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Preface

Although transportation economists have been advocating tolling of urban
streets as a mechanism for controlling congestion and managing travel de-
mands for over 50 years, it is only recently that this idea has become practical.
When compared to the alternative of building more roads, congestion pric-
ing, in particular via electronic tolling, is now more attractive and has been
adopted in countries around the world. Singapore implemented its Area Li-
censing Scheme to restrict vehicular traffic into the city’s central area in 1975.
Later (1988) it was renamed ‘Electronic Road Pricing,’ in part to reflect the
use of new technology. In Norway, the first toll ring was operational in Bergen
in 1986 and, subsequently, two additional toll rings were established in Oslo
and Trondheim. More recently, the city of London introduced in February
2003 a five pound daily fee on cars entering the city center. In spite of public
resistance to the concept of tolling, some cities in the United States have also
employed congestion pricing in recent years. This is due in part to the Conges-
tion Pricing Pilot Program established by Congress in 1991 that authorized
the FHWA to enter into cooperative agreements with up to 15 state or local
governments to establish, maintain, and monitor congestion pricing projects.
Later, this program was given a broader scope and named the Value Pricing
Pilot Program.

Papers in this volume focus on the development and the analysis of math-
ematical and computational models for determining tolls or setting prices in
an effort to control congestion or, more generally, demands. Interestingly, the
first paper by Abrams and Hagstrom discusses improving traffic flow with-
out charging tolls. Instead, they introduce the possibility of blocking entries
into certain roads. Bai, Hearn, and Lawphongpanich consider congestion
tolls based on a system optimal traffic pattern and provide methodologies
for resolving computational issues associated with using a traffic pattern that
is only approximately system optimal. Then, the paper by Bertsimas and
Perakis addresses the problem of setting prices when the demand as a func-
tion of price is not known, but is learned over time. In general, travelers
or users of transportation networks are heterogeneous, e.g., they may value
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time differently. Engelson and Lindberg show in their paper that differ-
ent values of time (e.g., in time or monetary units) can lead to models with
different properties. Computationally, some of these models are more advan-
tageous than others. Similarly, Florian assumes in his paper that there are
multiple classes of users, some of whom are not willing to pay tolls, and de-
scribes approaches that have been used in many countries to predict the usage
of tolled facilities among different user classes. Sensitivity analysis is a use-
ful technique for predicting changes in, e.g., the level of congestion, due to
changes in, e.g., toll prices, infrastructure, and user behavior. Josefsson and
Patriksson describe a method for generating sensitivity information that
is more general and efficient than those in the literature. The paper by De
Palma and Nesterov proposes ‘stable dynamics’ models for commuters who
must make parking decisions as part of their commute. Smith considers the
‘bilevel’ problem of estimating road prices and signal green-times which ap-
proximately minimizes a smooth measure of disbenefit subject to equilibrium
and other constraints. He proposes a method that finds an approximate equi-
librium that is stationary with respect to the measure of disbenefit. Stewart
and Maher’s paper considers the problem of finding toll prices that yield the
least revenue in order to minimize the financial impact on the traveling public.
Their procedure is based on the stochastic user equilibrium and (determin-
istic) system optimal traffic assignment models. Concluding the volume, the
paper by Sumalee, Connors and Watling considers an optimal toll design
problem based on stochastic user equilibrium with Probit route-choice. Their
algorithm for solving the problem uses the sensitivity information discussed
in the paper by Josefsson and Patriksson.

We would like to take the opportunity to thank the authors of the papers,
anonymous referees, and the publisher for helping us to produce this volume.
We also want to thank Altannar Chinchuluun for his help in preparing the
volume and putting all of the papers in their final form.

S. Lawphongpanich, D. W. Hearn, and M. J. Smith
Gainesville, Florida and York, England
September 2005



List of Contributors

Robert A. Abrams

Information and Decision Sciences,
Univ. of Illinois at Chicago,
Chicago, IL 60607, U.S.A.
rabrams@uic.edu

Lihui Bai

College of Business Administration,
Valparaiso University,

Valparaiso, IN 46383, U.S.A.
Lihui.Bai@valpo.edu

Dimitris Bertsimas

Sloan School of Management,
MIT,

Cambridge, MA 02139, U.S.A.
dbertsim@mit.edu

Richard Connors

Institute for Transport Studies,
University of Leeds,

Leeds, LS2 9JT, United Kingdom
rconnors@its.leeds.ac.uk

Leonid Engelson
Department of Infrastructure,
Royal Institute of Technology,
SE-100 44 Stockholm, Sweden
lee@infra.kth.se

Michael Florian

Center for Research on
Transportation,

University of Montreal,
Montreal H3C 3J7, Canada,
mike@crt.umontreal.ca

Jane N. Hagstrom

Information and Decision Sciences,
Univ. of Illinois at Chicago,
Chicago, IL 60607, U.S.A.
hagstrom@uic.edu

Donald W. Hearn

Dept. of Industrial and Systems
Engineering,

University of Florida,
Gainesville, FL 32611, U.S.A.
hearn@ise.ufl.edu

Magnus Josefsson

Department of Mathematics,
Chalmers University of Technology,
SE-412 96 Gothenburg, Sweden
f98majf@dd.chalmers.se

Siriphong Lawphongpanich
Dept. of Industrial and Systems
Engineering,

University of Florida,
Gainesville, FL 32611, U.S.A.
lawphong@ise.ufl.edu



X List of Contributors

Per Olov Lindberg
Department of Mathematics,
Linkoping University,

SE-581 83 Linképing, Sweden

polin@mai.liu.se

Mike Maher

Transport Research Institute and
School of the Built Environment,
Napier University,

Edinburgh, EH10 5DT, Scotland
m.maher@napier.ac.uk

Yurii Nesterov

Center for Operations Research and
Econometrics,

Université Catholique de Louvain,
B-1348 Louvain-la-Neuve, Belgium
nesterov@core.ucl.ac.be

André de Palma

Institut Universitaire de

France & THEMA,

Université de Cergy-Pontoise,
F-95011 Cergy-Pontoise, France
andre.depalma@eco.u-cergy.fr

Michael Patriksson

Department of Mathematics,
Chalmers University of Technology,
SE-412 96 Gothenburg, Sweden
mipat@math.chalmers.se

Georgia Perakis

Sloan School of Management,
MIT,

Cambridge, MA 02139, U.S.A.
georgiap@mit.edu

Michael J Smith

Department of Mathematics,
University of York, Heslington,
York, Y010 5DD, United Kingdom
mjs7@york.ac.uk

Kathryn Stewart

Transport Research Institute and
School of the Built Environment,
Napier University,

Edinburgh, EH10 5DT, Scotland
k.stewart@napier.ac.uk

Agachai Sumalee

Institute for Transport Studies,
University of Leeds,

Leeds, LS2 9JT, United Kingdom
asumaleeQits.leeds.ac.uk

David Watling

Institute for Transport Studies,
University of Leeds,

Leeds, LS2 9JT, United Kingdom
dwatling@its.leeds.ac.uk



Improving Traffic Flows at No Cost

Robert A. Abrams! and Jane N. Hagstrom?

! Information and Decision Sciences, University of Illinois at Chicago, 601 S.
Morgan, Chicago, IL 60607-7124, U.S.A., rabrams@uic.edu

2 Information and Decision Sciences, University of Illinois at Chicago, 601 S.
Morgan, Chicago, IL 60607-7124, U.S.A., hagstrom@uic.edu

Summary. The standard model of traffic flow used in the analysis of urban traffic
is the Wardrop equilibrium. The existence of traffic flows that reduce costs for some
travelers without increasing the costs for any other travelers when compared to the
equilibrium defines a Generalized Braess Paradox. We provide a practical methodol-
ogy for detecting such flows and report the existence of such a flow in the Sioux Falls
study network when links with equilibrium flows in the free-flow range are regarded
as constant cost.

Key words: Multicommodity Traffic, Noncooperative Equilibrium, Nonlin-
ear Programming, Braess Paradox.

1 Introduction

Traffic congestion is becoming a more and more pressing issue for society and
a major concern for urban planners. In 1968, Braess [Bra68] identified the
possibility that more roads can make traffic worse. In this paper, we take
an “inverse” view, that is, that fewer roads, or more-restricted roads, can
make traffic better. Specifically, we look for situations in which the total cost
of congestion is reduced at no additional cost to any traveler. We provide a
methodology for identifying such situations and demonstrate that the Sioux
Falls study network is an example in which restricting traffic on certain links
leads to 33% lower travel times for some travelers while costs for other travelers
increase no more than 0.25%.

In urban road networks, individual travelers decide on their own travel
routes on the basis of factors such as time, cost, and convenience. Since they
are not acting cooperatively, it is not surprising that these individually chosen
routes are not best from society’s point of view. In this paper we show how
to detect cases where redirecting traffic flows reduces the travel time for some
travelers while not increasing travel time for any travelers. Since this redirec-
tion can be enforced by restricting access to certain links in the network, or

Mathematical and Computational Models for Congestion Charging, pp. 1-22
© 2006 Springer Science and Business Media, Inc.



2 R.A. Abrams, J.N. Hagstrom

by imposing tolls, it is possible to improve society’s traffic costs while costs
to individual travelers are reduced or remain the same.

The standard model of traffic flow assumes that travelers distribute them-
selves according to Wardrop’s user-equilibrium principle. (See [Pat94, Chapter
2], and [War52].) This principle states that all used paths between an origin-
destination pair will have the same cost, which is no more than the cost on
any unused path. Cost is measured as time or some combination of tolls, time,
and other factors. Braess [Bra68] used this model to construct a seemingly
paradoxical example in which adding a link to a simple network results in a
user-equilibrium distribution of flows that is worse for all travelers than the
network without the added link. One can also view Braess’s network example
with the added link as an example in which a nonequilibrium flow (with no
flow on the added link) reduces costs for all travelers.

In a previous paper [HAO02], the authors defined a Generalized Braess
Paradox to occur whenever there is an alternative distribution of flows which
makes some travelers better off and none worse off than in the Wardrop equi-
librium distribution. In game-theoretic terms, a Generalized Braess Paradox
occurs whenever the user equilibrium is not strongly Pareto optimal. In this
paper we show how to detect a Generalized Braess Paradox and report the
detection of a Generalized Braess Paradox in the widely known Sioux Falls
study network, when certain links with equilibrium flows in the free-flow range
are assigned constant cost. We thus demonstrate the feasibility of detecting
opportunities in which society can improve its total costs without increasing
the cost to any individual travelers. The procedure that we develop will also
detect occurrences of the “classic” Braess Paradox, in which removing a link
results in improved travel cost.

This work is related to, but distinct from, work on finding system-optimal
flows in a network. A system-optimal flow in a traffic network minimizes the
sum of the costs of all travelers. A system-optimal flow is desirable from
society’s point of view because it minimizes consumption of resources and
production of pollution. The system-optimal flow is usually distinct from
the user-equilibrium flow, but typically will require some travelers to incur
higher travel costs than in the equilibrium flow, Braess’s example is one in
which the system-optimal distribution demonstrates the existence of a Gen-
eralized Braess Paradox. This, however, is unusual. In more usual cases (See
[HA02].), the system-optimal distribution makes some travelers worse off than
in the equilibrium distribution, even when a Generalized Braess Paradox ex-
ists. Finding a distribution that demonstrates the existence of a Generalized
Braess Paradox is significantly more difficult than finding a system-optimal
distribution.

In [HAO2], we showed that a Generalized Braess Paradox can be charac-
terized in terms of a mathematical program. In this paper, we use that char-
acterization to develop a method for detecting the occurrence of a Generalized
Braess Paradox. We make the mathematical program of [HA02] tractable by
relaxing its constraints to obtain a convex mathematical programming prob-
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lem that will detect occurrences of the Generalized Braess Paradox. However,
due to the particular structure of the relaxed problem, first-order optimality
conditions may not hold for the optimal solution, thus rendering inapplicable
any algorithm based on standard first-order conditions. Therefore we adopt a
special method to solve the problem. The method first uses a sequence of lin-
ear programs to identify which nonlinear constraints always hold as equalities,
and then whether a Generalized Braess Paradox exists. The number of linear
programs is no more than the number of links in the network and usually much
less. We apply the method to two small examples and to the well-known Sioux
Falls study network with 24 nodes, 76 links, and 528 origin-destination pairs.
A Generalized Braess Paradox is found to occur in the Sioux Falls study net-
work when links with equilibrium flows in the free-flow range are regarded as
constant cost. The second of the small examples illustrates that the first-order
optimality conditions (Karush-Kuhn-Tucker conditions) cannot be expected
to hold for the optimal solution to the relaxed mathematical program, even
though it is a convex nonlinear programming problem.

2 Notation and Definition of the Equilibrium Problem

We consider a transportation network with multiple origin-destination (o-
d) pairs. Depending on circumstances, demand (usually given as a trip table,
specifying for each origin-destination pair the volume per unit time of travelers
desiring to move between that origin and destination) may be either elastic
or fixed. For the purposes of this paper we assume fixed demand.

We make the following two assumptions. Neither is restrictive in that if
either fails to hold, existing methods in the literature (See, e.g., [AM81].) can
be used to reduce these cases to situations satisfying the assumptions.

1. Travel costs are additive, that is, the travel cost of a route is the sum of
the traversal costs of the links on the route.

2. The cost of traversing a link is the same for all travelers, and the cost
depends on the vector of total link flows, where the total flow on a single
link is the sum of the individual flows on the link between each of the
origin-destination pairs.

An equilibrium distribution of flows is a distribution of flows that meets
demands and satisfies Wardrop’s User-Equilibrium Principle, i.e., every used
path between an o-d pair must have the same cost, and all unused paths be-
tween the same o-d pair must have cost greater than or equal to that of the
used paths. A Wardrop equilibrium corresponds, in a game-theoretic frame-
work, to a (noncooperative) Nash equilibrium. (See [Pat94, pages 32, 54].)

For a Wardrop equilibrium to be reached, one must assume that travelers
have perfect information about travel costs and act to minimize their indi-
vidual travel costs. Although this may seem to be a strong assumption, most
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models used in traffic network analysis and planning assume that traffic will
be distributed according to a Wardrop equilibrium.

2.1 Notation

As is common in traffic flow theory, our model is built on a network structure
with travel costs on each link and known supplies and demands for each
node. Our notation accounts for the network structure, properties of links,
and properties of the travelers using the network.

Table 1. Notation

kla link

k)|the node that link k is directed out of
h(k){the node that link k is directed into
ila node
dla destination node
N |the set of nodes in the network
Althe set of links in the network
A
D

the || x | A| node-link incidence matrix of the network
the set of destination nodes
b¢|for i # d, the demand for travel from node i to destination d
b%|the negative of the sum of all demands for travel to destination d
O%the set of nodes with positive demand for travel to destination d
zf |the amount of flow on link &k destined for d
x%|the vector of link flows destined for d
Zx |the total flow on link &
x|[the vector of total link flows
a price (or potential) for node ¢ associated with destination d
the vector of node prices associated with destination d
a surplus quantity associated with link k& and destination d
z%|the vector of link surpluses associated with destination d
(x)|[the traversal cost for link & of one unit of flow
F(x)|the vector of link costs
¢lthe equilibrium solution flow on link & destined for d
T |the total flow on link k£ in the equilibrium solution
#¢|the equilibrium cost of traveling from node ¢ to destination d
zjt [the reduced cost Fi(X) — Gy, + Bk

Table 1 summarizes the notation we use. In addition, the elements a; x of
the node-link incidence matrix A are defined by

1 if link £ is directed out of node
a;r = < —1if link £ is directed into node i
0 otherwise.
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In describing the flow on the network, we partition travelers according to
their destination. In our previous work, we partitioned travelers according to
both their origin and destination. The latter approach is conceptually easier;
however, from a computational point of view, the smaller number of classes
of travelers is desirable, and does not lose any generality. It is well known
(LeBlanc, [LeB73]) that it is not necessary to discriminate between travelers
starting from different origins if they are bound for the same destination, or
equivalently, that it is not necessary to discriminate between travelers bound
for different destinations if they have all started at the same origin.

2.2 The Equilibrium Problem

The Wardrop equilibrium solution can be defined in several equivalent ways
(See [Pat94, BMW55, Roc80].), e.g., as a variational principle, as the solu-
tion of an optimization problem, etc. The particular formulation chosen turns
out to be critical in developing a tractable characterization of the Generalized
Braess Paradox. For this purpose, we use a Lagrange multiplier definition. For
given A, F, and demand vectors bd, the equilibrium problem can be expressed
as seeking a solution to

(EQ)
F(x)—ATul-z¢=0vdeD (1)
Axd = p? VdeD (2)
X = ZdeD x? (3)
ZdeD 7t x =0 (4)
x? >0 VdeD (5)
z¢ >0 vdeD (6)
ud =0 YdeD (7

Equation Sets (1) and (4) state that on a link with positive flow destined
for destination d, the cost of travel on the link &, Fj(x), is equal to the price
difference, uf-u?, corresponding to destination d, between the two end nodes,
i and j, of the link. If there is no flow directed towards d on link k, then
(4) allows z{ to be positive and the cost of travel on link k may be greater
than or equal to the difference in prices. Equation Set (2) requires that flows
directed toward d satisfy demand at origin and destination nodes and conserve
flow at other nodes. Equation (3) defines the total flow on a link to be the
sum of the flows on that link headed to the different destinations. There is
always one node price u¢ for each d that is arbitrary. Equation Set (7) removes
this ambiguity by defining the price at the destination nodes to be zero. An
equilibrium solution, denoted {(%¢,10¢,2%)}4ep, is a solution to (EQ). In an
equilibrium solution, the node price ﬂf is the cost of traveling from node 7 to
destination d along links with ¢ > 0.
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3 The Existence of Improved Flows

Given a Wardrop equilibrium set of flows, we wish to determine whether
there is another distribution of flows that makes some travelers better off
and no travelers worse off than in this equilibrium. To that end, we define
a nonlinear program which minimizes system cost subject to the constraint
that no traveler has cost greater than in the given equilibrium. The constraints
are similar to those of the equilibrium problem, (EQ), except that instead of
requiring that the traversal cost on a used link equal the price difference of its
nodes, we allow the traversal cost of the link to be less than or equal to the
price difference of its nodes. In this way, the formulation allows nonequilibrium
flows, and as discussed following the formulation, the potential at each node
becomes an upper bound on the travel cost from that node to the relevant
destination.

For given A, F, demand vectors b¢, and equilibrium travel costs ﬂf, define
the following optimization problem, originally introduced in [HAO02], which
we henceforth call the Equilibrium Improvement Problem, (EIP). (In
[HAO02], we referred to this as the Braess Optimization Problem.)

(EIP)
min x - F(x)
st. F(x)—ATu? —z¢<0vVdeD (8)
Ax? = b VdeD (9)
X =) 4ep x4 (10)
Ygep2 x4 =0 (11)
x4 >0 VdeD (12)
z¢ >0 VdeD (13)
u =0 vdeD (14)
u? < ¢ Vse ! (15)

The constraints of (EIP) are very similar to the equilibrium problem (EQ).
The differences are:

1. As noted above, Constraint Set (8) is a set of inequalities instead of equa-
tions. The inequality requires that, on a link with positive flow for a
particular destination, the travel cost is less than or equal to the price dif-
ference of the nodes connected by the link. Thus for any feasible, possibly
nonequilibrium, flow, and for any used route from node ¢ to destination
d, the inequality constraint (8) implies that u¢ is an upper bound on the
travel cost from node ¢ to destination d along that route.

2. There is an additional constraint set, (15), which forces the travel cost
from any origin to destination to be less than or equal to that of the
equilibrium flow.



Improving Traffic Flows at No Cost 7

When x is nonnegative, the components of F(x) are convex, and F(x)
is monotone ((y — x) « (F(y) — F(x)) > 0 for all feasible x, y [HP90}), the
objective function of (EIP) is convex, as is shown in Appendix B. Thus without
Equation (11), (EIP) would be a convex optimization problem.

Any feasible solution to (EIP) with objective function value less than that
of the equilibrium flow reduces the travel cost for some travelers and, due to
the last set of constraints, does not increase the travel cost for any travel-
ers. Thus if an equilibrium solution is not optimal for (EIP), a Generalized
Braess Paradox exists. As shown in [HAQ2], the converse also holds when each
component of F(x) is nonnegative and nondecreasing. It follows that under
these mild conditions on Fj, determining the existence of flows that improve
on a Wardrop equilibrium is equivalent to testing (EIP) to see if a Wardrop
equilibrium is optimal. In the following sections we will develop methods to
test optimality of the Wardrop equilibrium. We first establish that if there is
a feasible solution to (EIP) for which some constraint corresponding to a used
link in Set {8) holds strictly, then the equilibrium solution is not optimal for
(EIP) and a Generalized Braess Paradox exists.

Proposition 1. If there exists a feasible solution to (EIP) with the property
that for some link k and destination d,

Qfg > 0 and Fk(X) - U?(k> + Uﬁ(k) < 0,
then a Generalized Braess Paradox exists.

Proof. Suppose that the triples (x%,u?, z?%) define a feasible solution to (EIP)
and there exists a link k* and destination d* such that

2 >0 and Fi-(x) — uf(*k*) + ugzk*) < 0.

From constraint set (15), we know that no traveler is worse off than in equi-
librium. Since z¢, > 0, there exists an origin s* which contributes flow to link
k* that is destined for d*; more specifically, there is a path P of links k£ joining
s* to d* such that k* € P and ¢ > 0 for all links k € P. Since 2§ > 0 for
these links, z¥" = 0 on these links. Then for each of these links, Constraint
Set (8) gives

Fr(x) < ufyy — ufte-

Our assumption of strict inequality gives

*

Fk* (X) < U?{k*) — UZ(k*).

Summing over k € P, and using Constraint Sets (14) and (15) we have
> Fu(x) <udl <ag,
keP

Thus we have travelers using path P to go from s* to t* with a lower cost
than in equilibrium. ]
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4 A Computational Approach for Local Improvements

(EIP) provides a direct method of checking for the existence of a Generalized
Braess Paradox by solving an optimization problem. However, for even mod-
erately large networks (EIP) is difficult to solve because the complementarity
constraint (11), which essentially defines for each destination d the subnet-
work of arcs that may be used by flows destined for d, is not convex. Solving
(EIP) implies the need to (implicitly or explicitly) enumerate all feasible sub-
networks of the network. Since for each destination, flows may use a different
subnetwork, solving (EIP) may require an extremely large enumeration. We
therefore treat a more tractable version of the problem for which we can de-
tect many instances of the Generalized Braess Paradox using a finite sequence
of linear programs.

In order to develop the more tractable test, we replace the troublesome
Constraint (11) with a more restrictive, but more tractable, condition. This
new problem will identify a local Generalized Braess Paradox, in the sense that
our search for an improved flow is restricted to using essentially the same set
of links used in the Wardrop equilibrium solution. The existence of a solution
of the more restrictive problem that has a lower objective function value than
the equilibrium solution will guarantee the existence of a Generalized Braess
Paradox. However, because the problem is more restrictive, an improved so-
lution using a different subnetwork may remain undetected. Therefore even
when the equilibrium solution is optimal for the modified problem, a Gen-
eralized Braess Paradox may exist as shown by Example 1 of [HA02]. This
limitation is shared by all tests for the Braess Paradox of which we are aware
([DN84a], [SZ83]), in that none will detect a Braess Paradox that uses flows
on a subnetwork distinct from that of the equilibrium solution.

The Restricted Equilibrium Improvement Problem, (R-EIP), is

(R-EIP)
min x - F(x)
st. F(x) — ATut —yz¢ <0vVdeD (16)
Ax? = b? VdeD (17)
Xx=3yepx? (18)
Saepzt - x? =0 (19)
x>0 VdeD (20)
ud =0 YdeD (21)
ul <l Vse ! (22)

This formulation entails two changes from (EIP). Constraint Set (8) has
been replaced with Constraint Set (16), which contains a new variable y.
Since the variable y can be set to a very large number, when the equilibrium
value Z,‘f > 0, the corresponding constraint is redundant just as is the case
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for Constraint Set (8) when z{ > 0. Constraint (11) has been replaced with
Constraint (19), which requires that z¢ = 0 whenever z¢ > 0. Thus any
feasible solution to (R-EIP) has flow going to destination d only on links k
with zZ = 0.

As previously noted, if F is convex and monotone, the objective function
of (R-EIP) is convex. Therefore (R-EIP) is a convex optimization problem.
All constraints except those involving F are linear. Qur aim is to determine if
the Wardrop equilibrium solution {(%¢, %,2%)}4ep is optimal for (R-EIP). If
a constraint qualification held for the problem, one might use the first-order
necessary (KKT) conditions. However, as shown by Example 2 in Section 5,
even when the equilibrium solution is optimal for (R-EIP), the KKT con-
ditions do not necessarily hold. Therefore no constraint qualification can be
assumed to hold for the problem, and methods other than those based on the
standard first-order conditions must be used.

Convex programming problems for which no constraint qualification holds
have been studied extensively by Ben-Israel, Ben-Tal and Zlobec [BBZ81]. Us-
ing their approach and an algorithm proposed by Kerzner [AK78], we first de-
termine if one or more nonlinear constraints hold as strict inequalities for some
feasible solution. If even one such (nonvacuous) constraint exists, Proposition
1 states that there is a Generalized Braess Paradox. If it is determined that
no such constraint exists, we formulate a single linear program that searches
for a feasible direction of improvement. The existence of such a direction will
establish the existence of a Generalized Braess Paradox. If no such direction
exists, then the Wardrop equilibrium solution is optimal for (R-EIP).

Fig. 1. Bridge Network

In our case of faithfully convex differentiable functions (See Appendix A
for a definition.), Kerzner’s algorithm for finding the constraints that can be
satisfied strictly solves a sequence of linear programs. The number of linear
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programs that must be solved is no more than the number of constraints and
usually far less. In a network model of form (R-EIP), we point out in Appendix
A that the number of linear programs that must be solved is bounded by the
number of links. The model (R-EIP) for the Sioux Falls study network has
1655 nonlinear constraints after removing those corresponding to positive Z¢,
but requires the solution of only three linear programs to determine which
constraints can be satisfied strictly. The algorithm as adapted for (R-EIP) is
described in Appendix A.

5 Computational Results

We consider three examples in detail. The first two use the five-link bridge
network studied by Braess [Bra68] to illustrate his paradox, and the third
is the well-known Sioux Falls study network [Bar02]. The first of the small
examples is a straightforward application of the method as described in Ap-
pendix A. The second example on the same network is a case in which there
is no Generalized Braess Paradox, that is, the equilibrium solution is optimal
for (EIP), but the Karush-Kuhn-Tucker conditions do not hold. The data,
models and numerical results for all three examples are given in [Hag04].

Table 2. Data for Example 1, with a Generalized Braess Paradox but no Classic
Braess Paradox

Equilibrium
Equilibrium Syst'em (R—EIP) %vithout
Optimal |Optimal .
Link 3
Link|Cost Function Link Flows
1 (1.4 4.000 3.630 3.464 2914
2 |54+ /449 2.000 2.370 2.536 3.086
3 |2.4xs 2.000 1.010 1.011 0.000
4 |7.84 /42349 2.000 2.620 2.453 2.914
5 |2zs 4.000 3.380 3.547 3.086
Route Route Costs
1,4 18.400 18.920 18.400 18.434
1,3,5 18.400 14.266 14.372
2,5 18.400 17.770 18.387 18.434
Most Costly Used Route 18.400 18.920 18.400 18.434
[ System Cost|  110.400]  106.093] ~ 106.293] 110.607]|

Ezample 1. The network for Example 1 is shown in Figure 1. The demand
for travel between the origin s and the destination ¢ is 6 units of flow. The
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cost functions for the five links, the equilibrium solution, the system optimal
solution, and an improved solution illustrating a Generalized Braess Paradox
are shown in Table 2. Note that the cost functions are strictly convex in their
arguments, and monotone, and as a result (See Appendix B.) the objective
function of (EIP) is convex. There is no classic Braess Paradox for this problem
because, as is also shown in Table 2, eliminating Link 3 does not result in an
improved equilibrium travel cost from node s to node ¢t. Because the problem
is small, it is a simple matter to solve (EIP) or (R-EIP) directly to find a
Generalized Braess Paradox if one exists. The (R-EIP) optimal solution shown
in Table 2 reduces the travel cost for travelers using the route consisting of
Links 1, 3, and 5 by 22 percent, and does not increase the cost for any other
travelers, thus establishing the existence of a Generalized Braess Paradox. In
this particular example, any convex optimizer can be counted on to give a
correct solution to (R-EIP) because the nonlinear constraints can be satisfied
strictly for some feasible solution. The details of our general approach as
applied to this example are given in Appendix A.

Ezxample 2. The network for Example 2 is the same simple network as for
Example 1, with the same demand for travel. The cost structure has been
changed to eliminate the occurrence of a Generalized Braess Paradox. The
equilibrium solution is optimal for (R-EIP). However, the first order optimal-
ity conditions do not hold at the equilibrium solution. The link costs, the
equilibrium solution and the system-optimal solution are shown in Table 3.

Table 3. Data for Example 2, with No Generalized Braess Paradox

Link|Cost Function Equilibrium byst'em
Optimal

1 1.6z, 4.00 3.52
2 |54+ 4z +9 2.00 2.48
3 |2z3 2.00 1.04
4 |54+ /4xZ+9 2.00 2.48
5 jl.6zs 4.00 3.52
Highest Used Route Cost 16.80 17.99
System Cost 100.8 97.3

Applying the algorithm described in Appendix A to (R-EIP), we find at
the first iteration that both of the nonlinear constraints (those in (16} corre-
sponding to Links 2 and 4) must hold with equality for all feasible solutions of
(R-EIP). We then conclude (See Appendix A.) that the flows on Links 2 and
4 are constant for all feasible solutions of (R-EIP). Due to the simple struc-
ture of this example, it is immediately apparent that if there are no feasible
changes to the flows on Links 2 and 4, there are no feasible changes to the
flows on the other three links. Thus we know that the equilibrium solution is
optimal for (R-EIP) and there is no local Generalized Braess Paradox.
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If the example were not so simple, we would replace the arguments of the
strictly convex cost functions for Links 2 and 4 by their constant values to
obtain linear constraints. (R-EIP) then becomes a nonlinear program with
convex objective function and linear constraints, Thus we have converted a
formulation of the problem for which the Slater condition does not hold to
one for which it does. Solving a linear program that searches for a feasible
direction of decrease leads to the conclusion that the equilibrium solution is
optimal for (R-EIP) and there is no local Generalized Braess Paradox. This
example illustrates a case in which the equilibrium solution is optimal for
(R-EIP), yet the Karush-Kuhn-Tucker conditions do not hold for the original
formulation.

Ezample 8. The Sioux Falls study network is often used as a test network for
transportation models. It consists of 24 nodes, 76 one-way links and 528 origin-
destination pairs. Thus, most of the nodes are both origins and destinations.
The network is shown in Figure 2.

@ VAP ) 7 @ 2 21

O & O—(— ®

3)

\\D m QO/ GS 23 @

Fig. 2. Sioux Falls Network

The network structure, the trip table specifying required flows, and an
accurate equilibrium solution can be found at [Bar02]. The linear programs
described in Appendix A were formulated using the LINGO modeling lan-
guage. (Details are available at [Hag04].) For Bar-Gera’s equilibrium solution
[Bar02], the linear programs have approximately 2500 constraints and 4000
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variables. With one important modification described below, the cost func-
tion used is the fourth-power polynomial common in traffic analysis; it is also
available at [Bar02].

The standard description of traffic flow time (cost) on a link is that it is
constant in the low volume free-flow range and increasing for larger flows, with
a sharp rise for flows in excess of a specific “capacity” level. This behavior is
usually modeled with a fourth degree polynomial. Although the fourth degree
polynomial does represent the desired behavior fairly well, it is strictly increas-
ing in any range no matter how small the flow on the link. While this may
be of little importance in most situations, it can be important in the solution
of (EIP). Typically many constraints in Set (15) will hold with equality for
all feasible solutions. In such cases a flow that is otherwise feasible for (EIP)
might be eliminated because it mathematically violates the constraint even
though the “violation” may be so small as to have no practical significance.
To minimize the possibility of this occurring, we replace the fourth degree
polynomial by a constant function on links for which the equilibrium flows
are under half of the given capacity level, that is, for those well in the free-
flow range. After finding the optimal changes for (R-EIP) using the constant
cost functions for the free-flow ranges, we recalculated link costs using the
original quartic functions. We found that while reducing some travelers costs
by 33%, no link costs increased by more than 0.25%. These increases occur on
the arcs that were set to a constant cost, and the flows on these links were still
under 50% of capacity, again in the free-flow range. With the original quartic
functions in (R-EIP), an improved solution was not found. This is due to the
strictly increasing cost function and the dense structure of the network. A
similar result to that obtained with the modified cost function can be found
by retaining the quartic functions and relaxing Constraint Set (15) to allow
the cost of travel to slightly exceed the equilibrium value.

After solving the first LP as described in Appendix A (See also [Hag04].),
we found that 64 of the 68 (one-way) links with nonlinear cost functions must
have constant cost for all feasible flows. As pointed out in Appendix A, this
implies that the total flow on these links must be constant for all feasible so-
lutions, and the nonlinear constraints may be replaced by linear constraints.
Solving a second LP added two links to the set with constant cost. After solv-
ing a third LP, we found that nonlinear constraints corresponding to the last
two links [5-6] and [6-5] can be satisfied strictly. All three of the LP’s were
solved in seconds on a desktop Windows machine using LINGO. The dual
prices from the third LP give the changes in destination-based flows that will
make links [5-6] and [6-5] have costs that are lower than the price differen-
tials. This interior direction involves changing flows around two circuits, each
involving a separate destination. The magnitudes of all the changes are equal.
The links that have changes in flow, and the directions of these changes, are
shown in Figure 3. By Proposition 1, these changes demonstrate the occur-
rence of a Generalized Braess Paradox for the Sioux Falls study network.
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mmm) Changes in Flow
Destined for Node
10 (via Node 5)

Changes in Flow
Destined for Node 16
(via Node 6)

GO

Fig. 3. Improving Changes in Flow for Sioux Falls Network

After determining that a Generalized Braess Paradox exists and that all
costs were constant except those corresponding to links [5-6] and [6-5], we
found the optimal solution to (R-EIP). In the optimal solution the total flow
changes were consistent with the direction found at the third iteration of
the algorithm. However, different destination flow changes occurred. Details
may be found at [Hag04]. As might be expected in multiple origin-destination
models, these changes are not unique, and may be different each time the
problem is solved.

6 Conclusions

The method presented in this paper identifies situations in which, when com-
pared with the Wardrop equilibrium, alternate flows exist that reduce cost for
some travelers without increasing cost for any other travelers. The network
presented by Braess [Bra68] is an example of such a situation. That the phe-
nomenon can occur in much more complex (nonlinear cost structure, multiple
origins and destinations, etc.) situations is shown by the small examples in
[HAO2] and, in this paper, by the Sioux Falls study network. Models of ur-
ban areas can easily involve thousands of links and origin-destination pairs.
Because the method presented involves only the solution of linear programs,
we expect that it can be directly applied to large urban networks. When im-
proved flows are found, congestion and societal costs can be reduced, but
individual travelers face negligible increases in costs. This is in contrast to
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system-optimal flows, where typically some travelers face significant increases

in cost.
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Appendix

A Finding the Set of Always Binding Constraints

In this appendix we apply Kerzner’s algorithm [AK78] to (R-EIP). Because
(R-EIP) has many sets of constraints and variables, the details become com-
plicated. We first describe a version of the algorithm for a general convex
program (CP) with nonlinear convex inequality constraints and linear equal-
ity constraints. The treatment of linear inequalities is discussed at the end of
the description of the algorithm.

We wish to determine whether a vector x* is optimal for the following
convex programming problem.

(CP)  min f(x)
st gi(x) <0, i=1,2,.m
Ax=Db

where f and the g; are differentiable and faithfully convex. [A function f is
faithfully convex (See [Roc70] and [BBZ81, page 18].) if it can be written as

fx)=h(Mx+b)+a x+c

where h is a strictly convex function, M is a not necessarily square matrix, a
and b are vectors of appropriate dimensions, and ¢ is a scalar constant.]

We assume, without loss of generality, that at x* all of the nonlinear con-
straints, those involving g;, are binding. Any constraints that are not binding
at x* may be ignored for our current purposes.

Let P= be the set of always binding nonlinear constraints, that is, P~ is
the set of nonlinear constraints which are binding for all feasible solutions of
(CP). By definition all constraints not in the set P= can be satisfied strictly
for some feasible solution, and by taking a convex combination of such feasible
solutions, we may obtain a single feasible solution for which all constraints
not in P~ hold strictly.

As will be shown below, if the set P= is known, the nonlinear constraints
in PT may be replaced by linear constraints, and the remaining nonlinear
constraints (those not in P=) will hold strictly for some feasible solution.
Thus the Slater constraint qualification [BSS93, page 190] will hold, and it
will be a simple matter to check the optimality of x* by solving a single linear
program.

Kerzner’s algorithm for finding the set P= of (R-EIP) incrementally builds
up the set of constraints known to be in P=. It starts by assuming P~ is
empty, and at each iteration finds at least one more constraint (often many
more) that is a member of P=, or determines that P~ is already completely
specified, in which case the algorithm terminates.
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To start the algorithm, we check for the existence of a feasible direction
d so that all of the nonlinear constraints evaluated at x* + td for sufficiently
small ¢ > 0 will hold strictly, that is, we look for a d that satisfies

Vgi(x)'d< -1i=1,2,...m
Ad=0

If such a d exists, then P= is empty and all of the nonlinear constraints
can be satisfied strictly and the algorithm terminates. If no such d exists, then
the linear program

(FD-P) max 0-d
st. Vg (x)Td<-1,i=1,2,...m
Ad=0

has no feasible solution and by the duality theorem of linear programming its
dual

(FD-D) min — Zai

st. > Vgi(x)a; + ATF =0 (23)
a>0

must be either infeasible or unbounded. However, 0 is a feasible solution of
(FD-D), and thus if (FD-P) has no feasible solution, (FD-D) must be un-
bounded. In that case some feasible solution to (FD-D) has at least one posi-
tive component in .

Let a be a feasible solution of (FD-D) with at least one component, for
example the first component, o, positive. We will show that the first nonlinear
constraint must hold as an equality for all feasible solutions. Suppose, to the
contrary, that for some feasible solution of (CP}), the first nonlinear constraint
holds strictly. Then there must exist a feasible direction d of (CP) satisfying

d’vg <0
d¥vg <0i#1
dTAT =0

Now “left” multiply the constraint (23) of (FD-D) by this feasible direction
vector d. The first summand of the left hand side consists of the positive a;
times the (negative) inner product d?Vg;. Thus the first summand is nega-
tive. Similarly all others are nonpositive. Noting that d7 AT 3 = 0, we see that
the left hand side is negative and the right hand side is zero — a contradic-
tion. Therefore we conclude that whenever an «; is positive the corresponding
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dTVyg; cannot be negative. Hence the corresponding constraints of (CP) can
never hold strictly and are members of P=. Thus if we solve (FD-D), and
find one or more positive a;, we know that the corresponding constraints are
members of P~.

The next step is to replace nonlinear constraints known to be members
of P= with linear constraints. The assumption of faithful convexity means
that g;(x) in P= can be broken into linear and strictly convex parts. Since
by definition a constraint belonging to P~ is constant on the feasible set,
the strictly convex part of the constraint and the linear part must each be
constant on the feasible set. It then follows that the argument of the strictly
convex part of the function must be constant on the feasible set. Therefore
we can replace the nonlinear constraint by linear constraints which require
i) that the argument of the strictly convex part of the constraint equal its
unique value on the feasible set, and ii) that the linear part of the constraint
equal its unique value on the feasible set. The result is that we can write (CP)
as a convex program with at least one fewer nonlinear constraint.

We repeatedly apply the above method until all constraints are determined
to be in P~ and have been replaced by linear constraints, or the only solutions
of (FD-D) have & = 0. When the only solutions of (FD-D) have oo = 0, all
of the remaining nonlinear constraints hold strictly for some feasible solution
of (CP), which by Proposition 1 means that a Generalized Braess Paradox
exists. If all nonlinear constraints are in P=, we will have reduced the (CP)
to a problem with a convex objective function and linear constraints. The
optimality of x* may then be determined by solving a single linear program,
e.g., by seeking a feasible direction of descent of the objective function.

If the problem contains linear inequality constraints, these should be put
in a separate grouping and handled in a manner similar to that of the linear
equality constraints. The only differences would be that the feasible direction
problem (FD-P) needs an additional set of constraints, the corresponding dual
variables are nonnegative in (FD-D), and Equation (23) has one additional
term. These modifications will be made in the example that follows.

As an illustration we apply the above method to Example 1 of Section 5.
The network is shown in Figure 1, and the link cost functions are given in
Table 2. The equilibrium solution for a total flow of 6 units is shown in Table
2, as are the system optimal flows and improved flows to be determined by
the above method.

First formulate the convex program (R-EIP) using the data from Figure
2. Because the equilibrium solution has flow on all links, Z is equal to zero
and may be omitted from the formulation. As there is only one destination,
we omit the superscripts from the formulation. Also denote the top node in
Figure 1 as node 2 and the bottom node as node 3.

(R-EIP)

min 1.42% + 5.475 + 291/473 + 9 + 2.423 + 7.824 + z41/42] + 9 + 223



20 R.A. Abrams, J.N. Hagstrom

s.t ldx, +ug —us <0

54+ /425 +9+uz —us <0
2.4x3 +uz —us <0
784 /4z? +9+u —ux <0
2y +uy —ug <0
T1+ a2 =
—21 + 23+ Ty =
—X9 — I3+ Ty =
—-274—.1’5:——6
IJZO]:1,2,5
ut=0
us < 184

Next we formulate the primal feasible direction problem (FD-P) which
searches for a direction, d, that will make the nonlinear constraints hold
strictly.

(FD-P)  1ddy, +du, —du, <0
1.6dy, +dy, —dy, < -1
2.4dy, + dy, — duy, <0
1.6ds, +du, — du, < ~1
2, +dy, —dy. <0
dy, +dy, =0
—dy, 4 dy, +dy, =0
—dg, — dﬂ:s +dg, =0
Cdy, —dgy = 0

The existence of a solution to this set of inequalities is equivalent to the
Slater Condition, which requires that the nonlinear constraints be satisfied
strictly at some feasible point. Although the Slater Condition will turn out
to hold for this problem, in general it cannot be expected to hold, and, in
fact, it does not hold in Examples 2 and 3. We first convert the above set of
inequalities into a linear program by forming an objective function with cost
coeflicients all equal to zero. Then form the dual of the linear program which
we denote (FD-D). We denote the dual variables corresponding to the nonlin-
ear constraints of (R-EIP) (second and fourth constraints) by a; for j = 2,4
and those corresponding to the linear constraints by 3; for all other values of ;.
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(FD-D) min —as —ay

s.t. 148, + Bs — B = 0
1.6c 4+ 86 — B =0
24083+ Br — =0
1.6a4 +Br— By =0
205+ Ps — 0By =0
Br+az+B11=0
—B1+B83+as=0
—ay— 3+ 05 =0
—ag — fB5+ B10 =0
ag, a4, 81,83, 05, 811 > 0

As pointed out above, (FD-D) is either unbounded or it has an optimal
solution with optimal objective function value equal to zero. We find that the
optimal solution of (FD-D) has ag = 0 and oy = 0. Therefore, we know that
(FD-P) has an optimal solution which is a feasible direction leading to a point
that satisfies both nonlinear constraints of (R-EIP) strictly. From Proposition
1 it follows that a Generalized Braess Paradox exists.

The optimal solution to (FD-P), that is, the direction vector leading to an
interior point, may be obtained from the dual prices of (FD-D). An improved
flow for the original network, demonstrating the Generalized Braess Paradox,
may then be obtained by moving in this direction. The optimal solution to (R-
EIP) is shown in Table 2. It is very close to the solution obtained by moving
in the direction given by the solution to (FD-P). The optimal solution to (R-
EIP) reduces travel cost by 22% for travelers moving along the path defined
by Links 1, 3, and 5, and does not increase travel cost for any travelers when
compared with the equilibrium solution.

When the algorithm is applied to a network with multiple origin-destination
pairs, a significant benefit becomes apparent. For each link k, the constraints
corresponding to the various destinations d all have the same cost function Fy.
Suppose that for a link & with strictly convex cost function it is known that for
one destination d, the constraint indexed by (k,d) belongs to P=. Then the
unique feasible value of Fj will be known, not only for the constraint indexed
by (k,d), but for every constraint involving that link & and other destinations.
Thus the nonlinear constraints of all destinations involving that link may be
replaced by linear constraints. As a result of this special structure of (R-EIP),
at each iteration of Kerzner’s algorithm we will eliminate all of the nonlinear
constraints corresponding to at least one link. If ag, corresponding to a cost
constraint indexed by (k, d), is positive for more than one value of k, we will
eliminate all of the nonlinear constraints corresponding to those values of k
also. It follows that the number of linear programs that need to be solved is
bounded above by the number of links in the network. General formulations
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of (FD-P) and (FD-D) for Kerzner’s algorithm as applied to (R-EIP) may be
found in an earlier version of this paper at [Hag04] .

B Convexity of the Objective Function of (EIP)

In this appendix, we provide an elementary proof of the convexity of the
system cost when the link cost function is monotone and component-wise
convex. We thank the editors for pointing out that this result can be viewed
as a special case of Equation (9) in [HLN84]. The approach in [HLN84| uses
derivatives of F, which are not required in the proof below.

Proposition 2. If for x > 0, the components of F(x) are convez, and F(x)
is monotone, then the system cost function x - F(x) is convez.

Proof. By definition g(x) = x - F(x) is convex if
gAx + (1= Ay) < Ag(x) + (1= ANg(y), A<[0,1],
or in terms of the vectors x and F(x),
Dx+ (1 =Ny FOx+ (1= Ny) <Mx-F(x)+ (1= Ny - Fly)  (24)

Thus we must show that (24) holds. The convexity of the components of
F and the nonnegativity of the components of Ax + (1 — A)y give

Px+ 1 -Ny] - FOx+(1-Ny)
< x4+ (1= Ayl AF(x) + (1 = A)F(y)]
=A% -F(x)+ (1= N2y F(y) + M1 - Nx-F(y) +y-F(x)] (25)

The vector function F(x) is monotone for x > 0 if
Fx)-Fy) - x-y]207xy =0
Expanding this definition of the monotonicity of F gives:
x F(y)+y F(x) <x -F(x)+y F(y) (26)
Using (26) to substitute into the last term of the right-hand side of (25) yields

Px+(1-Ny] - FOx+(1-Ny)

< Nx-F(x) + (1= 2%y - F(y) + M1 = N)[x-F(x) +y - F(y)]
=[NM+A1-N)]x-Fx)+ [(1-N2+M1-MN]]y F(y)
=Xx-F(x)+ (1 =Ny F(y)

which establishes (24), as was to be shown. ]
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Summary. Congestion or toll pricing problems in [HeR98] require a solution to
the system problem (the traffic assignment problem that minimizes the total travel
delay) to define the set of all valid tolls or the toll set. For practical problems, it may
not be possible to obtain an exact solution to the system problem and the inaccuracy
in an approximate system solution may render the toll set empty. When this occurs,
this paper offers alternative toll sets based on relaxed optimality conditions. With
carefully chosen parameters, tolls from the relaxed toll sets are shown theoretically
and empirically (using four transportation networks in the literature) to induce route
choices that are nearly system optimal.

Key words: Congestion Pricing, Traffic Equilibrium, Perturbation Analysis

1 Introduction

To encourage each traveller to choose a route in a transportation network that
would collectively benefit all travellers, Hearn and Ramana [HeR98] proposed
in 1998 a framework for determining the prices and locations at which to
toll the network. This framework requires solving a congestion or toll pricing
problem, an optimization problem with linear constraints that describe the
set of all valid tolls or the toll set. Coefficients for the constraints depend on
an optimal solution to the system problem, i.e., the traffic assignment problem
(see, e.g., Florian and Hearn, [FIH95]) that minimizes the total travel delay
among all travellers.

For small transportation networks, it is possible to compute an exact op-
timal solution to the system problem. However, obtaining such a solution for
larger networks may be either impossible or impractical. When implemented
on computers, algorithms for the system problem must perform all numerical
computations using finite precision. This naturally induces small numerical
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inaccuracies because to perform some mathematical operations precisely re-
quires infinite precision. Furthermore, the system problem is generally a non-
linear program for which most algorithms require in theory an infinite number
of iterations to reach an exact optimal solution. In practice, it is common to
terminate these algorithms when they find a solution with a small optimality
gap, e.g., 10E-4.

On the other hand, using an approximate solution for the system prob-
lem (or an approximate system solution) to determine the coefficients for the
constraints defining the toll set may cause the toll pricing problem to become
infeasible, numerically (e.g., because of finite precision) or otherwise. To over-
come this infeasibility, Hearn and Ramana [HeR98] employ a penalty function
approach and Hearn et al. [HYRO1] relax one of the constraints defining the
toll set. For the latter, the relaxation is based on a parameter defined by an
optimal solution to the penalty problem in [HeR98].

This paper studies the viability of using an approximate system solution in
defining the toll set. Specifically, when an approximate system solution makes
the toll set empty, this paper alleviates this inconsistency by relaxing one or
more constraints, some of which are similar to those used in [HYRO01]. How-
ever, our approach to relaxation does not require solving a penalty problem.
Moreover, this paper also addresses three issues relating to the use of an ap-
proximate system solution. The first issue is whether an approximate system
solution yields a consistent set of constraints defining the toll set. When it does
not, the second issue is to find practical methods for relaxing the constraints
in order to generate tolls that causes travellers to use the transportation net-
work in nearly the most efficient manner. Finally, the last issue is to ascertain
how well these methods work theoretically and empirically.

The remainder of the paper assumes that the travel demands are fixed.
Results for the elastic demand case are similar and given in the Appendix.
Section 2 defines two types of toll sets, system and non-system, and discusses
their properties. Section 3 derives a relaxed toll set using an approximate
system solution and shows that the tolls from this set have the desirable
property. Section 4 gives an alternate representation of the relaxed toll set.
Section 5 reports encouraging results for four transportation networks from
the literature and Section 6 concludes the paper.

2 System and Non-System Toll Sets

To define toll sets, consider the two traffic assignment problems in transporta-
tion science literature, the system and user problems. (See, e.g., [FIH95].) Let
g = (W, A) be a network with A and A denoting the set of nodes and arcs,
respectively. Associated with G, there are also a node-arc incidence matrix, A,
and a set of commodities or origin-destination pairs, K. For each commodity
k€K, by € RV and % ¢ lel denote the corresponding (fixed) demand
and arc flow vectors, respectively. Hence, v =", z* is the vector of the total
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(or aggregate) flow on every arc and the set of feasible aggregate flow vectors
can be described as follows:

V={vv= ka,Amk = by, z* > 0},
k

where z* > 0 means z* > 0,Ya. (More generally, z > y means x, > ya, Va.)
Without loss of generality, we can assume throughout the paper that V is
bounded and, therefore, compact. (See, e.g., [FIH95].)

Let s(v) be a travel cost vector in which each element, sq(v), is the cost
to traverse arc a. This cost does not include any toll and can be measured in
monetary or time units. For simplicity, we assume that s,(v) is differentiable
for all a, i.e., \7s(T), the Jacobian of s{v), exists for all v. Then, the system
optimal (SOPT) problem (or, more simply, system problem) is to find a feasi-
ble aggregate flow vector that minimizes the total travel cost or delay among
all travellers. Mathematically, the system problem can be stated as follows:

7 = argmin{s(v)Tv:v e V}.

Instead of minimizing the total travel delay, an alternate traffic assign-
ment problem, i.e., the user equilibrium problem (or, more simply, the user
problem), assumes that each traveller tries to minimize his or her own travel
time. The objective of the user problem is to find a solution for which no
traveller can improve his or her travel time by unilaterally changing routes. In
particular, v* solves the user problem (or UOPT) if it satisfies the following
variational inequality:

s()T(w—v*) >0, YweVW

Alternately, we say that v* solves VI[s(v), V1.

The travel delay at the user solution, s(v*)Tv*, is generally larger than the
one at the system solution, s(7)7%. In this sense, the user solution does not
utilize the network in the most efficient manner. Mathematically, we can im-
pose tolls on arcs in order to make travellers use the network more efficiently.
For a given toll vector, 3, let v*(8) solve VI[s(v) -+ 3, V], i.e., v*(5) satisfies
the following tolled user equilibrium condition:

(s @)+ BT (v —v"(8) 20, VveV.

We refer to v* () as the solution to the tolled user equilibrium problem and it
is the user equilibrium flow resulting from imposing the toll 3 on the network.

