding eigenvalues are close
to +1.0. We may call them mononotic modes in contrast to the alternating
modes associated with eigenvalues close to —1.0 The latter are richly repre-
sented in Z(—1) = (I + G,)~'G, whose columns span the tangent space of
{G(y,u) = —y}. By preconditioning the approximate reduced gradient with
H(-1) = Z(-1)T N, Z(—1) we seem to be monitoring more the effects of
these alternating modes. Their strength is perhaps more detrimental to a
regular convergence behavior than that of the monotonic modes.

To actually compute approximations Zy =~ Z{—1) € R**™ and Hy =~
H.(—1) € R™*™ one may use the following modification of the vector itera-
tion (17).

—Zri1 Gy (Y, W) 2y + Gu(Yr, Tk, u)
—Zk41 | = | ZuGyyr,u) + (Nyy Wk, Tk, w) Zk + Nyu (Ys, T, w) "
Hyer1 Z1Gu(yr, w) + (Nuy (Wies Tk, u) Zs + Ny (ye, T, w) T

(28)
Here the matrix Z, € R™*" represents the adjoint of Z,. The two minus
signs in front of Zy,; and Zx,1 on the left are quite deliberate and result
from setting A = —1. Of course we can move them to the right, especially
in order to verify that we have again linear contractions in the state space
Jacobian. Leaving them on the left only illustrates that we can use standard
differentiation procedures to evaluate the right hand sides and then only have
to flip signs to get the correct values for Zy,; and Zpy.

Finally, let us consider what happens when the design variable u is replaced
by Cu with C € R™*™ and det(C) # 0. Then all differentiations with respect
to the new design variable will ’eject’ the extra factor C according to the
chainrule. In particular the reduced gradient @ and the matrices Z(A) will be
multiplied from the right by C, and H()) will be multiplied from the right
by C and from the left by C7. The same will be true for any preconditioner
H, that we define as a linear combination of one or several of the H()).
Then it can be checked without too much trouble that the corrections to the
design variables according to (20) are C~! times those for the original setting
and thus unchanged except for the coordinate transformation. Hence we have
indeed achieved invariance with respect to the inner product norm and the
design space U.
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5 Numerical Verification

The following results were obtained on the unit square for a variant of the
Bratu equation frequently used in combustion modeling.

Agy(z) +e¥® =0 for z=(¢,n)€0,1)? st

y(0,m) =y(l,m), y(0)=sin(27¢), y(¢,1)=wu(() for ¢,nel01]

Hence the problem is periodic with respect to the horizontal coordinate ¢ and
has Dirichlet boundary conditions on the lower and upper edge of the unit
square. The function u is viewed as a boundary control that can be varied to
minimize the objective

1
f(y,u)Z/o {——81/(8737’0

In the following calculations we used ¢ = 0.001 and the control  is set initially
to the constant u(¢) = 2.2. This value is not all that far from the fold point
where solutions cease to exist due to overheating of the system.

We use a central difference discretization with the meshwidth 1/12.0 so
that the resulting algebraic system involves 144 equations in as many variables.
Since the nonlinearities occur only on the diagonal one can easily implement
Jacobi’s method to obtain the basic function G(y, «). For this simple example
we also coded by hand the corresponding adjoint iteration function G defined
in (11) and even the somewhat more complicated right hand side of (17). The
results were later confirmed using the automatic differentiation tool ADOL-~
C [10].

As can be seen in Fig.1 the convergence of the Jacobi method is rather
slow with the common R-factor being about (1—1/300). The lowest curve rep-
resents the natural logarithms of the Euclidean norm ratios ||ys+1 —yxll/|v1 —
yoll, which provide some indication of the norm ratios ||yx — ¥« ||/ llvo — yxll.
In view of the very slow convergence this relation need certainly not be very
close. Nevertheless the theory is basically confirmed with the first derivatives
N9k+1 — 9rll/191 — Yoll and ||Fk+1 — Gell/liT1 — Fol| lagging somewhat behind,
and the second derivatives ||gk+1 — Uxll//|J1 — Jol| coming in last.

On closer inspection it was found in [11] that the ratio between these
derivative quantities and the original iterates confirms after an initial tran-
sition phase the asymptotic relations (16) and (18). While the adjoints
were defined as vectors, the direct differentiation was performed simultane-
ously with respect to all components of the discretized u so that the quantity
% occurring in (17) was in fact the identity matrix of order 12. Consequently,
Uk = Zy and 4, = Zj had also 12 times as many components as the underlying
Yy, and gk, which had both n = 144 components.

Without and with the sign switch the Hessians Hj converged for fixed
u quite rapidly to the respective limits H(1) and H(—1) displayed in Fig.2

2 1
—4 —cos(2m¢)| d¢ + 0/0 [u(¢)? +u/(¢)?] de.

n=1
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Fig. 1: Convergence pattern for fixed design u = 2.2

and Fig. 3. Both are Toeplitz matrices and look rather similar to discretized
Laplacians in 1D. It was shown in [12] by Hazra and Schulz that the reduced
Hessian must have this property exactly on the original test problem without
the nonlinear term, which causes only a relatively compact perturbation. By
comparison the diagonal elements in H(—1) are about 50% larger than those
of H(1), which results in slightly shorter and thus more cautious optimization
steps. Moreover, there are also structural differences as H(1) is apparently
an M-matrix, whereas the subdiagonals of H(—1) have alternating signs and
don’t decline quite as rapidly as those of H(1).

In any case, as soon as the optimization correction (7) is added using either
approximations Hy ~ H(1l) or Hy =~ H(—1) the convergence behavior is very
different. The first, seemingly natural choice results in an immediate blow up
whereas the second achieves convergence of the full steps without any line-
search. The resulting values of the objective function f{y,ur), its Lagrange
correction according to (15) and the Euclidean norm of the reduced gradient
iy, are displayed in Fig. 4. As one can see the optimum is reached with about
6 Figure accuracy after some 1600 iterations, which is roughly twice as many
as it took for the simulation with constant design v to reach that level of
accuracy. The reason for the subsequent oscillation in the reduced gradient
remains as yet a little mysterious. In order to make the method converge with
steps of the form —aH, (1)~ 4, we had to use a step multiplier o smaller than
0.04. On the other hand we could only use steps —aH,(—1)"1a; with o up
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Fig. 2: The reduced Hessian H.(1)
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Fig. 3: The projected Hessian H.(—1)

-1=

to about 1.3 before convergence was lost. This indicates that —H.(—1)"'a

is fairly optimal.

6 Summary and Outlook

We have considered the problem of minimizing an objective function subject
to a very large dimensional state equation with a separate design space. After
reviewing some reduced SQP variants we considered one-shot methods based
on a rather slowly converging state equation solver. This approach promises
a convenient transition from simulation to optimization at a limited increase
in computational cost. Based on the convergence analysis in [9] for fixed de-
sign, we addressed the task of selecting a suitable preconditioner H, for the
approximate reduced gradient to allow an adjustment of the design variable
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Fig. 4: One-step one-shot convergence with variable design

at each iteration. This was referred to as one-step one-shot design. Our eigen-
value analysis yielded certain necessary convergence conditions, which are not
necessarily satisfied by the conventional reduced Hessian H.(1). A more suit-
able choice seems to be another projection H.(—1), though there is certainly
no guarantee even of local convergence either.

In any case our current approach of evaluating either one of the projected
Hessians as second order vector adjoints is certainly too expensive. To avoid
a cost that grows proportional to the number of design variables we will pur-
sue a low rank updating approach. Another possible improvement concerns
the spacing of optimization steps. There is some indication that normal and
adjoint iterations should be repeated at least twice before each correction on
the design variables. That would turn the alternating modes of the state space
Jacobian into monotone modes and thus possibly favor the reduced Hessian
as preconditioner. However, this simple remedy need not work if there are
complex eigenvalues as one should certainly expect in general. In general one
would like to obtain a relation between the contractivity factor p of the given
simulation code and the best convergence rate on can achieve for a multi-step
optimization scheme of the most general form (21). For that one can not sim-
ply ignore complex eigenvalues as we have done so far. Of course, there are
many unresolved nonlocal issue, chiefly how to force convergence and how to
deal with inequalities.



Projected Hessians 171

References

10.

11.

12

13.

14.

15.

16.

. Biegler, L.T., Nocedal, J., Schmid, C.: A reduced Hessian method for large-scale

constrained optimization. SIAM J. on Optimization, 5, 314-347 (1995).

Biros, G., Ghattas, O.: A Lagrange-Newton-Krylov-Schur Method for PDE-
Constrained Optimization. SIAG/OPT Views-and-News, 11(2), 1-6 (2000).
Coleman, T.F., Conn, A.R.: On the local convergence of a quasi-Newton method
for the nonlinear programming problem. SIAM J. Num. Anal., 21, 755-769
(1984).

Courty, F.: Optimization différentiable en mécanique des fluides numeérique,
Ph.D. Thesis, Université Paris-Sud (2003).

Deuflhard, P. , Potra, F.. Asymptotic mesh independence of Newton-Galerkin
methods via a refined Mysovskii theorem. STAM Journal on Numerical Analysis,
29(5), 1395-1412 (1992).

Gilbert. J.Ch.: Automatic Differentiation and Iterative Processes. Optim. Meth-
ods Softw., 1, 13-21 (1992).

Griewank, A: Evaluating Derivatives, Principles and Techniques of Algorithmic
Differentiation. SIAM, Philadelphia, 19 (2000).

Griewank, A.: A mathematical view of automatic differentiation. Acta Numer-
ica, 12, 312-398 (2003).

Griewank, A., Faure, C.: Reduced functions, gradients and Hessian from fixed
point iteration for state equations. Numerical Algorithms, 30(2), 113-139
(2002).

Griewank, A., Juedes, D., Utke, J.: ADOL-C, a package for the automatic dif-
ferentiation of algorithms written in C/C-++ . TOMS, 22(2), 131-167 (1996).
Griewank, A., Ponomarenko, A.: Time-lag in derivative convergence for fixed
point iterations. Proceedings of CARI'04, 7th African Conference on Research
in Computer Science, 295-304 (2004).

Hazra, S.B., Schulz, V.: Simultaneous pseudo-timestepping for PDE-model
based optimization problems. Bit Numerical Math., 44(3), 457-472 (2004).
Heinkenschloss, M., Vicente, L.N.: An interface between optimization and appli-
cation for the numerical solution of optimal control problems. ACM Transactions
on Math. Software, 25(2), 157-190 (1999).

Mohammadi, B., Pironneau, O.: Applied Shape Optimization for Fluids. Numer-
ical Mathematics and Scientific Computation, Cladenen Press, Oxford (2001).
Ortega, J.M., and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations
in Several Variables. Academic Press, New York (1979).

Ta'asan, S., Kuruvila, G., Salas, M.D.: Aerodynamic design and optimization
in one shot. In: 30th ATAA Aerospace Sciences Meeting and Exhibit, American
Institute of Aeronautics and Astronautics, Reno, Paper 91-0025 (1992).



Conditions and parametric representations of
approximate minimal elements of a set through
scalarization*

César Gutiérrez!, Bienvenido Jiménez?, and Vicente Novo®

! Departamento de Matematica Aplicada, E.T.S.1. Informéatica, Universidad de
Valladolid, Edificio de Tecnologias de la Informacién y las Telecomunicaciones,
Campus Miguel Delibes, s/n, 47011 Valladolid, Spain (cesargv@mat.uva.es)
Departamento de Economia e Historia Econdmica, Facultad de Economia y
Empresa, Universidad de Salamanca, Campus Miguel de Unamuno, s/n, 37007
Salamanca, Spain (bjimenlQencina.pntic.mec.es)
® Departamento de Matematica Aplicada, E.T.S.I. Industriales, Universidad
Nacional de Educacién a Distancia, ¢/ Juan del Rosal, 12, Ciudad Universitaria,
28040 Madrid, Spain (vnovo@ind.uned.es)

Summary. This work deals with approximate solutions in vector optimization
problems. These solutions frequently appear when an iterative algorithm is used
to solve a vector optimization problem. We consider a concept of approximate effi-
ciency introduced by Kutateladze and widely used in the literature to study this kind
of solutions. Working in the objective space, necessary and sufficient conditions for
Kutateladze’s approximate elements of the image set are given through scalarization
in such a way that these points are approximate solutions for a scalar optimization
problem. To obtain sufficient conditions we use monotone functions. A new concept
is then introduced to describe the idea of parametric representation of the approx-
imate efficient set. Finally, through scalarization, characterizations and parametric
representations for the set of approximate solutions in convex and nonconvex vector
optimization problems are proved.

Key words: c-efficiency, approximate solution, parametric representation,
monotone function.

1 Introduction
In this paper, we deal with the following vector optimization problem:
min{f(z) : z € S}, (VP)

* This research was partially supported by Ministerio de Ciencia y Tecnologia
(Spain), project BFM2003-02194.
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where f: X — RP, X is a normed space, S C X, S # 0 and RP? is ordered via
Pareto order (we denote the nonnegative orthant of R? by R% ):

y1,92 €ERP, y1 <yo <= y1—y2 € —RE.
Usually, to solve (VP), i.e., to find the set of efficient points
MIN(f,8) :={z € §: (f(z) = RZ\{0}) N f(5) = 0},
or the set of weak efficient points (we denote the interior of a set A by int(A4))
WMIN(f,8) :={z € §: (f(z) — nt(R})) N f(S) = 0},

a scalarization procedure and an iterative algorithm are used. Scalarization
methods transform (VP) into a scalar optimization problem

min{(¢ o f)(z) : z € S}, (SP)

with ¢ : RP — R, in such a way that solutions of (SP) are efficient points of
(VP). However, when an iterative algorithm is used to solve (SP), the following
approximate solutions are just obtained:

ASMIN(po £,5,¢) = {zo € S : (f(x0)) — ¢ < p(f(2)),¥z € S},

where ¢ > 0 gives the precision achieved.

To analyze these questions, we introduce a notion of parametric repre-
sentation for the set of approximate solutions of (VP). With this notion, we
extend the usual concept of parametric representation (see [Wie86, Section 2]
for the definition) from the set of efficient points to the set of approximate
efficient points.

The following concept of approximate efficiency due to Kutateladze [Kut79]
is considered to define the notion of approximate solution of a vector optimiza-
tion problem.

Definition 1

(a) Let € > 0 and ¢ € RE\{0}. It is said that a point x € S is a Pareto
eq-efficient solution of (VP) if

(f(z) —eq — REN{O}) N f(S) = 0.

(b) Given ¢ > 0 and ¢ € RE\{0}, it 4s said that a point x € S is a weak
Pareto eq-effictent solution of (VP) if

(f(z) —eqg — int(RE)) N f(S) = 0.

We denote the set of Pareto eg-efficient solutions of (VP) by AMIN(f, S, ) and
the set of weak Pareto eg-efficient solutions of (VP) by WAMIN(f, S,¢). It is
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clear that AMIN(f, S,e) C WAMIN(f, S,¢), Ve > 0. Moreover, if g € int(RY)
then
WAMIN(f, S,¢) € AMIN(f,5,v), Yv>e>0. (1)

The work is structured as follows: in Section 2, necessary and sufficient
conditions for approximate elements of a set, in the sense of Kutateladze, are
obtained through scalarization. After that, in Section 3, several characteriza-
tions for Kutateladze’s approximate solutions of (VP) are deduced. Moreover,
a new concept of parametric representation is introduced and, using the previ-
ous necessary and sufficient conditions, some parametric representations are
obtained for the set of approximate efficient solutions of (VP). Finally, in
Section 4, some conclusions that summarize this work are presented.

2 Necessary and sufficient conditions

Let us redefine MIN(f, S), WMIN(f, S), AMIN(f, S,¢) and WAMIN(f, S,¢)
to consider efficient, weak efficient, eg-efficient and weak eg-efficient elements
of a set K C RP.

E(K):={ye K:(y-RE\{0}) N K =0},
WE(K):={ye K: (y—int(R]))n K =0}.
Definition 2

(a) Consider € > 0 and ¢ € RE\{0}. A point y € K is called a Pareto eg-
efficient element of K if

(y—eg —REN{OP) N K =0.

(b) Given € > 0 and g € RE\{0}, it is said that a point y € K 1is a weak
Pareto eq-efficient element of K if

(y—eqg—int(RE))NK = 0.

We denote the set of Pareto eg-efficient points of K by AE(K,e) and
the set of weak Pareto eg-efficient points of K by WAE(K,¢). It is clear
that f~1(AE(f(S),e)) NS = AMIN(f, S,e) and f~Y(WAE(f(S),e))N S =
WAMIN(f, S, ¢). Moreover, AE(K,e) € WAE(K,¢), AE(K,0) = E(K) and
WAE(K,0) = WE(K). In [HP9%4, Section 3.1] and [GINO05b] important prop-
erties of the set AE(K, ), considered as an approximation to E(X), are an-
alyzed. One of them is related with the limit behavior of the set-valued map
F:(0,00) = X defined by F(e) = AE(K,¢) when e — O

lim AB(K, ¢) = () AE(K, £) = WE(K). (2)

e>0
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For more details we refer the reader to [HP94] and [AF90, Sections 1.3 and
1.4).

In this section, our objective is to describe the sets AE(K, €) and WAE(K, €)
through approximate solutions of several scalar optimization problems, i.e.,
to relate the points of AE(K, ¢) and WAE(K, ¢) with elements of the set

ASE(K,¢,e) ={y € K : o(y0) —€ < ¢(y),Vy € K}.

Notice that ASMIN(p o f, S,¢) = f~H(ASE(f(S),p,e)) N S.

As it is usual in the study on efficient points of a set via scalarization,
sufficient conditions to Pareto eg-efficiency are obtained through points in
ASE(K, p,e), when the function ¢ is monotone (see for instance [Tam94,
Theorem 2 and Corollary 1(2)]).

Definition 3 Let us consider ¢ : R? — R,
(a) @ is monotone if for every y € RP,
o(z) Sp(y), Ve ey -RL.
(b) ¢ is strongly monotone if for every y € RP,
(z) < oly), ¥z € y —RE\{0}
(¢) ¢ is strictly monotone if for every y € RP,
p(2) < p(y), Yz €y~ nt(RY).

It is clear that (b) implies (a), (b) implies (¢), and if ¢ is continuous then (¢)
implies (a). Next, we give several examples of these notions. We denote the

components of a point ¥ € R? by (y1,v2,...,¥p) and the usual scalar product
in R? by (-, ).

Example 1

(a) A linear function ¢(y) = (\,y) is continuous strictly monotone (and

consequently monotone) if A € R \{0} and it is strongly monotone if
A€ int(RE).

(b) The max type function ¢(y) = Jax {vi(y; — z;) }, where z € R?, is mono-~
<i<p

tone if v € RE and it is continuous strictly monotone (and consequently
monotone) if v € int(RY).

Next, we show under mild conditions that if ¢ is a monotone (or strongly
monotone) function, then some points in ASE(K, ¢, §) are Pareto eg-efficient
elements of K and the error € depends on the precision §. Similarly, we see
that if ¢ is a strictly monotone function, then some elements of ASE(K, ¢, §)
are weak Pareto eg-efficient points of K.

For a function ¢ : R? — R and errors £, § > 0 we consider the following
sets:

S1(p,&,0) = {y € RP: 0(y) — ¢(y — eq) > 6},
Sa(,€,0) = {y € RP : p(y) — oy — £q) = 0}
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Theorem 1 Let us consider €, § > 0 and ¢ € RE\{0}.

(a) If ¢ is monotone then
Si(p,e,8) N ASE(K, ,8) C AE(K,¢).
(b) If v is strongly monotone then
So(p,e,8) NASE(K, ¢, 6) C AE(K,¢).
(c) If ¢ is strictly monotone then
So(p,e,6) NASE(K, ¢, d) C WAE(K, <),

Proof. Part (a). Suppose that the result is false. Then, there exists a point
Yo € Si(yp,€,8) N ASE(K, p,8) such that yo ¢ AE(K,¢). Consequently, there
exists y € K such that y € yo —eq —RE\{0}. As ¢ is monotone we have that

e(y) < w(yo —€q). (3)
Since yo € ASE(K, p,6) and y € K, we deduce that

©(yo) — 6 < o(y) (4)

and, from (3), it follows that

©(yo) — p(yo —€q) <6,

contrary to yo € S1(¢, ¢, 8).

The proofs of parts (b) and (c¢) are similar. In (b), since ¢ is strongly
monotone, we have that ¢(y) < ¢(yo — €¢g) in equation (3). Therefore, (4)
shows that

@(yo) — w(yo — €9) <4,

contrary to Yo € Sa(p,€,d). In part (¢), if there exists a point yo € Sa(p,&,8)N
ASE(K, ¢, d) such that yo ¢ WAE(K,¢) then there exists y € K such that
Y € yo — €g — int(R7). From here, the proof follows as in part (b) since ¢ is
strictly monotone. |

Theorem 1(b)-(¢) extends for example the results in [Wie86, first part
of Theorem 9] and Corollary 1 of this paper considering as set K the im-
age set f(S) of (VP). These results are obtained by taking € = 0 in Theo-
rem 1(b)-(c). Moreover, several usual sufficient conditions for eg-efficient and
weak eg-efficient solutions obtained through approximate solutions of scalar-
izations based on linear or max functions are generalized (see for instance
Loridan [Lor84, Proposition 3.2(ii)], White [Whi86, Lemma 3.2], Deng [Den97,
Theorem 2.1], Li and Wang [LW98, Theorems 4 and 5], Liu [Liu99, Theo-
rem 1], Dutta and Vetrivel [DV01, Theorem 2.1) and Gutiérrez, Jiménez and
Novo [GINO5a, Lemma 3.1]).
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Necessary conditions for weak Pareto eg-efficient elements are now proved
through scalarizations given by linear and max type functions. With max type
functions, we obtain necessary conditions for weak Pareto eg-efficient points
of a general set, and with linear functions we obtain necessary conditions for
weak Pareto eg-efficient elements of R%-convex sets (a set K is R -convex
when K + RE is a convex set).

Let us consider ¢ € int(R% ). For every y € K we denote

oy(2) = lrél?gcp{(zi - i)/}

Theorem 2

(a) WAE(K,e) C | ASE(K, ¢y,¢).
yeK
(b) If K is a RE -convex set and g € RE\{0}, then

WAE(K»S) C U ASE<K5 <>\7>a€<)‘aQ>)
AERE.[All=1

Proof. Part (a). We prove that
y € WAE(K,¢) = y € ASE(K, ¢y, ¢€).

Indeed, ¢y(y) = max {(y: — 4i)/a:} = 0 and @y (2) 2 —¢, V2 € K, since if
<igp
there exists a point z € K such that

#y(2) = max {(z —vi)/ai} < —¢
then z; < y; —eq;, Vi =1,2,...,p and it follows that z € y — ¢ — int(R%),
which is a contradiction since y € WAE(K, ¢).
Part (b). Let us consider yo € WAE(K ¢). As int(R%) + RE = int(RY) we
have that
(yo —eqg —imt(RL) N (K +RE) =0,

where K —i—Rﬁ_ and yo —eq — int(]Ri) are convex sets. Then, by the separation
theorem (see for instance [BSS93, Corollary 1, pg. 50]), we deduce that there
exists A € RP\{0} such that

(Myo—eqg—di) < (Ny+dy), Vdi,dgeR VyeK. (3)

We can assume that | A|| = 1 (considering A/||A]| if it is necessary), since A # 0.
As R% is a cone and (),-) is a linear function, taking y = yo and d; = 0 in
(5) we obtain

—e(M\ @) <al)ddi), Vdi€RE,Va>0.

Therefore, (A, d1) > 0,Vd; € RY and then A € R% . Finally, taking d; = dy =0
in (5) we have that
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<Aay0> _5</\>q> = <’\790 —'EQ> < </\ay>’ vy €K

and so yo € ASE(K, (A, ), e(), q)). O

From Theorem 2(a), an approximate nonconvex separation between the
set K and some points yo € int(K) can be obtained. When ¢ = 0 this result
becomes the usual nonconvex separation theorem between a set K and points
yo ¢ K + int(R%) (see for instance [Wie86, Theorem 10 applied to function
(32) in this reference|). Notice that Theorem 2(a) is direct, in the following
sense: we know a priori which test function gives a necessary condition to
check if a previously fixed point is eg-efficient.

In Theorem 2(b) we have achieved a nondirect approximate separation
between a Rﬁ_-convex set K and some points yo € int(K) by means of lin-
ear functions and using the classical convex separation theorem (see for in-
stance [BSS93, Corollary 1, pg. 50]). This classical result can be obtained from
Theorem 2(5) taking ¢ = 0.

3 Characterizations and parametric representations

With the above necessary and sufficient conditions proved in the image space
we now describe the sets of eg-efficient and weak eg¢-efficient solutions of (VP)
using approximate solutions of several scalarizations. This description is done
through a new notion of parametric representation that we introduce as fol-
lows.

Let {¢n}tacp be a family of scalar functions ¢, : R? — R, where P is a
parametric index set, and let G : P == X be a set-valued map. Consider the
following two properties:

(P1) There exists ¢; > 0 such that

|J ASMIN(gq o f,SNG(),8) C AMIN(f,S,c,6), Y3>0.  (6)
acP

(P2) There exists ¢, > 0 such that

AMIN(f,S,¢) C | ] ASMIN(g 0 £, 8N G(a),cne), Ye>0.  (7)
aEP

Definition 4 We say that {©a}tacr and G give a parametric representation
of AMIN(f, S,¢) if properties (P1) and (P2) hold.

The notion of parametric representation has been used in the literature
to describe the efficiency set of vector optimization problems as (VP) (see
for instance [Wie86, Section 2]). With Definition 4 we extend this concept
to approximate solutions. Notice that the conditions considered in [Wie86,
Section 2] to define the concept of parametric representation of MIN(f, S) are
obtained from Definition 4 taking § = 0 and € = 0 in (6) and (7), respectively.

In the following definition we introduce a similar concept for the set of
weak Pareto eg-efficient solutions of (VP).
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Definition 5 We say that {©¢}tacp and G give a parametric representation
of WAMIN(f, S,¢) if properties (P1) and (P2) hold replacing AMIN(f, S, cs9)
by WAMIN(f, S, ¢s8) in (P1) and AMIN(f, S,2) by WAMIN(f, S,¢) in (P2).

Remark 1

(a) G(o) represents a possible additional constraint motivated by the scalar-
ization @q.

(b) Conditions (P1) and (P2) ensure that all eg-efficient solutions, and only
this kind of solutions, can be obtained by solving the scalar optimization
problems given by the objective functions ¢, o f, o € P. Moreover, (P1)
ensures that an improved eg-efficient solution is obtained when the scalar
objective decreases, since ¢s6 — 0 if § — 0, and this improvement depends
on the properties of the set AMIN(f, S,e) when € — 0 (see for instance
property (2)).

(c) It is clear that (P1} and (P2), respectively, imply sufficient and necessary
conditions. However, the concept of parametric representation is stronger
than the notion of characterization because the former ensures that suffi-
cient conditions do not depend on a fixed point, that is to say, all approx-
imate solutions in ASMIN(p4 o f, SN G(e),d) are csdg-efficient solutions
of (VP).

By Remark 1(5)-(c) we conclude that Definitions 4 and 5 give an useful frame-
work to analyze approximate solutions of scalarizations obtained via iterative
algorithms,

Next, we deduce several parametric representations.

Theorem 3 Let us consider g € int(R%).

(a) The family {©f(z)}zes, where

@1 (y) = max{(y; — fi(z))/a@:},
gives a parametric representation of WAMIN(f, S,e) and AMIN(f, S, ¢)
with ¢s = ¢, =1 and ¢5 > ¢, = 1, respectively.
(b) If f is a convex function and S is a convez set then the family {(\, ) }rep,
where

P={AeRS: Al =1},

gives a parametric representation of WAMIN(f, S,¢e) and AMIN(/, S, ¢)
with ¢ = ks := 1/min{{(A,¢) : A € P}, ¢n = kpn 1= max{{A,¢) : A € P}
and ¢g > kg, cn = kn, respectively.

Proof. Part (a). For every € > 0, by Theorem 2(a), it follows that
AB(£(S),¢) C WAE(£(S),6) C | ASE(£(S),0sape).  (8)
z€S

From Example 1(b) we see that ¢y, is a strictly monotone function for every
x € S and consequently, by Theorem 1(c¢), we deduce that
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S2(s(a):&:8) N ASE(£(S), 050 8) C WAE(f(S),e), VzeS.  (9)

As
) (¥) —@r)(y—eq) =¢, VyeR?,
then Sy(¢(a),€,€) = RP and by (8)-(9) we have that

c |J ASE(£(S), ¢f(x), &) = WAE(£(S),¢).

z€S

Thus,

JTHAE(A(S),8) NS € | FHASE(f(S), ¢se, ) N S

z€S

= fTY(WAE(f(S),e)) N S
and

AMIN(f,8,¢) € |_J ASMIN(g;(z) o £, S, )
z€S
= WAMIN(f, S,e) C AMIN(f,S,ce), Ve>1,Ve>0, (10)

where (10) is a consequence of (1). From here we see that the family
{5 }zes and the set-valued map G(f(z)) = X give a parametric repre-
sentation of WAMIN(f, S,¢) with ¢; = ¢, = 1 and they give a parametric
representation of AMIN(f, S,¢) for every ¢; > 1 and ¢, = 1.

Part (b). As f is a convex function and S is a convex set then f(S) is a R -
convex set. Moreover, for every A € P, (},+) is a strictly monotone function
such that

Ay) — (A y—eq) =¢e(Ng), VYyeRP,

and 80 S2({\, ), &,e{), q)) = RP. Then, for every ¢ > 0, by Theorems 1(¢) and
2(b) we have that

c |J ASE(£(5), (A, ), e(\, @) = WAE(£(S),e).

AEP
Therefore,
FTHAE(A(S),e)) NS < |J FHASES(S), (A ) e\ @) NS
- = fTH(WAE(f(S),e))N S
and
AMIN(f,S,e) € | ASMIN((),") © f,5,2(\, @) (11)
AEP

= WAMIN(f, S, &) € AMIN(f, S,ce), Ve>1,Ye>0, (12)
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where (12) is a consequence of (1). Let us consider ky, := max{(\,q) : A € P}
and ks :=1/min{(),¢) : A € P}. As ¢ € int(R%) and P is a compact set, by
Weierstrass’ Theorem it follows that kn, ks € (0,00). Then, by (11)-(12), we
conclude that the family {(}\, )} ep and the set-valued map G{A) = X give
a parametric representation of WAMIN(S, S, ¢) taking ¢, = kn, ¢s = ks and
they give a parametric representation of AMIN(f, S, ¢) for every ¢; > ks and
Cn = kn. O

The family {¢()}zes has been considered by Wierzbicki in [Wie86] to
obtain a parametric representation of the efficiency set of (VP). Theorem
3(a) extends [Wie86, scalarization (32) and Theorem 10] from the set of weak
efficient solutions to the set of weak Pareto eg-efficient solutions of (VP).
Theorem 3(b) also extends Theorem 1 in [Wie86], that describes a parametric
representation of the set of weak efficient solutions in convex vector opti-
mization problems, to weak approximate solutions of (VP) in the sense of
Kutateladze.

