
Chapter 13 

Resonators with Variable Internal Lenses 

13.1 General Aspects 

13.1.1 Thermal Lensing in Solid State Lasers 

In solid state lasers the active medium exhibits the properties of a thermally induced lens 
when the material is pumped. The refractive power is brought about by a combination of 
heat generation due to absorption of pump and laser radiation and the flow of heat to the 
outer periphery due to cooling. For a laser rod this leads to a temperature distribution which 
is parabolic with respect to the radial position r if the thermal conductivity is constant and 
the medium is illuminated homogeneously by the excitation source (Fig. 13.1). This results 
in a similar radial dependence of the index of refraction, neglecting polarization effects: 

n(r) = no (I  - yr’) (13.1) 

where no is the index of refraction at the center. A bundle of parallel rays incident on the 
laser rod is focused by the thermal lens for PO since the optical path length n(r)Pinside the 
medium is longer for rays being closer to the center of the rod. 

t Temperature 

Radial Coordinate 

Fig. 13.1 Heat deposition by the pump process and cooling of the outer periphery generates a 
parabolic temperature profile in solid state laser rods. 
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This is in contrast to common lenses where the change in the optical path length is generated 
by an increased thickness at the center of the lens and not by an increase in the index of 
refraction. To a first approximation, the refractive power D of a rod of length P is given by: 

D = 2yn& (13.2) 

whereby effects caused by the bending of the rod endfaces are neglected [4.2,4.83, 
4.84,4.89]. The proportionality ofthe parameter yto the dissipated heat PH leads to a linear 
relationship between the pump power and the refractive power. For a rod with radius b, one 
gets for the averaged value (radiallazimuthal polarization): 

(13.3) 

with: K :  thermal conductivity 
dddT : 
€ 

x :  thermal load parameter 
7eml : excitation eficiency (see Sec. 9.3) 
Pplllnp : electrical pump power for flashlamp pumping and optical 

temperature derivative of the index of refraction 
stress dependent variation of the refractive index 

pump power for diode pumping 

The thermal load parameter x is the ratio of the heat PH to the power P, available in the 
form of population inversion. For flashlamp pumped Nd:YAG rods in pulsed and cw 
operation the thermal load parameter typically is between 2-3 and 1-1.5, respectively, 
depending on the excitation spectrum. For diode pumping at 808nm, the thermal load 
parameter is about 0.33. The stress dependent parameter €accounts for the variations in 
refractive power between radial and azimuthal polarization; inNd:YAG the refractive power 
for radial polarized light is about 15% higher than the refractive power for azimuthally 
polarized light. The material constants in (1 3.3) can be combined in a constant C with: 

A 

(13.4) 

We see that the thermal lens does not depend on the length of the active medium and that 
it is inversely proportional to the cross sectional area A=nb* of the rod material. The 
constant C is a characteristic of the laser material. This expression is usually simplified by 
introducing the thermal lensing coefficient a= Cxqw#: 

D = - P p w n p  U 

A (13.5) 
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Table 13.1 gives an overview of typical thermal lensing coefficients for flashlamp pumped 
solid state rods and the corresponding refractive powers for a rod diameter of 1 O m .  For 
diode pumping, the thermal lensing coefficient is about 30% Iowa (P- is the optical pump 
power absorbed by the laser material). Thermal lensing coefficients for diode-pumped 
materials are given in Table 13.2. Measured thermal lensing Coefficients for end-pumped 
Vanadate are depicted in Fig. 13.2. 

Table 13.1 Thermal lensing coefficients of flashlamp pumped solid state laser rods and the 
corresponding refractive powers at 1 kW of electrical pump power for B rod diameter of 1 Omm. The 
range ofthe thermal lensing coefficient is generated by different pump conditions (efficiency!) and 
variations in crystal quality. 

Material a [ILmflrwI D[m-'] 

Nd:YAG (1064nm) 21 -30 0.27 - 0.38 
Nd:glass (lO5Onm) 150 -190 1.91 - 2.42 
NdCr:GSGG (1Wnm) 37 - 57 0.47 - 0.73 
Nd:Cr:GGG (1064nm) 75 - 95 0.95 - 1.21 
Nd:YAP (1058nm) 37 - 69 0.47 - 0.88 
Nd:YL,F (1053nm,1047nm) -3*; 14** - 0.048; 0.018 
Alexandrite (76Onm) 7 -  12 0.09 - 0.15 

* o-polarized at 1=1053nm **n-polarized at rZ=1047nm 

Table 13.2 Thermal lensing coefficients of optically pumped solid state laser rods and the 
corresponding refractive powers at lOOW of absorbed optical pump power for a rod diameter of 
3mm. The range of the thermal lensing coeffcient is caused by differences in pumping geomeq 
and doping concentration. In end-pumped lasers, a lower doping concentration results in a lower 
thermal lensing coefficient due to lower temperatures and less pronounced bulging of the end face. 
For low doping concentrations (<0.4% for Nd:YAG, and < 0.25% in Nd:WO,), the lower value 
of the thermal lensing Coefficient applies. A flat-top transverse pump profile is assumed. For a 
Gaussian pump profile, the thermal lensing coefficient is two times higher than the values shown. 

Material pump wavelength [nm] a [CLm/W] D[m-'] 

Nd:YAG (1 064nm) 
Nd:glass (1054nm) 
Nd:YVO, (1064nm) 
N d W O ,  (1064nm) 
Nd:GdVO, (1 064nm) 
Nd:YAP (1079nm) 
NdYLF (1053nm, 1047nm) 
yb:YAG 
Ti:sapphire 

808 
808 
808 
879 
808 
795 
806 
940 
532 

0.10 -0.15 
0.70 - 1.0 
0.09 - 0.14 
0.06 - 0.10 
0.11 - 0.15 
0.18 - 0.26 

-0.015*; 0.07** 
0.04 - 0.07 
0.07 - 0.12 

1.41- 2.12 
9.9 - 14.1 
1.27 - 1.98 
0.85 - 1.41 
1.55 - 2.12 
2.55 - 3.67 

- 0.21 ; 0.99 
0.56 - 0.99 
0.99 - 1.7 
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Fig. 13.2 Measured optical efficiencies and 
refractive powers D for end-pumped 
Nd:WO, lasers at different pump diode 
wavelengths and a pump power of 18W 
(flat-top transverse pump distribution). , Parameter is the doping concentration. 
Measurements for GdVO, are also shown. 
Pump spot diameter: 1. Imm [4.122] (0 OSA 
2002). 

Since the lens becomes stronger as the thermal load is increased, the beam propagation 
inside and outside the resonator will become dependent on the pump power. Therefore, the 
beam quality and the focusing characteristics of the laser beam change with the laser output 
power. Thermal lensing is the dominant effect for beam quality and power limitations in 
solid state lasers. However, thermal lensing also occurs in gas lasers [4.86], but compared 
to solid state lasers, the focal lengths are two orders of magnitude longer. 

13.1.2 Ray Transfer Matrices 

Similar to the previous discussion of optical resonators, the theoretical description of 
resonators with an internal variable lens is based on ray transfer matrices. For a thermal lens 
with an index of refraction given by (1 3.1) the ray transfer matrix reads [4.103]: 

(13.6) 

In general, the relation fik1 holds and the ray transfer matrix can be simplified by 
expanding the matrix elements into series of linear and quadratic terms: 

with: 

1 - Dh Pln,, 

MTL = [  -D 1 - Dh) 

D = 2yn,,,P and h = ,P/(2q,) 

(13.7) 
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Thus, we get the ray transfer matrix of a thick lens with refractive power D with the 
principal planes being located inside the rod at a distance h fiom the endfaces. The ray 
transfer matrix of a thick lens can be used for -0.5. At the upper limit, the difference 
in beam radii and beam propagation are on the order of one percent compared to the correct 
ray transfer matrix (1 3.6). For a 100 mm long Nd:YAG rod (n,=Z. 82), that means that the 
refractive power can be as high as 4.5 Diopters before the matrix (1 3.6) has to be used to 
calculate the ray propagation. This approximation is usually valid for all solid state lasers 
so that the ray transfer matrix of the thick lens is used fiom now on. 

In Sec. 8.1, resonators with an internal thin lens were already discussed. All results 
derived in this section are still valid with the exception that d, and d2 now represent the 
distances ofthe principal planes to the mirrors [4.80,4.81,4.93,4.100]. In order to determine 
the propagation of the Gaussian beam (fundamental mode) inside the resonator, the concept 
of the equivalent g-parameters is applied. An optical resonator with an internal thermal lens 
(lens resonator) exhibits the same Gaussian beam radii at the mirrors as the equivalent 
empty resonator with the equivalent g-parameters g,* and the equivalent resonator length 
L’ with (Fig. 13.3): 

8,’ = g,  - D q ’  - dip,) ij=1,2; i*j (13.8) 

gi = 1 - (d, + d2)/pi 

L’  = d, + d, - Dd,d2 

(13.9) 

(13.10) 

Note that the term d,+d2 is the effective resonator length L,  of the resonator (see Sec. 9.2) 
which means that we could replace the thick lens by a thin lens with d,,d2 being the 
distances to the two mirrors. The resulting ray transfer matrix for a transit between the 
mirrors would be identical. By using the equivalent resonator parameters, the Gaussian 
beam propagation inside the resonator can be calculated by making use of the fact that the 
mirror surfaces are surfaces of constant phase for the beam. 

g1‘ g2* 

Fig. 13.3 The lens resonator and its equivalent resonator. Both resonators exhibit identical Gaussian 
beam radii at the mirrors but the beam propagation is different. 
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Fig. 13.4 Lens resonators with one internal 
lens move along straight lines through the 
equivalent g-diagram as the rehctive power 
D is increased. The slope of the lines 
depends on the position of the medium and 
on the mirror curvatures. 

The properties of a lens resonator can be visualized in the equivalent g-diagram (Fig. 13.4). 
The resonator starts at the point (gl,g2) and moves along a straight line through the diagram 
with increasing refractive power. In general, the lens resonator passes through stable zones 
and unstable zones. A lens resonator is called stable for O<g,*g,'<l and unstable for 
lg,*gil>l. Four characteristic refractive powers exist at which the resonator intersects 
stability limits (see Fig. 13.4): 

b) g,'=O 

c) g;=o 

d) g,'g,'=l andgI'<O : D, = 
1 1  - i- 
4 4 

(13.11) 

(13.12) 

(13.13) 

(1 3.14) 
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If ~ D J l ~ < ~ D I J l ~  holds, the lens resonator passes through the upper left unstable region in Fig. 
13.4. Resonators with the property Dll=Dlll can reach the origin of the diagram (confocal 
resonator). These resonators are characterized by the condition: 

(1 3.15) 

which for a resonator with two identical mirrors means that the lens is located in the center. 