Similar to [HeR98], we assume herein that 7 is a unique solution to SOPT
and v*(8) is a unique solution to VI[s(v) + 8, V] for all 3 € R, Below, we
refer to these two assumptions as [A] and [B], respectively. For example, both
[A] and [B] hold when we use the Bureau of Public Road (BPR) function for
travel costs, i.e., 84(v) = 74 (1.0 + 84 (ve/74)?) and 7, 6., and v, are positive.
More generally, both assumptions hold when s,(v) is a continuous convex
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function for each a and the cost vector s(v) is strictly monotone on {v : v > 0}.
These two assumptions allow us to define 3 as a valid or feasible toll vector if
v*(8) =7, L.e., if the tolled user equilibrium solution associated with 5 equals
the system solution. (See [HeR98] for a more general definition of a valid toll.)
Then, the toll set is the set of all valid toll vectors, i.e., T7(7) = {Bjv*(3) =7}
The following result from [HeR98] describes 7 (T) algebraically.

Theorem 1. The toll set, T(D), is the set consisting of the 5 component of
every pair (B, p) that satisfies the following linear system

s(T)+ 08> ATp*, VEkeKk, (1)
(s@)+8)Tv=> bTp" (2)
k

Observe that the above toll set is based on T, the optimal solution to
SOPT. To distinguish this toll set from others (to be defined later), we refer
to 7(7) as the “(unrestricted) system toll set.” As defined above, £ in the
system toll set is unrestricted. (In practice, positive tolls represent payment
for road usage and negative tolls represent subsidies for the same purpose.)
Moreover, the system toll set is nonempty. In fact, 8 = —s(7) belongs to the
system toll set because 8 = —s(7) and p* = 0 for all k trivially satisfy (1)
and (2). In addition, the optimality condition for the system problem also
implies that Bmscp = Vs(@)?T € T (7). (See, e.g., [HeR98|.) Transportation
economists (see, e.g., Arnott and Small [ArS94]), generally refer to Smscp as
the marginal social cost vector. Using —s(T) and v7s(7)7 7, Hearn and Ramana
show in [HeR98] that 7 (7) is unbounded. Because an arbitrarily large toll is
impractical, we assume that all toll vectors in 7 (7) are bounded and, when
not explicitly stated, the constraint ||| < B, where B is a sufficiently large
number, is included in all toll sets described herein.

When £ is required to be nonnegative, we refer to the set 77(7) = {8 >
0lv*(8) = T} as the “nonnegative system toll set.” Algebraically, 7+ (7) is the
toll set described in Theorem 1 with an additional nonnegativity constraint
on 8. In practice, 77 (7) is nonempty. Practical traffic assignment models
(see, e.g., [FGS87], [FIH95], [HLV87], and [LMP75]) typically use travel cost
functions whose Jacobians, 7s(7), are both nonnegative and diagonal. This
makes Smscp nonnegative and 7+ (7) nonempty. Later, we provide a condition
under which the latter holds without requiring the Jacobian to be nonnegative.

Consider the case when it is not practical to compute T exactly. Let ¥
denote an approximate solution to SOPT. Without specifying the quality of
the approximation, all that can be claimed is that v is a feasible aggregate
flow vector and the toll set based on ¥, or the non-system toll set, is 7 (7) =
{Bjv*(B) = v}. In words, this is the set of toll vectors whose tolled user
equilibrium solution equals the aggregate flow vector ¥. As shown below, the
algebraic characterization of 7(7) is essentially the same as that of 7(7).



Relaxed Toll Sets 27

Theorem 2. The nonsystem toll set, T (V), is the set consisting of the § com-
ponent of every pair (3, p) that satisfies the following linear system:

s +8>ATp*, Vvikek, (3)
(s(@) +8)TT=>_bTp" (4)
k

Proof. Because of assumption [B], ¥ must solve VI[s(v) + 3, V] uniquely for
every 3 € 7 (¥). From Proposition 1.2.1 in Facchinei and Pang [FaP03], v
solves V1[s(v) + 8, V] if and only if there exist p* and o* that satisfy the
following KKT conditions:

s(W)+B— ATpF —ok =0, VEkeKk,
(@)Tok =0, Vkck,
ok >0, Vkek

The pair (5, p), where p is determined by the above KKT conditions, sat-
isfies (3) and (4). The first and third KKT conditions imply that (3) holds.
Multiplying the first KKT conditions by ¥ and summing the resulting equa-
tions together yield

(@ + BT 3" = (AF)Tp" + > (@F)7o".
k k k

Because Y, T% =7, AZ" = bj, and (Z%)To* = 0, the above equation reduces
to (4).

Conversely, let (3, p) satisfy (3) and (4) and set o* equal to s(7)+8— AT p*
for all k. Then, it follows from (3) and (4) that ¢* > 0 and }_, (z¥)To* =0,
respectively. The latter also implies that (Z%)7o* must individually equal
to zero because ¥ > 0 and ¢* > 0. Thus, the above KKT conditions are
satisfied and, using the above result from [FaP03], v solves VI[s(v) + 3, V],
ie., e T(v). ]

In the above proof, assumption [B] is essential. Without uniqueness, there
may be alternate tolled user equilibrium solutions not equal to ¥. In addition,
the non-system toll set described above is always nonempty because, as in the
system toll set, —s(¥) € 7 (7).

Consider the nonnegative and non-system toll set, i.e., 7H(V) = {8 >
0lv*(8) = ¥}. The algebraic representation of 71 (7) is the same as described
in the above theorem with the addition of the nonnegativity constraint on 5.
However, the example below illustrates that 7 ¥ (7) can be empty.

The network in Figure 1 represents a transportation system with three
nodes and four arcs where the travel cost function for every arc is constant
and equals 1. There are two OD pairs, (1,3) and (2,3), each with a travel
demand of 2 units. Table 1 displays a set of feasible flow vectors for the
transportation system. For OD pair (1,3), the flow vector 2(1:3) corresponds
to sending one unit of flow along each of the two possible paths, 1 — 2 — 3
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OD pairs  Demands
(1,3) 2
(2,3) 2

Travel Demands

Travel Cost function: s;(vy) = 1, V arc (i, )
Fig. 1. A Counterexample
and 1 — 3. Similarly, #(23) corresponds to send one unit of flow along paths
2 — 1 — 3 and 2 — 3. Clearly, the aggregate flow vector 7 = Z(1:3) 4 F(2:3)

is not system optimal because sending two units of flow along arcs (1,3) and
(2,3) satisfies both travel demands and is less costly.

Table 1. Feasible Flow Vectors for the Network in Figure 1

Arc B3 7(23)

7
(1,2) 1 0o 1
(13) 1 12
(21) 0 1 1
(23) 1 1 2

Because the two OD pairs can be treated as one commodity, the nonneg-
ative and nonsystem toll set, 77 (7), reduces to the following linear system:

14+ B12 2 p1 — p2
14813 > p1 — p3
1+ Ba1 > p2 — p1
1+ 823 > pa — p3
(1+ Br2) +2(1 + B13) + (1 + B21) +2(1 + Ba3) = 2p1 + 2p2 — 4p3
ﬁijzo, V<7‘,])

The equality constraint in the above system can be equivalently written as

(1+ Bz = [p1 — p2])+ 2(1 + B13 — [p1 — p3))
+ (1+ Par — [p2 — p1]) +2(1 + Boz — [p2 — p3]) = 0.

This equation implies that the four inequalities in the system must hold at
equality, i.e.,
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14 B2 = p1 — p2
1+ Bi3=p1—p3
1+ 8o =p2—p1
1+ fa3 = p2 — p3

Adding the first and third equations together yields

2+ P2+ B =0.

However, this is impossible because §;; > 0,V(%, ). Thus, 7T (7) = 0.

The following theorem provides a necessary and sufficient condition under
which 7% (7) is nonempty. Independently, Fleischer et al. [FIM04] provide a
different, but equivalent, condition for the nonemptiness of the nonnegative
and non-system toll set. The condition in the theorem below is related to an
earlier work on bounded traffic assignment problem in [Hea80] that was later
continued in [Ber95] and [BHR97] under the setting of congestion pricing.

Theorem 3. For any ¥ € V, the set T (V) is nonempty if and only if U solves
VIjs(v),V], where V = {vjv = ¥, ¥, Az* = by, 2% > 0,0 <7}

Proof. Using Proposition 1.2.1 in [FaP03], v solve VI[s(v), V] if and only if
there exist p*, o, and § that satisfies the following KKT conditions:

s(0) — ATpF —o* + 3 =0, VE,
(@*)Tok =0, Vk,
ok >0, Vk,

8 =>0.

In the above system, 3 is the multiplier vector corresponding to the upper
bounds v < ¥ in V and the complementarity condition 87 (v —7) = 0 is
not, required because v = U satisfles every upper bound in V exactly. By an
argument similar to the one in Theorem 2, the above conditions are equivalent
to those that describe 7 (7). Thus, the theorem holds. n

The corollary below provides a similar condition for the nonnegative sys-
tem toll set and follows immediately from the above theorem.

Corollary 1. The nonnegative system toll set, T+ (v), is nonempty if and only
if U solves VIfs(v),V], where V = {vjv = Y, o, Az* = by, 2% > 0,v < ¥}

3 Relaxed Toll Set

Consider the situation in which an algorithm terminates and produces v as an
approximate solution to SOPT with some desired optimality gap. Using The-
orem 3 from the previous section, it is possible to determine whether 7+ (7)
is nonempty. However, 77 (%) is often empty in practice. This section resolves
this difficulty by finding nonnegative tolls that satisfy the conditions in Theo-
rem 2 approximately. Moreover, the focus is on defining a nonnegative relaxed
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toll set based on ¥ when 7s(7) is nonnegative. (When [ is unrestricted, the
system and non-system toll sets are nonempty. As such, they require no relax-
ation. When s(7) is nonnegative, the same holds for the nonnegative system
toll set.)

The first condition in Theorem 2 is

s(@)+ 0> ATpF, vkek.

When multiplied by Z* and summed together, the above implies that (s(7) +
B)TT > 3, bT p* because AZ* = by, and ), % = . Therefore, the equality
in (4) can be replaced by an inequality ‘<.’ This replacement motivates the
definition of a relaxed toll set 71 (7, €), for some € > 0, as the set of all § for
which there exists a corresponding p satisfying the following conditions:

S(B) + 8 > ATpF, k€ K,
(s@+8)TT< 3 bk +e
kek
B> 0.
Let —emscp = min{(s(?) + Vs(@)T9)T(u — ¥) : u € V'}. In Hearn [Hea82],
€mscp is the optimality gap for SOPT at v and the following theorem shows
that 77 (7, emscp) is nonempty.

Theorem 4. If \7s(V) is nonnegative, then T+ (U, emscp) # 0, where emscp >
0 is as defined above.

Proof. Note that

emsep = (8(0) + Vs(T)T0)T0 — min{(s(?) + Vs(®)T0)Tu:u € V}
= (s(v) + ﬂmscp)T’27 — min{(s(¥) + ﬁmscp)Tu rueVh

From linear programming duality, the following holds
fmscp = (8("{)’) + ﬁmscp)T:J — ml;ax{zk bgl[)k . 8(17) + ,Bmscp Z ATpk,Vk}
= mgn{(s(?]) + Bmsep) TV — 25, b 0* : 5(0) + Brmscp > AT p*, Yk}
Let p denote an optimal solution to the linear program in the last equation.

Then, the pair (Bmscp, /) satisfies the relaxed toll condition with € = emscp,
ie.,

5(V) + Bmscp = ATH, vk € K,
(s(T) + /Bmscp)Tfﬁ = > b{ﬁ’“ + €mscp-
ke

Because /s(V) is nonnegative, Smscp > 0. S0, Bmscp € T+ (¥, emscp) and
T (v, 6mscp) # 0. u

As shown above, emscp can be computed with little effort because many
algorithms (see, e.g., [FGS87], [LMP75], and [HLV87]) for SOPT compute
emscp and terminate when they find a ¥ € V such that the corresponding
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emscp < €, for some small € > 0. Instead of emscp, it is also possible to choose
€ by solving the following linear program:
€ = min (s(7) + B)To - by ot
bl }C
st. (D) + 8> ATk, Yk,
g>0.

Because 77 (T, emscp) # 0, the above optimization is feasible. In addition,
e < €mscp-

One important property of the system toll sets (unrestricted or otherwise)
is that, for any 8 in 7(%) (or 7+ (7)), U solves VI[s(v) + 3,V], i.e., the system
solution also solves the user equilibrium problem with the toll vector 8. How-
ever, this property only holds approximately for the relaxed toll set. Assume
that 7 solves SOPT approximately, i.e.,

min{(s(?) + Vs(0)0)" (u - 7) 1 u € V} = —emsep > —e.
Then, for any 3 € 77 (7, emscp), the following must hold

s(0) + 8 > ATp*, Vk e K,
(s(¥) + 5)T:5 < 3 bfpk + €mscp-
kek
It follows from the above that
"5§*€mscp§Zka (()—!—,@)vaG{p ATk<5()+ﬁvk}
< max{ z bEp* o ATpk < s(D) + B,Vk} — (s(v) + B)TT,

—mln{( +B8)Tu:ueV}—(s@)+B8)T7,
—m;n{m BT (u=7) i ue V)
< (8(®) +B8)T(u—7),Vu eV,

where the first equality holds because of the strong duality theorem in linear
programming. Observe that the last inequality implies that ¥ solves VI[s(v) +
8,V] approximately. Thus, ¥ approximately solves both SOPT and the tolled
user equilibrium problem.

For a slightly stronger statement, Theorem 5 below demonstrates that,
for any n > 0, there exists a § > 0 such that |[v*(8") — 7|| < 1 when §' €
T (¥, emscp) and [|U ~ Tf| < 4. (Here, || - || represents the Euclidean norm.)
In words, the theorem states that a toll vector from the relaxed toll set yields
a tolled user equilibrium solution that is approximately system optimal. To
establish this theorem, the following lemmas are necessary.

Lemma 1. Let P be a compact set, ¢1(-) be continuous and strongly monotone
with modulus o (i.e., (c1(v1) — c1(v2))T (v1 — v2) > allvr — v2]|2), and ca(:) be
continuous. If py and py solve Vilei(+), P and Vijea(+), P), respectively, then
Ip2 = p1ll < 5 llea(p2) — er(p2)l.
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Proof. See Dafermos and Nagurney [DaN84]. [ ]

Lemma 2. Fori = 1 and 2, let F; = {z|U;z < r;, Wiz = ¢;}, where U; and
W; are (I x n) and (m x n) matrices, respectively, and v; and t; are vectors
in R' and R™, respectively. If xzo € Fy, then there exists a 1 € Fy such that

|21 — 22| < o(Up, Wy) {[((%1—_U;22$)2x;_(r(1tI—_TQt)Q];]L ’ where a(Uy, W1) is a

finite real number associated with Uy and W.

Proof. See Robinson [Rob73]. [ |

Lemma 3. Let s(v) be continuously differentiable and ||v —T|| < & for some
§ > 0. For any 3 € T*(¥,¢), there must exist a 8 € TT() and constants
K and Ky such that |5' — 8|l < K16 + Kae.

Proof. The conditions defining 7+ (¥) and 7 (7, €) can be written more com-
pactly as follows:

-8 <0,
ATp— 18 < Is(v), (5)
—bTp+778 < —s(T)7T,
and
-8<0,
ATy — I8 < Is(3)) (6)

b7 +778 < —s(0)TT +e

where A = diag(4, 4, .-, 4), and bl = (blT,bgT,--- ,me). To further
simplify our notation, let (Uy,71) and (Us,73) denote the pairs of matrix and
right-hand-side vector for (5) and (6), respectively. Because 8/ € T1(v,¢),
there must exists a p’ such that (3, p) solves (6). From Lemma 2, there must
exist a pair (53, p) satisfying (5) for which the following hold

() (5)

<o(Uy)
_+_

0 0
SU(Ul)({( 0 ) ( I(s(v) - s(7)) )
@978/ |, —s@Tv+s(@)7T—¢/ |,

o (U (11827 = Bll2 + 1s(B) — s(@){l2 + [|s(B) 0 — s(T)7 D) +€)
o (UN)([18']|2115 = ]2 + || 7 s(ur)]2][7 = Bl|2

+[s(uz) + 7s(u2)" s(ug)|l2/[T — Tll2 + €)
< o(U)(Bl[v — D2 + Lri|[T = 9|2 + La|[7 — Tlf2 +¢),

2

)

<
<
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where the first inequality follows from Lemma 2, the second from the fact
that |[[z]T|| < ||z||, the third from the definition of U; and r; and the tri-
angle inequality and the fourth from Cauchy-Schwarz inequality. In the fifth
inequality, u; and us are some points between ¥ and U and the gradient
of s(v)Tv is s(v) 4 ws(v)Tv. Furthermore, the inequality holds because of
Cauchy-Schwarz inequality, the differentiability of s(v), and the mean value
theorem. Finally, the last inequality is true because we assume earlier that
3] < B and the continuous functions 7s(v) and s(v)+5/s(v)Tv are bounded
on the compact set V by some constants Ly and Lo, respectively. By let-
ting K1 = (B + Ly + L3)o(Uy) and Ky = o(Uy), the above reduces to

/ p—
- < (5 25)| < #io+ e .
3-8/,
Theorem 5. Let s(-) be strongly monotone with modulus a. For any n > 0,

there exists a § > 0 such that |[v*(8') —v|| < n whenever 8 € TH (T, emsep)
and ||7—1]| < 6.

Proof. For any 3’ € T+ (U, emscp), Lemma 3 implies that there exists a § &
7+ (T) such that ||’ —8]] < K16+ Kaemscp. As defined earlier, emscp depends
on v. In particular, emscp — 0 as § — 0. When combining the latter with the
fact that o, K1, and K5 are constant and independent of 5 it must be possible
to choose & so that (1/a)(K16 -+ Kaemsep) < 7.

Let 8 € T*(7, émsep) and 3 € 77 (v). Then Lemma 1 implies that the
solutions v*(8’) and ¥ to VI[s(v) + £/,V] and VI[s(v) + B, V], respectively,
must satisfy

[7—v* (8 < (1/a)|ls(@®) + 8 — s(7) - &'
< (1/e)| 8 =4
S (1/&)([{16 -+ KQEmscp).
Therefore, the above choice of § implies the theorem holds. |

Because €* < emscp, the above theorem also holds when €* replaces emscp-

4 Disaggregate Representation of Relaxed Toll Sets

The second condition (2) in Theorem 1 is an aggregation of a number of
complementarity conditions as shown in the proof of Theorem 2. When (2) is
relaxed, the resulting relaxed toll set 7 (7, €) may be larger than necessary.
To define smaller relaxed toll sets, (2) can be disaggregated into its original
form.

Using the argument in, e.g., Theorem 2, it is possible to show that 7 (%)
is equivalent to the set consisting of the 3 component of every vector (3, p, o)
that satisfies the following linear system
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s(T) + B~ ATpk = 0% Vk € K,
@7 ok =0, Vkek,
o >0, Vkek,

8>0.

The second equation is an aggregation of the complementarity condition for
each arc (¢,7) € A4, e, xfj fj = 0. Thus, the above system is equivalent to
the following:

$45(0) + Bij = pf —pz Vk € K, (3,5) € A,
$i(T) + Bi; < pf p],VkEIC,(, e ATk >0,
Bij >0 v(i,j) € A

As before, let T = Y, ¥ denote an approximate SOPT solution. Then, a
relaxed toll set in the disaggregate form, IT7(7, &), is the set consisting of the
[ component of every vector (3, p} that satisfies the following linear system

545 (0) + Bi; > pf —P'Z, Yk e K, (i,7) € A,
$ij(0) + By < pf —pf + €5, VE e K, (4,5) € A: Z5, > 0,
B8i; 20 v(s,7) € A.

Unlike € (a constant) in 7% (¥, €), € is a nonnegative vector in the relaxed toll
set IT1(7,€). Below are two properties of this (disaggregate) toll set.

Theorem 6. For any v eV, let Bmsep = vs(®)77 and, for all k € K and
(i,7) € A such that T, > 0, let flj = si;(V)+ [ﬂmscp] —pF+7k, where §is an
optimal solution to the linear program in Theorem 4. If vs(v) is nonnegative,
then IT+(T,€) # 0.

Proof. Recall from Theorem 4 that
Emst = m/}n{(s(f}) + ﬁmscp)T’i), - Zk bz/)k : S(:J) + ,Bms(;p Z ATpk,Vk}.

For all k € K and (i,7) € A such that Zj; > 0, let 5” = 5i;(V) + [Bmscplij —
;7;? + 7%, where 7 is an optimal solution to the above linear program. Moreover,

its constraints also ensure that & ¢k > 0 and, when combined with the definition

of E the following must hold

845(0) + [Bmscplis = PF — pj, Vi€ K, (i,5) € A,
5ij(0) + [Bmscplij = AF — 7% + €5, Yk € K, (i,5) € A: T& > 0.

YR

Then, the nonnegativity of 7s(7)” ¥ implies that [Bmscpli; = 0 for all (4,4) €
A. Therefore, fmscp € IT*(7,€) and H+(U,§) £ (. ]

Theorem 7. If [T (T,€) # 0, then IIT(V,£) C T+(V,¢€), where
€= Z(i,j)eA 5?352
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Proof. Multiplying the second equation in the definition of II't(7,€) by ffj
vields

(845(0) + 51’;‘)5% < (of - P?)ﬁj + &fjifjv V(i, 4, k) 55@ > 0.
Then, summing the above equations together and recognizing that AZ* = by,
yield that (s(7) + 8)70 < 3 bf pF + ¢, where € = 37, 30, e 4 T5;€8. Thus,
kek

B8 e IT*(v,€) implies that 8 € TT(V,¢€), i.e., IT(T,£) C T (T,¢). [ |
Instead of choosing & as in Theorem 6, it is also possible to choose £ that
solves one of the following two problems:

min >, Z(i,j):i§j>0 3

(8.0,6)
) VE € K, (i, ) € A
ﬁij 2 0 V(Z,j) € A,
or
min z
(8,0,€,2)

st s;(0) + By = pF — pF + €5, Vk € K, (i,)) € A,

k<, Vke K, (i,j) € A: T >0,
>0 Yk € K,(i,7) € A,

Both problems yield a ¢ that makes ITT(7, £) nonempty.

5 Numerical Results

To illustrate the effectiveness of the relaxed toll sets, II1(7,€) and 77 (7, ¢€),
we solved the MINSYS problem originally introduced in [Ber95] and [BHR97]
and later referred to as the minimum toll revenue problem in [Dia99]. Using
the (aggregate) relaxed toll set 7 (7, €), the (aggregate) minimum toll revenue
(AMR) problem can be stated as follows:

min{t78: 8 TH({T, e}

The objective function in AMR is simply the sum of the product of the flow
and the toll amount on each arc, i.e., the toll revenue. Using 1717 (7, ) instead
of T7(7,¢), the disaggregate minimum toll revenue (DMR) problem can be
defined as follows:

min{?73: 8 € I7(7,€)}.

Data for our experiments are from four transportation networks whose
attributes are listed in Table 2. For each network, we used the restricted sim-
plicial decomposition or RSD (see, Hearn et al. [HLV87]) to obtain a solution
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Table 2. Network Attributes

Network Links Nodes Commodities
Sioux FallsfLMP75] 76 24 528
Hull [FGS87] 798 501 138
Stockholm [HeR98] 962 416 1,623
Winnipeg [FGS87] 2836 1052 4,344

to SOPT with a relative optimality gap of 10~% Because they are readily
available from RSD, we set € = emscp and 5{“]- = 8;5(0) + [Bmscplij — pF + p;?
in AMR and DMR, respectively. Both problems, AMR and DMR, were im-
plemented in GAMS [GAMS0] and solved using CPLEX 8.1 [CPL96].

Table 3 reports the results for the four networks. For Sioux Falls, the
SOPT solution from RSD provides a consistent toll set and e can be set to
zero. The same does not hold for the remaining three networks. The values of
their emgcp are listed in the table along with the ratio emscp/s(ﬂ)T?f to provide
the magnitude of emgcp relative to the total travel delay at the approximate
SOPT solution. The last two sets of columns compare the tolled user equi-

Table 3. Numerical Results

Total Delay Error  Link Flow Error
Networks  €mscp msee. (AMR)  (DMR)  (AMR) (DMR)

s(Ty
Sioux Falls 0 0 0% 0% 0% 0%
Hull 485 9.59E-5 0.07% 0.07% 2.6% 1.3%
Stockholm 1,134.12 9.74E-5 0.06% 0.01% 0% 0%

Winnipeg 107.82 9.22E-5 0.05% 0.04% 0.1% 0.3%

librium solutions, v*(3), using toll vectors from AMR and DMR against the
approximate SOPT solution, v, from RSD. The two columns under the head-
ing “Total Delay Error” reports (s(v*(8))v*(8) — s(@)7%)/(s(?)T7), i.e., the
error in travel delay relative to the delay at the approximate system solution,
U. The remaining two columns (under the heading “Link Flow Error”) reports
the percentage of arcs with relatively large link flow errors. In calculating this
percentage, we only consider arcs with a moderately large amount of flow, i.e.,
we consider arcs in the set A" = {a|v}(5) > 0.25C, or ¥, > 0.25C,}, where
C, is the capacity of arc a. Then, the link flow error is the percentage of arcs
in A’ such that ML" > 0.10. Observe that results in the last two columns
indicate that the relaxatlon based on the marginal social costs produces good
toll vectors for they yield tolled user equilibrium solutions that are approxi-
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mately optimal to SOPT. However, DMR on average yields tolls with slightly
less error.

6 Conclusions

Congestion or toll pricing problems in [HeR98] require a solution to the system
problem (the traffic assignment problem that minimizes the total travel delay)
to define a toll set, i.e., a set of all valid tolls. Instead of an exact solution, it
is more practical to obtain an approximate solution to the system problem for
large networks. In this paper, we provide necessary and sufficient conditions
to determine whether the toll set constructed from an approximate solution is
empty. When it is so, we derive alternative toll sets based on relaxed optimality
conditions. With carefully chosen parameters, tolls from the relaxed toll sets
possess the desirable property, i.e., they induce travellers to choose routes
that are nearly system optimal. Numerical solutions from four transportation
networks in the literature also verify empirically the previous statement.
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Appendix

Relaxed Toll Sets for the Elastic Demand Case

This appendix describes the results concerning the toll sets when demands
are elastic. Many results for the fixed demand case naturally extend to the
case with elastic demands. The presentation below follows the same outline
as in the main part of the paper.

A Elastic Demand System and User Problems

To state the traffic assignment problems with elastic demands, let ¢, and
wg(tr) denote the travel demand and the inverse demand function for com-
modity k, respectively. For each k, Ey is a vector in RWI with exactly two
nonzero elements, one equals 1 at the origin node and the other equals —1 at
the destination node. Then, the set of feasible flow-demand vectors is

Veo = {(v,0)[v = _ ¥, Azk = Eyty, 2" > 0,8, > 0}
k

Without loss of generality, we assume Vi is bounded, thus, compact. (See,
e.g., [FIH95].)

Among several alternatives (see, e.g., [Gar80], [YaB97] and [ZhG97]), one
system problem with elastic demands maximizes the net user benefit, i.e., the
difference between the user benefit as measured by >, o« fotk wi(z)dz and the
total delay (or cost) s(v)?v. In its minimization form, this system problem
can be written as

(7,%) = argmin{s(v)Tv - Z / ’ wi(2)dz : (v,t) € Vap.}
ke /O

As in the fixed demand case, the corresponding user problem with elastic
demand is a variational inequality. In particular, (v*,t*) is a solution to the
user equilibrium problem if the pair satisfies the following:

s()T(w—v*) —wt) Tt —t*) >0, VY (v,t) € Vip.

For a given toll vector G, (v*(6),t*(8)) is a solution to the tolled user
equilibrium problem if the pair satisfies the following:

(s(v(8)) + B)F (v = v*(8)) —w(t*(B))T(t = t°()) 20, ¥ (v,1) € Vo.

As in the fixed demand case, we assume throughout this appendix that
the system, user, and tolled user equilibrium problems have unique solutions.
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B System and Non-system Toll Sets

Analogous to the fixed demand case, the system toll set when demands are
elastic is 7(7,t) = {B]v*(8) = 1,t*(8) = t}. Under the uniqueness assump-
tions stated earlier, Hearn and Yildirim [HeYO01] prove that 7 (7,f) consists
of the 8 component of every pair (3, p) that satisfies the following system:

s(@) + 6> ATp*, VEkek,
wp(ty) < ETp*, VEkeKk,
(s(0) + 8)'7 = w(®)Z.
In [HeY01], Hearn and Yildirim show that both 7(7,%) and 77 (7,1) are
nonempty. The latter assumes that vs(T) is nonnegative.
Let (v,?) denote a flow-demand vector feasible to Vip. Then, the non-
system toll set is 7 (v, t) = {B|v*(8) = 7,t*(8) = t} and, using an argument
similar to the one in Theorem 2, the following holds.

Theorem 8. The toll set T(7,t), where (U,1) € Vyp, is the set consisting of
the 8 component of every pair (3, p) that satisfies the following linear system:

s@+6>ATp* VEkek,
wi(tr) < Bip*, Vkek,
(s(@) +8)77 = w(t)"t.

The theorem below shows that the non-system toll set is nonempty for
any non-trivial (7,¢) € Vip.

Theorem 9. For any (3,1) € Vap such that T # 0, 8 = Vs(7)Tv—a¥ € T(3,1)
when o = ((s(@) + Vs(@)T3)" & — w@T#/077

Proof. Consider the following direction finding problem associated with VI(s(v)+
B, Ven) at (’775?) :

~ T ~
DIR-ED(f) : min (s(ﬁ) + ﬁ) Sk —w(t)td

keK
st AzF — E.d, =0, vk,
zF >0, Vk,
di > 0, Vk.
The dual of DIR-ED(f) is
max 0

sit. ATpk < s(T) + B, Vk,
E}?pk Zwk(tk)v Vk?
p® unrestricted, Vk.



Relaxed Toll Sets 41

The relationships between the primal and dual problems in linear pro-
gramming imply that the objective value of the direction finding problem is
bounded below by zero. Thus, (u, d) = (0, 0), where u = z¥ is an optimal
solution because its objective value equals the lower bound. Furthermore, the
dual of DIR-ED has a feasible solution, say p. Then the pair (£, ) satisfies
the linear system in Theorem 1. The first two conditions of the linear system
in Theorem 8 follow from the first two constraints of the dual problem and
our choice of 3 ensures that the following holds

T

(s +5) 5= (s@) + Vs(@)"D)" 5 -t T = w(®).

Thus, the last condition in the linear system is also satisfied and B € T(i7,~).
|
As defined above, a is zero and 8 = Vs(7)7%, when (7,%) solves the

system problem. Moreover, other choices for o and [ exist. For example,

B = V()77 — as(®), where o = [(s(¥) + Vs(@)T3)" 7 — w@TH/s(®)77, is
also valid when s(7)T% # 0.

The following theorem provides a necessary and sufficient condition under
which the nonnegative and non-system toll set is nonempty. The proof is
omitted because it is similar to that of Theorem 3 in the main part of the

paper.

Theorem 10. For any @,1) € Vi, T+(T,1) is nonempty if and only if
(©,7) solves VIf(s(v), —w(t)),Ven/, where Ve = {(v,t)jv = 3, %, Az* =
Epty, 2% > 0,t, > 0,v <7}

C Relaxed Toll Set

In this and the following sections, we focus on the relaxations of the (unre-
stricted) non-system toll set. However, similar results also hold for the non-
system toll set requiring tolls to be nonnegative.

For a given € > 0, the relaxed toll set 7(7,1,¢) is the set consisting of the
B component of the pair (3, p) that satisfies the following:

s(T) + 8 > AT p*, Yk e K,
wk(’tvk) < E]Z;pkzv vk e K,
(s(@) +B)T0 < wt)Tt +e.

Then, the following results are analogous to those in Section 3.

Theorem 11. For any (3,) € Vip, let emscp = (s(0) +7s(0)T0) 77 ~w(t)Te.
Then, T(:J,’tv, Gmscp) —’/é @
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Proof. From the discussion in Section B, the optimal objective value of DIR-
ED (Bmscp) is zero, where Bmgscp = 7s(¥)T7 as before. Thus €mscp can be
equivalently expressed as follows:

emsep = ($(V) + Bmsep) ¥ — w(t)TE
—min{(s(®) 4 Bmscp)Tu — w(t) Tt : (u,t) € Van}.

As in Theorem 4 in the main part of the paper, the vector Smscp and an
optimal solution, g, to the dual of DIR-ED(8mscp) form a pair of (3, p) that
belongs to 'T('ﬁ,tN7 €mscp)- [ ]

Theorem 12. Let s(v) and w(t) be strongly monotone with modula « and v,
respectively. For any n > 0, there exists a § > 0 such that ||(v*(8) —,t"(8) —
D2 < n whenever 8 € T(V,t, emsep) and |(T—7,t — 1)} < 6.

Proof. Because both s(v) and w(t) are strong monotone, (s(v}, —w(t)) is also
strongly monotone with modulus min{«,~}. The rest of the proof requires
lemmas and uses an argument similar to the one in Theorem 5. ]

The following linear program also provides an e for which 7(9,¢,¢€) is
nonempty.

P

sts()+[3>ATk, Yk e K,
wk(tk)SET , Vkek.

¢ = min (s(0) + 87 - w(®TT

D Disaggregate Representation of Relaxed Toll Sets

Let (T,%) be an approximate system solution. For a given pair of (£, u) such
that &, 4 > 0, the following are three possible disaggregate representations of
a relaxed toll set, all of which are analogous to the one presented in Section
4.

1. ITY(,%,€, 1) = the set of the 3 component of every pair (3, p) that satisfies
the following:

Szj(v)+/613>pl ,ch VkE’C( )EA

sii(0) + Big < pf — P+ &5, VREK, (1,5) € A: T >0,
wi(tx) < Ef p~, Vkek,

wy(tr) > BF p* — py, VkeK:f >0.

2. H2(5,ﬁ§) = the set of the 8 component of every pair (3, p) that satisfies
the following:

Szj(%')“'ﬁmzpz”_p% VEeK, (i,7) €A,
Sz](v)+ﬁzj.<_pz_p3+€zgrVkEK( J)eA: :12 >0,
wi(ty) < ELp", Vikeck.
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3. IT3(¥,t, 1) = the set of the § component of every pair (3, p) that satisfies
the following:

Sl](~) +182_7 sz _p;":a VkEK,(l,]) €A>
wk( )<E,{k, Vkek,
(tk)>EkP —py, YkeK:ty>0.

Because the last two sets contain subsets of the constraints appeared in
the first, I72(3,1,€) and II%(%,%, 1) are relaxations of IY(T,t,&, ). Thus,
IT'(3,1, €, 1) must be a subset of both I%(9,t,€) and IT3(3,1, ).

The following theorem shows that I71(7, ¢, €, ) is nonempty. This in turn
implies that both IT2(7,%,¢) and IT3(%,%, 1) are also nonempty.

Theorem 13. For any (ﬁ,tN) € Vip, let

L fl] = 545(0) + [Bmscpl;; ~ 4%, for all k and arc (i, 5) such that T > 0,
and B ~
2. ik = ETP* — wi(tx), for all k such that £, > 0,

where p is an optimal solution to the dual of GAP-ED(Bmscp). Then,
I1'@,5,8,7) 0.
Proof. Because p solves the dual of GAP-ED(Bmscp), it satisfies

8(51:*- Bmscp = ATGR Vke K,
wy(ty) < EEA'IC, Vk € K.

The above implies that both {NZ and [y defined above are nonegative and
satisfy the following:

$i5(V) + [Bmscpli; > o~ ﬁ;c, Yk, (4,7) € .A
8i(0) + [Bmscplis = P —p] + &L, Yk, (1,) : T > 0,
wi () < EFp*, Yk,
wi(tk) = Elp* —fik, Vk:tx > 0.

Thus, (Bmscp, E{g,ﬁ ) satisfies the conditions defining IT%(%, 7, €, i), i
I (G,8,€,10) # 0. [ |

Corollary 2. For any (U,1) € Vyp, let E{; = 54(0) +Bmscpl;; — P¥ + 7y, where
7 is an optimal solution to the dual of GAP-ED(Bmscp). Then, ITI*(3,7,€) # 0.

Corollary 3. For any (U,1) € Vi, let fix, = ELB* — wy (tNk),Nwhere p is an
optimal solution to the dual of GAP-ED(Bmscp). Then, II3(U,¢, 1) # 0.

Furthermore, if IT%(7, t,&, {£) is nonempty, then multiplying the second and
fourth conditions in the relaxed toll set by ﬁfj and t; yields the following:
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(545 (0) + BT (pL:pJ)xlﬁiz’ﬂykaG’C( J) T >0,

(ETPk)tk < wy(tr)te + prte, VEk: >0

Because 7= 3", i* and AZ* = E.ty, the above equations imply that (s(7) +
B)TT < w(t)Tt+ ¢, where € = 3, Y, iyen ThiEl + Zk?kﬂk Thus, if 8 €
'@, t, &, 1), B must be in 7(7, t,€) as well, i.e., 7(, t&u) C T(@,te).
Similarly, IT2(7,1,€) € T(%,%,¢) and IT3(37, t, u) C 73,1, e) when € is chosen
in a similar manner.
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Summary. We present an optimization approach for jointly learning the demand
as a function of price, and dynamically setting prices of products in order to maxi-
mize expected revenue. The models we consider do not assume that the demand as
a function of price is known in advance, but rather assume parametric families of de-
mand functions that are learned over time. In the first part of the paper, we consider
the noncompetitive case and present dynamic programming algorithms of increasing
computational intensity with incomplete state information for jointly estimating the
demand and setting prices as time evolves. Our computational results suggest that
dynamic programming based methods outperform myopic policies often significantly.
In the second part of the paper, we consider a competitive oligopolistic environment.
We introduce a more sophisticated model of demand learning, in which the price
elasticities are slowly varying functions of time, and allows for increased flexibility
in the modeling of the demand. We propose methods based on optimization for
jointly estimating the Firm’s own demand, its competitors’ demands, and setting
prices. In preliminary computational work, we found that optimization based pricing
methods offer increased expected revenue for a firm independently of the policy the
competitor firm is following.

Key words: Dynamic Pricing, Learning, Dynamic Programming, MPEC

1 Introduction

In this paper we study pricing mechanisms for firms competing for the same
products in a dynamic environment. Pricing theory has been extensively stud-
ied by researchers from a variety of fields over the years. These fields include,
among others, economics (see for example, [Wo93]), marketing (see for exam-
ple, [LKM92]), revenue management (see for example, [MV99]) and telecom-
munications (see for example, [Ke94|, [KMT98], [PT98], [VD99], [Va99]). In
recent years, the rapid development of information technology, the Internet
and E-commerce has had very strong influence on the development of pricing
and revenue management.

Mathematical and Computational Models for Congestion Charging, pp. 45-80
© 2006 Springer Science and Business Media, Inc.
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The overall goal of this paper is to address the problem of setting prices
for a firm in both noncompetitive and competitive environments, in which
the demand as a function of price is not known, but is learned over time. A
firm produces a number of products which require (and compete for in the
competitive case) scarce resources. The products must be priced dynamically
over a finite time horizon, and sold to the appropriate demand. Qur research
(contrasted with traditional revenue management) considers pricing decisions,
and takes capacity as given.

Problem Characteristics

The pricing problem we will focus on in this paper has a number of charac-
teristics:

a) The demand as a function of price is unknown a priori and is learned over
time. As a result, part of the model we develop in this paper deals with
learning the demand as the firm acquires more information over time. That
is, we exploit the fact that over time firms are able to acquire knowledge
regarding demand behavior that can be utilized to improve profitability.
Much of the current research does not consider this aspect but rather
considers demand to be an exogenous stochastic process following a cer-
tain distribution. See [BM97], [CSS00], [FH97], [F95], [GVR94], [GVvRIT7],
[G100], [PT98]. Assuming that the demand follows an exogenous distribu-
tion that is known in advance, is often too strong an assumption. It is
often unrealistic to consider that demand can be known in advance accu-
rately. Rather, in this paper we use a learning approach. The advantage of
this approach is that it is data driven. That is, it uses the data acquired
so far, in order to estimate what the true demand is. As a firm acquires
more data it keeps re-evaluating the true demand and hence gets a better
estimate of it. As a result, this approach is practical and does not rely on
assumptions that are often unrealistic.

b) Products are priced dynamically over a finite time horizon. This is an
important aspect since the demand and the data of the problem evolve
dynamically. There exists a great deal of research that does not consider
the dynamic and the competitive aspects of the pricing problem jointly. An
exception to this involves some work that applies differential game theory
(see [Bag84|, [Bas86], [DJ&8]).

¢) We explicitly allow competition in an oligopolistic market, that is, a market
characterized by a few firms on the supply side, and a large number of
buyers on the demand side. A key feature of such a market (in contrast to
a monopoly) is that the profit one firm receives depends not just on the
prices it sets, but also on the prices set by the competing firms. That is,
there is no perfect competition in an oligopolistic market since decisions
made by all the firms in the market impact the profits received by each
firm. One can consider a cooperative oligopoly (where firms collude) or a
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noncooperative oligopoly. In this paper we focus on the latter. The theory
of oligopoly dates back to the work of [Fr77], [Fr82], [Fr83].

d) We consider products that are perishable, that is, there is a finite horizon
to sell the products, after which any unused capacity is lost. Moreover, the
marginal cost of an extra unit of demand is relatively small. For this reason,
our models in this paper ignore the cost component in the decision-making
process and refer to revenue maximization rather than profit maximiza-
tion.

Literature Review

Several models have been proposed for monopolistic versions of this prob-
lem. McGill and Van Ryzin [MV99], Weatherford and Bodily [WB92] as well
as Williamson [Wi92] and the references therein provide a thorough review
of revenue management models. More recently, Bitran and Caldentey [BC02]
provide an overview of pricing models for the monopolistic version of the rev-
enue management problem in which a perishable and non-renewable set of
resources satisfy stochastic price-sensitive demand processes over a finite pe-
riod of time. They survey results for deterministic as well as non-deterministic,
single as well as multi-product, and static as well as dynamic pricing cases.
Elmaghraby and Keskinocak [EK] review the literature and current practices
in dynamic pricing in industries where capacity or inventory is fixed in the
short run and perishable. They classify monopolistic models on the basis of
whether inventory can be replenished or not, whether demand is dependent
over time or not, and whether customers are myopic or strategic optimizers.
Yano and Gilbert [YS04] review models for joint pricing and production under
a monopolistic setup.

On the competitive side, Vives [Vi99] discusses the development of oligopoly
pricing models. A survey by Chan et al. [CSSS01] summarize research on joint
pricing, inventory control and production decisions in a supply chain. Fur-
thermore, they survey literature on price and quantity competition in supply
chain settings. Cachon and Netessine [CN] also survey the problem of compe-
tition from a supply chain perspective where the problem is characteristically
a periodic production-review model. They discuss both non-cooperative and
cooperative games in static and dynamic settings.

Pricing models in traditional revenue management research can be classified
into two broad categories: static and dynamic. Static pricing models are based
on aggregated demand distributions and can be seen as a special case of the
multi-product newsvendor problem with fixed production costs and perishable
product with no salvage. The extension of the newsvendor problem with price
as a decision variable was studied by Zabel [Za70], Young [Yo78], Dada and
Petruzzi [DPO1], etc. Other relevant research includes [Za72], [Th74], [DP99]
and [FH97] who study the single-product, multi-period combined pricing and
inventory control problem that is typically solved by dynamic programming.
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Dynamic pricing models represent demand as a controllable stochastic point
process with price dependent intensity. Gallego and van Ryzin [GvR94] and
Zhao and Zheng [ZZ00] consider the problem of optimally pricing a given in-
ventory of a single product over a finite planning period before it perishes or is
sold at salvage value. There is no reordering. Gallego and van Ryzin [GvR97]
and Paschalidis and Tsitsiklis [PT98] extend this type of model to the dynamic
pricing of multiple products whose production draws from a shared supply of
resources. Kleywegt [K101] gives an optimal control formulation of the multi-
period dynamic pricing problem. Kachani and Perakis [KP02] propose a de-
terministic fluld model for dynamic pricing and inventory management for
non-perishable products in capacitated and competitive make-to-stock man-
ufacturing systems.

Some recent work explicitly considers the presence of competition within the
pricing framework. Dockner and Jorgensen [DJ88] provide a treatment of the
optimal pricing strategies for oligopolistic markets from a marketing perspec-
tive but not a computational perspective. Federgruen and Heching [BF99)
develops a stochastic general equilibrium inventory model for supply chains
in an oligopoly environment where the policies involve prices, service level
targets and inventory control with linear models of demand.

There are two different classes of dynamic pricing models in the literature. The
first one, is a periodic production-review model suitable for supply chain prob-
lems. In this model each firm starts with a given level of inventory/capacity
at the beginning of the time horizon. At each period the firm sets his/her
price level and realizes a certain demand that is a function of all price levels.
A decision regarding additional production is also made at every period after
reviewing inventory/capacity levels. Production costs, inventory holding costs,
and cost of back orders are part of such models. On the other hand, in the
second class of models (such as the model we introduce in this paper), the firm
does not have the option to produce additional inventory/capacity between
periods but rather the total capacity of the product the firm has available for
sale is a given in the beginning of the time horizon. As a result, the product
for sale is perishable. For example, such a model is suited for airlines that are
selling seats on a particular flight, or hotels selling advance room reservations
for a particular day or weekend. It is difficult, if not impossible, to increase
the capacity of an aircraft or a hotel at short notice and requires considerable
expense, advance notice and planning. For the purposes of the pricing process,
the capacity (or in general the inventory of the product) can be assumed to be
fixed. Note that for these problems, there are no holding or backorder costs.
There are no holding costs since there is no tangible product that the seller
has to hold on to from period to period if unsold. There are no backorder costs
since the seller can sell only if she has the product in inventory and loses the
sale otherwise. Note that this case is not a trivial extension of the periodic
production review model.
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1.1 Application Areas

There are many markets where the framework we consider in this paper
applies. Examples include airline ticket pricing, as well as toll pricing in a
transportation network. In this market the products that the consumers are
demanding, are represented by the origin-destination (O-D) pairs during a
particular time window. In the airline application, the resources are the flight
legs (more appropriately seats on a particular flight leg) which have limited
capacity. There is a finite horizon to sell the products, after which any unused
capacity is lost (perishable products). The airlines compete with one another
for the product demand which is of stochastic nature. Another application is
toll pricing in a transportation network (see for example, [SGKO01], [SKSK]
and [Su02]). As in the case of airlines, the firm (e.g. the transportation au-
thorities) are seeking to set prices (represented in this case by tolls) on the
network’s roads (for example, highways). The capacity for each road in this
case is represented by the maximum number of cars that can be on the road
without degrading the travel time to an undesirable level. The tolls can be
updated dynamically as traffic conditions (represented for example through
the demand) change. It is important for the authorities to get a good estimate
of the demand in order to set accurately the corresponding tolls. This update
can be done for example, every 30 minutes, using as information the past toll
prices as well as the number of cars (demand) that entered the road (for exam-
ple, the highway) during the previous 30 minute periods. The transportation
authorities seek to maximize toll revenue since some highways are privately
financed. This is the case for example in the SR 91 Express Lane in Orange
County California (see [Su02]). Other industries sharing the same features in-
clude the service industry (for example, hotels, car rentals, and cruise-lines),
the retail industry (for example, department stores) and finally, pricing in an
e-commerce environment. All these industries attempt to intelligently match
capacity with demand via revenue management.

1.2 Contributions

a) In the first part of the paper, we develop pricing mechanisms when there
is incomplete demand information, by jointly setting prices and learning
the firm’s demand without assuming any knowledge of it in advance.

b) In the second part of the paper, we introduce a model of demand learning,
in which there is competition but also price elasticities are slowly varying
functions of time. This model allows for increased flexibility in the model-
ing of the demand in the presence of both uncertainty and competition. We
propose methods based on optimization for jointly estimating the Firm’s
own demand, its competitors’ demands, and setting prices.
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1.3 Structure

The remainder of this paper is organized as follows. In Section 2, we focus on
the dynamic pricing problem in a non-competitive environment. We consider
jointly the problem of demand estimation and pricing using ideas from dy-
namic programming with incomplete state information. We present an exact
algorithm as well as several heuristic algorithms that are easy to implement
and discuss the various resulting pricing policies. In Section 3, we extend our
previous model to also incorporate the aspect of competition. We propose an
optimization approach to perform the firm’s own demand estimation, its com-
petitors’ prices prediction and finally, its own price setting. Finally, in Section
4, we conclude with conclusions and open questions.

2 A Learning Approach for Dynamic Pricing, Part I:
Without Competition

In this section, we consider a dynamic pricing problem for a perishable product
in a non-competitive environment. We focus on a market with a single product
and a single firm with overall capacity ¢ available for sale over the time horizon
T. In the beginning of each period ¢, the firm knows the previous price and
demand realizations, that is, di,...,di—1 and p1,...,p—1 (and as a result,
the leftover capacity ¢; = ¢ — 22;11 ds). This is the data available to the firm.
In this section, we assume that the firm’s true demand is an unknown linear
function of the form
di = B° + B'ps + e,

that is, it depends on the current period prices p;, unknown parameters 5°, §?
and a random noise €, ~ N(0,0?). Notice that in this model we assume
that the parameters of the demand as a function of the price are not time
dependent. In part II of this paper, due to the presence of competition we
consider a more general demand model where the true parameters also vary
with time. The firm’s objectives are to estimate its demand dynamically and
set prices in order to maximize its total expected revenue. Let P =[pmin, Pmax]
be the set of feasible prices. We assume that P is selected in such a way that
the demand d; > 0,1 =1,...,T with probability 1.

This part of the paper is organized as follows. In Section 2.1, we present
a demand estimation model. In Section 2.2, we consider the joint demand
estimation and pricing problem through a dynamic programming formulation.
Using ideas from dynamic programming with incomplete state information,
we are able to reduce this dynamic programming formulation to an eight-
dimensional one. Nevertheless, this formulation is still difficult to solve, and
we propose an approximation that allows us to further reduce the problem to
a five dimensional dynamic program. In Section 2.3, we separate the demand
estimation from the pricing problem and consider several heuristic algorithms.
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In particular, we consider a one-dimensional dynamic programming heuristic
as well as a myopic policy heuristic. To gain intuition, we find closed form
solutions in the deterministic case. Finally, in Section 2.4, we consider some
examples and offer insights.

2.1 Demand Estimation

As we mentioned at time ¢ the firm has observed the previous price and
demand realizations, that is, d1,...,d;—1 and p1,...,p:—1 and assumes a linear
demand model d; = 8%+ 8'p;+e¢;, with e, ~ N(0,02). The parameters 3°, 3
and o are unknown and are estimated as follows.

We denote by x; = [1, ps)’ and by 3, the vector of the parameter estimates at
time s, (Bg, le) We estimate this vector of the demand parameters through
the solution of the least square problem,

t—1
T o : W )2 =
Bt = arg min ;(ds x,r)”, t=3,...,T. (1)
Given dy,...,d;—1 and p1,...,pi—1, the least squares estimates are
t—1 t—1  t—1 t—1 t—1
(t—1>2psds_zpszds st Zps
21 s=1 s=1 s=1 20 - s=1 _ pls=1
ﬁt = 9 ﬁt t—1 /Bt t—1

t—1 t—1 2
2
-0 it (Ln)
s=1 s=1
The next proposition gives a recursive formula for these estimates that will

be useful in the remainder of the paper.

Proposition 1. The least squares estimates (1) can be generated by the fol-
lowing iterative process

B =@—1+Ht__11xt—1 <dt—1 —Xﬁ_latq) ) t=3,...,T

where Bg is an arbitrary vector, and the matrices Hy_1 are generated by

H;., :Ht—2+xt—lxg—11 t=3,...,7T,

t—1

1 P t—1 E Ds

with Hy = [pl p%} Therefore, Hy_y = | ,_4 ff% \
p p

sgl ° szl s

Although a proof can be easily derived using standard results, see for example
[Ri95], for the sake of completeness we provide a proof in the appendix.
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Notice that the matrix H;_; is singular, and hence not invertible, when

t—1 t—1 2
t-1) n (Zm) :
s=1 s=1

Notice that the only solution to the above equality is p; = ps =+ =pi_1. If
the matrix H; .1 is nonsingular, then the inverse is

(2)

- t—1 t—1 -
PO -2 s
s=1 s=1
t—1 t—1 2 t—1 t—1 2
(-1 X p?—( X Ps> (t-1) 3 P§—< ) ps>
-1 s=1 s=1 s=1 s=1
H_, = t=1
_321 Ps t—1
t—1 t—1 2 t—1 t—1 z
(t-1) 3. pﬁ—(Z m) (t=1) 32 P?-( > Ps)
L 8=1 §=1 s=1 s=1 .
Therefore,
t—1 t—1 -
[ POEH ~ 3 pe
s=1 s=1
t—1 t—1 2 t—1 t—1 2
(t—-1) 22 :D?-(Z p3> (t-1) 3 p§_< )y Ps) 1
H—1 _ s=1 s=1 8=1 s=1 _
t—1%t—1 = t—1 { :| =
-5 ps Pi—1
g=1 t—1
i1 =1 2 t—1 =1 Z
(=1 % p§~( ;w) (t—1) ijl p?—( ; ps)

r =2, t—2
> Ps—Pt-1 2. Ps
s=1 s=1

t—1 -1 2
(t_l) Z 173— Z Ps
s=1 s=1
t—2
(t-2)pt—1-— Z Ps
s=1
t—1

B
N
S
1

t—1
(=1 T p§—<

s

1
-

As a result, we can express the estimates of the demand parameters in period
t in terms of earlier estimates as

=z, t—2
> Pi—Pt-1 ), Ds
=1 a=1

s
ol

|

|-

720
B,

1
B

+ (dy—

t—1 =1\ °
W 0% p§—< ) ps>
1 Bt—l - ﬁt~1pt~1) - 2

(t—=2)pt—1— 21 Ps

t—1 t—1 2
(t—1) Z=:1 P§—< 21 m)

The estimate for the variance o2 at time ¢ is given by
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_— (¢ —ﬁ;?_—fm)g'

T=1

Notice that the variance estimate is based on ¢ — 1 pieces of data, with two
parameters already estimated from the data, hence there are ¢ — 3 degrees of
freedom. Such an estimate is unbiased (see [R195)).

