Chapter 11

Lower Semicontinuity of the
KKT Point Set Mapping

Our aim in this chapter is to characterize the lower semicontinuity of
the Karush-Kuhn-Tucker point set mapping in quadratic program-
ming. Necessary and sufficient conditions for the lsc property of
the KKT point set mapping in canonical QP problems are obtained
in Section 11.1. The lsc property of the KKT point set mapping
in standard QP problems under linear perturbations is studied in
Section 11.2.

11.1 The Case of Canonical QP Prob-
lems

Consider the canonical QP problem of the form (10.1). The follow-
ing statement gives a necessary condition for the lower semiconti-
nuity of the multifunction (10.3).

Theorem 11.1. Let D € RZ" and A € R™ " be given. If the
multifunction S(D, A, -, -) is lower semicontinuous at (c,b) € R™ X
R™, then the set S(D, A, c,b) is finite.

Proof. Setting

D AT Y
u=(3 ) =(5)

and s = n + m, we consider the problem of finding a vector z =
<§) € R? satisfying

Mz+G>0, 2>0, 27(Mz+q)=0. (11.1)
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For a nonempty subset a C {1,2,...,s}, My, denotes the corre-
sponding principal submatrix of M. If p € R®, then the column-
vector with the components (p;)icq is denoted by pa.

Let z = (21,29,...,25) be a nonzero solution of (11.1), and let
J={j:2 =0} I={i: 2z >0} Sincezy =0and (Mz+q); = 0,
we have Mz = —§;. Therefore, if detM; # 0 then z is defined
uniquely via g by the formulae

27 =0, zr=—M;(a)
If I # ¢ and detM;; = 0, then
Q;:={q€ R®: —q; = My2; for some z € R’}
is a proper subspace of R®. By Baire’s Lemma (Brezis (1987), p. 15),
the union Q := U{Q; : I C {1,2,...,s}, I # 0, (]iletMH = 0} is

nowhere dense. So there exists a sequence ¢* = converging

C
_bF

to g = _Cb such that ¢* ¢ Q for all k.

Fix any x € S(D, A, ¢,b) and let € > 0 be given arbitrarily. Since
the multifunction S(D, A, -, ) is Isc at (¢, b), there exists 6. > 0 such
that

zeS(D,A )+ eBgn

for all (¢, ') satisfying max{||c' — c||, ||’ — b]|} < d.. Consequently,
for each k sufficiently large, there exists z* € S(D, A, c*,b*) such
that

|z —2F| <e. (11.2)

k
Since % € S(D, A, c*, %), there exists A* such that 2* := <§k> is
a solution of the LCP problem
Mz+¢">0, 2>0, Z'Mz+¢)=0.

Weput Jp = {j : 28 =0}, I = {i : 2F > 0}. If I = 0 then

7 i

28 = 0. If I;, # () then det My, 5, # 0, because ¢* ¢ Q. Hence
zf}k =0, z’fk = —Mﬂ}k (qlfk) ) (11.3)

Obviously, there exists a subset I C {1,2,...,s} and a subsequence
{k;} of {k} such that Iy, = I for all k;. Let Z denote the set of all
2z € R® such that there is a nonempty subset I C {1,...,s} with
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the property that detM;; # 0, 2y = —M;;*(g;) and z; = 0, where
J:={1,...,s}\ I. It is clear that Z is finite. From (11.3) it follows
(ks)

that the sequence z7,*" converges to a point from the finite set 7=

1

Z U {0}. For every z = <§\> let pr,(z) := £. Since pr, (2(5)) = x)

and pry(-) is a continuous function, the sequence {z*} has a limit
£ in the finite set X := {pr,(z) : z € Z}. By (11.2), z € X +¢&Bg.
As this inclusion holds for every ¢ > 0, we have z € X. Thus
S(D, A, c,b) C X. We have shown that S(D, A, c,b) is a finite set.
0O