Example: 
Nd:YAG rod. Q=150mm. %=1.82: resonator : pl-. o,=3m, dl=0.3m. d2=0.5m 
The distance of the mirrors from the rod endfaces are 0.259m and 0.459m which means that 
the geometrical resonator length is 0.868m. The resonator starts at the point g,=l, g,=0.733 
in the equivalent g-diagram. The four characteristic refractive powers are: 

D,= -O.4mA', D,,= 2.0m-', DIII= 2.933mm1, DI,= 5.333m-' 

13.2 Stable Resonators 

13.2.1 Fundamental Mode Operation 

By using the equivalent resonator parameters, the beam propagation of the Gaussian beam 
with wavelength 31. inside the lens resonator can be derived from the known beam radii at 
the resonator mirrors. The Gaussian beam exhibits two wiiists whose position and radius are 
a function of the refractive power. The following relations hold for the resonator shown in 
Fig. 13.5: 
I 

Beam radius at mirror i : wt = - 
"* 4 g;(l:;;g;) (13.16) 

Waist radii 

Beam radius at the principal planes of the thermal lens: 
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W1 WL w2 

Fig. 13.5 Propagation of the Gaussian beam in a lens resonator. 

gi*L */pi 

g i ( L  */pJZ + gi*(l -g;g,'> 
Location of beam waist i : LOi = L *  (1 3.19) 

(13.20) x 
* Woi 

Half angle of divergence : eoi = - 

The beam waist i is located to the left of mirror i for L,<O and to the right for L&O. In Fig. 
13.5, Lo, is positive and Lo, is negative. Due to the thermal lens, the two angles of 
divergence are different because the two waist radii are not equal. The beam parameter 
product is the same on both sides of the resonator and is given by: 

(13.21) 

Unfortunately, the above shown expressions are too complicated to discuss in general; 
therefore, it is necessary to calculate the beam parameters to get a feeling for the beam 
characteristics. In the following we present the dependence of the beam radii and the angle 
of divergence on the refractive power for the resonator discussed in the previous example. 
The Gaussian beam is an eigensolution for this resonator if the refractive power lies within 
the ranges Om-'-2m" and 2.93m-'-5.33m-'. Outside the stable zones, real values are not 
provided by (1 3.16)-( 13.20). Figure 13.6 presents the beam radius in the medium w,, the 
waist radii wOi, and the half angles of divergence 8, as a function of the refractive power, 
The stability limits are characterized by infinite or zero waist radii whereby the divergence 
exhibits a reciprocal behavior since the beam parameter product has to remain constant. 
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Fig. 13.6 Gaussian beam radius in the active 
medium w,, waist radii w,, and half angles of 
divergence 6, as a function of the refractive 
power of the thermal lens @,=a, p,=3m, 

Rfiactive Power [Diopterx] d1=0.3m, d2=0.5m). 

Typically, the Gaussian beam radius inside the medium exhibits a minimum which is 
approximately located in the middle of each stable zone. If AD denotes the range of the 
refractive power within which the resonator is stable, the minimum Gaussian beam radius 
in the medium reads: 

2 411 
WL,rnin = - k 1~ AD 

(1 3.22) 

with k = 1 if the confocal point g,'=g,'=O is passed and k = 2 elsewhere. 

For the resonator in Fig. 13.6 and a wavelength of h=l.O64pm, we get a minimum beam 
radius of 0.53 lmm in both stable zones. The Gaussian beam radius in the medium stays 
relatively constant over a range of the refractive power that covers about 90% of the stable 
zone. Within this range fundamental mode operation can be attained if an aperture is placed 
in front of the medium whereby the aperture radius a needs to be adapted to the Gaussian 
beam radius: 

a = 1.3 w ~ , ~  (13.23) 
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13.2.2 Transverse Multimode Operation 

If no aperture is used inside the resonator, higher order transverse modes will oscillate 
whose beam radii are smaller than the radius b of the active medium. The number of 
oscillating modes is equivalent to the beam quality factor and can, to a good 
approximation, be calculated with: 

M2=[$) 1 

(13.24) 

where wL is the Gaussian beam radius at the principal planes of the thermal lens. Since the 
Gaussian beam radius changes with increasing thermal lens power, the beam quality of 
multimode lasers is a h c t i o n  of the pump power. Insertion of (1 3.18) into (1 3.24) yields 
for the beam propagation factor: 

-1 

(1 3.25) 

This expression is only valid for M2 > I since lower beam quality factors make no physical 
sense. At the stability limits the beam quality factor approaches M=I. For rectangular active 
media, the radius b has to be replaced with half the side length. In general, the &am quality 
factors in the x- and the y-direction are different. 

With the knowledge of the beam quality factor (13.25), the waist radii w,, and the half 
angles of divergence em, can be calculated using (1 3.17) and (1 3.20): 

with the beam parameter product: 

(1 3.26) 

(1 3.27) 

The locations of the waist radii are the same as for the Gaussian beam. It is interesting to 
note that the beam parameter product in multimode operation does not depend on the laser 
wavelength A, since the beam quality factor scales with I/A. We thus cannot improve the 
focusability by using a smaller wavelength. The beam parameter product of the Gaussian 
beam becomes lower with a smaller wavelength but the smaller Gaussian beam radius also 
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leads to the oscillation of a higher number of transverse modes. Therefore, the beam 
parameter product remains constant. 

As previously discussed, the Gaussian beam radius in the medium exhibits a minimum 
near the center of a stable zone. Therefore, the multimode beam parameter product has a 
maximum at this point and decreases towards both stability limits. We can calculate the 
maximum beam parameter product by inserting (1 3.22) into (1 3.24): 

b ‘AD 
4 

(we),, = K - (13.28) 

with: k = I if the origin of the equivalent stability diagram is passed 
k = 2  otherwise 
AD : refractive power range within which the lens resonator is stable 

Figure 13.7 presents the qualitative dependence of the beam parameter product on the 
rehctive power for four different resonators with different refractive power ranges AD and 
their different paths in the equivalent g-diagram. The beam parameter products in the 
unstable zones are not shown (it has not been determined how to calculate them at this 
time). This is not a disadvantage because the output power drops drastically as the 
resonators penetrate into unstable zones due to increasing diffraction losses at the active 
medium. 

‘ t  
Fig. 13.7 Qualitative dependence of the beam parameter product w 8on the refractive power D for 
four resonators. In all resonators the thermal lens power is varied fiom 0 to Do. Due to the different 
resonator geometries, the resonators pass through differently sized stable wnes in the equivalent 
stability diagram. 
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In order to achieve a good beam quality, the resonator has to exhibit a small refractive range 
dD within which it is stable. This is a problem in most cases since the refractive power of 
most solid state materials is relatively high, especially for those that provide high output 
power. In order to attain a certain beam quality it is therefore necessary to restrict the pump 
power range within which the laser is operated. A practical example may give a better 
understanding of this design problem. 

Example: 
A flashlamp-pumpedNd:YAG laser (/2=1.064pm, n0=l.82) with arod of length &150mm 
and a radius of b=5mm is required to operate in a stable zone at 12kW of electrical pump 
power in order to obtain a high output power, but the beam parameter product should not 
exceed a value of 10 mm mrad at any pump power below 12kW. The refractive power of 
the rod was determined to be 0.3m-' per kW of pump power. 

We choose a resonator that can pass through the origin of the stability diagram since 
then, according (1 3.28), the largest stable zone for a given maximum beam parameter 
product is provided @=I). Equation (13.28) yields for the stable refractive power range 
dD=l. 6m-', a value that is much smaller than the total refractive power range of &lL=3.6m- 
' of the laser rod. Since the lens resonator has to be stable at 3.6m-', we chose a resonator 
which becomes stable at D,=2.2m" and leaves the stable zone at D,,=3.8m-'. There is a 
whole variety of resonator set-ups that would fulfill this requirement; however, we use a 
symmetric resonator with two equal mirrors and the rod in the middle (Fig. 13 A). Equations 
(13.1 1) and (13.14) yield for the mirror curvatures pl=p,=-0.383m and for the distances 
d,=d2=0.526m. The geometrical length of the resonator is Lo=2d+(no-l)a/no=l. 12m. Figure 
13.8 presents the expected beam parameter products as a function of the refractive power. 
The laser can only be operated at pump powers between 7.35kW and 12.67kW. 

I I 1 I 1 I 

1- stable i -  12- p= -0.383m d= 0.526m 1 .  

Refractive Power piopters] 

Fig. 13.8 A symmetric resonator with mirror curvatures p, =p2=-0.383m and distances between the 
mirrors and the principal planes d,=d2=0.526m provides a maximum beam parameter product of 
10 mm mrad for a Nd:YAG rod with a maximum refractive power of 3.6 Diopters. 
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As shown in the previous example, the laser resonator may not cover the whole stable 
refractive power range dD, but only the portion doA (=1.4m-' in the example). How do we 
calculate the maximum beam parameter product in this case? Two cases have to be 
distinguished: 

a) ADA> AD/2 
The maximum beam parameter product is given by (1 3.28) 

b) AD,<AD/2 
The maximum beam parameter product is lower than the one given by (1 3.28) since less 
than half the stable zone is covered by the lens resonator. To a good approximation the 
maximum beam parameter product can be calculated using: 

(we), = k - 
4 

(1 3.29) 

Figure 13.9 presents a calculated example to clarifi this statement. For a symmetric flat-flat 
resonator the beam parameter product is shown as a function of the refractive power. The 
curve parameter is the distance d from one mirror to the adjacent principal plane of the 
thermal lens. The operating range of the refractive power is doA =3m". The refractive power 
range of the stable zone is given by dD=2/d and it decreases as the distance d is increased. 
For d W 3 m  the maximum beam parameter product given by (13.28) is reached, for larger 
distances the maximum beam parameter product is reached at the maximum refractive 
power, and it can be calculated with (13.29). This example also visualizes the typical 
dependence of the beam quality on the resonator length; low beam parameter products 
require long resonators. 