2.2 An Eight-Dimensional DP for Determining Pricing Policies

The difficulty in coming up with a general framework for dynamically de-
termining prices is that the parameters 8° and §! of the true demand are
not directly observable. What is observable though are the realizations of de-
mand and price in the previous periods, that is, dy,...,d;—1 and p1,...,pi—1.
This seems to suggest that ideas from dynamic programming with incomplete
state information may be useful (see [Be95]). As a first step in this direc-
tion, during the current period ¢, we consider a dynamic program with state
space (dy,...,di—1,P1,...,Pt—1,Ct), control variable the current price p; and
randomness coming from the noise ¢;. We observe though that as time ¢ in-
creases, the dimension of the state space becomes huge and therefore, solving
this dynamic programming formulation is not possible. In what follows we
will illustrate that we can considerably reduce the high dimensionality of the
state space.

First we introduce the notation, Est = (Bgt, B\;t), s = t,...,T, which is

the current time ¢ estimate of the parameters for future times s = ¢,..., 7.
Notice that 5” = ﬁt Similarly to Proposmon 1, we can update our least

squares estimates through ﬂt“ ¢ = ﬁtt +H; 1%, (Dt — xtﬁt t) Notice that

smce in the beginning of period ¢ demand d; is not known, we replaced it with
ﬁt + ﬁt Pt + €. As a result, vector ﬁt+1 ¢ is a random variable, A useful
observatlon we need to make is that in order to calculate matrix H; we need

t—1 t—1
to keep track of the quantities Y p2 and > p,. These will be as a result
T=1 T=1

part of the state space in the new dynamic programming formulation.

It is natural to assume that the variance estimates change with time and
do not remain constant in future periods. This is the case since the estimate
of the variance will be affected by the prices. That is,

EstNN(O, 5t>
9 Z( st s,tpT>
s—3 ’

gs,t =
This observation implies that we need to find a way to estimate the variance
for the future periods from the current one. We denote by 57, , the estimate
(in the current period, ¢) of next period’s variance.

s=t,...,T.
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Proposition 2. The estimate of next period’s variance in the current period
t is given by,

~2

Ost1,t =

~. 8—=1 ~ s—=1 —~ 2 ~ o~ 81
F2uls = 3) 4280, & i+ 2Bl T dipi— (s~ 1) (B0.) 280 BLe Somi
1= 1= 1=

§—2
2\ 20 \? a1 2, 20 A1 2 =
- (ﬁs,t) ;pi + ( s,t) + <f8s,tp8> +o5:t+ 2ﬁs,t188,tpt - 2ﬁs+1,t Zl d;
= =
+ §—2
-~ —~ —~ —~ — s—1
—2089 41,89 s — 2621108 10s — 281414 Zl pid;
iz
+ s—2
~ —~ ~ - - 2
+“25s1+1,tﬂg,tps - 2ﬁ51+1,t631,tp§ +s <ﬁ2+1,t>
§—2

—~ —~ s—1 —~ — —~ 2s5—1 —~ 2
20211 Bair s 2o i+ 20001 Bl ips + <5sl+1,t> > o2+ (ﬁslﬂ,t) p?
i=1 i=1
+ p— (3)

Although a proof of this proposition easily follows using standard results (see
for example, [Ri95]), for the sake of completeness we also provide a proof in
the Appendix.

This proposition suggests that in order to estimate in period s, the next
period s + 1 variance from the variance in period s, we need to keep track of
the following quantities

s—1 s—1 s—1 s—1
70 71 2 ~2
sty Mgty E P _—>_ Drs § prdy, E dr, Tt
=1 T=1 T=1 T=1

This observation allows us to provide an eight-dimensional dynamic program-
ming formulation with state space given by,

s—1 s—1 s—1 s—~1
20 Al Z 2 Z ~2
CS) /Bsyta 637t7 p7-7 pT? ZpTd‘r, ZdTv O's’t bl S:tz"'vT'
T=1 T=1 T=1 T=1

We are now able to formulate the following dynamic program where the
control is the price and the randomness is the noise. The idea behind this
dynamic programming formulation is that we set the prices by optimizing
the revenue over the time horizon and at the same time learning the parame-
ters of the demand by appropriately updating them from the previous period
estimates.
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An Eight-Dimensional DP Pricing Policy

JT(CTa ﬁ%,t» /871",1:7 8%,15) = H;?X EET,t [pT min { (/B(j)‘yt + ﬁ%’ytpT + 5T,t> ’ cT}:l
for s = max{4,t),..., T —1:
s—1 s~1 s—1 s—1
Js(css 5&, ﬁg,u Zpiv me Zp'rdm de ag,t)
T=1 =1 T=1 =1
= rr;)ax Ee,, [ps min { (ﬁgﬂt + ﬂ;)tps + €s,t> ) CS}

cs—min{<ﬂst+ﬁstps+est> cs},

+1 i ﬁs+1 t
leT + P, leT + Ds»
+Js+1 = = 3 (4)

Z rdr + ps (Bg,t + lgé,tps + €s,t> )
r=1

Z (Ag,t + B\sl,tps + ES,t) )

~2
O5+1,t J

where

- - -1 -

Z —Ps Z Pr

_ 2
EDY p3+3p§—< > pr+ps>
+5s,t B ’
(s—Dps— E Pr

720 730
és%—l,t _ gs,t
1 - 1
ﬁs-{»l,t 5,t

with noise €, ~ N(0,52,) and variance 6%, given from the recursive formula
n (3). Eq. (4) represents the Bellman equation for the eight dimensional

L

2
s—1
8 Z P72.+SP§—<Z pr+ps>
=1 T=1 -

DP. Specifically, the term ps; min { (BS,t + Bg},tps + ss,t) , cs} represents the
revenue at period s, and the arguments of J,;(-) the evolution of the eight
dimensional state.

Notice that in the DP recursion s = max(4,t},...,T, because we need at
least three data points in order to estimate three parameters.

2.3 A Five-Dimensional DP for Determining Pricing Policies

Although the previous DP formulation is the correct framework for determin-
ing pricing policies, it has an eight-dimensional state space which makes the
problem computationally intractable. For this reason we consider in this sec-
tion an approximation that gives rise to a lower dimensional dynamic program
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that is computationally tractable. In particular, we relax the assumption that
the noise at time ¢ changes in time and is affected by future pricing decisions.
In particular, we consider

g, ~N(0,57), s=t,...,T
t—1

~ —~ 2
S (4 =B - Blv.)
~2 _ 7=1
9= t—3

Specifically, we assume (as an approximation} that the estimate of the variance
of the noise only depends on the current time ¢, and does not change with
future times s.

Moreover, as in the previous section

Bis1,t = Bt + Ht_lxt <dt - X;ﬂt,t) .

t—1
To calculate the matrix H; we need to keep track of the quantities >~ p2 and
=1
t—1 ’
Zl pr
=
This gives rise to a dynamic programming formulation with state variables,

s—1 s—1
<CS7 /B\g,tv sl,t? Zpi’ ZPT> S:t"“»T' (5)
T=1 =1

A Five-Dimensional DP Pricing Policy

Jr (CT, 524, 5%0 = max E., {p:r min { (3%% + B o1 + 5T> , cT}]
T
for s = max(4,t),..., T —1:

s—1 s—1
20 741 2 : 720 Al
s <cs, B4 B > PR Zm) = maxE. [p, mm{( o+ B3 ps +es>,
T=1 T=1 ¢

¢s — min { (ﬁ?,t + 81 s + 8s> , cs} ;

730 a1
Cs} 4 Jst1 . Bttt ﬂs—&;l,t? ,
§— §—
X p24pi, X prtps
T=1 r=1

with
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Zl p-zf-—ps Z Pr
T=

]
g—1
s 2 p2tspl—- (Z PT-I-Ps)
=1 T=1
+ & a—1
(s=1ps= X pr

70 20
és-!—l,t — és,t
1 1
Bsi1e 5.t

Although this latter approach is more tractable it is still fairly complex to
solve. To make the computations tractable we discretize the values of the
parameters. See Subsection 2.5 for some preliminary numerical examples.

2
8—1 -
s Zl pZ+spi— (Z +ps>

2.4 Pricing Heuristics

In the previous two subsections, we considered two dynamic programming for-
mulations for determining pricing policies. The first was an exact formulation
with an eight-dimensional state space that was computationally intractable,
while the second was an approximation with a five-dimensional state space
that is more tractable. Nevertheless, although this latter approach is tractable
it is still fairly complex to solve. Both of these formulations were based on the
idea of performing jointly the demand estimation with the pricing problem.
In this section, we consider two heuristics that are approximations but yet
are computationally very easy to perform. They are based on the idea of
separating the demand estimation from the pricing problem.

One-Dimensional DP Pricing Policy

In the beginning of period ¢, the firm computes the estimates B? and Etl and
solves a one-dimensional dynamic program assuming that these parameter
estimates are valid over all future periods. That is, this heuristic approach
ignores the fact that these estimates will in fact be affected by the current
pricing decisions. In particular,

dy =3+ B'ps +es, s=t,...,T
ESNN(Oaa?), S:t,...,T,
with

- (d _/Bt ﬁtps>2

Z

Subsequently, the firm solves the following dynamic program in the beginning
of period t:

Jrler) = max B {pT min { (5? + Blor + 5T> , CTH
for s = max(4,¢),..., T —1:

pamin { (B +Blp, +e5) . e} +
Joles) =g Be. | | Ecs - mint{ (35 + ﬁép: + f:> e}
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In this dynamic programming formulation the remaining capacity represents
the state space, the prices are the controls and the randomness comes from
the noise.

Deterministic One-Dimensional DP Policy

To gain some intuition, in what follows we examine the deterministic case
(that is, when the noise ¢, = 0). As a first step we formulate the dynamic
optimization problem as a strictly concave optimization problem. In period ¢
and for the remaining of the time horizon after having computed the estimates
@ and ﬁt, the firm sets prices by solving the following problem.

st. dy < B+ Blps, s=t,...,T

T

stgct

s=t

ps €P, s=t,...,T.

Since the parameter B\tl < 0, the demand is strictly decreasing with respect
to the price. As a result, at the optimal solution dg = B,? + Btlps. Since if this
was not the case and at the optimal solution d; < B? +§t1ps, by increasing the
price to p7¢* so that d, = ﬂt +6t P and keeping ds as before, we would get
a higher revenue. This is a contradiction, (see also [PS03] for more details).

This observation allows us to reformulate the problem as a strictly concave
optimization problem,

T
max Z ﬂt +ﬁtps) Ps <7)

e
s.t Z(ﬁt +ﬁtps) <c¢

s=t

psepv s=t,...,T.
After having computed the estimates 3? and 3}, the firm solves the following
DP in the beginning of period ¢t (¢t =1,...,T),
Jr(er) = max pr min{(,@? +/§t1pT> ) CT}
pr€P
fors=t,..., T —1:
Js(cs) = max p, min { (ES + Btlps> , cs}
psEP
+Js41 (cs - min{(ﬁ? +B}ps> , cs}> .
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This deterministic one-dimensional DP policy has a closed form solution.
We establish its solution in two parts. Since the dynamic program is deter-
ministic, an optimal solution is given by an open-loop policy (that is, we can
solve for an optimal price path versus an optimal pricing policy, i.e. there is
no dependence on the state). For the proofs that follow, we need to introduce
the following definition.

Definition 1. A price vector p = (pt,... ,pr)’ leads to premature stock-
out if

T
Z (ﬁ? +/6t1ps> > Ct.
s=t
Lemma 1. The optimal solution given by the one-dimensional DP is unique
and satisfies py = -+ = pr.

Proof. First we will show that any optimal solution must satisfy p, =« - = pp,
then we will prove uniqueness. Suppose there exists an optimal solution p* for
which the above does not hold. Then at least two of the prices are different
and at least one price is less than py.. Without loss of generality, assume that
Pt # pry1 (the argument holds for any two prices). We will show that such a
solution cannot be optimal. Next we will show that the optimal solution must

satisfy,
T

T
S 4 -Y (B +8) <o
s=t s=t

This is true since otherwise we could increase at least one of the prices
by a small amount (since at least one is strictly less than pyax), and achieve
greater revenue by selling the same number of units ¢; at a slightly higher
average price (contradicting the optimality of the solution). Therefore, the
firm does not expect a premature stock-out and the optimal objective value

T - ~
is given by, z* = Y p? (ﬁ? +ﬁtlp§) . Notice that the revenue generated in
8=t

periods t and ¢ + 1 is given by,
* (20 | Al _* * 20 | A1, %
y2 <5¢ +/6tpg) + Det1 (/Bt +ﬁtpt+1>
= BPwt + Bptes + B (00 + (1)) (8)
In what follows, consider setting price % in periods ¢ and t+1. Therefore,
the revenue generated in periods ¢ and ¢ + 1 is given by,
70, s 20 % Btl * * 2
epy + B+ DY (pt +pt+l) . (9)
Comparing (9) with (8) we notice that the total revenue has been in-
creased. This is a contradiction. Hence, any optimal solution must satisfy

pe=-=pr.
Since problem (7) is strictly concave, the solution is unique. |
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We use this result to prove the following theorem.

Theorem 1. Let

" B o= (T—t+1)5
P =max§ ——=, = .
26} (T —t+1)8}

Then, in the deterministic case, the one-dimensional DP has the following
closed form solution for s =t,...,T:

pmax pr* meax
p; =P ifpmin < P Pmax
Pmin ¥ P* < Pmin.
Proof. From Lemma 1, the optimal solution satisfies )pt = pr. Thus, the
capacity constraint in (7) simplifies to (T'— t+1)(ﬁt +BLp) < ¢t. Thus, problem
(7) can be reformulated as a single variable concave quadratic optimization
problem, the result follows. |
We note that in the deterministic case the policies given by the one and
five-dimensional DPs are equivalent. This follows since in the deterministic
case €5, = 0 and as a result, the future demand Earameter estimates are not
affected by the current pricing decision. Hence, (82,4 ;, 8%, ) = ( St, ;,t)/'
Therefore, the five-dimensional DP can be reduced to the following three
dimensional DP,

Jr (CT, EOT, E}) = Z{?gg prmin { (B% + B%M) , CT}
fors=t,...,T—1:
Js <cs, 3, 331) = max ps min{(ﬁf +5§ps> , Cs}
+Js+l <cs - mln{(ﬁg +leps> s Cs}, 527 B;) .

Moreover, notice that the one-dimensional DP policy in the deterministic case
is given by,

Jr{er) = max prmin { (E? + BtlpT> , cT}

pr€P
fors=t¢,...,T—1:

Js(cs) = max ps min{(ﬁto +Bt1ps> , cs}

psEP
: 20 . Al
+Je11 (cs — mm{(ﬁt +ﬂtps> , cs}> .
When the firm uses the five-dimensional DP policy, since in the beginning

of period t, ( 510 Os t) (ﬁt, ﬁt> for all s =¢,...,T, it follows, just like
in the case of the one-dimensional DP policy, that the current parameter
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estimates are valid over all future periods. The DPs solved for both policies
are in that case equivalent. The only difference is that the five-dimensional
DP ezplicitly treats ﬁt and @ as (constant) states while the one-dimensional
DP implicitly treats ﬁt and ,Bt as (constant) states. This observation leads us
to conclude that the two policies are equivalent.

The Myopic Pricing Policy

Finally, we introduce the last heuristic pricing policy, the myopic pricing
policy. This policy maximizes the expected current period revenue over each
period, without considering future implications of the pricing decisions. In
period ¢

pe € argmax pEy, {min { (5? + Bl + a) : ct}j| :
P

Quantity ¢, denotes the remaining capacity in the beginning of period t.
Clearly the myopic policy is suboptimal since it does not take into account
the number of periods left in the planning horizon. However, when capacity is
sufficiently large the expected revenue obtained through the myopic and the
one-dimensional DP policy become the same. This follows from the observa-
tion that when capacity is sufficiently large, both methods maximize current
expected revenue. This myopic approach is optimal since the firm does not
run the risk of stocking out before the end of the planning horizon that is,
there are no future implications of the current pricing decision.

2.5 Computational Results

In the previous subsections, we introduced dynamic pricing policies for revenue
maximization with incomplete demand information based on DP (one, five
and eight dimensional) as well as a myopic policy which we consider as a
benchmark. We have implemented all methods except the eight-dimensional
DP, which is outside today’s computational capabilities.

We consider an example where true demand is given by d; = 60 — p; + &4,
with €; = 0 initially and €; ~ N(0,02), where o = 4. The prices belong in the
set P = {20, 21,..., 40}, the total capacity is ¢ = 400 and the time horizon
is T = 20. As we dlscussed in the previous subsections we consider a linear
model for estimating the demand, that is, d; = ﬁt + ﬂt Dt

We first assume a model of demand assuming that €, = 0, and we apply
both the myopic and the one-dimensional DP policies, which are optimal in
this case. In order to show the effect of demand learning we plot in Fi gures
1 and 2 the least squares estimates of the intercept ﬁt and the slope 8}. In
particular, we plot the average estimate of the parameters within one standard
deviation. We notice that the estimates of the demand parameters indeed tend
to the true demand parameters over time.

In Table 1, we compare the total revenue and average price from the my-
opic and the one-dimensional DP policies, over 1,000 simulation runs. In gen-
eral, as we mentioned earlier, for very large capacities both policies lead to



62

the same revenue. The results of Table 1 suggest that the one-dimensional
DP outperforms the myopic policy significantly (by 28.65%). Moreover, the
standard deviation of the revenue given by the one-dimensional DP policy is
3.5 times lower than the revenue given by the myopic policy. In addition, the
one-dimensional DP leads to a higher and more stable price compared to the
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price given by the myopic policy.

We next consider the case that e, ~ N(0,16). In Table 2, we report the
total revenue and average price from the myopic, one-dimensional DP and
five-dimensional DP policies, over 1,000 simulation runs. We consider T' = 8
periods. For all policies, we compute average revenue over the periods ¢t =
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Table 1. Comparison of total revenue and average price for the myopic and the
one-dimensional DP policies for €; = 0, over 1000 simulation runs with 7" = 20 and
¢ =400

T = 20, ¢ = 400| Myopic|l-dim. DP
Ave (Total Revenue)| 12,194 15,688
Std (Total Revenue)| 1,162.9 303.6
Ave(Price) 30.93 39.36
Std (Price) 2.81 0.65
4,...,8, as in the first 3 periods we do not have enough observations to start

the five dimensional DP. For the first three periods, we use p = 30.

Table 2. Comparison of total revenue and average price for the myopic, the one-
dimensional and five-dimensional DP policies for ; ~ N(0, 16}, over 1000 simulation
runs with T'=8 and ¢ = 125

T =8, ¢c =125 Myopic |1-dim DP |5-Dim DP
Ave.(Total Revenue)| 3,884.6 4,250.1 4,339.3

Std (Total Revenue) 302.6 282.0 394.2
Ave. (Price) 325 35.7 36.7
Std (Price) 25 1.8 1.89

The results of Table 2 agree with intuition that the more computationally
intensive methods lead to higher revenues. In particular, the one-dimensional
DP policy outperforms the myopic policy (by 9.4%), and the five-dimensional
DP policy outperforms the one-dimensional DP policy (by 2.09%). In this
experiment, the variability of the revenue and the price was comparable among
the three policies.

Overall, we feel that this example (as well as several others of similar
nature) offers the following insights:

1. All the methods we considered succeed in estimating accurately the de-
mand parameters over time.

2. The class of DP policies outperforms the myopic policy. In addition, rev-
enue increases with higher complexity of the DP method, that is the five-
dimensional DP policy outperforms the one-dimensional DP policy.

3 A Learning Approach for Dynamic Pricing, Part II:
With Competition

In this section, we consider a dynamic pricing model in a competitive setting.
In particular, we focus on an oligopolistic market where several firms compete
for a single perishable product in a dynamic environment. As time progresses
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the firms competing in the market are learning their demand and setting
prices over the leftover time horizon. As a result, the firm apart from trying
to estimate its own demand, it also needs to predict its competitors’ demands
and pricing policies. Given the increased uncertainty due to competition, we
use a more flexible model of demand, in which the firm considers that its own
true demand as well as its competitors’ demands have parameters that are
time varying. Models of the type we consider in this section, were introduced
in a more general context in [BGT99], and have nice asymptotic properties
that we review shortly. Specifically, the J competing firms have total capacity
¢y, C, ..., Cj Tespectively, over a finite time horizon T'. At time ¢, firm & has
leftover capacity of the product for sale ¢y, k = 1,...,J, for the remainder
of the time horizon. In the beginning of each period ¢, Firm 1 knows the
past realizations of its own demand d;,, its own prices p; s as well as its
competitors’ prices py s, where k € {—~1} = {2,...,J}and s = 1,...,t — L.
Notice that it is not realistic to assume that the firm directly observes its
competitors’ demands.

We assume that each firm’s true demand is an unknown linear function,
where the true demand parameters are time varying, that is, for firm & =
1,...,J demand is of the form

di,t = ﬁlg,t + Z 5xlc,tpl,t + ﬂ;’i,tpk,t +eps, K=1,2,...,J,
le{-k}

the coefficients ﬂg,t’ﬁllv,t >0,lef{-k}={1,...,k=1,k+1,...,J}, ﬂ’;t <0.
The coefficients vary slowly with time, i.e.,

1Bky = Bhoyr]l S6k(8),  k=1,...,J;i=01,...,J; t=1,..., T~ 1

This model assumes that demand for each firm & = 1,...,J depends on its
own as well as its competitors current period prices p1¢, p2,i,. . . ,pJt, Unknown
parameters Bg’t, ﬁkl:,t""’ﬁl‘c],t? and a random noise e, ~ N(0,0’i’t), k=

1,...,J. The parameters 6x(i), ¢ = 0,1,...,J are pre-specified constants,
called wolatility parameters, and impose the condition that the coefficients
ﬂ}?,tv ,Béyt, - ,ﬁk{t are Lipschitz continuous. For example setting §;(¢) = 0, for
some i, implies that the i*" parameter of the demand is constant in time (this
is the usual regression condition).

Firm 1’s objectives are to estimate its own demand, its competitors’ reac-
tions and finally, set its own prices dynamically in order to maximize its total
expected revenue.

The results in [BGT99] suggest that if the true demand is Lipschitz con-
tinuous, then the linear model of demand with time varying parameters we
consider will indeed converge to the true demand. Moreover, the rate of con-
vergence is faster than other alternative models. While we could use this model
in the noncompetitive case of the previous section, it would lead to very high
dimensional DPs that we could not solve exactly.
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The remainder of this section is organized as follows. In Section 3.1, we
present the firm’s demand estimation model. In Section 3.2, we present a
model that will allow the firm to predict its competitors’ prices but also a
model that the firm performs to set its own prices. Finally, in Section 3.3, we
present some computational results.

3.1 Demand Estimation
Each firm at time ¢ estimates its own demand to be
Dii=dit+eps, k=1,...,J

where c?k,t is a point estimate of the current period demand and e is a
random noise for firm k = 1,...,J. The point estimate of the demand in
current period ¢ is given by dk L= ﬁk . —I-ﬁk Dkt T Z#k ﬁk D k=1,...,J.
The parameter estimates are based on the price and demand reahzatlons in
the previous periods.

We assume that the parameter estimates ﬂk . k=1,...,J that describe
how each firm’s own price affects its own demand are negatlve This is a rea-
sonable assumption since it states that the demand is decreasing in the firm'’s
own price. Moreover, the parameter estimates er k£ kle{l,...,J}are
nonnegative, indicating that if the competitors set for example hwh prices
they will increase the firm’s own demand.

The firm makes the following distributional assumption on the random
noise for each firm’s demand,

Eht ™~ N(O,E%Yt), where k=1,...,J
and the demand variance estimated for each firm is,

2
t—1 I~ 5 >
o T (e = By = B P — L Bl
gk: t = t—J—2 3

Notice that for the same reason as in the noncompetitive case, the variance
estimates Eﬁyt, for k =1,...,J, have t — J — 2 degrees of freedom. Notice
that when the market is a duopoly (i.e., there are two firms competing in
the market), then J = 2 and the degrees of freedom are ¢ — 4 and hence the
denominator in the variance estimates is t — 4.

For each firm k£ =1,...,J we denote by Bx = (Bk,1, .. ﬁkt 1), the vector of
the estimate of its demand parameters, where Bk,t (ﬁk o 6k PR »B]i,t)-

In order to estimate its own demand, Firm 1 solves a regression-type problem.
It minimizes the absolute value of the error, that is, the sum over the data
acquired so far (i.e., from the past time periods) of the absolute value of the
dlfference between the observed demand d; -, and the estimate of the demand

51; _— ﬁk PPk + Z#k ﬁk e T = 1,...,t — 1. Alternatively, we



66 D. Bertsimas, G. Perakis

could replace the absolute value with a square and consider a more traditional
regression-type model. Nevertheless, the absolute value will allow us to convert
the problem into a linear optimization problem which is computationally more
tractable. That is, we solve the following optimization problem.

t—1
min Z [dlﬂ‘ - (/B\?,T + ﬁll,rpl,T + Zﬁf-rpk,‘rﬂ
T=1 k#1

st (B, — Bl <6(), i=01.. ] T=1,2.. 62
Bl.<0,B,>0,...,6, >0

Note that we impose the constraint that the parameters are varying slowly
with time. This is reflected in the numbers 6;(¢). As we mentioned above, this
problem can be transformed to a linear optimization model, which makes it
attractive computationally.

Let (8i,)*, i =0,1,...,J, 7 = 1,...,t — 1 be an optimal solution of
this problem. Firm 1 would like now to use this information in order to es-
timate for the parameters in the future, for example in period ¢ parameters

(89,81 ,,...,B{,). We propose as an estimate the average:
~ 1 =
Blu=% S B i=01,...,J (10)
I=t—1-N

that is, the new estimate is an average of the estimates of the N previous
periods. In particular, if we choose N = 1, we take the new estimate to be
equal to the estimate for the previous period.

3.2 Competitor’s price prediction and own price setting

In order for Firm 1 to set its own prices in current period ¢, apart from esti-
mating its own demand, it also needs to predict how its competitors’ (Firm
2,...,J) will react and set their prices in period t. Unfortunately, it is not
realistic to assume that Firm 1 observes the past demand realizations of its
competitors. Nevertheless, it is more realistic to assume that the information
available to Firm 1 at each time period, includes, apart from the realizations
of its own demand, also the prices each firm has set in all the previous periods
(for example, one can easily find out the fares airlines are charging over the
internet). We will assume that Firm 1 believes that its competitors are also
setting prices optimally. As a result, Firm 1 will estimate the demand param-
eters of its competitors using as data the past realizations of prices. That is,
Firm 1 tries to guess the parameters of its competitors’ demands (by assum-
ing the demand of each competitor also belongs to a parametric family with
unknown parameters) through an optimization problem that would exploit
the actual observed competitors’ prices. This suggests that Firm 1 needs to
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solve an inverse optimization problem. For ease of reading, we first describe
the formulation in the setting of two competing firms. We denote by ﬂé’T
the vector of demand parameters for the remaining periods ¢,...,7T. Vector
ﬁg(ﬂg’T) denotes the estimate Firm 1 makes for the price of Firm 2, as a func-
tion of the estimates of the parameters of the demand function of Firm 2. It
is a vector of the prices over the remaining time periods ¢,...,T. Notice that
Firm 2 is an optimizer, therefore, at time ¢ it sets its prices by optimizing its
total expected revenue (price times expected demand) over the leftover time
horizon [t, T}, under the constraint that the demand for the remaining time
should not exceed the leftover capacity of the product ¢y ;.

T
ﬁz(ﬂ;,T) = argmax ZPQ»T'<ﬂ20,T + /621,7'1)%,7' + BS,TPQ)T) (11)
T=t
T -~ -~ -~
s.t. Z(ﬁgn’ + /621,Tp%,-r + ﬁg,q—pZ‘r) S Cot
T=t

Pmin,r < Pa,r < Pmax,Ts Y1 € {t, c ,T}
/8837' + /621,Tp%,7’ + ﬁ%mp?,’r Z d2,min, VT € {t, e ,T}

We denote with dg i = 0 the minimum allowable allocation Firm 2 is
willing to make at each time period (note that this can be equal to zero). ca
denotes the leftover capacity at time ¢ for Firm 2 and as a result, is equal to

t=1 . ~ ~
ca— > (B9, + B3 .p2,r + 53 .01 »). Notice that part of optimization problem
=0
(11) involves the estimate of the price of Firm 1 as perceived by Firm 2.
As a result, we use notation p} , to denote what Firm 1’s estimate is of what
Firm 2 believes for Firm 1’s pricing. The solution of this optimization problem
(i.e. the price for Firm 2) is a function of the parameters of the competitor’s
(Firm 2) demand from period ¢ to T. Note that we set these parameters
(see also a discussion in the previous subsection) as an average of the past
parameter estimates (see for example, (10) for Firm 1). In conclusion, the
previous discussion leads us to conclude that problem (11) gives an estimate
ﬁ?,T(/BZ,T)’ T = ]., ‘e ,t —1.

The reason for the previous analysis came from the fact that Firm 1 was
trying to estimate the demand parameters for Firm 2 without being able to
directly observe the past demand realizations but rather deduce this informa-
tion through the past price realizations. The last step in this process is for
Firm 1 to estimate the demand parameters for Firm 2 by solving a regression-
type of model. That is, minimizing the sum over the time periods so far of
the absolute value of the difference between the so far observed prices of Firm
2 and the parametric solution of the price of Firm 2 in terms of its demand
parameters from (11). Notice that as in the previous section an alternative is
to minimize the squared difference. Nevertheless, absolute values allow us to
reformulate the problem as a linear optimization problem which is tractable.
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In summary, Firm 1 solves the following optimization problem in order to
estimate the demand parameters of Firm 2,

t—1
min Z ’p2,'r - 1’7\2,7(62,7)
=1

st B, =B 1] S600),  i=0,1,2, T=1,2,...,t -2,
B, >0, B, <0

Since parameter B%T <0, it follows that problem (11) is a concave quadratic
optimization problem.

Notice that this formulation extends to J competing firms. Similarly to before,
Firm 1 estimates the demand parameters for Firm k € {-1} = {2,...,J} by
solving the following optimization problem

t—1
min Z {pk,T - ﬁk,‘r (ﬂk,'r)
7=1

st Bk, = Bhrpal <0G, i=0,1,...,0, T=1,2,...,t =2
~ . - ~ .
B/}:,T Z 07"'7181917-1 Z 05/8}/;7 S 0)18]];—:-1 2 O?"‘?ﬁ]‘c],-r > 0§

where P (By), for k € {1} = {2,...,J} is the vector solving

T
max Zpk,‘l'(ﬁlcc),'r + Z /Bllc,-rpll,’r + /Bllj,rpkﬁ) (12)

=t I£k

T
st D (PR + > BLph, + B o) < cuy

T=t I#k
Pmin,r < Pk, r < Pmax,m> Vr e {t, R ,T}

ﬂ](c))‘r + Zﬁ]lﬁ;,'rpll,-r + /Blk?,rpkm 2 dk,miTH VT E {t7 v 7T}7
1#k

. =i 1 = i .
with Bio =% D (Bl i=0,.. Jk#1
l=t—1-N

Price pj, . denotes what Firm 1’s estimate is of what Firm k believes for its cor-
responding competitors’ pricing. Furthermore, di m» denotes the minimum
allowable allocation Firm k is willing to make at each time period (note that
this can be equal to zero). We denote the feasible region of problem (12) as
K (p'), where is a vector of prices representing what Firm 1’s estimates are
of what the competitors’ believe for their corresponding competitors’ pric-
ing. Since problem (12) is a concave quadratic optimization problem, we can
reformulate it as a variational inequality problem.
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Lemma 2. Problem (12) that Firm k solves in order to determine its pricing
policy as a function of its demand parameters, is equivalent to the following
variational inequality problem

T
Find Pk(ﬁk) € K(p Z 5k7+25k szT‘FQﬂkTpk ) (Pr,r —
T=t 17k
Bier (Br,r)) > 0, Vpx € K(ph). (13)

The proof follows easily since the feasible region is a compact, convex set and
the optimization objective is a concave function.

Furthermore, since Firm 1’s competitors k € {—1} = {2,...,J} simulta-
neously solve this problem, we can combine variational inequality problems
(13) into the following single quasi variational inequality.

J T
Find B(B) € K@) : = > > (Bl +>_ B bl + 288 orr) (Prr —
k=2 1=t I#k
Br,r(Be.r)) > 0, ¥p € K(p'). (14)

In this case the feasible region K (p!) = {p = (pa,...,ps) : pr € K(pL},), k=

2,...,J} is the joint feasible region that combines the feasible regions K (p ).
This formulation gives rise to the following MPEC formulation describing

the problem Firm 1 is solving in order to guess its competitors’ parameters.

t—1
min Z ka,'r - ﬁkm‘(ﬁkn’)
=1
st |BL, = Bh 1l S0(@),  i=0,1,...,J, T=12...,t-2

Bli,‘r-— 7"'7ﬁllccrl>oﬁkr§0/6k+l>0 ] k-rZO

where ﬁk(Bk), ke {-1} = {2,...,J} satisfies quasi variational inequality
(14).

Own Price Setting Policy

The last step involves Firm 1’s own price setting problem. Firm 1 sets
its prices by maximizing expected revenues over the remaining time horizon.
That is,
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T
max Zpl»‘f"(ﬁ?,'r + ﬁ%,‘rpl,‘l' + Z IB{C,TZ/)\}C,T)

T=t ke{-1}

s.t. Z 1T+ Z /Blrka+ﬁlTp1T)<clt7

T=t ke{-1}
Pmin,r _<_ Pi,r S Pmax,ts VT € {ta R ,T}

B?)-r + Z B{C,Tﬁk,r + B%y-,—pl,‘r 2 dl,mina VT € {t: e ,T}
ke{-1}

As before, dy min denotes the minimum allowable allocation Firm 1 is will-
ing to make at each period (note that this can be zero). ThlS optlmlza—
tion model uses the estimates of the parameters E{T =% z t 1— N(ﬁl 0%
i =0,1,...,J, for 7 = ¢t,...,T (ie., an average of Firm 1’s own demand
estimation problem from the past periods), as well as the prediction of its
competitors’ price Py r = N ; tl n@e) =t T, k=2,...,J.

To make the analysis more transparent in the remainder of the paper we
will present in detail the case of two competing firms. Nevertheless, the anal-
ysis easily extends to the case of several competing firms. We will distinguish
between the uncapacitated and the capacitated versions of the problem.

Uncapacitated Case

First we would like to point out that in the uncapacitated case problem (11)
separates by time period. Furthermore, as we mentioned above, we assume
that Firm 1 believes that Firm 2 is also a revenue maximizer. As a result,
Firm 2 solves the optimization problem,

max P2 (B3 + 83,01, + 85 p27), T=1,...,t
This problem has a closed form solution of the form

B +B.pls
Por=—"" T=1,...,t
_252 T
Price p1 » denotes what Firm 1’s estimate is of What Firm 2 beheves for Firm
1’s pricing. Examples of such estimates include: p1 - =D1,7 p1 + =Di,r=1, OF
an average of price realizations from several pemods prior to perlod T.
Firm 1 will then estimate the demand parameters for Firm 2 by solving

the following optimization problem

t—1 730 21 1
+
= _QBQ,T
st (85, — 05 rual S 62(1), 1=0,1,2, 7=1,2,...,t =2,
By.=0, B3, <o0.
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As in the model for estimating the current period demand for Firm 1,
d3(i), 1 = 0, 1,2, are volatility parameters that we assume to be prespecified
constants. The solutions (33,7)*’ 1 =0,1,2, of this optimization model allow
Firm 1 to estimate its competitor’s current period demand by setting:

t—1

=% 3 B

[=t—1-N
Own Price Setting Policy

After the previous analysis, Firm 1’s own price setting problem follows eas-
ily. As before, since the problem is uncapacitated, this optimization problem
also separates by time period. As a result, Firm 1 sets its prices by maximizing
its current period t revenues. That is,

S .
max p1,0-(BL ¢ + By 41e + 51 1Dat)-
't

This optimization model uses the estimates of the parameters B\it, 1=0,1,2,
that we described in Firm 1’s own demand estimation problem, as well as the
30 Al 1
prediction of the competitor’s price pz+ = @—Z—L—ﬁz‘m Notice that this latter
- 2,t
part also involves the estimates of the demand parameters 53,,5, 1=10,1,2
arising through the inverse optimization problem in the competitor’s price

prediction problem.

Capacitated Case

We assume that both firms face a total capacity ¢; and ¢y respectively that
they need to allocate in the total time horizon. Quantities ¢ ; and ey ¢ denote
the leftover capacities of Firm 1 and 2 respectively in the beginning of period
t. As before, Firm 1 makes the behavioral assumption that Firm 2 is also a
revenue maximizer. As a result, in general Firm 2 will solve problem (11). In
order to perform some computations and derive some insights, in what follows
we will assume that the firms solve their price setting problems myopically.
As a result, the price prediction problem that Firm 1 solves for predicting its
competitor’s prices becomes

Doy = arg max pmin {(B8, + B3 o+ Bhnl.,)
2
t—l -~ -~
C2 — E :(ﬂg,'r + BS,TPQJ- + ﬁ%,Tp},T)} .
=0

As in the uncapacitated case, p}yT denotes Firm 1's estimate of what Firm 2
assumes for Firm 1’s own pricing. Examples include: p%”. = p1,7, O P1,7—1, OF
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considering an average of the prices Firm 1 sets in several previous periods.
We can now estimate Firm 2’s demand parameters through the following
optimization model

t-1
min Z |p2,7' - 232,7"
T=1

st (B, = By S 0(0), i=0,1,2, T=1,2,...,t -2
B, >0, B, <0,

whete o, € argmaxyep, pmin { (B3, + 3w+ Bhipl.) » cai).

Let (//6\3,7‘)*’ 1=0,1,2, 7 =1,...,t — 1 be optimal solutions to this opti-
mization problem. As before, Firm 1 estimates its competitor’s current period
demand parameters as

- 1= . ’
Be=vx 2 By, i=012

l=t—1-N
Myopic Own Price Setting Policy

After computing its own and its competitor’s demand parameter estimates
and establishing a prediction on the price of its competitor for the current
period, Firm 1 is ready to set its own current period price. As in the uncapac-
itated case, Firm 1 solves the current period revenue maximization problem,
that is,

D1t € arg Iglea% [pmln { (/Bg,t + Ell,tp -+ Bitﬁlt) aclyi}:| )

t—1 . . .. o .
where ¢1;, = ¢1 — >, _;d1, is Firm 1’s remaining capacity in period

t. Moreover, the demand parameters 3, = %Zz;lt~1_N(§§)k)*, B%,t =

% f;tl—l—N(Bé,l)*7 1=0,1,2, and finally, the estimates of the competitor’s

prices are
o : 20 32 3l 1
P2,u € arg Max pmin { (ﬂg,t + B30+ /82,tpl,t> , C2,t} :
2

3.3 Computational Results

We consider two firms competing for one product. The true models of demand
for the two firms respectively are as follows:

di,¢ =50 ~.05p1,s + .03p2 + €1,

dgyt = 50 + -03P1,t - .O5p2,t +eo
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where the €14, €24 ~ N(0,16). Moreover, the prices for both firms range in
the sets P; = P, = [100, 900], the time horizon is T = 150 and finally we
assume that p; 1 = pa,1 = 500. Finally, we assume an uncapacitated setting.

We compare three pricing policies: (a) random pricing, (b) price matching,
and (c) optimization based pricing using the methods we outlined in this sec-
tion. A firm employing the random pricing policy chooses a price at random
from the feasible price set. In particular, we consider a discrete uniform distri-
bution over the set of integers [100, 900]. A firm employing the price matching
policy sets, in the current period, the price its competitor set in the previous
period. Finally, a firm employing optimization based pricing first solves the
demand estimation problem in order to estimate its current period parameter
estimates using linear programming, supposes its competitor will repeat its
previous period pricing decision, and then uses myopic pricing in order to set
its prices. In Table 3, we report the revenue from the three strategies, over
1000 simulation runs.

Table 3. A comparison of revenues under random, matching, optimization based
pricing policies

Firm 1|Firm 2|1 Avg(Rev)|2 Avg(Rev)|1 Std(Rev)|2 Std(Rev)
Opt Rand |3, 126,000 2,909, 200 70,076 109, 790
Rand |Rand |2,638,800 2,616,900 63,112 61,961
Match |Rand |2,602, 700 2,603,200 117,470 123,070
Opt |Match |3,791,100 3,779,400 |177,540 197,370
Rand |Match |2,603,200 2,602,700 123,070 117,470
Opt |Opt 3,757,700 13,804,700  [70,577 129, 530
Rand |Opt 2,909,200 3,126,000 109,790 70,076
Match |Opt  |3,779,400  {3,791,100  |197,370 177,540

In order to obtain intuition from Table 3, we fix the strategy the competitor
is using, and then see the effect on revenue of the policy followed by Firm
1. If Firm 2 is using the random pricing policy, it is clear that Firm 1 has a
significant increase in revenue by using an optimization based policy. Similarly,
if Firm 2 is using a matching policy, again the optimization based policy
leads to significant improvements in revenue. Finally, if Firm 2 is using an
optimization based policy, then the matching policy is slightly better than
the optimization based policy. However, given that the margin is small and
given the variability in the estimation process, it might still be possible for
the optimization based policy to be stronger. It is thus fair to say, that at
least in this example, no matter what policy Firm 2 is using, Firm 1 seems to
be better off by using an optimization based policy.
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4 Conclusions

We introduced models for dynamic pricing in an oligopolistic market. In the
first part of the paper, we studied models in a noncompetitive environment in
order to understand the effects of demand learning. By considering the frame-
work of dynamic programming with incomplete state information for jointly
estimating the demand and setting prices for a firm, we proposed increasingly
more computationally intensive algorithms that outperform myopic policies.
Our overall conclusion is that dynamic programming models based on incom-
plete information are effective in jointly estimating the demand and setting
prices for a firm.

In the second part of the paper, we studied pricing in a competitive en-
vironment. We introduced a more sophisticated model of demand learning in
which the price elasticity is a slowly varying function of time. This allows
for increased flexibility in the modeling of the demand. We outlined methods
based on optimization for jointly estimating the Firm’s own demand, its com-
petitors’ demands, and setting prices. In preliminary computational work, we
found that optimization based pricing methods offer increased revenue for a
firm independently of the policy the competitor firm is following.
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Appendix

Proof of Proposition 1
The first order conditions of the least squares problem for ,Bt and ﬁt 1 respec-
tively, imply that

§ <ds - X;Bt) xs =0 (15)
g=1
3 <d5 - x;B}_1> % = 0. (16)
s=1

If we write, ﬁt = Et_l + a, where a is some vector, it follows from (15) that

t—1

Z (ds — X' B~ x’sa> xg = 0.

s=1

This in turn implies that,
t—2 R N
Z (ds — X, B—1 — xéa) X, + <dt_1 — X, _1Bi-1 — x£_1a> x—1=0. (17)
s=1

Subtracting (16) from (17) we obtain that

t~1

D (xla) x, = (dt—l - Xé_ﬁt—l) Xi-1.
s=1
_ = . -1
Therefore, a = Ht_llxt_l <dt_1 — x’t_lﬁt_1> , with Hy_; = Z§=1 (xs%5) =
t—1
t—1 Z Ps
§=1
b=l il
> ps 2. p3
s=1 s=1
Proof of Proposition 2
Let t be the current time and s > ¢. We first relate the variance in period s,

- 2
; ( st sl,tpi)
Ug,t == s_3 (18)

with the variance in the next period s 41,

s 1 2
Z ( s+1 t 5s+1,tp~;)

s—2

B[6341,lds) =
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By expanding this last equation and separating the period s terms from the
previous period s — 1 we obtain

s—1 N s—1 ~ —~ s—1 —~
Z dzz -+ dg - 2ﬁ2+1,t Z di - 2:82+1,tds - 2651+1,t Z pidi - Qﬂslﬂ,tpsds
B(5341,4lds} = = = = +

s—2
(19)
20 2 P 20 Al a1 2,
s <5s+1,t> +20541,605 41,0 ,lez' +20541,e0541,ePs + ( s+1, t> Z P+ ( s+1,t> Ds
i=
s—2 ’

Substituting Eq. (18) we obtain
s—1
ST =52 ,(s—3) + 280 Zd + 28} Zdlpz— (-1 (B) @0
i=1
RS ()
i=1 i=1

We substitute (20) into (19) to obtain that E[52, | ,|d,] is equal to:

~ s—1 ~ s—1 o s—1
82,05 = 8) + 280, X di+ 2B T dipi— (5= 1) ( 2,) - 28,8, > i
1= 1= 1=

s—2 +
~ N2t ) ) ~ s—1 ~ ~ s—1 ~
- ( s,t) Z P+ ds - 2/Bs+1,t Z di — 25s+1,tds - 255+1,t Z pid; — 2ﬁs+1,tp5d8
i=1 i=1 i=1 n
§—2
20 2 o oA 20 A1 71 Z
$ <5s+1,t) -+ 2/83+1,t183+1,t Zl pi+ 25s+1,tﬁs+1,tps + <53+1,t> Z Pz ( s+1, t) Ps
1=
s—2 ’

Since in the beginning of period s, d; = ﬂs ¢ +53 Ds +€5.t, and taking expec-
tations over e, with Eles ] =0 and Ele? ] = aft, we obtain Eq. (3).
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Summary. We study congestion pricing of road networks with users differing only
in their time values. In particular, we analyze the marginal social cost (MSC) pricing,
a tolling scheme that charges each user a penalty corresponding to the value of the
delays inflicted on other users, as well as its implementation through fixed tolls. We
show that the variational inequalities characterizing the corresponding equilibria can
be stated in symmetric or nonsymmetric forms. The symmetric forms correspond
to optimization problems, convex in the fixed-toll case and nonconvex in the MSC
case, which hence may have multiple equilibria. The objective of the latter problem
is the total value of travel time, which thus is minimized at the global optima of that
problem. Implementing close-to-optimal MSC tolls as fixed tolls leads to equilibria
with possibly non-unique class specific flows, but with identical close-to-optimal
values of the total value of travel time. Finally we give an adaptation, to the MSC
setting, of the Frank-Wolfe algorithm, which is further applied to some test cases,
including Stockholm.

Key words: Multi-Class Traffic Assignment, Congestion Pricing, Marginal
Social Cost

1 Introduction

Traffic in large cities has become a major problem for society. It is inefficient,
causes accidents and pollutes the environment. It has become a common view-
point among transportation economists that charging some kind of fee from
the users of the road network is necessary. The European Commission [ECO01,
p. 77] plans to propose a framework directive, setting out the principles of an
infrastructure-charging system, including a common methodology for setting
charging levels which incorporate external costs. In 1998, the Swedish Govern-
ment [SGI8] recommended that transport taxes and fees should correspond as
close as possible to the marginal costs caused by the transport. Road pricing
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has further been implemented in Singapore, London, and several Norwegian
cities. In the Stockholm region, various studies have considered different toll
patterns and performed social cost and benefit analyses for various time hori-
zons. Moreover, the Stockholm city government has decided to carry out a
full-scale trial of road pricing. Events such as these make questions related to
the choice of pricing system and fee levels highly timely.

By request of the Swedish Institute for Transport and Communications
Analysis (SIKA), the consulting firm Inregia [Ing01] attempted to calculate
marginal cost road charges for Stockholm County for three user classes (work
and school trips, business trips, and other trips) with different time values
(0.98, 3.30 and 0.19 SEK/min. respectively) estimated from travel surveys.
In this implementation, the marginal cost tolls were updated by the method
of successive average, resulting in slow convergence and large link volume
oscillations. This led to the initiation of a research project whose results are
presented here.

In transportation science, the classical marginal social cost pricing theory
(e.g., [IBMW356]) suggests that for the most efficient usage of a congested road
network with homogeneous users, each user should be charged a toll equal to
the total value of time loss inflicted on other users of the network. In the case
of fixed travel demand, this will induce an equilibrium that is system optimal
in the sense that the total cost of network usage is minimal, assuming that all
users have fizred and identical time values. To calculate this toll pattern, one
modifies the link cost functions by adding the external cost term and solves
for a user-optimal solution, using e.g. the Frank-Wolfe algorithm. The solution
is unique in the terms of link flows and tolls, provided that the modified link
travel cost functions are positive and strictly increasing (see, e.g., [Pat94, Ch
2]). Once the tolls are fixed and implemented, the user-optimal flow pattern
will be system-optimal.

However, it is well known that travelers may have widely varying time
values. In Stockholm, for instance, estimated time values for different trip
purposes vary by a factor of more than seventeen, as indicated above. Hence,
since tolls cannot be charged in time units, but have to be levied in monetary
equivalents, different user groups will react differently to a given toll scheme.
Therefore, methods to compute tolled equilibria need to account for these
different reactions, leading to multi-class user equilibrium problems.

Dafermos [Daf73] has shown that in the case with multiple user classes, a
modification of the link cost functions similar to the one above yields a user-
optimizing flow that is also system-optimizing (assuming, however, convexity
of the system objective).

Netter [Net71], on the other hand, argues that the assumption of convexity
of the total travel cost is unrealistic in the context of marginal cost pricing in
multi-class transportation networks. When link travel times depend on class
specific volumes on the links and are different for different user classes, the user
equilibrium is not generally unique even in toll-free networks or in networks
with fixed tolls. So, even if the planner knows the tolls corresponding to the
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system optimum, the achievement of this optimum will not necessarily follow
from the implementation of these tolls. In Section 5 of this article, we provide
an example that supports Netter’s statement in [Net71].

Notwithstanding the practical difficulties in its implementation, tolls based
on marginal social costs are useful for evaluating other tolling policies when
used in conjunction with the relative welfare index introduced by Verhoef et
al. [VNRY5].

Hearn and co-authors (e.g., [HY02], [HR98]) argue that instead of marginal
social cost tolls, it might be worthwhile contemplating alternative tolls achiev-
ing the systems optimum; optimizing some other objective, such as the number
of toll booths.

Using an entertaining parable in two companion papers ([Dia99a] and
[Dia99b]), Dial studies the problem of determining “optimal” congestion tolls
under continuous distribution of time values over the users. He addresses how
such tolls can be determined by solving a variational inequality and provides a
solution method. However, Lindberg [Lin05] indicates that [Dia99a] contains
several flaws.

Yang and Huang [YHO04] consider the social optimum in terms of cost, as
well as the system optimum in terms of time, in the context of users with dif-
ferent time values. For the cost optimum they demonstrate that the optimum
flows are equilibrium flows for a fixed-toll problem with marginal social cost
tolls. However, they claim that the total social cost is a strictly convex func-
tion (Section 3.1). We provide a counterexample to this in Section 5 below.
Concerning the time optimum, they show by an interesting argument that
there exists a monetary toll pattern that minimizes the total travel time in
the network. The corresponding tolls can be calculated by consecutively solv-
ing two optimization problems with linear constraints — one with a convex
objective and the other with a linear objective.

While minimizing the total travel time might be an interesting task from
a pure transportation planning view, the overall economic efficiency, in the
case of fixed travel demand for all user classes, requires minimization of the
total value of travel time

In many case studies, problems related to user heterogeneity have been
circumvented by application of an average time value to all users. However,
as shown by Eliasson [Eli00], such models can lead to erroneous conclusions
about the efficiency of the resulting toll system.

The subject of the current paper is the study of tolled equilibria and
marginal cost pricing in networks with several user classes that differ only by
their time values. Possible applications include modeling of individual trav-
elers that have different trip purposes (e.g. work, business, leisure etc.) and
therefore perceive the relation between travel time and monetary cost in dis-
similar ways. Forerunners of the current paper are Engelson, Lindberg and
Daneva [ELDO03] and Engelson and Lindberg [EL02].