Example 2 Let (VP) be the vector optimization problem given by the fol-
lowing data: X = R?,p =2, f(z,y) = (z,y), S = R2 and ¢ = (1,1). It follows
that
WAMIN(f, S,e) = {(z,y) e R®: 0< z < ¢,y >0}
U{(z,y) €eR%:2>0,0<y<e}
In order to obtain a parametric representation of WAMIN(f, S, ¢) from Theo-
rem 3(a), let (a,b) € RZ be a feasible point and consider the scalar optimiza-

tion problem
min{(¢a © f)(z,y) : 7,y 2 0},

where ¢, p(z,y) = max{z — a,y — b}. It is easy to check that
ASMIN(pgp o f, S, ¢€)
B {(z,y) eR?:0<2<¢e,0<y<e+(b-a)}ifb>a
T {(z,y) €eR?:0<z<e+(a—b),0<y<e}ifa>b

and so, it is clear that the set

J ASMIN(gupof, S, e)

(a,b)E]Ri
gives a “parametric representation” of WAMIN(f, S, ¢).

From Theorem 3 we obtain the following characterizations for Pareto and
weak Pareto eg-efficient solutions of (VP). Notice that (a.1)(=>) and (a.2) are
direct necessary conditions and, however, (6.1)(=) and (b.2) are not direct
necessary conditions.
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Corollary 1

(a) Let us consider q € int(R).

(a.l) z € WAMIN(f,S,¢) <= 2 € ASMIN(py( o f,S,¢).

(a.2) x € AMIN(f,S,e) = = € ASMIN(¢s(;) © f, S,€).

(a.3) z € ASMIN(ps © f,S,€) = = € AMIN(f, S,v), Vv > e

) Let us consider that f is a convex function, S is a convex set and q €

REN{0}. Then
(b1) 2 € WAMIN(f, S,e) <= z¢ | ASMIN((A,-)of,S,e(\q)).
AER? J|A]=1

(b.2) x € AMIN(f,S,e) = there exists A € RE with |\l = 1 such that
x € ASMIN({),-) o f, S, &(A, q)).

(0.3) If ¢ € int(RE), A € RE\{0} and z € ASMIN((},") o f,5,e) = z €
AMIN(f, S,v), Vv > e/{Aq).

(b

In [LW98, Theorem 1], Li and Wang have obtained a characterization
for weak sg-efficient solutions of (VP) via approximate solutions of several
scalarizations. In Corollary 1(a.1) we have proved an equivalent condition,
which is simpler since it uses a single scalarization.

4 Conclusions

In this work, approximate efficient solutions of vector optimization problems
have been analyzed using a concept of approximate efficiency introduced by
Kutateladze in [Kut79]. We have obtained relations between these approxi-
mate solutions and approximate solutions of several scalarizations. This rela-
tions are important because the methods used to solve a vector optimization
problem are usually based on scalarization processes.

Next, a notion of parametric representation for the set of approximate
efficient solutions defined by Kutateladze has been introduced and two specific
parametric representations have been given via linear and max type functions.
Our theorems extend several previous results since we consider nonconvex
problems.
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Summary. This contribution contains a description of efficient methods for large-
scale unconstrained optimization. Many of them have been developed recently by
the authors. It concerns limited memory methods for general smooth optimization,
variable-metric bundle methods for partially separable nonsmooth optimization, hy-
brid methods for sparse least squares and methods for solving large-scale trust-region
subproblems.

Key words: Unconstrained optimization, large-scale optimization, nons-
mooth optimization, limited-memory methods, bundle-type methods, vari-
able metric methods, nonlinear least squares, nonlinear minimax optimization,
trust-region subproblems, computational experiments.

1 Introduction

Modern numerical methods for unconstrained optimization have been studied
and developed since the sixties of the last century. Nevertheless, many new
problems and approaches have appeared only recently. It especially concerns
general large-scale problems, which challenged the development of limited-
memory variable metric methods [Noc80], and structured large-scale prob-
lems, which stimulated the development of variable metric methods for par-
tially separable problems [GT82] and hybrid methods for sparse least-square
problems [Luk96b]. Additional approaches arose in connection with nons-
mooth unconstrained optimization. In this case, various bundle-type meth-
ods [Kiw85], [Lem89], [MN92] were developed including variable-metric bun-
dle methods [LV99], [VLO1], which substantially reduce the size of bundles
and, therefore, the number of constraints in the quadratic programming sub-
problems. Variable-metric bundle methods were recently generalized to solve
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large-scale nonsmooth problems using a limited-memory variable metric ap-
proach [HMMO04], [HMMO03] or a partially-separable variable metric frame-
work [LV04]. Furthermore, new methods [GLRT99], [LMV04] for solving large-
scale trust-region subproblems were proposed, which can be used in connec-
tion with the Newton method for general sparse unconstrained optimization
or with the Gauss-Newton method for sparse nonlinear least squares.

In this contribution, we deal with the local minimization of the objective
function £ : R™ — R. In Section 2, the function F is assumed to be twice con-
tinuously differentiable and limited-memory methods are reviewed, including
the most recent methods proposed in [VL02] and [VLO05]. Section 3 is devoted
to the nonsmooth optimization. After introducing basic principles of the bun-
dle methods and describing variable-metric bundle methods, we focus our
attention on methods for large-scale nonsmooth problems. Section 4 contains
a description of hybrid methods for nonlinear least squares and Section 5 is
devoted to efficient methods for solving large-scale trust-region subproblems.
All the methods presented were carefully tested and compared using extensive
computational experiments.

2 Limited-memory variable metric methods

Limited-memory variable metric methods can be efficiently used for large-
scale unconstrained optimization in case the Hessian matrix is not known or
is not sparse. These methods are usually realized in the line-search framework
so that they generate a sequence of points z € R", k € N, by the simple
process

Tl = Tg + tpdy, (1)

where dp = —Hygy is a direction vector, Hy is a positive definite approxima-
tion of the inverse Hessian matrix and ¢y > 0 is a scalar step-size chosen in
such a way that

Fro1— Fy <ertudigr, dlgrin >eadigr (2)

(the weak Wolfe conditions), where Fjy = F(zx), g = VF(2y) and 0 < &1 <
1/2, €1 < €3 < 1. Matrices Hy, k € N, are computed either by using a
limited (small) number of variable metric updates applied to the unit matrix
or by updating low dimension matrices. First, we shortly describe two known
limited-memory variable metric methods. Then we focus our attention on new
shifted limited-memory variable metric methods.

2.1 Limited memory BFGS method

The most known and commonly used limited-memory BFGS (L-BFGS)
method [Noc80] works with matrices Hy = Hf, where Hf = I (usu-
ally v, = bg—1/ak—1) and
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1
HEf =VIHV, + —-s] I Vy=I- b—jyjsf (3)

for k—m < j < k-1 Here s; = zj11 — 35, Y5 = gj+1 — 95» &5 = ¥; Hyy;,
b; = y] s; and p; are correction parameters. Matrix Hy = HY need not be
constructed explicitly since we need only vector di = —H,fgk, which can be
computed using two recurrences (the Strang formula). First, vectors

k—1
H ‘/7. gk,
i=j
k—12>j>k—m,are computed using the backward recurrence

T
0j = 85 Ujt1/bs,

Uj = Uj+1 — 05Yj,

where ux = —gi. Then vectors
br-1 ! ’ o ! )
- T
Vit1 = o H Vi| Uk—m+ Z H Vi) sisi uig,
k=1 \4=k—m I=k—m i=l41

k—m < j<k-—1, are computed using the forward recurrence

i1 =05 + (pjoj = yj vi/b;)s)
where vg_p, = (bg—1/ak—1)Uk—m. Finally we set dy, = vi. Note that 2m vectors
55, Yj, k—m < j <k —1 are used and stored.

Matrix Hy, = H,’j, obtained by updates (3), can be expressed in the com-
pact form using low order matrices [BNS94]. In this case

Hy = Y] — [Sk, Ve Y Mic[Sk, e Yae) T (4)
where Sk = [Sk—m, .., 8k=1]s Yk = [Yk—m, ., Yk-1], and
(R YT (Cr + YY) Ry — (R DT
My = ~1 y (5)

where Cj is a diagonal matrix containing diagonal elements of S;{Yk and Ry
is an upper triangular matrix having the same upper triangular part as SEYk.
Again 2m vectors s;, y;, k —m < j < k —1 are used and stored.

The above idea can be used for some other variable metric updates. The
symmetric rank-one (SR1) update can be expressed in the form

Hi =l + (Sk — wYe) (R + RE — C — YT Yi) 1Sk — weYi)T. (6)

It is necessary to note that update (3) with Strang recurrences is more sta-
ble than expressions (4)-(5). On the other hand, compact-form formulas are
very important, since they can be easily inverted (using duality) and applied
directly to By = Hk“l, which is necessary in trust-region approach or in con-
strained optimization.
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2.2 Methods based on reduced Hessian matrices

Another limited-memory variable metric method, proposed in [GL03], is based
on updating reduced Hessian matrices. Let By, & € N, be approximations
of Hessian matrices obtained by the BFGS method (with B; = I). If Gy
and Dy, are linear subspaces spanned respectively by the columns of matrices
Gr = l91,...,9x] and Dy = [dy,...,dk], then Dy = Gi. Moreover, Bxv € g
forve G, and Byw = w for w € g;}. Let Zi be a matrix whose columns form
an orthonormal basis in Gy and let Qp = [Zx, Wi] be a square orthogonal
matrix. The above consideration implies that

ZT B2 0
0 I

ZF g

T —
y ka 9k 0

QFByQx =

and the direction vector can be obtained from the reduced system
dy = Zpdy, ZIBrZide = —Gk, Gk = Z gk (7)

Thus complete information concerning the variable metric update is contained
in the reduced Hessian approximation Z7 By Z;. We usually use the Choleski
decomposition Rng = Z,?B;CZ;C and update the upper triangular matrix Ry.
More details can be found in [GLO1).

Consider now a limited-dimension subspace D; spanned by the columns
of matrix Dy = [dk—m+1,...,dk] (note that Dy and Dy, were redefined). This
subspace is changed on every iteration. Let Z; be a matrix whose columns
form an orthonormal basis in Di. In efficient implementations of limited-
memory methods based on reduced Hessians, matrices Z, and Z;{Bka are
not used explicitly. An upper triangular matrix Ty such that Dy = Z, T\ and
the Choleski decomposition RkTR;c = ZEBka are used instead. At the first
iteration, we set

Di=[gl, Ti=[lolll, Ri=[1, g1=/[lglll

On every iteration, we first solve two equations RkaJk = —gg, Tpvk = d
and set dr = Dyvg. Then the line-search is performed to obtain a new point
Tp+1 = Tk + tpdr and matrices Dy, T} are changed according to the subspace
Dy. Therefore, we replace the last column of Dy by di and the last column
of T, by d. Now a representation of the subspace Dk has to be formed.
First, we project the new gradient gr,; = g{zg+1) into the subspace Dy by
solving the equation T¢rx+; = DI gkt1. Then we determine the quantity
Prt1 = llgks1ll = k1], set Dyry = [Dy, gr+1] and

Ty Tht1 . Th+1
y  Gk+1 = .
0 pr+1 Pk+1
Thus we obtain a temporary representation of the reduced Hessian approxi-
mation in the form Z7 By Zy41 = RY,;R+1, where

Top1 =
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Ry, 0 jl

R -
T 0 VT

(Vk+1 s the scaling parameter). This factorization has to be updated to satisty
the quasi-Newton condition R{HRkH Sk = Uk, where

_ dr 1k
kkO»Z/k Gk+1 e

Numerically stable methods described in [GMS75] can be used for this pur-
pose. If the subspace Di.; has dimension m + 1, then it has to be reduced
before the new iteration is started. Denote the matrices after such reduction
by Dii1, Tha1, Rer1. Then Dyyq is obtained from Dy 1 by deleting its first
column and matrices Tky1, Rgs+1 can be constructed by using elementary
Givens rotations (see [GL03] for more details).

2.3 Shifted variable metric methods

Consider line-search methods of the form (1)-(2). Limited-memory variable
metric methods based on reduced Hessians use low-rank matrices Hy =
Zx(ZE By Zy)~1ZF = ULUT, where Uy has m columns at most. Thus Hy
is singular and the case when dj is almost perpendicular to gx can occur. For
this reason, it is advantageous to set Hy = (i + UkUkT, where (, > 0 is a
parameter, which is carefully selected in every iteration. In this subsection,
we assume that the rank of Ay = UpUZ is min(k,n) (i.e., m =n).

Shifted variable metric methods use matrices Hy, = (I + Ax, k € N,
where (, > 0 and Ay is positive semidefinite. Starting from the zero matrix,
these methods generate a sequence of positive semidefinite matrices A, &k €
N, satisfying the (modified) quasi-Newton condition Ag1yx = orSk, where
Sk = Tk+1 — Th, Yk = Gk+1 — gk and §g = sk — Crk+1Yk. Here gy is a correction
parameter and (x4+1 > 0 is a shift parameter. Update

587 AwyryTA G _ G . T

Appr = Ag + op =E EYRYp Lk Tk <~—k8k - Alcyk> <~_k3k - Akyk>
by, £ Gk \ by br )

(8

is used, where G = ygAkyk and b, = ykT§k The shifted BFGS method
corresponds to 7, = 1. The following theorem is proved in [VLO02].

Theorem 1. Let A, be positive semidefinite and 7 > 0. If 0 < (p11 <
yL sk /yFyk, then Ay is positive semidefinite.

A crucial part of shifted variable metric methods is the determination of
the shift parameter. Theorem 1 implies condition

Co1 = pik b /b, 0 < <1,
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where by = y,{sk and a = y{yk. If g is too small, then matrix Hy is usually
unsuitable (A is singular in the first n iterations). If ug is too large, the
stability is usually lost (numerical explosion). Two basic choices were tested.
The simplest choice uses constant ug = u, 0 < u < 1/2, in every iteration. If
@ — 1/2, then the shifted BFGS method becomes unstable. Efficient values
lie in the interval 0.20 < 1 < 0.25, e.g., 4 = 0.22. A more sophisticated choice,
derived by using a theoretical investigation of stability and global convergence
(see [VL02]), is given by the formula

Ny (1 /1= /eulsi)) )

(the numerator assures the global convergence and the denominator assures
the stability).
For proving the global convergence, we need the following assumptions.

Assumption 1. The objective function f : R* — R is uniformly convex and
has bounded second-order derivatives, i.e., there are constants 0 < G < G <

oo such that
G < AG(z)) < X(G(x) <G

for all z € R", where A(G(z)) and A(G(z)) are the lowest and the greatest
eigenvalues of the Hessian matrix G(z).

Assumption 2. Parameters g; and py of the shifted variable metric method
are uniformly positive and bounded, in the sense that

O0<g< o £0< 00,

0< [ Spp <o < 1,
for every k > 1.
The following theorem is proved in [VLO5].

Theorem 2. Consider a shifted variable metric method satisfying Assump-
tion 2 with the line-search fulfilling the weak Wolfe conditions. Let the objec-
tive function satisfy Assumption 1. Then, if 0 < n <1 and uz <1-ax/ag,
one has

liminf | gx]] = 0.

k—o00

Remark 1. Condition uﬁ < 1 — édg/ay has been used for the choice of the
numerator in (9). The denominator in (9) minimizes the condition number of
Hiy1 in the first iteration.

Shifted variable metric methods were tested by using a set of 92 relatively
difficult (ill-conditioned) test problems with 50 and 200 variables implemented
in subroutine TEST28 (see www.cs.cas.cz/"luksan/test .html). The results
are presented in Table 1, where n is the number of variables, “method” is
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the method used (SBFGS - the shifted BFGS method, SDFP - the shifted
DFP method, BFGS - the standard BFGS method, DFP - the standard DFP
method), NIT is the total number of iterations, NEV is the total number of
function and gradient evaluations, NF is the number of failures for a given set
(i.e., the number of problems which were not successfully solved) and “time”
is the total computational time in seconds.

n |method] NIT NEV NF time
50 |SBFGS| 11256 12178 - 1.03
SDFP | 46010 48237 8 3.78
BFGS | 14958 16474 1 1.26
DFP | 79486 84215 35 6.66
200|SBFGS| 30429 36080 1 25.11
SDFP | 92799 100461 15 74.88
BFGS | 36099 39991 2 27.21
DFP |146851 158979 32 113.75

Table 1

The results presented in this table imply the following conclusions for the
variable metric (VM) methods:

e The shifted VM methods are more efficient than standard implementa-
tions of the classic VM methods. However, the classic VM methods can be
improved by a suitable scaling, which is problematic in the case of shifted
VM methods.

¢ The shifted VM methods were not developed for solving problems that can
be successfully solved by the classic VM methods. They have been discov-
ered in the framework of shifted limited memory VM methods. Having the
same form, they are ideal as starting methods (that give a suitable initial
matrix Uy) for algorithms described in the next section.

2.4 Shifted limited-memory variable metric methods

Shifted limited-memory variable metric methods use recurrences (1)—(2) with
matrix Hy = (ol + A = I + UkU,?, where n x m matrix Uy is updated
by formula Ugy; = ViUy with a low rank matrix Vi chosen in such a way
that the (modified) quasi-Newton condition Agt1yx = Uk+1UkT+1yk = pr8y is
satisfied. This condition can be replaced by equations

Ulve = 26, Uksr2k = okks 2 2 = ok (10)
The following theorem is proved in [VLO3].

Theorem 3. Let T be a symmetric positive definite matrix and z, € R™.
Then the unique solution Uk41 to the problem
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minimize HT,:l/z(UkH —U)||% subject to (10)

is

Yi U2k 2l

y}ZTkyk

T -
Upt1=Uk — KUk YL Uy + (0r 8k — Ukzi + (11)

Tryx
Y& Thyk

)zgzk

(Tryx and zx are vector parameters defining a class of shifted limited-memory
variable metric methods).

Remark 2. Formula (11) can be writen in the form

= T T T

Skzj, Teyryi k2
Ui = — +<I——~——->Uk<[— ),

- b yE Ty 2L 2k

which implies

= ~T T T T
8,83, Treyryis 2k 2, T YkYis Lk
Ups 1 UL, = pp = +<I— >Uk<1— >U <I——>.
Tk T PR T yE Thyx 2z, ) F yI Ty

Usually Txyx = 5%. This choice gives the (full) shifted BFGS method if term
22l /2F 21, is omitted.

Using suitable values of the vector parameters we obtain particular meth-
ods. Assuming that Tyyr and pgdx — Urzi are linearly dependent and setting

2k = 9xUL Bysk, Ok = £/ oubi/Ck (12)

we obtain rank 1 variationally derived method (VARL1), where

018k — VA Bysy

Ups1 = U — (yk — Ok Brsi)” Us, (13)

obx — Viby

which gives the best results for the choice sgn(9by) = —1.
Using z; given by (12) and setting Txyx = 3k, we obtain rank 2 variation-
ally derived method (VAR2), where

5}1 l_)k,, > S{BkUk

— ApBpsk + —3§ 14
N kBksg bkk 7 (14)

8
U1 = Uy — =i Ui + (Qk
b
The efficiency of both these methods significantly depends on the value of the
correction parameter gx. Very good results were obtained with choices g =
Vky Ok = €k, Ok = /Dk€x and or = Cu/(Ck + Chr1), where v = pg /(1 — ux),
Ui is a relative shift parameter and ¢, = /1 — @y /ay is the damping factor
of ug.
Using the above formulas, the global convergence of VAR1 and VAR2 is a
consequence of Theorem 2 (see [VLO5]).
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Theorem 4. Consider a shifted variable metric method VAR1 or VAR2 satis-
fying Assumption 2 and inequality pZ < (xér/ax together with the line search
(1)-(2). Let the objective function satisfy Assumption 1. Then if

¥, = —sgn by min (C, \/ ngk/ék> or U = 1/ orbr/Ck

(for VAR1 or VAR2) hold in all iterations (C > 0 can be chosen arbitrarily),
one has
liminf || g«|| = 0.
k—o0

Shifted limited-memory variable metric methods were tested by using a set
of 22 test problems with 1000 and 5000 variables implemented in subroutine
TEST14 (seec www.cs.cas.cz/"luksan/test.html). The results are presented
in Table 2, where n is the number of variables, “method is the method used
(VARI - the rank 1 variationally derived method, VAR2 - the rank 2 varia-
tionally derived method, LBFGSS - the limited-memory BFGS method with
Strang recurrences, LBFGSC - the limited-memory BEGS method with com-
pact matrices, LBFGSR - the limited-memory BFGS method with reduced
Hessians, CG - the nonlinear conjugate gradient method), NIT is the total
number of iterations, NEV is the total number of function and gradient eval-
uations, NF is the number of failures for a given set (i.e., the number of
problems which were not successfully solved) and “time” is the total computa-
tional time in seconds. Always 10 vectors (or pairs) were stored for n = 1000
and 5 vectors (or pairs) were stored for n = 5000.

n | method NIT NEV NF time
1000 VAR1 | 19260 19660 - 10.63
VAR2 | 18430 18693 - 10.39
LBFGSS| 20341 21383 - 11.55
LBFGSC| 21022 22101 - 12.06
LBFGSR| 21892 33442 - 1891

CG 20087 40122 - 13.70

5000/ VARI | 97057 98888 - 292.56
VAR2 | 87725 89528 - 270.09
LBFGSS|117670 121053 1 322.38
LBFGSC|112448 115573 1 326.95
LBFGSR|118139 189451 1 509.75

CG 71388 178417 1 340.13

Table 2

The results presented in this table and our other extensive experiments imply
the following conclusions:
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e Methods VAR1 and VAR2 are very efficient, competitive with LBFGS
methods, for our set of test problems. However, LBFGS methods can be
better than VAR and VAR2 for very ill-conditioned problems.

o Method CG is very efficient for large-scale problems, but it needs a larger
number of function evaluations and frequently terminates before a required
precision is achieved.

e Shifted limited-memory VM methods are still under development. Our
limited computational experience indicates that they could be improved
by using a more suitable choice of parameters.

3 Methods for large-scale nonsmooth optimization

We assume that objective function F' : R® — R is locally Lipschitz and we
are able to compute a (Clarke) subgradient ¢ € dF(z) at any point z € R™.
Since a locally Lipschitz function is differentiable almost everywhere by the
Rademacher theorem, then usually g = VF(z). A special feature of nons-
mooth problems is the fact that the gradient VF(z) changes discontinuously
and is not small in the neighborhood of a local extremum. Thus the standard
optimization methods cannot be used efficiently.

3.1 Principles of bundle methods

The quantities F(z*), g(z¥) € OF(z*) at a single point z* do not suffice
for describing the local properties of the nonsmooth objective function. A
bundle of quantities FV = F(y’), ¢ € 9F(y’) obtained at trial points 37,
J € Je C {1,...,k}, gives much better information. These values serve for
the construction of the piecewise linear function

Ff(z) = max{F’ + (z - y’)7¢’} = max{F(z*) + (z - 2")T¢’ - a}},
J€Tk JETk

where af = F(zF) - F]k, J € Tk, are linearization errors and Ff = FI 4 (zF -

29T g7, 7 € Ji. In the convex case, this piecewise linear function is majorized
by the objective function and, moreover, af > 0 for j € Jx. To guarantee
nonnegativity of these numbers in the nonconvex case, the subgradient locality
measures

a? = max {}F(zk) — Ffl,V(S?)U} ]

where v > 0, v > 1 and
. v k_l . .
s = l? —y I+ Yl = 2
i=j

for j € Ji, are used instead of linearization errors. Since we can only work
with limited-size bundles where | 7| < m (|J%]| is the cardinality of set Jk),
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the set Jy is usually determined in such a way that J, = {1,...,k} for
k< m,and Jg+1 = T U {k +1}\{k +1—m} for k > m. In this case, one
possibility guaranteeing the global convergence of the bundle method is the
use of transformed aggregate values F¥, gk, s* and

af = max {lF(mk) - Ff[,’y(ss)"} ,

which accumulate information from the previous iterations. These values rep-
resent a linear function which is added to the set of linear functions contained
in the bundle. New aggregate values Ff, G¥, 5% are obtained by solving the
quadratic programming subproblem (see (18)) and are transformed to the
next iteration by (24).

Direction vector d¥ € R™ is usually obtained as a minimum of the piecewise
quadratic function

Fb(z) = 5z — o)) GH(w — 2¥) + max{Ff(@), F(a*) + (e — 2*)7 gk - b},

where (1/2)(z — zF)TG*(z — 2*) is the regularizing term with symmetric
positive definite matrix G¥. This term restricts the size of the direction vector
(in a similar way as in the trust region methods). This minimization problem
is equivalent to the quadratic programming problem: Minimize function

%dTde-i—v (15)

subject to .
—a? +dT¢ <v, je€Th, —af+dlgd<w (16)

(v is an extra variable). The solution of the primal QP subproblem can be
expressed in the form

—(GF)1gk, v =—(d")TGR - al, (17)
where
g8 =3 Argd + Mkgl,
JETk
(18)
(BF,FF, 55y = 3 Me(ok, FF,s5) + Mo(ak, FF,sh)

JETk

and where /\k, j € Tk, AE, are corresponding Lagrange multipliers. These
Lagrange multlphers are also solutions of the dual QP problem: Minimize
function

T

1 .
5 YNNG Fdagh | (GO DD Mg+ Aagh | + D Mok + daak
J€Tk J€Txk JE€ETk
(19)
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subject to
)\j 20, j¢ ka /\a =0, ZjEJk >\.7 + Aa =1 (20)
The minimum value of the dual function is
1, . 1. - 1. _ 1.
wh = (057G gk + 6k = —oF - S (g0 (EN) gk (21)

Using direction vector d*, we can compute a new approximation of the
minimizer of the objective function. It is usually not possible to just set zf+1 =
z* + d*. To guarantee the global convergence of the bundle method, we use a
line search procedure which generates two points

gkt = gk - th gk,
Yl =2k b dt

where 0 <t < th < 1 are stepsizes, in such a way that exactly one of the
two possibilities, the descent step or the zero step, occurs. The descent step
implies the conditions

th =th >0, F(zF 4tk dF) < F(z) — epthuwh, (22)
while the zero step implies the conditions
th >tk =, (d)Tg(z* + thd*) > ofF ! — epu® (23)
with
o**! = max {|F(a*) — F(a* + tha") + th(d") Tg(a* + tha®)|, 1/thd*}

Here 0 <ep <1/2andep <ep < 1.
In case the descent step is performed, it is necessary to transform all bundle
quantities to the new point xx.1y. This is realized by using the formulas

Ff'=FF 4+ (a1 -2kl je i,

REF = B+ 4 - h)TgS,
FEFL = FRHLp (ghtl _ el gkl

k+1

g§+1 = gé:a (24)
STl = oF 4 2R — Ry, je Jg,

S§+1 — 52 + ”mk-i—l _ $k”’

k+1 k

ST = ok o).

It remains to specify the way for determining matrices G*. To ensure the
global convergence of a bundle method, we assume for simplicity that matrices
G* are uniformly positive definite and uniformly bounded (their eigenvalues
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are positive and lay in the compact interval that does not contain zero).
Moreover, if the k-th step is a zero step, then we assume that G*¥+! — G*
is positive semidefinite. These assumptions are relatively strong, but they
can be weakened for individual bundle methods. In the most frequently used
proximal bundle method, where matrix G* is a diagonal of the form G* = o*7,
the above assumptions are satisfied if weights ¢® are positive and lay in the
compact interval that does not contain zero and oFt1 > o holds in the zero
step. Note that the proximal bundle method requires relatively large bundles
(m ~ n) to be computationally efficient so that the solution of the quadratic
programming subproblem (15)-(16) is time consuming.

It can be proved under mild assumptions (see e.g. [Kiw85]) that the number
of consecutive zero steps is finite and that every cluster point of the sequence
{z*} is a stationary point of the objective function. This follows from the fact
that the norms of aggregate subgradients tend to zero implying 0 € 8F(zy),
if the number of consecutive zero steps is infinite. An infinite sequence of the
descent steps can be investigated by the standard way.

3.2 Variable metric methods for nonsmooth problems

Standard bundle methods require relatively large bundles to be computa-
tionally efficient. Therefore, we need to solve quadratic programming sub-
problems with a relatively large number of constraints. At the same time,
standard variable metric methods successfully solve many nonsmooth prob-
lems. For this reason, it is advantageous to develop special variable metric
methods, which combine good properties of both mentioned approaches. Fol-
lowing [VL01], we apply variable metric updates with current subgradients to
matrix H* = (G*)~! (used in (19)), which allows us to decrease the bundle
dimension significantly. At the same time, we use aggregate subgradients after
zero steps and a line search described in the previous subsection to guarantee
the global convergence.

Variable metric methods described in this subsection use, for the direction
determination, the current subgradient after a descent step and the aggregate
subgradient after a zero step. The aggregation procedure uses only three sub-
gradients g™ € OF (z*), g**t! € OF(y**1), §* and three subgradient locality
measures &y, = 0, ags1 = 0, &, > 0 (m is the index of the last descent
step and the tilde denotes aggregate quantities). The quadratic programming
subproblem (19)-(20) reduces to the minimization of the function

1 N ~
P22, 2) = 5 [[(HE) 2 (0g™ + 2ag"*t + 2| + 200 xa8%, (25)

where A\; > 0,7 € {1,2,3} and A; + Az + A3 = 1. The optimal values A\¥ > 0,
t € {1,2,3} can be computed in a simple way. The new aggregate subgradient
and the new aggregate subgradient locality measure are computed from the
formulas
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G =M™+ AP+ Mg, aF T = M5ef T 0kab. (26)

In the first iteration or after a descent step, we set §* = g*, &* = 0 and
m = k. The direction vector is determined by formula d* = —H*§*. At the
same time, we set w* = (1/2)(g*)T H*g* + &*. If w* is sufficiently small, then
an approximate solution is found.

Positive semidefiniteness of H* — H**! (which is equivalent to positive
semidefiniteness of G¥T! — G*) after a zero step is usually guaranteed by the
symmetric rank-one (SR1) update. Therefore, we use the BFGS update after
a descent step and the SR1 update after a zero step. The BFGS update

W)THFWEY d5(@)T  HRuk(d0T + d* (uk)T H*
(uF)T dk > (W TdF ~ (WY T dk ’

HEY = gF (t’g +

where u* = g¥+1 — g™ is used only if (u¥)Td* > 0. Otherwise we set H*+1 =
H*. The SR1 update

H/c—i—l — Hk - Uk(vk)T/(uk)T’Uk,

where vF = H*u* —t%d*, is used only if (v*)T§* < 0 (which implies (u*)Tv* >
0). Otherwise we set H**1 = H*,

Detailed descriptions of variable metric methods for nonsmooth functions
can be found in [LV99] and [VLO1]. The following result is proved in [VLO1].

Theorem 5. Assume that function F' : R® — R is locally Lipschitz and
the level set {z € R™ : F(z) < F(z1)} is bounded. Then every cluster
point of sequence {xy} generated by the nonsmooth variable metric method
is stationary for F'

Two methods for nonsmooth optimization (PBM - the proximal bundle
method, NVM - the nonsmooth variable metric method) were tested by us-
ing a set of 25 test problems with 2-50 variables implemented in subroutine
TEST19 (see www.cs.cas.cz/"luksan/test.html). The results are presented
in Table 3, where P is the number of the problem, NIT is the total number of
iterations, NEV is the total number of function and subgradient evaluations
and F is the reached function value. The last row contains the summary values
and the total computational time (in seconds).