100, 1 I I I I I 

p1 
0.2 O1 i 
0.5 . 4 

Refractive Power [Diopters] 

Fig. 13.9 Beam parameter product as a function of the refractive power for symmetric flat-flat 
resonators calculated with (13.25). The curve parameter is the distance d from one mirror to the 
adjacent principal plane of the laser rod (rod radius b=5mm). 
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Figures 13.1 0 and 1 3.1 1 show measured beam divergences and beam parameter products 
for Nd:YAG rod lasers with different resonators in comparison with the theoretical curves 
given by (13.25) and (13.26). If the refractive power of the laser material is known, the 
theoretical values can be used to determine the beam quality with a good accuracy. On the 
other hand the measurement of the beam parameter product as a function of the pump power 
can be used to determine the refractive power (see also Chapter 23 for measurement 
techniques). 

. 
\ 

Fig. 13.10 Measured half angles of divergence (normalized to the rod radius b)  of aNd:YAG rod 
laser (b=3mm, e9Omm) with different plane-spherical resonators as a function of the refractive 
power of the rod. The curves were calculated using (13.25) and (13.26). a) d2= 0.165m, b) 
d2=0.64m. The curve parameter is the radius of curvature pzof the high reflecting mirror with: 0: 
p2-, A: p2=5m, 0: p2=3m, o:p2=2m. The output coupling mirror is coated onto the left rod 
endface. 

Fig. 13.11 Measured and 
calculated beam parameter 
products of aNdYAG rod laser 
(b=IOmm, P-lSOrnm) for two 
resonators as a function of the 
pump power. a) dl=d,=0.24m, 

0 1 2 3 4 5 6 7 8 9 10 pI=p3=- ; b) d1=0.24m, 
d1=0.43m, p,=-, p1=-0.34m. Pump Power kw] 
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13.2.3 Beam Radii, Divergences, and Focusing 

The thermal lens of the active medium has a considerable impact on the focusing properties 
of the laser beam. Since the beam waist, the angle of divergence and the position of the 
beam waist change with the refractive power, the size and the position of the focus spot vary 
as the pump power is increased (see Sec. 5.2.5). However, over large ranges of the refractive 
power either the waist radius or the angle of divergence stays fairly constant [4.9 1,4.93,4.99] 
(Fig. 13.12). Ifa flat output coupler is used, the position of the beam waist remains constant. 
Therefore, by using appropriate focusing optics in combination with a flat output coupler 
it is possible to maintain the position and the size of the focus over large ranges of the pump 
power. 

If the waist radius is constant (first $able zone in Fig. 13.5), the beam can be focused 
to a spot of constant size by using a telescope as discussed in Sec.5.2.5. The telescope 
images the plane of the output coupling mirror to the plane of the focus spot; the focus is 
the image of the beam waist. The change in the divergence, therefore, will not affect the spot 
size. In areas of constant divergence, the preferred means of focusing is a focusing lens 
located at a distance of one focal length from the output coupling mirror. The spot size in 
the front focal plane only depends on the angle of divergence since the Fourier transform 
of the field at the output coupling mirror is generated. 

7 , . ' . , . ' ~ , ~ , ~ ,  18 . , . , . , . , . , . , 
I 

OO* 

dl -0.h d 2 - 0 . h  b-wm 

Refractive Power pioptcrs] Refraetivc Power [Dioptersl 

Fig. 13.12 Beam waist radius and half angle of divergence as a function of the refractive power for 
a flat-flat resonator. The output coupler is mirror 1 (b=5mm, d,=0.3m, d2=O.4m, A=1.064p). 
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Which of the two cases, constant waist radius or constant angle of divergence, is observed 
depends on the resonator set-up. If the output coupler is closer to the active medium than 
the high reflecting mirror, the waist radius stays constant in the first stable zone and the 
divergence in the second stable zone. This statement holds for all resonators with one flat 
mirror. If both mirrors are curved the waist position is a function of the pump power. 
However, we can still find regions of constant beam radius on one mirror or constant 
divergence (Fig. 13.13). 

I 
i i 91' 

0 2.5 5.0 7.6 

Refraclivc Power [Dioptm] Refractive Power [Diopters] 

0 2.5 5.0 7 5  0 2.5 5.0 7.5 

Refractive Power [Diopters] 

R O  

Refractive Power [Dioptml 

Refractive Power [Diopters] Rehctive Power [Diopters] 

Fig. 13.13 Calculated beam radii at the mirrors and angles of divergence behind mirror 2 as a 
function of the refractive power for three different resonators in the third quadrant of the stability 
diagram (rod radius b=5mm, A=I.O64pm). a) dl=0.065m, d2=0.405m, pl=0.5m, p2=0.3m; b) 
d1=0.305m, d2=0.275m, pl=0.3m, p2=0.6m; c) dl=0.305rn, d2=0.275rn, pI=0.3m, p2=0.3m. 
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An interesting resonator is the one working close to the concentric point (-1,-1) in the 
equivalent g-diagram (Fig. 13.13~). Both the beam radius and the angle of divergence are 
relatively constant although refractive power is varied over a large range of 5 Diopters. This 
constancy is generated by the low sensitivity of the equivalent g-parameters to the refiactive 
power; if we had a symmetric concentric resonator (d,=d,=p,=p,) the equivalent g- 
parameters would not change at all. Unfortunately, the proportionality between the 
m i m u m  beam parameter product and the stable r e k t i v e  power range AD also holds for 
this near concentric resonator. The price to pay for the beam radius and the divergence being 
constant simultaneously, therefore, is a high beam parameter product of 260 mm mad. 

12.2.4 Output Power and Beam Quality 

Since the refractive power of a solid state laser is proportional to the pump power P-,,, we 
can find a relationship between the maximum beam parameter product and the pump power 
range dp,, within which the lens resonator is stable. Insertion of (1 3.5) into (1 3.28) yields 
[4.100]: 

(1 3.30) 

where a is the thermal lensing coefficient, dppymp is the electrical pump power for 
flashlamp pumping and the absorbed optical pump power for diode pumping, and k=l if 
the confocal point is reached and k=2 elsewhere. We thus need a small pump power range 
to realize good beam quality. Unfortunately, a small pump power range is related to a small 
output power range At’,, since the resonator provides a useful output only inside the stable 
zones (Fig. 13.14): 

(13.31) 

where qs,+ is the slope efficiency (see Sec. 10.1.1). To obtain (13.31), we assumed that 
laser oscillation ceases once the stability limits are crossed. This assumption is not entirely 
correct as we shall see. Equation (13.30) can now be written as: 

(13.32) 

This expression reveals that a large range of the output power and a good beam quality 
cannot be achieved simultaneously. For a given excitation source (flashlamp or laser diode), 
the ratio of the thermal lensing coefficient to the slope efficiency can be considered a 
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characteristic for a solid state laser material (the maximum slope efficiency has to be used). 
This ratio can serve as a figure of merit for the high power performance of different solid 
state lasers. In order to combine a large output power range with a reasonable beam quality, 
materials with a low ratio are preferred. Tables 13.3 and 13.4 present values of d q ~ ~ , ~ ~  for 
common solid state materials. 

(we) 
m a  

I 1  
I t  _ _  - -. - - - - - - - - - - - - 

Fig. 13.14 With a thermal lens only the 

used within which the resonator is 
stable. A small output power range is 
linked to a low maximum beam 

I 
I part of the output power curve can be 

Table 13.3 Values of a/qs,opc in pm/W for flashlamp pumped solid state laser materials. Variations 
are due to differences in crystal quality, doping concentration, and slope efficiency. 

Nd:YAG Nd:glass Nd:Cr:GSGG Nd:Cr:GGG NdYAP Nd:YLF Alexandrite 

0.4-0.8 3.0-4.0 0.5-1.0 1.5-2.0 0.7-1.1 -(0.1-0.15) 0.2-0.3 

Table 13.4 Values of a/qslOpe in pm/W for diode-pumped solid state laser materials. Variations are 
due to differences in doping concentration, absorption efficiency and pump geometry (see Table 
13.2 for pump wavelengths). 

Nd:YAG Yb:YAG Nd:WO, Nd:glass Nd:YLF Nd:YAP Tisapphire 

0.3-0.5 0.1-0.2 0.2-0.3 2.0-3.0 -0.05 0.5-0.75 0.25-0.35 
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Most commercially available solid state lasers are comprised of resonators that are either 
flat-flat or already stable at zero pump power. For these lasers the output power range is 
equivalent to the maximum output power. If we plotted the maximum beam parameter 
product of commercial NdYAG lasers as a function of the maximum output power we 
would thus expect a linear relationship. This is shown in Fig. 13.15 in comparison with the 
theoretical curve given by (13.32) with k=I. Beam quality and output power for diode- 
pumped single rod lasers are summarized in Fig. 13.16. Compared to flashlamp pumped 
systems, the beam parameter products are about 20% lower for the same output power, as 
expected from the values shown in Tables 13.2 and 13.3. The beam quality is generally 
worse than predicted by (13.32) due to two reasons. First, many commercial single rod 
systems do not use resonators that pass through the confocal pointg,'=g,'=O. The operation 
at this point is very sensitive to tolerances in the resonator design and small offsets of the 
mirror distances may result in a power dip. 

---__------------- -; X/R Fig. 13.15 Maximum beam parameter product 
as a function of the maximum average output 
power for oommercially available flashlamp 

1 0  lo' lo' pumpedsingle rod Nd:YAG lasers. The solid 
line represents (13.32) with k=l .  

p! 

!4 0.1 . * . . . . * * I  . . .."*.' . . *..- 

Max. Output Power [wl 

A NdYAG cormnercial V NdYAG laboratory 

0 YlxYAGCommercial 
1 

2 

Fig. 13.16 Beam parameter 
products and output powers 
for diode-pumped solid state 
lasers using one Nd:YAG or 
Yb:YAG rod. For comparison: 
1: fiber bundle laser, 2: disk 
laser with two disks, 3: single 
fiber laser 
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Fig. 13.17 Measured maximum beam parameter products and maximum output powers for a pulsed 
flashlamp pumped Nd:YAG rod laser (b=5rnm, &15Ornrn) with different symmetric flat-flat 
resonators. The number at each point is the geometrical resonator length in cm. The refractive 
power of the rod is 0.38111-' per kW of pump power and the pump power was varied between 0 and 
12kW (pulse width: 2ms, pump energy: 2405, the repetition rate: 0-50Hz). The laser covers the 
whole stable zone (dD=4.56m-') for an effective resonator length of 93cm. 