For the remainder, Section 2 of the paper is mainly devoted to basic defi-
nitions, including that of a multi-class equilibrium, and to statements of the
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variational inequalities characterizing equilibria. For cases with symmetric
cost functions we show that all stable equilibria correspond to local minima
of the corresponding objective.

Realizing that marginal social cost tolls need to be implemented as fixed
tolls, we consider multi-class equilibria under fixed tolls in Section 3. We show
that the variational inequality defining the fixed-toll equilibrium can be stated
in nonsymmetric or symmetric forms, and thus it has a corresponding ”equiva-
lent” optimization formulation based on the symmetric form. We demonstrate
that the optimization formulation is convex, but show that the class specific
link flows are not necessarily unique. In spite of this, the total value of travel
time is unique.

Section 4 is devoted to the case with flow-dependent tolls based on
marginal social cost (MSC tolls). Again the variational inequality can be
stated in symmetric or nonsymmetric forms. The optimization problem corre-
sponding to the symmetric version has a non-convex objective function, which
turns out to be the total value of travel time. Finding the MSC tolls thus cor-
responds to a form of welfare optimization. However, due to non-convexity,
there may be multiple local optima which implies multiple equilibria. Im-
plementing equilibrium tolls as fixed tolls does not necessarily achieve the
corresponding equilibrium, but still gives flows with the same total value of
travel time. Thus, using fixed tolls we can achieve the same levels of welfare
(in the form of total value of travel time) as when optimizing over all feasible
flows.

In Section 5, we first consider a simple example illustrating the noncon-
vexity of the total value of travel time function; an example which is then
expanded to demonstrate that this function is non-convex in general. Section
6 outlines an algorithm of Frank-Wolfe type for the marginal cost toll case,
an algorithm that is applied in Section 7 to the classical Sioux Falls network
and to that of Stockholm.

2 User equilibria in networks with several user classes

This section defines multi-class equilibria and characterizes them as varia-
tional inequalities (VI). In addition, the stability of such equilibria and the
conditions under which these VI’s can be addressed as optimization problems
are also considered.

As noted in the introduction, when studying tolled equilibria one needs to
consider multi-class equilibria, i.e. with user classes having different percep-
tions of travel costs. Dafermos [Daf73] studies such equilibria, with equilibrium
definitions, however, that are nonstandard today. Multi-class equilibrium def-
initions have also been given by Netter [Net71] and Van Vliet [VBS86], but in
publications not easily accessible. Due to these circumstances, we will state
equilibrium definitions of Wardrop type. We also state corresponding varia-
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tional inequalities characterizing equilibria, as well as symmetry conditions
guaranteeing the existence of corresponding optimization problems.

Consider a road network consisting of nodes n € N and directed links
a € A. Let W C N X N be the set of OD pairs. Assume that OD demands
q" between the OD pairs w € W for each user class k € K are given. For
each link a, there are associated continuously differentiable cost functions
ck %ﬁXK — R, that represent the cost of traversing link a for a user in
class k and depends on the class specific volumes in all links. For the time
being, c¥ is a general function, but it will be endowed with special structure
in the next section. We also let ¢* denote the (column) vector of link costs
(or functions) for class k, ¢, the (row) vector of class costs for link a, and ¢
the (matrix of) class specific link costs. We will use the same convention for
other entities indexed by a and k.

Let R, be the set of routes (or paths) connecting OD pair w and

R = Uyew Ruw, the set of all routes. In analogy with ¢, let & = (RF) be
the matrix of class k flows on routes r, with columns h* (of class k route
flows) and rows h, (of class flows on route r). Let the set of feasible route
flows be H = {he RIF .3 o hE =gk YweW, ke K}. Further, de-
note by F the set of feasible link flows (or volumes), i.e.
F={feRP>® . 3heHVacA ke K fF=3 .pdurh}, where 8, is
1 if route r traverses link a, and 0 otherwise. Introducing the link-route in-
cidence matriz A = (J,,), and using the indexing convention, we see that
f¥ = ARF, f = Ah and F = AH.

Let C = (C*) be the matrix of total travel costs for users of class k on
route r, with columns C*. We assume that C’ff is additive over the links, i.e.
that C¥ () = 3° Sarck (Ah), or with our notation conventions, C* = ATc*
and C = ATe.

Definition 1. (Multi-class Wardrop equilibrium) The route flow matriz he
H is a (route flow) multi-class equilibrium if, for any OD pair and class, each
route that is used by the class (i.e. has positive flow) has cost not greater than
the cost of any other route for that OD pair and class.

In similarity to the single class case, the equilibrium definition can alterna-
tively be stated as a variational inequality (VI) in the set of feasible route
flows or in the set of link flows. We will use (*, %) to denote the inner product
between vectors (or matrices) of appropriate dimensions.

Lemma 1. A route flow heH isan equilibrium if and only if h fulfills the
variational inequality

<c(h>,h—h>zo Vh e H. (1)
Using the relationship f = Ah, (1) is equivalent to

<c<f>,f—f>20 VfeF. (2)
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Proof. The lemma is a simple extension of the single class result (pp. 299 -
300) in Smith [Smi79]. ]
In view of the lemma, we introduce the following notion.

Definition 2. The link flow matriz f € F is a (link flow multi-class) equilib-
rium if it satisfies the VIin (2).

Variational inequalities are usually solved by reduction to optimization prob-
lems (or series of such). When the VI is symmetric, in the sense that the link
specific cost functions are symmetric, i.e. when

Ock ack
5f(éf)= ;fif) VieRYKE abc A, k€K, (3)
then ¢(f) = VI (f), the gradient of some differentiable primitive function [ :
%ﬁXK — K. (This follows e.g. from Green’s/Stoke’s theorem, or the Symmetry
Principle, see, e.g., [OR70, p. 95]) In this case, the VI (2) says that there are
no feasible descent directions for I at f , a necessary condition for a local
minimum of 7 over F (see, e.g., [Zan69, Lemma 2.11]). Note however that the
VI (2) can be fulfilled also at other points, such as saddle points. Dafermos
[Daf73] claims that the symmetry condition (3) is usually satisfied in real
transportation networks. Netter [Net71], on the other hand, argues that, for
general link travel cost functions cf, condition (3) is not fulfilled in general.
In sections 3 and 4 of this paper, we shall show that validity of the symmetry
conditions may depend on the units in which the costs are specified.
If, in addition to c¥ being symmetric, I is convex, then the VI (2) is
equivalent to the optimization problem

min I (f) st. f € F, (4)

since in this case (2) is a necessary and sufficient condition for a global mini-
mum of I over I'. Summing up:

Proposition 1. When ¢ is symmetric, i.e. fulfilling (3), it has a primitive
function I, such that c(f) = VI (f). In this case the variational inequality (2)
is equivalent to the condition that there is no feasible descent direction to I at
f. Moreover, if I is convex, then the multi-class equilibria f € F correspond
exactly to the global optima of problem (4). Uniqueness of the solution to (4)
and hence uniqueness of the equilibrium is guaranteed if I is strictly convez.

Sandholm [San02] studies single class traffic equilibria, and introduces a type
of continuous time, dynamic adjustment process whereby route flow (on
the average) shifts from costlier routes to cheaper routes (in the sense that
(C,dh/dt) < 0 unless h is an equilibrium). Such a shift is quite rational from
the point of view of the users. Therefore we will call such a process a rational
adjustment process. (In [San02], Sandholm uses the more neutral term valid.)
For single class equilibrium problems with a primitive function, Sandholm
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[San02] shows that such a process will converge to an equilibrium in the route
flow space, and hence also in the link flow space. Such adjustment processes
can in an obvious way be introduced also in the multi-class case, converging
to equilibria also in this case. It is now natural to give the following definition.

Definition 3. A multi class equilibrium f is locally stable, if any ratio-
nal adjustment process started in a neighborhood of a route flow matriz
h € Hcorresponding to f, will converge to an h corresponding to f, and un-
stable otherwise.

Stable equilibria are of interest because if an equilibrium is not locally stable,
it can typically not be upheld, since if the route flow pattern is exposed to a
small change (e.g. due to a temporary change of the traffic conditions) then
users will deviate from the equilibrium (by the dynamic adjustment process).
We are now in a position to state and prove

Theorem 1. Assume that the matriz cost function ¢ has a primitive function
I. Then all locally stable multi-class equilibria are local optima to problem (4).

Proof. If f = Ah is an equilibrium which is not a local optimum to I(f),
then there is f = Ah € F, in the neighborhood of f with lower objective
values than f. An adjustment process started in such an A cannot converge to
an h* such that f = AR*, since the objective values have to decrease during

the process (due to that £1(f) = (VI ¥/z;) = (c, $.ah) = (ATe, gy ) =

(C,dh/dt) < 0). Hence, all locally stable equilibria correspond to local optima.
[ |

3 Fixed-Toll Multi-Class Equilibria with Class Specific
Time Values

As noted above, marginal social cost tolls typically need to be implemented
as fixed tolls. Further, travelers with different time values react differently to
such tolls. Therefore, in this section we specialize general multi-class equilibria
to the case where the classes only differ in their time values, and where the
tolls are fixed. In particular we show that the VI's characterizing equilibria can
be stated in symmetric or nonsymmetric forms, hence allowing corresponding
optimization formulations. We further show that, although this optimization
problem is convex, the equilibrium class flows need not be unique. In spite of
this the total value of travel time turns out to be unique.

Assumption 1 Below, it is assumed that the class specific travel cost of link
a for users of class k depends linearly on two components: the link toll p, and
the travel time t,(fi°), which is a positive, nondecreasing, nonconstant, and
twice differentiable function of the total volume fi°t =3, f* on the link. In
particular, this linear relation is mediated through class specific time values
vk > 0, assumed distinct.
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Remark 1. Please note that the tolls p, in this section could as well be any flow
independent monetary cost (e.g. the gasoline cost if one assumes the gasoline
consumption to be just proportional to the trip distance). Hence the derived
results are still valid in this “more general” case.

Under Assumption 1, the travel disutilities can be expressed either in time or
in monetary units. Thus we define the generalized cost ¢* and the generalized
time t¥ of link a for class k respectively as

25 (f) = vata (F2°0) + pa, (5)

and

EZ (f) =ta (féOt) ‘I'pa/vk' (6)

Note that ¢ and £ are separable over the links, in the sense that ¢¢(f) and
t%( ) only depend on f,. For this reason we will write % (f,) rather than &&(f)
and correspondingly for £8(f).

Switching between & and %, one just scales all link and route costs for a
given user class with the same scalar (v or 1/vg). This does not change the
equilibria, since Def. 1 is scale invariant in the cost.

Definition 4. A fized-toll multi-class user equilibrium (with class specific
time values), is a multi-class Wardrop equilibrium with link costs c& equal

to & or, equivalently, to t*.

By Lemma 1, these equilibria are the solutions to the VI’s (1) or (2), with
these same link costs.

Checking symmetry of ¢ and £, we only have to check the “intra-link”
version of (3), by separability. We then see, using 9f{°"/0fF = 1, that

=k P
%‘%“—) = vt! (fi°t) which in general differs from vt/ (fi) = %*%;:“—) for

k # 1, since ¢/ (fi°!) > 0 for some f{°'. Thus the & do not fulfill (3). On the
other hand, B ~
atg(fa) — /( tot) — 8t£z(fa>
ofl ae ofk

whence the % do fulfill (3), implying that £ (f) = VI (f) for an appropriate
primitive function I, which can be seen to be (up to an additive constant)

fé()t
10 =% | [ tatwdus 3 sén/u|. (7)
acA 0 keK

Since the link times ¢, are assumed nondecreasing, 7 (f) is convex. Hence
equilibrium link ﬂows_f(iC can be obtained as solutions to the optimization
problem (4) with I = I. In summary we have showed
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Theorem 2. The equivalent cost functions & and t* are nonsymmetric and
symmetric respectively. The fixed-toll multi-class equilibria can be determined

as the optima to problem (4) with convex objective I = I, according to (7).

Van Vliet et al. [VBS86] also recognize similar symmetric and non-
symmetric properties in a traffic equilibrium problem with multiple user
classes. On the other hand, the transportation science literature does not seem
to recognize that these properties indirectly lead to the existence of an opti-
mization problem equivalent to a nonsymmetric VI. In particular, standard
references, such as Nagurney [Nag93] and Patriksson [Pat94], often claim that
a VI, (F(z*),z —a*) > 0, Yz € S (a feasible region), has an equivalent op-
timization problem only when F' is a gradient of a function or (equivalently)
when F' has a symmetric Jacobian, However, the above discussion demon-
strates that it is possible, in some cases, to obtain an optimization problem
equivalent to a VI via a reformulation even when the Jacobian of F is non-
symmetric or when F' is not a gradient of a function.

When implementing a computed set of tolls (pa),c 4, uniqueness of the
fixed-toll equilibrium is important, so that one does indeed achieve the solu-
tion computed. The following proposition is an extension of the well known
uniqueness theorem for the single class user equilibrium (e.g. [Pat94, Thm.
2.5).)

Proposition 2. Assume that the link times t, are strictly increasing. Let the
link flows f,g € F be two fixed-toll multi-class equilibria corresponding to the
same set of tolls (pa),c 4. Then

(a) the total volume and the travel time on each link are the same in both
equilibria;

(b) for each user class and each link, the generalized link time and the gener-
alized link cost are the same in both equilibria;

(c) for each user class and each route, the generalized route cost and general-
ized route time are the same in both equilibria.

Proof. Since the link travel times ¢, are increasing, the objective (7) of prob-
lem (4) is strictly convex with respect to the total link volumes. Hence the
total link volumes are unique, whence the link travel times are unique too.
This proves (a}. Assertions (b) and (c) follow because generalized link times
and costs as well as generalized route times and costs only depend on the link
travel times, the (fixed) tolls and the class specific time values. u

Note, however, that the solution need not be unique in the terms of the
class specific link volumes (f¥), e.g. if there are two routes (between the same
nodes) with the same sum of tolls. Indeed, if both routes are used by two
different classes in an equilibrium (whence the route times must be equal too),
then part of the users of the first class can be moved from one route to the other
and exchanged for users of the other class. The new flow pattern obviously is
an equilibrium too, since the total link flows and hence the link times are not
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changed. This non-uniqueness implies that it is possible that implementation
of a computed equilibrium may lead to other solutions than the computed
one. The next result shows that the situation is still well behaved, though, in
that the total value of travel time |

k
VI =] D wta SO
is unique. Let us further introduce the total generalized cost in the net-

work, G(f) = X, Yh bk = X, Y vataff + X, Sk pafE, and P(f) =
S S PafE, the total toll revenue. Then, obviously,

G(f) =V(f) + P (8)

Proposition 3. Assume that the link travel times are strictly increasing. Con-
sider a fired-toll multi-class equilibrium for a given set of tolls. Then the total
value of travel time is unique, i.e. V(f) = V(g) for any two distinct equilibria

f and g.

Proof. By Prop. 2(a), the total toll revenue, P(f), is unique. Hence, by (8),
V(f) is unique if G(f) is. On the other hand, the total generalized cost for class
k can be expressed in route flows instead of link flows. Using Def. 1 we thus get
G(f) = Za,k Elgfcf = Zw,k ET‘ERw th'llf = Zw,k ZT’ERw quhf = Zw,k ﬂﬁiqﬁ)
where 7 is the minimal generalized class k cost for routes connecting OD
pair w. It follows from Prop. 2(c) that the % are the same in both equilibria.
Thus the total generalized cost G(f) is unique and the proposition is proved.

|

The possibility of nonuniqueness of multi-class equilibria, when the link
costs depend only on the total flows, was noted by Toint and Wynter [TW96],
in observing that the Jacobian (8cf /3 f!) in a is singular. Toint and Wynter
considered this to be a problematic property which should be avoided for link
cost functions. In view of Proposition 3, we consider this nonuniqueness no
more problematic in our case than the standard nonuniqueness of route flows
in single class equilibrium problems. Further discussions of nonuniqueness of
multi-class equilibria may be found in Konishi [Kon04].

We will finally discuss the continuity of the total link flows (of fixed-toll
equilibria) with respect to the tolls. This is an interesting property in its own
right, but it will also be instrumental in proving that one can through fixed
tolls (at least approximately) achieve the same levels of total travel time as
through flow dependent tolls (Thm 5, below).

First note that since the total equilibrium link flows f*°% = (fio!) are
unique for given tolls p, f% is a function f*'(p) of the tolls p.

Proposition 4. Assume that the link travel times are strictly increasing.
Then the total equilibrium link flows f'°'(p) is a continuous function of the
tolls p.
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Proof. The proof will be by contradiction. Thus assume that there is a set of
tolls § and a sequence (p(™) converging to P, such that fiot(n) = ftot(p(n))
does not converge to ft°* = f**(5). By compactness of F' we may assume that
the class specific link flows f(®) = (ff’(")), corresponding to ft°4(") converge
to some f = (fF) with ftot 4 ftot Let & = (vkta(f(ﬁm‘(”)) +p((1")) be the
user specific link costs corresponding to f™. Since f(" is an equilibrium for
the tolls p(™, it fulfills the VI <E(”), - f(")> >0,VfeF.

But £ converges to f and &™) converges to & = (vyto(f1°)+5,). Thus by
continuity, f fulfills the VI <5, f—f > > 0,Vf € F, whence f is an equilibrium

for p. Hence ft°tand ft°t are different equilibrium link flows for 7, contradict-
ing uniqueness. Thus the introductory assumption is false, and f¥!(p) is a
continuous function of p. |

Remark 2. Please note that we only used the uniqueness of f“” (p) plus the
standard properties of compactness of F, continuous dependence of ¢ on its
parts and the continuity of the inner product. Hence, the proof will go through
in other similar cases.

As a corollary we have

Theorem 3. For the fized-toll multi-class equiltbrium problem the total equi-
librium link flows f*°!(p) as well as the total (equilibrium) value of travel time,
V(ft°t(p)), the total (equilibrium) generalized cost, G(f*°*(p)), and the total
(equilibrium) toll revenue, P(ft°t(p)), depend continuously on the tolls p.

Proof. The continuity of fm(p)was proved already in Prop. 3. From this
follows that the equilibrium link times are continuous functions of p. Thus
also the generalized costs ¢ are continuous, whence the same is true for the
minimal generalized route costs, 7rfjj, and hence also for the total generalized
cost G(f) = ZwGW ZreRw ﬂ-fqu'

The continuity of the total toll revenue, P, follows directly from that of
Ftt(p). Finally, since V = G — P, the continuity of V follows. [ |

4 Tolls based on marginal social costs

In this section we first look at flow dependent marginal social cost tolls. Again
the VI characterizing equilibria can be stated in symmetric or non-symmetric
forms. The symmetric one corresponds to an optimization problem, where
the objective is the total value of travel time, later shown to be nonconvex
in general (Section 5). Then we look at the implementation of these tolls as
fixed tolls. We show that the flow dependent equilibria are indeed equilibria
to the corresponding fixed-toll problem, which however may also have other
equilibria. All these equilibria, however have the same total value of travel
time.
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Thus, we now first consider a situation where the tolls are based on
marginal congestion costs, or marginal social costs (MSC). Internalizing the
external congestion costs, the authorities make the users pay for the delays
they inflict on other users and are interested in the traffic volumes that are
established in the network and the corresponding toll values. A marginal user
inflicts a delay ¢t} (fi°*) on all other users on link a. However, the monetary
value of this delay is different for the different users and equal to vy, t/, (f1°)
for users belonging to class m. The flow-dependent MSC toll then is a sum of
all delay values for the users of the link caused by a marginal user, i.e.

Pa =palf) =t (f2) D vmfi (9
meK
Substituting (9) into (5) or (6) gives the MSC link costs
& (fa) = vkta (22) + 80 (S27) D v (10)
meK

or the MSC link times

tk (fa) = ta (fwt) +t ( tOt) Z Umfa V- (11)

meK

Definition 5. A multi-class MSC equilibrium (with class specz'ﬁc tz’me val-
ues), is a multi-class Wardrop equilibrium with link costs c& equal to & or,
equivalently, to t.

By Lemma 1, these equilibria are the solutions to the VI'’s (1) or (2), with
these same link costs.

For the fixed-toll multi-class equilibrium problem, generalized time X was
symmetric. Differentiating the MSC link times (11) with respect to flow vari-
ables yields %L{“— = b0 (f&) + oty (F1) 3 om 7+ 3=t (fi) v, which

meK

is different from ——g%ﬁ

(To see this in more detail, note that equality holds if and only if

in general.

0= — [ti{ (1) 7 wmf + 1, (£ Uz}

Uk meK
_ ;; {// (ftot) Z Umf;n +tg( tot) Uk}
meK

or
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0 = it (f20) 3 vmfI + ] (f2) v}

meK
— vty (F2°0) D omf7+ 1, (£1°) 0F
meK
= (v — o)ty (F1°) D vmf + (07 — vi)th, (£21)

meK

or

0=t (£ D vmfI + (v + vty (£2°)

meK

which cannot hold for all f7* summing up to fi°.)

Hence the symmetry condition (3) does not hold, which precludes direct
application of optimization methods to equilibrium search based on ¢, How-
ever, differentiating the MSC costs gives

8~k a ! o " (% n ’ ot a~iz a
e (e e (1 93 vl () v = Lol

_Hence, & is symmetric, and there is a primitive function f(f), such that
VI(f)=2&(f). It is easily checked that (up to a constant)

()= ta(fi) D wnfs (12)

aEA keK

Note that I(f) = V(f), the total value of travel time in the network. As
explained in the introduction, minimization of V(f) corresponds to the most
efficient usage of the road network.

Summing up, using Prop. 1, we have the following result.

Proposition 5. The equivalent cost functions E’; and t¥ are symmetric and
non-symmetric respectively. The MSC multi-class equilibria are flow matri-
ces f € F where the total value of travel time V(f) has no feasible descent
directions.

V(f) is in general non-convex and the VI (2) can have multiple solutions (see
section 5). As noted before, all local minima of V(f) (and maybe also some
other points) in F' are MSC multi-class equilibria.

Theoretically, one can distinguish between the three kinds of equilibria:
global minima of V(f) on F, local minima that are not global minima, and
other equilibria. From the application point of view, the most interesting equi-
libria are the ones that minimize V(f) globally on F'. However, there are no
efficient methods for finding global minima of general non-convex functions.
Various iterative descent methods can be used for finding local minima. The



94 Leonid Engelson and Per Olov Lindberg

quality of achieved minima depends however, on the starting points of the
algorithm. Equilibria of the third kind are of little interest. Since they are
not local minima, there are points with better objective values V(f) arbitrary
close to them, and starting an iterative descent in such a neighbor, will give a
local optimum of lower objective value. By Thm. 1 such equilibria are further
unstable.

MSC tolls typically need to be implemented as fixed tolls. The theorem
below, shows that the multi-class MSC equilibrium flows are fixed-toll equilib-
ria with the computed MSC tolls as fixed tolls. But, as mentioned before, the
equilibrium with fixed tolls is not necessarily unique. Therefore, implementing
MSC tolls as fixed tolls, the resulting fixed-toll equilibrium need not coincide
with the MSC equilibrium. Prop. 3, however, saves the day.

Theorem 4. Assume that the travel time functions t, are strictly increasing.
Let f be a multi-class MSC' equilibrium, and let p = (pg) = (pa(f)), defined
by (9), be the corresponding vector of link tolls. Then f is also a fized-toll
maulti-class equilibrium for fized tolls p = p.

If fis another fized-toll equilibrium for tolls p = p, then V(f) =V(f), ie.

the total value of travel time is unique.

Proof. Being an MSC equilibrium, f fulfills (by Lemma 1) the VI (2) with

k=& ie VgeF,

5% [ (7)) fu] (o5~ 12) >0

aCAkKkEK

But since pg = pa(f), f also fulfills the VI Vg € F,

S fta (farr) 450 /wi] (k- ££) 20

aEAKEK

implying that fis a fixed-toll multi-class equilibrium for fixed tolls p = p.

If f is another fixed toll equilibrium for p = p, it follows from Prop. 3 that
V() =V u

To clarify the above discussion, it might be illuminating to consider the
following multi-class problems studied in sections 3 and 4, explicitly or im-
plicitly.

(P1): determination of fixed-toll equilibria,

(P2): determination of MSC equilibria, i.e. equilibria under flow dependent
MSC tolls, and

(P3): finding f € F minimizing the total cost of travel time, V(f).

Further as a combination of (P;) and (P3) we may consider

(P4): determining fixed tolls p, minimizing the total equilibrium cost of
travel time V(f(p)) over all fixed-toll equilibria f(p).

Of these four problems (P4) is the most important from an application
viewpoint.
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In section 3 we showed how to solve (P1). Theorems 4 and 1 show that
problems (P2)-(P4) are in fact equivalent if we restrict our interest to locally
stable equilibria and are content with local minima. They are all solved by
minimizing V(f) over F. In particular the minimal value of V{(f(p)) over
fixed-toll equilibria is the same as the minimal value of V(f) over all of F.

The nonuniqgeness displayed above also shows that it is not altogether triv-
ial, that implementing MSC tolls, as fixed tolls, will give flows that minimize
total value of travel time. Yang and Huang [YHO04] show that the minimum of
V is also a fixed-toll equilibrium. This is however only necessary for being able
to implement the equilibrium through fixed tolls, since there are also other
equilibria to the fixed-toll problem. Theorem 4 proves the sufficiency, namely
that all such equilibria have the same (minimal) value for V.

There are further problems with implementing MSC tolls. Computing the
MSC tolls, e.g. by applying the Frank-Wolfe method to problem (4) with
objective I(f) = V(f), one will never arrive at the equilibrium. Thus, one
will have to implement close-to-equilibrium tolls as fixed tolls. We know that
equilibrium tolls, implemented as fixed tolls, will give fixed-toll equilibria with
the same total value of travel time as the MSC equilibrium (Thm. 4). When
implementing close-to-equilibrium tolls the situation is not a priori obvious,
though.

Theorem 5. Let the functions t, be strictly increasing and f(") = (ff’(n))

be a sequence of multi-class flow matrices, converging to an MSC-equilibrium
f. Let ftot-(") be the corresponding total link flows, and p(™ = (p,g")) =

(t;(fém’(”)) S v;gf(]f’(")) the corresponding MSC tolls. Further let ftot(p(™)

be the (unique) fived-toll equilibrium link flows corresponding to pi™, and V™)
the corresponding unique total values of travel time. Then V™ converges to

VI(f).
Proof. Since V is continuous, V(f™) — V(f). Further, p(™ converges to

P = (pa(f)) = (¢'(f1°) S, vk f¥) by continuity of pa(f), see (9). Since the
achieved V in the fixed-toll case depends continuously on p (by Thm 3), V()
converges to V, the total value of travel time for fixed tolls 7. But, by Thm 4,
the values of V agree in the MSC and the fixed-toll problem, i.e. V = V(f).
Thus V™ — V(). |

The theorem says that one is justified in implementing close-to-equilibrium
MSC tolls as fixed tolls, but it does not tell how close one needs to be. For
that, a more elaborate analysis probably is needed.

5 Nonconvexity of V'

In this section, we will show that the MSC objective V(f) in general is non-
convex. We will however start with a small illuminating example that will be
instrumental in showing non-convexity.
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Consider a network consisting of a single OD pair w connected by two
links @ and b with identical travel time functions ¢, (u) = ¢y (u) = u (Figure
1). Assume there are two user classes with time values v; = 1 and vy = 5,
respectively, and with travel demands ¢l = ¢2 = 100.

a

Fig. 1. The example network

The feasible set is seen to be
F={f=(fs, 12, fs, 12) e RL: fu + i = f2 + f7 = 100}

Introducing the independent variables fo = (f1, f2), F can be more compactly
described as F = {f € R*: f¥ € [0,100], ff =100 — f¥ k = 1,2}.
Without tolls, there is a continuous set of user equilibria

F={feF: fZ=100-f1}.

Note that the total volume and hence the travel time on each link is constant
across F. Considering these equilibria as fixed-toll equilibria (with toll 0) this
is in line with Prop. 2.

Introduction of MSC pricing leads to the MSC objective

V()= (F2+ 2 (fL+582) + (f + 12) (FE +512),

or, in terms of the independent variables

V()= (f1+£2) (f+562) + (200 - £ — £2) (600 — £ ~572).

In Fig. 2 we display the level curves and negative gradient directions of V' as
functions of the independent variables. We see that there are three equilibria:
first two equilibria corresponding to local (and global) minima, W= (0, 80)
and féz) = (100, 20), both with objective value 56000, and with corresponding
MSC tolls ptt) = (400, 200) and p‘? = (200, 400), respectively; finally one
corresponding to a saddle point, £ = (50, 50) with toll p® = (300, 300)
and objective 60000.

When the tolls p(¥) or p® are enforced as fixed tolls, the only existing
user equilibria are f;” and f;” respectively. Implementation of the tolls p(®,
however, does not affect the route choice, whence there is the same set of
equilibria F as in the situation without tolls. Thus an equilibrium flow pattern
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with fixed equilibrium tolls p® need not coincide with £, However, in line
with Proposition 3 and Theorem 4, these flow patterns are equivalent both
from the individual and the social points of view, since total flow and travel
time along each link, and the total value of travel time and toll revenues at
any point in F is the same as at £,

. . 2 L "
0 10 20 30 40 & 1 &0 70 80 90 100
a

Fig. 2. Equilibria (), level curves and negative gradients of the function V

This example shows that V(f) is not convex in general. The example may
seem very specialized, but the two links could represent two routes between
two nodes in a network with at least two user classes. In this form it can be
used to show that V(f) is in general non-convex.

In the general setting, we have several (> 2) user classes, differing only
in their time values. Road networks (and demands) moreover typically have
the following property: There exist two nodes n; and ng connected by two
link-disjoint paths p;, 7 = 1,2, such that each p; is a subpath of two routes
r;-“ € R,k =1,2, and there are two classes, k = 1, 2, say, such that for a given
k,r¥, j = 1,2, connect the same OD-pair wy, with class k demand gk, > 0. Let
us call such networks multi-route, multi-class networks. In particular, if there
is an OD-pair w with at least two routes in R,,, and with positive demand for
at least two classes, we have a multi-route multi-class network.

Theorem 6. Consider a multi-route multi-class network with strictly increas-
ing travel time functions t,. Then the objective V(f) in the tolled MSC equi-
librium problem is nonconvex (on the feasible set).
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Proof. Let us use the notations of the definition of a multi-route multi-class
network. Consider a feasible matrix of route flows, where Bf > 0 is the class
k route flow along rf (1 =1,2;k =1,2), existing according to the definition.
Denote h* = h¥ + RE, and let (hf)f:llg be new route flows along 7"}“ varying
over positive values so that h¥ + h5 = h*, but keep all other route flows fixed.
In this way we get feasible route (and hence link) flows.

We will show that V(Ah) is nonconvex as a function of (hf)j;lj As in
the example, we can view p;, j = 1,2 as two links. Let h; = (h§)r=1,2, be the
independent variables, and hy = (h’g)kzl,g, the "dependent” variables, thus
being a linear function of h;.

When varying ~; (and hence hy) the contribution to V(Ah) from links not
in {p;},=1,2 is constant, thus giving no contribution to the hessian.

Let hi°t = hl+h%, and for an a in p; let f° be the sum of the route flows
in @ other than h¥. Thus fi°t = pl°t 4 flot,

Let V(h1) be the nonconstant part of V(Ah) as a function of h; (i.e.
excluding the constant terms mentioned above). Then,

V(b)) =Y, 1, Daep; LR + FE) (wrh} + veh2 4 5, fi°), where 7, is
the mean time value of the route flows in f:°*. Thus

B = 3, 0+ F)unh + vald 50570 + tu(hEP 4 i) —
Lacps [talPE + i) 01k} + vahf + Da i) + ta(BE + £ )ur],

5 = T2 Loaep, e (R0 + FLO) (1R} + vah2 + 3, fiot) +
2ty (R5F + fiot)uy], and

BRI = Lym1,2 Laep, (e (h + FE )01kl + vah2 + 5, fiot) +
to (R + Foot) (o1 + o))
Using A =37,_15 % cp, ta (h5 —i:fé”)(vlh]l + vah? + T, %)
and B =371 52 qep, ta(R5 + f3°) , positive by assumption, we get

V2 A+2Buv; A+ B(vy +v2)
T\ A+ B(v1+vy) A+2Bwy

An easy check gives that det(VV) = —B?(v; + v2)? < 0. Thus V and
hence V' are nonconvex. »

This theorem shows that the MSC toll problem is in general nonconvex
except for very special networks. This resolves the question, raised in Dial
[Dia99a], whether V(f) is convex or not in general, and refutes the statement
in Yang and Huang [YHO04] that V(f) is convex.
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6 A Frank-Wolfe algorithm for the multi-class MSC
equilibria

As noted in section 4, the equilibria in the case with flow-dependent MSC
tolls, can be determined by solving the optimization problem (4), with the
objective V' of (12). To this end one can use (an adaptation of) the Frank-
Wolfe method.

To streamline the algorithm, let wo(fy) = >, kaa be the total “flow
value” in link a. Note that the MSC link cost can be written

55 = Ukta(fcsOt) + to( wt)wa(fa) (13)

and that the objective can be written V(f) =3, ta(fE)wa(fa)-

Also note that both £t = (') and w = (w,) vary linearly with f = (f%).
Thus, instead of storing the whole vector f, = (fF)rex for each link a it is
enough to store z, = (fI°, w.(fs)) to be able to compute the link costs for
the different classes. This may be important when there are many user classes.

In analogy to the standard single class case, linearizing the objective V/,
problem (4) decomposes into independent shortest path problems, one for each
OD pair and class, and the extreme point solution to the linearized problem
is composed of the all-or-nothing solutions corresponding to these shortest
paths. The detailed implementation of this is straightforward.

In the same way that the classical Frank-Wolfe method can be shown to
converge to a global optimum for a convex problem, this version can be shown
to converge to a solution to the VI (2) (see, e.g., [Zan69, p 158-162]).

7 Some experimental results

We have applied the methods and results of the current paper to 3 test prob-
lems: the two link network (presented in section 5), the classical Sioux Falls
network and the large Stockholm network.

7.1 The two link network

The algorithm has first been applied to the two link network with two user
classes described in the example of Section 5, although with a quadratic vol-
ume delay function ¢, (f) = t; (f) = 1+ f2, and time values v; = 1 and vy = 2.
Qualitatively, the location of equilibria and their properties are the same as in
the example. Due to the symmetric network structure with two identical links,
the algorithm, when started under free flow conditions, quickly reaches the
saddle point equilibrium and gets stuck there. This behavior, though improb-
able for real networks, suggests that it may be worthwhile, after obtaining an
equilibrium, to make a short step in a random direction and make additional
iterations to see if the process converges to the same equilibrium.
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When the algorithm was started from another feasible link volume ma-
trix, it converged to one of the local optima, although experiencing a lot of

zigzagging.

7.2 Sioux Falls

In this network, we used three user classes, with time values from the Stock-
holm case, v = (.98, 3.30, .19). We also set the class fractions of demand for
each OD-pair equal to the Stockholm fractions (.754, .036, .210). See [ELDO03]
for more details of the experiments.

Note, that since the problem is nonconvex, we do not get an underestimate
of the optimal value, when we solve the linearized problem. Instead, we have
to stop the iterations when the improvement gets to too small.

Starting in the free flow solution, and performing the large number of it-
erations (N=10000) that would give a relative error of 107% in the classical
single class case, we get an objective value of V{(f) = 71.09, compared to the
untolled value V(f) = 74.80, i.e. a decrease of 5%. The iteration history of
the “relative error” (V(f®) — V(f)/V(f™)) versus i becomes approxi-
mately linear in a log-log diagram, similar to the single class case, showing
that convergence is comparable to that case (see [ELDO03]).

To test for the existence of multiple local optima, we started at 10 random
extreme point solutions. For iteration counts that would give relative errors
of 1072 in the free flow run these runs all gave relative errors of the same
magnitude (assuming that the previous long run gave the optimum) This
indicates that there is only one local optimum (see [ELD03]) conforming with
the observations in Dial [Dia99b].

7.3 Stockholm

To apply the algorithm to the Stockholm case (1250 centroids, 4635 regular
nodes and 18044 links), it has been implemented as a macro in EMME/2. In
the initial iterations of the algorithm, we minimize the convex hull, convV, of
V, rather than V itself (see [LE04]). This approach on the one hand provides
lower bounds for V', which we do not get from the linearizations in the Frank—
Wolfe algorithm, due to the nonconvexity of V; on the other hand it speeds
up the initial convergence (Figure 3).

As can be seen in Figure 4, satisfactory link flow differences between con-
secutive iterations (i.e. lower than 100 veh./h) are obtained after approx-
imately 50 iterations of the Frank-Wolfe algorithm. This is a substantial
progress compared to the method of successive averages used in Inregia’s
study (see Section 1).

To check the uniqueness of the MSC equilibrium, ten initial flow patterns
have been generated as random convex combinations (with exponentially dis-
tributed weights) of fifteen different extreme solutions to the multi-class as-
signment problem. Starting from each initial pattern, 80 iterations of the
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Frank-Wolfe method have been performed. As might be seen from Figure 5,
the interseries standard deviation diminishes approximately as the iteration
number to the power —0.75. Thus minimizations starting from different initial
flows result, after a large number of steps, in essentially the same link flow
pattern. This suggests that there is only one local minimum and conforms to
observations above and in Dial [Dia99b].

10000

veh/h

1000 \\

100

1 10 100
lteration

Fig. 5. Uniqueness check. Horizontal axis (log scale): iteration number (i)

Vertical axis (log scale): Interseries standard deviation o (i) =

10 k72 k. 10 ’ '
Y X X |fE i)~ Fa ()] where Fy () = 5 3 ££ (s,) and £ (s,1)
s=lacAkeK s=1
is the flow of class k on link a at iteration ¢ of series s.

8 Concluding remarks

In this paper we have studied tolled multi-class traffic equilibria. In particular
we have pointed at some problematic points (concerning symmetry) in stating
the equilibrium problems, in the non-uniqueness of their solutions, and in the
implementation of computed MSC equilibria through fixed tolls, as well as
suggested some solutions. In our opinion, the main contributions of this paper
are the following:

It elucidates that some asymmetric variational inequalities may be restated
in a symmetric form, and hence have a corresponding optimization formula-
tion, contrary to their first appearance. This is in particular true for fixed-toll
multi-class equilibria and for MSC-toll equilibria.

It clarifies the relation between the (flow dependent) MSC-tolls and their
implementation as fixed tolls in a multi-class setting. In particular, it shows
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that the matrix of class specific flows at a stable MSC-equilibrium, which also
is a local minimum to the total value of travel time, is an equilibrium for the
corresponding fixed-toll problem. Further, in spite of that this latter equilib-
rium is not unique, the total value of travel time is. It moreover demonstrates
that implementing close-to-optimal MSC-tolls as fixed-toll equilibria, will lead
to close-to-optimal fixed-toll equilibria.,

The paper further shows that the total value of travel time of heteroge-
neous users in general is nonconvex, settling a question raised by Dial [Dia99al,
and disproving a claim made by Yang and Huang [YHO04].
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Network Equilibrium Models for Analyzing
Toll Highways

Michael Florian!

Center for Research on Transportation, University of Montreal, Montreal, H3C
3J7, Canada, mike@crt.umontreal.ca

Summary. The construction of toll highways by concessions awarded to private
companies leads to the need of forecasting their usage in order to estimate the future
stream of revenues. Two main modeling approaches for this problem that result in
variants of multiclass network equilibrium models, are presented and commented
upon.

Key words: Traffic equilibrium, congestion pricing, transportation.

1 Introduction

The construction of new highways, in both developed and developing coun-
tries, is often assigned to private companies which operate these new facilities
as concessions. The users are charged tolls according to the extent that they
travel on the new facilities. The derived revenues finance the construction and
operation of the highway for a certain period of time, after which the highway
becomes property of the state government that awarded the concession.

Economic theory is not respected by such toll highway enterprises. If one
were to follow the dictates of the economic literature on tolling congested
facilities, then a toll would have to be imposed on some or all of the links
of the congested network. In 1952, William Vickrey, a Nobel Prize winner
in Economics and the father of Congestion Pricing, suggested that fares for
New York City subways should be increased in peak times and in high-traffic
sections and be lowered in others. Later, he made a similar proposal for road
pricing. Vickrey considered time-of-day pricing as a classic application of mar-
ket forces to balance supply and demand. Those who are able can shift their
schedules to cheaper hours, reducing congestion, air pollution and energy use
- and increasing use of roads or other utilities. According to Vickrey, “you’re
not reducing traffic flow, you're increasing it, because traffic is spread more
evenly over time.” He also claimed that “even some proponents of congestion
pricing don’t understand that.”

Mathematical and Computational Models for Congestion Charging, pp. 105-116
© 2006 Springer Science and Business Media, Inc.
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Despite the sound economic theory that supports it, the public in general
opposes tolling. Because of this, elected government officials are reluctant to
impose tolls on roads and highways, a resource often thought of as “free”
good. When the committee chaired by Professor Reuben Smead of University
College in the U.K. supported the proposition that charging road tolls would
increase economic welfare, Sir Alec D. Home, the prime minister at the time,
lamented that “if we are re-elected we will never again set up a study like this
one.” Notwithstanding the public’s opposition, the mayor of London (Mr. Ken
Livingstone) recently implemented a flat congestion toll of £5 for access to
the city center. In doing so, London joins Singapore and Oslo as one of a few
cities around the world to impose systematic congestion tolls.

The study of tolls within the context of network equilibrium models was
advanced recently by the contributions of Hearn and Ramana [HR98] and
Hearn and Yildirim [HY02]. This line of research, initiated by Don Hearn,
led to the understanding of a variety of toll schemes that all render a “user
optimal” route choice to a “system optimal” route choice. The latter minimizes
travel time for all the travelers on the network.

However, the models described in this paper correspond to the actual anal-
yses carried out in many countries for the construction of toll highways as
stand alone enterprises. There is no value judgment implied by the statement
of these models; rather, they are a testimony to the flexibility and adapt-
ability of network equilibrium models to a variety of different situations and
circumstances. The purpose of this paper is to identify and analyse the various
approaches that have been used to predict the usage of tolled facilities among
different classes of users. Essentially, the new facilities (e.g., new highways)
provide shorter travel times and, given the value of time of different classes
of users, one must determine the trade-off between increased travel cost and
reduced travel time in order to predict their usage.

The paper is organized as follows. The next section introduces notation and
definitions. Section 3 deals with deterministic models and Section 4 described
a demand function based approach to this problem. In Section 5 a small
numerical example is given. In Section 6, some large scale applications of
these models are described and Section 7 offers some conclusions.

2 Notation and Definitions

A road network R = (N, A) consists of nodes n, n € N and directed arcs a,
a € A which may carry vehicular traffic. The demand for travel is subdivided
into classes ¢, ¢ € C which may correspond to different vehicle types or
different socio-economic characteristics. The demand for travel of class ¢ for
origin-destination (O-D) pairs ¢,4 € I C N x N is denoted g7. These demands
use paths k, k € K{ where K7 is the set of paths used by class ¢ for travel
between O-D pair 4. In its simplest form, the travel cost function for class ¢
on arc a is the sum of the travel time function denoted as s4(-} and a toll, t¢,
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that is converted into time units by the factor 6¢:

88 (vg) = 8q(va) + 02, Vae A )
In the above equation, v denotes the number of class ¢ vehicles on arc a and
Vg = Y V5.
ceC

To determine the choices that travelers make between “toll” and “non-toll”
alternatives, stated preference analyses are carried out. Usually, the result of
a stated preference analysis is a set of logit functions of the form

1

2
1 + exp(acAcost + 3¢ Atime)’ vee G, (2

p(using toll facility) =

where ¢ and (¢ are nonnegative parameters, Acost is the difference in the
cost of the trip (usually positive if a toll facility is used) and Atime is the
difference in the trip time (usually negative if a toll facility is used).

The perceived value of time for each class ¢ of travellers is determined as
the ratio 8¢ = §¢/a®. The cost of a path is denoted s§(v) and is simply

SE(V) =D Oarst(va) = D Ok (Salva) +6°t5), VEE€KFicI,ceC, (3)
acA a€A

where 07 = 1 if arc a belongs to path k and zero otherwise. Later, it is useful
to write the cost of a path as

i) = baksa(ve) +t§, VkEKf i€l ceC, (4)
a€A

where t{ = 3 0,,0°t¢ may be viewed as the toll cost of path k. The link
a€A
fixed costs tmay be used to model toll plazas or tolls which vary with the

distance traveled on the toll facility. It suffices to define t$ proportional to the
length of the arc.

3 Models Based on Generalized Cost Path Choice

In such models, the demand for each class, ¢¢, ¢ € C, i € I is fixed and
known and users are assumed to make their choice of a toll based only on the
generalized cost differences between paths that include tolled facilities and
those that do not. The usage of the tolled facilities may then be deduced from
the flows on links a, a € A with positive tolls, i.e., £5 > 0. The resulting model
is the classical multiclass (or multi-user) network equilibrium models which
satisfles the user equilibrium condition of [Wab2]

sf(v) =ufif hy >0

¢ .
Si(v)Zuz?ifhk:o}keKz',ZGI,CEC’, (5)
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where u¢ are the shortest travel times for O-D pairs i, 1 € I and classes
¢, ¢ € C and subject to conservation of flow and nonnegativity constraints.
It is well-known (see [Da73], [Va76], [Sp95] that this network equilibrium
problem is equivalent to solving the convex cost minimisation problem

min Z /sa(:r)dm—i— Z Z vegty (6)

a€Ap ceCacA
st. > hy=gf,iel, ceC (7)
kEK
hi >0, ke K¢, iel (8)
(W= > barhi, a € A, c€C). (9)
keK¢

The numerical solution of this model by the linear approximation method is
well-known and will not be repeated again here. It is perhaps worthwhile to
point out that the flows by class, v¢, are not unique, nor are the path flows
hi, but the arc flows v, are indeed unique.

This model has been used extensively in many toll facility studies since
most popular transportation planning software packages offer, as a standard
model, a generalized cost multi-class network equilibrium model. The only
published references known to the author are [Me95] and [Me95]. These arti-
cles describe the models used for the analysis of Highway 407, a toll facility
which bypasses the city of Toronto, Canada.

In this formulation the link cost functions, s,(vs), a € A, are relatively
simple, since they do not model asymmetric costs due to different vehicle
types. If more complex functions were used, the resulting multiclass model
would be considerably more complex and would require the solution of a
variational inequality model (see [FH95]).

4 Models Based on Explicit Choice of Tolled Facilities

Such models are based on logit functions obtained from stated preference
analyses to determine the probability (or proportion) that a user in each class
will use paths that include tolled facilities. Let g¢* denote the number of users
in class ¢ who are willing to pay tolls and ¢ denote the number of those
who are not. That is, gf = g5t + ¢, i € I, c € C, and, as in the path based
approach, the total demand for each class ¢§, i € I, ¢ € C is assumed to be
fixed and known. Also, let K¢* and K" denote the sets of paths that contain
tolled facilities and those that do not, respectively. The resulting multi-class
network equilibrium model with explicit choice functions may be stated as

follows:
ke K&

T

ct
f’lfh’“>0} icl, ceC (10)
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si" (v)

= yf™, if hy >0 o
sM(v) > uf™, if by =0 ke Ki",1€l, ceC (11)
Y hp—gft=0, icl, ceC (12)
ke K¢t
Y hi—git=0, i€l ceC (13)
keKen
gict :gf/{l—}-exp (actf-i-ﬁc (ugt_ugn)>}7 7:6[, ce C; (gfn :g;;_ggt))
14
thkEKiCt’kEKicn>C€C,iEI (15)
ot gt >0, icl, ccC, (16)

where ¢ is the average toll paid for all traffic of O-D pair ¢ that uses toll
roads.

Clearly there is a difficulty with this formulation, since the paths used are
not known before computing the equilibrium flows. In addition, the number of
possible paths is exceedingly large. On the other hand, there is an equivalent
formulation in terms of pg, the proportion of demand that uses path k. In
particular, the path flows, hg, may be written as

hie = prgit, ke Kt .
he = prge™, k € Ken iel, ceC, (17)
and the arc flows may be expressed as
veh= " Saprgf’, a€ A, ceC (18)
keKgt
vgn = Z 5akpkgicn, ae A" (19)
keKen
A" = A — {toll links} (20)
Vg = Z (vt + v, a € A (21)
ceC

Then, the costs of paths containing and not containing tolled facilities are,
respectively,

s(v) =Y baksa(va), ke K, i€l (22)
a €A

$iP(v) = > Oaksa(va), kEKM i€l (23)
a A"

The formulation in the space of path flow proportions , pi, consists of

1) The user equilibrium inequalities (9) — (10).
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2) The conservation of flow equations

STpof -t =0 = g | Y m-1|=0,icl, ceC (24)
keKgt keKgt

Yo pgt -9t =0 = g"| Y p-1]|=0icl, ceC

kKN keKen
(25)
3)
gt =gf/ Qe o | D peth| + 6 (uf — ) | o,
ke Kot
icl, ceC;(gf" = gf —g5) (26)

4) Nonnegativity constraints (14) — (15).

This formulation highlights the importance of the path proportions py and
the large dimension of the problem. For example, with 9 user classes, one
would have 18 flow vectors for each link. For a network of 1000 x 1000 O-D
pairs, one would consider explicitly a number of paths of the order of 10°
and one would need to keep at least 18 matrices, each of size 108, While it
is possible to restate this model in the form of a variational inequality and
search for rigorous solution algorithms, the actual solution methods used in
most applications rely on heuristic algorithms that have performed well but
that are not supported by convergence proofs.

In order to simplify the model, it is sometimes assumed that the vehi-
cles of the different classes are homogeneous and that the O-D travel costs
(impedances) may be simplified to

u = uband u* =ul, i€, ceC (27)

that is, all the toll payers may be aggregated into one class and all the non
toll payers may be aggregated into one class. This is partly justified by the
implicit assumption that the toll is perceived at the demand function level,
prior to the trip, and once the decision to pay or not to pay the toll is made,
the path choice is no longer governed by generalized cost, but only by time.
However, this assumption is not made in the following “heuristic” solution
algorithm:

[Exphcit Choice Tolled Assignment Heuristic

t(0 cn(0) .
et(0) el ceC

Step 0 (Initialization) : [ = 0, choose g; "/, g
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Step 1 (Compute path costs and times)
Solve a two-class network equilibrium problem by the linear approximation
method:

min Z /sa Ydx -+ Z Z Voot (28)

aeA c€Ca €A

3 b=y Z he =g ier (29)
keK! keK}

hy >0, ke K!, ke K, icl, ceC (30)

to find ui(l) and u?(l) and, while doing so compute

tO = 3 e (31)

keK!

Wthh are the tolls for each class and O-D pair. The path proportions

pk , ke KCt ke Kcn(l) are computed from the step sizes of the linear
approximation method at each iteration.

Step 2 (Modify demand): { =1+ 1;
g%, g§™are recomputed by using the logit functions for each class c:

st = g8/ {1 +exp( et | ge (uj(” _u?(w))}, c=1,2,.,c (32)

and " e
ct 1)
. =(1—=)\® + ADg .
9i en(! ( ¢ czaq)l g 1€ I, cec C (33)
9; =9 —9;

0<al <1 (34)

Step 3 (Convergence test)
gct(l) __gict(l—l)H <&, STOP ;

otherWISe return to Step 1.

If max

The step sizes A() may be chosen to implement the method of successive
averages (MSA) or any other reasonable sequence of step sizes. The algorithm
still requires at least 2|C| O-D matrices, and there are 2 |C| link flow vectors,
vet and vE", a € A.

No convergence proof is given in this paper, however in numerous applica-

tions in practice, the algorithm has demonstrated good empirical convergence.
It is evident that, if the algorithm terminates, the resulting demands and flows
satisfy approximately the model formulation.

A block diagram representation of this heuristic algorithm is in Figure 1.
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Tnitialization, / = 0 E 2/c]
8@, g89 el ! matrices
A 4 !- _________
;<’> = ancglf"“,ie I Solyg a.multic]ass networ.k i e
i ceC®i w™, w7 el |
A l L _________
Recompute z°, 7, iel,ce C 2C]
by using the logit functions matrices

'

Setl=1+1

and

COmpU[e gic'n(l)’ g[cl(l)’

iel

Converge?

Fig. 1. Block diagram of heuristic algorithm

5 A Small Numerical Example

A small network of three links and one origin-destination pair is used to
illustrate the difference between the two approaches for predicting the usage
of toll highways. The network is given in Figure 2.