Table 3 demonstrates the high efficiency of the nonsmooth variable metric
method. It is competitive with the proximal bundle method measured by
the number of iterations, even if it uses bundles of dimension at most 2.
Moreover, it is more efficient than the proximal bundle method measured by
the computational time, since it does not use the time consuming quadratic
programming subproblem (with m ~ n constraints).
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PBM NVM

P|NIT NEV F NIT NEV F

1y 42 450.38117064-06] 34 34 0.27598807-10
2] 18 200.46154993-08| 15 16 0.94894120-10
31 31 33 1.9522245 17 17 1.9522247

4 14 16 2.0000000 17 17 2.0000000

5/ 17 19 -3.0000000 20 20 -2.9999996
6| 13 15 7.2000014 19 19  7.2000000
711 12 -1.4142135 10 10 -1.4142133
8 66 68 -.99999940 556 59 -.99999247
9/ 13 15 -1.0000000 37 37 -.99999979
10f 43 46 -7.9999999 14 14 -7.9999998
11] 43 45 -43.999999 38 38 -43.999999
12| 27 29 22.600162 40 40 22.600162
13 60 62 -32.348678 52 B3 -32.348678
14| 154 155 -2.9196975 32 32 -2.9197003
15| 92 93 .55981566 81 83 .55981533
16 74 75 -.84140828 89 89 -.84140570
171 160 162 9.7857723 | 241 241 9.7858732
18| 128 143 16.703861 88 89 16.703838
19| 150 151 0.16712381-06| 123 123 0.14683215-05
20; 39 400.12440972-12] 23 23 .00000000
211 245 251 -638530.48 | 357 359 -638564.91
22| 52 530.11665945-11; 358 360 0.41534959-05
23f 19 200.51313988-08| 65 66 0.32729678-05
24| 27 280.23412735-07] 67 67 0.94570857-06
25| 428 450 32.349182 | 313 315 32.349189
211966 2046 TIME = 1.48(2205 2221 TIME = 0.93

Table 3

3.3 Variable metric methods for large-scale nonsmooth problems

Proximal bundle methods are not suitable for solving large-scale nonsmooth
problems, since they lead to large-scale quadratic programming subproblems,
where constraint Jacobian matrices are usually dense. Nonsmooth variable
metric methods described in the previous subsection are also unsuitable, since
they use dense variable metric updates. Fortunately, these updates can be
replaced by updates based on a limited-memory approach or by updates which
utilize sparsity. All other algorithmic details can remain unchanged.

A limited-memory approach is investigated in [HMMO04]. The resulting
method utilizes matrix (4)-(5) after a descent step and matrix (6) after a zero
step. Nevertheless, the updating strategy is not simple, since the condition
requiring positive semidefiniteness of H* — H**! after a zero step consid-
erably complicates a logical structure of the algorithm. Algorithmic details
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of this method together with encouraging computational results are given
in [HMMO04]. Global convergence of this method is proved in [HMMO03].

An efficient method based on partitioned variable metric updates is pro-
posed in [LV04]. This method has been developed for minimizing partially
separable functions of the form

Flz) =Y fi(@)

where f; : R" = R, 1 <i < m (m is usually large), are nonsmooth functions
depending on a small number of variables (n;, say). A typical example is

m

F(z)=)_|fiz)l.

i=]1

If n, « nfor 1 <1i < m, subgradients g;, generalized Hessian matrices G; and
their approximations B; are sparse. Let R? C R™ be the subspace defined by
n; variables appearing in f; and Z; € R™"*™ be the matrix whose columns
form the canonical orthonormal basis in R} (i.e., they are columns of the unit
matrix). To simplify the notation, we introduce packed subgradients §; =
ZTg, € R™, packed generalized Hessian matrices G = 271Gz, € RMxm
and their approximations B; € R™*™, Defining vectors &; = Zfz; € R™
as parts of vector x € R"™, we can write packed quasi-Newton conditions in
the form BF*15F = gF, where §% = 2541 — 2% and g% = §5*! — gk, Packed
quasi-Newton conditions imply packed quasi-Newton updates, which are used
instead of dense variable metric updates.

Matrices Bf = Z;BFZT and subgradients g¥ = Z;g¥ (determined from
packed matrices Bf and packed subgradients gf) define matrix B* and sub-

gradient g* as sums
m m
B=3oBE o=t
i=1

i=1

Denoting by §* = >, GF the corresponding aggregate subgradient (see (28)),
direction vector d* is determined by solving the equation

BtdF = —gk, (27)

Furthermore, we define w® = —(1/2)(s¥)Tg* + &*. If w* is sufficiently
small, then an approximate solution is found. Since matrix B¥ is large and
sparse, we use a sparse Choleski (or Gill-Murray [GM74]) decomposition
Bk = LEDk(L*¥)T, This decomposition is also used in the quadratic pro-
gramming subproblem (25) instead of H*. Thus corresponding matrix multi-
plications are replaced by solutions of systems with triangular matrices (back
elimination). Solving (25) we obtain Lagrange multipliers Ay, Az, A3. The
aggregate subgradients are obtained by the formula
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~k+1 )\kz

%

lzcgk—%—l )‘kgz ,

1<i<m. (28)

Packed matrices Ef, 1 < ¢ < m, are updated by packed variable metric
updates. We use the packed BFGS update

k
1

b - L
(2

98T Bfsf(BE
7Y

(557

after a descent step and packed symmetric rank-one (SR1) update

Beécﬂ — Bic +

UACHE
Ak:)T ~
K3

CIGE
1

with 0F = g% — Bkgk, after a zero step.

Methods for 1arge -scale nonsmooth optimization were tested by using a
set of 22 test problems with 50, 200, 500 and 1000 variables implemented
in subroutine TEST15 (see www.cs.cas.cz/~luksan/test.html). The results
are presented in Table 4, where n is the number of variables, “method” is the
method used (PBM - the proximal bundle method, NVM - the nonsmooth
variable metric method, PNVM - the partitioned nonsmooth variable metric
method), NIT is the total number of iterations, NEV is the total number
of function and subgradient evaluations, NF is the number of failures for a
given set (i.e., the number of problems which were not successfully solved)
and “time” is the total computational time in seconds.

(3

Ak+1 _ Pk sk
BT =B/, (&

n |method| NIT NEV NF time
50 | PBM | 99665 103814 - 38.36
NVM | 34390 34475 - 3.48
PNVM| 50629 50676 - 4.22

200 | PBM |214320 241845 8 1085.39
NVM | 97439 97703 2 67.53
PNVM| 42310 42418 - 15.83

500 | NVM [173175 173744 4 880.15
PNVM| 45105 46086 - 51.77
1000| PNVM | 52729 53604 - 135.00

Table 4

The results presented in this table imply the following conclusions:

e Nonsmooth variable metric method NVM is more efficient than proximal
bundle method for small-size partially separable sums of absolute values.
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e Partitioned nonsmooth variable metric method PNVM is very robust,
much more efficient than other methods used for solving our sets of
medium-size and large-scale test problems.

3.4 Variable metric methods for partially separable minimax
problems

Consider functions of the form

P(z)= max fi(a)
where f; : R" - R, 1 < i < m (m is usually large), are nonsmooth functions
depending on a small number of variables (n;, say). Let F(z) = f;(z) for some
1 € ¢ < m. Then any subgradient of f;(z) is a subgradient of F'(z). Thus we
can easily find a sparse subgradient g(z) = g;(z) (containing only n; nonzero
elements) at an arbitrary point z € R™, which means that the constraint
Jacobian matrix of the quadratic programming subproblem: minimize

%dTG’Cd +v

subject to '
—af +dT¢? <v, jET, —-aF+dTgF<w

is sparse (note that aggregate subgradient g* need not be sparse, which implies
that the constraint Jacobian matrix can have one dense row). If G¥ = ¢*I, we
obtain a sparse quadratic programming subproblem. Thus having an efficient
sparse QP solver, we can use the proximal bundle method.
Let
F(z) = max [fi(x)]
where f;(z), 1 £ < m, are smooth functions depending on a small number
of variables. Then minimization of F is equivalent to the sparse nonlinear
programming problem with n 4 1 variables z € R", z € R: Minimize z
subject to
—z< filz) <z, 1<i<m.

This problem can be solved by an arbitrary nonlinear programming method
utilizing sparsity (SQP, interior point, nonsmooth equation). A special form of
this problem allows us to use some simplifications in comparison with general
problems. Choosing a suitable initial value of z we obtain a feasible start-
ing point. Moreover, function F'(z) is an ideal merit function for the above
problem.
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4 Hybrid methods for large-scale nonlinear least squares

Consider functions of the form

wlr—*

=32 ) = 3T @)

(sum of squares), where f; : R" — R, 1 <1 < m {m is usually large), are
smooth functions depending on a small number of variables (n;, say). In this
case, the Jacobian matrix J(z) = [J;;(z)] = [0fi(x)/0z;] is sparse. Using the
Jacobian matrix, we can express gradient g(z) and Hessian matrix G(z) in
the form g(z) = J% (z) f(z) and

m

Glz) =Y (0:(2)g] (&) + fu(2)Gi(2)) = JT(z)J (z) + C(x)

i=1

(g:(z) and G;(z) are gradients and Hessian matrices of f;(x), respectively).

The most known Gauss-Newton method uses matrix B(z) = J7 (z)J(x)
instead of the Hessian matrix G(z) = J¥(z)J(z) + C(z) (ie., it omits
the second order information contained in C(z)). We assume that matrix
JT(x)J(z) is sparse (then also C(z) is sparse). Matrix JT (z)J(z) is fre-
quently ill-conditioned (even singular), thus the Gauss-Newton method re-
quires a trust-region realization. If the minimum value F(z*) is large (large
residual problem), then the Gauss-Newton method can be inefficient. There-
fore, modifications based on variable metric updates have been developed.
The following theorem is proved in [AF85].

Theorem 5. If F;, — 0 Q-superlinearly, then (Fy — Fj.1)/Fy — 1. If Fy —
F* > 0, then (Fy — Fr11)/Fy — 0.

Theorem 5 implies the following philosophy of hybrid Gauss-Newton methods
with second order corrections. Direction vector d is obtained by a trust-region
strategy using the quadratic model (1/2)d?* Bd + f7Jd and the constraint
ldl < A Then 2o =z +d, Fp = F(z4) and Jy = J{z4). If F — Fy > 9F,
then By = JIJ, (Gauss-Newton method). If F — F, < ¢F, then By =
JE T4 +40+, where C. is an approximation of the second order term. Usually
9~ 107,

For medium-size problems with dense matrices, matrix C is usually ob-
tained by variable metric updates [AF85] [DGWS81], which are unsuitable in
the large-scale case. Fortunately, simple corrections utilizing sparsity consid-
erably increase efficiency of the Gauss-Newton method. We shortly describe
two hybrid methods proposed in [Luk96b].

e Gauss-Newton method with the Newton corrections. In the first iteration
we use matrix B = J7J. In the subsequent iterations, we set
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By =JlJ,,F—Fy >9F,

m
By =J{Ji+) ffGf,F~Fy <JF,
i=1
where ff = fi(zy), Gj = Gizy), 1 £k < m, (GZ+ is a difference
approximation of the Hessian matrix G;(z4)).
o Gauss-Newton method with the Marwil corrections. In the first iteration
we use matrix B = J7J. In the subsequent iterations, we set

B, =JIJ., F~F, >YF,
By = PsPoc(J{J:), F — Fy <YF,

where

PsW = (W +WT)/2

for a given square matrix W and
PocM = Pg(M + us”).

for a given symmetric positive semidefinite matrix M. Here u € R™ solves
linear system Du =y — Ms with diagonal matrix D such that

Dii = Z S?

M;;#0
and

(PeW)ij = Wiy, (JTJ)i; #0,
(PeW)i; =0, (J7 )iy =0

(Pg is the so-called gangster operator).

Methods for large-scale nonlinear least squares were tested by using a set of
52 test problems with 1000 variables implemented in subroutines TEST15 and
TEST18 (see www.cs.cas.cz/~1luksan/test.html). The results are presented
in Table 5, where “step” is the strategy for step-length selection (MS - the opti-
mum trust-region step of Moré and Sorensen [MS83], DL - the dog-leg strategy
of Powell [Pow70], LS - the standard line-search procedure), “method” is the
method used (GN - the Gauss-Newton method, GNN - the Gauss-Newton
method with the Newton corrections, GNM - the Gauss-Newton method with
the Marwil corrections, DN - the discrete Newton method, where the second
order derivatives are approximated by differences, PVM - the partitioned vari-
able metric method), NIT is the total number of iterations, NEV is the total
number of function evaluations, NF is the number of failures for a given set
(i.e., the number of problems which were not successfully solved) and “time”
is the total computational time in seconds.
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step|method| NIT NEV NF time
MS| GN | 8542 8929 1 72.00
GNN | 5499 5801 - 51.94
GNM | 6434 6801 - 62.88
DN | 7804 52398 1 202.07
DL| GN | 9244 9602 - 38.84
GNN | 7767 8216 - 35.68
GNM | 6851 7029 - 25.87
DN (10326 91181 - 171.98
LS| PVM [12093 16285 1 99.17

Table 5

The results presented in this table imply the following conclusions:

e Modifications of the Gauss-Newton method implemented with the trust-
region strategy are very robust for our set of test problems, much better
than discrete versions of the Newton method and more efficient than par-
titioned variable metric methods.

e The Newton corrections or the Marwil variable metric updates improve
the efficiency of the Gauss-Newton method especially if direct methods
for solving trust-region subproblems are used. Hybrid methods GNN and
GNM are shown to be the most efficient methods for solving our set of
test problems.

5 Methods for solving large-scale trust-region
subproblems

Trust-region methods can be used when the Hessian matrix (or its approx-
imation) is known. These methods are very convenient when this matrix is
indefinite, ill-conditioned or singular. This situation often arises in connection
with the Newton method for general objective function (indefiniteness) or with
the Gauss-Newton method for nonlinear least-squares (near-singularity).

The crucial part of each trust region method is the direction determina-
tion. We restrict our attention to problems with large dimensions. To simplify
the notation, we omit index k£ and use symbol > for ordering by positive
semidefiniteness. Let 1

Qd) = 5dTBd +g¢7d.
We seek a direction vector d € R™ in such a way that
ld|| < 4, (29)

ldf < A= ||Bd+g]l <wlgll (30)
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with 0 <w < 1 and

Q@) > olglmin (4,121 ) (31)
with 0 < o < 1/2. It can be shown [Pow84] that conditions (29)-(31) guar-
antee that the trust-region method is globally convergent if matrices B are
uniformly bounded (or the sum of the reciprocal values of its norms is equal to
infinity). There are various commonly known methods for computing direction
vectors satisfying conditions (29)-(31) which we now shortly mention.

The most sophisticated method is based on the computation of the optimal
locally constrained step. In this case, vector d € R"™ is obtained by solving
subproblem

minimize Q{d) = %dTBd +g7d subjectto ||d|| < A. (32)

Necessary and sufficient conditions for this solution are
ldll <4, (B+Al)d+g=0, B+A >0, A>20, AA-|d|)=0. (33)

The Moré-Sorensen method [MS83] is based on solving nonlinear equation
1/I1d(A)]| = 1/A with (B + A)d(A) + g = 0 by the Newton method using
the sparse Choleski decomposition of B + AI. This method is very robust but
requires 2-3 Choleski decompositions per iteration.

Simpler methods are based on minimization of @(d) on the two-dimensional
subspace containing Cauchy step dc = —(g7g/g¥ Bg)g and Newton step
dy = —B~!g. The most popular is the dog-leg method [Pow70], [DM75],
where d = dy if dy < A and d = (A/|ldc|)de if [|[de|, > A. In the remaining
case, d is a convex combination of d¢ and dy such that ||d|| = A. This method
requires only one Choleski decomposition per iteration.

If B is not sufficiently sparse, then the sparse Choleski decomposition of B
is expensive. In this case, iterative methods based on conjugate gradients are
more suitable. Steihaug [Ste83] and Toint [Toi81] proposed a method based on
the fact that Q(di+1) < Q(dg) and ||dg+1|| > |ldk || hold in the subsequent CG
iterations if CG coefficients are positive. We either obtain an unconstrained
solution with a sufficient precision or stop on the trust-region boundary if a
negative curvature is indicated or the trust-region is left. This method is very
efficient in practice especially when suitable preconditioning is used. Note that
lde+1llc > |ldelic (where ||di||% = dT Cdy) holds instead of ||dg+1] > ||kl if
preconditioner C' (symmetric and positive definite) is used. Thus the solution
on the trust-region boundary obtained by the preconditioned CG method
can be further from the optimal locally constrained step than the solution
obtained without preconditioning. This insufficiency is usually compensated
by the rapid convergence of the preconditioned CG method.

The CG steps can be combined with Newton step dy in the multiple dog-
leg method [Ste83], [Luk96a]. Let & « n (usually £k = 5) and di be a vector
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obtained after k¥ CG steps of the Steihaug-Toint method. If ||di|| < A4, we use
dy instead of do = d; in the dog-leg method.

The solution on the trust-region boundary obtained by the Steihaug-Toint
method can be rather far from the optimal solution. This insufficiency can
be overcame by using the Lanczos process [GLRT99]. Initially, the conjugate
gradient algorithm is used as in the Steihaug-Toint method. At the same
time, the Lanczos tridiagonal matrix is constructed from the CG coefficients.
If a negative curvature is indicated or the trust-region is left, we turn to the
Lanczos process. In this case, d = Zd, where d is obtained by minimizing
quadratic function

1 - -
§dTTd+HmwTd

subject to ||d|| < A. Here T = ZTBZ (with ZTZ = I) is the Lanczos tridi-
agonal matrix and ej is the first column of the unit matrix. This method
cannot be successfully preconditioned, since preconditioning changes the orig-
inal trust-region subproblem to ||dljc < A, where C changes in each major
iteration and can be ill-conditioned.

To overcome the insufficiency of the previous method, the Lanczos process
can be combined with the Steihaug-Toint method. The shifted Steihaug-Toint
method proposed in [LMV04] consists of three steps:

o Let m <« n (usually m = 5). Determine tridiagonal matrix T of order m
by m steps of the (unpreconditioned) Lanczos method applied to matrix
B with the initial vector g.

¢ Solve subproblem

minimize %dTTcz-l— lglle¥d subject to ||d|| < A (34)

using the method of Moré and Sorensen to obtain Lagrange multiplier .
o Apply the (preconditioned) Steihaug-Toint method to subproblem

minimize ?UB+MM+HdemMoHMSA (35)

to obtain direction vector d = d(A).

The following theorem is proved in [LMV04].

Theorem 6. Let A be the Lagrange multiplier of the small-size subproblem
(34) and A be the Lagrange multiplier obtained by the Moré-Sorensen method
applied to the original problem. Then 0 < A < A,

As a consequence of Theorem 6, one has that A = 0 implies X = 0 so that
fidll < A implies A = 0. Thus the shifted Steihaug-Toint method reduces to
the standard one in this case. At the same time, if B is positive definite and
A > 0, then one has A < [|[(B -+ A)~1g|| < |[B~1g|. Thus the unconstrained
minimizer of the shifted quadratic function (35) is closer to the trust-region
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boundary than the unconstrained minimizer of the original quadratic function
(32) and we can expect that d(}\) is closer to the optimal locally constrained
step than d. Finally, if X > 0, then matrix B + A is better conditioned than
B and we can expect that the shifted Steihaug-Toint method will converge
more rapidly than the original one.

Methods for solving large-scale trust-region subproblems were tested by us-
ing a set of 22 sparse test problems with 1000 and 5000 variables implemented
in subroutine TEST14 (see www.cs.cas.cz/~luksan/test.html), The results
are presented in Table 6, where n is the number of variables, “method” is
the method used (MS - the optimum trust-region step of Moré and Sorensen
[MS83], DL - the dog-leg strategy of Powell [Pow70], MDL - the multiple
dog-leg strategy [Luk96a] with m = 5, ST - the basic Steihaug-Toint method,
GLRT - the method of Gould, Lucidi, Roma and Toint [GLRT99] based on
the Lanczos process, PST - the preconditioned Steihaug-Toint method (with
the incomplete Choleski preconditioner), PSST - the preconditioned shifted
Steihaug-Toint method [LMVO04] with m = 5), NIT is the total number of
iterations, NEV is the total number of function evaluations, NCG is the to-
tal number of CG iterations and “time” is the total computational time in
seconds.

n |method| NIT NEV NCG time
1000 MS 1918 19556 - 4.65
DL 2515 2716 - 4,42
MDL | 2292 2456 12203 4.61
ST 3320 3784 53573  8.20
GLRT | 3107 3444 55632 8.53
PST | 2631 2823 910 5.14
PSST | 1999 2046 1161 4.25
5000; MS 8391 8566 - 122.44
DL 9657 10133 - 115.77
MDL | 8938 9276 47236 122.84
ST 116894 19163 358111 364.42
GLRT {14679 16383 366695 401.45
PST |10600 11271 3767 145.42
PSST | 8347 8454 4329 108.87

Table 6

The results presented in this table imply the following conclusions:

o Direct methods MS and DL based on the sparse Choleski decomposition
are very efficient for our set of test problems. Iterative methods require a
suitable preconditioning.
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e The Moré-Sorensen strategy MS gives the best approximation of the op-
timum locally constrained step and decreases the number of the major
iterations.

o New strategy PSST can be efficiently preconditioned. It gives a relatively
good approximation of the optimum locally constrained step. Method
PSST is the most efficient method for solving our set of test problems.
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A variational approach for minimum cost flow
problems
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Department of Mathematics, Largo B. Pontecorvo 5, 56127 - PISA, Italy
(mastroen@dm.unipi.it)

Summary. We consider a variational model for traffic network problems, which
generalizes the classic minimum cost flow problem. This model has the peculiarity
of being formulated by means of a suitable variational inequality. The Lagrangean
approach to the study of this variational inequality allows us to consider dual vari-
ables associated with the constraints of the feasible set, and to generalize the classic
Bellman optimality conditions in order to obtain a stopping criterion for a gap
function algorithm.

Key words: network flows, variational inequalities, equilibrium problems,
gap functions.

1 Introduction

In this paper we aim to deepen the analysis of a variational model for mini-
mum cost network flow problems, introduced in [MP04]. The mode! requires
the solution of a variational inequality defined on the usual feasible set of the
linear minimum cost flow problem, where the constraints are given by the flow
conservation equations at the nodes and the capacities on the arcs. One of the
main applications of this model is the study of traffic equilibrium on a network,
however, similarly to the classic minimum cost flow problems, further applica-
tions can be found in economic or computer networks. Variational inequality
models have been considered by several authors: we refer to [FP03,Pat99] and
references therein, for a detailed description of the development of this topic
in the literature.

Let K := {z € R" : g(z) <0, h(z) = 0} and consider the variational
inequality which consists in finding y € K such that

! This work has been supported by the National Research Program
FIRB/RBNE01WBBB “Large Scale Nonlinear Optimization”
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(Fy),z—y) >0, VzekK, VI(F,K)
where F: R" — R", g: R” — RP and A: R" — R™.

In our analysis we will make use of the well-known Lagrangian-type opti-
mality conditions for VI(F, K) which state, under suitable constraint qualifi-
cations and in the hypothesis that K is a convex set, that y € R" is a solution
of VI(F, K) if and only if there exist A* € R™, u* € R” such that (y, \*, u*)
is a solution of the system

14
F(z) +Y wiVgi(@) +Y_ AVh(z)= 0
i=1

i=1 (1)
(u,g(z)) = 0
p=0, g(x) <0, h(z)=0

In Section 2 we consider a generalized minimum cost flow problem, formu-
lated by means of the variational inequality VI(F, K), where the operator F
represents the cost associated to the arcs of the network. In such a case, it has
been shown [MP04] that the multipliers (A*, u*) can be interpreted in terms of
potentials associated with the nodes and the arcs of the network. In particular,
we obtain a generalization of the Bellman dual optimality conditions for the
classic minimum cost flow problem, that we will use as stopping criterion in
an iterative algorithm for solving VI(F, K) that will be presented in Section
3. This algorithm is a slight variant of the Fukushima method for the mini-
mization of a gap function associated with VI(F, K) [Fuk92| and turns out
to be closely related to the auxiliary problem principle for VI(F, K) [Coh88].
The last section is devoted to the computational considerations related to the
practical implementation of the proposed algorithm.

Let us recall the main definitions that will be used in the sequel.

A function A : R® — R is said strongly convex on the convex set K C R",

with modulus a > 0, iff, Vz1,29 € K and VA € [0,1],

R(Az1 + (1 — N)z2) < Ah(x1) + (1 — A)h(z) — a]A(1 = N)/2]||lz1 — 2|2
We will say that the mapping F: R" — IR" is monotone on K iff;
(Fly) = F(z),y—=2) 20, Va,yeK;

it is strictly monotone if strict inequality holds Vz # y.
We will say that the mapping F is strongly monotone on K, with modulus
a >0, iff:

(Fly) = F(z),y—z) 2 ally—z[? vz,yeK;

F' is Lipschitz continuous on X, with modulus L > 0, iff

|Flz) - Fy)l| < Ll|lz-yll, VYz,y€ K.
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2 The variational model

Given a network represented by the graph G = (N, A), where N := {1,...,m}
is the set of the nodes and A := {A;, ..., Ap} is the set of the arcs, we consider
a variational inequality model formulated in terms of the flows on the arcs. In
general, in the literature, such models are formulated considering the flows on
the paths. Our model is a generalization of the minimum cost flow problem to
which it collapses when the operator of the variational inequality is a constant.
Let us introduce the following assumptions and notations:

o f; is the flow on the arc A; := (r,s) and f = (f1,...,fn)? is the vector
of the flows on all arcs.

o We assume that each arc A; is associated with an upper bound d; on its
capacity, d := (dy,...,dn)%.

o ¢;(f) is the unit cost on the arc A; as function of the flows, c¢(f) :=
(c1(f),. . ea(f))T; we assume that c(f) > 0.

¢ g, is the balance at the node 7, ¢ := (g1,...,qm)T.

o I'=(v;) € R™xR"is the node-arc incidence matrix whose elements are

—1, if ¢ is the initial node of the arc A,
v = ¢ +1, if ¢ is the final node of the arc A4;, (2)
0, otherwise.

The equilibrium model is defined by a variational inequality having c as op-
erator and feasible set given by the classic flow conservation equations at the
nodes and capacities on the arcs.

Definition 1. f* is an equilibrium flow iff
(c(f*), f—Ff") 20, VfeKy, (VI(c,K¢))
where

Ki={feR" : I'f=¢q, 0< f<d).

VI(c,Ky) is equivalent to the problem of finding f* € Ky s.t. f* is an
optimal solution of

min (c(f*), f) 3)

fEKy

The problem (3) collapses to the minimum cost network flow problem
when the function ¢(f) is independent of f, namely, c(f) = (ci5, (1,7) € A).

In the classic approach, the equilibrium model is defined by the optimiza-

tion problem
min {e(f), f) 4)
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The solution f* of VI(c, K¢) can be considered as the user equilibrium, while
the optimal solution of (4) as the network equilibrium perceived by an exter-
nal observer. To this end, we recall that, if we suppose that the (unit) path
cost function is additive, then the Wardrop equilibrium principle [War52] can
be expressed in terms of a variational inequality having ¢(f) as operator, and
defined on a suitable feasible set that takes into account the demands between
the origin—destination pairs [Daf80, FP(3]. For example, consider the partic-
ular case where the set of origins consists of only one node, say it 7, and the
set of destinations is given by N \ {1}. If we let g; > 0 be the demand of the
COUple (LJ)? .7 = 17"‘vm, .7 ?é za a4 = ‘Z];ﬁ;% and di = 400, i = 17---5”7
then it is easy to show that a solution of VI(c, Ky) is a Wardrop equilibrium
flow.

The following well-known results provide a primal-dual formulation of
VI(C, Kf)

Proposition 1. f* is a solution of VI(c,Ky) if and only if there exists
(A*, u*) € R™*™ such that (f*,M\*, u*) is a solution of the system

c(fy + ITA +u >0
eH)+TTA+puf) =0

(f—dip) =0
0<f<d,I'f=¢q, p20

(5)

Proof. It is enough to observe that, at f := f*, the system (5) coincides
with the Kuhn-Tucker conditions for the problem (3}, that, in our hypotheses,
are necessary and sufficient for the optimality of f*. O

By means of system (5), we can immediately derive the following equilib-
rium principle.
Theorem 1. f* is a solution of VI(c, Ky) if and only if there exist \* € R™
and i~ € RL such that, V(i,j) € A:

0< ffi <diy=cii(f")=A] = A}, wuj;=0, (6)
G =0=cy(f") 2\ =7}, u;=0 (7)
i = dig = cii ([7) = Al = A — pij. (8)

Remark 1. The dual variables corresponding to the flow conservation con-
straints can be interpreted in terms of potentials at the nodes of the network.
If we assume that ¢(f) > 0,then, from (6) and (8) we deduce that

5> 0= A = A7 >0.

that is, a positive flow on the arc (4, j) implies that the difference of potential
between the nodes ¢ and j is positive.
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We observe that conditions (6), (7), (8) are a generalization to VI of the
classic Bellman conditions for the linear minimum cost network flow problem.
Actually, given f € K¢, define the so called “reduced costs” by ¢;; 1= ¢i;(f) —
Ai + Ay, (i,5) € A, where A € R™ is chosen in order to fulfil the system

Gy =0, (4,5) €{(i,7) € A:0< fi; <dy}, (9)
so that Theorem 1 can be reformulated in the following way.

Proposition 2. f* € Ky is an optimal solution of VI{c,Ky) if

&; 20, V(7)€ {(i,4) e A: fi; =0}, (10)
Proof. It is enough to eliminate p from (7) and (8), taking into account that
u=0. O

When ¢;;(f) is independent of f, then (10), (11) collapse to the well-known
Bellman conditions. We will use these relations as a stopping criterion in an
iterative method for VI(c, Ky) that will be presented in the next section.

3 An algorithm for VI(c, Ky)

Two important classes of algorithms for VI are those based on the auxiliary
problem principle [Coh88] and those related to the minimization of a gap
function [Fuk92]. Both methods have the peculiarity of using the solution of
the same subproblem, at the current iteration, in order to define the next one.
We present a line search algorithm for the minimization of a gap function
which is closely related to the previous ones and collapses to one or to the
other depending on the choice of suitable parameters and of the step used in
the line search.
We recall the notion of gap function associated to VI(F, K).

Definition 2. Let K CR". p: R" — R is a gap function for VI(F,K) iff:
i)p(z) 20, Vz€K;
it) p(z) =0 iff x is a solution for VI(F,K).

A class of continucusly differentiable gap functions has been defined
by Fukushima [Fuk92] and subsequently generalized by Zhu and Marcotte
[ZM94).

Proposition 3. [ZM94] Let K be a convex set in R"™ and let G(z,y) :
R"xR" — R be a non-negative, continuously differentiable, strongly con-
vez function on K, with respect to y, Ve € K, such that
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Gly,y) =0, and V,G(y,y)=0, VyeK.

Then
p(z) == mazyex {(F(z),z —y) — G(z,y)} (12)
is a gap function for VI(F,K). Moreover, if F € C!, then p € C! and
Vp(z) = F(z) - (VF(2))" (y(z) - 2) - V.G(z,y(2)) (13)

where y(x) is the unique solution of the mazimization problem appearing on
the right-hand side of (12).

Consider the problem VI(c, Kf) and the gap function p defined by
- =2
p(f) = ;g%{@(f),f )= I =yl (14)

If ¢ is continuously differentiable, then p is a continuously differentiable gap
function [Fuk92]. Let us analyse more in detail the properties of the gap
function (14). The following results have been either established by Fukushima
or can be easily derived from his work.

Denote by P(f) the extremum problem defined in (14).

Lemma 1. f* is an optimal solution of VI(c, Ky) if and only if y(f*) = f~,
where y(f) is the optimal solution of P(f).