Secondly, commercial lasers generally do not cover the whole stable zone of the lens 
resonator. The reason for this is, besides space requirements, the decrease in laser efficiency 
when the lens resonator gets too close to a stability limit or the stable zone is chosen too 
small. As we shall see in the next section, this decrease is caused by spherical aberration of 
the thermal lens leading to a decrease of the fill factor. The modes basically "pull in their 
skirts" to avoid the strong aberration in the periphery of the medium. An experimental 
example is presented in Fig. 13.17 in which the maximum beam parameter product is 
plotted versus the maximum output power for a Nd:YAG laser with symmetric flat-flat 
resonators of different lengths. The maximum output power is decreased as the resonator 
length is increased. For a geometrical resonator length of 0.93m, the Nd:YAG laser would 
cover the whole stable zone with a maximum beam parameter product of 15mm mrad. 
Unfortunately, the output power is only 400W compared to 550W measured with a short 
resonator. 

The beam quality of lens resonators can be improved by using a graded reflectivity mirror 
as an output coupler. The reflectivity profile acts as a mode-selecting aperture but in contrast 
to a conventional aperture, the power hitting the aperture is coupled out of the resonator. By 
using this technique it is possible to considerably enhance the beam quality of a lens 
resonator without decreasing the output power too much, as the experimental example in 
Fig. 13.18 indicates. This resonator scheme is, of course, also, applicable to laser systems 
that do not exhibit thermal lensing. 
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Fig. 13.18 Measured output power (b) and measured beam parameter product (c) as a function of 
the electrical pump power for a pulsed, flashlamp pumped Nd:YAG rod laser utilizing the resonator 
set-up depicted in (a) (D=0.3 diopters per kW of pump power). Measurements taken with a 
conventional flat output coupler (R=46%) and with a VRh4 with super-Gaussian indexn=Il, center 
reflectance R(O)=46%, and a profile radius of w=2.5mm are compared. With the VRM, the beam 
parameter at the maximum output power is decreased by 45% whereas the output power drops only 
by 15% [S.12]. 

At the stability limits the lens resonator does not abruptly stop or start laser emission as was 
assumed in Fig. 13.14. If the resonator approaches a stable zone the output power begins to 
rise before the stability limit is crossed and a similar smoothing of the power curve is 
observed when the resonator goes unstable again. A typical example for this behavior is 
shown in Fig. 13.19 for a flashlamp pump Nd:YAG rod laser. The penetration of the power 
curve into the unstable zones is more pronounced the higher the small-signal gain of the 
laser. Since the diffraction losses are increased considerably as the resonator goes unstable, 
laser oscillation will stop as soon as the gain cannot compensate the losses anymore. 

Fig. 13.19 A lens resonator passes through a 
stable zone. The output power rises and falls 
outside the stability limits (pulsed Nd:YAG rod 
laser, 6=5mm, P=ISOmm, small-signal gain 
g0&=4.1, mirror reflectance R=40%). 
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Fig. 1331 Measured output 
power for a resonator with a small 
stability zone. The pump powers 
at which the second stability limit 
is reached are indicated for radial 
and azimuthal polarization 
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Fig. 13.20 Power dip generated by a 
small unstable zone. The lens resonator 
misses the confocal point due to the 
slight asymmetry ofthe resonator(pu1sed 
NdYAG rod laser, b=5mm, t l S O m m ,  
flat-flat resonator). 

However, if the resonator only passes through a small unstable zone, as shown in Fig. 1 3.2 1, 
the output power may not go to zero at all. A dip in the output power is observed which can 
be used to determine the refractive power of the active medium. It should be added that the 
laser output in the unstable zones is not useful unless an output coupler with a confined high 
reflecting area (see Sec. 7.1) is used. We will discuss the operation in the unstable zones 
in Sec .  13.3. 

In some cases, two power maxima are observed when the lens resonator penetrates into 
a wide enough unstable zone (Fig.13.21). The two maxima are generated if the laser 
material exhibits birefringence. For Nd:YAG the birefringence is caused by thermally 
induced stress; the refractive power for radially polarized light is about 1520% higher 
compared to the refractive power for the azimuthal polarization. The radial polarization 
reaches the stability limit first and the output power drops as the r e k t i v e  power is 
increased further. In the first power maximum the laser beam is radially polarized. Since 
resonator modes always try to decrease their losses, the polarization of the modes now 
becomes azimuthal. This polarization switching pushes the lens resonator back into the 
stable zone and, consequently, the output power rises again until the azimuthal polarization 
also goes unstable. Except for the operation at the limit of a stable zone, the laser beam is 
usually unpolarized, and the mean value of the two r e h t i v e  powers can be used for the 
effective refractive power of the lens resonator. 
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13.2.5 Output Power in Fundamental Mode Operation 

As discussed in Sec. 13.2.1, the Gaussian beam radius at the principal planes w,exhibits a 
minimum wL- near the center of the stable refractive power range AD with: 

(1 3.33) 

with k=l if the confocal point g,'=g,'=O is reached and k=2 else. In order to attain 
fundamental mode operation an aperture with a radius a that is adapted to the Gaussian 
beam radius has to be placed in front of the medium: 

a = x WL,m, Y 
x E [1.3 ,..., 1.41 (13.34) 

Fundamental mode operation can be maintained over a refractive power range ADm which 
covers about 90% of the stable zone (Fig.13.22): 

3.6 A ADw = 
2 

k = WL.min 
(1 3.35) 

Close to the stability limits the Gaussian beam radius w, becomes much larger than the 
aperture radius and the resulting increase in the diffraction loss pushes the laser below 
threshold. In order to attain a high output power in fundamental mode operation, the 
Gaussian beam radius in the medium should be as large as possible. Unfortunately, (13.35) 
indicates that the refractive power range within which laser oscillation is achieved becomes 
smaller as the beam size is increased. For a typical Gaussian beam radius in aNd:YAG laser 
rod of w,,,=lmm, (13.35) yields a refractive power range of 1.15 Diopters (k=Z). 

We can rewrite (1 3.35) into a more convenient form by using the known expressions for 
the electrical pump power range and the output power range: 

with a : thermal lensing coefficient (see Tables 13.1 and 13.2) 
b : rodradius 
qs,op : slope efficiency without aperture (multimode) 

(1 3.36) 

(12.37) 
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Fig. 13.22 Qualitative dependence of the 
Gaussian beam radius inside the medium 
on the refractive power. By limiting the 
medium with an aperture with radius 
u=l.3wGnnn, fundamentalmode operation is 
obtained within the range AD,. 

Refractive Power [ ax ]  

Insertionof(13.34), (13.36), and(13.37) into (13.35)results inthe following expression for 
the output power range (for a=2.4 wLmin) [4.97]: 

(1 3.38) 

Again we find that the laser performance is determined by the ratio of the thermal lensing 
coefficient to the multimode slope efficiency. 

Although the exact value of this ratio depends on the excitation source, the doping level, 
and the crystal quality, it can be considered a characteristic of a laser material. In order to 
attain a large power range in fundamental mode operation, this ratio has to be as small as 
possible. Tables 13.5 and 13.6 give an overview of the output power ranges in TEKmode 
operation for different solid state materials for flashlamp pumping and diode pumping, 
respectively. Note that (13.38) represents the maximum output power if the resonator is 
already in a stable zone at zero pump power. Since most commercial fundamental mode 
lasers (mostly Nd:YAG lasers) are designed this way, the maximum fundamental mode 
power is on the order of 10-15W for flashlamp pumped systems [4.88,4.94,4.95,4.97] and 
about 20-25W for diode-pumped single rod lasers [4.115] (Fig.13.23). With the restriction 
that the resonator is stable at all pump powers, higher EM,,, mode output power can only 
be realized if a laser material with better thermal properties, likeNd:YLF, is used. However, 
by limiting the stable zone of the resonator, it is possible to increase the output power in 
TEM, mode operation beyond the value given by (13.38). With diode-pumped single 
Nd:YAG rods, output powers of as high as 80W with M'4.2 have been reported 
[4.112,4.113,4.117]. However, limitation of the stability zone does come at the cost of 
increased misalignment sensitivity and decreased overall efficiency. Figure 13.24 shows 
experimental results obtained with a side-pumpedNd:YAG using an intracavity 45" Faraday 
rotator for birefiingence compensation [4.123]. The resonator is stable for pump powers 
between 660W and 725W, resulting in a TEM, mode beam diameter inside the rod of 
1.7mm. At a pump power of 720W, the output power was 53W with an M2 of less than 1.5. 
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Table 13.5 Output power range AP,, in TEM, mode operation for different flashlamp pumped 
solid state laser materials (k=l). The shown values correspond to the variations in OIIT),,~~. 

Material wavelength A [pm] W'IW [ m d w l  APom [wl 

Nd:YAG 1.064 0.4 - 0.8 9.5 - 18.9 
Nd:glass 1.054 3.0 - 4.0 1.9 - 3.5 
Nd:Cr:GSGG 1.064 0.5 - 1.0 7.6 - 15.1 
Nd:Cr:GGG 1.064 1.5 - 1.9 4.0 - 5.0 
NdYAP 1.079 0.7 - 1.1 7.0 - 11.0 
Nd:YLF 1.047 -(0.1 - 0.15) 50 - 75 

Table 13.6 Output power range in TEM, mode operation for different diode-pumped solid state 
laser materials (k=l). The shown values correspond to the variations in alq,. 

Material wavelength 1 [pm] m d q x  [pm/W] APO", [WI 

Nd:YAG 1.064 0.3 - 0.5 15.2 - 25.3 
Yb:YAG 1.030 0.1 - 0.2 36.6 - 73.1 
Nd:WO, 1.064 0.2 - 0.3 22.8 - 28.4 
Ndglass 1.053 2.0 - 3.0 2.5 - 3.7 

10.2 - 15.3 
NdYLF 1.047 - (0.05 - 0.07) 103 - 148 

0.5 - 0.75 Nd:YAP 1.079 
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Fig. 1333 Measured output 
power in TEM,, mode 
operation for a dual-diode- 
end-pumped N d W O ,  laser 
with -45cm long resonator as 
a function of the incident 
808nm pump power. The laser 
emits a Gaussian mode over 
the entire output power range 
[4.115] (0 SPIE 1998). 
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Fig. 13.24 Side-pumped Nd YAG rod laser in TEM, mode operation with restricted stable zone 
and birefringence compensation using a Faraday rotator. Measured output power and beam quality 
with and w/o the Faraday rotators are shown. The lower graphs depict the resonator set-up 
(presented for a round trip) and the calculated Gaussian beam diameter in the rod as a function of 
the pump power [4.117] (8 OSA 2002). 