Input: O-D Demand Network Volume Delay
Functions
1 2 a

1| of 1000 / b\ 1, = 10(140.15(V, 7200)")
2 1o 0 ° e t, =20(140.15(V; /400)*)
1, =25(1+0.15(V./300)")

Fig. 2. The network and the demand

Figures 3,4,5 show successively the equilibrium flows without tolls, with
a toll of 2 units on the middle link and a value of time of 1.2 and with the
application of a demand function where the probability of using a toll facility
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Average travel time Link flows Travel times
1 2 358 f,=25.4
25.45 465 p=234
a0 oW 2
2 | N/A 0 177 1. =254

»

Fig. 3. The equilibrium flows without tolls

Toll cost Link flows Travel times
1 2 361.71 1,=26.05
1 ol 2.00 O 420.10 O O t,=23.65 O
] > 2 1 » 2
21 0 0 218.19 1,=26.05

Fig. 4. The equilibrium flows with a toll of 2 units and value of time of 1.2

Travel times

a 360.09 1,=25.76
>
[ b 43828\ + 2432
, =24,
{ONNG Lo
c 201.64 1 =25.77
Le—

Fig. 5. The equilibrium flows obtained by using the demand function

is given by the function
P.(toll) = 1/(1 + exp(.2556(time difference) -+ .3067 * toll)*.

For this model convergence was reached after 4 iterations. The toll facility,
which is the middle link, carries 420.10 trips in the simple model compared
to 438.28 trips when the demand function is used. For this solution the pro-
portion of toll trips given by the logit function is .438972

6 Some Large-Scale Applications

The algorithm described in Section 4 has been used in numerous applications
in Europe, North America and Asia. Most of these applications are confiden-
tial and the results may not be reported in an academic paper. However, a
pilot application of very large scale, carried out on the network used for trans-
portation planning in Southern California may be reported in this paper. The
network consists of 2,450 zones, 46,000 arcs. The demand for travel is sub-
divided into High Occupancy Vehicles (HOV) and Low Occupancy Vehicles

! The constants in this function were chosen so that their ratio is exactly 1.2.



114 M. Florian

(LOV). Tolls were envisioned on some of the regional highways. The logit
function

Py (using toll) = 1/(1 + exp(0.5647(ul — ul*) 4 0.4199(¢!))

was used to determine the probability of using the toll facility. The model
described in the previous section was adapted to handle the HOV and LOV
demand. A two-class (HOV, LOV) network equilibrium model was used to find
the initial travel times and toll costs. The logit function was used to obtain
four matrices corresponding to the demand for HOV,y;, HOV, 0101, LOVioi,
and LOV o0, and a four-class network equilibrium assignment was carried
out in Step 1 of the heuristic algorithm. The convergence criterion for ane =1
(1 trip) was satisfied after four iterations of the algorithm. The computations
were carried out with the EMME/2 (INRO, 1996) software package.

Both these models were applied in Mexico City for the evaluation of a
26 km section of an urban autoroute (Chamapa Highway). They produced
different results, which is not surprising. The explicit choice model was used
in the final analysis. The generalized cost path based approach was used in
several applications in North America, Europe, Asia and Australia.

7 CONCLUSIONS

The intuitive heuristic solution algorithm for the explicit choice function ap-
proach was used successfully in practice in numerous applications. It is an
example of the compromises that one must make in order to solve large-scale
non-standard network equilibrium models. The results obtained are quite sen-
sitive to the coding of the network and the quality of the stated preference
model calibrations. The costs of building toll highways are so large that they
justify careful use of travel demand and network models to predict the poten-
tial ridership.
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Summary. The paper by Tobin and Friesz [ToF88] brought the classic nonlinear
programming subject of sensitivity analysis to transportation science. It is still the
most widely used device by which “gradients” of traffic equilibrium solutions (that
is, flows and/or demands) are calculated, for use in bilevel transportation planning
applications such as network design, origin—destination (OD) matrix estimation and
problems where link tolls are imposed on the users in order to reach a traffic man-
agement objective. However, it is not widely understood that the regularity con-
ditions proposed by them are stronger than necessary. Also, users of their method
sometimes misunderstand its limitations and are not aware of the computational
advantages offered by more recent methods. In fact, a more often applicable for-
mula was proposed already in 1989 by Qiu and Magnanti [QiM89], and Bell and
Tida [Bel97] describe one of the cases in practice in which the formula by Tobin and
Friesz [ToF88] would not be able to generate sensitivity information, because one of
their regularity conditions fails to hold.

This paper provides a short overview of a sensitivity formula that provides di-
rectional derivatives of traffic equilibrium flows, route and link costs, and demands,
exactly when they exist, and which are found in [PaR03] and [Pat04]. For the sim-
plicity of the presentation, we provide the analysis for the simplest cases, where the
link travel cost and demand functions are separable, so that we can work with opti-
mization formulations; this specialization was first given in [JoP04]. The connection
between directional derivatives and the gradient is that exactly when the directional
derivative mapping of the traffic equilibrium solution is linear in the parameter, the
solution is differentiable.

The paper then provides an overview of the formula of Tobin and Friesz [ToF88],
and illustrates by means of examples that there are several cases where it is not appli-
cable: First, the requirement that the equilibrium solution be strictly complementary
is too strong—differentiable points may not be strictly complementary. Second, the
special matrix invertibility condition implies a strong requirement on the topology
of the traffic network being analyzed and which may not hold in practice, as noted
by Bell and Iida [Bel97]{page 97); moreover, the matrix condition may fail to hold
at differentiable points.

Mathematical and Computational Models for Congestion Charging, pp. 117-142
© 2006 Springer Science and Business Media, Inc.
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The findings of this paper are hoped to motivate replacing the previous ap-
proach with the more often applicable one, not only because of this fact but equally
importantly because it is intuitive and also can be much more efficiently utilized:
the sensitivity problem that provides the directional derivative is a linearized traffic
equilibrium problem, and the sensitivity information can be generated efficiently by
only slightly modifying a state-of-the-art traffic equilibrium solver. This is essential
for bringing the use of sensitivity analysis in transportation planning beyond the
solution of only small problems.

Key words: Traffic equilibrium, sensitivity analysis, bilevel programming,
MPEC.

1 Introduction

Performing a sensitivity analysis of traffic equilibria means evaluating the di-
rections of change that occur in the flows and travel costs as parameters in
the cost and demand functions change. A sensitivity analysis is particularly
useful in control and pricing applications since, if we can anticipate the effects
of a change in, say, the traffic infrastructure, on the behaviour of the trav-
ellers, then we can utilize this knowledge to optimize these changes according
to some goal fulfillment, like a reduction in flows or delays, a higher revenue
from congestion tolls, etc. Such problems constitute instances of bilevel op-
timization problems, or mathematical programs with equilibrium constraints
(MPEC), which is the scientific field within operations research and mathe-
matical programming that is associated with hierarchical optimization prob-
lems, and which also includes the origin—destination (OD) matrix estimation
problem. (The monograph [LPR96] provides a good overview of MPEC mod-
els and methods.) Several algorithms for MPEC problems rely on efficiently
and generally applicable sensitivity analysis tools; it is in this framework that
are findings can best be utilized.

Recently, the authors have been involved in a project having the goal to
provide a precise sensitivity analysis of elastic and fixed demand traffic equi-
librium problems, focusing on general models involving possibly non-separable
and non-invertible link cost and demand functions; cf. [PaR02, PaR03, JoP04,
Pat04, Pat05]. Our focus here is on the special case of separable link cost and
demand functions, the latter also being invertible, in which case we can work
directly on optimization formulations. We illustrate how to perform a sensi-
tivity analysis efficiently in practice by using a modification of state-of-the-art
traffic equilibrium software.

In 1988, Tobin and Friesz did the transportation science community the
great service of bringing to it the nonlinear programming topic of sensitivity
analysis, with their publication [ToF88|. Their analysis is quite accessible to
practitioners; for example, they utilize the rather intuitive implicit function
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theorem in their analysis. It also remains the most popular tool for producing
sensitivity analysis information in traffic equilibrium problems.

We illustrate through examples how their formula is however less applica-
ble in several ways. Moreover, it relies on calculations with very large matri-
ces, and therefore cannot be applied to large-scale networks. Our sensitivity
analysis problem is however quite structured and need not involve matrix cal-
culations at all; it amounts to solving a perturbed, affine traffic equilibrium
problem, which is no more difficult to solve than the original one.

2 The Traffic Model

Let § = (N, L) be a transportation network, where A” and £ are the sets
of nodes and directed links, respectively. For certain ordered pairs of nodes,
(p,q) € C, where node p is an origin, node ¢ is a destination, and C is a subset
of N x N, there is a transport demand, which may be given by a function of
the travel cost. We assume that the network is enough connected, such that
at least one route joins each origin—destination (OD) pair.

Wardrop’s user equilibrium principle states that for every OD pair (p,q) €
C, the travel costs of the routes utilized are equal and minimal for each in-
dividual user. We denote by R, the set of simple (loop-free) routes for OD
pair (p, ¢), by h. the flow on route r € R4, and by ¢, the travel cost on the
route as experienced by an individual user.

We introduce the parameter (that is, control variable) to be present in
the sensitivity analysis: it is denoted p, and is assumed to be of dimension d.
This parameter could be present in one or both of the travel cost and demand
functions. We assume that the travel cost function has the form c(p, -) : %T{ —
RIRI given a value of p, where [R| denotes the total number of routes in the
network. Further, for a given value of the vector p, the demand function is
given by g(p, ) : RI€l %f[. (We introduce the notation R, :={z e R |z >
Oand Ry :={zeR|z>0}.)

In an application to OD estimation, d is in the order of |C|, while d =~ |L|
holds in equilibrium network design, pricing and control models.

We also introduce the matrix I € {0, 1}/*I*I¢l which is the route-OD pair
incidence matrix (i.e., the element +, is 1 if route r joins OD pair k = (p,q) €
C, and 0 otherwise). Then, demand-feasibility is described by the conditions

that h € ?le‘ and

I'Th = g(p,7) 1)

holds, while the Wardrop equilibrium conditions for the route flows are that
he >0 => c,(p, h) = Tpq, r € Rpg, (p,q) €C, (2a)

hr =0 = ¢y (p,h) = 7pq, T € Rpq, (p,q) €, (2b)

holds, where the value of 7,4 1= mpe(p, h) is the minimal route cost in OD
pair (p, q) at equilibrium. By the non-negativity of the route flows, the system
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(1)—(2) can more compactly be written as the mixed complementarity problem
(MCP)

ORI < h L (c(p,h) — I'w) > 0%, (3a)
I'"h = g(p, ), (3b)

where a L b, for two arbitrary vectors a,b € ®", means that a¥b = 0. (By
nonnegativity, this implies that a; - b; = 0 for all j.)

As we are interested in the sensitivity of link flows, we will assume that the
route cost is additive. For each link ! € £, the travel cost has the form ¢,(p, v;),
where v € R4l is the vector of link flows. The route and link travel costs and
flows are related through a link-route incidence matrix, A € {0, 1}1£IXIRI
whose element A;,. equals one if route r € R utilizes link [ € £, and zero oth-
erwise. Route 7 has an additive route cost c.(p, h) if it is the sum of the costs
of using all the links defining it. In other words, ¢, (p, h) = > ,c . Airti(p,v1).
In short, then, c(p, h) = ATt(p,v). Also, implicit in this relationship is the as-
sumption that the pair (h,v) is consistent, in the sense that v equals the sum
of the route flows: v = Ah. We shall use the representation in terms of v, as
it is an entity for which we can introduce conditions ensuring that uniqueness
holds at equilibrium.

As could be noted above, the link travel cost is assumed to be separable
(that is, the travel cost of link [ depends only on v;). A separability assumption
is made also with respect to the demand function, which is supposed to be of
the form gg(p, ), k € C, for a given value of the vector p.

In order to be able to work with an optimization formulation, which fur-
thermore admits a unique solution (v*,d*) and is such that we can apply
sensitivity analysis theory, we introduce the following assumption, which is
supposed to hold throughout:

Assumption 1 (Properties of the network model)

(a) For each | € L, the link travel cost function t;(-,-) is continuously differ-
entiable, and strictly increasing in its second argument.

(b) For each k € C, the demand function gi(-,-) is continuously differentiable,
non-negative, upper bounded, and strictly decreasing in its second argu-
ment. The function gg(p,-) is therefore invertible, and has a single-valued
inverse, &(p,-), which also is continuously differentiable and strictly de-
creasing.

The optimization formulation that we will work with is the following stan-
dard one for elastic demand traffic assignment (e.g., [Pat94]):

v di
g}nﬂg o(v,d) = Z/o ti(p,s)ds — Z/o Ek(p, s)ds, (4a)

lel keC
st. I'Th =d, (4b)
v = Ah, (4c)
h> 0%l (ad)
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For future use, let C' denote the set of feasible vectors (h, v, d) in the problem
(4), that is,

h
C={|v] eRxRE xR ITh=d; v=4ah
d

The variational inequality problem, that characterizes the solution (h*,v*, d*)
to this problem, is stated as that of finding (h*,v*,d*) € C such that

t(p,v") (v —v*) = £(p,d")(d~d*) 20,  (h,v,d) €C. (5)

To see that this expression characterizes the Wardrop conditions stated earlier
in (3), we notice that (5) is equivalent to (h*,v*, d*) solving the following linear
program:

min t(p, U*>TU - g(pa d*>Td7 (63‘)
(v,d)
st. I'Th—d =0l¢, (6b)
v— Ah = 0/#l, (6¢)
h > 0%l (6d)
Its LP dual is to
max 0, (7a)
(ma)
st. I'm— Ao < 0I%I, (7b)
—m = —§(p,d"), (7c)
a = t(p,v"), (7d)
where m and « are, respectively, the LP dual variables for the constraints (6b)

and (6¢). The dual variable « is eliminated by using (7d). The complemen-
tarity conditions between the two LP problems can then be written as

0 < m* L (ATt(p,v*) — I'n*) > 0%, ()

which is identical to the Wardrop condition (3a). The condition (3b) is ob-
tained as follows: from (6b) and (7c), I'"h* = d* = g(p,7*). As t(p,-) and
—g(p,-) both are strictly monotone, the objective function of (4) is strictly
convex; therefore, the solution in (v*,d*) to (4), and equivalently to the vari-
ational inequality (5) and to the Wardrop conditions (3), is unique. We see
that from (7c)-(7d), also the dual entities (7*, a*) are unique.

3 The basis for our sensitivity analysis

The basis of our sensitivity analysis is a result which is stated for a general
variational inequality problem with a differentiable mapping, f : ¢ x " —
R in the parameters p € R¢ and variables z € R": find z* € X such that
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flp,x) T (x —z*) >0, r e X, (9)

where X C R™ is a polyhedral set.
Equivalently, we can write this in a more natural form as follows:

"'f(ﬂ,-f*) € NX(JI*),

where Nx(z) denotes the normal cone to X at z:

N(;L')— {vG%n}vT(y_x)SQ, yEX}, ifze X,
x T\ otherwise.

We let S : R% = R denote the mapping that assigns to each vector p € R¢
the set S(p) of solutions to this problem:

S(p):={z*ec X | flp,a") (x—2")>0, z€X}, pcR’ (10)

(The notation “=3” signifies that the mapping S in general is a point-to-set
mapping.) Letting p = p* be the current value of the parameter vector, we are
interested in the direction of change of the solution z* as p* is perturbed along
a direction p’. This directional derivative of S is the solution to an auxiliary
variational inequality, which has the following form: find 2’ € K such that

r(p, 2" ) (z —2') >0, z €K, (11a)

where
K o= Tx(e) 0 £, 27) (1)
r(p' a’) =V, f(p* a*)p + Vo f(p*, ") (11c)

We let DS(p*|z*) : R4 = R™ denote the mapping that assigns to each per-
turbation p € R? the set DS(p*|z*)(p’) of solutions to this problem:

DS(p*la*)(p) = {2z’ e K |r(o,2") (x —2") >0, ze€K}, p e R,

The set K denotes the set of variations around z* that, roughly speaking,
retains feasibility and optimality to the first order. Ty denotes the tangent
cone to X, which means that if X is defined by linear constraints, we have
that

X ={ze R Az >b; Br=d} = Tx(a*) = {z € R"| Az > 0; Bz =0},

where A consists of the rows A; of A corresponding to the binding inequality
constraints at x*, that is, the indices 7 with A;2* = b;. Further, for any vector
z € Rzt = {y € R | 2Ty = 0} is the orthogonal subspace associated
with the vector z. The mapping r is a linearization of f around (p*,z*); it is
an affine mapping in z’.
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We remark that the two polyhedral cones Tx(z) and Nx(z) in fact are
polar to each other:

Tx(z) = (Nx(z))* :== {w e R" | wTv <0, v € Nx(z)}.

This classic result in polyhedral theory lies behind some of the development
of the results of this section.

Suppose now that f(p,-) is monotone on X around p = p*, and that the
parameterization is such that rank V,f(p*,2*) = n. (The latter result can
always be fulfilled by including enough dummy parameters.) We say that the
mapping S is strongly regular at p* ([Rob80, Rob85]) if S is single-valued
and Lipschitz continuous on some neighbourhood of p*. Then, according to a
result by Dontchev and Rockafellar [DoRO01],

S is strongly regular at p* <= DS(p*|z*) is single-valued.  (12)

Moreover, then the unique solution z’ to (11) is the directional derivative of
the solution z* to (9) at p*, in the direction of p’. A sufficient condition for the
property of single-valuedness of DS in (12) to hold is, by Kyparisis [Kyp88,
Lemma 2.1], that

Vf(p", ") is positive definite on (K — K). (13)

We refer to this as a sufficient second-order condition. The set K — K is the
subspace consisting of all vectors z of the form z = a— for some « and § in K.
A stronger result than directional differentiability can also be obtained under
additional assumptions: according to a result of Kyparisis [Kyp90], under the
strong regularity assumption above,

S is differentiable at p* << DS(p* | 2*)(p') € —K, p € R,

Moreover, if further K is a subspace, that is, if K = K N (—K), then the
gradient can be represented as

Vor(p®) = -2 [2TV,. (o, a*) 2] 2TV, f(p",2%), (14)

for any n x £ matrix Z such that Z7 Z is nonsingular and z € KN (—K) if and
only if z = Zy for some y € R¢, where £ is the dimension of K N (~K). This
differentiability result is a kind of implicit function theorem; the relationship
in (12) shows how the implicit function theorem naturally extends to more
general cases.

We refer to this latter property not because we will establish sufficient
conditions for its application in the present context (this has already been
done in [Pat04, Pat05]), but to remark that the heuristic sensitivity analysis
that is developed in the paper [ToF88] and its follow-up [CSFO00] strives to
utilize (14). Unfortunately, not only does the property DS(p* | 2*)(p') € ~K
fail to hold in many cases (cf. [Pat04, Pat05], as well as below), but also there
may not exist a nonsingular matrix of the kind that is referred to above (cf.
[Bel97, page 97]).



124 M. Josefsson, M. Patriksson

4 Sensitivity analysis of separable traffic equilibria

We first identify the sensitivity problem in our notation. Let

h QIRI
z=\v]|;  flpr)=| tlpov) |; X=C
d —§(p,d)

Then, we can identify the sensitivity problem through the following identifi-
cations:

h/
K= v eRBIx RGN R PTY =d', o =AR; W eH S,
d/
where
h! free if b >0
Rl > 01if hr =0 and c.(p*, h*) = 7}
' ’ IR |/or r T ’ k
B = e R 04t h* = 0 and e, (p* h*) > 72 [
[re Ry, ke C]
and
G
r(p' 2’y = | Vt(p*,v*)p’ + Vit (p®, v )/

—[Vp€(p™,d")p" + Vag(p*, d*)d']

By the monotonicity and separability of ¢ and —¢, the resulting sensitiv-
ity variational inequality can be equivalently written as the following convex
quadratic optimization problem to

min ¢'(v',d') := [V, t(p*,v*)p') v + %Z 6i(p—’—v—l—)(v,’)Q

w'd') =z v
. o 1 0k(p* dp) , o
— [V, &(p*, d")p')Td - 52———’“(8’;k ’“)(dk)Q, (15a)
kecC
st. I'Th' =d, (15b)
v = AN, (15¢)
heH. (15d)

The derivation follows the same pattern as that in [PaR02, PaR03, Pat04,
Pat05]. The sensitivity problem is closely related to the original model. Two
main differences are notable: the link cost and demand functions are replaced
by their linearizations, and the sign restrictions on h are replaced by individual
restrictions on the route flow perturbations A, that depend on whether the
route in question was used at equilibrium or not, cf. the set H’. Although
the appearance of H’ depends on the choice of route flow solution h*, it
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is an interesting fact that the possible choices of v/ in K does not; this is a
general consequence of aggregation, which was also utilized in [PaR02, PaR03,
JoP04, Pat04, Pat05]. In summary, it appears that the sensitivity problem can
be solved using software similar to those for the original traffic equilibrium
model, provided of course that route flow information can be extracted.

We now apply the result (12) in the previous section. The result states
that the sensitivity problem provides directional derivatives, provided that
the solution is unique. So, under what circumstances will the optimal solution
to (15) be unique? Similarly, which entities in the solution to the problem (4)
[flow, travel cost, demand] have directional derivatives?

Clearly, we cannot apply the theory of the previous section to the problem
stated in (h,v, d), since h* is not unique. As (v*, d*) is unique, we could project
the problem onto this space. This is simply accomplished by redefining

h
Jhwith {v ] €C ),

oprol _ (U) e PILl 5 el
d d

further, we would let

()0 som=(109).

We stress that this type of projection of the problem is only valid thanks
to the particular relationships between the link and routes flows; normally, a
projection such as the one above does not preserve the regularity properties we
are utilizing. (In [QIM89, Yen95] it is established that the route flow variables
can be gotten rid of by always choosing a particular value of them, namely
that which minimizes, over the equilibrium set of route flows, the route flow
vector’s Euclidean norm; this operation preserves regularity. We can consider
our projection to be based on exactly that type of choice.)

As we are also interested in the sensitivity of the travel costs, we will,
for the first time, introduce yet another modification: we introduce a dummy
variable, s € R'#!, which will take on the (negative) value

§* = —t(IO*,U*)

of the link travel cost at equilibrium, and likewise a variable, 7_ € RI¢l, to
take on the (negative) value

= _g(p*a d*)

of the equilibrium OD travel costs. [Note that 7* = —#*, where 7* is given
in (8).] In the sensitivity problem, then, s’ and 7’ will equal the (negative of
the) link and OD travel cost perturbation, respectively.

The problem which will be analyzed is the following: in (9), let
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v t(p,v)
_ d . _ _6(,07 d) . . (YDProj} |£] I1C|
=1 v fea = Ny [P X0 xR RE
T T €<pa d)

The variational inequality corresponding to (9) states that, at p*,

tp*,v)T (v —v*) — &(p*,d")T(d — d*) > 0, (v,d) € CP™I,
§* = ——t(p*,v*),
Tt = —g(p*,d*)v

so it is entirely equivalent to the VIP in (5). The reason for introducing the
last two rows of the problem, that is, the extra variables (s,7._), is that by
doing so, we have direct access to the sensitivity of the travel costs, through
the corresponding elements (s', 7’ ) of z'.

The sensitivity problem has the form of (11), with

V,t(", v + Vot v !
V(" d*)o + Va€(p™, d*)d

AN
ripha) = 8" 4+ Vot (p*,v*)p" + Vot (p*, v’ ’ (16)
=ml — [V €(p*, d*)p’ + Va&(p*, d™)d]
and
,U/
K= ‘j, e RIE x RIS x RIE RN 3 e 5. TTH =d's0' = AW
7r.l

The sensitivity optimization problem in (v/, d’) is (15), and the value of (s’, 7’)
is then given by

s = —[th(p*, v)p' + Vut(p*, v )],
wlo=—[V(p", d)p -+ Vas(p", d")d'],

that is, the cost perturbations are given by a kind of chain rule. The result
to follow establishes that this chain rule provides uniquely given values of
(s',7.) even when v’ is not unique.

Before we apply the sensitivity analysis results in the previous section
to the present problem, we mention an important fact which allowed us in
[JoP04] to provide stronger results for optimization formulations than for
the general variational inequality models in [PaR02, PaR03, Pat04, Pat05]:
for a differentiable, convex problem, the gradient of the objective function is
invariant over the solution set (cf. [BuF91]). The following result stems from
Josefsson and Patriksson [JoP04].
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Theorem 1 (sensitivity of separable traffic equilibrium problems). Let Assump-
tion 1 hold, and consider an arbitrary vector p* € R¢. Then, the solu-
tion (v*,d*) to (4) is unique, and so are the (negative) travel cost entities
(s*, 7% ) = —(t(p*,v*), &(p*,d*)). Let o' € R¢ be an arbitrary perturbation.

(a) In the solution to (15), the travel cost perturbations (s, #') are unique;
therefore, the values

—s' =V, t(p*,v*)p" + Vot (p™, v )0,
—m_ = V,&(p",d")p" + Va&(p®,d")d,

are the directional derivatives of, respectively, the equilibrium link and OD
travel costs, at p*, in the direction of p'.
(b) Assume that the link travel cost function t(p*,-) is such that
oti(p*, vf)
Oy

Assume further that the demand function g(p*,-) is such that

> 0, lel. (17)

8916 (P*> ﬂ;)

o < 0, keC. (18)

Then, in the solution to (15), the values of the link flow and demand pertur-
bation v’ and d' are unique; therefore, the value v' (respectively, d') is the
directional derivative of the equilibrium link flow (respectively, demand), at
p*, in the direction of p'.

Note that the second-order condition (18) is equivalent to the condition

that
9k (p", dp)
Ody,

Obviously, this condition on the demand function derivative (or its inverse) is
not needed in the case when we consider fixed demands.

An interesting aspect of this result is that the cost perturbations (s',7’),
which are related to the perturbations (v', d’) through a kind of chain rule, are
not dependent on the perturbations (v/,d’) to be unique. This is in contrast
to the type of analysis offered by Tobin and Friesz [ToF88], see also [Bel97,
Section 5.4], where the sensitivity of the costs is considered an implication of
that of the flows and demands. (Not to mention that it will sometimes fail,
cf. [JoP04, Pat04, Pat05].)

In the Tables 1 and 2 we summarize the most important notation for the
readers’ convenience.

<0, kecC.

5 An illustrative example

The following small numerical example, taken from Josefsson and Patriksson
[JoP04], illustrates the workings of our analysis.
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Table 1. Network and traffic equilibrium notation

Notation Explanation
G=(N,L) directed graph of nodes and links
CCNxN set of commodities/OD pairs
Rpq set of directed routes in OD pair (p,q) € C
p e Re vector of control variables
I € {0,1}®I€ route-OD pair incidence matrix
he, 7 € Rpq flow on route r in the OD pair (p,q)
cr =cr(p, h) travel cost of route r given control variable values and

Tpgq

route flows
least route cost in OD pair (p,q) € C at equilibrium

9pq = gpe(py ) travel demand given control variable values and travel costs
€pg = E€pg(p,d)  inverse travel demand given control variable values and

demands

A € {0, 1}/XI”! Jink-route incidence matrix

v,lel flow on link [
ti = ti(p,v) travel cost of link [ given control variable values and link
flows
C polyhedral set of feasible flows in terms of (h,v,d)
o] polyhedral set of feasible flows in terms of (v, d)
alb orthogonality requirement
Table 2. Analysis notation
Notation Explanation
f: XY the mapping f maps a point in X to a point in ¥
f:XBEBY the mapping f maps a point in X to a subset of Y’
z problem variable
X polyhedral feasible set in the variational problem
f: X —R" cost mapping in the variational problem
Nx(x) normal cone to the set X at x
Tx(z) tangent cone to the set X at x
S(p) set of solutions to the variational problem given control variable
values
0 direction of change (perturbation) of control variables
x’ direction of change (perturbation) of solution vector in the
variational problem
K polyhedral feasible set in the perturbation problem

set of solutions to the perturbation problem given perturbation p’
orthogonal subspace to z € R"

vector of (negative) link travel costs

vector of (negative) OD least travel costs

The network of Braess [Bra68] is classic in the analysis of system optimal
solutions. Consider the network in Figure 1.
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Fig. 1. Braess’ traffic network

For this problem [where link (1,2) has a travel cost that is deliberately
chosen so that the third route is not used but still has the same cost], we have
the data given in Table 3.

Table 3. Network data
Link tij (,0, ’Uz‘j) OD pair dpq
p, 1) 10vp 1: (p,q) 6

SANE e
o~ e~

)
) 1OU2q
)

The data corresponds to an instance of the fixed (and unperturbed) de-
mand traffic equilibrium problem, which can be written as that to

mm o(v Z/ ti(p, s (19a)

lel
s.t. I'Th=d, (19b)
v =Ah, (19c)
h > 0lRl (194d)

where d € %Lﬂ is the vector of demands.

Solving the fixed demand traffic equilibrium problem with p = p* =0, we
obtain the link flow solution v* = (3,3,3,3,0)7. The cost of the three routes
{1,3}, {2,4}, and {1,5,4}, are in fact the same, namely 83, but the route
flows are 3 on each of the first two, and zero on the third. (This unique route
flow solution is non-strictly complementary.)
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Since the parameter p is present on link (1, 2), which has link flow zero at
equilibrium, it looks clear that a positive value of p’ should lead to no changes
[since the flow on link (1,2) cannot be negative] whereas a negative value of
p' should imply that v}, is positive. Indeed, that is the case.

In this special case where demand is fixed and unperturbed, the sensitivity
problem is that to

at(
min ¢/(v) = [Vpt(e" 0"} )T + 5 30 2 g2 (a0a)
v 2 t
st. I'Th' =0l (20b)
v = AN, (20c)
heH. (20d)

For any p’ € R, therefore, we have that
1 1 1
¢ (V) = p'via + 5(vpn)” + 5 (va)” + 5 (v1)" + B(v3)* + 5 (v12)%,
and the constraints specify that

Ry + hy + hi =0,
v,y +hi 4+ hy =0,
”U;,g + h/2 = 07
—vy, +hy =0,
—vy, + hy + hy =0,
—1)12 ‘I" hé = O,
By > 0.
Letting p’ = 1, the optimal solution is A’ = 07 and v/ = 07"
Letting p/ = —1, the optimal solution is &' = 3(—1,-1,2)7 and o' =
(-1, -1,1,2)T.
ThlS is therefore also a case where the traffic equilibrium solution is non-
differentiable, since clearly the directional derivative mapping is not linear.

6 A sensitivity analysis tool

In [JoP04], the disaggregate simplicial decomposition (DSD) method of [LaP92]
for the fixed demand problem (19) was taken as the building block of the sen-
sitivity analysis tool. (In the case of elastic demands, one can still solve a
fixed demand problem, by first utilizing the fixed demand transformation of
Gartner [Gar80].) It has the advantage of utilizing route flow information,
and therefore the close resemblance between the original problem (19) and
the sensitivity problem (15) can be utilized fully.
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The DSD algorithm was recoded in Matlab for experimentational pur-
poses, fully aware of the fact that the CPU time will be perhaps two orders of
magnitude larger than a final C or Fortran implementation. We refer to the
paper [LaP92] for the basics of the DSD algorithm, but remind the reader that
the most central points of the algorithm are the following: at some iteration
point (hA7,v") of consistent route and link flows, the current travel costs are
used to solve a shortest route problem for each origin node. The routes that
then are generated are compared to sets ﬁpq C Rpq that have been generated
and stored previously, and those sets are augmented with any routes that
were not known already. (This process is the column, or route, generation
one.) With those subsets of the routes at hand, the restricted master problem
(RMP)—which is the original problem (19) except that R, replaces Ry, for
each (p,q) € C—is solved using one of several methodologies implemented.
The highly structured RMP is either solved by using a gradient projection
method or a diagonalized Newton method. (In practice, it appears that the
former is the best for smaller networks, but that the Newton method wins for
large enough cases.)

The similarity of the sensitivity problem to the equilibrium problem meant
that much of the code from the DSD algorithm implementation could be
reused. Of course, in the sensitivity context, flow and cost derivatives take
the place of flows and costs themselves. For simplicity, these derivatives can
be considered “virtual” costs and flows. The restricted master problem solver
code then only had to be altered slightly to allow the subset of the routes that
were used at equilibrium to take on negative “How” values.

In order to set up the sensitivity problem, except for the flows and costs,
the main part concerns the routes to be included. Remember that only least-
cost routes are valid, some of which have a non-negativity requirement (if it is
unused). In order to construct this set of routes, we first included only those
routes that were used in the equilibrium solution. In order to compensate
for the possibility that the equilibrium solution might not perfectly identify
these routes, a “fuzz”-factor was used. In other words, to determine whether
a route was used, the route flow was compared not to zero but to a very
small positive number, obtained by multiplying the OD-pair demand by a
tiny factor. In other words, a sign restriction may be included for a route that
has a very small amount of flow at the terminal flow of the DSD algorithm.
Any remaining set of routes that are potentially interesting for the sensitivity
problem could then be included based on a final shortest route calculation and
a graph search, together with a “fuzz”-factor similar to the above, allowing
for near-shortest routes to be included as well.

This set of routes then is the one that defines the sensitivity problem; no
further route generation is necessary, and so the only problem left is a convex
quadratic RMP with some variables being free and some being sign restricted.
Virtually the same algorithm as in the RMP for the original problem can be
used; the only special case stems from the sign restrictions. Further details
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on the implementation of this algorithm can be found in the first author’s
master’s thesis [Jos03].

7 A dissection of the sensitivity analysis of Tobin and
Friesz

7.1 The analysis

We show, by means of both analytical and numerical tools, some examples
in which the sensitivity analysis presented in [ToF88] requires too strong as-
sumptions.

The strong monotonicity condition

The analysis is performed on a problem similar to (19) but where the fixed
demand is also perturbed. In order to ensure local uniqueness, they introduce
the following condition:

(Condition 1—strong monotonicity) t(p, -) is strongly monotone in a neighbour-
hood of p*.

This condition is stronger than necessary, as we have already seen.

The strict complementarity condition

The analysis is based on first selecting a particular equilibrium route flow
solution. Among the conditions stated, the route flow is supposed to be strictly
complementary. The definition is however not the one commonly used, it being
the following: a route flow solution h* is strictly complementary if and only
if that it is complementary (that is, that 0 < kX L [e,(p*, h*) — mpe(p*)] = 0
holds for all r € Rpq, (p,q) € C), and

hy + [er(p™, B™) — mpg(p™)] > 0, r€Rpg (prg) €C. (21)

In other words, our use of the term strict complementarity means that for an
arbitrary route 7 € R,q, it is either used (h; > 0) or it is more expensive than
the least costly route used in the OD pair [, (p*, h*) > mpq(p*)].

Tobin and Friesz state a definition of traffic equilibrium in terms of total
link flows v only, and which unfortunately is not consistent with the standard
definition, given in (2). Their definition of a user equilibrium in terms of
the vector v is that there exists a vector A* € RIV! such that for every link
l=(i,j) €L,

o =0 B() = X = Al

=
v >0 = t(v*) = A7 — AL
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An inherent problem with this definition is that the aggregated potential
differences, )\;f — A}, are not consistent with our node price vectors 7, k € C,
associated with the shortest route problem for OD pair k at v*.

In order to illustrate this inconsistency, in comparing our definition with
theirs, we must take into account that their definition assumes that we utilize
the link—-node representation of flows while we utilize the link-route represen-
tation. We can easily define vectors m; of equilibrium costs for each commodity
also in the former setting, where then these vectors are of size ||, since they
are defined by node prices. Given an OD pair k € C defined by an origin s
and a destination ¢, both being nodes in N, we would define these node prices
by 7 for each node i € NV, and the OD travel cost would be given by the
difference between the node prices at the terminal and initial node, that is,
by 7 — ms. Further, along a shortest route in which link (i,7) € £ is used,
we would have that t;(vs;) = T — Tk

So, the above inconsistency would be described as follows: at a traffic
equilibrium, 73, — 7% # 77, — 7, may hold for two OD pairs £ and &. (For
example, it can happen as soon as link (7, 7) lies on a shortest route in the
OD pair k£ but not in &.)

Based on the equilibrium definition, however, the authors define a strict
complementarity criterion for the perturbed problem:

(Condition 2—strict complementarity) For each link | = (4,5) € £, v} =0 =
t(p*,v*) > A7 — A} holds.

So, whenever the total link flow vector v* is positive, this condition is sat-
isfied. Clearly, it is therefore not compatible with the strict complementarity
condition (21).

In any case, the strict complementarity condition is not a necessary con-
dition for the differentiability of the traffic equilibrium solution, although our
strict complementarity condition is sufficient. An example below will illustrate
this fact.

The linear independence condition

Next, we are asked to restrict the network G to G+ = (N, L), where l € £
if and only if v} > 0, that is, to the network corresponding to the links having
a positive flow given p*. Consequently, there are possibly some routes that
will be removed as well. The + notation to follow reflects this restriction.

Under the assumptions stated so far, the set H (p*) of equilibrium route
flows is a bounded polyhedron. The next condition states that an equilibrium
route flow vector h} is selected such that it is a “non-degenerate extreme
point” of H (p*):

(Condition 3—linear independence) An equilibrium route flow h% is chosen such
that it is an extreme point of H* (p*) which has exactly as many routes with
a positive flow as the rank of the matrix [AT | I'y].
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The rank of this matrix is never higher than the number of links with a
positive flow at v* plus |C|. The authors state an LP problem that can be
used to generate such a point, but also remark in their Theorem 6 that the
sensitivity values do not depend on this choice, as long as it is an extreme
point of H (p*).

A final restriction is then made, such that we remove all the indices in the
vector h% for which the flow is zero. (We do not change the notation to reflect
this restriction.) The sensitivity problem is then finally set up as follows:

(vv,JphWJF) _ (vh cH{pr 1) —gi)” (-va?g((’;i’)hi)) G

7.2 Examples

A case of differentiability where strict complementarity does not
hold

To show that strict complementarity is not necessary for differentiability, we
consider the network depicted in Figure 2.

Fig. 2. A traffic network

There are two OD pairs, (1,2) and (4,2), with a fixed and unperturbed
demand of 2 and 1 units of flow, respectively. The link cost functions are given
by

ti(vy, p) = 2u1 + p; to(ve) i= vg; t3(va) :=1; t4(va) :=va + 2; t5(vs) = vs.

We have four routes: {1}, {2,3}, {4}, and {5, 3}, two for each OD pair.
With p* = 0, the unperturbed traffic equilibrium solution is v* =
(1,1,1,1,1)T. The route flow is unique: A* = (1,1,0,1)7. We see that the
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travel cost on route 3 is 2, as is the case for route 4, so this is a non-strictly
complementary equilibrium solution. Since it is the unique route flow, we do
not comply with the conditions (21) for strict complementarity.

In order to check if the solution v* is nevertheless differentiable at p* = 0,
we solve the sensitivity problem for both p/ := 1 and p’ := —1. For p' = 1,
we obtain the following unique solution to the sensitivity problem (20), thus
being the directional derivative of v* with respect to the direction p’ = 1 at
p* =0 = %(——1,1, 1,0,0)7. The effect, as we can see, of perturbing link
1’s cost such that it becomes more expensive, is that of sending flow in the
cycle {—1, 2,3}, where the minus reflects that flow is sent backwards on link 1.

When solving the sensitivity problem for p’ := —1, we obtain the directional
derivative v/ = %(1,—1, ~1,0,0)7, that is, the negative of the directional

derivative of v* in the direction of p’ := 1. This proves that the directional
derivative mapping is linear, and thus that the derivative of v* with respect
to p at p* = 0 equals

|

ol

oL
s
|
O O Wil

At the same time, we have here shown that the sufficient matrix condition
(13) indeed is only sufficient; it is not satisfied here because the set of feasible
route flow perturbations is the entire space and the partial Jacobian of ¢
with respect to v at the pair (v*, p*) is the non-positive definite diagonal
matrix with diagonal entries (2,1,0,1,1); yvet the equilibrium solution is even
differentiable.

This is then an example where the analysis formula (22) is not applicable,
although the solution is differentiable.

A case of differentiability where the formula (22) fails

Consider the network shown in Figure 3.

Fig. 3. Network for the first counter-example
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There is a single OD pair, (1,3), with a fixed demand of 2 units of flow.
The link cost functions are given by

ti(vi, p) i=v1+p; ta(va) :=w2; ta(vz) :=wsz;  ta(ve) = va.

We have four routes: {1,3}, {1,4}, {2,3}, and {2,4}.

With p* = 0, the unperturbed traffic equilibrium solution is v* =
(1,1,1,1)T. We can easily see that the solution is differentiable; it is strictly
complementary even. The derivative with respect to p at p* moreover is

(ST

Ol O

This is intuitive: if the value of p increases, then the flow on link 1 should
decrease, whence link 2 must increase its flow with the same amount. If, on
the other hand, the value of p decrease, the reverse should happen.

Consider then the workings of the formula (22) outlined above. We obvi-
ously fulfill Condition 1 on the travel cost functions. We also satisfy Condi-
tion 2, because v* > 0'%l. Also, then, G, = G. We last try to comply with the
linear independence Condition 3, by choosing the right equilibrium route flow
solution. Note then that

10101
10011
01101
01011

(AT 1) =

has rank 3. So, we should find a route flow solution, A*, in which exactly 3
routes have a positive flow. This is however impossible; the only alternatives
are 2 or 4. To see why, suppose that the flow on the first route, {1,3}, is
a € [0,1]. Then, the flows on the routes {1,4} and {2, 3} must both be 1 — «,
in order to comply with the total flow on the links. This implies that the flow
on route {2,4} is . This shows that for any value of a € [0, 1], the number
of routes having a non-zero flow is either 2 or 4. Since we cannot comply with
Condition 3, the formula (22) fails, even though the gradient exists.

The problems regarding the applicability of the formula (22) associated
with the rank Condition 3 was first observed and commented on by [Bel97,
p. 97]; our example however seems to be the first that has been worked out
in detail.

A case of non-differentiability where the formula (22) may provide
a result

Consider the network shown in Figure 4.
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Fig. 4. Network for the second counter-example

In this example, there are three OD pairs, with the following fixed de-
mands:
d12 = 1; d13 = 1; d32 = 1.

The link cost functions are given by
ti(v1, p) 1= 201 + p; ta(v2) = vy; ta(vs) == vs.

(We thereby comply with Condition 1.) With p* = 0, the unique cquilibrium
link volume is v* = (1,1,1)T. In this case, the route flow is unique: the flow
on route {(1,2)} is 1; the flow on route {(1,3),(3,2)} is 0; the flow on route
{(1,3)} is 1; and the flow on route {(3,2)} is 1 as well.

This solution is non-strictly complementary by our definition, since the
route {(1,3),(3,2)} is of least cost but it cannot be used. It is however strictly
complementary according to Condition 2, which we thereby satisfy.

We also see that a small negative perturbation in p would not affect the
equilibrium solution, since the link {(1,2)} (that is, the first route in the first
OD pair) is already utilized to send all the demand in the first OD pair. But
if the perturbation is positive, we see that the flow in route {(1,2)} would
decrease, and the flow on the route {(1, 3), (3, 2)} would increase. This is then
a case where the directional derivative (which of course exists) is not linear,
so p* = 0 is a point of non-differentiability.

What happens if we wish to apply the formula (22)7? We here have that

100100
011100
010010¢°
001001

(AT | 1) =

which has rank 4. Since the flow on the route {(1,3),(3,2)} is restricted to
zero, in all fairness, the formula then breaks down. But it does not really do
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so for the right reason; there is every possibility of believing that the formula
might still work if we either still include the route, or if we were to delete it.
In both cases, the formula (22) does produce a result, which in none of the
two cases can be interpreted as the value of the gradient at p*.

7.3 The gradient formula of Cho, Smith, and Friesz

The sensitivity analysis of [CSF00] is somewhat related to that in [ToF88]. It
replaces all the three conditions 1-3 mentioned in the previous section with
weaker ones, and further provides an analysis entirely in link flows. We briefly
discuss this analysis below.

(Condition 1—strict monotonicity) t(p, ) is strictly monotone in a neighbour-
hood of p*. Further, the Jacobian matrix V,t(p*, v*) is positive definite.

(Condition 2—strict complementarity) There exists a strictly complementary
route flow h* € H*(p*).

Notice that these two conditions together imply differentiability, but that
they are stronger then necessary; the latter utilizes the classic definition of
strict complementarity, as we do in this paper.

We are first asked to consider, as in [ToF88], the graph G, which only
includes links [ € £ with v > 0 at p*. In order to state the differences between
the analysis in [CSF00] and [ToF88] more clearly, we do not introduce the +
notation here, and assume, from now on, that G = G,.

Next, suppose that we, for each OD pair (p,q) € C, remove the routes
r € Rpg whose cost is higher than 77 . Thus, we reach a network which we
may denote by Gy, in which the set R is replaced by the subset Ry of least-cost
routes at v*. By Condition 2, they must also be the routes with positive flow
at h*.

The sensitivity analysis proceeds with a further reduction:

(Condition 3—linear independence) Select a subset of the rows of Ag, such that
the resulting matrix [(A5)7 | I'y] has full (column) rank.

Note that there is no requirement on the rank itself, and therefore this
condition is milder than the Condition 3 in [ToF88].

"The sensitivity formula is similar to that in (22), but provides the sensitiv-
ity in the link flow space directly, and therefore does not require the selection
of a particular equilibrium route flow solution. It is however much more com-
plicated in the sense that the translation between the spaces in h and v implies
that several sub-matrices of, for example, A must be constructed, collected,
inverted and multiplied:

Vou) _ (Vutletvt) AN =TT\ T (=Y ptpten) e
\ [AYNy, 1] 0 —AGN2N, g(p7))

where Aj contains the rows of Ap which are not present in Aj, and
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= (A0) T [46(A0)T = Ao To (g To) ™1 g (46)7] 7"

17

—Io[Ig To =T (4) 7 [46(A0) T A Lo~ Iy (Ag) T [46(A)T] 7, (23b)

Ny 1= —(46) T [A6(Ap) T AL To [T To =T (Ag)T [Ag(45) T Ap To) ™
+Io[Tg To—Tg (46)" [46(46)T) " Ap I~ (23¢)

7.4 Conclusion

While being applicable to a wider selection of situations than the analysis in
{ToF88], the analysis in [CSF00] is still not valid for problems with a non-
strictly complementary equilibrium solution, since it relies on the implicit
function theorem. Its main drawback is however its complexity; the formula
(23) reached in [CSF00] is rather non-intuitive and computationally burden-
some to use. It is also clear from the papers that have been written and
referred to during the past two-three years that the analysis in [ToF88] is the
one favoured, despite the fact that it is less generally applicable.

Interestingly, shortly after Tobin and Friesz published their paper, Qiu
and Magnanti [QiM89] published the first paper which develops a sensitivity
analysis of traffic equilibria based on Robinson’s strong regularity condition
(albeit under slightly stronger assumptions than necessary; cf. [Pat04]); it is
based on a linearized traffic equilibrium model which is similar to (15) in the
case of a separable problem. Their paper did however not get much attention
from the transportation science community. (See [Pat04] for an account of the
history of the sensitivity analysis of traffic equilibria, and a list of references
its utilization.) One of the few who has utilized the results of Qiu and Mag-
nanti is [Den94], who applied it in the context of OD matrix estimation. He
compared numerically the Qiu/Magnanti sensitivity analysis formulas to that
of Tobin/Friesz, and found that the former was significantly more robust and
efficient to use. Our above findings clearly are supportive of that claim.

The paper [JoP04] provides a first application of our sensitivity formulas
to network design problems, with encouraging results.

Acknowledgment. An anonymous reviewer provided remarks that improved
the clarity of the presentation.
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Summary. We propose an application of a new set of models referred to as “Stable
Dynamics” which provide a flexible yet rigorous way to model traffic congestion in
large urban areas. Data requirements are extremely low, since supply and demand
data can be given by GIS systems. This approach is based on the requirements that
(1) the maximum entering flow for each link is given and that (2) Wardrop principle
holds. In this paper, we supplement this basic model by parking choice. We focus
on the case where the commuters use private and public transportation from the
origin to the destination (and back to the origin). We propose a consistent model
of both for the day commuting and the morning-evening commuting and show that
such extension can be formulated as standard convex mathematical problems.

Key words: Morning and Evening Commute, Traffic Congestion, Stable Dy-
namics, Parking, Park and Ride.

1 Introduction

Parking plays an increasingly important role in the study of traffic conges-
tion. This is due to the fact that the number of cars has dramatically increased
over the last decades (the increase in car ownership remains of course very
different across countries, even in Western Europe). As a result, traffic con-
ditions tend to deteriorate in many cities, and as a corollary, the loss of time
while searching for parking has substantially increased in many congested
cities. Economists and traffic engineers have advocated road pricing since the
last decade. Early research in this direction is due to Vickrey and Roth (see
[Vich9, Rot65)). However, road pricing remains, with a few exceptions, very
difficult to implement in practice, as discussed at length for example in several
European projects, such as MC-ICAM or REVENUE. Transportation experts
tend to agree that such frictions are not only the result of technological con-
straints, but especially of legal and sociological barriers or constraints. Some
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© 2006 Springer Science and Business Media, Inc.
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exceptions exist for example in Hong Kong, Singapore, California, Norway
and more recently London, where road pricing has been successfully imple-
mented. On the whole, public acceptance of road pricing remains low, even
if it seems to have improved recently, and even if transport management has
improved substantially during the last decades. Current models are focused
on the standard commute, without taking park and ride into account as well
as many other subtle aspects of activity patterns. In this paper, we wish to
study some simple dimensions of this complex decision process, for at least
two reasons.

{(a) One major impact of road pricing is the modal shift, which can be encour-
aged by park and ride policies.

(b) Parking can be (and have been) priced with a much higher public accep-
tance than road pricing, and is therefore an interesting alternative to take
into account in the general picture.

There are few recent developments of the economic analysis of parking
pricing (see [AR99, YTTO91]; for an analysis of parking pricing with time of
the day dependent congestion, see also [APLI1]). The perception of parking
has evolved over time. About two decades ago, traffic planners believed that
parking problems were a consequence of insufficient parking places. This naive
view is true only if one neglects the medium and long run adjustment decisions
made by the drivers (such as mode choice and relocation). Over the last few
years, it has been recognized that the transport systems are more complex,
in the sense that more parking places in a downtown reduces search time
for parking (and cruising), which decreases the generalized cost of cars and
therefore induces an undesirable modal shift in favor of automobiles [AH90].
Pricing parking can, however, be used to control congestion. Parking fees have
proven to be much more acceptable, and they potentially provide easy-to-
implement second-best policy instruments, to regulate automobile congestion
[AG99]. Park and Ride may induce mode shift downtown. Still, adequate
management of parking remains a complex task since it requires optimization
along several dimensions: the optimal location of parking lots, their optimal
capacity and the optimal parking charge (which, in a dynamic context, may
depend on the time of the day and on the length of stay).

Many studies have been performed and models developed to study the
driver’s choice behavior; in particular search behavior has attracted a lot of
attention (see [BMS81], [TR98], and [AP91)). However, those models are often
complex and are therefore not applicable to large networks. We have preferred
to develop a more comprehensive and consistent parking model at the expense
of simplifying drivers’ behavior when searching for parking. In particular, we
focus on the choice of a parking place but do not take into account search
behavior (although search costs and parking congestions are included in our
setting).

The choice of a parking place is a binding decision, since it provides con-
straints on the subsequent trips, or on the return trip. The return trip does
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affect the morning commute, and it is therefore (potentially) erroneous to treat
the morning and evening commute separately. Most studies have concentrated
on one trip from an origin to a destination, for example for the morning com-
mute or in the context of a shopping trip involving the choice of a parking
place {TL00, VO95]. However, to the best of our knowledge, no theoretical
study has considered a unified mathematical formulation for the whole day
trip chaining for a population of users travelling in a large congested network.
It is not clear, for example, how the standard Beckmann objective functions
should be extended to take into account interdependent morning and evening
commute decisions. Here, we wish to study the combined choice of private
transportation, of a parking space and of the alternative modes (e.g. public
transportation) used once the car is parked. In order to accomplish this task,
we have developed a combined model for the morning and the evening com-
mute. We focus our attention on car drivers and consider that each driver has
access to one (or several) parking places, with endogenous access time and
given parking charges (of course this latter could be zero). The complexity
of this problem is due to the fact that the morning and the evening peaks
cannot be treated in isolation. If a driver chooses a specific parking lot in the
morning, s/he necessarily has to return to the same lot after work. One way
to solve this problem is to model the whole trip explicitly as follows:

(a) Home to parking lot trip;

(b) Parking lot to work and back to the parking lot trip (using another mode,
such as bus, street car or even walking);

(c) Parking lot to home trip.

If the parking lot of a user is located at home, it means that this user does
not travel by car, while if it is located at destination, it means that only car
is used for the morning and evening commute.

We use in our description the Stable Dynamics approach introduced in
[Nes00] (see also [NP03] for more examples and developments. We have shown
in [NP03] that Stable Dynamics can be used to compute the equilibrium and
the optimal solutions on simple networks such as the Braess network, only us-
ing logical arguments). This formulation is based on two simple assumptions,
which characterize the supply side and drivers’ behavior. First (see Assump-
tion 1), it is assumed that each driver selects the minimum travel time route.
Second (see Assumption 2), it is assumed that the outflow of each road can-
not exceed a given value that we refer to as the capacity: either the outflow
is lower than the capacity and the travel time is the free travel time or it is
equal to the capacity and the travel time is larger or equal to the minimum
travel time. These set of assumptions is sufficient to characterize equilibrium
in a general large network (but not the out-of-equilibrium solution as defined
in game theory).