Proof. Let o

o) 1= (e("), f — ) - S~y
If f* is an optimal solution of VI(c, K¢), then ¢(y) <0, Vy € K. Since ¢ is
a strongly concave function then the problem

max ¢(y) P(f*)

yEKy

admits a unique solution that coincides with f* because ¢(f*) = 0.

Vice versa, suppose that y(f*) = f*. Since Ky is a convex set, then the
variational inequality which represents the first order optimality condition for
P(f*), at the point y(f*), holds:

(—c(f*) +alf* —y(f) 2 —y(f)) <0, Vze Ky,
It follows that f* is a solution of VI(c, Ky). O
Proposition 4. Suppose that ¢ is a continuously differentiable operator on
Ky, Let f* be an optimal solution of VI(c,Ky) and (N\*,u*) be the Lagrange

multipliers associated with the problem P(f*).
Then

1) Vp(f*) = c(f*);
i) (f*, =A%, —p*) is a solution of system (5).
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Proof. Put G(f,y) = 31/ - ylP.
i) By Lemma 1, f* is an optimal solution of V' I(c, K) if and only if y(f*) =
f*. Observing that VG = a(f — y), by the formula (13) we have that

Vp(f*) = o(f*) = (Ve(FNT W) = £*) = alf* = y(F),
which proves the statement ).

ii) Since f* is an optimal solution of VI(c, Ky), then f* is optimal for
P(f*). The gradient Vy{(c(f*), f* —y) — §/[f* — y[|*}, evaluated at f* is
equal to —c(f*), so that the Kuhn-Tucker conditions for P(f*) coincide, up
to a change of the sign of the multipliers, with those related to VI(c, Ky)
(defined by system (1)) and, therefore, with (5).

O

The optimal solution of P(f) allows us to determine a descent direction
for p at the point f € Kj.

Proposition 5. [Fuk92] Let y(f) be the optimal solution of P(f). Then d :=
y(f) — f is a descent direction for p at the point f € Ky, provided that c is a
continuously differentiable strictly monotone operator on Ky and y(f) # f.

Proof. By (13), we have that
Vo(f) = e(f) = (VelNT(W(f) = f) = alf —y(£),
so that
(Vp(£), y(f)=F) = el F) y(H)=H= (VN W) =) y(H)~F+al ()=

Since y(f) is the optimal solution of P(f) and K is convex, then the following
variational inequality holds:

(=e(f)+alf —y(f))z—y(f) <0, VzeKj;. (15)
Computing (15) for z = f, we obtain
(e(f),y(f) = £ +aly(H) - fI? < 0. (16)

Taking into account that c¢ is a differentiable strictly monotone operator, we
have that Ve(f) is positive definite, Vf € Ky [OR70], which, together with
(16), implies that (Vp(f),y(f) = f) < 0. a

These remarkable properties allow us to consider the following line-search
algorithm in order to minimize the gap function p.



218 Giandomenico Mastroeni

Algorithm.
Let p be defined by (14) and «,€,£ > 0 be fixed positive parameters.

Step 1. Let k=0, f° € Ky;

Step 2. frtl .= ff 1 1.d* k=1,2,...
where d* := y(f*)— f*, y(f*) is the optimal solution of the problem

max {(c(£), f* — ) = SF* ~ vl*}. P(f)
yGKf 2
Selected a random number £ € (0,1], put tj := £* if
p(f* + 5 d¥) <p(f*) — e,
otherwise t; is chosen as a positive random number sufficiently
close to zero.

Step 8. If p(f*+1) < ¢, then go to Step 4, otherwise put k = k£ + 1 and go
to Step 2.

Step 4. Let (A*, u*) be the vector of the Lagrange multipliers associated
to the solution y( f*+1) of the problem P(f*+1). If (fF+1, —X*, —u*)
fulfils the relations (6),(7),(8), then f*** is an optimal solution of
VI(c,Ky), otherwise put £ =£/2, k =k + 1 and go to Step 2.

Step 2 requires the solution of a strongly concave quadratic maximization
problem. With regard to Step 4, Proposition 4 shows that the opposite of
the Lagrange multipliers associated to the solution y(f**!) of the problem
P(f**1) are also solutions of the system (5) if £¥*1 is a solution of VI(c, Ky ):
recalling Proposition 1 and Theorem 1, they can be employed for checking if
the relations (6),(7),(8) are fulfilled.

Remark 2. Suppose that ¢ is a strongly monotone operator, with modulus a,
and Lipschitz continuous, with modulus L, on K. If we choose o > L?/2a
and t; = 1,Vk = 1,..., then the algorithm coincides with the one based on
the auxiliary problem principle stated by Cohen [Coh88].

If ty is chosen in order to be a solution (exact or inexact) of the problem

: k k
D, p(f* +td®), (17)

then the algorithm collapses to the gap function method proposed by Fukushima
[Fuk92].
Both methods are globally convergent under the above mentioned hypotheses.

4 Computational considerations and concluding remarks

We observe that the method based on the “auxiliary problem principle” and
the “gap function” method are very similar. The crucial point of the two
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methods lies in the fact that the search direction d* := y(f*) — f* is a descent
direction for the gap function g at the point f*. In the former, we set f¥+! :=
y(f*), while, in the latter, the stepsize is given by the optimal solution of
problem (17). Therefore, the methods coincide if the stepsize t; can be taken
always equal to one: this is possible if the parameter « is chosen according
to the rules mentioned in Remark 2. The auxiliary principle method has the
drawback that the constant o must be determined with a sufficient degree
of accuracy, which is not an easy task, since the Lipschitz constant or the
modulus of strong monotonicity of the operator ¢ may not be known. On the
contrary, gap function methods do not need the evaluation of any constant
but require an inexact (or exact) line-search at each step, which increases the
computational cost. Numerical experiments show that, at least in the first
iterations, it is not convenient to make too much effort in performing the line
search, since the value of the gap function may be very high.
Taking into account these observations, in our implementation we consider the
descent direction d* for the gap function p, but without performing the exact
minimization (17): first, we select a point F(f*) in the segment (f*,y(f*))
close to y(f*) and, in case p(F(f*)) > p(f*) — ¢, we make a null step, and
choose fk+1 sufficiently close to f*, in order to sligthly perturb the current
point.

We have applied the Algorithm to the problem VI(c, K) with the follow-
ing features:

o theincidence matrix I' € R™*", the balance vector ¢ € RT" and the vector
of the capacities d € R} are randomly chosen, provided that > ', ¢; = 0.

e Three different choices have been made for the operator ¢ in the first
two choices, ¢ is a linear operator, c(f) := C1f + 8, or ¢(f) = Cof + 8
where C; and Cs are non symmetric n x n randomly chosen non negative
matrices with C) positive definite, Cy indefinite and 8 € R]. In the third
choice c is a non linear operator ¢(f) := &(f) = (;(f;),i =1,...,n), where
Gi(fi) == a; + ki(fi/b:)° and ay, ki, by, s are suitable positive parameters,
for i = 1,...,n. Observe that if ¢(f) = C1f + 8 or ¢(f) = &(f), then the
operator is strongly monotone or monotone, respectively.

Preliminary numerical tests have been performed using the Matlab software.
Table 1 reports the results obtained with the following choices for the param-
eters: fO € K is a random starting point, € = 0.1, e = 1075, a = 1.5, 8, = 1,
a; =1, k; € (0,1) a random positive number and b; = d;, for i = 1,...,n,
§=2,

For each couple of values, m and n, of the nodes and the arcs, we report
the average number of the iterations and the computation times, obtained by
performing the algorithm a sufficiently large number of times. The number of
iterations includes null steps and coincides with the number of evaluations of
the gap function p.
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Table 1: Number of iterations and cpu time in seconds

c(f)=Cr1f +8|c(f) = Caf + 8| c(f) =ef)

m | n |iterations| cpu |iterations| cpu |iterations|cpu

10| 25 45 3.6 53 5.1 16 0.9
15| 50 54 7.1 51 7.0 26 1.8
15| 80 62 14.9 66 18.2 28 8.8
201100 67 273 79 35.1 38 19.9
25 | 150 74 106.6 78 107.2 46 31.7

For n > 200, computational time increases drastically, although the conver-
gence is still reached in a number of iterations generally not greater than one
hundred. We observe that the lack of monotonicity of the operator does not
seem to affect the convergence of the algorithm, but only causes an increase in
the number of null steps. Since the number of iterations is not very sensitive
to the problem size, the algorithm might be suitable for large scale problems
provided that a large scale subroutine is used for solving the problem P(f),
which enables us to evaluate p(f).

As regards further developments of the analysis, we remark that gap function
theory can also be employed in the study of vector variational inequalities
and equilibrium problems [Mas00,CYG00,B094,Mas03]. Future research may
be devoted to the extension of the proposed algorithm to vector variational
inequalities and, following the line developed in [Mas03], to the applications
to equilibrium problems. Moreover, it is of interest to deepen the analysis of
the relationships with similarly structured methods as proximal point or trust
region methods.
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Summary. For the major part of real-life application, the formulation of an opti-
misation problem involves a lot of different objective functions, often coming from
different disciplines or areas. In this context, the optimisation represents a meeting
point for many specialists, each one focused his proper requirements, that is, crite-
ria constraints and objective functions. Different disciplines could be involved, like
Computational Fluid Dynamics (CFD), structural analysis etc.

Moreover, being different criteria involved, Multi-Objective (MO) techniques
must be adopted, in order to control the enhancements of all the objective functions.
By the way, designers are not interested in marginal improvements of the starting
design, and only Global Optimisation (GO) techniques are able to guarantee a wide
and exhaustive exploration of the design space. In conjunction to that, high-fidelity
models must be applied during the optimisation process, in order to ensure the
quality of the optimising design. This last feature is conflicting with the desiderata
of the GO algorithms, that usually require a large amount of evaluations on the
objective function in order to qualify the global optimum. Moreover, the design
team needs a solution in a short time, and the total time needed by the application
of reliable solvers in conjunction with GO algorithms may be unpractical if a single
objective function evaluation takes hours or days, as for CFD computations.

In this context, the only way to make the process feasible is to perform a strong
reduction on the number of calls to the high-fidelity models, adopting a cheaper
one to be substituted to the high-fidelity solver for the most of the calls, without
loosing the accuracy of the high-fidelity model. This goal can be obtained by dif-
ferent strategies, all referring to the concept of Variable Fidelity Model (VFM):
solvers with different complexity (and cost) are applied together, in a framework in
which the exchange of information between the models makes possible to correct the
evaluations of the low-fidelity one, substituting efficiently the high-fidelity model.

Here an algorithm for the solution of optimum ship design problems is presented.
The procedure, illustrated in the framework of multi-objective optimisation prob-
lems, make use of high-fidelity, CPU time expensive computational models, like a
free surface capturing RANSE solver, coupled with analytical meta-models of the
objective functions (low-fidelity).

The optimisation is composed by global and local phases. In the global stage
of the search, few computationally expensive simulations (high-fidelity) are applied
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and surrogate models (metamodels) of the objective functions are produced (low-
fidelity). After that, a large number of tentative design, placed uniformly on the
Feasible Solution Set (Fgg), are evaluated with the low-fidelity model. The most
promising designs are clustered, then locally minimized and eventually verified with
high-fidelity simulations. New exact values are used to enlarge the training points
for the low-fidelity model and repeated cycles of the algorithm are performed. A
Decision Maker strategy is adopted to select the most promising designs.

Key words: global optimization, simulation based design, viscous flows, ship
hydrodynarmics, yacht design.

1 Introduction

Simulation-Based Design (SBD) in the naval hydrodynamic context still suf-
fers from three major limitations: first, even if real ship design problems are
multi-objective, attention is largely confined to single objective problems; sec-
ond, it is relying exclusively on local optimisers, mostly gradient-based, either
with adjoint formulations or finite-differences approaches; third, the use of
high-fidelity, CPU time expensive solvers is still reduced by the large compu-
tational effort needed in the optimisation cycles.

Recently, the availability of fast computing platforms and the development
of new and efficient analysis algorithms is alleviating the third limitation, shift-
ing the focusing of high-fidelity models, such as the Navier-Stokes equations
or those based on fine computational meshes, from the simple analysis of al-
ternative configurations to optimal design. Examples in ship hydrodynamics
are [Tahara97], [Hino], [Tahara02], [Peri01], [Newman)], [Stern]. However, their
use is confined to single objective problems solved with local optimisers.

Some recent work ( [Peri01b], [Peri03b], [Peri03], [Minami]) were dedicated
to expand optimisation applications from single- to multi-objective problems.

Our present goal is instead the development of a new optimisation pro-
cedure to solve multi-objective problems searching for the global optimum,
overcoming the aforementioned limitations through the use of metamodels
and of an alternate global-local stage in the algorithm. The intent of the
present paper is to illustrate the procedure and to give numerical evidence of
its capability.

2 Description of the GO algorithm

This section is devoted to the description of the developed algorithm and its
definition in the group of GO techniques. For an extensive coverage of various
methods of GO useful references are [Torn] and [Horst].

The algorithm is illustrated in the case of a multi-objective problem but it
is also applicable to solve single objective problems. Different ways of classify-
ing Global Optimisation methods exist. The proposed method belongs to the
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class of deterministic optimiser, and to the family of Covering Methods, but
with some features similar to the Adaptive Clustering COvering (ACCO) -
Adaptive Clustering covering with Descent (ACD) schemes proposed in [Solo-
matine]. It is basically founded on the consideration that the only way to
find out the global minimum of an unknown objective function, whose global
characteristics of continuity and boundedness are not available, is to search
uniformly the design variable space.

The algorithm hence consists of two main stages: (i) a global search phase,
where a GO algorithm is used to explore the design space avoiding local min-
ima and trying to locate regions where promising solutions are found and (ii)
a local refinement phase, where best configurations (according to the Deci-
sion Maker) are grouped in clusters and then locally optimised with a multi-
objective local method. The fundamental elements of the global algorithm are
described in the following.

Formulation of the GO problem: In the most general way, the GO
problem for a single objective function can be stated as follows. Let us consider
a function f: Z — R, where Z ¢ RY:

find x*e Z
such that
f(x*) = minf(x), x€ Z.

In the constrained problem, bounds on the N design variables z; and M
functional constraints should be considered:

li Sxifuiizl,...,N
9;(x) <0, j=1,..,.M

In general f(x) and g(x) may be non-convex, non-smooth functions. The
multi-objective optimisation problem can now be easily defined:

min{ f1(x), f2(x), ... , fx(x) }

where we have K (> 2) different objective functions fx : Z — R.

Manipulation of the ship geometry and discrete mesh: In the im-
plementation of an algorithm for shape optimisation there is the obvious need
for a geometry modification procedure. Several attempts have been made to
deal with this item. We decided not to rely on the use of a specific commercial
CAD program but to induce modification in the ship’s geometry by controlling
a perturbation polynomial surface, which is added to the unmodified original
geometry (details in [Peri01]). The control points of this polynomial surface
will become the design variables x; of the design problem. General guidelines
for this procedure are the following: (i) when only a part of the ship is di-
rectly involved by shape optimisation, the modified region should join the
original design without discontinuities and should be generally smooth; (ii)
the number of design variables should be kept as small as possible to reduce
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the complexity of the optimisation problem, but (iii) the algorithm should
be as flexible as possible in order to achieve the largest number of possible
solutions.

The above requirements have been obtained by using Béziér patches grad-
ually reducing to a zero level while approaching the unmodified hull shape. In
this way, geometric continuity between grid boundaries is guaranteed, and if
the number of control points is kept sufficiently small, realistic geometry can
be obtained that do not need major refinements prior to construction. Once
the geometry is modified, the volume grid is adjusted accordingly.

Metamodel identification from CFD analysis results: As recalled
before, when the number of the objective function evaluations needed by the
algorithm increases, the application of high-fidelity models for the evaluation
of the objective functions is discouraged. Anyway, the possible existence of
a (unknown) relationship between the results coming from CFD and a much
simpler analysis tool could help in reducing the number of evaluations ad-
dressed to the high-fidelity models. An interesting possibility is to assign an
analytical structure to the data coming from the CFD over the whole design
variable space (or a smaller part of it} trying to derive a metamodel. We
call it “metamodel” because we are building a “model of the model”, that is,
an analytical approximation of the available data coming from the numeri-
cal simulation available at that time. Obviously, a specific metamodel must
be constructed for each different objective function considered in the multi-
objective problem.

A variety of metamodelling techniques exist (for an analysis of their per-
formances see [Jin]). Polynomial regression models [Myers] is a widely known
approach for the design and analysis of computer experiments. The coefli-
cients of the polynomial functions may be computed by using a least square
technique, or a more sophisticated identification parameter technique, as the
Levemberg-Marquardt method. Moreover, performing the Analysis Of the
VAriance (ANOVA) of the response surface it is also possible to enhance their
quality, deleting terms not really affecting the approximation ( [Giunta97]
and [Giunta97b]). Obviously, this method is capable to correctly describe only
objective functions whose behaviour is approximated by a polynomial func-
tion up to a certain order. If the objective function is much more complicated,
the degree of the polynomial may be increased, but the metamodel quality
may decrease because of numerical instabilities.

Artificial neural networks [Smith], [Cheng] are well-known approaches for
identifying approximations of complex simulation codes and to fit a wide
class of objective functions. In the following, a neural network of radial basis
function (RBF neural network, [Powell]) has been selected as metamodel to
solve the GO problem. Given a set of T points, the interpolating function has
the form:
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T
y(x) = 37 wid(]x - x¥[)
t=1

where @ is a continuous function, which can be chosen among radial func-
tions. The most used function in an RBF network is a Gaussian

$=eT

RBF networks are feedforward with only one hidden layer. RBF hidden
layer units have a receptive fleld, which has a center (a particular input value
at which they have a maximal output). Their output tails off as the input
moves away from this point. An example of the performances of the RBF
neural network is reported in Fig. 1.

Fig. 1: An example showing the training phase of the metamodel approximating
a f(x,y) function. A RBF Neural Network is trained with 15*15 points. Points are
coloured with the function value, while the surface represents the final metamodel.

To construct the metamodel one has to select the T training points that
have to be computed with the high-fidelity model. This can be performed
using a Design Of Experiment (DOE) technique. A complete factorial design
usually requires at least LV solutions to be computed with the high-fidelity
model, where NN is the number of design variables and L is the number of levels
in which each design variable interval is subdivided. The minimum value is 2,
the vertexes of a hypercube constructed in the design variable space around
the initial design. Consequently, the number of solutions needed to build the
metamodel with a complete factorial design rapidly grows (exponentially)
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with the number of design variables. Hence, an incomplete factorial design, in
which some extremes of the design variable space are discharged, is usually
applied. The criterion for the vertex’s elimination generates a huge number of
different methodologies. In this paper we have selected an Orthogonal Array
(OA) technique [Hedayat], for which only N+1 points (i.e. CFD solutions)
are requested to build the metamodel.

The search in the design variable space: Once an interval for the
design variables has been fixed, trial points (i.e. solutions to be evaluated with
the metamodel) must be distributed into the design space. For a fixed density
of trial points, uniformity of the distribution is a crucial characteristic for
the success of the optimisation, since an under-sampling of some region could
deceive the optimiser forcing to discharge that portion of the design space. A
regular sampling (cubic grid) would produce an uniform hexahedrical mesh on
the hypercube defined in the design variable space, with two major drawbacks:
too many points are needed when the number of design variables increases,
and a marked shadow eflect is produced (i.e. the coincidence of the projections
of some points on the coordinate axes). LP, grids [Statnikov], belonging to the
family of the Uniformly Distributed Sequences (UDS), have some attractive
features, like an high degree of uniformity with a reduced set of trial points
and a moderate shadow effect. In [Statnikov] the maximum number of points
in the LP, distribution is 2'® and this value has been selected in the numerical
test.

Once an UDS is placed into the design variable space, geometrical con-
straints are verified on these configurations and the Feasible Solution Set
(Fsg) is identified. Obviously, the density of trial points in the Fgg is initially
connected with the starting distribution and it is clear that the number of
points in the Fgg must be as high as possible to be able to find a global op-
timum. On the other hand, CPU time needed for the constraints verification
may be not small for real applications and a very long time for constructing
the Fgs may be necessary in the case of an excessive sampling. Anyway, local
refinement techniques described below aid to reduce this problem, allowing for
an increase of the number of points in the Fgg near the best configurations
during the process of optimisation.

Pareto optimality: In multi-objective problems, the problem of finding
optimal solutions among those belonging to the feasible set is solved employing
the concept of Pareto optimality:

Definition: a configuration identified by the objective vector x, € Fgg
is called optimal in the Pareto sense if there does not exists another design
x € Fgg such that fr(x) < fi(xo)Vk = 1,..., K, where K is the number of
objective functions, and fx(x) < fr(xo) for at least a single k € [1,..., K.

By applying the Pareto definition on the feasible solutions it is possible
to find all the design vectors where none of the components can be improved
without deterioration of at least one of the other components (non-dominated
solutions). These designs belong to the Pareto optimal set P.
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Decision maker: Mathematically, all x € P are optimal solutions of
the multi-objective problem. However, the final task is to order the design
vectors belonging to P according to some preference rules indicated by the
designer and select one optimal configuration among them. In general, one
needs the cooperation between the decision maker and the analyst. A decision
maker may be defined [Miettinen| as the designer who is supposed to have
better insight into the problem and can express preference relations between
different solutions. On the contrary, the analyst can be a computer program
that gives the information to the decision maker. A wide number of different
methodologies exist in literature (see [Miettinen] for an extensive summary of
the subject) depending on the role of the decision maker in the optimisation
process. In no-preference methods the opinions of the decision maker are not
taken into consideration and the selection is accomplished by measuring (in
the objective function space) the distance between some reference points (the
“ideal” objective vector) and the Pareto solutions. It is the simple Global
criterion, which can use different metrics. A powerful and classical way to
solve this problem from the standpoint of practical application is the use of
the ideas of goal programming. The procedure is simple: a list of hypothetical
alternatives with assigned values (aspiration levels) of the objective functions
is ranked by the designer according to his preference and experience (these are
the goals). The problem is then modified into the minimization of the distance
from these goals. Designer data may be used for constructing a metamodel
of the preference order. In this way, the optimisation process will be mainly
driven by the real needs of the designer, and the portion of Pareto set explored
by the optimiser will contain the subset of the most preferable solution in the
opinion of the designer.

Local refinement of the best solution: At the beginning, all the points
belonging to Fsg have the same probability to be optimal points, but dur-
ing the development of the optimisation process some designs show better
characteristics than others, and the probability that the optimal solution is
located in the vicinity of these good points is higher. This part of the Fgg
may be deemed more interesting than others. In multi-objective GO the local
refinement may follow two different strategies: (i) use a simple local method,
able to give small improvements for all the objective functions in the nearby
of a promising point, and /or (ii) adopt a clustering technique [Becker|, in or-
der to identify the region for which a deeper investigation is required and an
increased density of trial points is wanted.

Cluster analysis of the promising solutions and refinement of the
clusters: The task of any clustering procedure is the recognition of the re-
gions of attraction, i.e. those regions R; of the objective space such that for
any starting point x € R;, an infinitely small step steepest descent method will
converge the same local minimum [Torn]. In a multi-objective reformulation
of this approach (it is not possible to apply a steepest-descent method to these
problem) the points belonging to the Pareto optimal set are the most promis-
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ing points for the problem under consideration. The clustering algorithm may
be easily summarized:

e taken the x vectors in the design space that correspond to the Pareto
solutions, let a,, be the average distance for the nearest neighbour and
a4 the average distance between all the points x € P to be clustered.

e two hyperspheres of radii a,, and aqy are centred in the selected Pareto
point x1;
compute 713 = ||x;3 — X2|| being x3 another Pareto point;
if 719 < ann then xo is averaged with x; and this become the new center
of the cluster;

e ifagy > T12 2 Gnn, X2 lies between the two hyperspheres and is returned;
if 712 > aqy then two new hyperspheres of radii a,, and aqy are centred
in Xa.

e the remaining points are assigned to the clusters with the same rules.

The local refinement is then obtained by placing around the center of the
clusters another LP. net, with small radius and few points. The radius of
the investigated region in the nearby of the Pareto point decreases during the
optimisation process, and the distribution is also rotated at each step, in order
to spread out points in all the directions.

The algorithm for the GO problem: Main steps of the algorithm may
be summarized as follows:

1. Initial exploration of the design space - Orthogonal Array is adopted for
the initial exploration of the design space and trial points are distributed.

2. Model Identification from CFD results - Trial points are evaluated using
the CFD and then used for the construction of the metamodels (one for
each objective function);

3. The search in the design variable space - Trial designs (2!® = 65536) are
uniformly distributed in the design variable space by using the LP,-grid;

4. Derive the feasible set - Enforcing the geometrical and functional con-
straints: the trial points not respecting the constraints are discharged and
the feasible solution set is derived;

5. Identify the Pareto front - Analyse feasible points using the metamodels
and find all x € P;

6. Adopt a Decision Maker strategy for ordering the designs and finding
non-dominated solutions;

7. Local refinement of the best solution with a multi-objective local method
based on the metamodels (or with a scalarisation of the problem according
to the DM);

8. Verification of the best solution using the CFD solvers. The new solution
will be added to the metamodel training set for its improvement;

9. Clustering of the Pareto solutions is performed in the design space around
dominating solutions. A reduced number of sets are obtained;
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10. Refinement around the center of the clusters: new trial designs are uni-
formly distributed with smaller LP.-grids centred around the clusters;
11. go to step 4 until no more regions of attraction are found;

An important feature of this algorithm is that, as a consequence of both
the refinements (steps 7 and 10), new added points may fall in a region of
the design space which was not adequately covered. Even more, portion of
the design space not considered at all in the initial distribution of trial points
could be included dynamically. This last feature is a really useful quality of
the method: in fact, in our particular case, since there is not a strong connec-
tion between design variables (the control points of the Béziér patches) and
geometrical constraints, a correct estimation of the boundaries of the design
parameters is non trivial. For this reason, the initial distribution sometimes
does not cover the whole Fgg, since the investigated volume must be as small
as possible in order to retain the point density of the Fgg. The local refine-
ment technique automatically corrects the underestimation of the design space
extension: the optimisation problem is still constrained, but bounds on the de-
sign variables may change dynamically within the course of the optimisation
problem solution.

3 Multi-Objective Optimisation Test

A multi-objective problem for a race yacht is here presented. The original
geometry has been selected among the ones of the systematic series of the
“Il Moro di Venezia”. This ship belongs to International America’s Cup Class
(IACC), and was racing during the edition of the America’s Cup in 1992,
winning the Louis Vuitton Cup, being the first European challenger for the
Cup. This represents an old design, and it can be probably improved.

Differently from usual ships, like cargo ships or cruise ships, for which an
autonomous propulsion system is available, here the wind gives the power for
the motion of the ship, and it could be different during the months and also
during a single regatta. Since this kind of ships are designed for the particular
region in which the regatta will take place, some assumptions are made about
the weather and wind conditions much more probable in the period of the
race. Anyway, there is a great uncertainty on this data, and the ship could be
completely wrong if it is designed for a very narrow wind conditions and the
predictive method for the meteorological predictions fail.

Another big point is the different sailing conditions during the race. Due
to the particular rules here applied, the boat is supposed to sail through
a path oriented upwind and than downwind exactly: if the wind direction
changes during the race, the markers of the regatta field are moved in order
to accomplish this rule, and the position of the markers is aligned with the
wind again. As a consequence, the ship is travelling in only two different
positions with respect to the wind. But, depending on the strength of the
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wind and the adopted sails, the yacht will be inclined differently on the sea
surface. Moreover, since the yacht is not able to travel exactly upwind, the
course of the yacht in such a situation is like a zigzag path, and the wind
comes partly form one side of the boat. Furthermore, in this position the
generation of a force in the direction of advance is paid at the price of a
side force that tends to shift the boat in the direction of the wind. In order to
contrast this side force, the yacht yaws of an angle depending on the speed and
the wind/sails condition. As a consequence, the shape of the immersed part
of the ship will be different than the one of the steady yacht. Summarizing,
during the race the yacht is travelling in different positions, depending on the
weather conditions the yacht encounters during the race. This situation makes
the number of objective functions to be accounted for increasing, because
each sailing position will drive to a different immersed shape of the yacht
and consequently to a different objective function, depending from the wind
speed, the boat speed and also the tactical choices of the skipper, who is in
charge of the selection of the sails and their trim. It is now clear that a multi-
objective optimisation problem must be solved. Great attention must be paid
on the definition of the interesting sailing conditions: in fact, if a “general
purpose” boat is designed, this will lose the race against a boat designed for
the real sailing conditions. On the other hand, due to the uncertainty on
the meteorological predictions, to design a boat for a very narrow range of
conditions could be a mess if the weather conditions are strongly different
than the expected ones. This is also the reason why two different boats are
usually built by each participant (the rules limit the number of boats to be
less than three).

Now, since there are no clear objectives, and there is not a clear under-
standing about the mutual influence on the potential objective functions, ship
designers are used to produce different alternatives in order to evaluate the
trade-off between different objective functions: as a consequence, the prac-
tice of assembling all the objective functions into a single merit function and
than solving a single objective optimisation problem is not the recommended
one, because this kind of approach makes the designer to loose the alterna-
tives, forcing him team to accept or reject a single hull configuration. The
Pareto front approach is preferable: the designer will select its best configu-
ration among the alternatives x € P. As a consequence, the wideness of the
produced Pareto front and its resolution is of paramount importance, since it
means a wider range of alternatives.

3.1 Selection of the Objective Functions

Since the selected design is a race boat, it is intuitive to ask to the optimisation
team a faster boat than the present one. As a consequence, the total resistance
of the hull will be one of the objective functions.

On the other hand, the boat is travelling on the sea surface powered by the
wind, and the ship will assume different positions as a consequence of the wind
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direction and the requested path. The position of the ship could be identified
by three angles: the heel angle, (the angle around the longitudinal axis), the
leeway angle or yaw angle (the angle around the vertical axis) and the trim
angle (the angle around the side direction axis). For this class of ships, the
regatta field is defined by two marks (windward and leeward). The race course
is 18.5 nautical miles (or the equivalent of 34 kilometres) and consists of three
laps of a windward-leeward type course with starboard rounding.

The boats begin from the starting line between two marks laid at right
angles to the wind’s direction and sail upwind to the first mark to be rounded
to the starboard (right side).

Once the ships turn around the windward marker, the race continues down-
wind to the second mark, that is laid in close proximity to the starting line
100-meters further up the course. The boats round the marks 3 times before
the winner crosses the Finish line.

Scrolling the course of the race, it is possible to identify two main relative
positions of the wind with respect to the ship. During the first part of the
track, the boat is travelling with the wind from the front: as a consequence,
the boat is describing a zigzag trajectory, and the wind is coming from one
side mainly. In this condition, the boat is heeled, that is, the ship is inclined
around the advancing (X) direction, and also around the vertical (Z) direction.
In the second side of the track, the wind is coming essentially from the rear,
and the boat is just a little bit heeled and yawed because of the asymmetry
of the sails.

As a consequence, two positions of the ship, defined by the three angles of
inclination, have been accounted for:

o 10 degrees of heel, 4 degrees of leeway:
o 2 degrees of heel, 0 degrees of leeway.

A sketch of the reference frame here adopted is reported in figure 2.

For the first condition (namely heeled), both the total resistance and the
side force are assumed as the first two objective functions for the problem.
In fact, since the ship is travelling with a side wind, a side force must be
generated in order to maintain the prescribed path. Since this force is negative
in the adopted reference frame, we have a minimization problem also for this
objective function. If a higher side force is generated, a lower yaw angle is
needed: since a drag is connected with a yaw angle, the lower the aw angle
the lower the induced drag. As a consequence, a lower yaw angle results also
in a lower resistance.