13.2.6 Spherical Aberration 

So far we only related the maximum beam parameter product to the output power range. 
This relationship does not inhibit the simultaneous realization of high output power and 
good beam quality as was shown in Fig. 13.24. Unfortunately, there is experimental evidence 
that the laser efficiency decreases considerably if the resonator operates close to a stability 
limit or if the stable zone is chosen small (Fig. 13.25). This decrease in efficiency is caused 
by the pump induced birefringence and by the spherical aberration of the thermal lens. 
Spherical aberration in solid state lasers is caused by inhomogeneous pump profiles and by 
the temperature dependence of both the thermal conductivity K and the thermo-optic 
constant M&, resulting in a dependence of the refractive power on the radial coordinate. 
The refractive power in high power flashlamp or diode-side-pumped NdYAG lasers, for 
instance, typically is about 20-30% higher in the rod center. As a result, the diffraction 
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0 
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Fig. 13.25 High output power and a low 
beam parameter product should be attainable 
near a stability limit of the lens resonator. 

Fig. 1336 Measured output power of a pulsed NdYAG rod laser (b=Smm, &150mm, D=0.3m" 
per kwofpwnppower) as a function of the average pump power for three different resonators. A 
smaller stable zone results in a decrease of the output power. The beam parameter product w e  
however, can still be calculated with Eq. (13.25) (solid lines in lower graph). The right graph shows 
the paths of the three resonators in the equivalent g-diagram [4.108] (0 IEEE 1993). 
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losses become higher and the radius of the beam inside the medium decreases which means 
that the pump energy stored in the outer periphery of the rod is not being extracted anymore 
[4.109]. In the following we will derive an analytical expression for the spherically 
abenated thermal lens as a function of the radial gain profile in the rod [4.82,4.107]. Let 
us consider a rod with radius b and length P in which heat is generated at a rate Q per unit 
volume with a radial dependence given by (where the total heat is Q,nb*Q): 

( 1 3.39) 

This heat distribution is generated by a similar pump profile in the rod. For p=O the rod is 
pumped homogeneously, for p=0.5 the gain at the center is twice as high as at the rod 
surface. The total heat PH dissipated is independent of the shape parameter p: 

PH = nb2PQo (13.40) 

The resulting temperature profile T(r) is a solution of the one-dimensional heat conduction 
equation which for a temperature dependent thermal conductivity K(r) reads: 

1 d  
(13.41) 

For Nd:YAG, the thermal conductivity K(T) can be approximated by [4.108] (Fig. 13.27): 

K(T) = a/T , with a= 36 Wfcm 

Solving (1 3.4 1) for the radial temperature profile T(r) yields: 

PH 

4na4 (1 +/2) 
with: a =  

( 1 3.42) 

(13.43) 

( 1 3.44) 

To = T ,  + PJ(2nbPh) : surface temperature (13.45) 

where T,  is the cooling water temperature and h is the heat transfer coefficient. The 
dissipated heat PH is related to the electrical pump power Pelec,, (to the flashlamps or the 
diodes) via: 
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with x :  thermal load parameter (=ratio of heat to power realized as inversion) - 2.3-2.7 for pulsed flashlamp pumped Nd:YAG, 
- 1.1-1.5 for cw flashlamp pumped NdYAG, - 0.33 for diode-pumped Nd:YAG or Nd:WO,) 

qcxcit: excitation efficiency (see Sec. 9.3) - 0.05-0.07 for flashlamp pumped Nd:YAG, - 0.3 for end-pumped Nd:YAG or Nd:WO, 
- 0.2 for side pumping 
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Fig. 13.27 Measured temperature dependence of the thermal conductivity (top) and the thermo- 
optical constant dddT (bottom) for different dielectric materials and solid state laser hosts [S.34, 
S.351. Courtesy of Dave Brown of Lynx Lasers, LLC. 
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Expansion of the exponential, neglecting terms with powers higher than 4, leads to: 

with: 

T(r) = T, [I-u 
+ $ I+-!!-] 2u [Lr] b 

The refractive power of the thermal lens is given by: 

dn d2T(r) & r ) = - t - -  
dr2 

(13.47) 

(13.48) 

wheredddT is the thermo-optical constant (temperature derivative of the index of 
refraction), which is also a function of the temperature (Fig.13.27): 

- _  dn - E + 6 (T(r)-Tw) 
dT (13.49) 

where E: is dddT at the water temperature T, and 6 is the slope of the curve in Fig. 13.27 
(=&ddm. Due to the non-parabolic temperature profile and the temperature dependence 
of dddT, the refractive power is a function of the radius. This means that an incident ray 
parallel to the optical axis at a distance r will intersect the optical axis at a distance l/D(r) 
from the principal plane of the thermal lens. Inserting (1 3.49) and (1 3.47) into (1 3.48) and 
neglecting terms depending on a power of the radius higher than 4, the final result for the 
refractive power reads: 

with: 

D(r) = Do [l - Y (;)'I (1 3.50) 

center refractive power (13.5 1) 

: aberration factor 
E +6(Tc-Tw) 

3 y = $4 .+ u [ 3 + (13.52) 

The refiactive power decreases parabolically with the radius and since both u and Tc are a 
non-linear function of the heat load P,, both the center refractive power Do and the 
aberration factor y show a non-linear increase with pump power. Figure 13.28 shows 
calculated center refractive powers and aberration factors for a diode side-pumpedNd:YAG 
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laser rod as a function of the heat load for different rod diameters, assuming a homogeneous 
heat distribution in the rod (p=O). Measured radial dependence of the refractive power of 
a flashlamp pumped NdYAG laser are depicted in Fig. 13.29. The nonlinear increase of the 
refractive power with the pump power can be easily observed in diode end-pumped TEM, 
mode solid state lasers because high pump power of tens of Watts is deposited in small 
pump spot diameters of typically less than 1 mm (Fig. 13.30). The nonlinear increase of the 
refractive power in combination with the strong aberration of the thermal lens severely 
limits the power scalability of these systems. Power scaling therefore requires optimization 
of the pump geometry by reducing the heat load (e.g. 880nm instead of 808nm pumping for 
N d W O , )  and reducing the doping concentration while keeping the overall pump light 
absorption high. 

Fig. 13.29 Measured radial profile 
of the refractive power for a dual 
flashlamp pumped pulsedNdYAG 
laser rod (10mm diameter) in a 
ceramic pump cavity for l lkW 
average electrical pump power. 

Pd*, I 11 kW The specula~ reflection of ceramic 
1-30H2 generates a nearly homogeneous 
A t - 2 m S  pump profile in the rod. The solid 

line represents (13.50) with y4l.2 
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13.28 Calculated thermal lensing coefficient DoscbZ/P, and aberration factory for homogeneously 
diode-pumped Nd:YAG rods of 10 cm length as a function of the heat load P, and different rod 
diameters (using (1 3.5 1) and (1 3 ~2) ) .  Rod diameters 2b arc 4,6,8, and 10 mm ftom bottom to top. 
(p=O, € 4 . 5 .  lo4 1/K, 64.04 ' lo4 lK2, Tw=293K, h=l.O W/(cm2 K) PH=0.25*P,, P,: absorbed 
pump power at 808nm). 
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Fig. 13.30 Measured dioptric power 
at 1064nm of a 15mm long end- 
pumpedNd:WO, crystal with 0.4at% 
doping as a function of the absorbed 
pump power for different diode pump 
wavelengths. The pump spot diameter 
is l.lmm. The 40% higher heat load 
for 808nm pumping and the shorter 
absorption lengths leads to a nonlinear 
increase of the thermal lensing due to 
the increased temperature [S.32]. For 
each pump wavelength, the two 
curves represent measurements in x- 
and y-direction, respectively. 

Equations (1 3.50- 13.52) reveal important properties of spherical aberration in pumped rods: 
the refractive power decreases parabolically with the radius. A constant refractive 
power can only be achieved if the pump profile exhibits a minimum at the center; 
for flashlamp pumped systems this is very difficult if not impossible to realize. 
the spherical aberration is also present for homogeneous pumping. For a 
homogeneously pumped, 150 mm long, Nd:YAG rod, the aberration factor y is 
about 0.4 per kW of dissipated heat. 
the aberration factor y is proportional to the dissipated heat, which means 
aberration becomes stronger as the pump power is increased. 
the aberration factor y is inversely proportional to the rod length. Therefore, it is 
advantageous to use longer rods, which for end-pumped systems means that the 
doping concentration has to be decreased proportionally. 
the aberration factor y does not depend on the rod radius ! Although a bigger rod 
will exhibit a lower center temperature, the relative radial decrease ofthe refractive 
power is the same. 

In other words, spherical aberration of the thermal lens basically is always noticeable in 
medium to high power solid state lasers. In multimode lasers, however, this causes problems 
only near the unstable zones. The typical influence of the spherically aberrated lens on the 
resonator performance is shown in Fig. 13.31. The calculated output power and beam 
quality factor of three resonators all having flat rear mirrors but different lengths and output 
coupler curvatures are compared. The small-signal gain was kept constant and the refractive 
power was increased up to 2 Diopters. Without aberration ( y 4 ) ,  the output power remains 
constant if the stable range ALI is decreased and the beam quality factor shows the expected 
parabolic dependence on the refractive power. With aberration (y=0.45), the output power 
is reduced significantly for the resonators with smaller stable zones. The effect on the beam 
quality is less dramatic, but note that the beam quality is improved by aberration due to a 
lower fill factor [4.110,4.124]. These theoretical results seem to be in good agreement with 
the experimental results presented in Figs.13.32 and 13.33. 
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Fig. 1331 Calculated output power and beam quality factor with ( ~ 0 . 4 5 )  and without aberration 
( ~ 0 . 0 )  for resonafors covering different large stable zones in the stability diagram. The gain 
medium with radius b=3mm, wavelength /I=I.O64/un, and loss factor per transit Vs=0.95 is located 
at the output coupling mirror 1 (R=800%) and exhibits a small-signal gain ofg,b-l.O (Is=2kW/cd). 
a)p,=p2=-,dl=Om, d2=0.5m, a)p,=-O.Sm,p,=-, d,=Om, d,=I.Om, a)pI=-0.66m,p2=-, d,=Om, 
d2=2.0m [4.108] (0 IEEE 1993). 