The following examples show that the finiteness of S(D, A, ¢, b)
may not be sufficient for the multifunction S(-) to be lower semi-
continuous at (D, A, ¢, b).
Example 11.1. Consider the problem (F.) of minimizing the func-
tion

L,

fe(z) = —59&1 — x% + x1 — €T9

on the set A = { € R? : © > 0,—z; — 7 > —2}. Note that
A is a compact set with nonempty interior. Denote by S(e) the
KKT point set of (P.). A direct computation using (10.2) gives

S(0) = {(0,0),(1,0),(2,0), <g %) ,(0,2)} and

0= {0 (55 02

1
for € > 0 small enough. For U := {z € R* : 5 <m < g, -1<

Ty < 1} we have S(e) N U = 0 for every € > 0 small enough.
Meanwhile, S(0) N U = {(1,0)}. Hence the multifunction ¢ > S(¢)
is not Isc at ¢ = 0.

Example 11.2. Consider the problem (P;.) of minimizing the func-
tion .

fe(z) = Ex% — T~ 1) — £y

on the set A = {z € R?* . T2 0,—z1 — 39 2 —2}. Denote by
S(e) the KKT point set of (£%). Using (10.2) we can show that
S(0) = {(1,0),(0,2)}, and S(e) = {(0,2)} for every ¢ > 0. For

1 ~
U:z{x€R2:§<x1<§, —1 < @y < 1} we have S(0)NU =
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{(1,0)}, but S(e)NU = 0 for every ¢ > 0. Hence the multifunction
£ — S(e) is not lsc at € = 0,

In the KKT point set S{D, A, ¢,b) of (10.1) we distinguish three
types of elements: (1) Local solutions of QP(D, A, c,b); (2) Lo-
cal solutions of QP(—D, A,c,b) which are not local solutions of
QP(D, A, c,b); (3) Points of S(D, A,c,b) which do not belong to
the first two classes. Elements of the first type (of the second type,
of the third type) are called, respectively, the local minima, the local
mazxima, and the saddle points of (10.1).

In Example 11.1, (1,0) € S(0) is a local maximum of (Fp) which
lies on the boundary of A. Similarly, in Example 11.2, (1,0) € S(0)
is a saddle point of Py which lies on the boundary of A. If such
situations do not happen, then the set of the KKT points is lower
semicontinuous at the given parameter.

Theorem 11.2. Assume that the inequality system Az > b, z >
0 is reqular. If the set S(D, A, c,b) is nonempty, finite, and n
S(D, A, c,b) there exist no local maxima and no saddle points of
(10.1) which are on the boundary of A(A,b), then the multifunction
S(-) is lower semicontinuous at (D, A, ¢, b).

Proof. For proving the lower semicontinuity of S(-) at (D, 4, ¢, b)
it suffices to show that: For any Z € S(D, A, ¢, b) and for any neigh-
borhood U of Z there exists > 0 such that S(D', A’,c,b')NU # 0
for every (D', A', ', V') satisfying

max{[|D’ — D|, [ A" = A, || —cll, ||t = b]|} < 6.

First, suppose that Z is a local minimum of (10.1). As S(D, A, ¢, b)
is a finite set, T is an isolated local minimum. Using Theorem 3.7
we can verify that, for any Lagrange multiplier A of Z, the second-
order sufficient condition in the sense of Robinson (1982) is satis-
fied at (Z,A). According to Theorem 3.1 from Robinson (1982), for
each neighborhood U of Z there exists § > 0 such that for every
(D', A, V) satistying
max{[|D" = DI|, | A" = A, | =, |t = b[[} < &

there is a local minimum ' of the problem QP(D’, A', ¢, V') belong-
ing to U. Since z' € S(D', A", V'), we have S(D', A’, ¢/, b YNU # 0,
as desired. Now, suppose that Z is a local maximum or a saddle

point of (10.1). By our assumption, Z belongs to the interior of
A(A,b). Hence V f(Z) = DT + ¢ = 0, or equivalently,