The purpose of this paper is to develop an integrated treatment of different
park-and-ride problems using the Stable Dynamics approach. In Section 2, we
introduce the notation, briefly summarize the concepts underlying Stable Dy-
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namics and present the corresponding mathematical formulation. In Section
3, we consider two cases: either the drivers are travelling during the same time
period from the origin to the destination and back, or the morning and the
evening can be treated as two independent periods (on the supply side, but of
course not on the demand side). In Section 4, we consider a charging policy for
the parking lots and extend in this direction the mathematical formulation of
the park and ride commute. In Section 5 we provide a simple example which
illustrates our model. Concluding remarks are presented in Section 6.

2 Notations and generalities

Suppose we have a transportation network R composed by set of nodes N
and set of directed arcs .A:

R:(N>‘A)v TL=}N[, m:‘f”
For this network we define the set of origin-destination pairs (OD-pairs):
OD={(i,7), ,,7 €N, i #J}.

Each OD-pair (i, /) generates a demand d; jy. Usually, this demand is consid-
ered as an average flow of drivers, which need to travel from origin node ¢ to
destination node j; so the demand is a non-negative real number. Sometimes
it is necessary to work with cumulative demand, which is the total number of
drivers N(; ;) travelling from origin i to destination j during a time window
A. In this case, we assume that the drivers generate a constant flow in the
network. Thus,
Negy = dgigy - A

Further, for each OD-pair (7, 7) let us define a (finite) set of routes con-
necting ¢ and j:
R(i,j) - {0, 1}m - Rm.

The [-component of the root incidence vector a € Ry j), is equal to one if
the arc g is included in this route; otherwise this component is equal to zero.

For each arc 8 € A we introduce the minimal free traffic travel time ts.
Let us introduce also the second characteristic of the arc, the maximal output
flow f3. In urban network the maximal flow depends on the number of lanes
of the road, the duration of the green light at the intersection, the weather
conditions, etc. As it was shown in [Nes00, NP03], even from this restricted
(and easily available) information we can retrieve the equilibrium travel time.
Formally, this equilibrium solution can be derived from two assumptions. The
first one is behavioral. We are looking for the solutions in which all drivers
travel along the shortest paths computed with respect to existing (unknown)
system of arc travel time.
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Assumption 1 Given an established arc travel time pattern t = {tg}gea in
the network R, t > t = {tg}geca, each driver chooses one of the cheapest (with
respect to t) paths to travel from origin to destination.

The second assumption characterizes a performance of the arc and the
congestion pattern. It says that either a road is uncongested, and then the
travel time is equal to the minimal free traffic travel time, or, the route is
congested and then the travel time on the arc must be found from a global
analysis of the congestion in the network based on Assumption 1. Formally,
our assumption looks as follows.

Assumption 2 The flow fg, observed on arc 3, never exceeds fo. If f5 < fs,
then the travel time on this arc is equal to tg (that is the free traffic travel
time). If fs = fg, then the travel time tg can be any value greater or equal to

tg.

Assumption 2 can be justified as follows. Consider a congested urban road
equipped with a traffic light. Let us measure the output flow of this road.
Clearly, in average the flow is constant and it depends only on the number of
lanes, on the duration and the fraction of green light, etc. On the other hand,
the travel time on this road does not depend on the output flow. It depends
only on the size of the queue, which can be arbitrarily large.

We refer to the models, which compute the equilibrium patterns satisfying
Assumptions 1 and 2, the Stable Dynamic models [Nes00, NP03]. The main
advantage of these models is that they do not use any arc travel time functions.
They just rely on basic and easily available parameters of the roads. One
could think that this approach oversimplifies the complexity of the real world.
However, we can see that in many cases we get intuitively correct solutions.
Let us provide the reader with a simple example.

ta > T2, f2
1 t1>t, A< Hh 2

Fig. 1. Two routes in parallel

Ezample 1. Consider a network R consisting of two nodes 1 and 2. These
nodes are connected by two parallel arcs directed to the second node. Let the
performance characteristics of the arcs be related as follows:

t—1<t—2, O<f_1<OO, fTQZOO.
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Then the equilibrium solution (t*, f*) depends on the demand flow d(; 5y in
the following way:

Ddag < fiiti=*t,  fi=dag f5 =0,
2)dg > fiit] =1, fi=f, fB=dusy-/ (1)

3y dagy = f1:t] €[t ta), fT =dae, f3 =0.

1t is clear that for the third case in (1) we indeed cannot say more about ¢}
since it can depend on a constant queue accumulated at this arc. For more
examples and discussion see Nesterov and Palma [NP03].

Note that, in general, we get user-equilibrium solutions, which are different
from the social optimum. Indeed, for the second situation in (1), the optimal
solution is given by

=%, fi=h, t3=t, fi=dus - .
Thus, the optimal cost is €1 f; -+ 2 (d1,2)— f1), which is strictly less than the
user-equilibrium cost %5 - d1,9)-

We now show a way to find the Stable Dynamics solutions for general
networks. Let us fix some arc travel time pattern ¢ in network R. Then, for
each OD-pair (7, 7) we can compute the shortest-path travel time. This value
is a function of ¢ and it has the following analytical form

Ty (t) = min (a,1).

Thus, T; ;) (t) is a concave piece-wise linear function of ¢. It is well defined for
any t € R™. Therefore it is subdifferentiable on R™. Its subdifferential

8T(i’j)(t> = Conv {a S R(i,j) :{a, t) = T(iyj)(t)} (2)

has a very interesting interpretation. Any vector g € 0T ;y(t) describes an
arc loading pattern of network R by a unit of flow from origin ¢ to destination
J, which satisfies Assumption 1.

Let us introduce now the cost function

C(t) = Z d(i,j)T(i,j)(t>-

(4,5)€0D
Consider the following maz-flow arc performance model [Nes00]:
tﬁzt_ﬁa OSfﬁSfﬂv peA (3)

Using the cost function C(t) and the constraints (3), we can compose an
optimization problem, the solution of which satisfies Assumptions 1, 2.
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Theorem 1. The arc travel time t* and the arc flow vector f* is an equilib-
rium solution of the model (3) if and only if t* is o solution to the problem

max(C(t) — ([t =) ¢ 21, (4)

and f* = f — s*, where s* > 0 is a vector of optimal dual multipliers for the
inequality constraints in (4).

The proof of this theorem can be found in [Nes00]. Note that the optimiza-
tion problem (4) has an interesting interpretation. The objective function in
(4) is composed of two terms. The first one, the function C(t), is the loading
of the network; that is the total number of drivers travelling in the network
at a given moment. The term (f,¢ —f) represents the total number of drivers
waiting in the queues at the same moment. Thus, their difference,

B(t) = Ot) - (Ft - )

represents the number of cars involved in free traffic. In other words, Theorem
1 says that at user equilibrium this number is maximal.

The goal of this paper is to develop a Park-And-Ride model in the frame-
work of Stable Dynamics.

3 Park and ride models

We are going to model the situation when a driver can leave his car at a special
parking place and continue the trip to destination by public transport. The
main difference with respect to the standard models is that now we have to
take into account the way drivers come back. In order to describe our models,
we need to introduce additional data:

1. The list of destinations D C N, d = |D].

2. The list of parking lots P C N, p = |P|.

3. The cost m of parking lot k € P, 7 = {mp }rep € RP.

4. A two-way cost ¢ 5y, k € P, j € D, for travelling between the parking lot
k and destination j by public transport.

We need to use a monetary value of time per unit flow, which is denoted by
a. It is assumed to be the same for all drivers.

In accordance to activity pattern of the drivers, we consider two different
Park-And-Ride models.

3.1 Day period

In this situation, the drivers go to their destinations and come back in the
same period of the day. So, in both directions they observe on the roads the
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same driving conditions. Let characterize these conditions by some arc travel
time vector ¢ € R"™. Then the cost function for OD-pair (i, j) is as follows:

Ty () = min [or T (8) + i + cgr gy + @ T (8)] - (5)

Note that this function is qualitatively different from T, ;)(t) since it cannot
be implemented as a shortest path function of a single network. Nevertheless,
T(”)(ﬂ t) is still a concave piece-wise linear function of ¢, and it can be
computed by a standard shortest-path technique.

Since in the current situation the strategies of drivers become more com-
plicated, we need to modify Assumption 1. Indeed, the strategy now includes
the choice of the parking place and the choice of the two-way route. Thus, we
need to assume the following.

Assumption 3 Given an established arc travel time pattern t = {t5}peca in
the network R, t > t = {tg}peca, and the systems of prices {my} and {cwx )},
each driver chooses one of the cheapest strategies to travel from origin to
destination and come back to the origin.

In this case, similar to the Stable Dynamics approach, we can find an equi-
librium solution from an appropriate convex optimization problem. Indeed, let
us form the total cost function of our model:

CD 7r t Z d ;])T(l ])(ﬂ- t)
(¢,§)€OD

Then, taking into account Assumptions 2 and 3, can form the following convex
optimization problem:

FindqSD(W):mtax[CD(Tr,t)~a-<f,t—f>: t>1. (6)

Theorem 2. Let t* be the optimal solution to the problem (6) and f* = f —
s*/a, where s* > 0 is a vector of optimal dual multipliers for the inequality
constraints in (6). Then the pair (t*, f*) delivers an equilibrium solution to
our problem in the following sense:

(a) The arc travel time vectort™ and the arc flow pattern f* satisfy Assumption
2.
(b) The arc flow pattern f* is composed of OD-flows {gz"i’j)}(i’j)eop,

* — 1, deova® .
Foe (i,j)ZG:OD Gi)9ssy sy € OTE (M), (7)

which satisfy Assumption 3 with respect to the cost functions (5).

Proof. The proof of this theorem consists of a straightforward application of
Karush-Kuhn-Tucker conditions to problem (6), taking into account the flow
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interpretation of subgradients of functions T(?j) (m,t*). Indeed, let us fix 7 and
write down the Lagrangean for problem (6):

L(t,s)=CP(mt)—a (fit—1) +(s,t—1), tcR™ s>0¢R™

By the Karush-Kuhn-Tucker conditions, for the optimal solution t* of prob-
lem (6) there exists a vector of dual multipliers s* > 0 and a vector
g* € 8;CP(x,t*) such that

(8)

Now we need to find an interpretation of the vector g*. Clearly,

¢ eOCP(n ) = ¥ dWATR, (m ),
(t,7)€eO0D !

8T 5y (m,t%) = a - Conv {0T (s py (t*) + 0T s,y (t°) -
aT(ipy (") + 7 + k) + T (t7) = TF (1)}, (i,5) € OD.

In view of representation (2), the set %&T(’zj)(w,t*) is composed by all arc
loads of the network by a unit of flow, which goes from origin 7 to destination
J and comes back, and which satisfies Assumption 3. Thus, expression (7) is
justified. Item (a) of the theorem follows from the second line of conditions
(8). [ |

3.2 Morning-evening peak periods

In this situation, the drivers go to their destinations in the morning and come
back in the evening. Hence, the driving conditions for two directions can be
completely different. Therefore we introduce for the morning period an arc
travel time variable t*, and for the evening period another arc travel time
variable t¥. Then the cost function for OD-pair (i, ) is as follows:

T(I;f/y[ﬁ(ﬂ, t) = ggg {O& . T(i,k) (tM) + 7 + Clk,5) +ao- T(k,z‘) (tE)] , b= (tM, tE).
(9)
As before, T(I;{ ﬁ (m,t) is a concave piece-wise linear function of ¢.
We need to use the following modification of Assumption 3.

Assumption 4 Given established arc travel time patterns t* and t¥ for the
morning and the evening peak periods, and the systems of prices {my} and
{ew. )}, each driver chooses one of the cheapest strategies to travel from origin
to destination and to come back.

Since we work with different periods of day, we need to pass to cumulative
demands. Then, the total cost function of our model becomes
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CME(m ty= Y NupTHF(m1).
(1,5)€OD

Thus, taking into account Assumption 2, we come to the following convex
optimization problem:

Find ¢pp(n) = max [CME(mt) —a- A (fit +¢E —28) 0 M > 8, tF > 7).
(10)

Theorem 3. Let t* = (tM*,t7*) be an optimal solution to the problem (10),
sM* >0 be a vector of optimal dual multipliers for the inequality constraints
tM™ > and sP* > 0 be a vector of optimal dual multipliers for the inequality
constraints t¥ > . Denote fM* = f — sM*/(ad), and fP* = f — s5* /(ad).
Then the pattern (£M*,tE*, M= fE*) delivers an equilibrium solution to our
problem in the following sense:

(a) The patterns (tM*, fM*) and (tE*, fE*) satisfy Assumption 2.
(b) The arc flow patterns f* and f¥* are composed of OD-flows, which sat-
isfy Assumption 4 with respect to the cost functions (9).

The proof of this theorem is very similar to that of Theorem 2.

4 Pricing policy

Note that the solutions of problems (6), (10), depend on =, the prices of
the parking places. Moreover, since functions T([i” (7, t) and T(yﬁ (m,t) are
jointly concave in (m,t), the functions ¢p(7) and ¢pp(n) are concave in 7.
This opens a possibility to control the solutions of these problems as functions
of 7. Let us show how we can solve, for example, the problem of filling the
parking lots. For simplicity, we do that for the day-period model (see Section
3.1).
For each parking lot & € P we introduce the following characteristics:

1. ny, the number of parking places in the lot.
2. 6, the upper bound for the time spent in the parking lot.

Using these characteristics, we can compute
Mk = N/ Ok,

the upper bound for the car flow through this parking lot. We can define also
Tk, the lower bound for the price of the parking place at lot k. As usual, we
denote
= {Tk}rer, 7= {Tk}rep.
The question we want to answer is as follows: Which system of parking
prices m > T ensures the absence of parking congestion? In other words, we
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want to guarantee that the car flow through any parking lot & does not exceed
Tk -
Consider the following convex optimization problem:

matx[C’D(ﬂ',t)—a-(f,t—f}—(ﬁ,w——ﬁ): t>1, T>7]. (11)
™

Theorem 4. Let (7*,t*) be the optimal solution to the problem (11), s* > 0

be a vector of optimal dual multipliers for the inequality constraints t > ¢,

and 6" > 0 be a vector of optimal dual multipliers for the inequality constraint

m > 7. Denote f* = f—s*/a and n* = 7j—6*. Then the pattern (7*,t*, f*,n*)

delivers an equilibrium solution to problem (11) in the following sense:

(a) The arc travel time vector t* and the arc flow pattern f* satisfy Assumption
2.

(b) The arc flow pattern f* is composed by OD-flows, which satisfy Assump-
tion 3 with respect to the cost CP(m*,t*).

(¢) The parking flow pattern n* does not exceed the bound 7.

(d) The additional toll o, = wr — 7y, 18 strictly positive only for congested
parking lots, that is g = M.

The proof of this theorem consists in a straightforward application of
Karush-Kuhn-Tucker conditions and follows the lines of the proof of Theo-
rem 2.

As for the pure Stable Dynamic model (4), we can provide the problem (11)
with some interpretation. The objective function in this problem is composed
of three terms. The first one, CP (7*,t*), represents the total flow of expenses
spent in the network, which include the value of travel time, parking place and
the cost of public transportation. From this amount we subtract the cost of the
waiting time (social lost) and the extra charges for the parking places (pure
transfer). Thus, we maximize an “efficient” payment of the drivers, which can
be interpreted as a monetary value of the mobility in the system generated
each unit of time.

Clearly, a similar pricing model can be developed for the situation de-
scribed in Section 3.2.

5 Simple illustration of the model

Let us consider a simple example. Our network consists of three nodes. Node
1 is the origin. A Park-And-Ride facility is located at intermediate node 2.
And there is a parking lot available at destination 3. All parking lots have
unlimited capacities. We denote by m; the price of parking at node 7, i = 2, 3.
The price of a two-way public transportation ticket from node 2 to 3 is ¢a 3.

Our network is shown on Figure 2. All nodes are connected by two-way
streets. Both directions of each street have identical characteristics (free traffic
travel time and capacity). Nodes 1 and 2 are connected by a street with
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parameters ; > 0 and f; = co. Nodes 2 and 3 are connected by two streets.
The short one has characteristics t; > 0 and f3 < oo, and the long one is
characterized by £3 > #5 and f3 = oo. Let us consider the day-period model

fg>fz, fszoo

Origin Park&Ride Destination
® —

1 tl, flzoo 2 tz, f2 3

Fig. 2. Simple Park-And-Ride model

described in Section 3.1. In view of complete symmetry in our network, the
equilibrium solutions for both directions of each street will be the same. So, we
will have only three travel-time variables t = (¢1,t2, t3) and three equilibrium
flow variables f = (f1, fo, f3). Since there is no congestion possible on the
streets 2 and 3, we are sure that at equilibrium ¢; = #; and ¢3 = £3. Thus, the
cost function of OD-pair (1, 3) depends only on the single variable ¢o:

T(?Y?’) (tg) = min{ 2at; + g + €2,3, 20 [25_1 -+ min{tg, t_g}] + 73 } .

Thus, given any demand flow d(; 3y, the equilibrium Stable Dynamics solution
can be found from the following problem:

II%?X [d(173) ~T(E1))3)(lf2) - - fgtg Dty > 1y ] .

Since the cost function is bounded from above, the solution to this problem
exists for any level of demand. Let us discuss its structure for different vari-
ants of parking prices 7, and 73, and public transportation price ¢z 3. In our
analysis we assume that

7o + €3 > T3 + 20k,

which means that on an empty network it is better to travel by car.
1. Traffic ban: ma + co,3 < 20tz + 3. In this situation all drivers will park
at node 2 independent of the level of demand. In this situation

ta=ty, fi=dug, fo=fr=0

2. Controllable congestion: 2als + m3 < T2 + cg3 < 2ats + w3. In this
situation no driver uses street 3. The usage of street 2 depends on the demand
level. If d(y 3y < fa, then the parking lot at node 2 is empty. Nevertheless, there
is no congestion on street 2.

If di1,3) > fo, then the level of congestion on street 2 can be found from
the condition:
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20ty + w3 = M +C23.

Again, there is no reason to use street 3. But the parking lot at node 2 is used.
Note that the equilibrium travel time at street 2 is a function of the parking
prices:

ty = 5= [m2 — T3 + Co 3] = ta.

Since the number of cars on street 2 is equal to fs - ta, it is possible to avoid
an excessive usage of street 2 by regulating price differential of the parking
lots.

3. Over-pricing: 2at3 + T3 < Ty + c2,3. In this situation the price of the
parking lot at node 2 is too high. Thus, the drivers avoid it and we obtain the
equilibrium solution from the model considered in Example 1.

Note that in our analysis the parking lot at node 2 can be seen as a
substitute for street 3.

6 Discussion and concluding remarks

We have developed a mathematical formulation to describe Park and Ride
for the morning and evening commutes. This tool is based on the Stable
Dynamics theory. It allows addressing parking policies at both the local and
the global or strategic levels. This approach relies on the idea that parking
policies should be studied as one element of a comprehensive transportation
system and cannot be studied in isolation. The proposed framework also takes
into account parking management and congestion in a consistent manner and
within the same standard convex formulation.

Some important steps are still missing at this stage. The proposed method-
ology is able to compare alternative parking policies, but is unable to select
the best policies to be implemented. This would require the addition of a sup-
plementary step involving optimization of the parking location considering a
given pricing strategy.

In order to simplify the presentation, we have assumed that the morning
and the evening O/D matrices were the same. This does need to be true, and
the proposed approach can easily be extended, with additional notation, to
the case where the morning and the evening O/D matrices differ. We have not
considered more complex (and realistic) activity patterns, but it is clear that
the proposed formulation can be extended to more complex set of activity
patterns (including several stops).

Finally, we have assumed, for the sake of simplicity, that the O/D matri-
ces were exogenous. This hypothesis is not restrictive since in our previous
formulation (see [NP03]) we have proposed a method to describe trip gen-
eration and distribution as a part of the same mathematical formulation of
Stable Dynamics. This extension adds one additional level in the optimiza-
tion procedure, but does not modify the approach proposed in this paper.
Recently, researchers have started to model parking within the context of the
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monocentric city [AP01]. In particular, they evaluate the impact of parking
management on land use. These long-term issues (requiring endogenous O/D
matrices) are important and should be considered for large-scale networks.
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Summary. We suppose given a variable demand model with some control param-
eters to represent prices, a smooth function V' which measures departure from equi-
librium and a smooth function Z which measures overall disbenefit. We suppose that
we wish to minimise Z subject to the constraint that the disequilibrium function
V is no more than ¢, where we think of € as a small positive number. The paper
suggests a simultaneous descent direction to solve this bilevel optimisation problem;
such a direction reduces Z and V simultaneously and may often be computed by
simply bisecting the angle between —VZ and —VV. The paper shows that follow-
ing a direction A which employs the simultaneous descent direction as its central
element leads, under natural conditions which preclude edge effects (where a flow
may be zero or a price may be maximum), to the set of those approximate equilibria
{where V < ¢) at which Z is stationary.

Then the method is extended on the one hand to deal with edge effects (allowing
a route flow to be zero or a price to be the maximum permitted), by ensuring that the
direction A followed anticipates nearby edges of the feasible region, using reduced
gradients instead of gradients, and on the other hand to deal with signal controls.

Within the optimisation procedure proposed here, optimisation and equilibration
move in parallel and the need to compute a sequence of approximate equilibria is
avoided.

Key words: Bilevel Optimisation, Transportation Networks, Pricing, Con-
trol, Equilibrium

1 Introduction

1.1 Purpose of the paper

It is important to model transportation networks so that various alternative
strategies designed by planners may be tested in a model prior to implemen-
tation. But it also important to devise methods of optimising network models
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subject to natural assumptions concerning travellers choices, so that the com-
puter modelling actually makes suggestions to the planners. Modelling may
then further assist decision-makers with their future designs, by taking a more
pro-active role in strategy design. In this paper we give and justify a possi-
ble method of optimising prices within an equilibrium transportation model.
The method is based on simultaneous descent directions; these reduce two
objective functions simultaneously.

1.2 Practical and general equilibration modelling background

The need to consider the several parts of a transportation equilibrium model
as a single unity has been emphasised in [COM96], for example; this study was
part of the US Travel Model Improvement Program. In the UK, this same need
has also been described by the Department of the Environment, Transport and
the Regions (see, [DofE98] and [SAC99]). This need leads directly to fairly
general variable demand equilibrium models.

Many transport equilibrium models, together with a number of solution
methods, have been proposed. See, e.g., [BMW56], [Eva76], [Gar80], [Bar02]
and [BB03].

In this paper we adopt a specific variable demand equilibrium model within
which some interactions, including that between the flows along certain arcs
and costs felt on others and between the costs of travel between certain OD
pairs and the flows generated between other OD pairs, may readily be rep-
resented; this model is similar to that suggested in [CC61] and [AM8&3]. The
model combines the standard user equilibrium route-choice principle stated
in [War52] and a demand for travel between each OD pair which may vary
with the costs of travel between the various OD pairs.

1.3 Optimising prices and signals within equilibrium models

The need to optimise signal controls subject to equilibrium within an equilib-
rium transportation model was pointed out in [All74].

Many others have also considered this type of bilevel optimisation prob-
lem. See, e.g., [AL79], [TGAT79|, [Mar83|,[Mar86], [Fis84], [TF88], [Dav94],
[YY94], [Yan96a], [Yan96b], [Yan96c], [Chi97], [CSX99], [PR02] and [CWO02].
All these essentially seek to solve the same problem as we do here. Migdalas
[Mig95] provides an interesting survey of some solution techniques which have
been proposed. The problem, shortly stated, is as follows.

First problem statement: Given a smooth objective function, find op-
timal prices and signal green-times allowing for travellers’ decisions.

Here we weaken this problem as follows.
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Second problem statement: Given a smooth objective function, find
flows, prices and signal green-times which comprise an approximately station-
ary point, allowing approzimately for travellers’ choices.

This is a bilevel problem because we choose to allow for travellers’ choices
by constraining transport flows to be an equilibrium or an approximate equi-
librium; already for fixed prices this is itself an optimisation problem.

Bilevel problems in a wider context have also been studied by very many
people including, e.g., [GS94], [LPRI6] and [OZ95].

The basic equilibration and optimisation ideas in this paper are natural de-
velopments of the Lyapunov equilibration methods described in [Smi84a] and
[Smi84b| and build directly upon the half-space and cone projection methods
developed (and very slightly tested) in a series of papers: [SXY97], [SXY98],
[SXYG98], [CSXYO01], [CS98], and [CS01]. This paper also builds directly on
[Smi05a]. However the basic idea of using a direction which is the average
of the steepest descent direction of the constraint function and the steep-
est descent direction of the given objective function may be traced back to
Zoutendijk.

The advances presented here are as follows:

1. The optimisation method here may be properly applied to a wider variety
of real-life problems than that in [CSXY01] as the conditions on the cost
and demand functions are more general here,

2. The optimisation method here also embraces a better dynamic, Armijo-
like, step length rule; the aim of this is to guarantee that a stationary point
is indeed approached fairly economically from a computational viewpoint,
and

3. The optimisation method here extends that in [Smi05a], by changing the
search direction so as to allow for hard constraints; this permits (for ex-
ample) route-flows to be zero and prices to be at their maximum at a
stationary point.

These advances allow more general and more simple proofs of convergence
and might also be expected to be much more efficient computationally than
the methods demonstrated in previous work. Some details not given here are
given in [Smi05b].

Using the algorithm here the approach to a stationary point is typically
via points which are not themselves approximate equilibria, so that the op-
timisation and the equilibration move in parallel and the need to compute a
sequence of approximate equilibria is avoided.

Previously, [FL00] and [RM04] both consider descent methods which have
elements in common with the simultaneous descent method outlined here.

In [CQWO02], Cohen et al. are critical of [CSO1]. However they do not
consider the smoothed search direction in that paper; they consider only a
more simple discontinuous search direction. This means that their comments
are not relevant to this current paper.



162 M.J. Smith

2 The Model

2.1 The main variables

We suppose that in our model network there are X' OD pairs, that OD pair
ij is joined by N;; routes and so the total number of routes is N = Zij Nyj.
The main variables are as follows:

Xijr = the flow (in, e.g., vehicles per minute) along the rt* route joining OD
pair ¢7,

X = the route flow vector comprising all the X;,

Y;; = the cost of travel between OD pair ij (in minutes per vehicle, say), and

Y = the cost vector comprising all the Y;;.

Costs are in minutes per vehicle; so that a flow times a cost is dimensionless.

Let 0V denote the zero N-vector, +co” denote the N-vector with infinite
co-ordinates. Then we define [0V, +00™) to be [0, +00)" and [0¥, +00®) to
be [0, +00)¥.

2.2 Cost functions and demand functions

The central supposition throughout is that we are given two functions: the
cost function C(-) and the demand function D(:).

Here Cj;-(X) is the cost of traversing the r** route joining OD pair 7j
when the flow vector is X > 0 and D;;(Y) is the total flow between OD pair
17 when the OD cost vector is Y where Y > 0.

We suppose that the cost function C(+) is defined throughout [0V, 4+00™)
and that the demand function D(-) is defined throughout [0%, 4+-00%). Thus,
including domains and co-domains, our two given functions are:

C: [0V, +00™) — [0V, 400") and D : [0%, +00k) — (05, +-00f).

2.3 The functions T" and S
We define the two functions

T: [0V, +00™) — [0%, +00%) and S : [0, +00®) — [0V, +0o™)
as follows. For each ij and each 4, j and r:

Ty(X) = ZXUT for all X e [0V, +oo™)

and
Siir(Y) =Yy for all Y € [05, +00%).

T;;(X) gives the total flow from node i to node j and S;;,.(Y") spreads each
cost Y;; over all routes joining node ¢ and j.
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2.4 Assumptions
Positivity of C and non-negativity of D
We suppose that, always, C(X) > 0 for all X € [0V, +oo®) and D(Y) > 0
for all Y € [0V, +o00?).

Boundedness

We suppose always (i) that D(:) is bounded and (ii) that C(-) is bounded on
bounded sets.

Monotonicity

We also suppose that C : [0V, +00™) — [0V, +00") is monotone. That is we

suppose:
C(xh) -CxX* (X' -X*) 20

for all X! € [0V, +00™") and X? € [0V, +00’v). We also suppose that —D :
[0, +00%) — —[0K, +-00K) is monotone.
It is easy to show that if C' and —D are both monotone then

C(X)-S(Y)
(760 D<Y>> W
is also a monotone function of < ) € [0V, +oo™) x [0%, +00k).

Continuous differentiability

We also usually suppose that C' and D are differentiable throughout their
domains and that their derivatives or Jacobians C' and D’ are continuous.
(We assume that Jacobians or derivatives also exist at boundary points with
suitable restricted definitions.)

3 Variable Demand Equilibrium

3.1 Definition of equilibrium

Suppose given a (flow-vector, cost-vector) pair (ii) in which all X;;» > 0

and all Y;; > 0. This vector will sometimes be written (X,Y). A vector (X,Y)
will be called an equilibrium if the following hold:

1. (X,Y) € [0V, +oo?) x [0K, +00K).
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2. For each ijr, the cost Cy;(X) of traversing the 7** route joining OD pair
ij equals Y;;.
3. For each ij the demand D;;(Y") generated by the cost vector Y equals the

total flow T3;(X) = > . Xy actually occurring from node 4 to node j.

So in this case (X,Y) is a variable demand equilibrium pair if and only if
(X,Y) € [0V, +00™) x [0K, +-00K);

Yi; — Cijr(X) =0 for all 4, 4,7; and
Dz‘j(Y) — TU(X) =0 for all Z,_] (2)

The equilibrium equations (2) may be written, using (1), in vector form:

(-5 - &)

DY) -T(X) 0
Here we have assumed for simplicity that at equilibrium all X;;» > 0 and all
Y;; > 0. To relax this initial assumption and so to allow the possibility that
a listed route may have a high cost and zero flow at equilibrium we revise

(2) to introduce a partial complementarity condition. The revised equilibrium
condition is as follows. For each ¢, 7 and r:

}/ij — C’ijr(X) <0 and Yij — CijT(X) < 0 implies
Xijr = 0; and D”(Y) - TIJ(X) = 0. (3)

[The expression D;;(Y) — T;;(X) = 0 may be similarly replaced by D;;(Y) —
Ti(X) < 0 and Dy(Y) — T3;(X) < 0 implies Y;; = 0. This change would
make (2) exactly into a complementarity problem instead. We choose not to
make this change here as it proves to be unnecessary under our positivity
assumption in Section 2.4 above.]

The set of equilibria, or solutions to (3), will be denoted by E.

3.2 Proofs of existence of equilibria

We give here two proofs of existence of equilibria. The first proof is a stan-
dard proof using continuity and has some similarity to that given in [AM83].
The second proof utilises monotonicity (as well as continuity) and serves to
introduce the algorithms proposed in the paper. The set F' defined below is
common to both proofs.

The closed bounded feasible set F' and the objective function V

The natural feasible set is [0V, +00?Y) x [0, +-00K), but this is unbounded.
Suppose now that our positivity and boundedness assumptions, in 2.4 above,
hold. Under these conditions we are able to specify a bounded feasible set F.

First we define upper bounds UX;» and UYj; for Xy, and Yj; as follows:
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UXijr = QSup{Dij(Y); Y e [OK, +OOK)}

and
UY;; = 2sup{Ci;»(X); X € [0V, UX]}
where UX is the vector of all the UX;;,..
Now define the bounded feasible set F' of (X,Y") pairs by putting:

F =0V, UX] x [0¥,UY]
= [J10, UXy;n) x J]10, UYz5] < [0V, +00™) x [0%, +005)
ijr ij
where UY is the vector of all the UY;;.

Given the set F', consider the objective function V : F — R, where, for
all (X,Y) e F:

V(X,Y) = Z{X'szr[cijr(X) — Yyl + (UXyjr — Xir)?[Yiy — Ciir (X3}

+ Y H{VET;(X) = Dy (V)3 + (UYs; — Vi) 2Dy (V) = T, (X))2}.
i

ij
Here y4 = max{y,0} and y3 = (y.)? for all real numbers y.

Proof of existence using continuity

Let (X,Y) € F. It is clear that if (X,Y) is an equilibrium then V(X,Y) =
0. Our first task is to show the converse; that, under natural conditions, if
(X,Y) € Fand V(X,Y) = 0 then (X,Y) is an equilibrium. This result
follows from Lemma 1 below.

Lemma 1. Suppose that the functions C and D satisfy our positivity and
boundedness assumptions in Section 2.4 above. Let (X,Y) € F. ThenV(X,Y) >
0 if (X,Y) satisfies any one of the following conditions:

1. For some ijT,O < Xijr < %UXijr and Yij > %UY;]

2. For some ijr, %UXijr < Xijr < UXZ'J‘T and 0 < Y;‘j < UY;J
3. For some ijr,0 < X5 < UXyy and Yy; = 0.

4. For some ij, Ds;(Y) — T;;(X) > 0.

5. For some ij, Dy;(Y) — T3;(X) < 0.

6. For some ijr,Yi; < Cijr(X) and X5 > 0.

This lemma shows that if (X,Y) € F and V(X,Y) = 0 then

None of the X;;, exceed %UXUT (as neither 2 nor 3 can hold).
None of the Y;; exceed %UYij (as neither 1 nor 2 can hold.
The vector (X,Y") is an equilibrium (as none of 1, 2, 4, 5, nor 6 can hold).
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Hence, (X,Y) satisfies the equilibrium condition (3) in Section 3.1 and also
belongs to [0V, 1UX] x [0¥, TUY].
Proof. Suppose that Condition 1 holds. Then
V(X,Y) > (UXyr — Xijr)?[Yey — Cir(X) 5

1 1
> (5UXigr)*[5UYs5 = Ciyr (X)]5 2 0
by definition of UYj;.

Suppose now that Condition 2 holds. Then
V(X,Y) > Y3 [T;(X) — Di; (V)3
> Y[ Xijr — D (V)2
1
> Yﬁ[§UXW - Dy(Y))3 20

J
by definition of U Xjj;.

Suppose now that Condition 3 holds. Then

V(X,Y) 2 X5, [Cijn(X) = Yyl§ = X5, [Ciyn (X)]] > 0

by positivity of C' and X

Suppose now that Condition 4 holds. Then there are two cases: Y;; >
%U)/” and Y'ij S %UY;J

Y > iUY; = V(X,Y) >0
since (1) or (2) must hold. Also
Yy < 3UY; = V(X,Y) > (3UY;)(Dy(Y) — Ti;(X))? > 0.

Suppose now that Condition 5 holds. Then again there are two cases:
Yij > 0 and Yy =0. Firstly, Yi; > 0 = V(X,Y) > Ylg [Tij(X) — Dy, (Y)]2 > 0.
On the other hand, condition (5) here ensures that T;;(X) > D;;(Y) > 0 in

any case and hence there is an X;;, > 0. But we also know that Cy;.(X) > 0
always and so

Yij =0=Yy = Cijr(X) = =Cyjr(X) <0

and therefore V/(X,Y) > X2 [Cyy,(X) = Yi;]3 = X7, Cijr(X) > 0.
Suppose finally that Condition 6 holds. Then again
V(X,Y) > X7 [Cijr(X) = Yiy]3 > 0.
Thus the lemma is proved. ]
A related results is as follows.
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Lemma 2. Suppose C and D satisfy the positivity, non-negativity and bound-
edness assumptions in Section 2.4 above. Suppose also that (X,Y) is an
equilibrium in [0V, +o0o™) x [0K, +00X). Then (X,Y) is an equilibrium in
iF = [0V, 1UX] x [05,3UY].

Proof. We only have to rule out the possibility of an equilibrium outside %F .
Suppose then that (X,Y) is an equilibrium, possibly outside %F From the
equilibrium conditions: Yj; —Ci;r(X) < 0 and X5, < T5(X) = Dy;(Y). Hence
for all ijr:

Yy < Cijr(X) < 3UY;
by definition of UY;; and also
Xijr S Ty5(X) = Dy(Y) < 3U X450

by definition of U.Xjj,.
Thus any equilibrium (X,Y) € [0V, +00™¥) x [0%, +00¥) also belongs to
the smaller set $F = [0V, JUX]x [0¥,1UY]C F. [

Theorem 1 (A standard existence theorem using continuity). Sup-
pose that C and D satisfy the positivity, non-negativity and boundedness con-
ditions in Section 2.4, and that F is as constructed above. Suppose also that
C and D are both continuous. Then an equilibrium exists, and the set of equi-
libria is a non-empty subset of [0V, JUX] x [0K, 1UY].

Proof. For each (X,Y) in F, put &((X,Y)) = Projr((X,Y) + (S) ~
C(X),D(Y)~T(X}). Then, & : F — Fis continuous and F' is closed, bounded
and convex; so there is a fixed point of @ by Brouwer’s fixed point theorem.
This point must be a zero of V. By Lemma 1, this point must belong to
[0V, 3UX] x [0%,3UY] and also satisfies the equilibrium conditions and so
is an equilibrium in %F C F. By Lemma 2 there are no equilibria outside
[0V, 2UX] x [05,1UY], and therefore the set of equilibria is a non-empty
subset of [0V, 1UX] x [0%,1UY]. |

Proof of existence using monotonicity

Theorem 2. Suppose that C and D satisfy all the conditions listed in Section
2.4, and that F is as constructed above, Then an equilibrium exists, and the
set of equilibria is a non-empty closed bounded convexr subset of [0V, 1UX] x
[0, 1UY].

Proof. We are given that C' and —D are both monotone and it follows that
(C(X)—-5(Y), T(X) — D(Y)) is a monotone function of (X,Y’) on F.
Consider the search direction A(X,Y) = (AY(X,Y), A%(X,Y)) where the
ijrt* component of the flow direction AY(X,Y) is for each ijr given by:
A (X, Y) = (UXz'jT - Xz‘jr)g[yi' - Oijr(X)]+ - Xigjr[c’ijT(X) - Yij}%

igr
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and the 7j** component of the cost direction A?(X,Y") is for each ij given by:
AL(X,Y) = (UYy = Yy)* Dy (V) = Ty (X)]4 = Y (T35(X) = Dy (V)]
The whole search direction
AX,Y) = (AY(X,Y), A*(X,Y)) (4)

for all (X,Y) € F. (The direction (4) is precisely the algorithm (D) direction,
introduced in [Smi84a] and [Smi84b], in this setting, utilising the function
(C(X) — S(Y), T(X) — D(Y)) on the set F' = [0V, UX] x [0X,UY].)

Since (C(X) — S(Y),T(X) — D(Y)) is a monotone continuously differen-
tiable function of (X,Y) on F, it follows from [Smi84a] and [Smi84b] that
A(X,Y) is a descent direction for objective V at (X,Y) (unless V(X,Y) =0
in which case (X,Y) is an equilibrium) and also that there is a positive real
number A such that for each (X,Y) € F, (X,Y) +tA(X,Y) € F for each t
such that 0 < ¢t < h.

Thus, for any (X,Y) in F', A(X,Y) is a feasible descent direction for V
at (X,Y); unless V(X,Y) = 0.

Now V(X,Y) is a continuous function of (X,Y’) on the compact set ' =
(0N, UX] x [0%,UY]. Therefore V attains its greatest lower bound on this set
at say (X*, Y*). If V(X*,Y™*) > 0, A(X*,Y™*) is a feasible descent direction
for V at (X*,Y™*) contradicting the definition of (X*,Y ™).

This contradiction arises from the assumption that V(X*,Y*) > 0. It
follows that V(X*,Y*) = 0 and an equilibrium does exist in £

Moreover by a standard lemma (Minty’s lemma) the set of equilibria is
under the present conditions also convex, since (C'— S,7 — D) is monotone.
Since V' is continuous the set E = {(X,Y) € F;V(X,Y) = 0} is also closed.

Thus there is a non-empty closed convex set E of equilibria such that
Ec oV, iUX] x [0, 1UY]. »

4 An Equilibration Method

4.1 The basic condition

We now impose the following basic condition on all following work.

There is a fized set of N routes joining K OD pairs.

C and —D are monotone and continuously differentiable.
F=0N,Ux]x 0¥, UY].

The set of equilibria is a non-empty subset of [0V, 2UX] x [0%,1UY].

Any pair (X,Y) in F' will be called feasible. A natural question is now:
Given the two functions C' and D satisfying the above conditions, how do we
approximate or estimate a variable demand equilibrium (X,Y)?
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In order to estimate an equilibrium (X,Y"), we use an iterative scheme
which approximates the equilibrium conditions more and more closely. A very
general algorithm which includes almost all algorithms for solving this variable
demand problem is to start anywhere in F and update (X,Y) as follows:
(X1, Y1) is any feasible starting value for (X,Y’) and following some rule or
algorithm:

(XYY - (X2,Y?) = (X3,Y%) -
We shall now suppose that we have an algorithm which generates an infinite
sequence such as that above, and that for any feasible start point all the
succeeding pairs are also feasible in that they all belong to F.

4.2 Definition of convergence and a Lyapunov function

The sequence (X!, Y1) — (X2,Y?) — (X3, Y3) — ... is said to converge to
the equilibrium set E if (z) the equilibrium set E is non-empty and (i7) the
Euclidean distance dist((X",Y™), E) between (X™, Y") and the equilibrium
set £ tends to zero as n — 0.

n [Smi84a] and [Smi84b], Smith shows that (given the basic condition
above) there is a continuous real-valued function G defined for all (X,Y) € F
such that
o G(X,Y)>0if (X,Y)e F\E;

G(X,Y)=01f (X,Y) e E; and
A(X,Y) VV(X,Y) < —G(X,Y) for all (X,Y) € F

Thus V is a Lyapunov function for the dynamical system:
d((X(8),Y(t))/dt = A((X(¢),Y (t)) for all t > 0,
(X(0),Y(0)) = (X°,Y°) € F.

Here (X°,Y9) is an arbitrary start point € F. The steepness of the descent
of the Lyapunov function V at (X,Y), as (X,Y) follows A4, is estimated by
G. That is:

dV(X(t),Y(t))/dt = VV(X(1),Y (1)) - A(X(t), Y(t))
< =G(X(t),Y(t)) for all £ > 0.

We may take the function G to be as follows:

G(X,Y) =
Z{er A’m - m]i + (UXiJ'T - Xijr)B[Y;ij l]r( )LL}

(4

+ Z{Y{Z’ [Ti5(X) — Dy (V)3 + (UYy; — Yy)*[Diy (V) = T (X3}, (5)
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4.3 The projection Projg

Throughout all algorithms described here, all (X,Y") generated will be feasible
or belong to F. Any “tentative values” of (X,Y") generated by an equilibrating
(or, later, optimising) algorithm which are not feasible will always be projected
back onto F.

For each (X,Y) € RV*X the projection Projr(X,Y) of (X,Y) onto the
relevant feasible set (F here) is defined as follows, by projecting each co-
ordinate of X and each co-ordinate of Y independently. Thus:

0, if Xijr < O7
Projl(X) =< Xy, if0< Xy SUXyr,
UXijr7 if Xijr > UXijr.
0, if ¥;; <0,
PTOJ'%T(Y) =Yy, if0<Y; <UY,

Then, for each (X,Y) € RV*X we put Projp(X,Y) = (Proj!(X), Proj?(Y)) €
F, and Projr(X,Y) is the point of F closest to (X,Y).

5 Dynamic Armijo-Like Step Lengths

Suppose that the basic condition in Section 4.1 holds. We reduce V to zero by
moving (X,Y) continually in the direction A(X,Y) specified in (4) in Section
3.2 above.

Given V, A, and G, to show descent to equilibrium over the whole trajec-
tory generated by an equilibrium-seeking algorithm which follows A we need
to specify step length choices in some detail. We follow a dynamic Armijo-like
scheme very close to that described in [Smi84b].

Henceforth we will let z stand for (X,Y) and 2™ stand for (X™,Y™).

5.1 A dynamic Armijo-like algorithm

Here we suppose that if we are at iteration n, at a non-equilibrium (X, Y") =
zn where the search direction is A(z,) and the step length actually used at
Zn 18 Uy, then our next z will be

Znt1 = Projr(z, + und(z,))

where Projr denotes projection onto F. The real number u, > 0 will be
called a used step length and ¢,, > 0 will be called a step length.

For the purposes of most of this section we will suppose that if u,, is a used
step length then Projp(z, + unA(2,)) = 25 + unA(zn). That is, we suppose
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that the projection operator does not actually do anything; so the boundary
of the feasible set F' is here having no effect. To determine w,, we specify a
dynamic Armijo-like scheme based on a continuous function G such as that
given above.

To motivate the scheme, it is clear that if the step length ¢ at z were very
small then the change in V = V(z - tA(z)) — V(z) would be more negative
than —3tG(z). So the slope of V(z + tA(z)) against ¢ would be at least as
steep as —3G(z) for small ¢. We do not wish to have such small steps ¢ as the
reduction in ¥V might be very small, by virtue of the small step size t.

On the other hand if ¢ is large the slope of V(z+tA(z)) against ¢ can be no
steeper than —1G(z) on average; for if the average gradient of V(2 + tA(z))
against ¢ were < —+G(z) for large t then V(z + tA(z)) would sometimes be
< V(z) — $tG(z) and this would be negative for large ¢, which is impossible.
(Of course, by its definition, V' > 0 always.) We do not wish to have steps this
large as the reduction in V' might be very small, due to a shallow negative
slope (or perhaps V' may even increase, due to a positive slope).

So we seek step lengths which give rise to slopes between —%G(z) and
—2G(z). Such step lengths have an Armijo property and allow convergence
to equilibrium to be shown.

The dynamic Armijo (zn,t,_1)-updating equilibration algorithm
in detail

To be specific, we start at an arbitrary z; € F and to = 1. This 0** or initial
step length g is fairly arbitrary, but it must be positive.

If we are at a current non-equilibrium point z, € F, and the previous
possible step length was t,_, then we are to update z,, and ¢,_1 (for n > 1)
according to some fairly simple rules as follows.

Firstly, z, is kept fixed and t,_; is halved to obtain:

tne1, 3tn-1, (3)%tn—1, + , (3)Ptna1,
where the halving ceases as soon as:
Vizn + (%)ptn—ld(zn)} = Viz) < _%(%)ptn—lG(zn>
for the first time. p = 0 is allowed here; it may be that
Vizn 4+ tho14(20)] = V(zn) < —3tn1G(22)

already. The halving surely ceases by definition of G.

Secondly let u, = (%)ptn_l for this p (this is to be the used step length at
zn) and let z,411 = 2z, + un A2p).
Finally update t,_; as follows:

o i Viz, +unA(zn)] = Vizn) < —%unG(zn), put t; = 2uy;
o if —3u,G(2n) < Vizn + und(z,)] — Vizn) < —3unG(zn), put tn = up;
and
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o if —3upG(zn) < Vzn + unA(zn)] — V(2n) < —3unG(zn), PUt t, = TUn.

These are three mutually exclusive possibilities and they together exhaust all
eventualities since, by choice of u, = (%)ptn_l,

Vizn -+ und(zn)] ~ V(zn) > —($)unG(zn)

is not possible.
Clearly not all ¢, are in fact used to move z. The used step lengths are
the u,,. It is clear that

Vizn + unA(20)] = V(zn) < =(3)unG(2n)

for all used step lengths u,. (It would be natural to stop when V(z,) is less
than some preassigned positive number.)

6 Convergence to Equilibrium

Suppose that the basic condition in Section 4.1 holds. For any starting point
z1 € F and with an initial “previous” step length tn = 1 we suppose that
the dynamic Armijo-like algorithm specified above in Section 5.1 generates an
infinite trajectory:

Z1,22,23, " 4 Zny

where each z, € F and an infinite sequence
t07t17t27t37 U ,t’rﬂ' t

of possible non-negative step lengths. We assume that these sequences are
infinite: so we never actually hit the equilibrium set E. (If the sequence hits
an equilibrium we simply stop.)

To prove convergence, we use proof by contradiciton. Suppose that {z,}
is an infinite sequence generated by our algorithm which does not converge
to the equilibrium set £ = {z € F;V(z) = 0}. Then, since F is closed and
bounded, {z,} must have a non-equilibrium limit point.

Let w € F be such a non-equilibrium limit point of the sequence {z,}, so
that V(w) > 0.

Now in the appendix we show that V(z,,) is eventually less than V (w) and
therefore, since {V(zy,)} is decreasing, {V(z,)} cannot have V(w) as a limit
point. Hence, as V' is continuous, {z,} cannot in fact have w as a limit point.
This provides the contradiction we seek.

It follows that the sequence {z,} has no non-equilibrium limit points.
Hence all limit points of the sequence {z,} are equilibria and the sequence
{z,} must converge to the set of equilibria or dist(z,,E) — 0.
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7 Optimising Prices

Now we suppose that there is a specified smooth function Z which is regarded
as a measure of total disbenefit. We will seek to minimise Z at an equilibrium
by charging prices for traversing certain arcs or routes in the network, thus
influencing the equilibrium traffic distribution. Of course if Z depends on the
prices charged then charges will also influence Z directly.

7.1 Assumption concerning Z

We suppose throughout that Z is a continuously differentiable, non-constant
function of the route-flow vector X, the OD cost vector ¥ and the new route-
price vector P.

7.2 Adding an arc-price vector p or a route-price vector P

Suppose that for each arc a in the network a price p, can be charged. Suppose
also that the vector p of all the p, is confined to some polyhedral closed
bounded set of feasible arc-price vectors p. For many arcs the only feasible
charge might be zero. For each feasible set of arc price vectors p route ijr (the
7" route joining node i to node j) will be subject to a corresponding charge
P;;r (the sum of the relevant p,) and the vector P of all possible route prices
P,;r will be confined to some polyhedral closed bounded set Fj,;c. of feasible
route-price vectors. Let (X,Y) € F and P € Fprice. Then the vector (X,Y, P)
will be called a user-equilibrium if and only if for all 4, j and r,

}/;j — Cijr(X) - P—;jr < 0 and
Yij - Cijr(X) — Pij'r <0 implies Xijr =0, and Dij (Y) — le(X) =0.

Our basic condition given in Section 4.1 is now supposed to hold for each fixed
P € Fprice. Further, we now suppose that the feasible set I’ is enlarged so
that %F contains all equilibria for all the given control vectors P € Fprice-

Given our smooth objective function Z = Z(X,Y, P), we now wish to
approximate an optimal (X, Y, P) or at least a stationary (X, Y, P) as follows:
(X1, Y1, P1) is any starting value for (X, Y, P) € F X Fprice and (X1,Y1, P1) —
(X21 Y2, P2) - (X3,Y3, P3) -

The previous V' and A now involve P naturally. For all (X,Y,P) € F x
Fprice We put:

X Y, P Z{le'f‘ ijr C’-JT( ) - K]]i— + (UXijT - X’UT)Z

l]’f‘

Yij — (Pyjr + Cijr(X N2} + Z — Dy (V)2

+(UY3; — Yi)*[Dy (V) ~ Tz‘j(X)]+;
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Aljr(X,Y, P) = (UXijr = Xijr)*[Vy = (Pigr + Cigr(X)]+
— X35 [(Piyr + Cijr(X)) = Yigls,

A%(X,Y,P) = (UY;;~ Yy)* Dy (V) = Ty (X))4 = Y2[T;5(X) = Dis (V)]

and
A(X,Y,P) = (AYX,Y, P), A*(X,Y, P)).

This is the direction (4) suitably changed. Allowing for P, the previous equi-

librium constraint
(X, YYe Fand V(X,Y) =0

now becomes:
(X,Y,P) € F X Fppjee and V(X,Y, P) = 0.
We will also write: H = F X Fprice and suppose that
H={X,Y,P);hi(X,Y,P)<0fori=1,2,3,..., Ny},

where we here also suppose that all the Ny functions h; are linear. Nonega-
tivity constraints are to be part of this set of linear constraints defining the
set H of feasible (X,Y, P).

7.3 The price-enhanced basic condition and a constraint
qualification

For the rest of the paper, we now assume that the following control-enhanced
basic conditions hold.

There is a fized set of N routes joining K OD pairs.
F=[0N,UX] x [0¥,UY].
C and —D are continuously differentiable monotone functions of X and
Y, respectively.
o There is a closed bounded polyhedral set Fpic. of feasible route-price vec-
tors.
o For each P € Fprice, the set Ep of equilibria is a non-empty subset of
iF =0V, UX] x [0X, lUY]).
We have already defined the projection of a point onto a feasible set. Now
we define the projection Projg[v](z) of a vector v based at € S onto the set
S as follows.

Projs[v](z) = limy_o4 [} (Projs(z + tv) — z)]
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Suppose that (X,Y, P) € H is not an equilibrium so that V(X,Y,P) > 0. It
follows that for this (X, Y, P), A(X,Y, P) is a feasible descent direction for V
with P fixed and hence that:

P?"ij[—V(X’y)V](X, Y, P) 7é 0if V(X,Y, P) > 0.