A drastic experimental example of how the output power drops off if the stable refractive 
power range LID is chosen small is presented in Fig. 13.32. This resonator exhibits two 
stable zones of less than 0.3 Diopters, located at high input power. Compared to a short flat- 
flat resonator, the output power is decreased by one order of magnitude. The different power 
maxima correspond to different polarizations of the radiation. The resonator reaches the first 
stable zone with a mode structure mainly radially polarized. Before the resonator goes 
unstable, the polarization is changed to azimuthal orientation and a second power peak is 
observed. In the second stable zone, the stable rehctive power range dD is larger than the 
difference of refractive powers of the two polarizations. As a consequence, the two power 
maxima are not separated anymore (third peak). 

Due to spherical aberration and birefringence, high output power is always linked to a 
deterioration of the beam quality, if common dual-mirror resonators without internal lenses 
are used. For each output power a lower bound for the beam parameter product exists. This 
is shown in Fig. 13.33 for aNd:YAG laser capable of a maximum average output power of 
320W. The beam parameter products for a variety of resonators are plotted versus the output 
power. The minimum beam parameter product observed increases considerably if the 
maximum output power is approached, Even for low output powers between 50 and lOOW 
it is not possible with this laser to get abeam quality better than 13 times diffraction limited. 
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Fig. 1332 Measured output power of a pulsed Nd:YAG rod laser (b=5mm, P=ISOrnm) utilizing 
a resonator with two extremely small stable zones as a function of the electrical pump power. The 
right graph shows the stability diagram for a pump power range of 12kW. The power maxima are 
related to different polarizations. Resonator data: pl =-O.O9m, ppO. 65m, d1=76cm, d,=79cm, 
R=80%, input energy: 805, pulse duration: 2ms, repetition rate is varied from 0 to 150 Hz, refractive 
power: 0.3 Diopters per kW of pump power [4.108] (0 IEEE 1993). 

Output Power [ W l  

Fig. 13.33 Measured beam parameter product woversus measured output power for a Nd:YAG 
rod laser (b=5mm, P-ISOmm, D=0.3m-' per kW of pump power), using 15 resonators with 
differently large stable zones in the stability diagram. (repetition rate: 30Hz, pulse width: 2ms, input 
energy was varied from 0 to 4005). The following resonator data pl/p/d,/d2 were used: 0: 
-/-/13cdl3cm; .: -/-l23cm123cm; A % d 3 3 c ~ 3 c m ;  *:-/-/43cm/43cm; V: -/-/54cm/54cm; 
0:-/-/59cd59cm; 0:-/-/63cm/63cm; 0:4-/66cm/66cm; #:-0.5m/-/20cm/45cm; 0:- 
0.3d-/13cm/3 3cm; n:-0.3m/-/ 43cd43crn; X : -0.Sm/-0.5m/2 1 cm/2 1 cm; 0:-0.3m/- 
0.5m/10cm/40cm; X: -0.3m/-/10cm/83cm; +:-lm/ -/90cm/53cm [4.108] (0 IEEE 1993). 
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The temperature induced part of spherical aberration in laser rods is, according to 
(13.51/13.52), inversely proportional to the rod length Q. Therefore, it is possible to attain 
a higher output power at the same beam quality by distributing the pump power over a 
longer active medium. Since the available crystal lengths are limited to 200mm, the 
preferred arrangement is a dual rod resonator that exhibits small r e h t i v e  power ranges 
within which the resonator is stable. A quartz rotator (QR) between the rods is used for 
birefiingence compensation so that the resonator stability does not depend on the 
polarization of the resonator modes. The Nd:YAG laser resonator depicted in Fig. 13.33 
utilizes two 15Omm long flashlamp pumped Nd:YAG rods to provide a maximum output 
power of 290W and a beam parameter product of 1.25 mm mrad (M=3.75) at a total 
electrical pump power 14.3kW. Although the output power is less than half the maximally 
possible (a short flat-flat resonator provides 650W at the same pump power), the beam 
parameter product at this output power could be decreased several times, compared to a 
single rod reSOMtOr providing the same output power. In recent years, similar set-ups have 
been used to improve the brightness of diode-pumped Nd:YAG lasers:Mf=4,P=5OOW 
[4.121],M4.1 p 2 0 8 W  [4.116], kf=1.2, P=l83 W [4.123], M 4 . 2 ,  P=153W [4.120].With 
an Yb:YAG dual rod system, of 2.2 at an output power of 530W was measured 
[4.118,4.119]. 
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Fig. 13.33 Resonator set-up, measured output power and measured beam parameter product as a 
function of the total electrical pump power for a pulsed, dual rod Nd:YAG laser (6=4.75mm, 
PISOmm, refractive power per rod: 0.28m-' per kW of pump power). hunp energy per rod : 1681, 
pump pulse duration: 4ms, maximum repetition rate: 44 Hz. The beam parameter products (waist 
radius w times half angle of divergence 0) defined via the power content (full points) and via the 
second intensity moment (open points) are shown [S.l3]. 
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In all of these demonstrations of high power TEM,, mode operation, resonators were used 
that operated only within a limited pump power range. This restriction can be overcome by 
moving one of the resonator mirrors inwards as the pump power is increased. This way 
TEM, mode operation can be attained at all pump power levels, and the beam diameter in 
the active media and on one of the resonator mirrors can be kept constant. An experimental 
realization of this technique in an industrial diode-pumpedNd:YAG laser is shown in Fig. 
13.34. 
I 
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i 
Fig. 13.34 Side-pumped dual rod NdYAG laser with moving HR mirror to compensate for a 
varying refractive power per rod. The middle graph shows the calculated EM,, mode beam 
diameter for 3 and 4 Diopters of refractive power per rod. The lower graph depicts measured TEM, 
mode power (upper curve) and the distance of the HR mirror from the adjacent rod end face as a 
hnction of the diode current. A current of 25A is equivalent to an optical pump power of 300W per 
rod. By movingthe HR mirror, the TEM, mode diameters at the output coupler and inside the rods 
remain constant with varying pump power [4.125,S.33]. 
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The aberration of the thermal lens can lead to a significant decrease of the beam quality 
when near diffraction limited beams are amplified. For a transit in the amplifier, the phase 
shift generated by the thermal lens is given by: 

(1 3.53) 

Neglecting gain saturation effects, the beam propagation factor M2 of the amplified beam 
can be CalcuIated by using the second intensity moments (see Sec. 2.6.2): 

(1 3.54) 

For radially symmetric beam with Gaussian intensity profile and initial beam propagation 
factor M:, the beam propagation factor M,? after amplification reads [4.115,4.126]: 

(1 3.55) 

where aT is the thermal lensing coefficient (=D,nb2/Pab) and Pabs is the absorbed pump 
power. Figure 13.35 shows a calculated example for a diode-pumped Nd:YAG rod. 

35, 1 

Heat Load [W] 

Fig. 13.35 Calculated beam propagation factor 4’ of an incident TEM, mode beam (M2= 1.2) after 
propagation through a homogeneously diode-pumped Nd:YAG rod amplifier with 4mm diameter 
and lOcm lengthasafunctionofthe heat IoadP,, using(13.51,13.52and 13.55). Curve parameter 
is the ratio of beam radius w to rod radius b. @=O, ~ 9 . 5  lo4 1/K, 6=0.04 lo4 l/Kz, TW=293K, 
h=l.O W/(cm2 K) P,=0.25*P,k, P&: absorbed pump power at 808nm). 
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13.3 Unstable Resonators 

13.3.1 Beam Propagation 

In unstable resonators the refractive power of the thermal lens leads to a decrease of the 
magnification M and of the equivalent Fresnel number N,. Furthermore, the radius of 
curvature of the outcoupled wavefront is a function of the refractive power, which means 
that the location of the focus spot changes as the pump power is increased 
[4.39,4.104,4.130]. The concept of the equivalent resonator discussed in the preceding 
section is also applicable to unstable resonators. The unstable lens resonator with g- 
parameters g,,g, and distances d,,d, from the mirrors to the principal planes of the lens 
exhibits the same field distributions at the resonator mirrors and the same output coupling 
loss as the equivalent, empty resonator with g-parameters g,',g2* and the geometrical length 
L* (see Eqs. (13.8)-(13.10)). 

Figure 13.36 presents the typical behavior of an unstable lens resonator. In this example 
the thermal lens with a refractive power between 0 and 3.1 Diopters is located at the high 
reflecting mirror 2. Therefore, the g-parameter of the output coupling mirror stays constant. 
Inorder to stay in the unstable zone over the whole refractive power range, the resonator has 
to start at a high magnification of M=24.2. The magnification is decreased down to M = l .  0 
as the resonator travels towards the stability limit with increasing refractive power. The 
beam propagation shown for three refractive powers demonstrates the sensitivity of the 
magnification and of the position of the focus spot to the refractive power. It is evident that 
this resonator can only be operated efficiently over a small refractive power range around 
the confocal point at D=3m" at which a magnification of M=2 is attained. Fortunately, the 
sensitivity can be decreased considerably by choosing a proper resonator design. 

I I c 

0 1 2 3 g t  

Fig. 13.36 The equivalent g-diagram for a 
positive branch unstable resonator @, =-2m, 
p2=-0.364m, d,= ].Om, d2=O). The refractive 
power is varied between 0 and 3.lm". The 
beam propagation including focusing is 
shown for three refractive powers. The 
resonator is confocal at 3.Om-' with a 
magnification of M=2. 
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L 

Fig. 1337 Beam propagation in an 
unstable resonator with a variable 
lens. 