DI = —c, (11.4)
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As S(D, A, c,b) is finite, 7 is an isolated KKT point of (10.1). Then
7 must be the unique solution of the linear system (11.4). Therefore,
the matrix D is nonsingular, and

z=-D"c (11.5)

Since the system Az > b, = > 0 is regular, using Lemma 3 from
Robinson (1977) we can prove that there exist §; > 0 and an open
neighborhood Uy of & such that Uy C A(A', V) for every (A, V)
satisfying max{|| A’ — A|, ||’ = b]|} < do. For any neighborhood U of
Z, by (11.5) there exists § € (0, &) such that, for every (D', A’, ¢, b')
satisfying max{||D’'— D||, ||A’=A||, || =¢|, |'=b||} < §, the matrix
D' is nonsingular and z’ := —(D')~!¢ belongs to U N Uy. Since '’
is an interior point A(A’, '), this implies that 2’ € S(D', A, ¢, b').
(It is easily seen that A’ := ( is a Lagrange multiplier corresponding
to x’.) We have thus shown that, for every (D', A’, ¢, ') satisfying
max{||D'—DI|, | A" A|, [l =], [IV'—b[|} <6, S(D', A, ¢, 0)NU #
(. The proof is complete. O

11.2 The Case of Standard QP Prob-
lems

In this section we consider the following QP problem

1
{ Minimize EmTDx +clx (11.6)

subject to z € A(A,b)

where A € R™™ and D € RG*" are given matrices, b € R™ and
¢ € R™ are given vectors,

A(A)D) ={z € R : Az > b}.

Recall that @ € R" is a Karush-Kuhn-Tucker point of (11.6) if
there exists A € R™ such that

Dz — ATX +c =0,
Ax>b, A2>0,
MN(Az —b) = 0.

The KKT point set (resp., the local solution set, the solution set) of
(11.6) are denoted by S(D,A,cb), (resp., loc(D,A,c,b),
Sol(D, A, ¢, b)).
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We will study the lower semicontinuity of the multifunctions
(D', A", d b)) — S(D', A, V) (11.7)

and
(d, V)~ S(D,A, V), (11.8)
which will be denoted by S(:) and S(D, A,-,-), respectively. It is
obvious that if (11.7) is Isc at (D, A, ¢,b) € RG*" x R™*" x R" x R™
then (11.8) is Isc at (¢,b) € R™ x R™.
Necessary conditions for the lsc property of the multifunction
(11.8) can be stated as follows.

Theorem 11.3. Let (D, A, c,b) € RZ*™ x R™™ x R™ x R™. If the
multifunction S(D, A, -,-) is lower semicontinuous at (c,b), then

(a) the set S(D, A, c,b) is finite, nonempty, and
(b) the system Ax > b is regular.

Proof. (a) For each index set I C {1,---,m}, we define a matrix
M; € RHIDX(+ID - where |I] is the number of elements of I, by
setting
D —AF
M; = [ i ] .

(If I = then we set M; = D). Let

Q; = {(u,v) € R* x R™ : (;‘I) = MI(;])
for some (z,A) € R™ X Rm};

and
Q= J{Q;: T c{1,---,m}, det M; = 0}.

If det M; = 0 then it is clear that Q; is a proper linear subspace
of R™ x R™. Since the number of the index sets I C {1,...,m}
is finite, the set QQ is nowhere dense in R™ x R™ according to the
Baire Lemma (see Brezis (1987), p. 15). So there exists a sequence
{(c*,b¥)} converging to the given point (c,b) € R® x R™ such that
(—ck, b%) ¢ Q for all k.