Here only (X,Y") varies in F' and P is fixed in Fpice.
It follows at once that:

Projul-Vixy.pmV](X,Y,P) # 0if V(X,Y,P) > 0. (6)

Here (X,Y, P) varies in H.
Replacing (X, Y, P) by just x, the equilibrium condition

(X,Y,P) € F x Fprice and V(X,Y,P) =0

becomes: x € H and V(z) = 0.
Also (6) above may now be written:

Projg[-VV](z) #0if V(z) > 0. (7

Condition (7) may naturally be thought of as a constraint qualification
applying to the set B, = {x € H;V(z) < €} of approximate equilibria, for any
positive €. Suppose that condition (7) holds and suppose that z is any point in
the set H N E, such that V(z) =¢ and hi(z) =0fori=1,2,3,.-- ,k and no
others. Then there is a direction § = Projy[—VV]{z) such that §-descV(z) >
0 and §-desch;(z) > 0fori =1,2,3,--- , k. That is: there is a feasible descent
direction for V' on the edge of any E. provided ¢ > 0.

Now the proposed optimisation algorithm, where (X!, Y1, P!} is any start-
ing value for (X,Y, P) in H and

(XL, YL, PY) = (X2,V2,P?) — (X3,Y3, P%) — ...,

1

becomes: z* is any starting value for z in H and

R L = S

7.4 The simplest simultaneous descent direction

We wish to minimise Z(X,Y, P) = Z(z) subject to V(X,Y, P) = V(z) being
zero or small, so we need to optimise V and Z simultaneously in some way:.
Initially we let z lie in the interior of H. We also need our control-enhanced
basic condition above in Section 7.3. We make the further initial basic assump-
tion that VZ(z) # 0 for all z € H.
Now, under our control-enhanced basic conditions in Section 7.3 above,
V(z) > 0 implies VV(z) # 0. So we may now let (for x € H and V(z) > 0):
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descV (z) = =VV(z)/||VV ()],
descZ(x) = -V Z(x)/||VZ(z)|| and
z) =

dese(Z, V) —;—dech(:v) + %dech(:c). (8)
This direction (8), if non-zero, reduces V and Z simultaneously. In any case
this direction is never an ascent direction, for either V or Z.

However descV is not defined at any x for which V(z) = 0 and also
changes sharply in the vicinity of any such point. So it is natural to change
this direction (8) slightly so that it is defined everywhere and is smoothly
varying. This may be done by enlarging the equilibrium set E. We are led to
put (where € > 0):

E.={zxeH:0<V(z)<¢}

and for all x € H:

A (z) =[V(z)/e]desc(Z,V)(z) + [1 — V(x)/e]+descZ(x)
+ [V(x)/e — 1] +descV (z). (9)

This direction (9) is identical in form and similar in motivation to direction
(2.3) in [CS01); desc(Z,V)(z) is there the projection of descZ(x) onto the
hyperplane of locally-constant V' but here is the average of the two directions.
The present direction (9), using the average, has been introduced so as to
allow a more straightforward effective step length selection procedure to be
designed. This is outlined below.

For any z in the interior of H the zeros of A(z) coincide exactly with
points x in E, at which Z is stationary; or those points in E, for which there
is no descent direction for Z which remains inside F.. We will now show this.
We will also show later that an algorithm following direction (9) leads, under
natural conditions, to the set of points z at which Z is stationary provided a
dynamic Armijo-like step length rule is adopted.

In [CQWO02}, Cohen et al. are critical of [CS01]; however they only con-
sider the discontinuous direction (2.1) in that paper and do not refer to the
smoothed direction (2.3) which has motivated direction (9) above. Thus their
comments do not impact the optimisation methods described in this current

paper.
7.5 Optimality conditions in the interior of H

Definitions of e-feasible descent and e-linear optimality (for x in
the interior of H)

Given Z and given z € intH, the vector w will be called an ¢-feasible descent
direction at x (in the interior of H) if and only if u-[descZ(xz)] > 0 and either

V(z) <eor
V{(z) = ¢ and u-[descV (z)] > 0.
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Then z* (in the interior of H) is said to be e-linearly-optimal if and only if
V(z*) < € and there is no e-feasible Z-descent direction at z*.

e-linear-optimality conditions (in the interior of H)

In this section we derive optimality conditions for any x in the interior of
H. These results are particularly useful if H happens to have been chosen
correctly; so that the upper and lower bounds on z = (X, Y, P) are not binding
when this optimality condition holds.

For z in the interior of H, we let A.(z) be given by (9) above and show
how this vector may be used to classify points z according to whether they
are e-linearly-optimal or not.

Observe that desc(Z,V)(z) = idescV (x) + $descZ(x) (if non-zero) is a
direction in which both V and Z decline; and is never a direction of increase
for either V or Z. So if z € intH and jdescV (z) + $descZ(x) is non-zero
then z is not e-linearly-optimal and also A(x) reduces both V and Z. This
is the crux.

Here we show that at least for z € intH, A.(z) = 0 if and only if z is e-
linearly-optimal. To do this we consider the following four mutually exclusive
cases (for z in the interior of H):

V(z) > e,

0LV (z) <e,

. V(z) = ¢ and desc(Z,V)(x) # 0, and
V(z) = € and desc(Z,V)(z) = 0.

B o0 o

In each of the first three of these cases we show that z is not e-linearly-
optimal by showing that A.(z) is a non-zero direction in which either the
degree of disequilibrium, V', declines (Case 1); or is a direction in which Z
improves maintaining V' < e (Cases 2 and 3). We also show that, in Case 4,
z is e-linearly-optimal and also that in this case A (z) = 0.

Case 1 (V(z) > ¢): In this case « ¢ E, and also
A (z) = [V(z)/e]ldesc(Z,V){(z) + [V (z)/e — 1]descV (x)

is non-zero as descV(x) is non-zero and desc(Z, V')(x) is never a direction in
which V ascends. Of course x is not e-feasible and so is not e-linearly-optimal.
Here following A, (x) reduces V.

Case 2 (0 < V(z) < ¢): In this case z € E; and
Afz) = [V(z)/eldese(Z,V)(z) + [1 — V(z)/eldescZ(z)

is again non-zero as descZ(x) is non-zero and desc(Z,V)(x)} is never a di-
rection in which Z ascends. Here following A.(z) reduces Z while of course
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maintaining V < e.

Case 3 (V(z) = ¢ and dese(Z,V)(x) # 0): In this case z € E. and
A(z) = dese(Z,V){zx) is non-zero and so is a simultaneous descent direction
for both V and Z. Thus A.(x) is an e-feasible Z-descent direction at z so x
is not e-linearly-optimal. Here again following A.(z) reduces Z maintaining
V<e

Case 4 (V(z) = ¢ and desc(Z,V)(z) = 0): In this case also z € E.. Now
desc(Z,V)(z) = 0 and so descV(z) = —descZ(x). Consider any Z-descent
direction u. Then u-[descZ(x)] > 0 and so w-[descV (z)] = u-[—descZ(z)] < 0,
and u is not an e-feasible direction at x. Thus there is no e-feasible Z-descent
direction from « and also V(z) < ¢, so z is e-linearly-optimal. In this case
A (z) = 0.

Conclusion: We have shown that (at least for x € intH) zeros of A.(z)
coincide with points x € E. at which there is no e-feasible descent direction
for Z at x. Such points are e-linearly-optimal. We have also shown that A.(x)
is an H-feasible descent direction for V' if z is not in £, and that A.(z) is an
(H — and) e-feasible descent direction for Z if z is in E, and so is not &-linearly-
optimal. Thus, at least for z in the interior of H, A (z) is an excellent arbiter
of e-linear-optimality at x; and for those x which are not e-linearly-optimal
indicates a sensible non-zero direction for moving z.

7.6 A dynamic Armijo-like optimisation algorithm

Here we outline briefly the main changes in the previous equilibration algo-
rithm needed to create an optimisation version.

Now we suppose that if we are at iteration n; at a non-g-linearly-optimal
Zn € H where the search direction is A.(z,) and the step length actually
used at z,, is u, then our next z will be x,.1 = Proj(z, + unA.(z,)) where
Proj now denotes projection onto H.

Initially we suppose that if w, is any used step length then Proj(z, +
U Aev(2r)) = T + unAc(x,). That is, we suppose that the projection oper-
ator does not actually do anything; and so the boundary of the feasible set H
is here having no effect.

Let, for x € H,

Gi(z) = —VV(z)-A{z) and Ga(z) = =V Z(x) A (x).

Unlike in the previous pure equilibration case where there is a formula for G,
here G1(z) and Go(x) must both be estimated in an algorithm using a two-
point estimation where the second point lies a short distance in the direction
A, from the first.

For our purposes here we specify a simple dynamic Armijo-like optimisa-
tion scheme based on the previous dynamic Armijo-like equilibration scheme
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but now taking account of the two objective functions V' and Z and the two
continuous gap functions G; and Gy above, instead of just the previous V and
the previous G.

As before we update (x,,t,—1). To be specific, we start at an arbitrary
z1 € H and (arbitrarily as before) to = 1.

If we are at a current non-e-linearly-optimal point x, and the previous
possible step length was t,,_; then we are to update z,, and ¢,y (for n > 1)
according to the following rules. These imitate the earlier equilibration rules.
To be most general we will, in this algorithm statement, set

Vy] = V(Projg(y)) for all y € RNTK,

The update of (z,,t,_1) depends on whether V(z,) > ¢ or V(z,) <.

I. Suppose that V(z,) > €. In this case the algorithm is essentially the
equilibration algorithm above. Firstly, x,, is kept fixed and £, is halved as
before to obtain the sequence #,_1, (%)tn_l, (%)Qtn_l, o (%)Ptn_l where
the halving ceases as soon as:

Vizn + (%)ptn—lAs(xn)] —V(zn) < _(%)(%)ptn—lGl(mn)
for the first time. p = 0 is allowed here; it may be that
Vizgn + th—18c(an)] — Vizg) < —(%)tn_lGl(xn)

already. The halving surely ceases by definition of G; since A (zy,) is always
a descent direction for V at @, if V(z,) > ¢.

Then let u, = (%)ptn_l for this p (this is to be the used step length at
Zn) and let p41 = Tp + upAc(zy).

Finally, update #,..1 as follows:

o IfViz, +upAc(zn)] — Vizn) < —3unGi(zn), put tn = 2u,.

° If——éunGl(xn) < V[:En +unA€(xn>}*V<xn) < _%u”Gl (xﬂ)v put tn = Un.

o If —ZunGi(zn) < Vizn +unde(zn)] — Viz,) < —%unGl(xn), put t, =
1

3Un.

These are three mutually exclusive possibilities and they together exhaust all
eventualities since, by choice of u, = (%)ptn_l,

Ve, + unAlzn)] — Viz,) > —éunGl(xn)
is not possible.
II. Suppose that V(z,) < e. Firstly, @, is kept fixed and ¢,,..1 is halved to

obtain the sequence t,,_1, (3)tn—1, (3)%tn_1, - , (3)Pt,—1where the halving
ceases as soon as:

Z[wn =+ (%)ptn—lAs(xn)] - Z(mn) < —é(%)ptn—lG2(xn)

and
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V[zn + (%)ptn—-lAs(xn)] S 2

for the first time. We allow p = 0 here as before. The halving surely ceases by
definition of G5 and the Z-descent property of A, maintaining V' < ¢, because
Zp, 18 not e-linearly-optimal.

Then let u,, = (3)Pt,—1 for this p (this is to be the used step length at
zn) and let Tp11 = Ty + unAc(xn).

Finally update ¢,,_; as follows:

If Z[zp + unde(zn)] — Z(zn) < —2unGa(zn), put tp = 2un.

If —3u,Ga(zn) < Z[tn+unde(zn)]—Z(zn) < —%unGg(xn), put t,, = uy.
Ilf —3unGa(xn) < Zlzp + unAc(zn)] — Z(35) < —%UnGg(.’L‘n), put t, =
§Un.

Again these are three mutually exclusive possibilities and they together ex-
haust all eventualities since, by choice of u, = (%)”tn_l,

ZTn + unde(2n)] — Z(zn) = —(§)unGalzn)

is not possible.
The algorithm is terminated as soon as V(z,) — ¢ and Ga(z,) are both
less than preassigned tolerances.

8 Convergence to a Stationary Point

We assume that our price-enhanced basic condition, given in Section 7.3,
holds.

8.1 Convergence preliminaries

For any starting point z; € H and with an initial step length tp = 1 we
suppose that the algorithm specified above in Section 7.6 generates an infinite
trajectory:

T1, T2, L3, Ty

and an infinite sequence tg,t1,%2,t3, < ,tn, -+ of possible step lengths.

To prove convergence in this case we will use proof by contradiction. So
we suppose that {z,} is a given infinite sequence generated by our algorithm
which does not converge to the set O, of e-linearly-optimal points. Then not
all limit points of the sequence {x,} belong to O, and since H is closed and
bounded the sequence has a limit point w which is not in O.

Thus we now make the basic assumption that w is not e-linearly optimal
and is also a limit point of {z,}. We will show that this leads to a contra-
diction. This will show that, in fact, if the sequence {x,} is generated by the
algorithm then all limit points of the sequence {z,} are in O, and so (as H
is closed and bounded) dist(z,,0;) — 0 as n — oo.
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8.2 Convergence proof

Theorem 3. Let our objective function Z satisfy: VZ(x) # 0 for all z in H.
Let our price-enhanced basic condition in Section 7.8 hold. Suppose that the
sequence {zn} is generated by the optimisation algorithm in Section 7.6 and
also lies in the interior of H, let x* be the limit of any subsequence of the
above sequence {x,}, and let * € intH. Then x* is e-linearly-optimal.

Proof. Suppose that z* is the limit of a subsequence of the above sequence
and that z* € intH. We will show that none of the following three alternatives
can occur:

1. V(z*) > ¢,

2. 0<V(z*) <e,

3. V(z*) =¢ and desc(Z,V){(x) £ 0.
It will then follow that Case 4 in Section 7.5 above holds or that V(z*) = ¢

and desc(Z, V) (xz*) = 0. In this case z* is e-linearly optimal.
So let z* be the limit of a subsequence (in the interior of H).

Ruling out Case 1: This is essentially as before with equilibration in Section
6.

Ruling out Case 2: Suppose that Case 2 does hold or that V(z*) < €. Then

Ac(zx) =V (z")/e|desc(Z, V) (z*) + [1 ~ V(z")/e|+descZ(z™)
+ [V(z*)/e — 1] + descV (z*)
=[V(z*)/eldesc(Z, V}{(z") + [1 — V(z")/e]ldescZ(z*) # 0.

Now [1 — V{(z*)/e]ldescZ(x*) is a descent direction for Z at z* (and
desc(Z,V)(x*) is never ascent) so [VZ(z*)] - A.(z*) < 0.

A small enhancement of the equilibration argument in Section 6 above
and the appendix below now works in this case too, but with Z instead of V,
ruling out Case 2.

Ruling out Case 3: Suppose that Case 3 does hold or that V(z*) = € and
desc(Z, V)(z*) is non-zero. Then

Afx™) =[V(z*)/eldesc(Z,V)(x*) + [1 — V(a")/e] 1 deseZ (x)
+ [V{(z*)/e — 1)1 descV (z*)
=desc(Z,V){(z*) £ 0,

and (being non-zero) is a descent direction for both V and Z at z*.

An enhancement of the equilibration argument in Section 6 and the ap-
pendix now works in this case too, but this argument must in this case be
applied to both V and Z. The radius r in this latter case is to be the minimum



182 M.J. Smith

of two radii, one ensuring a suitable reduction in V' (so that V < V(z*) = ¢
still, once the ball B(z*,r) is left) and the other ensuring a suitable reduction
in Z (so that Z < Z(z*) once the ball B(z*,r) is left). This rules out (3)
as then the sequence {z,} can never return to be close to z* again, and z*
cannot be a limit point of the sequence {z,}.

Conclusion: It follows from the arguments above that if z* is any limit point
in the interior of H, Case 4 in Section 7.5 must hold or:

V(z*) = € and desc(Z,V)(z*) = 0.

In this case x* is e-linearly-optimal, as we have seen from the e-linearly-
optimality conditions above in Section 7.5. |

9 Allowing for the Boundary of H

We now take account of the boundary of H by re-designing the search direction
A.. We change the directions

descV (z),descZ(x) and desc(Z,V)(z)
for those x close to the boundary of H to new directions called:
descyV(z), descy Z(x) and descy (Z,V)(x).

We also change A, to the new direction Ag.. Sometimes, on the boundary of
H, these changes are achieved by a straightforward projection onto H. Near to
the boundary of H the change is in general a convex combination of different
projections onto different subsets of H.

In order to specify the new directions for all  in H we order the Ny
constraint function values hy(z) at x in order of decreasing size. So we always
have

0> hy(z) > ha(z) > ha(x) > halz) - = Ay, (z).

Closeness: For the purposes of this paper we shall suppose that z in H is
close to the boundary “hy = 0” if 0 > hg(x) > —1. This specification may be
subject to obvious variation, especially in the case that H is a box. In this
case we might normalise the hy so that each Ay takes the value 0 on one face
and —100 (say) on the opposing face. Thus the “1” here is to be thought of
as a number which is small compared to the separation (according to the h
functions) of the faces defining H. If H is not a box then we might suppose
that the “non-box” h functions are arranged to have a minimum value of
about —100 in H.
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9.1 x close to one of the constraints defining H

Suppose first that z is close to the boundary of just one of the constraints
defining H: given by hi(z) < 0. So let us agree that 0 > hi(z) > —1 and
hi(z) < -1 for all k > 1. For any such z we define the new descyV(z) by
linearly interpolating between

1. descoV (x) (which is the “original” descV(z)) and
2. desc1V{(x) (obtained by projecting descV (z) onto the single constraint
{z; hi(z) > 0} as if = were such that hi(z) = 0).
We need to specify precisely: descoV (), desc;V(z) and the linear inter-
polation. We also need to do the same for descZ and desc(Z, V).

descoV{x): Of course we let descoV(z) = descV(x). (It is the result of
projecting descV (x) onto zero constraints).

desc1V(x): We define desc1V (), the “modified” descV (z), to be the pro-
jection of descV (z) onto the 1 constraint hi(z) < 0 as if  were such that
hi(z) = 0. This projection may be calculated by solving the following min-
imisation problem in vq:

min ||descV (z) + videschy(z)]]
s.t. vy 2 0.

Let the solution be vi. Then, desc;V (z) = descV (x) + videschi(x).

Interpolation (descyV(x) when 0 > hy(z) > —1 and hy(z) < —1 for
i > 1): Here we combine descoV(x) and desc;V(z) by using z-dependent
weights wg = 0 — h1(z) and wy = hy(z) — (1), and putting descyV(z) =
wodescyV{x) +widese,V(z). Thus we have defined descy V() for all z such
that 0 > hi(z) > —1 and h;(x) < =1 if ¢ > 1; by linear interpolation between
descoV (z) and dese, V().

We define descy Z(z) similarly and also we define descy(Z,V)(x) simi-
larly too as follows.

desco(Z,V)(x): We put desco(Z,V)(z) = desc(Z,V)(z) = tdescV (z) +
édech (x). This expression also arises by solving the following minimisation
problem in A, u:

min ||AdescV (z) + pdescZ{(z)j]
st A4+ pu=1,
A>0,u>0.

*

If the solution is A* and p* then of course A\* = %,p =

(S
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desc1(Z, V) (z): In this case, we need to project descV and descZ “ simul-
taneously” onto the single constraint hq(z) < 0, as if hy(x) were = 0. So now
we solve the following minimisation problem in A, u and vy:

min ||AdescV (z) + pdescZ(x) + v1deschy ()]
st. A+pu=1,
)‘, M, V1 > 0.

If the solution is A*, p* and vf, then desc;(Z,V)(z) = AdescV(z) +
wrdescZ(x) + videschy ().

Interpolation (descy(Z,V)(x) when 0 > hi(z) > —1 and hy(z) < —1
for ¢ > 1): Here we combine naturally desco(Z,V)(z) and desei(Z,V)(x)
by using weights wg = 0 — hy(z) and w1 = hy(z) — (=1) and putting
descy(Z,V)(z) = wodesco(Z,V)(x) + wrdese1 (Z,V)(z). Thus we have de-
fined descy (Z,V)(z) for all z such that 0 > hy{z) > —1; by linear interpola-
tion between desco(Z, V)(z) and dese1(Z,V)(z).

Comment: These modified vectors all have the character of a reduced gradient;
the reduction being embodied in terms like wjv;deschy(z) which, for 0 >
hi(z) > —1, have the effect of reducing those components of the original
descV (z) or descZ(x) or desc(Z,V){(x) pointing towards the edge of H. If
z is actually on the edge of H then these modified vectors will have zero
components pointing outwards. For example, if h1(z) = 0 and descV(z) -
Vhi(z) > 0 (so that descV (x) points out of H) then descygV (z)-Vhi(z) =0
(so that the modification descyV(z) does not point out of H).

9.2 x close to two of the constraints defining H

To show how to extend the above ideas we consider just the two-constraint
modification of desc(Z, V). So now suppose that 0 > hy(z) > ho(z) > —1
and h;(z) < —1if ¢+ > 2. In this case we need to project descV and descZ
“simultaneously” onto the two constraints hi(z) < 0 and hy(z) < 0 as if
hi(z) = 0 and ho(z) = 0. More precisely, we now solve the minimisation
problem in A, u, v1, vo:

min [|AdescV (z) + pdescZ(x) + videschy(z) + vadescha(z)||
st. A+pu=1,
>\>,u,1/171/2 Z 0.

If the solution is A*, u*, vf and vj, then descy(Z,V)(z) = A*descV (z) +
widescZ(x) + videschi(x) + videscho(z). The suffix “2” indicates that there
are two constraint functions, hy and hs, involved in the projection.
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Interpolation (descy(Z,V)(z) when 0 > hi(z) > ho(z) > —1 and hy(z) <
—1for ¢ > 2): We combine desco(Z, V) (z), desci(Z, V)(z) and desca(Z, V) ()
just defined by using weights wg = 0 — hi(z), wy = hi(z) — ha(z), and
wo = ha(z) — (~1) as follows:

b

descy(Z, V) () = wodesco(Z, V) (x) + widesc1 (Z, V) (z) + wadesea(Z, V) ().

Thus we have defined descy (Z, V)(z) for all z such that 0 > hi(z) > ha(x) >
—1 and hi(z) < =1 for ¢ > 2; by linear interpolation between the values
desco(Z,V)(x),desc1(Z, V) (x) and desca(Z, V) (z).

9.3 «x close to three of the constraints defining H

Here we follow exactly the same lines as shown above to obtain just descy
(Z,V)(x) for an z such that 0 > hy(z) > ha(z) > hs(z) > —1 and hi(z) < —1
for ¢ > 3. We focus just on the interpolation stage.

We combine desco(Z,V)(z), desci(Z,V)(z), desca(Z,V){(z), and descs
(Z,V)(z), by using weights wo = 0 — hi(z), w1 = hi(z) — he(z), we =
ha(z) — hg(z), and ws = hs(z) — (—1) as follows:

descy(Z,V)(x) = wodesco(Z, V) () + widese1 (Z, V) (z)
+wadescy(Z, V) (z) + wadeses(Z, V) (z). (10)

9.4 Generalisation: x close to several constraint boundaries
For any = in H close to the boundary of H, there is k(z) > 1 such that
02> hi(x) = ha(x) > ha(z) > ha(z) > - > hyry(2) 2 -1

and h;(z) < =1 for i > k(z). (k(z) is the number of the H-constraint bound-
aries x is close to.)

The above special specifications may now be generalised naturally to give
descyV(z), descy Z(x) and descy (Z, V)(x) at any such x in H, however many
constraint boundaries this x is close to; that is, whatever k(z) may be. Here
we just outline the general extrapolation procedure for descy(Z,V) where
k(z) > 0.

For each j satisfying 1 < j < k(z), we solve the problem:

min {|AdescV (z) + udescZ(x) -+ Z videsch;(z)||

1<i<k(z)
st A+pu=1,
Ay 20for1<i<yg
v; =0 for i > j.
The sum is over k(z) > 1 terms. If the solution is M, p?, v, v4, 14, - , ] then

(v] =0 for i > j and) desc;(Z,V)(z) is defined by:
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desc;(Z,V)(z) = NdescV (z) + pl descZ(x) + Z V! deschi(z).

1<i<k(x)

Then these special desc;(Z,V)(x) (for j = 1,2, ,k(z)) are combined
with desco(Z, V)(z) to form the whole vector descy(Z, V)(z) as follows:

k(z)
descr (Z,V)( ijdest(Z Vi(z)

j=0
where
wo =0 — hy(z),wy = hy(x) — ho(z), + ,Wk—1 = hi(e)—1(Z) — hi@) (@),

and wk(z) = hk(z)(l‘) - (——1).

There are k(z) + 1 terms here including the 0% term desco(Z,V)(z) =
desc(Z,V)(z), which is calculated as if there are no constraints. For any z in
H satisfying h;(z) < —1 for all 4, so that z is not close to any of the boundaries
of H,

descy (Z,V{(z) = desco(Z,V)(x) = %dech(x) + %dech(z).

Reduced direction at x: As a consequence of the above specifications we
are now able to amend the definition of A.(z) for z in H, reducing the degree
to which this vector points toward nearby boundaries of H. We obtain:

Ape(z) = [V(x)/eldescu(Z,V)(x)
+[V(z)/e — 1] s+descyV(z) + [1 — V(z)/e]descy Z ().
This is a continuous function of x in H. It is also, if V(z) = ¢, an H-feasible

simultaneous descent direction, for both Z and V, provided such a direction
exists.

9.5 Simultaneous descent allowing for the boundary of H

Here we generalise the earlier “interior to H” approach to the case where
points generated may be close to or on the boundary of H, using Age..

Definition of an e¢-feasible Z-descent vector at x € H N E; (for «
possibly on the boundary of H): The vector u is an e-feasible Z-descent vector
atz € HNE, if:

u-descZ(z) >0,
u - desch;(z) > 0 if h;(z) = 0 (for all ¢) and
w-descV(z) >0if V(z) =¢
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Definition of z-linear-optimality (for z possibly on the boundary of
H): z is ¢-linearly-optimal if x € H N E,, and there is no e-feasible Z-descent
direction from z.

e-linear-optimality conditions (valid also at points on the
boundary of H)

Let z belong to H and let ¢ > 0. Now we consider five cases:

1. Viz) > e,

2. 0 <V(x) < ¢ and descy Z(z) #

3. V(z) =€ and descy(Z,V)(x) # 0,

4. 0 < V(z) < ¢ and descy Z(z} = 0, and
5. V(z) = ¢ and descy(Z,V)(z) = 0.

In each of the first three of these cases we show that x is not e-linearly-
optimal and that Ag. is then a direction in which either the degree of dis-
equilibrium, V, improves (Case 1); or is a direction in which Z improves
maintaining V' < ¢ (Cases 2 and 3). We also show that, in Cases 4 and 5, z is
g-linearly-optimal.

0,

Case 1 (V(z) > ¢): In this case Ay, = [V(z)/eldescy(Z,V)(z) +
[V(z)/e—1])descyV (z) is non-zero as descy V (x) is non-zero (as, for example,
the algorithm (D) direction is an H-feasible descent direction) and of course
x is not feasible and so is not e-linearly-optimal. Here following Ay, reduces

V.

Case 2 (0 < V(z) < e and descyZ(z) # 0): In this case Ay, =
[V(z)/eldescu(Z,V)(z) + [1 - V(z)/eldescy Z(z) is again non-zero as descy
Z(x) is non-zero and is a feasible descent direction for Z at z so z is not
e-linearly-optimal. Here following Ay, reduces Z maintaining V < ¢.

Case 3 (V(z) = ¢ and descy(Z,V)(z) # 0): In this case Ay.(z) =
desca(Z,V)(x) # 0, and is a simultaneous descent direction for both V' and
Z. Thus Ap.(z) is non-zero and is a feasible descent direction at = so x is not
e-linearly-optimal. Here following Ag. reduces Z maintaining V < e¢.

Case 4 (0 < V(z) < £ and descyZ(z) = 0): In this case there is clearly
no feasible descent direction for Z at = so z is e-linearly-optimal. Ay.(z) =
0.

Case 5 (V(z) = € and descy(Z,V)(z) = 0): In this case Apy(z) =
descy (Z,V)(z) = 0. Consider any H-feasible Z-descent direction u from z.
Then (by the following lemma) u - descV(z) < 0, and u is not an e-feasible
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direction. Thus there is no e-feasible descent direction and z is e-linearly-
optimal. Ap.(z) = 0.

Lemma 3. Suppose that x € HN E,, V(z) = ¢, desca(Z,V)(x) = 0 and
hi(x) = 0 for just those i = 1,2,3,--k. Let u be an H-feasible Z-descent
direction at x, so that u-descZ(z) > 0 and w-desch;(z) > 0 fori=1,2,3, - k.
Then u - descV (z) < 0 and u is not an e-feasible direction.

Proof. Suppose that x € HN E.,V(z) = €, hy({z) = 0 for just those i =
1,2,3,--+ ,k and descy (Z,V}(z) = 0. Suppose now also that u satisfies:

u-descZ(x) > 0;u-deschi(xz) >0 for i =1,2,3,-+ ,k;u-descV(z) > 0.

By condition (7) in Section 7.3, if z is any point in the set H N E; such
that V(z) = ¢ and hi(z) = 0 for 1 = 1,2,3, -,k then there is a direction §
such that

§-deschy(z) >0 for i =1,2,3,--- ,k and ¢ - descV (z) > 0.

This § is an H-feasible descent direction for V at z. Then for a sufficiently
small 8 > 0:

(u+08) - descZ(z) > 0,
(uw+ 08) - desch;(z) > 0 for i =1,2,--- , k and
(u+ 88) - descV (z) > 0.

This direction (u + 83) reduces both Z and V' and is H-feasible and so
desey(Z,V)(z) # 0, which is not so. It follows that if the Z-descent vector
u satisfles u - descZ(z) > 0, and w - desch;(z) > 0 for 1 = 1,2,3,--- ,k then
u - descV (z) < 0, as required. This result is connected to the lemma due to
Farkas. [ |

10 Convergence to a Stationary Point in H

The general idea is as before.

10.1 Convergence proof

Theorem 4. Suppose now that the sequence {x,} is generated by the algo-
rithm described above in Section 7.6 with A, there replaced by the new direc-
tion Age; as before we start at any xq in H and any to > 0. Suppose that our
price-enhanced basic condition in Section 7.3 holds. Let * € H be the limit
of any subsequence of the above sequence {x,}. Then x* is e-linearly-optimal.

Proof. Suppose that z* € H is the limit of a subsequence of the sequence
{zn}. Consider the following alternatives:
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V(z*) > e,

0 <V(z*) < ¢ and descy Z(z*) # 0,
V(z*) = ¢ and descy(Z,V)(z*) # O,
0<V(z*) < ¢ and descygZ(z*) = O

V(z*) = ¢ and descy(Z,V)(z*) =

Ot 0o =

Rather as before, ruling out Case 1 ensures that z* is in E, and ruling
out Cases 2 and 3 then ensures that Case 4 or 5 must hold. It then follows
from the previous work that z* € E. and is e-linearly-optimal.

Cases 1, 2, and 3 are ruled out by arguments similar to those already
utilised in the proof of Theorem 3 in Section 8.2, but using the new direction.
These arguments work as the new direction is continuous. The argument in
Section 6 needs to be extended and utilised in this case, as it was in Theorem
3. Some of the detail here is omitted and is given in [Smi05b].

Thus for any limit z*, of any subsequence, either Case 4 or 5 must hold
and in each of these two cases * is e-linearly-optimal, as we have seen from
the e-linear-optimality conditions in Section 9.5 above. ]

11 Optimisation in the Payne-Thompson Model

The basic structure exploited above is as follows: there is a function ¢ such
that —@(z, p) is a smooth monotone function of the non-control vector = for
each fixed control vector p. Thus this same optimisation approach may, at
first sight, be applied with different interpretations of @,  and p. These dif-
ferent interpretations correspond to different equilibrium models and different
control parameters.

It is in fact possible to weaken these condition somewhat in various di-
rections. However the above structure may already be applied to a variety of
models with price variables present.

For example, the same approach, utilising just the above monotone struc-
ture, is applicable if prices are included within:

Stochastic variable demand models,

The Evans [Gravity + Wardrop] model (see [EvaT6],

Variable or fixed demand explicit queueing models,

A variable demand explicit queueing model which allows a special respon-
sive control policy; and

e A variable demand explicit queueing model where prices and signal con-
trols are optimised.

Here we just consider the last of the list above. In this case there are con-
straints involving both state variables and control variables. This introduces
complications in the previous approach which we do not address here.
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11.1 Introduction to the Payne-Thompson model

In order to study ramp control on freeways, [PT75] introduced an equilibrium
model with queueing delays at bottlenecks. In their model as long as a bot-
tleneck is saturated the queueing delay at the bottleneck is independent of
flow, and is represented by an independent non-negative variable determined
by the equilibrium conditions; but if the bottleneck is unsaturated then the
bottleneck delay must be zero. Bringing in the delays at bottlenecks in this
way, as separate variables, allows ramp metering to be modelled sensibly. The
“new” independent bottleneck delays are here added to costs arising from a
more standard cost-flow function which may be thought of as applying to the
rest of the arc.

We here consider the Payne-Thompson model with capacity constraints
and explicit queueing delays. We insert signal green-times as in [Smi87].

11.2 The Payne-Thompson model with prices and controls

Let v, denote the traffic flow along arc a, let s, be the saturation flow at the
exit of arc a (both in vehicles per minute), let b, be the bottleneck delay or
cost at the exit of arc a (in minutes per vehicle) and let ¢, be the proportion
of time that arc a is green.

We assume given non-decreasing arc cost functions ¢, : Ry — Ry (typ-
ically with ¢4(v,), in minutes per vehicle, defined for all v, > 0). Then the
whole cost (in minutes/vehicle) of traversing arc a is to be ¢, (v,) + b, where
Uy ¢ and b, must together satisfy the “delay-equilibrium” condition:

Vg < (a8q and if v, < g8, then b, =0
or
(v, q) is supply-feasible and unsaturated bottlenecks cause no delay.

Then we make the following definitions:

ve(X) = flow along arc a = Z Xijr-
relevant ijr
Cijr(X) = non-bottleneck cost of travel along route ijr = Z ca(va)-
relevant a
B, (b) = bottleneck delay or cost on route ijr = Z bg.
relevant a

The equilibrium conditions already introduced now become (for a fixed
price vector P and a fixed arc green-time vector g): for all ¢, 5,7, a,
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Yi; — Cijr(X) — Bijo(b) — Pyjr < 0 and
Yi; — Cijr(X) — Bijr(b) — Pijr < 0 implies Xy5r = 0;
D;;(Y) —T;;(X) =0; and

V(X)) — 84q < 0 and

0o (X) — 849, < 0 implies b, = 0.

(All variables satisfy non-negativity constraints.)

This is the equilibrium model introduced by Payne and Thompson, with
the unvarying route-price vector P and now the arc-green-time vector g added.

Suppose as before that the vector P of all route prices F;;, is confined to
some polyhedral closed bounded set Fj,;.. of feasible route-price vectors.

Suppose now that for each signal stage k£ a green-time @ is awarded.
Suppose also that the vector Q of all the @)y is confined to some polyhedral
closed bounded set of feasible . Then some arcs a will be subject to a cor-
responding green-time ¢, (the sum of the relevant (%) and the vector ¢ of all
arc green-times will be confined to some polyhedral closed bounded set Freen
of feasible green-time vectors.

It is easy to check that, for each (P, ¢), - (the left hand side above) is a
monotone function of (X,Y,b). This strongly suggests that the optimisation
method described previously, suitably developed, may be utilised in this rather
different equilibrium setting.

12 Conclusion

This paper has specified a method for approximately solving bilevel optimi-
sation problems, in which a stationary point of a given objective Z is sought
subject to the flow pattern being an approximate variable demand equilib-
rium. It has been shown that if the cost function and - (the demand function)
are monotone and smooth then there are limit points and any interior limit
point generated by the suggested algorithm is an approximate equilibrium (at
which V' < ¢) which is stationary for the objective function Z. The method
utilises the “simultaneous descent” direction; this is obtained under certain
(interior) conditions simply by bisecting the angle between —VV and —VZ;
in this direction V and Z simultaneously decline.

The paper has also shown how the simultaneous descent direction may
be meodified close to the boundary of the feasible region. Now, under our
conditions, (1) the search direction obtained is continuous and (2) the linear
H-feasibility constraints, together with the nonlinear equilibrium constraint
V < g, satisfy a constraint qualification. This has allowed the approach also to
work when the hard feasibility constraints are active during the optimisation
process or at a limit point.

Finally the paper has shown the direction of an extension so as to optimise
signal controls and prices; using a network equilibrium model with explicit
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queueing delays introduced by Payne and Thompson. It would be possible to
introduce signal controls without moving to the Payne-Thompson model; but
this model is a “natural” for signal control.

Of course the optimisation problem here is non-convex so a variety of start
points should be taken and the optimisation procedure followed from each.
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Appendix

This appendix justifies the argument in Section 6.

Descent of {V(z,)} below V(w) if w is a limit point of the sequence
{z,} and V{(w) >0

Suppose that our basic condition in Section 4.1 holds.

Suppose that the sequence {(zn,t,—1)} has been derived using the equili-
bration algorithm above (in Section 5.1) so that 2,41 = 2, +unAc(25) for all
n=12...

Also let V(w) > 0 and suppose that w is a limit point of {z,}.

Initially we assume that w lies in the interior of F.

In this appendix we show that, given such a sequence {z,} and such a w,
there is a suflix k such that V(zx) < V(w). Now V(z,) is strictly decreasing
and so it further follows that

V(zn) < V(zg) < V(w)

if n > k and thus V(w) cannot be a limit point of the sequence {V(z,)}.
However V' is continuous and it therefore also follows that the w cannot be a
limit point of the sequence {z,}. This is the contradiction required in Section
6.

To show that this contradiction does in fact arise from our assumptions
above, suppose now that A, and G are as in Sections 3.2 and 4.2 above.

Let 7 > 0 and B(w,r) be the closed ball of radius r > 0 centered at
w € intF. Suppose that 7 is so small that B(w,r) lies entirely inside intF".

Since V is continuous and V(w) > 0,V (2) > 0 for z sufficiently close to w
and so there is a possibly even smaller » > 0 such that

V(z) > 0if 2 € B(w,r) CintF.

The function G is positive and continuous on the compact set B(w, ) and
so assumes its least value g = g{w, ) > 0 at some point of B{w, r). Therefore
for such » > 0t

VV(z)  Ac(z) £ —G(2) < —g < O for all z € B(w,r).

Consider now

V(V(z+tA(z)) - A(2)

for all (z,t) in F x [0,n] where n = n(w,r) > 0 is chosen so that 2z +tA.(z) €
intF if z € B(w,r) and 0 < ¢t < 5. This latter product set allows, via the
second co-ordinate space [0, 7], for all points on a closed partial ray [z,z +
1A (z)] emanating from z in direction A.(%).

We already know from above that

VV(z+04.(2)  A(z) = VV(z) A(z) € -G(z) € ~¢
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for all z € B(w,r). Also VV(z+tA(z)) Ae(z) is continuous on the compact
set B(w,7) x [0,1] and so VV (z +tA.(2)) - Ac(z) is uniformly continuous on
B(w,r) % [0,7)]. Hence there is a real number h such that 0 < h <5 and

VV(z+tA(2)) - Ac(2) — VV(z + T7A:(2)) - Ac(z)] < 19

if (2,t) and (z,7) are two points in B(w,r) x [0,7n] less than or equal to a
distance h apart.

Now consider, in the above inequality, letting z = z € B(w,r) and 7 = 0.
We deduce that, for z € B(w,r) and 0 <t < h <

|VV(z+tA:(2)) Ae(z) — VV(2) - A(2)] < %g.
Hence, for an arbitrary z € B(w,r) and for all 0 <t < A,

TV (2 4+ tA(2)) - Del(z) < VV(2) - Ac(z) + %g

< -G(z) + %9
< -Gz} + —i—G(z)
= ~§G(z) < —Zg.

Let z € B(w,7) and let 0 < ¢ < h. Then, for this 2 € B(w,r) and ¢, integrating
the above inequality from 0 to ¢:

V(z+tA(2)) = V(z) < —2G(2)t < —3gt.

Let t = u, < h in the above inequality, Then by the statement of the algo-
rithm,

Zntl = Zn + undo(z,) and t, = 2uy.
Consider zp.41 and up41. If 2541 € B{w, ) still then integrating as before:
V(Zn+1 -+ %tnﬂe(Z» - V(Z) < —%G(zn+1>(%tn) < _éG(zn+l)(%tn)

as —;—tn = u, < h. It follows that ¢, is halved no more than once to obtain
Un+1 and so

1
Un+1 = tn = 2un Or Upt+1 = 'Q'tn = Up-
Hence
Upt1 = Uy if upy < h.

It follows that for any given (z;,u;) € B(w,r) there is a constant o = a(u;) >
0 such that if
§ > and 2, Zig1s Ziga, - .- 25 € B(w,T)

then

up 2 alu) forn=14,i+1,1+2,...,7
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Now let i < n < j. Then
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Hence

and so adding over n = 14,1+ 1,1+ 2,...,7,
Vi(zj41) = V(z:) < —(
Since V(zj+1) > 0, it follows that

j = i) zg0(uw).

S Vi(zi)
g-is Toalu;)’
Hence: v
it )
gga(ui)

So the sequence {z,} certainly exits the ball B(w,r) whenever it enters
this ball.

Now w is not an equilibrium (so V(w) > 0) and is also a limit point of
the sequence {z,}. Hence, for any real number ¢ satisfying 0 < a < 1, it now
follows that there are two natural numbers 7 and 7, depending on @, such that
1 <1<y,

z; € B(w,ar),
zit1 € B(w,7), zi42 € B(w,r), 2;03 € B(w,r),...,z; € B(w,r),
21 ¢ Bluw,m).

Now let M = M(w,r) = sup{||A:(z)||; 2 € B(w,r)}. Then, by the defini-

tion of ¢ and 5:

(1 —a)r <Hlzj41 — 2|

< HZUnA(Zi)H
SM[ui+ui+1+...+uj]. (11)

By the algorithm statement,
Vizn +unA(zn)) — V(zn) < —2unG(zn)

for all n and so it follows that
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1
Vizj1) = Viz) < —gous,

1
V(z5) = V(zj-1) < —gI%i-1;

1
V(ziz1) = V(=) < —-8—gu¢.
Adding these:

Vizgn) = Vizs) = 3 AV () = Vizn)}
<Y (-goua)

1 J
= _gg Z{Un}

1
= —gg[ui + Ui b g

< —Zo(1 ~ /M

by (11).
Therefore:

Vi(zjs1) = V(w) = V(zj41) = V(z) + V(zi) = V(w)
< —-ég(l — &)r/M + Mar

1 1
= —ggr/M—F [ggr/]tf—kj\ir}a
<0

if a is sufficiently small.
We have now shown as desired that there is a suffix & = 7 + 1 such that
V(zk) < V(w). Now V(z,) is strictly decreasing and so it further follows that

Vi(zn) < V(zk) < V(w)

if n > k and thus V' (w) cannot be a limit point of the sequence {V(z,)}. How-
ever, as we remarked above, V' is continuous and it therefore also follows that
the w cannot be a limit point of the sequence {z,}. This is the contradiction
required in Section 6.

A very similar argument applies if we suppose that w is a non-equilibrium
limit point on the boundary of F'. There are no major changes as the direction
A.(z) is feasible even when z lies on the boundary of F. One change to the
above proof is to replace B(w,r) by F N B(w,r).
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Summary. The classical road tolling problem is to toll network links such that,
under the principles of Wardropian User Equilibrium (UE) assignment, a System
Optimising (SO) flow pattern is obtained. Such toll sets are however non-unique,
and further optimisation is possible: for example, minimal revenue tolls create the
desired SO flow pattern at minimal additional cost to the users. In the case of
deterministic assignment, the minimal revenue toll problem is capable of solution by
various methods, such as linear programming [BHR97] and heuristically by reduction
to a multi-commodity max-flow problem [Dia00]. However, it is generally accepted
that deterministic models are less realistic than stochastic, and thus it is of interest to
investigate the principles of tolling under stochastic modelling conditions. This paper
develops methodologies to examine the minimal revenue toll problem in the case of
Stochastic User Equilibrium. Tolling solutions for both ‘true’ System Optimum and
Stochastic System Optimum under SUE are derived, using both logit and probit
assignment methods.

Key words: Traffic assignment; Stochastic user equilibrium; Probit model;
Logit model; Optimal tolls; Marginal social costs.

1 Introduction

1.1 General Background to Road User Charging

Road Tolling is a commonly used term, but can be used to describe different
situations. For example there are many instances of ‘toll roads’ particularly in
continental Europe, whereby a charge is made for travel along usually a section
of high quality trunk road. Similarly a charge may be made to use a short
length of road, primarily in the case of a tunnel or a bridge as is common in
the UK. Such charges are usually either fixed or related to distance travelled,
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© 2006 Springer Science and Business Media, Inc.



202 K. Stewart, M. Maher

and payment is made at a toll-booth at one end of the charged section, either
electronically, or by actual payment at the booth.

Congestion charging by means of implementing road user tolls, has been
much discussed, but has been implemented in relatively few cities. Toll rings
exist and are operational in Oslo and Bergen in Norway, and area-charging
schemes exist in Singapore and now in London. These operational road user
charging schemes have used a cordon system, which has the benefit of be-
ing transparent and easy to implement, and acts to discourage drivers from
entering the controlled area, but once the driver is within the cordon, there
is no additional incentive to choose a route that would be beneficial to the
system as a whole. Intuitively it would seem logical that if road tolls are to be
implemented, they should in some way be optimal; that is they should be as
effective as possible with regard to specified criteria. It may be a political ob-
jective to maximise revenue, within limits of political acceptability, whilst not
seeking particularly to discourage road users or to lessen congestion, which
would lead to relatively cheap tolls. If instead congestion reduction were the
primary objective, tolls would be set very high to discourage usage, an ex-
treme case of which would be to completely restrict traffic and impose high
fines for violation. If optimality is desired however, suitable criteria must first
be defined. Theoretically this is often considered by fixing network demand,
and then considering how that traffic may be assigned throughout the network
such that the overall network cost is minimised.

Whilst operational schemes are cordon based, trials have however been
carried out in which tolling schemes have been tested with road pricing mea-
sures such as: distance travelled, time spent travelling and congestion caused
(Cambridge study [MMO0], {Is098]), which demonstrate that the technology
to implement a path or link based tolling system for urban areas does exist,
and so such schemes may be feasible for actual implementation in the future.
There is also current political interest in the UK regarding more developed
tolling schemes: The Commission for Integrated Transport recently published
a report ‘Paying for Road Use’ (CfIT, 2002), which suggests the introduction
of nationwide road user charging. The report is of particular interest in that it
suggests the use of marginal social cost pricing on all roads (i.e. motorways, A
Roads, minor roads, city centres etc), balanced by a reduction (or abolition),
of Vehicle Excise Duty, combined with a reduction in fuel duty, so that the
result desired would be fiscal neutrality. Such a scheme would rely on charg-
ing for travel along a link, rather than passing across a cordon, and would
therefore require similar technology to implement as would be required for a
minimal revenue toll scheme.

1.2 Modelling the Effect of Road Tolls

Traffic assignment models seek to replicate the traffic pattern that is created
when drivers choose their routes across a network from their origin to their
destination.



Minimal Revenue Network Tolling 203

In the case of deterministic assignment, it is assumed that drivers, with
perfect network knowledge, will act selfishly to minimise their personal travel
cost, resulting in the Wardropian User Equilibrium (UE) flow pattern. This
occurs when the objective function (1} is minimised, (link flows = and link
costs c¢).

wp(x) = Z/:a ca(w)dw (1)

Tolls may then be imposed to ‘force’ a UE assignment to result in an
alternative desired flow pattern. The Social (or System) Optimum (SO) is
one such desired flow pattern, where the Total Network Travel Cost (TNTC)
is minimised (2), and occurs when all used routes between any OD pair have
equal marginal cost.

zso(x) = Zmaca(ma) (2)

The flow patterns that minimise the functions in (1) and (2) satisfy
Wardrop’s first and second equilibrium principles, respectively, and they are
hereafter referred to as the UE and SO solutions. In the context of tolling the
flow pattern that minimises the function (3) below satisfies Wardrop’s first
principle in the presence of tolls or the tolled user-equilibrium principle.

zrup(x) = /0“ [Ca(w) + Taldw (3)

When T, = ¢, (z*)z* , where z* is the SO solution and ¢, (z*) denotes the
first derivative of c at z* , it is well known that the SO solution also minimises
(3). In the literature, c,(z*)z* is referred to as the Marginal Social Cost
Price (MSCP) toll. Such toll sets are however not unique and other toll sets
exist which also minimise (3), e.g. [HR98] formulate the problem (Minimum
Revenue or MinRev) of finding tolls as a linear program with the objective of
minimising the revenue collected. When tolls are allowed to be negative they
may be considered to be usage subsidies; in this case it is of interest to require
that the toll revenue collected should equal the usage subsidies given out i.e.
where fiscal neutrality is achieved.

The Minimal Revenue toll problem has, in the case of deterministic as-
signment, been solved such that the System Optimal solution is obtained, by
various methods: for example, Linear Programming [BHR97], reduction to a
multi-commodity max-flow problem [Dia00] and simplex method via CPLEX
[HR98].

Route spreading, which is an observed phenomenon in traffic assignment,
can be modelled by applying cost-flow relations to simulate congestion as in
the case of deterministic assignment. Stochastic assignment methods however
assume that instead of drivers having a ‘perfect’ knowledge of the varying OD
costs of a network, they have a variable perception of these costs. Stochastic
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user equilibrium (SUE) assignment is based on the premise that each driver
will act to minimise their perceived route cost, which follows a distribution
such as those given in the logit or probit models. Traditionally deterministic
assignment has been used to model congested urban networks. If the same
methods are applied though to un-congested inter-urban networks they tend
to result in an All-or-Nothing type solution that is unrealistic in practice.
Stochastic methods may be used to successfully model inter-urban networks,
but it is desirable to have a single method that will be capable of modelling
both extremes (and the middle ground). Thus Stochastic User Equilibrium
(SUE) methods have been developed [MH97a, MH97b]. It would seem logical
that drivers do perceive costs differently from each other, either because of
different levels of network knowledge or different priorities (e.g. avoidance of
right turns or roundabouts, minimising distance or time), and so the use of
a stochastic method would seem to be more realistic and thus it is useful to
extend the concept of tolling to the stochastic case.

This paper therefore develops methodologies to examine the minimal rev-
enue toll problem in the case of Stochastic User Equilibrium. A discussion of
stochastic assignment methods is given in section 2.

In examining the case of Stochastic User Equilibrium the ‘desired flow pat-
tern’ to be created must first be determined. The classical economics solution
of replacing cost flow functions with marginal cost flow functions, does not
generally result in the total network cost being minimised in the stochastic
case [Yan99]. Thus tolls which are analogous to Marginal Social Cost Pric-
ing (MSCP) in the deterministic case do not give the Deterministic System
Optimal flow solution.

If the ‘true’ system optimal flow pattern is desired, it may be possible to
derive tolls that are unrelated to MSCP. It is not obvious if such tolls exist
or under which conditions they may exist and, if they are found to exist, if
they are unique. If toll sets exist which are not unique, then as in the case of
UE, it would be possible to impose additional constraints, and to search for
(for example) minimal revenue tolls. Tolling methodologies to approach the
SO solution under SUE are developed in section 3.

However, it may be more desirable in the stochastic case to produce instead
a ‘Stochastic System Optimum’ (SSO) where the perceived total network cost
is minimised, i.e. the SSO solution is that flow pattern which minimises the
total of the travel costs perceived by drivers. This SSO solution may also be
characterised as that which maximises consumer surplus [Yan99]. Tolling to
achieve the SSO solution is the subject of section 4.

2 Stochastic Assignment Models
Stochastic methods are based on the assumption that a driver minimises their

perceived cost, or chooses the alternative that gives the highest utility. Utility
functions Uy may be expressed as the sum of a deterministic component Vj, and
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a random error component £, where k is a member of the set of alternatives.
That is,

U =Vi+ & Vk (4)

The probability that an alternative is chosen is the same as the prob-
ability that that alternative has highest utility in the choice set. Whilst not
being entirely exhaustive [She85], the most commonly used stochastic method
models assume either a Normal distribution (probit models), or the Gumbel
distribution (logit models), for the drivers’ perception error & .

The logit model is based on the use of the logistic function, which is a
choice function used to choose between two or many alternatives.