In the second condition (namely upright), the total resistance is assumed
as the third (last) objective function of the problem.

Side force is mainly generated by the appendages, while the hull gives
a low contribution on it. Anyway, the flow condition for the appendages is
depending from the hull shape: this means that there is a strong interaction
between the hull and the appendages. Since the hull will be the only modified
part during the optimisation process, an increase of the side force can be
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Leeway

Fig. 2: Reference frame adopted for the sailing yacht. Main hull is the darkest part,
appendages are the brightest part. The underwater part only is shown.

obtained only through a modification of the interaction factors between the
hull and the appendages. The obtained results will focus on the importance
of these interaction factors, usually considered by the designers in a simplified
way.

3.2 Hull Shape Modification

In previous works [Peri01], a superimposition of some analytical surfaces has
been adopted for the modification of the hull shape. This strategy allows the
control of the connections between the different blocks of the computational
grid, and a faired surface is still obtained at the end of the optimisation
process. In this particular application, due to the complexity of the topology
of the computational grid, it is not possible to apply the continuity condition
between the grid blocks located in the nearby of the hull-rudder connections,
and a large part of the stern cannot be modified if this strategy is applied.
In order to overcome this difficulty, a different strategy has been devel-
oped. Here a single rectangular patch has been placed in the physical domain,
surrounding the part of the hull to be modified. This patch is still described by
a Béziér surface. The surface has an offset, and it has the unit value if all the
variables are set to zero. The patch represents the map of the multiplicative
factor to be applied to the local lateral wideness of the hull: once the design
variables are moved, the control surface moves and assumes different values
in different regions of the space. Consequently, the Y coordinate is multiplied
by the local value of the control surface, and a new hull is obtained. Control
points represent the design parameters of the hull, moving the Béziér surface.
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Continuity is enforced as explained in [Peri01]. The patch is here covering the
entire hull surface, no matter about any particular structure for the numerical
grid. The application of this kind of approach is encouraged by the fact that
the shape of the hull has single curvature, and there is a biunivocal correspon-
dence between a couple of coordinates in the XZ plane and a point of the hull.
Moreover, the points laying on the symmetry plane are not moved because
their side coordinate is just zero.

3.3 Active Constraints

In order to produce an hull still respecting the IJACC class rules, all the class
constraints must be applied. On the other hand, since we are not forced to
produce a new design respecting the rules, only few of the rule have been
followed. In particular, the active constraints for the problem are listed below:

o Fixed displacement (obtained by a change in the immersion of the boat).
e DBeam in between 3.5 and 5.0 meters.
o Maximum displacement of the grid points: 2.0 meters.

The reduction of number of the constraints is not equivalent to a large sim-
plification of the problem to be solved. In fact, constraints are non-linear, and
no assumption about the shape of the feasible set is possible. In particular,
convexity, continuity and connection of the feasible set are not guaranteed at
all. As a consequence, all the difficulties of a non-linear programming problem
are still present in this application. It is important to stress how there is not a
parameter able to fix, for example, the beam of the ship, and also the displace-
ment of a grid point depends on the movement of all the design parameters.
This is a consequence of the parameterisation strategy, whose flexibility gives
guarantees on the variety of the so produced shapes, but increase the com-
plexity of the optimisation problem. This results also in difficulties in defining
the correct initial range of variation of the design parameters.

3.4 Numerical results

Each hull shape evaluation requires two different runs of a RANSE solver,
one for each position of the yacht. Since the time needed for the computation
of a single configuration is about 8 hours on a Intel P4 2.8GHz, this means
that for a single hull about 16 hours are required before obtaining the needed
solutions. As a consequence, only 100 different hull shapes, including the ones
required for the training of the metamodels, have been allowed, in order to
limit the resources available for this study.

One single configuration is evaluated at each step of the algorithm, and
13 points have been distributed in the design space as training points of the
metamodels. As a consequence, 87 different configurations have been evaluated
during the course of the algorithm. At the end of the optimisation cycle, 12
different hulls compose the Pareto front, reported in table 1.
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ID. #|] E I 2
36 ||0.88468]0.91041]1.08172
54 ||0.87730({0.90526(1.08048
71 |[0.93423(0.94711|1.10979
72 1|0.92344(0.96320(1.12452
74 1/0.96062(1.00322{1.14720
76 ||0.90208(0.92414|1.08534
77 110.90265(0.92462|1.08557
80 {/0.92781|0.95877|1.12915
93 0.91226/0.94200|1.10647
96 10.91789/0.94825(1.11527
99 ||0.90030/0.92471{1.09599
100 |{0.92884(0.95752{1.13995

Table 1: Pareto Optimal Set for the here depicted optimisation problem. All the
objective functions are non-dimensionalised by their initial value.

Good solutions are indicated just at the start of the process, as the first
column of the table 1 shows (one Pareto point is selected after 36 solutions).
This means that, while the optimiser is running, designers are able to perform
some preliminary analysis on the obtained results, and some modifications
on the problem formulation are allowed without waiting for the end of the
process. Even more, some new designs could be added on line, exploring with
higher details some regions of the design space the designer is now interested
in, as a consequence of the preliminary analysis. This is a feature connected
with the fact that the algorithm is fully sequential, and can be interrupted
and restarted in any moment, without losing any information produced at the
time. Anyway, the longer the algorithm runs, the more the number of Pareto
points discovered.

Hull number 54 is the best for the total resistance in upright and heeled
condition, while hull number 74 is the best for the side force. This does not
means that the first two objective functions are highly connected, because if we
rank the hulls for these two objective functions the position in the list changes.
Anyway, they do not change so much. On the other hand, the rank is quite
reversed looking at the third objective function. This is the classical situation
of a multi-objective optimisation problem, where some objective functions are
conflicting each other. The rank for the different objective functions is reported
in table 2. Here some considerations could be drawn about the best hull to be
selected, if the choice were made on the basis of the rank position. In fact, if
we select the sum of the ranking position as the selection parameter, best hull
is number 54, who is the best for two objective functions, but is nearly the
worst for the third objective function. If we assume the square of the ranks
as the selection parameter, hull number 99 becomes the best: it is not the
best for a single objective function, but it ranks quite well for all the different
objective functions. Anyway, due to the small connections between the first
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and the second objective function, this selection strategy penalize the third
objective function: as a consequence, the final selection must be performed in
a different way.

ID. #||Rank Fi|Rank F;{Rank F3| S |[SSQ
36 2 2 11 15/ 129
54 1 1 12 14| 146
71 11 7 6 241206
72 8 11 4 23| 201
74 12 12 1 251 289
76 4 3 10 171125
77 5 4 9 181122
80 9 10 3 221190
93 6 6 7 19| 121
96 7 8 5 20| 138
99 3 5 8 16| 98
100 10 9 2 21(185

Table 2: Pareto Optimal Set for the here depicted optimisation problem: column
number 2, 3 and 4 report the ranking with respect to objective function number 1,
2 and 3 respectively. Column labelled with S reports the sum of the ranks, while
column SSQ reports the sum of the square of the ranks.

Maximum improvements are 12% for the total resistance in upright, 10%
for the total resistance in heeled condition and 15% for the side force in heeled
condition. If we consider that the difference between the best hull and the
worse one was about 3% in the last America’s Cup edition, and a difference on
the performances of less than 1% gives the victory, it is clear the significance of
the obtained improvements. The wideness of the Pareto front is quite large: the
wideness of the variation is about 8% for the first objective function, 10% for
the second one and 6% for the third one. This gives the opportunity of a wide
choice for the designer, obtaining a good balance between the performances
as needed. If this analysis is not considered to be enough, deeper analysis on
the Pareto points is possible, evaluating different objective functions in order
to better assess the behaviour of the yacht in off-design conditions.

As a final consideration, the increase in the side force generation is only
due to the hull shape modifications. Since the grater part of the side force
is generated by the appendages, whose geometry is unchanged during the
course of the optimisation problem solution, it is clear that enhancements in
this direction are obtained only by changing the working conditions of the
fin, that is, by changing their inflow through the modification in the shape
of the hull. As a consequence, there is a strong influence of the hull shape in
the performances of the appendages, and a simple linear superimposition of
the forces generated by the hull and the fin separately, eventually corrected
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by some empirical correlation factors, is not enough. Concluding, the design
of the appendages and the hull must be performed together, and not in a
separate way, as in common practice.

4 Conclusions

Optimisation tools could help the designer, and GO techniques can lead to
new design concepts. The final goal of the authors was to develop an useful
GO tool for ship design, plus techniques for reducing CPU-time requirements,
a fundamental step if a GO problem has to be solved. To this aim, a GO
problem in a multi-objective context has been formulated and solved with
an original algorithm. Although the numerical results are still preliminary,
strong reductions on the interesting quantities have been obtained, although
the main difficulties of a classical multi-objective optimisation problem have
been encountered, with highly conflicting objective functions. The applied nu-
merical solvers are able to give reliable information on the flow field, allowing
improvements otherwise difficult to be obtained in the absence of correlations
law between main geometrical parameters and local flow variables. The opti-
misation tool seems to be able to coordinate the different objectives and the
analysis tools used in the procedure are used in a rational way. The inclusion
of this approach into the spiral design cycle is recommended, in particular
when some special requests are present in the design specifications.
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Summary. Molten carbonate fuel cells (MCFCs) allow an efficient and environ-
mentally friendly energy production by converting the chemical energy contained
in the fuel gas in virtue of electro-chemical reactions. Their dynamical behavior
can be described by large scale embedded systems of 1D or 2D nonlinear partial
differential algebraic equations (PDAEs) up to dimension 28. They are of mixed
parabolic-hyperbolic type with integral terms in the right hand side and initial and
nonlinear boundary conditions, the latter governed by a system of ordinary differ-
ential equations.

In this paper a new 2D model together with results of its numerical simulation
is presented. The numerical results show a good correspondence with the expected
dynamical behavior of MCFCs, The ultimate goal is to optimize this large scale
nonlinear PDAE system to increase efficiency and service life of MCFCs,

Key words: partial differential algebraic equations, numerical simulation,
PDE constrained optimization, fuel cells.

1 Introduction

Molten carbonate fuel cells (MCFCs) are especially well suited for stationary
power plants if their process heat is used to increase their efficiency. MCFCs
seem to become soon competitive compared to traditional power plants. In
order to enhance service life, high temperature gradients inside the fuel cells
must be avoided. Therefore control strategies are currently under develop-
ment. Admittedly, not only the avoidance of high temperature gradients is of
interest, but also the optimization of the efficiency of fuel cell systems.

The dynamic behavior of MCFCs can be modeled mathematically by a hi-
erarchy of systems of partial differential algebraic equations; see Heidebrecht
and Sundmacher [5,6] and, in particular, Heidebrecht [4]. A detailed descrip-
tion of a certain 1D model together with an index analysis concerning the
differential time and spatial index as well as the MOL index of the 1D PDAE
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system and some numerical results can be found in Chudej et al. [3]. An index
analysis of several 1D and 2D models can be found in Chudej [2]. In addition,
for a simplified linearized 2D model also a perturbation index analysis can be
found in Rang and Chudej [8].

The present paper focuses on a new enhanced 2D cross flow model of a
MCFC as well as on its numerical simulation and optimization.

2 2D Molten Carbonate Fuel Cell Model

The model investigated in the present paper describes an MCFC with a
cross flow mode for the guidance of the anode and cathode gas streams.
Such a design has been realized for the so-called HotModule produced by
the MTU CFC Solutions GmbH, Munich, and operated for example by the
IPF-Heizkraftwerksbetriebsgesellschaft mbH, Magdeburg, at the power plant
of the University Hospital of Magdeburg. See Fig. 1 for a schematic picture
of the main devices of the HotModule, which has been taken into account in
the mathematical model. The anode inlet is on the south-west side of the fuel
cell. The anode outlet gas is fed into the cathode inlet on the south-east side
of the fuel cell via a catalytic combustor and a reversal chamber. The cathode
exhaust gas is partially led back to the catalytic combustor and goes then
again into the cathode inlet. The remaining part of the exhaust gas at the
cathode outlet finally goes to the cell exhaust device.

air inlet

cell
exhaust

anode

cathode
. exhaust

recycle

zza/ T
anode feed

Fig. 1: Cross flow configuration of the HotModule

In the anode and cathode gas channels, resp., the following chemical re-
actions take place. Within the gas stream of the anode channel an internal
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reforming can be performed due to the high operating temperature to produce
the necessary hydrogen
CHy + HLO=C0O +3H;,

1

Simultaneously, an electro-chemical reaction, the oxidation reaction, takes
place at the anode electrode

Hy +CO;” = HyO+ COg + 2e”,

2
CO+CO3” = 2C0, + 2e™. @)
In contrast, at the cathode electrode we have the reduction reaction
1
502 + COQ 4+ 27 = COB_ . (3)

Hereby, the carbonate ions are transferred through the electrolyte from the
cathode electrode to the anode electrode. Bipolar plates serve as heat con-
ducting material and separate the single cells of the stack. From the cell’s
outside, the electric current can be collected at the electrodes; see Fig. 2. For
the sake of simplicity, we use here 1D figures for a cell with a counter flow
configuration in order to describe the gas flows and the dominating chemi-
cal reactions (by Fig. 2) and the concrete physical quantities involved in the
model (by Fig. 3). The model however treats the cross flow configuration and
the chemical reactions of Eqgs. (1-3).

CH, CH4+2H20‘—"3C’02+4H2/’/ CO; loz

H,0 [:> H2+CO§—P——‘HQO+C02;/2€— Dm

anode ) catalytic
combuster
electrolyte  -- ?
cathode - : reversa. '
chamber
exhaust $02 + COz + 27 = €O}~ ]
gas ‘ COs,. !
bipolar plate -- |- |
- cathode recycle

Fig. 2: Gas flow and (simplified) chemical reactions

In the anode and cathode channels 7 substances arise in the chemical reac-
tions: methane C Hy, hydrogen Hso, water HyO, oxygen Oy, carbon monoxide
CO, carbon dioxide COs, and nitrogen N3. The molar fractions of all these
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Teversa
chamber

Fig. 3: Variables and boundary conditions

species in the gas flows of the two channels are denoted by z,; and z.;,
4 =1,...,7, resp. In contrast, the molar fractions in the pores of the elec-
trodes are denoted by p, ; and pc ;; see Fig. 3. For the numerical treatment
we have to include only four variables p, ; associated with H>0, Ha, CO,
CO; in the pores of the anode and two variables p. ; associated with CO,
CO; in the pores of the cathode. Note that the distinction between the molar
fractions in the gas streams, where the internal reforming (1) takes place, and
the pores, where the anode (2) and the cathode (3) reaction take place, is a
more detailed description compared to the model treated in a previous paper
of Sternberg et al. [9]. Both models are due to Heidebrecht [4]. Further, we
have to take into account the molar flows g, and g. as well as the tempera-
tures 6, and 6, in the anode and cathode gas channels. These temperatures 4,
and 6, are dominated by convection and are to be distinguished from the solid
temperature 6,, which is distributed through the solid by diffusion, i.e. heat
conduction. Moreover, the electrical potentials &%, %, and & at which anode
ion layer, cathode ion layer and cathode electrode are relative to a reference
potential, and the current density ¢ are introduced into the model. Finally, the
total cell current leoy = Ieen(t) represents a degree of freedom in the model,
that can be used for controlling the fuel cell.

Altogether, we end up with a system of time ¢ dependent nonlinear partial
differential algebraic equations in two space dimensions z := (21,29) € {2 :=
[0, 1]? corresponding to the two gas flow directions due to the cross flow con-
figuration of the stack. We have the following parts of a large scale coupled
system:
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Heat equation in the solid:

005
ot

= \Af; + 901(93,9a,Hc,xa,xc,pa,pc,éf,@f,éf), A > 0 constant(4)

Advection equations in the gas streams:

% = —gaeaag’;’j +#25(65.00.20:P0 86), G =1n T, (5)
%i: —gcec%%+€03,j(98,9c>$c»Pcv¢cLa¢§)v j=1...,7, (6)
% - —gab’ag—z(; + 485, 6as Ta, Par BL), (7)
% - —gcecg—% + 5(65, 0oy e, Doy BF, BF) (®)

Algebraic equations in the pores:

pa,j:@&j(pa’gsamav@é), j=1a"'a47 (9)
pc,j=<P7,j(pc»95,$c»@g,¢f), .721772 (10)
Degenerated PDEs for the molar flows:
O:a_(gfgi)'}'WS(gs:emzaapav@g): (11)
321
0(gc0.
0=_%Zl+¢9(95,9c,zc,pc,sbf,@f). (12)
Integro-PDAE system for the potentials:
opL . .
8; = ['La(paaesaégj)"z]/ca’ (13)
8%; , Ly _ . YA A
ot = [ia(Pa, b5, By) — il/ca + [1e(P5, D2) — i) /cc (14)
déf ; L . L S
& =(P10( Za(pa7937¢a)d2, lc(pcvesa¢cv¢c)dz’
2 id
/ie@f{»@f)d%[cen)- (15)
I

where the current density ¢ = 4(¢, z) is given by

i =1 <ia»i0aiea/iad2»/¢cdza/ie dzaIcell)

i) ) n
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and the total cell current I.ey can be used for control purposes as mentioned
above.

All functions determined by the PDAEs are functions of z and ¢ except
@5 = ®Z(t). The presentation of all source terms ¢;, j = 1,...,11, as well
as of the functions i, 1., and 1. in full detail would be beyond the scope of
this paper; they can be found in Heidebrecht [4]. Summarizing we obtain a
nonlinear PDAE system of dimension 28. Note that by substituting v, := g, 9,
and v, = ¢.0, the PDAE system becomes quasi-linear, but the boundary
conditions still remain highly nonlinear as we will see subsequently.

For simulations, the boundary conditions for the temperature 6,, the mo-
lar fractions z, ;, and the molar flow g, are prescribed at the anode inlet,
i.e, at z1 =0, 22 € [0,1]; compare Figs. 1 and 3 (here denoted by the sub-
script 4,in). For control purposes they can also be chosen as time dependent
boundary controls. For the temperature §., the molar fractions z. ;, and the
molar flow g. the boundary conditions at the cathode inlet (in Fig. 3 denoted
by the subscript ¢,in), i.e., at 20 =0, 21 € [0,1], depend on the corresponding
output values at the anode outlet, i.e., at z; = 1, z2 € [0,1] and from the
environment; see Fig. 3. These values are given via the solution of a system
of ordinary differential algebraic equations. It describes the time dependent
behavior of the gas temperature, the molar fractions and the molar flow in
the catalytic combustor and the reversal chamber. Note that these quantities
depend on the averaged values of the associated quantities at the anode outlet.
Again, without giving the details for the right hand sides ¢;, j = 12,...,14,
of the ordinary DAE system, the boundary conditions at the cathode inlet
can be read as follows:

e (L, = (), 7=1,...,7, 16
“ ’]( Z) 21€[0,1], 20=0 xm’j( ) J ( )
0.(t, =0,,(t), t, = t 17
o(t:2) 21€[0,1], 22=0 m(8)s ge(t,2) 21€[0,1], 22=0 gm(t)  (17)
where
d 1 1 1
T i
Ti = 4P12,j(xm,j:0ma/1'a dZ2,/9 d227/g dZ2’
t 2:1= 21—1 zZ1=
0 0 0
xj,aira/\air)» (18)
1 1 1
D _ (6 /:v dz /0 dz / d
dr = Y13 Um;, a =1 2 a 2=1 2 g o= 22,
0 0 0
Qairaxj aira/\air) (19)
1 1
m = ©14(Im, / dzz,/ d22,/ga dazg,
- 2=

0 0
Bair, T g,airs /\air) . (20)
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Here, air, j,air, and Aujr denote the ambient temperature, the molar frac-
tions of oxygen and nitrogen in air and the air number, resp. The latter defines
the amount of air fed into the burner. All these quantities can be subject to
changes in time and thus can play the roles of boundary controls.

So far, the re-feeding is not modeled. It will introduce further dependen-
cies of the right hand sides of the ordinary DAE system. In this case, the
function @1 will also depend on the integrals fol Te|gp=1 dz1, fol Oc|z=1 dz1,
and fol Jalzp=1d21.

Moreover, the boundary conditions for the solid temperature 8, are, be-
cause of the insulation, given by zero Neumann conditions at the boundary of
the electrolyte, i.e. at 842. Finally, consistent initial conditions at time ¢t = 0
for all z € {2 must be suitably imposed.

This completes the mathematical model.

3 Simulation Results

The entire PDAE system can be written in compact form as follows

u

ASE =B+ g 4 Cap + (W), (21)
Hereby A is a singular diagonal matrix containing only zeros and ones, and
B = diag(A,0,...,0), if we choose the vector solution u containing all the
unknown functions of the Eqs. (4)-(15) as u := (f,,...,®3). Here the Lapla-
cian has to be understood componentwise. The singular diagonal matrices Cy,
resp. C» depend on the auxiliary variables v, 1= g, 0,, resp. v, i= gc 0, previ-
ously defined making the system quasi-linear. Finally the term f(u) contains
all further nonlinear dependencies.

In order to solve this complex nonstandard PDAE constrained optimiza-
tion problem numerically in the future we choose the approach to first dis-
cretize, then optimize in contrast to first optimize, then discretize, i.e. to
derive firstly the optimality conditions in function spaces which are then dis-
cretized. We favor this approach because of the various model updates in the
past being typical when dealing with real world problems. This fact makes
it (almost) impossible to apply the mathematically more safeguarded latter
approach.

Thus, we apply, as the method of choice, the (vertical) method of lines,
and we obtain a large scale ordinary DAE system of the form

Ap — = g(uh) ) (22>

for which now standard techniques can be used, if the dimension remains mod-
erately large, e.g., a transcription to a very large scale nonlinear programming
problem.
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The numerical approximation u,(t) of the exact solution u(t, 21, 23) is ac-
cordingly obtained by semi-discretization in the spatial variables z; and 2.
Hereby, the Laplace operator is approximated by the standard five point dif-
ference star. For the convection terms upwind formulas are used taking into
account the known wind direction in the anode and cathode gas channels,
resp. Despite the complicated boundary conditions they can be handled in
the usual way like Dirichlet and Neumann conditions with values partly ob-
tained via the solution of an ordinary DAE system.

In Eq. (22), A, is a constant singular diagonal matrix containing again
only zeros and ones, and the nonlinear function g stands for the discretized
right hand side of (21).

In the following we present the numerical simulation results. The software
package NUDOCCCS [1] developed for the numerical solution of large scale
ODE and DAE constrained optimal control problems can be used for simula-
tion purposes, too. The numerical integration of the DAE system is performed
by a fifth order implicit Runge-Kutta method (RADAU 5).

The numerical solution of some selected components is depicted in the
Figs. 4-11. The figures show the two-dimensional spatial distribution at a
time, at which we assume that the steady state has been reached. About
10000 time steps had to be performed. Further note that all quantities are
dimensionless.

In each diagram, the inlet of the anode is on the south-west side (23 =0,
2 € [0,1]), the cathode inlet is on the south-east side (21 € [0,1], 22 = 0). The
gas flows in z;-direction through the anode channel, in z;-direction through
the cathode channel.

0,31\ .
Q.2

o

Fig. 4: Methane in anode channel Fig. 5: Hydrogen in anode channel

The results obtained make sound sense as we will show. The methane de-
picted in Fig. 4 decreases over the entire width due to the methane consuming
endothermic reforming reaction (1). The concentration is slightly lower on that
side of the anode channel where the cathode outlet is located. This is due to
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the higher temperatures in this region leading to higher reforming reaction
rates there.

Fig. 6: Molar flow in anode channel Fig. 7. Carbon dioxide in cathode
channel

In accordance with the methane behavior hydrogen is produced in the
endothermic reforming reaction (1) immediately after the anode inlet to be
subsequently consumed in the exothermic oxidation reaction (2); see Fig. 5.
Near z; = 1 and z3 = 1, we see higher concentrations of hydrogen due to
higher temperatures and consequently higher reforming reaction rates.

The molar flow in the anode, as depicted in Fig. 6, is increasing due to
both the reforming reaction and the oxidation reaction.

Fig. 8: Molar flow in cathode channel Fig. 9: Temperature in anode channel

As can be seen from Figs. 7 and 8 both the concentration of the carbon
dioxide and the molar flow in the cathode decreases from the cathode inlet on
the south-east side to its outlet on the north-west side due to the reduction
reaction (3).
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Fig. 10: Temperature in cathode chan- Fig. 11: Temperature in solid
nel

The most important results are concerned with the temperatures; see
Figs. 9-11. They directly influence the reaction rates. Moreover, the solid
temperature, see Fig, 11, must be particularly observed to avoid so-called hot
spots leading to material corrosion and consequently to a reduced service life.

The temperature distribution in the anode channel coincides with the heat
demand and the heat release of the reactions therein. Initially we have the
endothermic reaction (1). Thus the temperature declines. In the following,
the anode gas temperature is increased again by heat exchange with the solid,
which is heated by the electrochemical reactions (Egs. 2, 3).

Since the solid temperature is not evenly distributed, see Fig. 11, the
temperature in the anode channel has a local maximum near z; = land 2o = 1
due to heat conduction, see Fig. 9. The cathode gas is heated up by the solid
phase all along the channel, so the temperature continuously increases along
29,

4 Conclusions

A complicated mathematical model, describing the dynamical behavior of a
molten carbonate fuel cell, has been presented. The semi-discretization in
space of the large scale partial differential algebraic equation system with
integral terms in the right hand side together with its nonstandard boundary
conditions including an ODE system yields a very large scale DAE system.
The obtained numerical results correspond to the practical experiences of
engineers with real fuel cells of the type investigated here. This approach
enables further investigations with respect to parameter identification as well
as optimal control purposes, e.g. the optimization of the fuel cell when working
in certain operation modes such as load changes. For those purposes we can
use the same mathematical model as well as the same software NUDOCCCS
used here, since NUDOCCCS can solve optimal control problems with large
scale DAE constraints.
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The NEWUOA software for unconstrained
optimization without derivatives

M.J.D. Powell

Department of Applied Mathematics and Theoretical Physics, Centre for
Mathematical Sciences, Wilberforce Road, Cambridge CB3 OWA, England.
(mjdp@cam.ac.uk)

Summary. The NEWUOA software seeks the least value of a function F(z),
z €R", when F(z) can be calculated for any vector of variables z. The algorithm
is iterative, a quadratic model @ =~ F' being required at the beginning of each iter-
ation, which is used in a trust region procedure for adjusting the variables. When
@ is revised, the new @ interpolates F at m points, the value m = 2n+1 being
recommended. The remaining freedom in the new @ is taken up by minimizing the
Frobenius norm of the change to ¥2Q. Only one interpolation point is altered on
each iteration. Thus, except for occasional origin shifts, the amount of work per
iteration is only of order (m+-n)?, which allows n to be quite large. Many questions
were addressed during the development of NEWUOA, for the achievement of good
accuracy and robustness. They include the choice of the initial quadratic model,
the need to maintain enough linear independence in the interpolation conditions
in the presence of computer rounding errors, and the stability of the updating of
certain matrices that allow the fast revision of Q. Details are given of the techniques
that answer all the questions that occurred. The software was tried on several test
problems. Numerical results for nine of them are reported and discussed, in order
to demonstrate the performance of the software for up to 160 variables.

Key words: direct search, quadratic models, trust regions, unconstrained
minimization, updating.

1 Introduction

Quadratic approximations to the objective function are highly useful for ob-
taining a fast rate of convergence in iterative algorithms for unconstrained
optimization, because usually some attention has to be given to the curva-
ture of the objective function. On the other hand, each quadratic model has
%(n+1)(n+2) independent parameters, and this number of calculations of
values of the objective function is prohibitively expensive in many applica-
tions with large n. Therefore the new algorithm tries to construct suitable
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quadratic models from fewer data. The model Q(z), z&€R", at the beginning
of a typical iteration, has to satisfy only m interpolation conditions

Q(Ez) = F(@z’)v i=1,2,...,m, (11)

where F(z), z € R", is the objective function, where the number m is
prescribed by the user, and where the positions of the different points z,,
i=1,2,...,m, are generated automatically. We require m > n+2, in order
that the equations (1.1) always provide some conditions on the second deriva-
tive matrix V2@, and we require m < 2(n+1)(n+2), because otherwise no
quadratic model @ can satisfy all the equations (1.1) for general right hand
sides. The numerical results in the last section of this paper give excellent
support for the choice m=2n+1.

The success of the new algorithm is due to a technique that is suggested by
the symmetric Broyden method for updating V4@ when first derivatives of F
are available (see pages 195-198 of Dennis and Schnabel, 1983, for instance).
Let an old model Qg be present, and let the new model Qe be required to
satisfy some conditions that are compatible and that leave some freedom in
the parameters of Quew. The technique takes up this freedom by minimizing
1V2Qnew — V?Qola|l F, where the subscript “F” denotes the Frobenius norm

lale = {2 S a3} aermn 12)

i=1 j=1

Our conditions on the new model @ = Qnew are the interpolation equations
(1.1). Thus V2Qew is defined uniquely, and Qe itself is also unique, because
the automatic choice of the points z; excludes the possibility that a nonzero
linear polynomial p(z), z € R", has the property p(z;)=0,i=1,2,...,m. In
other words, the algorithm ensures that the rows of the (n+1) xm matrix

1 1 1
X = (1.3)
T1—ZLy Ly~ e LTIy

are linearly independent, where z, is any fixed vector.

The strength of this updating technique can be explained by considering
the case when the objective function F is quadratic. Guided by the model
@ = Qg at the beginning of the current iteration, a new vector of variables
Tnew = ZLopy+d is chosen, where z,, is such that F(z, ) is the least calculated
value of F so far. If the error |F(Z,en) — Qold (Znew)| is relatively small, then
the model has done well in predicting the new value of F, even if the errors
of the approximation V2Q ~ V2F are substantial. On the other hand, if
| F(Zew) — Qold (Znew)| is relatively large, then, by satisfying Qunew(Zpew) =
F(zpew), the updating technique should improve the accuracy of the model
significantly, which is a win/win situation. Numerical results show that these
welcome alternatives provide excellent convergence in the vectors of variables
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that are generated by the algorithm, although usually the second derivative
error ||V2Q-V?2F| F is big for every @ that occurs. Thus the algorithm seems
to achieve automatically the features of the quadratic model that give suitable
changes to the variables, without paying much attention to other features
of the approximation ¢ ~ F. This suggestion is made with hindsight, after
discovering experimentally that the number of calculations of F is only O(n)
in many cases that allow n to be varied. Further discussion of the efficiency
of the updating technique can be found in Powell (2004b).

The first discovery of this kind, made in January 2002, is mentioned in
Powell (2003). Specifically, by employing the least Frobenius norm updating
method, an unconstrained minimization problem with 160 variables was solved
to high accuracy, using only 9688 values of F', although quadratic models have
13122 independent parameters in the case n=160. Then the author began to
develop a Fortran implementation of the new procedure for general use, but
that task was not completed until December, 2003, because, throughout the
first 18 months of the development, computer rounding errors caused unac-
ceptable loss of accuracy in a few difficult test problems. A progress report
on that work, with some highly promising numerical results, was presented at
the conference in Hangzhou, China, that celebrated the tenth anniversary of
the journal Optimization Methods and Software (Powell, 2004b). The author
resisted pressure from the editor and referees of that paper to include a de-
tailed description of the algorithm that calculated the given results, because
of the occasional numerical instabilities. The loss of accuracy occurred in the
part of the Fortran software that derives Qpe,, from Quq in only O(m?) com-
puter operations, the change to @ being defined by an (m-+n-+1)x(m+n+1)
system of linear equations. Let W be the matrix of this system. The inverse
matrix H =W ™! was stored and updated explicitly. In theory the rank of {2,
which is the leading mxm submatrix of H, is only m-n—1, but this property
was lost in practice. Now, however, a factorization of {2 is stored instead of
{2 itself, which gives the correct rank in a way that is not damaged by com-
puter rounding errors. This device corrected the unacceptable loss of accuracy
(Powell, 2004c), and then the remaining development of the final version of
NEWUOA became straightforward. The purpose of the present paper is to
provide details and some numerical results of the new algorithm.