Fix any Z € S(D, A,¢,b). Since S(D, A,-,-) is lower semicon-
tinuous at (c, b), one can find a subsequence {(c®, %)} of {(c*,b*)}
and a sequence {z*} converging to Z in R" such that

M € S(D, A,k bk
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for all k. As z" € S(D, A, c®, b%), there exists \¥ € R™ such that
DzFt — AT o 4 P =,
Aghe > bR N> 0, (11.9)
(ML (Azhe — bk = 0.
For every ki, let I, := {1 € {1,...,m} : )\fl > 0}. (It may happen
that I, = 0.) Since the number of the index sets I C {1,...,m}
is finite, there must exist an index set I C {1,---,m} such that

Iy, = I for infinitely many k;. Without loss of generality we can
assume that I, = I for all k. From (11.9) we deduce that

Dafi — ATM L k=0, Apho=bh

xk[ _Ckl

We claim that det M; # 0. Indeed, if det M; = 0 then, by (11.10)
and by the definitions of Q; and ), we have

(=M by e Q CqQ,

contrary to the fact that (—c¥,b*) ¢ Q for all k. We have proved
that det My # 0. By (11.10), we have

xkz B _ckt
() = (G )
ky _
lim (i,}) . M;l(blc) (11.11)

If I = ( then formula (11.11) has the form

or, equivalently,

Therefore

lim 2" = D7 (—c). (11.12)

l—00

From (11.11) it follows that the sequence {A%} converges to some
Ar > 0in RV, Since the sequence {z*} converges to Z, from (11.11)
and (11.12) it follows that

(i) = M (;IC). (11.13)
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(Recall that M; = D if [ = ()). We set

Z= {(z,\) € R* x R™ : there exists J C {1, --,m}
such that, det M # 0 and (7)) = M;'(;9) },

and
X = {z € R" : there exists A € R™ such that (z,\) € Z}.

From the definitions of Z and X, we can deduce that X is a finite
set (although Z may have infinitely many elements). We observe
also that Z and X do not depend on the choice of Z. Actually, these
sets depend only on the parameters (D, A,¢,b). From (11.13) we
have 7 € X. Since & € S(D, A,¢,b) can be chosen arbitrarily and
since X is finite, we conclude that S(D, A, ¢, b) is a finite set.

(b) If Az > b is irregular then there exists a sequence {b*} con-
verging in R" to b such that A(A,b*) is empty for all ¥ (Robinson
(1977), Lemma 3). Clearly, S(D, A,c,b¥) = @ for all k. As {b*}
converges to b, this shows that S(D, A, -,) cannot be lower semi-
continuous at (¢,b). The proof is complete. O

Examples 11.1 and 11.2 show that finiteness and nonemptiness
of S(D, A, c,b) together with the regularity of the system Az > b,
in general, does not imply that S(D, A, -, ) is lower semicontinuous
at (c,b).

Let (D, A,c,b) € RE™ x R™ " x R"x R™. Let x € S(D, A,c,b)
and let A € R™ be a Lagrange multiplier corresponding to . We
define I = {1,2,...,m},

K= {Z el Az = bi, A > O} (1114)

and
It is clear that K and J are two disjoint sets (possibly empty).

We now obtain a sufficient condition for the lsc property of the
multifunction S(D, A, -, ) at a given point (¢, b) € R™ x R™.
Theorem 11.4. Let (D, A, c,b) € RZ"x R™"x R*x R™. Suppose
that

(i) the set S(D, A, c,b) is finite, nonempty,

(ii) the system Az > b is regular,
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and suppose that for every x € S(D, A, c,b) there exists a Lagrange
multiplier A corresponding to x such that at least one of the following
conditions holds:

(cl) z €loc(D,A,c,b),
(c2) J=K =1,

(e3) J =10, K # 0, and the system {A; : i € K} is linearly
independent,

(c4) J#0, K =0, D is nonsingular and A;D~' A% is a positive
definite matrix,

where K and J are defined via (z,\) by (11.14) and (11.15). Then,
the multifunction S(D, A,-,-) is lower semicontinuous at (c,b).

Proof. Since S(D, A, c,b) is nonempty, in order to prove that
S(D, A,-, ) is lower semicontinuous at (c,b) we only need to show
that, for any x € S(D, A, ¢,b) and for any open neighborhood V, of
x, there exists § > 0 such that

S(D,A,d, )NV, #0 (11.16)

for every (c/,b') € R™ x R™ satisfying ||(c/,b') — (¢, b)] < 6.