It may be written:

_ _exp(=0.0y)
P e (—6.Cy) (5)
J

where p; is the probability of choosing alternative ¢, C; is the cost associated
with route ¢ and 8 is a dispersion parameter; the lower the value of 8, the
higher the level of uncertainty, conversely a high value of 8 would correspond
to drivers having an accurate view of actual route costs, i.e. the deterministic
case.

The logit formulation has the advantage of mathematical tractability, and
has been used initially for that reason, but logit based loadings have a sig-
nificant disadvantage in that they do not account for overlapping paths in a
satisfactory manner. For example three completely distinct paths would have
flow assigned in the same way as a single path together with two paths includ-
ing a significant overlap. If each path had around equal cost, then each path
would be assigned around one third of the traffic irrespective of any overlap.
In addition the logit method assigns traffic based on an absolute difference
in cost (time), for example a five minute difference in journey time will pro-
duce the same route choice proportions whether the difference relates to route
times of 5 and 10 mins or route times of 200 and 205 mins. In the first case
one route takes twice as long as another, whilst in the second, the five-minute
difference may well not be perceived as ‘any difference at all’. It would seem
reasonable to require a model to account for the difference in journey time in
relation to the total journey time when assigning traffic.

The probit model assumes that the random error term is normally dis-
tributed, and that the joint density function of the errors £, is Multivariate
Normal (MVN). Thus the probability distribution of cost for each link is Nor-
mal, with mean u being the value of the link cost flow relation, and variance

o? assumed to be proportional to the mean.

B = Variance/Mean = 0% = 0% = u8 (6)
ca ~ Nca(za), Bealzy)) Va (7)
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At link level costs are often assumed to be independent, but in general it
may be assumed that link costs also follow a Multivariate Normal distribu-
tion. The probit model solves the problem of overlapping paths by the use of
correlations between the path cost perception errors.

There are various methods of solution for probit-SUE, such as:

1. Numerical integration of a multiple integral. Feasible numerical integra-
tion approaches now exist [RM02] which can be used for networks with
up to around twenty alternative routes.

2. The Stochastic Assignment Method SAM [MH97a, MH97b], a heuristic
based on ‘Clarke’s Method’ [Cla6l], where a successive approximation
method is used; the maximum of two normally distributed random vari-
ables being approximated by another Normal variable.

3. Monte Carlo simulation, whereby a random value representing the per-
ceived travel time of a link is sampled from the density function for that
link, and an All-or-Nothing assignment is carried out based on the set
of sampled perceived travel times across all network links. The process
of sampling and assignment is repeated (multiple times) and averaged to
give the final flow pattern.

The methodology developed within this paper however does not depend
on any particular stochastic assignment method being used.

3 System Optimal Road Tolls

3.1 Path-based methodology

If it is desired that an SUE assignment using the original cost-flow functions
with the addition of a toll, should produce the SO flow pattern that is obtained
under deterministic assignment, where the TNTC is minimised, then using
logit-based SUE this may be formulated as below:

exp —0(C; + T3)

X;=D
>_exp —0(C; + Tj)
j

(8)

where D is the OD demand, C; and X; are the path costs and flows at the SO
solution which may be found using deterministic assignment methods, and T;
are the desired path tolls to be determined.

The ‘toll difference’ between pairs of path tolls for each OD pair may then
be found by the division of pairs of equations, thus:

T~ Ti = 2 0(X/X,) + (Ci = C) Q

A resulting order of magnitude of path tolls (for each OD pair) may be
deduced, and assuming tolls to be non-negative, and seeking minimal revenue
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tolls, the smallest toll path (for each OD pair) may be set as zero, and the
remaining path tolls calculated.

It would appear that the use of the logistic function to determine path
differences requires all path flows to be non-zero, as zero flows would clearly
result in infinite tolls (9). (It should also be noted here that this problem would
also apply in the case of the probit model). There are consequently difficulties
to be encountered when dealing with more complex networks, Smith et al.
[SEL94] where there will generally exist technically feasible paths which have
zero flow at SO.

It is however possible to divide the set of feasible paths into two sets, £2°for
zero-flow paths and (2! for non-zero flow paths as defined below;

Let 2°={k: Xy =0} and 2! = {i: X; > 0}

Then V i,5 € 21, let T, and Ty satisfy (9) and V k € 2°, let Ty, = M
Then, the path flows, X;(T"), associated with the above tolls are:

exp —~8(C; + T;)

XilT) =D > o exp—0(C; +T;) + 3. exp—6(C; + M)’ vien (10)
ient 1€ 20
X4(T) =D exp ~6(C M) Vken® (11)

S exp—0(C;+T) + 5 exp—0(Ci + M)’

ieg2! 1€20

It is clear that X;(T) — X, and Xy (T) — 0 as M — oo.

Hence for any € > 0, there exists a sufficiently large M such that X; —
X(T)<e Vie 2 and Xi(T) <e,Vke 20

Thus it is possible to determine viable path toll sets, which will create a
flow pattern approaching the true SO flow pattern, as closely as is desired
under logit SUE. However in the limiting case (¢ — 0), M (the toll on zero-
flow paths) will tend to infinity, and so an appropriate degree of closeness to
the SO solution would need to be determined.

This is illustrated using the 9-node network with 2 origins and 2 destina-
tions as shown in Figure 1 below. This network has been frequently used in
the literature [BHR97] and [Dia00}; a modified version is used here (with 4
vertical links (56, 7<+8) carrying zero flow removed), to render the network
acyclic, and thus limit the path enumeration matrix so that 24 viable paths
are obtained (six paths between each of the four OD pairs).

The link cost functions are of BPR type as shown where (c((lm,Ya) for each
link are given on the diagram, x, is link flow, ¢, is link cost, c((lo) is free flow
link cost and Y, is link capacity.

For the above network, the minimum TNTC = 2253.92. All links have non-
zero flow at the Wardropian SO solution but this is not true of all paths: in a
Wardropian SO assignment using 100 iterations of the Method of Successive
Averages [She85], 3 paths were completely unused. Assigning a toll M to the
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(7,82) (8,30

(9,35) (6,33) 6.43)

OD Pair: [1,3] [1,4] [2,3] [2,4]
Demand: 10 20 30 40
Ca(xa) = Ca(O)(1 + 015(Xa/Ya)4)

Fig. 1. Nine-node network diagram, showing OD demand and link cost-flow rela-
tions

zero-flow paths, a viable toll set is given below for 6§ = 0.1, When M=50,
TNTC = 2253.99.
OD pai] __[1,3] 4 23] 2.4]

T= |129MO0M2{15161816120(111455M 0|16 11728190

The path tolls correspond to the paths given in the path-link incidence
matrix A (Appendix1), with 6 paths for each OD pair.

A difficulty with this method is that although viable path toll sets can be
determined, it is not necessarily possible to derive consistent link-based toll
sets. This inconsistency may be demonstrated by combining sets of paths as
is given in Figure 2 below.

@ @—G
Pazh” Path3
Path Toll=16 Path Toli=18 €
/\

C)——»l)

') Path 5 Path 4
Path Toll=12

Path Toll= :/

Fig. 2. Path combinations from Bergendorff’s nine-node network

Considering OD pair [1,4], paths 2 and 5 together contain the same links as
paths 3 and 4 together; therefore for consistent link tolls the total toll on paths
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2 and 5 (total=28) should equal the total toll on paths 3 and 4 (total=34).
This is clearly not the case (similar examples of inconsistency may also be
demonstrated); so consistent link tolls may not be determined. Also whilst it
is not problematic to assign large tolls (tending to infinity) on paths with zero
flow, it would clearly not be desirable to assign such tolls to links.

Thus it must be considered whether a path-based tolling methodology
would be sensible for implementation, even if developing efficient path-based
assignment methods [Ros01], could be utilised. A tolling solution where the
same link has a different cost depending on the overall route travelled would
intuitively not appear to be equitable or practicable. Also the technology re-
quired to implement a path-based tolling scheme, would require vehicle track-
ing (at least in an urban context), which although technically feasible would
result in concern over privacy issues.

Further, the path difference equations used require the use of logit as-
signment, which does not model networks with overlapping paths as well as
probit. If a network with only two links is used, it is possible to solve for tolls
algebraically in the probit case, but this is not the case for any more complex
network. Consequently this method is not considered to be of potential use
for practical implementation.

3.2 Link-Based Methodology

A link-based methodology to derive tolls that would create a flow pattern
approaching the SO is therefore desirable. It was assumed from the previous
results, that link-based tolls might not be sufficient to replicate the desired
SO flow pattern in the limiting case, but that good sub-optimality would be
acceptable for practical purposes.

The objective is still to minimise the total network travel cost, and this is
attempted by seeking a link flow pattern that approaches the flows obtained
under deterministic SO assignment. Thus links where the flow is higher than
that desired have link costs progressively increased by the addition of a toll
until the desired flow pattern is approached, as in the heuristic procedure
given below:

Step 1: Find the SO solution and let Fgo, Cgo and TNTCgo denote the
corresponding flow pattern, link cost, and total network travel cost.

Step 2: Link toll vector set to zero: To= 0

Step 3: Set n = 0

Step 4: Perform SUE assignment: C,, and F,, obtained

Step 5: Calculate: P = (F,, - F50)(/C,, - Csol)

Step 6: Determine link j where P(j) is greatest.

Step 7:  Perform iteration to calculate ¢(5) s.t F(j) = Fso(j) to required
degree of accuracy.

% The internal iteration in step 7 only regards the output flow for the single link
whereP(j) is greatest as per step 6, and results in the link tolls shown in Table 1.
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7a: Set t(jo) = |Cj, — Cso, | where Cj,is the current cost on link j (as per
step 4)

7b: Set m=1

7c: Perform SUE assignment, calculate ’C'm — Csojl

7d: Set t(jm) = t(jm-1) + |Cj,. — Cso, |

7e: Calculate P(j,): Stop if sufficiently close to zero and let t(jn) = t(J),
or set

m =m + 1 and repeat from step 7c.

Step 8: Tpi1 = T, + t; where t(i) = t(j) when ¢ = j and (i) = 0
otherwise

Step 9: Calculate TNTC: Stop if TNTC sufficiently close to TNTCgp or
set n = n -+ 1 and repeat from Step 4.

This method is illustrated using the previously used 9-node network (see
Figure 1), with logit SUE where 6 = 0.1.

In Step 1 a deterministic SO assignment determines the desired link flow
set, and the link costs are calculated for these flows. The minimum value of
the TNTC is also recorded (for this example TNTCgp = 2253.9). An initial
toll vector is then set with all tolls being zero (Step 2). An SUE assignment is
then completed, and the link costs, link flows and the TNTC compared with
those desired.

The toll set is constructed in a step-wise process, where only a single link
toll is considered in each iteration; thus the link to be tolled in that iteration
must be chosen. Steps 4 and 5 determine which link is chosen: choosing simply
the link where the flow was most in excess of the desired SO flow for that link
would not take into account the relative costs, and so a product of flow and
cost difference is used here, although this may be refined in future work.
As only non-negative tolls are being imposed, the absolute value of the cost
difference is used, so that the chosen link, where the value of the product is
greatest has a flow strictly greater than that desired.

Table 1 below shows the stepwise construction of a toll set.

It can be seen from Table 1 and from the graph in Figure 3 below, that
the first few iterations are by far the most significant, and no great benefit is
gained from continuing to approach the TNTCgo for many iterations. Further
if it is desirable to keep as many links toll free as possible, it is not then sensible
to continue to add small tolls on additional links, to reduce the TNTC only
by tiny amounts.

The link toll set resulting from the 12 iterations given above, is shown
in Figure 4 below, where link width is proportional to the size of the link
toll. The TNTC achieved after 12 iterations is only 0.02% greater than the
Minimum TNTC. However if the process was stopped after only 4 iterations,
the TNTC achieved is still only 0.6% greater than TNTCge and 4 links that
could be tolled, would remain toll-free.

A more efficient interpolation procedure is being refined for the internal iteration
for use in larger networks.
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Table 1. Iterative building of ‘Optimising’ toll set
[Iteration] 0 1 2 3 4 5 6 7 8 9 10 11 12]
t1 (1-5) | - - - - - - - - - - 09 09 09
to(B-7) | - 7.2 72 72 72 72 72 8 8 89 89 89 89
t3(7-3) | - - - - - - - - - - - - -
te (1-6) | - - - - - - - - - - - - -
t5(2-5) | - - - - - - - - - - - - -
te (5-9) | - - - - - - - - 06 06 06 06 06
tr (9-7) | - - - - - - 14 14 14 14 14 14 14
ts (6-9) | - - - - - - - - - - - - -
to (9-8) | - - - 13 13 13 13 13 13 13 13 13.8 138
tio (7-4)| - - 7.9 79 12.9 129 129 129 12.9 129 12.9 129 129
t11(8-3) | - - - - - - - - - - - - -
t12(2-6) | - - - - - 3.6 36 36 36 36 36 36 3.8
t13(6-8) | - - - - - - - - - - - - -
t14(8-4) | - - - - - - - - - - - - -
TNTC {2441 2385 2337 2285 2268 2262 2259 2258 2257 2256 2255 2255 2254
REV 0 154 307 449 568 705 746 759 777 797 813 819 822
TNTC and Revenue: ¢ =0.1
e, N,
2000 M
1000 —
0 \ : {
0 5 10 —+—TNTC 15
lteration ~=-—Rev |
Fig. 3. Total Toll Revenue required for reduction in TNTC
TNTCso =22539
TNTC =2254.4

Fig. 4. logit toll-set for Bergendorff’s network (8 = 0.1) — 12 iterations
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Whilst this methodology has been demonstrated using logit assignment, it
may equally be used for other stochastic assignment models. Figure 5 below,
shows the reduction in TNTC achieved for different values of the dispersion
parameter 0 using logit assignment, and for the variability parameter 3 = 0.5
using probit assignment. (The Stochastic Assignment Method SAM [MH97a,
MH97b] was used here to obtain the probit results).

It must be noted that the method used does not result in the TNTC strictly
decreasing at every iteration, although the overall trend is that it does reduce
as the desired flow pattern is approached. The internal iteration at Step 7,
has in these examples been used to reduce the flow on a particular link so
that it is very close to the desired flow value for that link at SO. During this
internal iteration process, at some point the value of the difference product
P will be greatest for a new link, after this point, the overall TNTC may no
longer decrease. It is possible to amend this internal iteration, so that the link
toll is determined at the minimal value for the TNTC that can be achieved
by just varying the toll on this link. However it appears in practice that as
this will generally give a smaller toll being added at each iteration, that it
causes a greater number of the main iterations to be required. Consequently,
the objective at each internal iteration is that the flow difference on that link
should be reduced to (approximately) zero.

TNTC for various Stochastic Assignments
2500
—e——§=0.1
ke @202
2400 % —— =05
) - x—-6=1
2300 P03
2200 7 : T ’
0 2 4 6 8 10
lteration

Fig. 5. TNTC with increasing iterations for various Stochastic Assignments

It of interest to note that if the logit and probit models are to be compared
using the relation:

Var(Uy) = 2/(66%) (12)

Cascetta [Cas90], where Uy, is the probit utility function as in equation (1),
then despite the link variances in the probit case obviously being different for
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each link, an approximate correspondence can be found in this case between
probit 8 = 0.5, and a logit sensitivity parameter of § ~ 0.5. It can be observed
in Figure 5 above, that the graphs for § = 0.5 and 8 = 0.5 predominantly
coincide.

4 Stochastic Social Optimum Road Tolls

In the case of stochastic user equilibrium, it could be argued that it is not
the ‘actual’ or deterministic total travel cost that should be minimised, but
rather the perceived total network travel cost.

In the case of deterministic assignment, it is well known that that the Total
Network Travel Cost is minimised and the System Optimal flow pattern is ob-
tained, when cost-flow functions are replaced by marginal cost-flow functions.
Recent work by Maher et al. [MSRO5] has shown that the analogous case is
true under stochastic assignment. Thus MSCP tolls may be easily found using
existing link-based assignment methods.

The minimal revenue toll problem is thus similar to that in the determinis-
tic case, and may be solved by linear programming. For comparative purposes
a numerical example is included below.

4.1 An illustrative example

As in the deterministic case equally optimal toll sets exist for this network,
and so further optimisation is possible. It is of interest to obtain as many
links with zero tolls as possible, but even with this provision, in this example,
there were four equally-optimal toll sets for each value of 8. A possible Min-
Rev toll-set is given below in Table 2 for various 4. The links corresponding
to the zero-flow paths are highlighted. Other zero-toll links may be observed,
although it must be remembered that there are other equally optimal solutions
that are not shown. Despite the existence of three distinct zero-toll trees for
varying values of the sensitivity parameter, the change in individual link-toll
values as # varies appears to be reasonably smooth.

The zero-toll trees are shown in Figure 6 below; the zero-toll links being
represented by the bold print arrows. As 6 increases the driver’s assumed per-
ceived knowledge of network costs increases, so that as 8 tends to infinity, the
logit stochastic assignment tends towards a deterministic assignment, and the
final zero-toll tree (§=5) is indeed the same as that obtained by deterministic
methods.

5 Summary

In attempting to approach the ‘true’ SO flow pattern through tolling, the
algebraic logit formulation derived path-tolls that could not then be separated
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Table 2. Minimal revenue toll sets as 6 varies

[

Toll 0.01 0.1 0.2 0.5 1 5 {Deterministic
t1 (1-5) 12.8 2.9 1.0 0.2 0.1
t2 (5-7) | 0.0 54 69 77 7.9
£3 (7-3)| 0.1 2.6
t4 (1-6)
£5 (2-5)
t6 (5-9)
£7 (9-7)
£8 (6-9)
t9 (9-8)
£10 (7-4)
t11 (8-3)
£12 (2-6)
t13 (6-8)
t14 (8-4)

6=0.2/0.5/1.0

Fig. 6. Zero-toll trees as 6 varies.

into consistent link tolls. Also the issue of small path flows encountered in the
logit case would result in unreasonably large tolls on some routes. Further,
algebraic methods are untenable in the probit case, and so such methods were
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not felt to be desirable, and instead an iterative heuristic link based method
has been derived.

For the toy-network used here for illustration the desired SO flow pat-
tern where TNTC was minimised could be closely approached, within a small
number of iterations. This method does however require extension to examine
larger networks to see how close to the TNTC it is possible to get in general.
A sensible trade off between the cost imposed upon the drivers to achieve
the reduction in TNTC, and the actual reduction obtained would need to
be established for practical purposes. In addition it may be desirable to re-
quire certain links to be zero-tolled, and this could be included in this type of
process.

In attempting to achieve the Stochastic Social Optimum flow pattern, by
use of minimal-revenue tolling, the marginal social cost price tolls, known to
create the desired flows, were used as a starting point. Path enumeration was
then required to use these to derive minimal revenue path-based tolls and
from these, link-based tolls. The minimal-revenue toll problem in this case is
analogous to that for deterministic assignment, but with the stochastic nature
of the assignment causing all used paths not to have a common cost. It would
be possible here to use an iterative method similar to that used in seeking to
approach the ‘true’ SO, but if possible it would be more desirable to utilise
the easily established MSCP tolls as a starting point, but to derive a fully link
based procedure. This is an area of ongoing work.

The desired flow pattern to be achieved in the stochastic case remains
though an issue to be resolved. Is it more desirable in the stochastic case to
minimise ‘real’ or ‘perceived’ costs throughout a network?

6 Future Work

This paper has been based on the assumption of a fixed demand stochastic
equilibrium model. It is clear that imposing tolls on a network, will directly
affect demand as well as being able to influence route choice. Elastic demand
may be readily included in stochastic equilibrium models [MH97a, MH97b],
and in the SSO case, MSCP tolls may be derived by using marginal cost
functions in an SUEED algorithm. However for all other feasible toll sets,
such as to seek minimal revenue tolls, additional work will be required. It
has been shown that in the deterministic case with elastic demand, that all
valid tolls generate the same toll revenue [HY02], and further work is required
to determine whether this result extends to tolling to achieve SSO under
SUEED. The heuristic to approach the ‘true SO’ which has been developed
in this paper presupposes that the desired flow pattern is fixed, and may be
determined. In the case of elastic demand, further iteration will be required
to account for the change in the ‘desired flow pattern’ as each link toll is
increased. This is the subject of future work.
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Summary. This paper considers the optimal toll design problem that uses the
Probit model to determine travellers’ route-choices. Under probit, the route flow
solution to the resulting stochastic user equilibrium (SUE) is unique and can be
stated implicitly as a function of tolls. This reduces the toll design problem to an
optimization problem with only nonnegativity constraints. Additionally, the gradient
of the objective function can be approximated using the chain rule and the first order
Taylor approximation of the equilibrium condition. To determine SUE, this paper
considers two techniques. One uses Monte-Carlo simulation to estimate route choice
probabilities and the method of successive averages with its preseribed step length.
The other relies on the Clark approximation and computes an optimal step length.
Although both are effective at solving the toll design problem, numerical experiments
show that the technique with the Clark approximation is more robust on a small
network.

Key words: Network Design Problem, Probit SUE, Optimal toll, Sensitivity
Analysis

1 Introduction

Transport can be considered as an economic market where travellers are eco-
nomics agents with the aim of maximising (or minimising) their utility (or
disutility). With the cross-effect of one user’s strategy on another through the
congestion in the network, the concept of Nash’s equilibrium can be invoked to
define the converged travellers’ strategies (e.g. route, mode, departure time, or
destination choices). The Nash equilibrium occurs when no individual (trav-
eller) can change their strategy to decrease their own disutility. However, it is
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well known that under the assumption of individual utility maximization, the
converged equilibrium point of the transport system may not be the optimal
travel pattern for the overall system, nor for other aggregated objectives of
the traffic system manager (e.g. total travel time, environmental impact, or
social welfare).

Road pricing has been proposed as the means to direct the traffic equi-
librium condition to a more desirable state ([Kni24], [Wal61]). Early devel-
opments of the theory of road pricing have been mainly associated with the
concept of deterministic user equilibrium, namely Wardrop’s user equilibrium
(UE) principle [War52]. UE is a special case of Nash’s equilibrium condition
and has been widely adopted as the modelling assumption for representing
travellers’ behaviour. The key assumption of UE is that the traveller has per-
fect information regarding their travel choices and the alternatives. Despite
questions about the realism of the assumption, the UE model has played a
major role in the analysis of road pricing, in which a number of researchers
over the years have focussed on deriving optimal toll patterns under the UE
condition (e.g. [YH98], [SNRO1], [Ver02]; [MLSS02], [SS04], [Sum04]).

The key element of microeconomic theory lies in understanding the con-
sumer’s behaviour. The concept of a random utility model (RUM) has been
developed to better represent the individual’s choice making process. RUM
may be integrated with the traffic equilibrium model by representing the pay-
off function, or disutility, as a random utility term. This random disutility
of travel is widely referred to as the perceived disutility/cost of travel. The
equilibrium point can then be defined as the situation where no traveller can
switch his/her strategy to improve his or her perceived cost of travel. With
this setting, we obtain the concept of Stochastic User Equilibrium (SUE).
Apart from the enhanced realism of the behavioural model underlying the
SUE model, the algorithmic advantage of using an SUE model in optimal toll
design has also been previously implied (e.g. [Dav94], [PR03]). This issue will
be discussed later on in the paper.

Many error structures have been proposed for SUE. They include the com-
monly used independent Weibull and multivariate normal that lead to the logit
and probit models respectively [She85], as well as more general cross-nested
logit models [PB99], mixed error component models [NDF02] and gamma link
component distributions [CB02].

Among the logit and probit models, the former is more popular because
of its closed form expression for the choice probabilities. Several researchers
(e.g., [SEL94], [AKS5], [Yan99]) have used the logit model to study toll pricing
under SUE. However, the underlying assumption for the logit model is rather
restrictive. In particular, it assumes that travel alternatives are uncorrelated
and have no overlapping structure. Generally, this is referred to as the ‘in-
dependence of irrelevant alternatives’ assumption or ITA. On the other hand,
despite its complexity the probit model can overcome the IIA issue of the
overlapping routes. Thus, the probit SUE will be adopted as the model for
travellers’ behaviour in this paper.
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The paper is organised into five further sections. The next section presents
the formulation of the optimal toll design problem with SUE and the defini-
tion of SUE. Then, section 3 explains the treatment of variable demand (elas-
tic demand) with the probit SUE and the different computational methods
adopted for solving the probit SUE. Section 4 reformulates the optimal toll
design with SUE in the form of an implicit program, and the algorithm for
solving this problem is presented. Section 5 provides numerical results using
a test network. Finally, section 6 concludes the paper.

2 Problem Formulation of Optimal Toll Design with
Stochastic User Equilibrium

The problem discussed in this paper is the optimal toll design problem where
the response from the users to the toll imposed is assumed to follow a random
utility model. We focus on the case of an automobile network with a single
mode, single user class, and single time period. The underlying network is a
directed graph with NV nodes and a set of links denoted A. The demand matrix
q has entries ¢,¢, representing the travel demand from origin r to destination
s, where r,s = 1,..., N. The vector of link flows is x, with link costs t(x), so
that t,(z,) is the cost (without toll) of travelling along link ¢ € A when the
link flow is z,. Let 3, denote the toll level of link a € A. Then the generalised
travel cost on link a is t,(xs) + Ba. In addition, let K,s be the set of routes
connecting node r to node s. Associated with K, is the link-route incidence
matrix, A", whose element, ¢7%, equals 1 if link a is on route & that connects
node r to node s. An assignment of flows to all routes is denoted by the vector
f, with f[° > 0 Vk,r,s. The assignment f is feasible for demand q if and only
if

Z f}gs = Grs VT, 8,

k€K g

and the (convex) set of feasible route flows is denoted F. For any f € F, c(f)
denotes the associated vector of route costs where

o (£) =D (ta(x(£)) + Ba) O3
a€A

Travellers are allowed to respond to the toll imposed by changing their
routes or deciding not to travel (the precise mechanism for achieving this is
described in section 3). The responses of the travellers are assumed to follow
the Stochastic User Equilibrium condition (SUE). Let @ be a mapping from
RIFI - RIxl that gives the vector f of feasible route flows satisfying the SUE
condition, given a toll vector 5. Let Z(f, §) be the objective function that
we wish to optimise. We can then formulate the optimization problem for
determining the optimal toll as:
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max Z (f,
max (£,5)

st f=&(9)
g =0.

Note that this problem can be considered as a mathematical program with
equilibrium constraints (MPEC). As noted previously by many authors, this
formulation can also be applied to the UE case, but with a mapping between
the link flow vector and the toll vector, since the route flow in UE is not
unique.

This paper assumes that the route choice behaviour follows a random
utility model. In particular, the perceived cost of the k-th route is a random
variable of the form:

Cy =cp + &

where ¢ = ¢, (f) is the mean perceived route cost and the random errors
(€1,€4a,...) follow some joint probability density function with zero mean vec-
tor. These random error terms represent the fact that individual drivers have
their own assessment of both network conditions and of the cost of taking dif-
ferent routes (including their personal preferences for some routes over others).

Given the route cost vector ¢, P[*(c) denotes the proportion of drivers
who perceive route & to be the cheapest route from r to s, i.e.

Py =Pr(Cp* < C*Vj € Kpayj # k)
= Pr (é‘zs + C};S < E;S + C;svj € Kre,j # k) )

where Pr(.) denotes probability. Then, the stochastic user equilibrium (SUE)
can be stated as follows:

At SUE, no driver can improve their perceived travel cost by unilaterally
changing route.

The SUE route flow assignment (for f € F) is, therefore, the solution to
the following fixed-point problem:

fil = qrs P (c(f)) Vk € Kpg, V1, 5.

This states that, for a given OD pair, the flow on the k-th route consists
of those drivers who perceive this to be the best route. Since f is defined to
be a feasible set of flows, the total number of drivers on all routes connecting
7 to s matches the total travel demand from this origin to this destination. A
network route flow vector satisfying SUE will be denoted f*. This fixed-point
condition defines the mapping @ between the SUE flows and the toll vector.

With the SUE, several properties that UE does not possess can be gained.
Counsider first a simplified network structure in which the only routes are non-
overlapping and consist of single links, and that for given tolls the vector of
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link travel cost functions is continuous and strictly increasing in the vector of
link flows. In this case, for given link tolls, there are unique UE link flows and
route flows (see e.g. [Smi79}).

In UE, a route will be used if and only if the travel cost on this route
is the minimum O-D travel cost (compared to all other routes connecting
the same O-D pair). This can be represented as a complementarity condi-
tion: 0 < fI°L(C}° — C™*) > 0, where C™* denotes the minimum travel
cost from origin 7 to destination s and zly = x -y = 0. This complemen-
tarity condition is non-differentiable when ff° = (C;°* —C"*) = 0. Thus,
when including this condition into the optimal toll design problem, one may
face a non-differentiable optimization problem. This is an example of a wider
phenomenon arising from the complementarity condition as constraints to op-
timization problems ([PR02], [LPR96]).

In general network structures, while the set of link flow solutions to the UE
model at given tolls is a singleton under the assumption that the vector of link
travel cost functions is continuous and strictly monotonic [Smi79], it is well
known that the UE route flow solutions are typically non-unique. Therefore,
route-based solution strategies are commonly faced with an additional hurdle
of selecting a single UE route flow solution from a convex set, for example
by an arbitrary choice of extreme point (e.g. [TF88]) or by an additional
model selecting the ‘most likely’ route flows (e.g. [LLPRO1}). Still, establishing
desirable properties of a sequence of such ‘unique’ UE route flow solutions, as
the tolls are altered, may be extremely problematic.

For problems with continuous and strictly monotone link cost functions as
above, under mild conditions on the choice probability model, SUE is known
to give rise to solutions (a) in which all routes are active, at least in theory,
and (b) that are unique in the route flow domain (e.g. [CC95)). Therefore, it
is natural to ask, is solving the optimal toll problem with an SUE network
model actually easier than with a UE? At the same time, one is adopting a
model that, from a behavioural perspective, is arguably superior in terms of
its representation of the uncertainty and heterogeneity that surely exists in
traveller decisions.

3 Probit Equilibrium with Variable Demand:
Formulation and Solution Algorithm

The SUE model in section 2 assumes that travel demands are fixed. In this sec-
tion, we allow demands to vary. Maher et al. [MHK99] assume that the demand
for OD pair (r,s) is a function of the expected minimum travel time between
the origin and destination, i.e. ¢, depends on E [min {C}® : k € K,s}]. When
the logit route-choice is used, the demand function resulting from the assump-
tion can be mathematically expressed in a closed form (see, e.g. [BDKS86],
[GP01]) but this is not the case for probit.
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To make our model more manageable under probit, we add to the original
network a pseudo-link (r,s) for each OD pair. The amount of flow on pseudo
link (r,s) represents the number of drivers who decide not to travel from r
to s. The perceived travel cost on each pseudo link (or link zero) is ¢f® +
€4®, where cj® represents the deterministic disutility of not travelling and ep°
is the associated random error in accordance with the probit model. Then,
the proportion of drivers who decide not to travel is given by the following
expressions:

Py° =Pr(c)® +¢el® <+’ Yk € Krg)
=Pr|c®+ei® < min {c® +e]?
<O+O_keKN{k 21

and the condition for SUE can be written in the same manner for those with
fixed demand:

8= qrs I:s(c(f)) Vk € KSS, v, s,

where K2, = K,;U{0}, with f§* the number of drivers electing to not travel.
Moreover, ¢.snow represents the number of potential drivers, some of whom
choose the pseudo link, i.e. decide not to travel.

The probit model assumes that perceived route costs are derived from
normally distributed perceived link costs:

Cpt = Tabr% ks

with T, ~ N (to,02), with o2 constant. In this paper we assume that the
perceived link costs, {I,}, are independent. The distribution of perceived
route costs is therefore multivariate normal, C ~ MV N (¢, X), centred on
the deterministic route costs. This results in a variance-covariance matrix, X,
where the perceived costs of routes that have links in common are correlated.

To determine a solution that satisfies the above equilibrium condition, any
algorithm that solves a probit-based SUE problem with fixed demand can be
used. In Section 5, we consider the following algorithms:

e The method of successive averages (MSA) algorithm (see [She85]) with
probit choice fractions estimated by a Monte Carlo (MC) simulation.

e A step-length algorithm recently proposed by Maher and Hughes [MH97]
that uses the equivalent optimization formulation of SUE [DS77] with
the Clark approximation ([Cla61], [HSD82]) for computing probit choice
probabilities.
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4 Implicit Programming Approach to Optimal Toll
Design

Assume that the travel cost of link a, ¢, (z) is continuous for each a and the
travel cost vector, t(x), is strictly monotone. Then, the route-flow solution
of the probit-based SUE problem is unique (see e.g. [CC95]) and the optimal
toll design problem can be formulated as follows:

max {Z (x* (), 5) : 8 2 0}

where x* (3)denotes a link flow solution to the probit SUE problem at toll
vector (.

As stated above, the optimal toll design problem is an optimization prob-
lem with simple bounds. Many algorithms for such a problem typically require,
at minimum, calculating the gradient of the objective function at the current
solution. When Z is relatively simple, its gradient can be approximated. To
illustrate, consider the revenue function, i.e. Z (x* (8),8) = 87 - x* (). In
this case,

VeZ(x* (8),8) = x" (B) + 7 - Vpx* (6),

where Vgx* () denotes the Jacobian of x* at 5.
From the relationship between link and route flow, we can define the Ja-
cobian of x*at Jas:

Vipx™ (8) = A- Vg™ (8),

where £* (3) is a vector of SUE route flow solution at 3, A is the link-route
incidence matrix whose element, d, x, equals 1 if link a is on route k, and
Vf* (3) denotes the Jacobian of f* at 5. To approximate Vsf* (3), consider
the ‘gap’ function:

where P is the route-choice probability operator as defined in Section 2. As-
suming all functions are differentiable, the first order Taylor approximation

of (£ (8),4) at (£,8) = (£* (fo), o) is:

U(E,8) =W (Bo),Bo)+ 1 (f—1"(Bo)) + J2 (8 —Bo),

where J; and J; are the Jacobians of ¥ evaluated at (f* (55), 8o) with respect
to f at 3, respectively, Le., J1 = V@ (£* (80), fo) and Jo = V¥ (£* (Bo) , Bo).
(See [BI97], [Dag79], and [CWO02] for the calculation of J, and J;). Because
U (£*(0),08) =0 for all 3, the above reduces to

O%O+J1(f—f*(ﬁo))—FJz(ﬂ—,Bo)
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When J; is non-singular, the above implies that —J 1 J5 is an approximation
of the Jacobian of f* (3) at 5y, i.e.,

£ (8) — £* (Bo) ~ —J; ' J2 (B — Bo)

or
. £ (B8) £ (B) + I M2 (B - Bo)
i) 16= ol

For the above example, V4Z (x* (8), ) = x* (8) — AJ ' 2.

=~ 0.

5 Numerical Experiments

5.1 Definition of the test network

The network adopted for the test has seven nodes connected by 18 links, with
six pseudo-links representing the no-travel options for each OD movement
(as required in the variable demand probit SUE model). Figure 1 shows the
topology of the network. There are six OD pairs: (1, 5), (1, 7), (5, 1), (5,
7), (7, 1), and (7, 5). Table A.1 in the Appendix gives the origin-destination
‘potential demand’ matrix. Tnhe link cost functions are based on the BPR
function t;(z;) = a; + b; <:4L) "where a, b;, n;, and ; are given in Table A.2
in the Appendix. Note that for the ‘no travel’ or ‘pseudo’ links, there is only a
constant parameter associated with the disutility of not conducting a trip, i.e.
b;= 0 for such links. As in [She85] the probit link error terms are independent
and normally distributed with zero mean and standard deviations as listed in
Table A.2 in the Appendix.

Tolls are implemented by adding the tolls to the free flow costs. When an
additional cost is added to the free flow parameter for a pseudo-link, this can
be thought of as representing an increase in the no-travel cost (for that OD
movement) representing the increase in the utility of conducting a trip. There
are 36 routes among the six OD pairs.

For the variance-covariance matrix, we have adopted the common ap-
proach used in the probit model [She85] of assuming the path cost covariance
matrix is derived from independent Normal link cost error distributions. For
these distributions, the variance for link j (excluding pseudo-links) is assumed
tobe 0?2 =a- a? where « is a link-independent scaling factor and a; is the
free flow travel cost for link j, and for the pseudo-links the variances are set
to the mean of the variances on the real links.

Different values of acan be used to define different levels of the perception
error of the travellers on the travel time/cost resulting in different behavioural
models. Several values « are adopted to investigate effect of the behavioural
model on the route choice behaviour, the resulting flows, and the optimal toll
levels (o = 0, 0.3, 1, 3).
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The objective function adopted in the test is a combination of the revenue
and the actual total travel time. The revenue, R, is simply calculated by
summing the tolls multiplied by the relevant link flows for the tolled links. The
total travel time, TTT, is calculated from only the real links (since the flow
on the pseudo-links does not travel); it is the sum of the link flows multiplied
by the link travel times (without the toll included).

D

O pum— Cr«_iil
4_—--——

N

Fig. 1. The topology of the test network (without the pseudo-links)

The objective function is Z = yR+(1 — p) (=TTT) where u is a weighting
factor with 0 < p < 1. The gradient of the objective function with respect to
tolls can be derived as follows:

VsZ & (x (8) = AJT128)
+ (1w AT {7 () — diag [x* (8) (Vat (< (9))7] },

where V4t denotes the Jacobian of the travel cost with respect to flows, and
Jy1 and J, are as defined in Section 4.

To demonstrate the behaviour of the test network, the revenue generated
and total travel time for different toll levels applied to each link in turn are
shown in Figure 2 below. In these tests the covariance scaling factor, «, is
set to 1. From the figures, the revenue levels generated are most sensitive to
tolls on links 1,4, 21 and 24. The network diagram above shows that these are
the links that cannot be avoided (by the relevant OD movements); the only
alternative “route” is the no-travel option. Thus, it is no surprise to observe
that these links can generate the highest revenues. For the other links in the
network, travellers can avoid the tolled link by changing route. For the total
travel time, tolling on certain links (e.g. link 8) increases the total travel time
as we increase the toll. For other links (e.g. link 4) the opposite occurs. With



228 A. Sumalee et al.

the weighting factor p= 0.5 the objective function values as each link is tolled
individually are shown in Figure 3.

Reyanus Total Travel Time

ReE
1234 s'q 788 Toinzaad a0 12225
Py

Totted Link

Fig. 2. Revenue and total travel time for different toll levels on each link

Objective Function atp = 0.5

o
omaa:a’\

0.3

°
Toll Links Number

Fig. 3. Objective function levels for different toll levels applied to each link in turn

5.2 Comparison of different SUE solution algorithms

In this section, the two alternative algorithms proposed for solving the SUE
problem (described in section 3.2) are tested. We consider the case of tolling
links 14, 15, and 16 simultaneous with a uniform toll. For this one-dimensional
problem the gradient of the objective function at each toll level can be plotted
as shown in Figures 4 and 5. Three different levels of o are adopted for the
test (o = 0.3, 1, and 3). Six curves are plotted, three for each method with
different « in each figure. Figure 4 compares the gradient of the objective as
calculated by ‘numerical differencing’ (a finite difference approximation) and
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by sensitivity analysis (see Section 4) in which the SUE flows are calculated by
the first method (MSA + MC-estimated choice probabilities). Figure 5 shows
the same comparison but the SUE flows are calculated by the second method
(Clark approximation + optimal step length). In both figures, the curves with
the bold line are the gradients calculated from numerical differencing and the
broken lines are the gradients from the sensitivity analysis.

Gradlent Comparison: numerlcal differsnce and S.A
4000 -

3000

2000

1000

Gradient

-1000

-20000 01 02 03 0.4 0.5 08 o7 0.8 08 1

Tell
Fig. 4. Gradients of the objective at different toll levels calculated from the numer-
ical differencing (solid line) and sensitivity analysis (broken line). MSA calculations
using the MC simulation and predefined step-length.

In both cases, the gradients calculated by the sensitivity analysis method
are reasonably smooth. In Figure 4, the numerical differencing produces a
non-smooth gradient that is caused by the non-smooth objective function as
calculated from the MC simulation and pre-defined step length. Although
the Clark approximation does have disadvantages (in terms of where this
approximation is valid) the resulting link flows (and hence objective function
values) are much smoother than the corresponding values calculated on the
basis of the MC simulation. The gradients calculated by numerical differencing
of the SUE flows resulting from the Clark approximation based approach
(bold line in Figure 5) are visually as smooth as the gradients calculated via
sensitivity analysis in the same figure (broken line).

Obviously, different methods significantly influence the smoothness of the
objective function. The MC based method does suffer from the unpredictabil-
ity of the random trial process which may not guarantee the same SUE
flows/route choice probabilities with different runs. On the other hand, the
benefit of the MC based method is that with a high number of the trials the
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Gradient Comparison: numerical difference [Clark Approximation] and S.A,
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Fig. 5. Gradients of the objective at different toll levels calculated from the numer-
ical differencing (solid line) and sensitivity analysis (broken line). MSA calculations
using the Clark approximation and optimal step-length.

accuracy of the estimation of the route choice probability may be improved,
but one can never be sure what constitutes a sufficient number of trials. The
Clark approximation, despite its possible drawback on the accuracy of the
approximation, does produce very good results in terms of the smoothness
of the objective function. Nevertheless, in both cases the sensitivity analysis
method can eventually define a smooth trend of the gradient reflecting the real
property of the problem. The reason is that the sensitivity analysis method
estimates the gradient based on a single point (see previous section). Thus,
it does not suffer from the poor convergence of the SUE flows from one toll
level to another whereas the numerical differencing, which uses two points of
SUE flows, suffers from this error.

Based on this comparison, we decided to adopt the second approach (Clark
approximation + optimal step length) for the tests in the following sections.

5.3 Effect of probit variances on the optimal toll policy

This section presents some numerical results using the optimization approach
explained in Section 4 to find the optimal tolls for different cases. The sequen-
tial quadratic programming (SQP) algorithm in MATLAB (‘fmincon’ solver)
is adopted to solve the problem, with the Jacobian of the objective function
supplied (using the approach described in Section 4). Before applying the
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optimization algorithm to the test, we explore the effect of the behavioural
model parameters on the objective function. Three different sets of tests are
conducted. In the first set of tests, we apply the uniform toll level on link 8,
11, 14, and 15 with four different values of c. Similarly, the second set of tests
involves imposing the uniform tolls on link 14, 15, and 16 making a pricing
cordon around node 5. The third set of tests is to put the toll on link 4 only.

For all tests, we provide the plots the corresponding objective function
values (see Figures 6, 7, and 8 below). Different values of the scaling param-
eter o show the influence of the behavioural model on the objective function
profile. The first observation is the smoothing effect of the o parameter on the
objective function. When o= 0 (UE case), non-smoothness of the objective
function is apparent. This property of the MPEC with UE is well documented
where the objective function can be non-differentiable at some point.

On the other hand, the objective function curves with & > 0 appear to
be smooth. As the probit variances increase (with «), so drivers become less
reactive to changes due to the toll and there is non-zero probability for each
route to be used. This property of the SUE model contributes to the smooth-
ness of the objective function with respect to the toll. As mentioned earlier,
although the main incentive of introducing the probit SUE in place of UE is
to increase the realism of the lower level model for the optimal toll problem,
the SUE model may also make the optimal toll problem become easier to deal
with. The other observation is the possible change of the optimal toll solution
for the different values of a. With all tests, the value of the optimal toll levels
do change according to the level of .
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Uniform toll applied to links [14 15 18]
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Table 1 shows the results from applying the optimization algorithm to find
the optimal uniform toll applied to links 14, 15, and 16 with different values
of a.

Table 1. Optimal toll on links 14, 15, 16 with differentc found by the optimization
algorithm

oY% Optimal Toll |Objective at optimal toll
0.0001 0.68867 114.7479

0.3 0.65346 80.7625

1 0.64773 55.7007

3 0.6566 33.6732

10 0.7 25.6591

Figure 7 can be used to verify that the optimization algorithm can find
the real optimal toll level for each case. Again, as mentioned the optimal toll
levels change with the levels of «. Unfortunately, we cannot observe any clear
relationship between the optimal toll and the level of a from the results.

The optimization algorithm is also applied to the find the optimal toll
level on all links (except the pseudo links) simultaneously and the optimal
toll level on each link in turn, again with different levels of o. Table 2 shows
the result with the optimal toll on each link simultaneously and Table 3 shows
the results with the toll on each link in turn.

Note that the column ‘objective function at optimal toll’ shows the abso-
lute value of the objective function at that toll level. The objective function
adopted here, as explained, is a weighted sum of the revenue and negative
total travel time. Therefore, it is possible that the objective function may be-
come negative even at the optimal toll. This does not mean the optimal toll
generate dis-benefit, since the objective at the no toll scenario is a negative
figure as well. Column ‘benefit’ in both tables presents the relative improve-
ment of the objective of each toll policy compared with the no-toll situation.
The optimization algorithm successfully solved all the scenarios reported here.

For the case with the tolls on all links, the improvement of the overall
objective function increases as o increases. When all links are tolled, the links
with the highest toll levels are links 4, 14, and 15. However, when each link
is tolled individually, the links with the highest optimal tolls are links 1, 4,
21, and 24. Imposing the tolls on one of these link individually is actually
equivalent to imposing the toll on all of the demand for some OD movement
since these links are the feeding links of the demand from different OD pairs
to the network (hence there is no alternative routes that avoid the tolls). The
link generating the highest objective is link 4. The result may be that link 4
imposes the toll directly to a significant level of the demand in the network
(the level of the demand coming from node 1 is highest compared to the other
origin nodes, see Table Al in the Appendix).
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Table 2. Results from optimizing all link tolls simultaneously

¢ |Link Number| Optimal toll {Objective function| Benefit
Link Number|(for this link)| at optimal toll
1 0.0621
4 0.2431
5 0.0688
6 0.0660
7 0.2001
8 0.0815
9 0.0688
10 0.1930
11 0.0839
0.3 12 0.0659 570.7513 886.44
14 0.2149
15 0.2171
16 0.1028
18 0.1228
19 0.1242
20 0.0952
21 0.0430
24 0.0449
1 0.0379
4 0.2224
5 0.0527
6 0.0551
7 0.2003
8 0.0696
9 0.0617
10 0.2053
11 0.0726
1 12 0.0646 554.0486 896.30
14 0.2256
15 0.2231
16 0.1177
18 0.1494
19 0.1468
20 0.0935
21 0.0395
24 0.0492
1 0.0572
4 0.2412
5 0.0723
6 0.0749
7 0.2185
8 0.0794
9 0.0827
10 0.1902
11 0.0791
3 12 0.0846 564.7796 933.9598
14 0.1627
15 0.1913
16 0.1134
18 0.1510
19 0.1798
20 0.0577
21 0.0543
24 0.0649




Table 3. Results from optimizing each tolled link individually

An Optimal Toll Design Problem

o |Link Number| Optimal toll [Objective function| Benefit
Link Number|(for this link)| at optimal toll
1 0.0621
4 0.2431
5 0.0688
6 0.0660
7 0.2001
8 0.0815
9 0.0688
10 0.1930
11 0.0839
0.3 12 0.0659 570.7513 886.44
14 0.2149
15 0.2171
16 0.1028
18 0.1228
19 0.1242
20 0.0952
21 0.0430
24 0.0449
1 0.0379
4 0.2224
5 0.0527
6 0.0551
7 0.2003
8 0.0696
9 0.0617
10 0.2053
11 0.0726
1 12 0.0646 554.0486 896.30
14 0.2256
15 0.2231
16 0.1177
18 0.1494
19 0.1468
20 0.0935
21 0.0395
24 0.0492
1 0.0572
4 0.2412
5 0.0723
6 0.0749
7 0.2185
8 0.0794
9 0.0827
10 0.1902
11 0.0791
3 12 0.0846 564.7796 933.9598
14 0.1627
15 0.1913
16 0.1134
18 0.1510
19 0.1798
20 0.0577
21 0.0543
24 0.0649
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6 Conclusions

The traditional assumption of travellers’ response to a road toll is the deter-
ministic user equilibrium model. We have argued in this paper that a better
representation of travellers’ responses may be achieved through an improved
behavioural model following random utility theory, as achieved through the
probit SUE model. Optimal toll design with the probit SUE is then formu-
lated, with the probit SUE framework extended in a novel way to include
variable demand, by adding pseudo links to the network. The optimal toll
problem with probit SUE can be categorised as a MPEC. However, the unique-
ness and smoothness of the route choice probabilities in probit SUE, given a
toll vector, help us in developing an optimization algorithm for tackling this
problem, by reformulating the MPEC as an implicit programming problem.
The key element in developing an algorithm to solve the reformulated opti-
mal toll problem is the Jacobian of the objective function with respect to the
tolls, which can be estimated in practice by applying the sensitivity analysis
method.

In particular, we used the Sequential Quadratic Programming (SQP) al-
gorithm in MATLAB to solve the optimal toll problems. The algorithm was
applied to a test network (with 18 links and six OD pairs). Firstly, we tested
the accuracy of two different algorithms for solving the probit SUE, one com-
bining MSA with MC-based choice probabilities, and a second using Clark
approximation method with optimal step length computation. The results
show the instability of the MC based method. This is thought to be due to
the lack of consistency in the convergence properties of the MC method at ‘ad-
jacent’ (very similar) tolls. Clark approximation, on the other hand, produces
a smoother objective function. However, there exists some uncertainty regard-
ing the accuracy of the Clark approximation in estimating the probit route
choice probabilities. Nevertheless, with both methods the sensitivity analysis
can produce a reasonably smooth gradient due to the fact that in deriving
the gradient of the objective, the sensitivity analysis method is only based
on a single point of solution, hence reducing the uncertainty of the converged
solution between two toll levels.

The second test concerned the influence of the behavioural parameters on
the optimal toll solution. Different scaling parameters, which determine the
magnitude of terms in the variance-covariance matrix of the probit model,
were tested. The results showed some changes of the objective function curves
with different scaling parameters, resulting in changes to the optimal toll so-
lution. This result highlights the importance of calibrating the behavioural
model in order to accurately determine the optimal toll policy. The last set
of tests applied the optimization algorithm to the test (tolls on all links si-
multaneously and tolls on each link individually). The optimization algorithm
successfully solved all test problems.

Despite encouraging results from these tests, further research is still re-
quired in order to make the algorithm work efficiently with a large scale ap-
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plication. Firstly, although the theory of the probit model suggests that all
routes will always be used, in practice some routes may have a very small
probability of being used, and these routes will be eliminated from the choice
set due to the limitation of machine precision. In the current algorithm, we
assume a fixed set of predetermined used routes, even when the toll is varied.
This assumption can be relaxed easily within the iterative procedure to allow
the set of used routes to be changed dynamically with the toll level, updat-
ing the route set at each iteration. The second issue is concerned with the
computational burden of the calculation of the probit SUE. A more efficient
algorithm exploiting other estimation techniques of the multi-dimensional in-
tegral is being investigated in order to increase the efficiency of the algorithm
in solving a large scale SUE problem. Last but not least, we wish to explore
the development of the optimization algorithm itself, aiming to improve it by
better exploiting the structure of the problem, or through alternative refor-
mulations of the problem.
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Appendix

Table 4. OD potential demand matrix for the test network

0/D 1 5 7
1 - 1125 1050
5 675 - 850
7 1050 850 -

Table 5. Link travel time parameters for the test network

Link Number|a; b; c; n; B

i

1 0.0125 0.0026515 (1800 |4.5 [0.0125

2 0.16 0 1 1 0.041498
3 0.25 0 1 1 0.041498
4 0.0125 0.0026515 {1800 |4.5 [0.0125

5 0.03 0.03 1100 |3 0.03

6 0.033333 (0.033333 (1100 (3.1 [0.033333
7 0.03 0.03 1100 |3 0.03

8 0.025 0.025 1100 (3.2 |0.025

9 0.075 0.015909 |1100 (3.5 {0.075

10 0.033333 [0.033333 |1100 |3.1 |0.033333
11 0.026667 [0.026667 1100 |3.1 |0.026667
12 0.07625 [0.016174 (1100 (3 0.07625
13 0.8 0 1 1 0.041498
14 0.025 0.025 1100 |3.2 {0.025

15 0.026667 (0.026667 {1100 |3.1 |0.026667
16 0.02 0.02 1100 (3.1 [0.02

17 0.2 0 1 1 0.041498
18 0.075 0.015909 |1100 {3.5 {0.075

19 0.07625 {0.016174 |1100 |3 0.07625
20 0.02 0.02 1100 |3.1 |0.02

21 0.0125 0.0026515 1800 (4.5 |[0.0125
22 0.8 0 1 1 0.041498
23 0.2 0 1 1 0.041498
24 0.0125 0.0026515 11800 (4.5 [0.0125

Links 13 and 22 are the pseudo links for O-D 1-5 and 1-7 respectively.
links 2 and 23 are the pseudo links for O-D 5-1 and 5-7 respectively. Links 3
and 17 are the pseudo links for O-D 7-1 and 7-5 respectively.