An outline of the method of NEWUOA is given in Section 2, but m (the
number of interpolation conditions) and the way of updating @ are not men-
tioned, so most of the outline applies also to the UOBYQA software of the
author (Powell, 2002), where each quadratic model is defined by interpolation
to (n+1)(n-+2) values of F. The selection of the initial interpolation points
and the construction of the first quadratic model are described in Section 3,
with formulae for the initial matrix H and the factorization of {2, as intro-
duced in the previous paragraph. Not only @ but also H and the factorization
of {2 are updated when the positions of the interpolation points are revised,
which is the subject of Section 4. On most iterations, the change in variables
d is an approximate solution to the trust region subproblem
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Minimize Q(z,p-+d) subject to |[|d|| < A4, (1.4)

which receives attention in Section 5, the parameter A >0 being available with
Q. Section 6 addresses an alternative way of choosing d, which may be invoked
when trust region steps fail to yield good reductions in F. Other details of
the algorithm are considered in Section 7, including shifts of the origin of
R™, which are necessary to avoid huge losses of accuracy when H is revised.
Several numerical results are presented and discussed in Section 8. The first
of these experiments suggests a modification to the procedure for updating
the quadratic model, which was made to NEWUOA before the calculation of
the other results. It seems that the new algorithm is suitable for a wide range
of unconstrained minimization calculations. Proofs of some of the assertions
of Section 3 are given in an appendix.

2 An outline of the method

The user of the NEWUOA software has to define the objective function by
a Fortran subroutine that computes F(z) for any vector of variables z € R™.
An initial vector £y € R"™, the number m of interpolation conditions (1.1), and
the initial and final values of a trust region radius, namely pyeg and peng, are
required too. It is mentioned in Section 1 that m is a fixed integer from the
interval

n+2 < m < % (n+1) (n+2), (2.1)

and that often the choice m = 2n+1 is good for efficiency. The initial in-
terpolation points z,, i=1,2,...,m, include z,, while the other points have
the property |lz; —Zolloc = Poeg, 8s specified in Section 3. The choice of ppeg
should be such that the computed values of F' at these points provide use-
ful information about the behaviour of the true objective function near z,,
especially when the computations may include some spurious contributions
that are larger than rounding errors. The parameter penq, which has to satisfy
Pend < Preg, should have the magnitude of the required accuracy in the final
values of the variables.

An outline of the method is given in Figure 1. The details of the operations
of Box 1 are addressed in Section 3. The parameter p is a lower bound on the
trust region radius A from the interval [pend, Pbeg]. The value of A is revised on
most iterations, but the purpose of p is to maintain enough distance between
the interpolation points z,, i=1,2,...,m, in order to restrict the damage to
@ from the interpolation conditions (1.1) when there are substantial errors
in each computation of F'. Therefore p is altered only when the constraint
A > p seems to be preventing futher reductions in the objective function.
Each change to p is a decrease by about a factor of ten, except that the
iterations are terminated in the case p= peng, as shown in Boxes 11-13 of the
figure.
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Pick the initial interpolation points, letting z,, be
an initial point where F is least. Construct the first
quadratic model Q& F. Set p= ppeg and A = ppeg.

J
( 2
Subroutine TRSAPP calculates
d by minimizing Q(zep + 4)
approximately, subject to the
bound ||d|| < A. If ||d]| < A,
then CRVMIN is set to the least
curvature of @ that is found.

BEGIN

Using CRVMIN,
test if three re-
cent values of
ldl| and F—@Q
are “small”.

Calculate F(zop +4d), and set

Fzopt)— Fzopt+d)
— Fl@opt)~Flzopt+d)
RATIO= g QG 70 L 1US

A is revised, subject to A > p.
Then MOVE is set to zero or to
the index of the interpolation
point that will be dropped next.

15[—_/

Reduce A by
a factor of 10
or to its lower
bound p. Set
RATIO=—1.

o

Let zygyr be the current
interpolation point that
maximizes the distance
DIST= HQMDVE_ZQOmH'

If MOVE > 0, then @ is mod-
ified by subroutine UPDATE,
so that @ interpolates F' at |5
Zopt +—d instead of at Zwgye.
If Fxop+d) < F(Zep), then
Zopt 18 OVerwritten by zoptd

ZInove is going to be replaced by zopi+d,
where d is chosen here by subroutine
BIGLAG or BIGDEN, in a way that helps
the conditioning of the linear system
that defines . Set RATIO=1.

o

N

Reduce p by about a
factor of 10 subject to

Termination, after cal-
culating F'(z,,, +d), if | END

£ = Pena, and reduce
A to max[%polda pnew]-

this has not been done
due to |/d|| < 5 p.

Fig. 1: An outline of the method, where Y="Yes and N=No
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Boxes 2-6 of Figure 1 are followed in sequence when the algorithm per-
forms a trust region iteration that calculates a new value of F. The step d
from z,,, is derived from the subproblem (1.4) in Box 2 by the truncated
conjugate gradient procedure of Section 5. If ||d|| < A occurs here, then @ has
positive curvature along every search direction of that procedure, and CRVMIN
is set to the least of those curvatures, for use in Box 14 when the N branch
is taken from Box 3, which receives attention later. Box 4 is reached in the
present case, however, where A is revised in a way that depends on the ratio

RATIO = {F( opc) (ﬁopt+d)}/{Q(§opt) - Q(%pf*‘d_)}, (2'2)

as described in Section 7. The other task of Box 4 is to pick the m interpolation
points of the next quadratic model. Usually one of the current points z,,
i=1,2,...,m, is replaced by z,,,+d, and all the other points are retained. In
this case the integer MOVE is set in Box 4 to the index of the interpolation point
that is dropped. The only other possibility is no change to the interpolation
equations, and then MOVE is set to zero. Details of the choice of MOVE are
also given in Section 7, the case MOVE > 0 being mandatory when the strict
reduction F'(Z,,; +d) < F(Zop) is achieved, in order that the best calculated
value of F' so far is among the new interpolation conditions. The updating
operations of Box 5 are the subject of Section 4. Box 6 branches back to Box
2 for another trust region iteration if the ratio (2.2) is sufficiently large.

The N branch is taken from Box 6 of the figure when Box 4 has provided
a change F(z,p) — F(Zop; +d) in the objective function that compares un-
favourably with the predlcted reduction Q(zope) — Q(Zopy +d). Usually this
happens because the positions of the points z, in the interpolation equa-
tions (1.1) are unsuitable for maintaining a good quadratic model, especially
when the trust region iterations have caused some of the distances ||z,~z _Opt||
i=1,2,...,m, to be much greater than A. Therefore the purpose of Box 7 is
to identify the current interpolation point, Zyyg say, that is furthest from zp;.
We take the view that, if |[Zygye —Zop¢ [l 224 holds, then @ can be improved
substantially by replacing the interpolation condition Q(Zygys) = F(Zuoyz) by
Q(Zope+d) = F(zop,+d), for some step d that satisfies [|df < A. We see in the
figure that the actual choice of d is made in Box 9, details being given in Sec-
tion 6, because they depend on the updating formulae of Section 4. Then Box
5 is reached from Box 9, in order to update Q) as before, after the calculation
of the new function value F(z,,,+d). In this case the branch from Box 6 to
Box 2 is always followed, due to the setting of the artificial value RATI0O =1
at the end of Box 9. Thus the algorithm makes use immediately of the new
information in the quadratic model.

The N branch is taken from Box 8 when the positions of the current points
z; t=1,2,...,m, are under consideration, and when they have the property

lz;—zopsl| < 24, i=1,2,...,m. (2.3)

Then the tests in Box 10 determine whether the work with the current value
of p is complete. We see that the work continues if and only if one or more
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of the conditions ||d|| > p, A4 > p or RATIO > 0 holds. Another trust region
iteration is performed with the same p in the first two cases, because p has
not restricted the most recent choice of d. In the third case, RATIO >0 implies
F(Zopy+d) < F(Zop) in Box 4, and we prefer to retain the old p while strict
reductions in the objective function are being obtained. Thus an infinite loop
with p fixed may happen in theory. In practice, however, the finite precision of
the computer arithmetic provides an upper bound on the number of different
values of F' that can occur.

Finally, we consider the operations of Figure 1 when the step d of Box 2
satisfies ||d]| < $p. Then Box 14 is reached from Box 3, and often F(z,,,+d)
is not going to be calculated, because, as mentioned already, the computed
difference F'(z,p;)—F'(z,p+d) tends to give misleading information about the
true objective function when ||d|| becomes small. If Box 14 branches to Box
15, a big reduction is made in A if allowed by A > p, and then, beginning at
Box 7, there is a choice as before between replacing the interpolation point
Zuove, OF performing a trust region iteration with the new A, or going to Box
11 because the work with the current p is complete. Alternatively, we see that
Box 14 can branch directly to Box 11, the reason being as follows.

Let &, and Z,,, be the first and last values of z,,, during all the work
with the current p, and let &,, 1 =1,2,...,m, be the interpolation points at
the start of this part of the computation. When p is less than pye,, the current
p was selected in Box 12, and, because it is much smaller than its previous
value, we expect the points 2, to satisfy ||2;—Z,¢/l 2 2p, i#opt. On the other
hand, because of Boxes 7 and 8 in the figure, Box 11 can be reached from
Box 10 only in the case ||z,~Z,pl/ <2p, 1=1,2,..., m. These remarks suggest
that at least m—1 new values of the objective function may be calculated for
the current p. It is important to efficiency, however, to include a less laborious
route to Box 11, especially when m is large and penq is tiny. Details of the
tests that pick the Y branch from Box 14 are given in Section 7. They are
based on the assumption that there is no need for further improvements to
the model @, if the differences |F(zqp+d) — Q(zopy +d)| of recent iterations
compare favourably with the current second derivative term % p2CRVMIN,

When the Y branch is taken from Box 14, we let d 4 be the vector d
that has satisfied [|d|| < £p in Box 3 of the current iteration. Often d, is
an excellent step to take from gz, in the space of the variables, so we wish
to allow its use after leaving Box 11. If Box 2 is reached from Box 11 via
Box 12, then d = d,4 is generated again, because the quadratic model is
the same as before, and the change to A in Box 12 preserves the property
A>1poa > |dggll. Alternatively, if the Y branches are taken from Boxes 14
and 11, we see in Box 13 that F(z . +d,q4) is computed. The NEWUOA
software returns to the user the first vector of variables that gives the least of
the calculated values of the objective function.
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3 The initial calculations

We write the quadratic model of the first iteration in the form
Qlzo+d) = Qzo) +d7YQ(z) +347V?Qd,  deR™, (3.1)

z, being the initial vector of variables that is provided by the user. When the
number of interpolation conditions (1.1) satisfies m>2n+1, the first 2n+1 of
the points z,, ¢=1,2,...,m, are chosen to be the vectors

Z,,1 = Zg T Pbeg &
L1 £0 eg =
z, =, and i+ g =i

}, i=1,2,...,n, (3.2)

Lignt+1 = Ly — Pbeg &;

where pneg is also provided by the user as mentioned already, and where g,
is the i-th coordinate vector in R™. Thus Q(z,), YQ(z,) and the diagonal
elements (V2Q)s;, i=1,2,...,n, are given uniquely by the first 2n+1 of the
equations (1.1). Alternatively, when m satisfies n+2 < m < 2n, the initial
interpolation points are the first m of the vectors (3.2). It follows that Q(z,),
the first m—n—1 components of VQ(z,) and (V2Q)y, i=1,2,...,m—n-1, are
defined as before. The other diagonal elements of V2(Q are set to zero, so the
other components of VQ(z,) take the values {F(z+ pveg ;) — F(Zo)}/Peg:
m—n<i<n.

In the case m >2n+1, the initial points z,, i=1,2,...,m, are chosen so
that the conditions (1.1) also provide 2(m —2n—1) off-diagonal elements of
V2@, the factor 2 being due to symmetry. Specifically, for i € [2n-+2,m], the
point z; has the form

Z; = Zo+ OpPoeg &p T Tg Poeg g (3:3)

where p and ¢ are different integers from [1,7], and where o, and o, are
included in the definitions

=1, F(zo—preg€;) < F(Zo+poeg £5)
+1, Fzo—poegg;) = FZo+poeg &),

o; = i=1,2,...,n, (3.4)
which biases the choice (3.3) towards smaller values of the objective function.
Thus the element (V2Q),, = (V2Q)4p is given by the equations (1.1), since
every quadratic function Q(z), z€R"™, has the property

pgfg {Q(z0) — Qzo+0p Preg €p) — Q(Zo+0g Preg &4)
+Q(20+Uppbeg§p+0'qpbeg§q)} = O0p0q (sz)PQ‘ (3'5)

For simplicity, we pick p and ¢ in formula (3.3) in the following way. We let
J be the integer part of the quotient (i—n—2)/n, which satisfies j > 1 due to
i>2n+2, we set p=i—n—1—jn, which is in the interval [1,n], and we let
g have the value p+j or p-+j—n, the latter choice being made in the case
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p+j >n. Hence, if n=15 and m = 20, for example, there are 9 pairs {p, ¢},
generated in the order {1,2}, {2,3}, {3,4}, {4,5}, {5,1}, {1,3}, {2,4}, {3,5}
and {4,1}. All the off-diagonal elements of V2Q that are not provided by the
method of this paragraph are set to zero, which completes the specification of
the initial quadratic model (3.1).

The preliminary work of NEWUOQA includes also the setting of the initial
matrix H = W™, where W occurs in the linear system of equations that
defines the change to the quadratic model. We recall from Section 1 that,
when @ is updated from Qo4 10 Qnew = Qoia -+ D, say, the quadratic function
D is constructed so that |[V2D|/% is least subject to the constraints

D(z;) = F(z;) = Qaalz),  i=1,2,...,m, (3.6)

these constraints being equivalent to Qnew(z;) = F(z;), 1=1,2,...,m. We see
that the calculation of D is a quadratic programming problem, and we let A;,
7=1,2,...,m, be the Lagrange multipliers of its KKT conditions. They have
the properties

m

Z Aj = and Z Aj(zy—zo) = 0, (3.7)

j=1 j=1

and the second derivative matrix of D takes the form

Z 7 Zj J Z)‘J (z; —5’70)T (3.8)

(Powell, 2004a), the last part of expression (3.8) being a consequence of the
equations (3.7). This form of V2D allows D to be the function

D(z) = c+(z-x0) g+

m[»—a

i zj—z0)}?,  zeR™ (3.9)

and we seek the values of the parameters c€ R, g € R™ and A € R™. The
conditions (3.6) and (3.7) give the square system of linear equations

( ; XT) é) <£> o
c|] =1~ (3.10)
Xl o g 0/ In+l,

where A has the elements
Aij = 3 {(%'EO)T(%_EO)}Qa 1<i,5<m, (3.11)

where X is the matrix (1.3), and where r has the components F(z;)—Qoa(z;),
1=1,2,...,m. Therefore W and H are the matrices
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AlxT RET
W = and H =W = , (3.12)
X 0 =T

say. It is straightforward to derive the elements of W from the vectors z,,
i=1,2,...,m, but we require the elements of £ and 7 explicitly, with a
factorization of {2. Fortunately, the chosen positions of the initial interpolation
points provide convenient formulae for all of these terms, as stated below.
Proofs of the correctness of the formulae are given in the appendix.

The first row of the initial (n+1) xm matrix = has the very simple form

51 = (513, j:1,2,...,m. (313)

Further, for integers ¢ that satisfy 2 <i<min[n+1,m—n]|, the i-th row of =
has the nonzero elements

Zii= (200eg)”  and  Siisn = —(2ppeg) ", (3.14)

all the other entries being zero, which defines the initial = in the cases m >
2n+1. Otherwise, when m—n+1<i<n+1 holds, the i-th row of the initial
= also has just two nonzero elements, namely the values

Zi = —(poeg) ! and Ei = (preg) (3.15)

which completes the definition of = for the given interpolation points. More-
over, the initial (n4+1)x(n—+1) matrix 7" is amazingly sparse, being identically
zero in the cases m>2n+1. Otherwise, its only nonzero elements are the last
2n—m+1 diagonal entries, which take the values

T = -—%pﬁeg, m—-n+1<i<n+l. (3.16)
The factorization of {2, mentioned in Section 1, guarantees that the rank
of {2 is at most m—~n—1, by having the form

m—n—1

_Z: vzpzh = Y zzk = 277, (3.17)

k=1 k=1

the second equation being valid because each si is set to one initially. When
1<k <min[n, m—n-—1], the components of the initial vector z; € R™, which
is the k-th column of Z, are given the values

Zyg = \/_pbeg, Zky1k =3 \/—pbeg,}

(3.18)
Zkint1k = \/_pbeg, Zjk = 0 otherwise,

so each of these columns has just three nonzero elements. Alternatively, when
m>2n+1 and n+1 <k <m-—n-1, the initial 2z, depends on the choice (3.3) of
z; in the case i=k+n+1. We let p, ¢, 0, and o, be as before, and we define
p and ¢ by the equations
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Ty = ZotOppPoegly,  and Iy = T+ 0gPbeg &y (3.19)

It follows from the positions of the interpolation points that p is either p+1 or
p+n+1, while § is either ¢+1 or g+n+1. Now there are four nonzero elements
in the k-th column of Z, the initial z;, being given the components

Zy, = P};ezga Zﬁk = Zﬁk = _pljezg’ }

(3.20)
Lgn+lk = pgfg, Zjk =0 otherwise.

All the given formulae for the nonzero elements of H = W~! are applied in

only O(m) operations, due to the convenient choice of the initial interpolation

points, but the work of setting the zero elements of =, 7" and Z is O(m?).

The description of the preliminary work of NEWUOA is complete.

4 The updating procedures

In this section we consider the change that is made to the quadratic model @
on each iteration of NEWUOA that alters the set of interpolation points. We
let the new points have the positions

zf = zop+d =z, say, } @)

zf =z, ie{l,2,...,m}\{t},
which agrees with the outline of the method in Figure 1, because now we write
t instead of MOVE. The change D = Qnew —Qoia has to satisfy the analogue of
the conditions (3.6) for the new points, and Qg4 interpolates F at the old

interpolation points. Thus D is the quadratic function that minimizes || V2D|| ¢
subject to the constraints

D(z{) = {Fg*) - Qaulg)} 6,  i=1,2,...,m. (4.2)

Let W+ and HT be the matrices

— (:i <X0+>T> and H* — ()1 ( fj (i)T>’ 4

where AT and Xt are defined by replacing the old interpolation points by
the new ones in equations (1.3) and (3.11). It follows from the derivation of
the system (3.10) and from the conditions (4.2) that D is now the function

D(z) = c++(g?_—gU_O)Tg++

o[

i MNlz—zo) (2f —20)}?,  z€R", (4.4)
j=1

the parameters being the components of the vector
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A+
| = {F@") - Quualz*)} HT ey, (4.5)
g

where g, is now in R™*"*1 Expressions (4.5) and (4.4) are used by the
NEWUOA software to generate the function D for the updating formula

Qnew(z) = Qoa(z) + D(z),  zeR™ (4.6)

The matrix H = W1 is available at the beginning of the current itera-
tion, the submatrices = and 7" being stored explicitly, with the factorization

o1’ skzizk of £2 that has been mentioned, but H¥ occurs in equation
(4.5). Therefore = and 7 are overwritten by the submatrices = and It of
expression (4.3), and also the new factorization

m—n-—1
7 = Z stzf (20T (4.7)

is required. Fortunately, the amount of work of these tasks is only O(m?)
operations, by taking advantage of the simple change (4.1) to the interpolation
points. Indeed, we deduce from equations (4.1}, (1.3), (3.11), (3.12) and (4.3)
that all differences between the elements of W and W™ are confined to the
t-th row and column. Thus W+—W is a matrix of rank two, which implies that
the rank of H* —H is also two. Therefore =%, ' and the factorization (4.7)
are constructed from H by an extension of the Sherman-Morrison formula.
Details and some relevant analysis are given in Powell (2004c), so only a
brief outline of these calculations is presented below, before considering the
implementation of formula (4.6). The updating of H in O(m?) operations is
highly important to the efficiency of the NEWUOA software, since an ab initio
calculation of the change (4.4) to the quadratic model would require O(m3)
computer operations.
In theory, H7 is the inverse of the matrix W that has the elements

Wi=Wt=Wte) i=12,...,m+n+l, s
W;JT =W = Hgl, otherwise, 1<i,j<m+n+1. '

It follows from the right hand sides of this expression that H and the t-th
column of W provide enough information for the derivation of H*. The
definitions (1.3) and (3.11) show that We, has the components

Wi—: = %{(-@j—_QO)T(£+—£O)}27 i:1727"-7m (4 9)
Wr;t-i—lt =1 and Wit—m-{—lt = (£+ _go)h i=1727 e ’ .

the notation z© being used instead of z;7, because z* = +d is available
before ¢ = MOVE is picked in Box 4 of Figure 1. Of course t must have the
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property that W is nonsingular, which holds if no divisions by zero occur
when H* is calculated. Therefore we employ a formula for HT that gives
conveniently the dependence of H* on t. Let the components of wg R™"+!
take the values

wi = 3 {(zi—20)T (@ —20)}2 1=12,.. "m} , (4.10)

Wpi1 =1 and Wipmer = (@7 —20)s, 1=1,2,...,n

so w is independent of ¢t. Equations (4.1), (4.9) and (4.10) imply that W e,
differs from w only in its t-th component, which allows HT to be written in
terms of H, w and g,. Specifically, Powell (2004a) derives the formula

H*=H +07" o (e~ Hu) (e~ Hu)" ~ 6He, el H
+ r{He (e~ Hw) + (e~ Hw) el H} |, (411)

the parameters being the expressions

a=¢fHe, O=3lzt—zol*~uwHuw, 12
T=e/Hw and o=afB+712 .

We see that Hw and 3 can be calculated before ¢ is chosen, so it is inexpensive
in practice to investigate the dependence of the denominator ¢ on ¢, in order
to ensure that |o]| is sufficiently large. The actual selection of ¢ is addressed in
Section 7.

Formula (4.11) was applied by an early version of NEWUOA, before the
introduction of the factorization of 2. The bottom left (n+1)xm and bottom
right (n+1)x (n+1) submatrices of this formula are still used to construct
Z% and TT from = and 7, respectively, the calculation of Hw and He,
being straightforward when the terms s; and 2, k=1,2,...,m—n—1, of the
factorization (3.17) are stored instead of £2.

The purpose of the factorization is to reduce the damage from rounding
errors to the identity W = H~!, which holds in theory at the beginning of
each iteration. It became obvious from numerical experiments, however, that
huge errors may occur in H in practice, including a few negative values of H;,
1<i<m, although {2 should be positive semi-definite. Therefore we consider
the updating of H when H is very different from W', assuming that the
calculations of the current iteration are exact. Then H7 is the inverse of the
matrix that has the elements on the right hand side of expression (4.8), which
gives the identities

(HH; =W and (HH; =W, i=1,2,...,m+n+1, w13)
Wij~(H+);j1=Wij—H§1, otherwise, 1<i,j<m+n+1. '

(3

In other words, the overwriting of W and H by W+ and H* makes no differ-
ence to the elements of W—H~1, except that the #-th row and column of this
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error matrix become zero. It follows that, when all the current interpolation
points have been discarded by future iterations, then all the current errors in
the first m rows and columns of W—H ! will have been annihilated. Equation
(4.13) suggests, however, that any errors in the bottom right (n+1)x (n+1)
submatrix of H~! are retained. The factorization (3.17) provides the perfect
remedy to this situation. Indeed, if H is any nonsingular (m+n+1)x(m-+n+1)
matrix of the form (3.12), and if the rank of the leading mxm submatrix {2 is
m—n—1, then the bottom right (n+1)x(n+1) submatrix of H~! is zero, which
can be proved by expressing the elements of H~! as cofactors of H divided
by det H (Powell, 2004c). Thus the very welcome property

(HNF =W =0, m+1<i,j<m+n+1, (4.14)

is guaranteed by the factorization (4.7), even in the presence of computer
rounding errors.
The updating of the factorization of {2 by NEWUOA depends on the fact
that the values
s,j =s; and g,j' =z, kek, (4.15)

are suitable in expression (4.7), where & is in K if and only if the ¢-th compo-
nent of z;, is zero. Before taking advantage of this fact, an elementary change
is made if necessary to the terms of the sum

m—n—1

0= Y skzazf (4.16)
k=1

which forces the number of integers in K to be at least m—n—3. Specifically,
NEWUOA employs the remark that, when s; = s; holds in equation (4.16),
then the equation remains true if z; and z; are replaced by the vectors

cosfz; +sinfz; and —sinfz, +cosfz;, (4.17)

respectively, for any € [0, 2r]. The choice of # allows either i or 7 to be added
to K if both ¢ and 7 were not in X previously. Thus, because sy = =1 holds
for each k, only one or two of the new vectors _z_:, k=12,....m—n-1,
have to be calculated after retaining the values (4.15). When [K|=m—n-2,
we let 2 . be the required new vector, which is the usual situation as
the theoretical positive definiteness of {2 should exclude negative values of sy.
Then the last term of the new factorization (4.7) is defined by the equations

S —n_1=51g0 (0) Sm_n—1
L (418)
E:r_z—n—lzlo-‘—l/z {Tém—n—l + Zt’m—ﬂ—l ChOp (Qt_Hw) }

where 7, 0 and ¢,— Hw are taken from the updating formula (4.11), where
Zym—n—-1 is the t-th component of 2,,,_,_;, and where chop (e, —H w) is the
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vector in R™ whose components are the first m components of g,—H w. These
assertions and those of the next paragraph are justified in Powell (2003c).

In the alternative case |K|=m—n—3, we simplify the notation by assuming
that only 21 and zJ are not provided by equation (4.15), and that the signs
s1=+1 and sy =—1 occur. Then the {-th components of z, and z,, namely Z
and Z;s, are nonzero. Many choices of the required new vectors gf and g; are
possible, because of the freedom that corresponds to the orthogonal rotation
(4.17). We make two of them available to NEWUQOA, in order to avoid can-
cellation. Specifically, if the parameter 3 of expression (4.12) is nonnegative,
we define (=72+322, and NEWUOA applies the formulae

sT = s1 = +1, 53 = sign (o) sy = —sign (o),
zi = [¢(|7* {72, + Zu chop (¢,—Hw) }, (4.19)
25 = [Co|TV2{ =824 Ziy 2, + {2y + T Zsa chop (e, —Hw) }.

Otherwise, when <0, we define ( =7%2—32%, and NEWUOA sets the values

s =sign(o)s; =sign(o), s§ =s2=-1,
2 = |Co|7Y2 { ¢z, + B Z41 Zs2 25 + T Zi1 chop (e, — Hw) }, (4.20)

2§ = (|72 {72, + Ziachop (e,~ Huw) }

The technique of the previous paragraph is employed only if at least one
of the signs sk, k=1,2,...,m—n—1, is negative, and then ¢ <0 must have
occurred in equation (4.18) on an earlier iteration, because every s is set
to +1 initially. Moreover, any failure in the conditions o > 0 and 8 > 0 is
due to computer rounding errors. Therefore Powell (2004a) suggests that the
parameter ¢ in formula (4.11) be given the value

Onew = max[0,a] max[0, 4] + 72, (4.21)

instead of aS+72. If the new value is different from before, however, then the
new matrix (4.11) may not satisfy any of the conditions (4.8), except that the
factorizations (4.16) and (4.7) ensure that the bottom right (n+1)x (n+1)
submatrices of H~! and (H*)™! are zero. Another way of keeping o positive
is to retain aznggt, T=QtTH_Q_1)_ and o =afB+72 from expression (4.12), and
to define 8 by the formula

Brew = max [0, § llz*— zoll*—wTHuw]. (4.22)
In this case any change to 3 alters the element (H*);;}, but every other sta-
bility property (4.13) is preserved, as proved in Lemma 2.3 of Powell (2004c).
Therefore equation (4.21) was abandoned, and the usefulness of the value

(4.22) instead of the definition (4.12) of B was investigated experimentally.
Substantial differences in the numerical results were found only when the
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damage from rounding errors was huge, and then the recovery that is pro-
vided by all of the conditions (4.13) is important to efficiency. Therefore the
procedures that have been described already for updating =, 7" and the fac-
torization of {2 are preferred, although in practice «, &, o and some of the
signs s, may become negative occasionally. Such errors are usually corrected
automatically by a few more iterations of NEWUOA.

Another feature of the storage and updating of H by NEWUOA takes
advantage of the remark that, when d is calculated in Box 2 of Figure 1, the
constant term of @ is irrelevant. Moreover, the constant term of Qqq is not
required in equation (4.5), because the identities Qoia(Zopy) = F(Zop) and
zt =g +d allow this equation to be written in the form

>\+

_CT = {[F(—opt+d) ( )] {QO ( opt+d) _QOId(—x-opt)]}H+§t'

gt

(4.23)

Therefore NEWUOA does not store the constant term of any quadratic model.
It follows that ¢ in expression (4.23) is ignored, which makes the (m+1)-th
row of H* unnecessary for the revision of @ by formula (4.6). Equation (4.23)
shows that the (m+1)-th column of H* is also unnecessary, ¢ being in the
interval [1,m]. Actually, the (m-1)-th row and column of every H matrix
are suppressed by NEWUOA, which is equivalent to removing the first row of
every submatrix = and the first row and column of every submatrix 7", but
the other elements of these submatrices are retained. Usually this device gains
some accuracy by diverting attention from actual values of F' and z € R"™ to
the changes that occur in the objective function and the variables, as shown
on the right hand side of equation (4.23) for example. The following procedure
is used by NEWUOA to update H without its (m+1)-th row and column.

Let “opt” be the integer in [1,m] such that ¢ = opt gives the best of the

interpolation points g;, 1 = 1,2,...,m, which agrees with the notation in
Sections 1 and 2, and let ¥ € R™1"*1 have the components
0 = 3 {(220) (Gops ~20)}, i=1,2,...,m
' . (4.24)
Unt+1 =1 and Vipme1 = (_opt —Zo)i, 1=1,2,...,n

Therefore v is the opt-th column of the matrix W, so expression (3.12) implies
Hu =g, in theory, where ¢, is the opt-th coordinate vector in R™*+7+1,
Thus the terms Hw and QTHZ_U_ of equations (4.11) and (4.12) take the values

Hw = H(w—v) + gopt (4.25)

and

lU_THM = (uw- Q)TH< —u)+2 w Eopt UTQopt' (4.26)

These formulae allow the parameters (4.12) to be calculated without the
(m+1)-th row and column of H, because the (m+1)-th component of w—v
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is zero. Similarly, the first m and last n components of Hw are given by for-
mula (4.25), and these components of He, are known. Thus all the terms of
expression (4.11) are available for generating the required parts of =% and
T+, Moreover, after constructing chop (e, — Hw), the updating of the factor-
ization of (2 is unchanged. It is proved in Lemma 3 of Powell (2004a) that,
when this version of the updating procedure is applied, and when H has been
damaged by rounding errors, then the new H™* enjoys stability properties that
are analogous to the conditions (4.13).