All relations derived in Sec.7, except for the wavehnt curvatures, are still valid for the 
unstable lens resonators if the equivalent resonator parameters g,*,g2*, L* are inserted 
(Fig. 13.37): 

Equivalent g-parameters 

Equivalent length 

Ekluivalent G-parameter 

Magnification (round trip) 

Magnification (transit) 

Equivalent Fresnel number 

Wavefiont curvature 

(1 3.56) 

: L' = d, + 4 - Dd& (13.57) 

: g; = g, - Ddbl--) 4 ij=1,2; i+j 
Pi 

: G' = 2g;gi - 1 (13.58) 

: M. = g; i r n l ( 2 g ; )  ( 1 3.60) 

(1 3.61) 

(1 3.62) 

In (13.59) and (13.60), the positive sign applies to positive branch, the negative sign to 
negative branch unstable resonators. In order to operate an unstable lens resonator efficiently 
over a wide refractive power range, it is necessary to minimii the sensitivity of the 
magnification and the wavefront curvature to the refractive power of the thermal lens. There 
are three basic resonator schemes to choose from, operating in different quadrants of the 
stability diagram. Although their sensitivity to the thermal lens is different, all three 
resonator schemes have in common that the optimum output coupling can only be attained 
at one fixed refractive power. An optimized unstable resonator design will provide 
maximum efficiency only at this point. For a positive branch unstable resonator, the 
resonator should be confocal at the design refractive power. 
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13.3.2 Positive Branch Confocal Unstable Resonators 

We will now derive the design equation for a positive branch unstable lens resonator that 
becomes confocal at a certain refractive power Do and provides maximum extraction 
efficiency at this point. As depicted in Fig. 13.38, both the magnification M,' and the 
equivalent Fresnel number N,' of the lens resonator decrease as the refiactive power is 
increased. When the resonator is confocal, both parameters should assume values M,, and 
N,,, respectively, providing optimum output coupling. In addition, the active medium with 
radius b should be completely filled by the laser mode as shown in Fig. 13.35. This leads 
to four conditions: 

(13.63) 

(13.64) 

b = 1.05 Moa (1 3.65) 

= g, * - L'/p, (confocaZity) (1 3.66) 

Since the unstable resonator has five parameters (a,d,,d2,p,,p2), the resonator design is not 
completely defined by the four constraints (1 3.63)-( 13.66). However, in general the distance 
d2 should be chosen as small as possible to minimize the influence of the amplifier region 
on the extraction efficiency. Therefore, it makes sense to express the resonator parameters 
as a function of d2 
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Fig. 13.38 Magnification and equivalent Fresnel number as a 
function of the refractive power for a positive branch unstable 
resonator (p,=-OSm, p2=-0.3m, d,=fIcm, d2=13cm). The left graphs 
show the equivalent g-diagram and the beam propagation for 
different refractive powers. The resonator is confocal at 2.7 m-'. 
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Fig. 13.39 The positive branch unstable resonator with an internal lens operating at the confocal 
point. The medium is filled by the beam, and the near field exhibits a flat phase distribution. 

By using (1 3.60) and (1 3.6 1) in combination with the four constraints, the following system 
of design equations can be derived [4.104]: 

(1 3.67) 

(1 3.68) 

(13.69) 

(13.70) 

The combination of these four equations provides the resonator parameters for optimum 
performance at a refractive power Do . The distance d2 is a free parameter. Note that the 
solution of (13.68) has to be inserted into (13.69) to get the distance d,, and d, serves as an 
input parameter for (13.70). For high power solid state lasers, the optimum magnification 
is around Mo=2 and, for better transverse mode discrimination, the equivalent Fresnel 
number should be ahalf integer value. Figure 13.40 presents the solutions of (1 3.67)-( 13.70) 
for this case as a function of the design refiactive power Do. For these graphs, a distance d2 
between the principal plane of the lens and the unconfined mirror of 1 Ocm was used. 



492 Chapter 13 Resonators with Internal Variable Lenses 

0.0 

Ne, = 
-2.0-- 

3 U 

-4.0- 

Q 

1:: 
-10.07 . . . .  , . . . . . . . . . . . .  

0 1 

Refractive Power Do [Diopters] 
5.0 

Ne, = 

3.0 

2 . 0 ~  1 .o 

0.0;  . . . . , . . . .  . . . . . . . .  I 
0 1 4 

Refractive Power Do [Diopters] 

Refractive Power Do [Diopters] 

Fig. 13.40 Optimum distance d, and optimum mirror curvatures p,,pl as a function of the design 
refractive power Do for positive branch unstable lens resonators in the first quadrant of the g- 
diagram. The lens resonator is confocal at the refractive power Do with a magnification of&=2.0 
and an equivalent Fresnel number N,,. (b=5mm, dl=fOcm, n=f.O64p). The curve parameter is 
the equivalent Fresnel number Neq,o. 
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Fig. 13.41 Measured output power for a pulsed Nd:YAG rod laser (b=5mm, PI5Omm) with a 
positive branch unstable resonator (lower right graph). The refractive power of the rod is 0.3m-'per 
kW of input power. The left graph depicts the equivalent g-diagram and the beam propagation for 
different input powers. The resonator is confocal with a magnification M0=2 at an input power of 
11.5kW (pI=-0.5m, pa=-0.3m, dl=27cm, da=12cm, a=2.Omm. The upper right graph shows the 
output power measured with a symmetric flat-flat resonator (geometrical length: 1.15111) for 
comparison (pulse duration: 2ms, repetition rate: 30Hz, maximum pump energy: 720J) [4.104] (0 
Chapman & Hall 1990). 

The experimental data presented in Fig. 13.41 indicate that the positive branch unstable 
resonator exhibits a high laser threshold. This is due to the high initial magnification of 
M,=I4 that is required to keep the resonator in the unstable zone over the whole pump 
power range. For lasers that comprise a strong thermal lens, this resonator exhibits a very 
limited operating range around the confocal point since both the magnification and the 
wavefiont curvature at the output coupler depend strongly on the refractive power. 
Furthermore, the confocal resonators are very close to the stability limit. A slight increase 
of the pump power will thus drive the resonator into the stable zone. If a high reflecting 
output coupler is used, accidental penetration into the stable zone may damage the mirror 
due to the high intracavity intensity (there is basically no output coupling in the stable zone). 
Therefore, it is advantageous to use a variable reflectivity mirror with a lower center 
reflectivity. 

Compared to a stable resonator, unstable resonators generally provide only 60-70% of 
the output power. As was discussed in Sec. 1 1, this decrease is caused by a lower fill factor 
and diffraction losses generated by the active medium. The sensitivity of the resonator 
properties to thermal lensing can be decreased considerably by using resonators in other 
quadrants of the stability diagram. One resonator scheme is the rod-imaging resonator 
[4.105], a negative branch unstable resonator operating in the fourth quadrant (Fig. 13.42). 
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Fig. 13.42 Beam propagation in a rod-imaging unstable resonator @,=-0.3rn, p2=0.4m, d,=13crn, 
d,=p,, a=3mm, b=Smm). Mirror 2 images the left principal plane onto itself. The refractive power 
is D=4.6md [4.130] (0 OSA 1993). 

12.3.3 Rod-Imaging Unstable Resonators 

Negative branch unstable resonators exhibit a much lower sensitivity of the magnification 
to thermal lensing compared with positive branch resonators. This low sensitivity stems 
fiom the positive radius of curvature of one mirror which also produces a focal point inside 
the cavity. Acareful resonator design, however, is required because the focal point must not 
be located too close to the active medium. A useful design is the rod-imaging resonator 
[4.105,4.130], as shown in Fig. 13.42. The rear mirror 2 images the principal plane ofthe 
lens onto itself which means that the g-parameter of this mirror is constant: 

and the g-parameter of the output coupling mirror reads: 

(1 3.71) 

(1 3.72) 

The resonator will thus move parallel to the g,-axis in the equivalent g-diagram. Rod- 
imaging resonators are confocal if the condition: 

g;  + g2 = 2g;g, (1 3.73) 

is met. Note that for rod-imaging resonators, both the magnification M,' and the equivalent 
Fresnel number Neq* are negative. Besides the lower sensitivity of the magnification 
(Fig. 13.43), other advantages of rod-imaging resonators are the efficient filling of the active 
medium and a low misalignment sensitivity of the output coupling mirror. 
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Fig. 13.43 Dependence of the absolute value of the magnification MI' of rod-imaging unstable 
resonators (d,=p,) on the refractive power D for three different mirror curvatures pl. The distance 
d, is always 1Ocm; curves with the same line type differ in the mirror curvature p2 (higher 
magnification for smaller curvature) E4.1301 (8 OSA 1993). 

Similar to the positive branch resonators, we can determine an optimized resonator design 
that provides a certain magnification M,, a certain equivalent Fresnel number N,,, and a 
collimated output beam at a refractive power Do by applying the conditions ( 13.64)-( 13.70). 
Since we have four resonator parameters @,,p,,d,,a), there is only one resonator that can 
meet all four constraints. In order to have more freedom in the resonator design, let us drop 
the condition on the Fresnel number and express the curvatures as a function of the distance 
d,. The following design equations hold for rod-imaging resonators that become confocal 
at the refractive power Do with a magnification of M, (b: radius of active medium): 

-b 
1.05 Mo 

a = -  

Mo-1 

-2 
P2 = dl - Mo + I 

(1 3.74) 

( 1 3.75) 

(1 3.76) 

Keep in mind that the magnification M, is negative in these equations. The refractive power 
at which the resonator goes confocal is mainly controlled by the radius of curvature p, of 
the output coupler. Figure 13.44 presents the radius of curvature p, as a function of the 
design refractive power for different magnifications and different distances d,. 
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Fig. 13.44 Radius of curvature of the output coupling mirror as a function of the refractive power 
Do for rod-imaging unstable resonators that become confocal at the refractive power Do with a 
magnification of Mp The curve parameters are the magnification Mo and the distance d,. 

For high power Nd:YAG lasers that require a magnification of M0=2 at refractive powers 
around 4m-', for instance, mirror radii of p2=0.3m and p,=-O.5m seem to be a reasonable 
choice if a distance of d,=15cm is used. An experimental result for a pulsed Nd:YAG laser 
utilizing a similar resonator design is presented in Fig. 13.45. The resonator provides a 
magnification of 2.6 at the maximum refractive power of 3.8m-'. As we can see in the 
equivalent gdiagram, the rod-imaging condition is not exactly met (the g-parameter g, 
increases slightly since d2 is 2mm too long). However, this slight mismatch, which is within 
the typical experimental tolerance, does not have a serious impact on the resonator 
performance. Since rod-imaging resonators can start at a lower magnification without beiig 
driven out of the unstable zone, the laser threshold is considerably lower as compared to 
confocal positive branch resonators. Again, the output power attained is lower compared 
to a stable resonator which for this laser head provided 520W at the maximum pump power. 