Let ¢ € S(D,A,c,b) and let V, be an open neighborhood of
z. By our assumptions, there exists a Lagrange multiplier A corre-
sponding to z such that at least one of the four conditions (c1)-(c4)
holds.

We first examine the case where (c1) holds, that is

z € loc(D, A, ¢, b).

Since S(D, A, ¢, b) is finite by (i), loc(D, A, ¢,b) is finite. So z is
an isolated local solution of (11.1). Using Theorem 3.7 we can
verify that, for any Lagrange multiplier X\ of Z, the second-order
sufficient condition in the sense of Robinson (1982), Definition 2.1,
is satisfied at (Z, A). By assumption (ii), we can apply Theorem 3.1
from Robinson (1982) to find an § > 0 such that

loc(D, A, d, VYNV, #0
for every (¢,V) € R™ x R" with ||(c/,b') — (¢,b)|] < 4. Since

loc(D, A,c,b) € S(D,A,d, V), we conclude that (11.16) is valid
for every (¢, b') satisfying [|(c/,b") — (¢, b)|| < .
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Consider the case where (c2) holds, that is A;xz > b; for every
i € I. Since X is a Lagrange multiplier corresponding to x, the
system

Dz —ATA4+¢=0, Az>b A>0, M(Az—-b)=0

is satisfied. As Az > b, from this we deduce that A = 0. Hence the
first equality in the above system implies that Dz = —c. Thus z is
a solution of the linear system

Dz=-c (z€R"). (11.17)

Since S(D, A, ¢, b) is finite, z is a locally unique KKT point of (11.6).
Combining this with the fact that z is an interior point of A(A,b),
we can assert that z is a unique solution of (11.17). Hence matrix
D is nonsingular and we have

z=-D"c (11.18)

Since Az > b, there exist §; > 0 and an open neighborhood U, C V,
of z such that U, C A(A,b') for all ' € R™ satisfying ||b' — b]| < d1.
By (11.18), there exists do > 0 such that if || — ¢|| < &, and
z' = —D71¢ then 2’ € U,. Set § = min{d;, d,}. Let (¢, ¥’) be such
that ||(¢/,b") — (¢, b)]| < §. Since 2’ := —D~!¢/ belongs to the open
set U, C A(A, V), we deduce that

D' +cd =0, Ax' >V

From this it follows that 2’ € S(D, A, , V). (Observe that X' =0
is a Lagrange multiplier corresponding to x’.) We have thus shown
that (11.16) is valid for every (¢, ') € R™ x R™ satisfying ||(¢, ') —
(¢, b)| < 6.

We now suppose that (¢3) holds. First, we establish that the
matrix Mg € ROHEDX(HKD defined by setting

D —AL
MK_I:AK O:|a

where | K| denotes the number of elements in K, is nonsingular. To
obtain a contradiction, suppose that My is singular. Then there
exists a nonzero vector (v,w) € R* x Rl such that

o)=L )0
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This implies that
Duv—ALw=0, Agv=0. (11.19)

Since the system {A; : ¢ € K} is linearly independent by (c3), from
(11.19) it follows that v # 0. As Apxx > bpx and Ag > 0, there
exists 03 > 0 such that Apg(z +tv) > bk and Ak + tw > 0 for
every t € [0,d3]. By (11.19), we have

D(z +tv) — AL (Mg +tw) + c =0,
AK(.% -+ tv) =bg, Ix+tw >0, (1120)
Apg(z +tv) 2 bng, Ang =0

for every t € [0, d5]. From (11.20) we deduce that z+tv € S(D, A, ¢, b)
for all t € [0, d3). This contradicts the assumption that S(D, A4, ¢, b)
is finite. We have thus proved that My is nonsingular. From the
definition of K it follows that

Dz — ALAg +c=0,
AKCE = bK, Ag > 0,
Apgzr >bnk, Ank =0.