We see that the given procedures for updating H require only O(m?)
computer operations, which is highly favourable in the recommended case
m = 2n+1. On the other hand, the function (4.4) has the second derivative
matrix

VD = Y A (g - 2o) (2~ z0)T, (4.27)

j=1
so the calculation of its elements would take O(mn?) operations. Therefore
V2Qpew is not derived explicitly from formula (4.6). Instead, as suggested at
the end of Section 3 of Powell (2004a), the NEWUOA software employs the

forms .
V2Qoua =1+ X271, v (2 — zo) (2 — 20)T

V2Qnew =" + 3721 7] (2] — zo) (& — 20)T

overwriting the symmetric matrix I" and the real coefficients v;, j=1,2,...,m,
by I't and 'yj, j =1,2,...,m, respectively. At the beginning of the first
iteration, each «; is set to zero, and we let I" be the second derivative matrix
of the initial quadratic model, its elements being specified in the first two
paragraphs of Section 3. When the change (4.6) is made to the quadratic
model, conditions (4.1), (4.27) and (4.28) allow the choices

I't = I'+ v (2~ o) (@ —20)7, W=
, (4.29)
and =+ AT, Je{L2. . mi\{E}

which are included in NEWUOA, because they can be implemented in only
O(n?) operations. Finally, the gradient of the quadratic model (3.1) is revised
by the formula

..V_Qnew(gzo) = ZQo]d(go) +£+7 (43())

in accordance with expressions (4.4) and (4.6), where g7 is taken from equa-
tion (4.23). The description of the updating of @, without the unnecessary
constant term Q(z,), is complete, except that some of the numerical results
of Section 8 suggested a recent modification that is described there.
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5 The trust region subproblem

We recall from Box 2 of Figure 1 that subroutine TRSAPP generates a step d
from z,p that is an approximate solution of the subproblem

Minimize Q(z.p+d) subject to [d] < A. (5.1)

The method of the subroutine is explained below. Figure 1 shows that the trust
region radius A and the quadratic model @ are available when the subroutine
is called, but, as mentioned at the end of Section 4, the matrix V2Q is stored
in the form

V2Q =T+ v (@— zo) (zh— 20)7, (5.2)
k=1

because it would be too onerous to work with all the elements of V2Q explicitly
when n is large. Expression (5.2) implies the identity

m
ViQu = F?_L'FZ Mk (T~ Zo), (5.3)
k=1
where np =7k (2 —29) T, k=1,2,...,m, and where u is a general vector in

R™. Thus the product V2Q u can be calculated in O(mn) operations for any
choice of u. Therefore it is suitable to generate d by a version of the truncated
conjugate gradient method (see Conn, Gould and Toint, 2000, for instance).

This method produces a piecewise linear path in R", starting at z,,; =
Zopt +dg, where dy=0. For j > 1, we let Zope+d; be the point on the path at
the end of the j-th line segment. It has the form

Zopy +dj = Tope + ;-1 + 058, J=21, (5.4)

where s; is the direction of the line segment and oy is now a steplength. We
do not include any preconditioning, because the norm of the bound ||d|| < A
in expression (5.1) is Euclidean. Moreover, the path is truncated at z,,.+d;_,
if [VQ(zope+d;-1)| is sufficiently small, if ||d; ;|| = A holds, or if some other
test is satisfied, as specified later. The complete path has the property that,
if one moves along it from then the Euclidean distance from g, in R"
increases monotonically.

When the j-th line segment of the path is constructed, its direction is
defined by the formula

{ "'_Y_Q(Eopt)z J=1
—ZQ(gopt+dj—l)+ﬂj§j—la .722,

gopt?

8; = (5.5)

=J

where 3 is the ratio | YQ(Zop: +d;.1)|%/1Q (2op: -+, 3)|I%, this convenient
value being taken from Fletcher and Reeves (1964). Then the steplength «;
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of equation (5.4) is chosen to minimize Q(z.p+d;) subject to a; >0 and
lid; || <A for each j. Formula (5.5) provides the well-known descent condition

ﬁfy_Q(:_v_opt-}‘dj—l) = —]‘.V_Q(gopt+d]—l)’l2 < O? .7217 (56)

which depends on the choice of ;1 when j>2. It follows from [|d; ;|| <A
that o is positive.

The form (5.3) of the product V2Q u assists the calculation of the gradients
YQ(zop+4d;), 720, and the steplengths o, j>1. The initial vector u is the
difference z,,,—z, in order to obtain from expression (3.1) the gradient

VQ(Zops) = YQzo) + V?Q {Zopi— 2o} (5.7)

The other choices of u are just all the vectors (5.5) that occur. The availability
of ZQ(gopt+Qj_1) and V2Q s, allows a; to be found cheaply, because it is
the value of o in the interval [0, &;] that minimizes the function

Q@opetdj_1+as;) = Qoptdj_y) + 8] VQ(zope+d;_1) + %a%fv?gj),
5.8
where &; is the positive root of the equation ||z, +d;_1+&;s;]l=A. Therefore
we ask whether Q(z,p+d;_1+as;), 0 < a < &;, decreases monotonically.
Equations (5.6) and (5.8) imply that the answer is affirmative in the case
_[rZQ(gopt+ dj—l)“Q + & Q]TVQQ S5 <0, (5'9)
and then a; = &; is selected. Otherwise, §;rV2Q s; is positive, and the sub-
routine picks the value

oy = |iZQ(%pt+dj—1)H2/ﬁfszéj < & (5.10)
After finding «;, the gradient VQ(z,p,,+d;) is constructed by the formula
VO(@opt+4y) = YQ(@opy +d;-1) +; V2Q s, (5.11)

which is derived from the relation (5.4), the product V2Q 8; being employed
again. The techniques of this paragraph are applied for each line segment of
the path.

The path is truncated at Zopttd; In the case o =d;, because then d=d;
is on the boundary of the trust region ||d|| < A. Moreover, it is truncated at
its starting point ;¢ +do =2, in the unusual case when the initial gradient
VQ(z,,,) is identically zero. Otherwise, we try to truncate the path when the
ratio

Qeopt) = Q@ope+y) | /| Qltope) = min { Qs +a) : Ild S 4} | (5.12)

is sufficiently close to one, in order to avoid conjugate gradient iterations that
improve only slightly the reduction in the objective function that is predicted
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by the quadratic model. The implementation of this aim is empirical. Specif-
ically, the iterations are terminated if at least one of the conditions

|9 Qeope )] £ 1072 1T Q(eep)| } (5.19)
[Q(Eopt+—d-j—1) _ Q(—m-opt+ dj)} < 10~2 [Q(Iopt) - Q(&opt+ _dj)] .

is satisfled, the change in @ for each line segment being derived from expression
(5.8), and Q(z,pt) —Q(Zopt +d;) s the sum of the changes so far. The path
is also truncated if j reaches the theoretical upper bound on the number of
iterations, namely n, but we expect this test to be redundant for n > 10.

Let z,,;+d; be the final point of the path. The step d=d; is returned by
subroutine TRSAPP in the case ||d;[| < 4, because then there is no interference
with the conjugate gradient iterations from the trust region boundary. Further,
the parameter CRVMIN, introduced in Box 2 of Figure 1, is given the value

CRVMIN = min {sIV?Qs, /|s]?:i=1,2,...,5}. (5.14)

Otherwise, CRVMIN is set to zero, and, because of the possibility that the ratio
(5.12) may be substantially less than one, the following iterative procedure
is applied. It also calculates d; from d;_,, the initial point 2, +d; , being
the final point of the truncated piecewise linear path, so VQ(z,p +d;-1)
is available. The conditions ||d;| = [|d;_|| = A are going to hold on every
iteration of the additional procedure.

At the beginning of an iteration, we decide, using only d;_; and VQ(z,p+
_a_fj_l), whether d=d,_, is acceptable as an approximate solution of the sub-
problem (5.1). If d;_, were the true solution, then, by the KKT conditions of
the subproblem, VQ(z,p+d;_1) would be a nonpositive multiple of d;_,, and
we also give attention to the first of the conditions (5.13). Indeed, subroutine
TRSAPP picks d=d;_; if one or both of the inequalities

I9Q@opet ;DI <1072 [TQ(2ope) | } (5.15)
41 YQopt &5-1) < ~0.99 s 1 | [ZQzope+ dj-o)] |

is achieved. Otherwise, d; ; and VQ(z,,¢ +_dj-1) span a two dimensional
subspace of R", and d; is calculated to be the vector in this subspace that
minimizes Q(z,+d;) subject to ||d;|| = A. Therefore d; has the form

d

d; = d(0) = cosfd;_; +sinbs,, 60, 2], (5.16)

where now the search direction s, is chosen to be a vector in the two dimen-
sional subspace that has the properties

sTd; 1 =0 and  |[ls] =4 (5.17)

Equation (5.16) implies that Q(z,p,+d(0)) is the expression



The NEWUOA software 275

Q(zopt) + (cosbd;_; + sin9§j)T_V_Q(£opt) + ($cos®0d;_; + cosd sin9§j)T
{_V_Q( opt+ dg 1) ZQ(gopt)} + %SiHQ eﬁ;‘rng 85 OSGSQW, (518>

because the last term in braces is the product V2Qd,_;. Again V?Qs; is
constructed by formula (5.3), after which the minimization of the function
(5.18) takes only O(n) operations. Thus d; is determined, and the subroutine
returns d=d, if the second of the conditions (5.13) holds, or if j is at least n.
Alternatively, VQ(z,p+d;) is calculated for the next iteration, by applying
the remark that equation (5.16) gives the gradient

Y_Q(-w-opt+ C_l]) = (1 —cos 9) ZQ(%M) -+ cos g z@(gopt+dj—l) + sin 0 V2Q §j'

(5.19)
Then 7 is increased by one, in order that the procedure of this paragraph can
be applied recursively until termination occurs.

6 Subroutines BIGLAG and BIGDEN

We recall from Section 2 that, if Box 9 of Figure 1 is reached, then the con-
dition (1.1) with index ¢ =MOVE is going to be replaced by the interpolation
condition Q(z,p +d) = F(Zopy +4), where d is calculated by the procedure
of this section. In theory, given the index MOVE, the choice of d is derived
from the positions z;, i=1,2,...,m, of the current interpolation points, but
in practice it depends also on the errors that occur in the matrices that are
stored and updated, namely the submatrices = and 1 of expression (3.12)
and the factorization (4.16). We write ¢ instead of MOVE, in order to retain the
notation of Section 4. In particular, equation (4.1) shows the new positions of
the interpolation points.

The t-th Lagrange function of the current interpolation points is impor-
tant. It is the quadratic polynomial £;(z), z € R™, that satisfies the Lagrange
conditions

Zt(g;i)zéu, i=1,2,...,m, (61)

where the remaining freedom in the usual case m < 5(n+1)(n-+2) is taken up
by minimizing the Frobenius norm ||V24;|| . Therefore 4; is the function

l\Jl»—a

b(z) = c+ (z—z0) g+

m
g+3 > Mlle-zo) (@e-zo)}’,  zeR", (6.2)
k=1
the parameters ¢, g and Mg, k=1,2,...,m, being defined by the linear system
of equations (3.10_)_, where the right hand side is now the coordinate vector
e, € R™+7+1 Thus the parameters are the elements of the ¢-th column of the
matrix H of expression (3.12). For each z&€R", we let w(z) be the vector in
R™F7+1 that has the components
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= 3 {le—20) (@ -20))? e } 6.3

w(E)mt1 =1 and w(z)iyms1 = (2—To)i» 1=1,2,...,7n

w(

18

It follows that expression (6.2) can be written in the form

Z)\kw z)k+ew(z m+1+z giw(@itmir = (He,) w(z). (6.4)

Therefore, when the symmetric matrix H is updated by formula (4.11), be-
cause of the change (4.1) to the interpolation points, expression (4.12) includes
the value

T=¢e Hw =¢ Hu(z") = (He) w(zop+d) = b(zop+d).  (6.5)

Thus the Lagrange function (6.2) gives the dependence of 7 on the choice of
d.

As mentioned in Section 4, we expect a relatively large modulus of the
denominator ¢ = a8+ 72 to be beneficial when formula (4.11) is applied.
Usually ¢ > 72 holds in practice, because in theory both o and 3 are positive.
Thus we deduce from the previous paragraph that it may be advantageous to

let d be an approximate solution of the subproblem
Maximize [£y(z,,,+d)] subject to [|d]] < 4, (6.6)

where A >0 is prescribed. This calculation is performed by subroutine BIGLAG,
details being given in the next paragraph. There is an excellent reason for
a large value of [€;(z,p +d)| in the case m = §(n-+1)(n+2). Specifically,
one picks a convenient basis of the space of quadratic polynomials, in order
that the construction of @ from the interpolation conditions (1.1) reduces
to the solution of an m x m system of linear equations. Let B and B™ be
the old and new matrices of the system when the change (4.1) is made to
the interpolation points. Then, as shown in Powell (2001), the dependence
of the ratio det BY/det B on d € R™ is just a quadratic polynomial, which
is exactly {4(z,p+d), d € R, because of the Lagrange conditions (6.1). In
this case, therefore, the subproblem (6.6) is highly suitable for promoting the
nonsingularity of B*.

The method of BIGLAG is iterative, and is like the procedure of the last
paragraph of Section 5. As in equation (5.16), the j-th iteration generates the
vector

d; = d(f) = cosfd;_, +sinbs;, (6.7)

where d;_; is the best estimate of the required d at the beginning of the
current iteration, where d;_; and s; have the properties

Id;—yll = Is;ll=2  and  sd;; =0, (6.8)
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and where the angle ¢ of equation (6.7) is calculated to maximize [£; (2, td;)|.
The choice -

dy = iA(Et“-@opc)/Hlt_%ptH (6.9)
is made for the first iteration, with the sign that provides the larger value
of |€4(Zopt +do)|s which implies V4 (z,,, +do) # 0, because £; is a quadratic
polynomial that satisfies the Lagrange conditions ¢;(z,,,) =0 and £;(z;) =1.
The vector s, of the first iteration is taken from the two dimensional subspace
that is spanned by dy and V¢;(z,,), provided that both the inequalities

ldo vgt(_opt)|2 < 0. QQA vat(__opt)H (6.10)

and {|¥4(Zopy)l| > 0.114e(zop+ do)| / 4

hold, because this use of V/;(z,,,) is unattractive if the subspace is nearly
degenerate, or if the bound A ||V4;(z,,,)| on the first order term of the iden-
tity

C(Zopr+ d) = ATVl (o) + 34T Y% d, A <4, (6.11)

compares unfavourably with [(;(z,, +do)|. Alternatively, if at least one of
the conditions (6.10) fails, then s; is defined by the technique that gives s;
for j > 2. Specifically, s; is a linear combination of d;_; and V¢ (z,p+d;_1)
that has the properties (6.8), except that the subroutine returns the vector
dzc_ij_l in the unlikely situation

)

|dj?ll—v-€t(zopt+dj—l) ‘2 2 (1_10 8) A ”th(zopt_{' C—ij—l)llz' (612)
The usual test for termination is the condition

lgt(—opt+d )‘ < L 1|€t( opt+d] 1)» (613)

because the iteration has not improved very much the objective function of
the subproblem (6.6). Then d=d; is returned, which happens too if j reaches
the value n. Otherwise, as in equation (5.19), the gradient

Vei(Zope+ d;) = (1—cos ) Ve () + €080 Vi (Zope+d; 1) +8in V34, s,

(6.14)
is calculated, and then j is increased by one for the next iteration. Because
the second derivative matrix of the function (6.2) is not constructed explicitly,
the remarks on V2Q in Section 5 apply also to V24, including the use of the
formula

Viu = {Z e (z— o) (2 — Zo) } Z M (2, — zy),  (6.15)

where g = Mg (2, — 29) Ty, £=1,2,...,m. Now the vectors u that occur are
just Z,p — 2o, dy and each s;, so the amount of work of BIGLAG is similar to
that of subroutine TRSAPP.



278 M.J.D. Powell

The parameter A of the subproblem (6.6) is set automatically to a value
that depends on three considerations. Firstly, because of the purpose of p,
as described in the second paragraph of Section 2, the bound 4 > p is im-
posed. Secondly, the Y-branch has been taken from Box 8 of Figure 1 because
DIST = ||z, — Zopl| is unacceptably large, so the condition A < 0.1DIST is
reasonable. Thirdly, A should be no greater than the current A of the trust
region subproblem of Section 5, and we anticipate that A may be halved.
These remarks provide the choice

A = max|min{0.1DIST, 0.5 4}, p], (6.16)

which seems to be suitable in practice, even if the given pynes causes p to be
much less than the required changes to the variables.

After the construction of d by subroutine BIGLAG, the parameters (4.12)
are calculated, z* being the vector Zopt Td. It has been mentioned already
that in theory o and 3 are positive, but that negative values of ¢ =af3+72
may occur occasionally, due to computer rounding errors. We recall also that
formula (4.11) is applied even if o is negative, but the updating would be
unhelpful if o were too close to zero. Therefore the d from BIGLAG is rejected
if and only if the current parameters have the property

lo| = |af+72] <0872 (6.17)

The alternative choice of d is made by calling subroutine BIGDEN, which seeks a
big value of the denominator || instead of a big value of |7|. The dependence of
o on T=Z,,+d is obtained by substituting zt =z and w=w(z) into expression
(4.12), using the definition (6.3). Then BIGDEN sets d to an approximation to
the solution of the subproblem

Maximize |o(z,,,+d)| subject to Id|| < 4, (6.18)

where A still has the value (6.16). This task is much more laborious than
the calculation of BIGLAG, because o(z), z € R"™, is a quartic polynomial.
Fortunately, numerical experiments show that the situation (6.17) is very rare
in practice.

The methods of subroutines BIGLAG and BIGDEN are similar, except for
obvious changes due to the differences between their objective functions. In-
deed, BIGDEN also picks initial vectors d,, and s; that satisfy the equations
(6.8), in order to begin an iterative procedure. Again the j-th iteration lets d;
have the form (6.7), but now 6 is calculated to maximize |o(z,,,+d;)|. When
J 22, the vector d=d; is returned by BIGDEN if it has the property

'O'(-x—opt+d-j)' < 1'110-(&0pt+§_ij——1)‘7 (619)

or if j has reached the value n, the test (6.19) being analogous to condition
(6.13). Otherwise, after increasing j by one, the gradient Vo (z,,+d;-1) is
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constructed, using some numbers that are known already, as described at the
end of this section. If the inequality

|C_lJT_120'(&0pt+dj_1H2 < (1_10_ ) IIVU(—opt+ )”2 (6'20)

holds, then S; =span{d;_;, Yo (z,p+d;_1)} is a well-defined two dimensional
subspace of R™. Then another iteration is performed, s; being set to a vector
in §; with the properties (6.8). If the test (6.20) fails, however, the first order
conditions for the solution of the subproblem (6.18) are nearly achieved, so
BIGDEN returns the vector d=d;_,.

The choice of dy in BIGDEN is the d that has just been picked by BIGLAG,
because we expect |o(z,,,+d)| to be large when [£;(z,,.+d)! is large, although
rounding errors have caused the unwelcome situation (6.17). The direction s,
is taken from the space S; =span{dy,u}, where u is the step z; —z,, from

ot to one of the other interpolation points. The value of k depends on the
ratios
|(_‘r_i --opt) dO‘
Hz-z —opt”2 HQOHQ,
Priority is given to k =t, this selection being made in the case w; < 0.99.
Otherwise, k is such that wy is the least of the ratios (6.21). A criticism of
this procedure is that it ignores the objective function o, which is why the
test (6.19) for termination is not tried on the first iteration. The possibility
u=Y0(Z,p) is unattractive, because Vo (z,, ) is zero in exact arithmetic, and
it would be inconvenient to pick u= Yo (z,,;+dp), because the numbers that
assist the construction of this gradient, mentioned in the previous paragraph,
are not yet available.

Let 6(0), 0 € R, be the value of o(z,, +d), when d=d(0) is the vector
(6.7). The main task of an iteration of BIGDEN is to assemble the coefficients
Ge, £=1,2,...,9, such that & is the function

Wi = ie{1,2,...,m}\{opt}. (6.21)

4
5(0) = 61+ > {dancos(kf) + Garp1sin(kf)},  HER. (6.22)
k=1

Because the right hand side of equation (4.25) is used in the calculation of o,
matrices U and V' of dimension (m+n) x5 are constructed, that provide the
dependence of the relevant parts of w—uv and H(w—uv), respectively, on §. We
define w by putting the vector

T = Zopy +d(0) = Zop +cosfd; g +sinbs, feR, (6.23)

into expression (6.3), but the definition (4.24) of v is independent of 8. Thus
we find the components

(w—v)i=5 {(z—z0)" (&;— 20)}* = 5 {(Zope — Z0)" (T — 20)}?

=3 {(@ — Zops) T (@~ o)} {(@ + Zops — 220) T (2, — 20)}
={0; cos @ + W; sin O} {G; + 10; cos @ + 2ab;sinf}, 1<i<m, (6.24
2 2
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and
(w_y)i'i'm'!'l = Cose(dj—l)i—i_Sing(_S.j)ia 2':1921"-»”» (625>

where 4;, 9; and ; are the scalar products (2, —2o)7 (2;—20), _df_l(gi—;v_o)
and _s_;f (z;,—Zy), respectively. We construct the rows of U by regarding these
components of w—uv as functions of 4, writing them in sequence in the form

Uin+Usp cos 8+Usz sin 04Uy COS(26)+U¢5 sin(20), 1=1,2,...,mtn. (6.26)
Then we define V' by the property that the terms
Vi1 + Vig cos 0+ Viz sin @+ Viq cos(260) + Vis sin(260), i=1,2,...,m+n, (6.27)

are the first m and last n components of H(w—wv). In other words, because
(W—)m1 is zero, V is the product HeqU, where Hyeq is the matrix H without
its (m+1)-th row and column, which receives attention in the paragraph that
includes equation (4.23). The product of the displays (6.26) and (6.27) is
expressed as a constant plus a linear combination of cos(kf) and sin(k6),
k=1,2,3,4, and the results are summed over 7. Thus we find the coefficients
Be, £=1,2,...,9, of the function

4
(w=-v)TH(w-v) = B1+ Y _ {Bok cos(kf) + Faxs15in(kd)}, 6€R. (6.28)
k=1

The contribution from these coefficients to expression (6.22) is explained
below.

The definitions (6.3) and (4.24) provide w” e, = 5{(Zop, —20) 7 (2—20)}?
and vTe = 3 /|Zop —Zol|* in formula (4.26). Hence equations (4.12), (4.26)
and (4.25), with t#opt, allow & to be written in the form

s(0)=a [ 5 lz—zoll* — {(Zope—20) " (2—20)}* + § 1Zops —Zol* ]
— a(w-v)"H(w-v) + [l H(w-v)]".

(6.29)

Therefore, because o = el He, is independent of z = Zopt +d(6), subroutine
BIGDEN sets the required coefficients of the function (6.22) to &, = —afy,
£=1,2,...,9, initially, and then it makes the adjustments that provide the
square bracket terms of equation (6.29).

The adjustment for the last term of this equation begins with the remark
that el H(w—v) is the function (6.27) of # in the case i=t. Therefore BIGDEN
expresses the square of this function as a constant plus a linear combination of
cos(kf) and sin(kf), k=1, 2,3, 4, and it adds the resultant coefficients to the
corresponding values of &4, £=1,2,...,9. Moreover, one can deduce from the
conditions (6.23) and (6.8) that the first square brackets of equation (6.29)
contain the function
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— 2 — —
<A2 + Dopt €08  + Wept sin 9> +A° <ﬂopt -3 A2> , feR, (6.30)

where Uopt, Uopt and Wepy are taken from expression (6.24). It follows that the
final adjustment of the &, coefficients is elementary. Next, BIGDEN computes
the values §(27i/50),1=0,1,...,49, directly from equation (6.22), identifying
the integer 7€ [0, 49] that maximizes |6(27i/50)|. Then the quadratic polyno-
mial §(), € R, is constructed by interpolation to & at the points 6 =2mi/50,
i=1—1,1,1+1. The choice of 8 for the definition (6.7) of d; is completed by
giving it the value that maximizes |§(#)| within the range of its interpolation
points.

After calculating d;, and then increasing j by one if the test (6.19) fails,
the gradient Vo (z,,,+d;_1) is required, as mentioned already. We are going
to derive it from expression (6.29), the right hand side being the function
o(z), z€ R™, where w depends on z through equation (6.3). We consider the
equivalent task of finding Vo (z,,4+d;) for the old value of j, in order to retain
the notation of the previous three paragraphs.

The gradient of the first line of the function (6.29) at £ =gz, +d; is the
vector

a [lz—zol* (@—zp) — {(@opt —20) (@20 } (Zopt—Z0) ]

=20 [ llz—ol®d; + {d @~20) } (Zope—20) | (6.31)

the right hand side being given by the relation (z—zg) = d; + (Zope — Zo)-
It is employed by BIGDEN, in order to avoid some cancellatlon when ||d;]| is
relatively small. The remainder of the gradient of the function (6.29) is the
sum

m+n+1 m+n+1

2w Z {H(w-v)}; Y{w(z):} + 2{el H (w—-uv)} Z Hy V{w(z):}.

i=1

(6.32)
An advantage of the work so far is that the terms (6.27) for the chosen 6 are the
first m and last n components of H(w—uv). Thus expression (6.27) provides
the numbers #; = {H(w—-2v)}i, 1 =1,2,...,m, and % = {H(w—2)}itm+1,
i=1,2,...,n. We recall from equations (4.12) and (4.25), with ¢ # opt, that
el H(w—u) is the current value of 7. Therefore, because the definition (6.3)
shows that w(z)m+1 is constant, the sum (6.32) can be written in the form

m
2 Z T Hy—o ;) V{w(z);:} + 2 Z (THyipmap1—7s) V{w(z)ipm41}. (6.33)
i=1

i=1

Equation (6.3) gives V{w(z):}={(z—z0)T (z;—zo) }z;—20), 1=1,2,...,m
and V{w(z)i+m+11=6; t=1,2,...,n. It follows that the required gradient
of o(z) is the sum of three vectors narnely expression (6.31), the sum
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m
2 {(tHu—an) (z—zp)" (2;—20)} (2, —2), (6.34)
i=1
and the vector in R™ with the components 2 (1 Hyjymi1—a ), 1=1,2,...,n.

The description of the method of BIGDEN is complete.

7 Other details of NEWUOA

We see in Figure 1 of Section 2 that A is revised and MOVE is set in Box 4,
that p is reduced in Box 12, and that a test is made in Box 14. We recall also
from the end of Section 1 that shifts of origin are important to the accuracy
of the H matrix. The details of these operations are addressed in this section.

Let Ay and Ape, be the old and new values of A that occur in Box
4. As mentioned already, the choice of Ape,, depends on the ratio (2.2}, and
also the Euclidean length of the step d receives attention. Possible values of
Anew are 3|, |df and 2||/d| in the cases RATIO<0.1, 0.1 <RATIO< 0.7 and
RATIO > 0.7, respectively, but we take the view that, if RATIO > 0.1, then a
large reduction in A may be too restrictive on the next iteration. Moreover,
we observe the bound A > p, and we prefer to sharpen the test in Box 10 by
avoiding trust region radii that are close to p. Therefore NEWUOA sets Apew
to p or to Ay in the cases Ay <1.5p or Ay > 1.5p, respectively, where Ay
is the intermediate value

3 lldl, RATIO < 0.1,
Aine = < max {[|d|}, 3 Aoa}, 0.1 < RATI0 < 0.7, (7.1)
max {2 |d||, 3 Aqa}, RATIO > 0.7.

The selection of MOVE in Box 4 provides a relatively large denominator
for the updating formula (4.11), as stated after expression (4.12). We recall
that Hw and § in this expression are independent of t. Let 7 be the set
{1,2,...,m}, except that the integer “opt” is excluded from 7 in the case
F(Zopy+d) 2 F(Zop), in order to prevent the removal of z,,, from the set of
interpolation points. The numbers

o = (¢ He,) B+ (ef Hw)?,  teT, (7.2)

are calculated, o, being the denominator that would result from choosing
MOVE=t. There is a strong disadvantage in making |owoyz| as large as possible,
however, as we prefer to retain interpolation points that are close to Zopt-
The disadvantage occurs, for instance, when at least n+1 of the points z,,
i=1,2,...,m, are within distance A of 2,4, but z, is much further away. Then
the Lagrange conditions (6.1) suggest that £, may be not unlike the function
lz—zopell?/ 2, —Zope 12, £ER™, which, because of the bound ||df| <4, would
imply the property
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|£t(z-opt+d)’ =0 (A2/ llz,— %pt”2) : (7.3)

Now the equations (6.5) include ef Hw = £(z,,, +d), and it is usual for
(efHe,)B and (el Hw)? to be positive numbers of similar magnitudes in ex-
pression (7.2). Thus, for general ¢ € 7, it may happen that |o] is O(1) or
O(A* ||z, —zop|*) in the case ||z, —z ]l <A or |z, —z,pc]| > A, respectively.
Therefore NEWUQA sets MOVE either to zero or to the integer t* € 7 that
satisfies the equation

Wi |og | = max {w;|oy| 1 t€T}, (7.4)

where w; is a weighting factor that is necessary for the automatic removal
of interpolation points that are far from ;. This removal is encouraged by
using a sixth power of ||z, —x, || instead of the fourth power that is indicated
above. Another consideration is that interpolation points tend to cluster near
Zopy only when 4 is either being reduced or is at its lower bound p, so the
weights are given the values

wy = max[l,{“gt—g*ﬂ/maX[O.lA,p}}ﬁ}, teT, (7.5)

where z* is the z,,, that is going to be selected in Box § of Figure 1. The
MOVE = 0 alternative preserves the old interpolation points, so it is available
only in the case F'(zop+d) > F(z,p). We wish to avoid applications of for-
mula (4.11) that cause abnormal growth in the elements of H, taking into
consideration that some growth is usual when a remote interpolation point is
dropped. Therefore MOVE is set to zero instead of to ¢* if and only if both the
conditions F(z,py+d) > F(Z,p;) and wys[oy-| <1 hold.

The value of p is decreased from poig tO prew in Box 12 of Figure 1. The
reduction is by a factor of 10, unless only one or two changes to p are going
to attain the final value p = pend. The equation poid/pPnew = Pnew/Pend gives
a balance between the two reductions in the latter case. These remarks and
some choices of parameters provide the formula

Pend Pold < 16 pend,
Pnew = (pold pend)1/2» 16 pend < pola < 250 peng, (76)
0.1 polas Potd > 250 pend,

for the adjustment of p by NEWUOA.