It should be added that the rod-imaging unstable resonator does not necessarily have to 
be operated in a confocal point. It is true that the confocal resonator provides the highest fill 
factor, but the increase in extraction efficiency is almost negligible compared to non- 
confocal configurations. As far as the flat wavefront of the outcoupled beam is concerned, 
that can be realized in any resonator by using transformation optics right behind the output 
coupler. The design equations (13.74)-(13.76) should be considered as a suggestion. Any 
other resonator design that provides the right output coupling at the desired refiactive power 
but is not confocal will probably perform as well. 
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Fig. 13.45 Measured output power of a pulsed Nd:YAG rod laser (b=Smm, CISOmm) utilizing a 
rod-imaging resonator as a function of the repetition rate. The refractive power at 40% (electrical 
pump power of 13.2kW,pulseduration: 2 ms) is 3.8 Diopters. Resonator data: p,=-0.5m, p2=0.3m, 
d,=ldcm, d2=32cm, a=2.5mm. The magnification as a function of the refractive power, the 
equivalent g-diagram, and the beam propagation for minimum and maximum refractive power are 
also shown. 

13.3.4 Near Concentric Unstable Resonators 

In the rod-imaging resonator one principal plane was imaged onto itself resulting in one 
constant g-parameter. If both principal planes are imaged by the mirrors (d,=p, and d2=p2), 
both g-parameters become independent of the r e k t i v e  power and the lens resonator 
remains concentric withg, *g2*=l. By increasing the distances d,,d, by small amounts Al,A2, 
respectively, the lens resonator is moved into the unstable mne (Fig. 13.46). In this case, the 
g-parameters are not constant anymore, but, due to the proximity to the concentric 
resonators, they show a very low sensitivity to the refractive power. This is the concept of 
the near-concentric unstable resonator (NCUR) [4.107]. One special configuration is the 
symmetric NCUR with A,=A,=A and equal mirror curvatures p, =p2=p. In this case, the 
equivalent g-parameters read: 

(1 3.77) 
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Fig. 13.46 The near concentric unstable resonator (NCUR) and its location in the g-diagram. 

The refractive power D,, at which the resonator goes concentric again depends only slightly 
on the additional shift and is mainly determined by the mirror curvature. This refractive 
power also represents the range within which the NCUR can be operated: 

1 
L 

Dmax = - 
P + A  

(13.78) 

Therefore, it is possible to use this resonator for large ranges of refractive power by 
choosing the appropriate mirror curvature. The shift A typically is on the order of 10-2Omm. 
Figure 13.47 presents the magnification M,' as a function of the refractive power for 
different symmetric NCURs. Compared to the rod-imaging unstable resonator (see Fig. 
13.43), the sensitivity of the magnification to thermal lensing is now further reduced. This 
is particularly true if small shifts A and small mirror curvatures are used. However, small 
shifts A are problematic since the two focal spots generated inside the resonator get too 
close to the active medium and may damage the endfaces. The shift A should, therefore, 
never be smaller than 1 O m m  if mirror curvatures between 0.3m and 0.5m are used. A lower 
sensitivity to the refractive power is also generated for the radius of curvature of the 
outcoupled wavefront, resulting in a smaller shift of the focus spot as the refractive power 
is increased (as we will see in the next section). 

As far as the optimized resonator set-up (optimum magnification M, at a refractive 
power Do) is concerned, the mirror curvatures and the shifts can be determined using a graph 
like the one in Fig. 13.47. The only parameter that needs a more careful treatment is the 
radius a of the output coupling mirror. Experimental results indicate that this radius has to 
be about 50% smaller than predicted by the geometrical beam propagation. IfR,' denotes the 
radius of curvature of the wavefront (see Eq. (13.62)) at the refractive power Do with 
magnification M,, the radius a can, to a good approximation, be determined with: 

R,' b 

M, [R,' - p - A + 4/(2n)] 
a = 0.5 (1 3.79) 

where Q is the length of the active medium, b is its radius, and n its refractive index. 
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Fig. 13.47 Magnification MI' as a function of the refractive power for symmetric NCURs. The 
curve parameters are the mirror curvaturep and the shift A [4.107] (8 OSA 1993). 
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13.3.5 Beam Quality and Focusing 

The beam quality of unstable resonators is strongly affected by the spherical aberration of 
the thermal lens and the stress-induced birefringence of the active medium. In contrast to 
the operation of lasers without a thermal lens, where beam propagation factors M2between 
3 and 6 can be attained, the utilization of unstable resonators in high power solid state lasers 
provides beam qualities that are one order of magnitude lower. Typically,the focus consists 
of a bright spot with a diameter that corresponds to a M2 value of 10-15 surrounded by a 
wide low-intensity pedestal that contains about 50% of the output power. If a CCD camera 
or any other detector with spatial resolution is used to determine the beam quality, this 
pedestal goes undetected due to a low signal-to-noise ratio (typically 1OO:l). Figure 13.49 
shows measured output power and beam parameter products (determined with an 8 bit 
CCD-imaging system) for a pulsed Nd:YAG rod laser using three different unstable 
resonator schemes presented earlier. All three resonators provide the same maximum output 
power and similar beam parameter products. Althoughthese beam parameter products seem 
very low compared to those of stable resonators in multimode operation (25mm mrad at 
400W output power), the power content is only 50% since the low intensity pedestal cannot 
be resolved by the CCD camera. This is clearly demonstrated in Fig. 13.50 in which two 
CCD images of the focus spot are shown, one at the nominal intensity used for the 
measurement and one at a 100 times higher intensity to visualize the side lobes. The 
corresponding power-in-the-bucket measurement indicates that the center spot contains 
about 50% of the total power. In order to use the laser beam for any application the pedestal 
has to be cut off with a spatial filter. 

At present, the physical mechanisms leading to the beam quality deterioration are not 
yet understood. There is evidence that the birefringence in combination with the spherical 
aberration of the lens has a negative impact on the beam quality t3.2091. On the other hand, 
similar problems have been reported for low power solid state lasers where thermal lensing 
should not have much effect on the resonator properties. However, the problem seems to be 
restricted to solid state lasers since high power gas lasers (in the lOkW range and higher) 
utilizing unstable resonators provide beam propagation factors in the expected range of 

One other problem of unstable resonators with a thermal lens is the dependence of the 
near field phase curvature R,' (see Eq. 13.62) on the pump power. The curvature R,' will 
vary between a value R,'at the minimum pump power and avalue R,'at the maximum pump 
power. If a focusing lens is placed right behind the output coupler, the distance x of the 
focus spot is given by (Fig. 13.51): 

M?-3-6. 

1 

1 - f l R :  
x = f  

(13.80) 

and the total shift Ax of the focal distance over the whole pump power range reads: 

(13.81) 
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Fig. 13.49 Measured output power and beam parameter products (50% power content) of a pulsed 
Nd:YAG laser (b=Smm, P15Omrn) with three different unstable resonators. A) positive-branch 
confocal,pl=-O.3m,p,=-O.3m,dl=15cm,d,=16cm,a=2.5mm, B)rod imaging,pl=-0.3m,p,=0.4m, 
dl =I 3cm, d2=40cm, a=3mm, C)near concentric,pl=0.3m,p~=0.3m, d,=32cm, d2=32cm, a=4.5mm. 
The refractive power of the rod is 0.38m-' per kW of pump power (pulse duration: 2ms, pump 
energy: 240J). The beam propagation inside the resonators at the maximum refractive power of 
4.6m-' and the paths in the equivalent g-diagram are shown in the upper graphs[4.130] (0 OSA 
1993). 
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Fig. 13.50 CCD images of the focal spot of an 
unstable resonator (pulsed Nd:YAG rod laser, 
output power: SOW) at the nominal intensity and 
with saturation by a factor of 100 (lower 
photograph). The graph presents the result of a 
power-in-the-bucket measurement of this intensity 
distribution [S.9]. 

Since the curvatures R,' are in general much larger than the focal length f w e  can 
approximate this expression by: 

(13.82) 

The shift sensitivity S is equal to the variation of dioptric power of the output beam. In order 
to get a small shift of the focus, a resonator set-up providing a low shift sensitivity S must 
be found. Unfortunately, the determination of the shift sensitivity is not sufficient to 
characterize the focusing performance of a resonator, since S can be arbitrarily changed by 
means of transformation optics. An increase of the beam radius will decrease the shift 
sensitivity. However, the product of the beam radius and the shift sensitivity is a constant 
of the resonator, which means the shift sensitivities of different resonators can be compared 
if they exhibit similar beam radii at the output coupler. Figure 13.5 1 presents average beam 
radii on the output coupling mirror versus the shift sensitivity S for various positive branch 
and negative branch unstable resonators. This graph was calculated using (13.82) and the 
relations (13.56)-(13.62) for a rod radius of b=5mm and a maximum refractive power of 
4.6m". This figure clearly shows that the near concentric resonator (curve a) provides the 
best means to obtain good constancy of the focal distance. The experimental verification of 
this statement is presented in Fig. 13.52, in which the distance x of the focal spot for the 
three resonators of Fig. 13.49 is shown as a function of the pump power. 



Unstable Resonators 

f 

503 

0' I I 

0 1 2 3 4 5 

Fig. 13.51 The radius of curvature R* of the near field wavefront changes as the pump power is 
increased resulting in a variation ofthe focal distance x. The lower graph presents the average beam 
radius on the output coupler versus the shift sensitivity S (13.82) for different unstable resonators 
for a variation of the refractive power between 0 and 4.6 m-' and a rod radius of Smm. a) near 
concentric, pl=0.3m, p2=0.3m,parameter:d; b) rod imaging, p2=0.2m, dl=13cm,parameter : pl; 
c) rod-imaging, p2=0.3m, d,=l3cm, parameter:p,; d) rod imaging, p2=O.5m, dl =13cm, 
parameter:p,; e) positive branch confocal, p2=0.3m, dl=Z5cm, d,=lbcm, parameter:p, [4.130] 
(0 OSA 1993). 
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Fig. 13.52 Measured distance x between the beam waist and the focusing lens as a function of the 
input power for the resonators presented in Fig. 13.46. The lens with focal lengthf=200mm was 
positioned 260mm behind the output coupler. a) positive branch confocal; b) rod-imaging, c) near 
concentric [4.130] (0 OSA 1993). 