The last system can be rewritten equivalently as follows

X —C
MK< ) = ( >7 A >0, )\]\KZO, A[\K$>b[\}{.

Ak bx
(11.21)
As My is nonsingular, (11.21) yields

v = MI—(l ¢ , Ax > O, )\I\K =0, A]\K.’I? > b[\K.
AK by

So there exists ¢ > 0 such that if (¢/,b') € R® x R™ is such that
I(c',b") — (¢,b)|| <6, then the formula

)= ()

=M

(/\'K v

defines a vector (z', ) € R™ x RI¥! satisfying the conditions
2 e Ve, )\IK > 0, A[\K$l > bl[\K

We see at once that vector 2’ defined in this way belongs to the set

S(D,A,d, )NV,
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and X = ()\’K,X[\K), where XI\K = 0, is a Lagrange multiplier
corresponding to z’. We have shown that (11.16) is valid for every
(c',b) € R™ x R™ satisfying ||(c/,b") = (¢,b)]| < é.

Finally, suppose that (c4) holds. In this case, we have

D£E+C=0, AJZ=bJ, )\J:O, A[\J&E>b[\], )\]\JZO.
(11.22)
To prove that there exists 6 > 0 such that (11.16) is valid for every
(c',b) € R* x R™ satistying ||(¢,¥') — (¢,b)|| < 8, we consider the
following system of equations and inequalities of variables (z,u) €
R*x R™:

{Dz—A?,uJ%—c’:O, Ajz 2V, py 20,

p 11.23
Angz 2V prng =0, pi(Agz = b)) =0. ( )

Since D is nonsingular, (11.23) is equivalent to the system

— D=1 T >V >
{z DM =d + AJpg), Agz 20, s 20, (11.24)

A]\JZ Z b,I\J’ /,LI\J = O7 /J,:l]‘(AJZ - b{]) = 0.

By (11.22), Apgyz > bps. Hence there exist 64 > 0 and an open
neighborhood U, C V; of z such that Ap sz > b’I\J for any z € U,
and (¢, V') € R"x R™ satistying ||(c/,b")—(c, b)|| < d4. Consequently,
for every (¢, V') satisfying ||(¢/,b") — (¢, b)|| < 4, the verification of
(11.16) is reduced to the problem of finding z € U, and u; € RV
such that (11.24) holds. Here |J| denotes the number of elements in
J. We substitute z from the first equation of (11.24) into the first
inequality and the last equation of that system to get

AJD_lA?lLLJ > bf] + AJD_lcl, wy > 0, (11 25)
u?(AJD_lAguJ - b'J — AJD_ch) = 0. '
Let S := A;D7'AY and ¢ := —b, — A;D71¢. We can rewrite
(11.25) as follows
Spy+q¢ >0, u;>0, (p)"(Sps+q)=0. (11.26)

Problem of finding s € R/ satisfying (11.26) is the linear comple-
mentarity problem defined by the matrix S € RIYIX/l and the vector
¢ € RVY!. By assumption (c4), S is a positive definite matrix, that
is y'Sy > 0 for every y € RI/I'\ {0}. Then S is a P-matriz. The
latter means that every principal minor of S is positive (see Cottle
et al. (1992), Definition 3.3.1). According to Cottle et al. (1992),
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Theorem 3.3.7, for each ¢ € R!’l, problem (11.26) has a unique
solution p; € RV, Since D is nonsingular, from (11.22) it follows
that
AJD_l(_C) —by;=0.

Setting ¢ = —by — A;D™!c we have ¢ = 0. Substituting ¢ = ¢ =10
into (11.26) we find the unique solution fiy = 0 = A;. By Theorem
7.2.1 from Cottle et al. (1992), there exist £ > 0 and € > 0 such
that for every ¢ € RV satisfying ||¢' — q|| < € we have

s = Al < £llg = qll.

Therefore
sl = s = Asll < €6y = by + AyD7HE = ).