The reason for Box 14 in Figure 1 is explained in the penultimate para-
graph of Section 2, the calculations with the current value of p being complete
if the “Y” branch is taken. We see that Box 14 is reached when the trust re-
gion subproblem of Box 2 yields a step d that has the property ||d|| < —é-p,
which suggests that the current quadratic model @Q is convex. Therefore, as-
suming that CRVMIN is a useful estimate of the least eigenvalue of V2Q, we
prefer not to calculate F(:'Eopt +d) when the predicted reduction in F', namely
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Q(Zopt)—Q(Zopi+d), is less than §p?CRVMIN. Further, if the values of the error
|Q(Zopy +d) — F(zop, +d)| on recent iterations are also less than this amount,
then we take the view that trying to improve the accuracy of the model would
be a waste of effort. Specifically, the test in Box 14 is satisfied if at least 3 new

values of F' have been computed for the current p, and if all the conditions

149V <p and QS+ dY) - Ff+dY)! < LoPorvn, jeJ,
(7.7)
hold, where @, d¥ and g((fp)t are @, d and z,,, at the beginning of Box 5
on the j-th iteration, where CRVMIN is generated on the current iteration, and
where J contains 3 integers, namely the iteration numbers of the 3 most recent
visits to Box 5 before the current iteration. Thus the work of NEWUOA with
the current p is terminated often, although some of the distances ||z, —z,|l;
1=1,2,...,m, may exceed 2p.
In order to show the importance of z, in practice to the rounding errors
of the updating formula (4.11), we assume that all the distances ||z, —z;],
1<i<j<m, between interpolation points are of magnitude one, that ||d||=
|z —z,p4l| is also of magnitude one, but that ||z, —zol| = M, say, is large. In
theory, the parameters o, 5, 7 and ¢ of expression (4.12), and also the leading
mxm submatrix of H, are independent of z, (Powell, 2004a), but the definition
(4.10) implies that each of the first m components of w is approximately £ M*.
Thus much cancellation occurs in the formula
8 =Lzt -l —uwTHu. (7.8)
Further, if there were an error of £ in Hyq, and if there were no other errors
on the right hand side of equation (7.8), then S8 would include an error of
magnitude M?%e, this power of M being so large that M > 100 could be
disastrous. The substitution of expression (4.26) into formula (7.8) is less
unfavourable, because Hij is multiplied by —(w;—wv;)?, and the middle line
of equation (6.24) provides the value

wi—v1 = 3 {(&7— op) (@1 — 20)} {(@F + Zope— 220) (21— 20)}. (7.9)

Thus the error in 8 is now of magnitude MS%e cos?28, where # is the angle
between z; —z, and d = 27 —z,,,. The factorization (4.16) also helps the
attainment of adequate accuracy. Nevertheless, we found from numerical ex-
periments in REAL*8 arithmetic, using some difficult objective functions, that
sequences of iterations may cause unacceptable errors if ||z, —zoll >10*°|/d]|
is allowed in the updating calculations of Section 4. Therefore NEWUOA tests
the condition

1dlI* < 1072 fizop — 2o (7.10)

before replacing Zygyg by Zop,+d in Box 5 of Figure 1. If this condition holds,
then z, is overwritten by the z,,, that occurs at the beginning of Box 5,
which alters the last n rows of the matrix (1.3) and all the elements (3.11). In
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practice, however, the matrix H =W =1 of expression (3.12) is stored instead
of W. Therefore H is revised in the way that is implied by the change to W,
except that the (m+1)-th row and column of H are not required. Details of
this task are considered in Section 5 of Powell (2004a), so only a brief outline
is given below of the changes that are made to H when z; is shifted.

Let z,, and s be the vectors %(g0+_agopt) and z,,;—zo, respectively, before
Z, is overwritten by z ., let ¥ be the nxm matrix that has the columns

v, = {7 (g~ 2} (@~ zon) + 1 Isl®s, g=L20000m, (71D

and let Bg1q and Opew be the old and new H matrices without their (m+1)-th
rows and columns, Then, according to equations (5.11) and (5.12) of Powell
(2004a), Oyey is defined by the formula

I|0 IlyYT
Onew = <+> Oold (%) (712)
Y|TI 017

Thus, as mentioned already, the submatrix {2 of expression (3.12) is undis-
turbed, and we keep its factorization (4.16). It follows also from expressions
(3.12) and (7.12) that the product Y2 and the sum Y= T, +Z,.. Y T+YRY T
are added to the last n rows of £ and to the trailing n x n submatrix of 7,
respectively, where Zy.q is the original matrix = without its first row.

When gz, is overwritten by gz, the gradient VQ(z;) has to be revised
too. Specifically, because the function (3.1) can be written in the form

QZopt+ ) = Q@opt) + 8T VQ(2ope) + 34T V?Qd,  deR", (7.13)

and because VQ(z,) =V Q(zy)+V?Q s follows from 8= ,p Lo, the vector
V2Q s is added to VQ(z,). The constant term of ) is unnecessary, as stated
at the end of Section 4, and V2@ is independent of z;, except that, as in

equation (4.28), it is expressed as the sum
ViQ="I+ Z;n=1 V5 (@ — 2o) (z;— zo)T

=I'+ Z;r;l Ré] (z-j - -‘Z:-Opt+ ﬁ) (gj - .@opt+ ﬁ)T

=L +us’ +svl + 27075 (25— Zope) (@5 — 2op) T, (7.14)

where v =310, ¥ (& —Zope +38) = 2. j=y % (Z; —Zay). Therefore the shift
in z, requires ys? +sv? to be added to I', although the parameters Vi
7=1,2,...,m, are unchanged.

The amount of work in the previous paragraph is only O(mn), but the
implementation of the product (7.12) takes O(m?n) operations. Therefore we
hope that condition (7.10) holds on only a small fraction of the total number
of iterations, especially when n is large. Rough answers to this question are
provided by the running times of the numerical experiments of the next sec-
tion. They suggest that usually the average work per iteration of NEWUOA
is close to O(mn).
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8 Numerical results

In December, 2003, the author released the Fortran software of the version of
NEWUOA that has been described, having tested it on a range of problems
with up to 200 variables. Then, at the conference in Erice of these proceedings,
he discussed with Nick Gould some other problems that might be tried, which
led to more experiments. It became clear from one of them that a further
modification would be advantageous occasionally. It has now been made, and
is the first subject of this section, because the numerical results that follow
were calculated by the new version of NEWUOA.

The experiment that suggested the modification is the VARDIM test prob-
lem on page 98 of Buckley (1989). The objective function is the quartic poly-
nomial

i (2e~1) {Zﬁ ze—1) } {Zf zp—1 } , zeR™, (8.1)
=1

which takes its least value of zero at z = e, the vector of ones. Analytic
differentiation gives the second derivative matrix

V2F(z) = 21+ [2+12{X 7 L(ze-1)}*]O,  z€eR™, (8.2)

where [ is the nXxn unit matrix and where @ is the rank one matrix that has
the elements 6;; =17, 1<4,j<n. Thus V2F(z) has n—1 eigenvalues of 2 and
one of 24 $4+2{X>°j_, £(ze—1)}?] n(n+1)(2n+1). When NEWUOA is employed
with m =2n+1, however, the initial quadratic model has a diagonal second
derivative matrix, the diagonal elements of V2Q being approximately those
of V2F(z,), where gz is the given starting vector of variables, which has the
components 1—i/n, i=1,2,...,n, in the VARDIM test problem. Thus initially
the eigenvalues of V2@ are about 2+] 2+12{Z?=1 U(z-1)}?42,i=1,2,...,n
the term in square brackets being 2+ 1(n+1)%(2n+1)%. It follows that, at
the start of the calculation, V2Q is a very bad estimate of V2F. Further, if
n = 80 for instance, the range of eigenvalues of V2@ initially is from about
5.7x107 to 3.6x 10, but the large eigenvalue of V2F at the solution z=¢ is
only 347762. Therefore NEWUOA cannot perform satisfactorily unless huge
improvements are made to V2Q by the updating formulae of the sequence of
iterations.

Unfortunately, however, each application of the least Frobenius norm up-
dating method makes the smallest change to V2Q that is allowed by the
new interpolation conditions, so the basic method of NEWUOQA is not suit-
able for the VARDIM test problem. Therefore the recent modification tries
to recognise when the elements of V2@ are much too large, and, if there is
strong evidence for this possibility, then @ is replaced by @in¢, which is the
quadratic model that minimizes |V2Qin ||, instead of the Frobenius norm of
the change to V2@, subject to the conditions Qine(z,) =F(z;), 1=1,2,...,m,
the interpolation points z, being the updated ones at the exit from Box & of
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Figure 1. When Qiy, is preferred, the gradient Y Qint(z,) and the parameters
Y, §=1,2,...,m, of the expression

V2Qine = Y7L v (2= o) (z;— 20)” (8.3)

are required. It follows from the definition of Qin¢ that they are the vector g
and the components of A in the system (3.10), where r has the components
ri=F(z,)—¢,1=1,2,...,m, for any ¢ € R. Some damage from rounding errors
is avoided by the choice ¢ = F(z,,,). We deduce from the notation (3.12) that
g and A are the products Z,eq r and {271, respectively, where Zyeq is still the
matrix = without its first row. Thus NEWUOA constructs a useful form of
Qint in O(m?) operations.

When the elements of V2@Q are much too large, the interpolation equations
(1.1) imply that |[VQ(z)|| is also much too large for most vectors of variables.
Usually a huge value of || VQ(z,,)|| causes the ratio (2.2) to be tiny. Moreover,
because VQ(z,) is available, and because we have found that VQine(z,) is
the product Sieq 1, it is easy to compare | VQine(2o) || with ||V Q(zg)|. On the
iterations of the new version of NEWUOA that reach Box 5 of Figure 1 from
Box 4, a flag is set to YES or NO, the YES being chosen when the conditions

RATIO < (.01 and 1V Qint(zo)ll < 0.1{¥Q(z0) || (8.4)

hold at the end of Box 5. Then @ is replaced by Q;, if and only if three
consecutive settings of the flag are all YES.

Original NEWUOA Modified NEWUOA
#F F(Lv.ﬁn) #F F(Qﬁn)

20} 12018: 11517 2x107*:8x107| 5447 : 4610 4x107*1:3x107 1
40| 45510 : 56698 7x107%°:3x1071°|17106: 17853 1x 10~ 1%: 8% 1071}
801196135 : 234804 7x107%:3x107° |60305 : 55051 1x107°: 3x 10710

Table 1: Two versions of NEWUOQA applied to VARDIM with m=2n+1

The VARDIM test problem with 80 variables can be solved by the older
version of NEWUOA, in spite of the deficiencies in V2@ that have been noted.
Results for the unmodified and modified versions, using preg = (2n)~! and
pend =107, are displayed on the left and right hand sides, respectively, of Ta-
ble 1. The heading #F denotes the total number of calculations of the objec-
tive function, and zg, is the vector of variables that is returned by NEWUOA,
because it gives the least calculated value of F'. In theory, a reordering of the
variables makes no difference, the initial set of interpolation points being un-
changed for m=2n+1, so this device can be used to investigate some effects
of computer rounding errors. The entries to the left and right of the colons in
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Table 1 were obtained with different orderings. We see that rounding errors
are highly influential, that the values of F'(zg,) are satisfactory, and that the
modification is successful in reducing #F

During the development of NEWUOA, the objective function that was
used most is the trigonometric sum of squares

2n n
Fz) = Zl{bi—zl(sij sin(6;z;) + Ci cos(ejxj)) }2, ZER™, (8.5)
1= j=

namely TRIGSSQS. The elements of the matrices S and C are random inte-
gers from [—100, 100], each scaling factor 6; is sampled from the logarithmic
distribution on [0.1, 1], and the parameters b;, 1=1,2,...,2n, are defined by

F(z*) =0, where z* has the components z;=23/0;, j=1,2,...,n, each 3
being picked from the uniform distribution on [—7,#]. The initial vector z,
has the components (f;‘-{{).l@]’f)/@, J=1,2,...,n, where every {7 is also taken

at random from [—m, 7). The function (8.5) has saddle points and maxima,
due to periodicity, and the values of the scaling factors §; provide a tougher
problem than the case 8; =1, j =1,2,...,n. For each n, we generate five
different objective functions and starting points by choosing different ran-
dom numbers. We let the number of interpolation conditions, namely m, be
2n+1, m@) or I(n+1)(n+2), where m®") is the integer that is nearest to
{(n+1)(n+1)(n+2)}/2. Results of the NEWUOA software for some of these
cases, with four values of n and the parameters ppez =107" and penq =107¢,
are reported in Table 2, the entries in the main part of the table being av-
erages for the five different test problems that have been mentioned. Both
#I and g, have been defined already. Again the results are sensitive to the
effects of computer rounding errors. The dashes in the table indicate that the
problems were not tried, because of the running times that would be required
on a Sun Ultra 10 workstation. The values of #F in the m=2n+1 part of the
table are much smaller than the author had expected originally, because they
become less than the number of degrees of freedom in a quadratic model when
n is large. This highly welcome situation provides excellent support for the
least Frobenius norm updating technique. The accuracy of the calculations is
satisfactory, the ||zg, —2*|/co entries in the table being comparable to peng.

The method of NEWUOA, in particular the use of the bound A > p in
Figure 1, is intended to be suitable for the minimization of functions that
have first derivative discontinuities. Therefore Table 3 gives some results for
the objective function TRIGSABS, which has the form

F(z) = i \ bi'—i(Sg’]’ sinz; + Cy; cosxj>‘, zeR™ (8.6)
i=1 j

The parameters b;, S;; and Cy;, and the initial vector zy, are generated ran-
domly as in the previous paragraph, except that we employ the scaling factors
8; =1, j=1,2,...,n. Different random numbers provide five test problems
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m=2n+1 m=m(a") m=1(n+1)(n+2)
#E |1Zan—2"|loo| #F |zan—2 o) #F |Zan—2 [l

20| 931 1.4x107% | 833 6.9x1077 | 649 20x1077
40| 1809 4.2x107°% | 1716 1.3x107% | 2061 5.5x1077
80| 3159 3.8x107° | 3471 2.1x107° — —
160| 6013 5.8x107° — — — —

Table 2: Averages for NEWUOA applied to 5 versions of TRIGSSQS

for each n as before. We retain pyeg =0.1, but we set peng =10"8, in order to
take advantage of the sharpness of the minimum of F' at x =z*. The entries
in Table 3 are analogous to those of Table 2. We see that, for each n, the
least value of #F occurs in the m =2n+1 column, those results being very
encouraging. If penq is reduced to 1078, the figures for m=2n+1 and n=160
become #F = 12007 and |lzg, —2*/|cc = 1.6 X 1078, so again #F is less than
the number of degrees of freedom in a quadratic model.

m=2n+1 m=m&) m=1(n+1)(n+2)
#F |lzan =2 lloo| #F lZan=2"llo] #F |Zan—2 oo

20| 1454 1.0x107% | 2172 6.6x107° | 4947 4.8x107°
40 3447 1.6x107% | 6232 7.7x107° | 24039 5.9x10°°
80| 7626 1.2x107% | 16504 7.2x107° — —
160| 16496 2.2x1078 — — — —

Table 3: Averages for NEWUQOA applied to 5 versions of TRIGSABS

We consider next a test problem that was invented by the author recently,
namely SPHRPTS. Here n is even, and n/2 points have to be placed on the
surface of the unit sphere in three dimensions at positions that are far apart.
We let the k-th point P, €R? have the coordinates

COSTor—1 COS Tok
p, = | sinzok-1 cosaa |, k=1,2,...,n/2, (8.7)

sin Tok

where z € R™ is still the vector of variables. The problem is to minimize the
function )

F@) = T35 Yisi lp—p, 7% zeRr™, (8.8)
where initially the points p, are equally spaced on the equator of the sphere,
the vector z, having the componen’cs (g)ok—1 =4rk/n and (zg)ek =0, k=
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1,2,...,n/2. The NEWUOA software was applied to this problem, taking m
and n from Tables 2 and 3, with preg =n"! and penq = 107°. The resultant
values of #F are shown to the left of the colons in Table 4. We found also
that F(zg,) agrees with the minimum value of F(z), z € R™, to more than
10 decimal places, although there is much freedom in the optimal vector of
variables, because permutations of the points and rotations of the unit sphere
do not alter the value of the double sum (8.8). Therefore many adjustments of
the variables in practice cause only a tiny reduction in the objective function.
Indeed, after computing each F(zg,), we inspected the sequence of values of
F calculated by NEWUOA, in order to note the position in the sequence of
the first value that satisfies F'(z) <1.001 F(zg,). These positions are given to
the right of the colons in Table 4. We see that, for the SPHRPTS problem,
most of the work is spent on marginal improvements to F, especially during
the calculations of the m=2n+1 column.

n m=2n+1 m=ma) m=1(n+1)(n+2)
20 2077 : 351 1285 : 513 1161 : 627

40 7245 : 1620 4775 : 2884 6636 : 2924

80 9043 : 3644 18679 : 13898 —

160 24031 : 8193 — —

Table 4: Values of #F for the SPHRPTS problem

The NEWUOA software has also been tested on several problems that
have been proposed by other authors. The final table presents results in the
following five cases using m =2n+1. The ARWHEAD problem (see the Ap-
pendix of Conn et al, 1994) has the objective function

Fla) = S0 {(a?+22)2 ~ 42, +3}, zeR™, (8.9)

and the starting point z, is e € R", which is still the vector of ones. In the
CHROSEN problem (see page 45 of Buckley, 1989), we let F' be the function

Flz {4 27 1)? + (1= zi41)%}, z€R", (8.10)
and the starting point g, is —e€R"™. The PENALTY1 problem (see page 79

of Buckley, 1989) includes two parameters, and we pick the objective function

n

:c—l (l—z.’vf)2, zeR™, (8.11)

i=1

uMz

with the starting point (z,); =1, i=1,2,...,n. Our choice of parameters for
the PENALTY?2 problem (see page 80 of Buckley, 1989) gives the function
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n

Flz)= {(611_1/104_ o2i/10 _ g(i=1)/10 _ ei/10)2 + (ez,;/lo_ 8—1/10)2}

=2
+{1-

3

2
(n—z’—H)m?} + (xl——é-)z, z€R™, (8.12)
1

n

and the starting point z, is %QER”. The PENALTY3 problem (see page 81
of Buckley, 1989) has the objective function

F(z)=10"3 (1 + R + S¢P + RS

n n/2

+ {Z(wf—n)}2+ Yo (@i-1)?%  z€R®, (8.13)
i=1

i=1
where R and S are the sums

n—2 n—2
R=)> (zi+22i1+10zi2—1)* and § =) (2zi+mie1—3)% (8.14)

i=1 i=1

and we let the starting point £, € R™ be the zero vector. We set peng = 1079
in every case, while ppeg is given the value 0.5, 0.5, 1.0, 0.1 and 0.1 for AR-
WHEAD, CHROSEN, PENALTY1, PENALTY2 and PENALTY3, respec-
tively. Table 5 shows the numbers of function evaluations that occurred when
NEWUOA was applied to these problems with our usual choices of n, except
that % indicates that #F exceeded 500,000.

n | ARWHEAD CHROSEN PENALTY! PENALTY2 PENALTY3
20 404 845 7476 2443 3219

40 1497 1876 14370 2455 16589

80 3287 4314 32390 5703 136902
160 8504 9875 72519 * *

Table 5: Values of #F for 5 problems with m=2n+1

All the ARWHEAD, CHROSEN and PENALTY1 calculations were com-
pleted successfully, the greatest distance ||zg, —2*||co being 6.1x 1078, where
Zq, and z* are still the final and optimal vectors of variables. Good accuracy
was also achieved in the PENALTY?2 calculations with n <80, the values of
F(zg,) agreeing to 13 decimal places with other values that were obtained for
permutations of the variables and other choices of . When n =160 is selected,
however, the constants e”/1°, 1=1,2,...,n, vary from 1.1 to 9x 106, so the
magnitudes of the terms under the first summation sign of expression (8.12)
vary from 1 to 10'3, which causes the PENALTY?2 problem to be too difficult
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in REAL*8 arithmetic. We compared the given results of the PENALTY3
calculations with those that occurred after permuting the variables. The #F
entries became 4336, 18209 and 125884 for n =20, n=40 and n =280, respec-
tively, which agrees well with the last column of Table 5. Further, for each
n, the two values of F(zg,) were slightly less than n?, and they agreed to
about 11 decimal places. A feature of PENALTY3, however, is that the mini-
mum value of the objective function is close to 10~% and is hard to find. This
magnitude is exposed by picking the variables z; =1, 1=1,2,...,n—1, and
zp=—(n?—~n+1)/2, because then ¢ is tiny and both S and the second line
of expression (8.13) are zero, which provides F(z) =1073(1+ Re® )~ 1073,
When NEWUOA was applied to PENALTY3 with n = 160, the original or-
dering of the variables yielded #F = 629582 and F(zg,) = 25447.688, while
the new ordering yielded #F = 16844 and F(zg,) = 0.001002. We had not
expected the new ordering to be so favourable, because the differences in the
results are due entirely to computer rounding errors.

The average amount of work per iteration is mentioned at the end of
Section 7, being at best O(n?) in the case m =2n+1. We tested this possibility
in the ARWHEAD and PENALTY1 experiments of Table 5. The total time in
seconds of each calculation on a Sun Ultra 10 workstation was divided by the
product of n? and #F. The resultant quotients for ARWHEAD are 8.4x1076,
8.0x 1078, 85x107% and 8.8 x 1076 in the cases n = 20, n = 40, n = 80
and n = 160, respectively, and the corresponding quotients for PENALTY1
are 9.2x1075, 8.5x 1076, 8.6x 1076 and 9.3 x 107°, the running time in the
last case being nearly 5 hours, while ARWHEAD with n =20 was solved in
only 1.36 seconds. These findings suggest that the average complexity of each
iteration is proportional to n?, which is most welcome.

The development of NEWUOA has taken nearly three years. The work
was very frustrating, due to severe damage from computer rounding errors
in difficult cases, before the factorization {4.16) of 2 was introduced. There-
fore the author has had doubts about the use of the explicit inverse matrix
H=W-~!, instead of using a factored form of W that allows the system (3.10)
to be solved in O(m?) operations. The numerical results are still highly sen-
sitive to computer rounding errors, but the experiments of this section show
that good accuracy is achieved eventually, which confirms the stability of the
given techniques. Thus we conclude that the least Frobenius norm method for
updating quadratic models is highly successful in unconstrained minimization
calculations without derivatives. Readers are invited to request a free copy of
the NEWUOQA Fortran software by sending an e-mail to mjdp@cam.ac.uk.

Appendix: Proofs for Section 3

The assertions of the last two paragraphs of Section 3 are presented below
as lemmas with proofs. The positions of the relevant interpolation points are
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described at the beginning of Section 3, followed by the definitions of the
matrices (3.12).

Lemma 1. The first row of the initial matriz £ has the elements (3.13), and,
for every integer © that satisfies 2<i<min[n+1,m—n], the i-th row includes
the elements (5.14). When m < 2n, the nonzero elements of the remaining
rows of £ take the values (3.15), where i is any integer from the interval
[m—n+1,n+1]. All other elements of the initial matriz = are zero.

Proof: For each integer j in [1,m], we let the quadratic polynomial
4(z) = £(zo) +(2-20)" V5 (20) + 5 (2-20)T VP (z—20), zER™, (A1)

be the j-th Lagrange function of the initial interpolation points, which means
that ||V24;|  is as small as possible subject to the conditions

gj(l'i) = 57;3', i=1,2,...,m, (A?)

as stated in the second paragraph of Section 6. The construction of £; is the
same as the construction of D in Section 3, if the constraints (3.6) have the
right hand sides F(z;)— Qola(a;) = 65, i =1,2,...,m. Therefore ¢;(z,) and
VY¢;(zy) are the same as c and g, respectively, in the system (3.10), when r
is the coordinate vector g; € R™. In this case, the partitioned vector on the
left hand side of equation (3.10) is the j-th column of W1, It follows from
the notation (3.12) that ¢;(z,) and V¢;(zy) provide the j-th column of =, as
shown in the expression

( 51@0) 52(20) fm(éo) )
Vii(zy) Vlalzg) -+ Vemlzo))

= =

(A-3)

The remainder of the proof depends on the positions of the initial inter-
polation points. In particular, because of the choice z; = z, with the first
of the conditions (A.2) for each j, the first row of the matrix (A.3) has the
elements (3.13). Moreover, when k satisfies 1 <k <min[n, m—n—1], the points
Zpi1 = Lo+ Poeg€; and Ty, = To— Poeg€y have been chosen, so the k-th
component of V¢;(z,) is the divided difference

<z€j@o)>k = (2 poeg) ™! <€j(?§-k+1) = gj(£k+n+1))
= (2 pbeg)_l (5k+1j - 6k+n+1j)’ J=12,...,m, (A4)

because ¢; is a quadratic that takes the values (A.2). We replace k+1 by 1,
and then expression (A.3) gives (V¢;(2))x = Sk+1; = Ty;. It follows from
equation (A.4) that formula (3.14) does provide all the nonzero elements of
the ¢-th row of £ for 2 <¢<min[n+1, m—n]. Finally, if k satisfles m—n <k <n,
then only the first two of the vectors z; =zg, Zy1 =ZoTOvegls aNA To—Pbegly
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are interpolation points. Further, the minimization of ||V2¢; | r subject to the
conditions (A.2) yields (V24;)xx =0, j=1,2,...,m, so the univariate function
4i(zo+aey), ®€R, is a linear polynomial for each j. Therefore the (k+1)-th
row of the matrix (A.3) contains the divided differences

Skt1; = <zfj(£o))k = (pbeg)-1<€j($-k+1) *gj(§1)>
= (Poeg) ™' (Br115— 01)y  j=1,2,...,m. (A.5)

Again we replace k+1 by 4, so equation (A.5) establishes that the nonzero
elements of the i-th row of = have the values (3.15) when i satisfies m-n+1<
1<n+1. The proof of the lemma is complete.

Lemma 2, When m > 2n+1 holds, the initial matriz T is identically zero.
Otherwise, Y is a diagonal matriz, and expression (3.16) gives all the elements
of T that are nonzero.

Proof: Let 7 be the integer min[m,2n-+1], and let =, A and X be the
leading (n+1)x7h, mx(n+1} and {(n+1)x(n+1) submatrices of =, A and X,
respectively. The definitions (3.12) provide the matrix equation 4+ X =0,
and its first n+1 columns give the identity ZA+TX =0, which depends on the
property in Lemma 1 that, if m > 2n+1, then the last m—2n—1 columns of =
are zero. We deduce from equations (3.2) and (3.11) that A has the elements

AiiZAii=%P§eg» i1=2,3,...,n+1
_ e ) i=1,2,....m,
A¢+m~= Aifni = 3 Phegr 1=2,3,...,7=n ¢, i=12. . nel (A.6)

Ay =A; =0, otherwise

We seek the elements of the product 54, which is a square matrix. For each
integer j in [1,n+1], equations (3.13), (3.14) and (3.15) give the formula

Alj i=1,
(éxé)” = (2 pbeg>——1(fziij_14i+nj>7 2§z§m1n[n+l,m—n}, (A?)
(pbeg)_l(A'Lj“Alj), m—n+1<i<n+1,

the last line being void in the case m >2n+1. It follows from equation (A.6)
that 54 is a diagonal matrix, and that its first row and column are zero.
Further, because min[n+1, m—n] is the same as 7 —n, we find the diagonal
elements

(EA); =0, 1<i<m—n
: (A.8)

(EA)u = § pdy m—n+1<i<n+l

We now consider the identity ZA4+TX =0. The definition (1.3) of X with
Z, =z, imply Ze; =¢,, where ¢, is the first coordinate vector in R"**!, and
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we recall ZAe, =0. It follows from (£A+7 X)e, =0 that the first column of
7 is also zero. Thus £A+Y X =0 remains true if any change is made to the
first row of X. Expressions (1.3) and (3.2) allow the new X to be ppeg times
the (n+1)x(n+1) unit matrix. Hence 7" is the matrix —pEelg Z A, which we
know is diagonal. Further, we deduce from equation (A.8) that 7" is the zero
matrix in the cases m>2n-+1, and that otherwise the nonzero elements of 7
take the values (3.16). Therefore the lemma is true.

Lemma 3. The initial matriz 2 has the factorization

m-n—1
N= > z# =277, (A.9)
k=1
where the vectors z, ¢ R™, k=1,2,...,m—n—1, are the columns of Z. Further,

the first min[n,m—n~—1] of these vectors have the components (3.18), and, if
m>2n+1, the remaining vectors have the components (3.20), the subscripts
P and § being introduced in the last paragraph of Section 3.

Proof: Let Q(z), z&€R™, be the initial quadratic model, given at the begin-
ning of Section 3. Each element of V2@ is either defined by the equations (1.1)
or is set to zero. Therefore the choice of @ minimizes || V2Q|{r subject to the
interpolation conditions. It follows from the derivation of the system (3.10)
that, if we let r have the components r;=F(z;), 1=1,2,...,m, and if we set
A={2r, where {2 is taken from expression (3.12), then A is the unique vector
satisfying the constraints (3.7), such that V2Q is the matrix (3.8). These re-
marks characterise {2 uniquely, because they are valid for all right hand sides
r,=F(z;), 1=1,2,...,m. Hence it is sufficient to verify that, if we put the
matrix (A.9) into the equation A= for general r, then )\ has the properties
that have been mentioned.

The first of the constraints (3.7) is AT e=0, where e R™ is the vector of
ones. Substituting A=92r and 2=2ZZ7, this condition becomes rT ZZTe=0,
which is achieved, because each column z, of Z has the components (3.18) or
(3.20), and both sets of components provide gfg = 0. Similarly, the relation
A=ZZTr implies that the other constraint (3.7) also holds if Z satisfies the
equations

m

> Zn(mi—zo) =0, k=1,2,...,m-n-1 (A.10)
For 1 <k <min[n,m—n—1}, the values (3.18) and (3.2) imply that the left
hand side of this expression is a multiple of the difference ppeges — Poeger =0.

Alternatively, for n+1 <k <m-—n-—1, the values (3.20), (3.19) and (3.3), with
i=k+n+1 and z;, =z, give the condition

Z Z?,k? Zy) = Pbeg ( Tp Poeg Ep — Tq Pheg £q +0p Poeg Ep + 0g Pbeg q) =0,
(A11)
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Thus, for general r € R™, the vector A= 2r does obey the constraints (3.7).
By substituting A=ZZ7r, we write the matrix (3.8) in the form

m—n-—1

m
ViD= Y @D 2 @-a0) (2-20)" | (A12)
k=1 j=1
and we complete the proof by establishing V2Q=V?2D. For 1 < k < min [n,
m—n~—1], the components (3.18) provide the equations

Zir = \/ﬁpgezg {=F(zo) + § F(2o+pveg &) + 5 F(Zo—Pveg &) }

ZI—_I Zijk (Ej —.x_o) @j —Z_O)T = ﬁpgfg {Pﬁeg nggz} = \/§§k QZ
(A.13)
Moreover, the construction in the first paragraph of this section employs the
divided difference

(V2Q)kk = Poeg {F(Zo—preger) =2 F(zo) + Flzo+pmeger)} . (Al4)

It follows that the first min[n, m—n—1] terms of the sum over & in expression
(A.12) provide a diagonal matrix, whose diagonal elements are the same as
those of V2Q. Thus V2Q =V?D is achieved in the cases m < 2n+1. It remains
to show that, if m > 2n+1, then the last m—2n—1 values of k in expression (A.12)
generate the off-diagonal elements of V2@ without disturbing the diagonal
elements.

For each k in the interval [n+1,m—n-1], the interpolation points (3.3)
and (3.19) are relevant with {=k-+n+1. Indeed, the components (3.20) imply
that gff_ is just the left hand side of equation (3.5), while the term in the
braces of expression (A.12) is the matrix

—e el —e el +(ope,toqe,) (Cpe,toge,)T = opog(e el +e el). (A15)
Therefore the k-th term of the sum (A.12) contributes to (V2D),, and (V2D),,
the amount that is required by equation (3.5), and it does not alter any other
element of V2D. Thus all the different elements of V2@ that can be nonzero
are provided by the different values of & in expression (A.12). The justification
of the initial choice of Z is complete.
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