From this we conclude that there exists § € (0, d4] such that if (¢, V)
satisfies the condition ||(c/,¥’) — (¢, b)]] < §, then the vector

2= D7~ + Ajpy),

where 11 is the unique solution of (11.26), belongs to U,. From the
definition of 1y and z we see that system (11.24), where pp s := 0,
is satisfied. Then z € S(D, A, ,t'). We have thus shown that, for
any (c, ') satisfying ||(c,b") — (¢, b)|| < 4, property (11.16) is valid.
The proof is complete. O
To verify condition (c1), we can use Theorem 3.5.

We now consider three examples to see how the conditions (c1)-
(c4) can be verified for concrete QP problems.

Example 11.3. (See Robinson (1980), p. 56) Let

1 1
flz) = Ex% — §x§ — 2 forall == (zy,z,) € R (11.27)
Consider the QP problem
min{f(z) : ¢ = (21, 22) € R* z, — 225 > 0,71 + 225 > 0}. (11.28)

For this problem, we have

ol 8] o 3] () -0
swaen-fon (33). )
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loc(D, A, ¢, b) = { <43, %) , (g —%) } .

For any feasible vector x = (1, z3) of (11.28), we have 1 > 2|zs].
Therefore

2 1 1 2_ 3 2
f($)+—3‘=5113%—51‘3—3714‘52—8-1‘%—9314‘5ZO. (1129)
(42 (42 2

For & := 33 and £ := 3 §>,We have f(z) = f(2) = 1

Hence from (11.29) it follows that Z and Z are the solutions of
(11.28). Actually,

Sol(D, A, ¢,b) =loc(D, A, c,b) = {z, &}

Setting T = (1,0) we have & € S(D, A,¢,b) \ loc(D, A,¢,b). Note
that A := (0,0) is a Lagrange multiplier corresponding to z. We
check at once that conditions (i) and (ii) in Theorem 11.4 are sat-
isfied and, for each KKT point z € S(D, A, ¢, b), either (cl) or (c2)
is satisfied. Theorem 11.4 shows that the multifunction S(D, A4, -, -)
is lower semicontinuous at (c, b).

Example 11.4. Let f(-) be defined by (11.27). Consider the QP
problem

min{f(z) : ¥ = (21,75) € B,z — 229 > 0,71 + 275 > 0,27 > 1}.
For this problem, we have

1 -2 0

D:Ll) _01], A=1|1 2|, c:<_01>, b= {0

1 0 1

Let Z, £, ¥ be the same as in the preceding example. Note that
A= (0,0,0) is a Lagrange multiplier corresponding to . We have

nn

(D,A,c,b) ={Z7, z, &£}, Sol(D,A,c,b)=1loc(D, A, cb)={z, z}.

Clearly, for x = T and x = &, assumption (cl) is satisfied. It is
easily seen that, for the pair (Z, X), we have K =0, J = {3}. Since
Ay = (10) and D! = D, we get AyD7'AY = 1. Thus (c4) is
satisfied. By Theorem 11.4, S(D, A, -, ) is lower semicontinuous at
(c,b).
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Example 11.5. Let f(z) be as in (11.27). Consider the QP prob-
lem

mm{f(:v) L= (1’1,.772) € RZ,ZEl - QIQ Z 0,1‘1 + 2.’132 Z 0,1)1 Z 2}

For this problem, we have

1 -2 0
D:[(l) _(_)1} A=1l1 2| c:("ol>, b={0],
10 2

S(D,A,c,b) ={(2,0),(2,1),(2,-1)},
Sol(D, A, ¢,b) =loc(D, A, c,b) = {(2,1),(2,-1)}.
Let 7 = (2,—1), & = (2,1), ¥ = (2,0). Note that X := (0,0,1) is
a Lagrange multiplier corresponding to z. For x = Z and z = £,

we see at once that (cl) is satisfied. For the pair (Z, X), we have
K = {3}, J = 0. Since

{Ai ie K} = {4} ={(10)},

assumption (c3) is satisfied. According to Theorem 11.4, S(D, A, -,-)
is lower semicontinuous at (¢, b).

The idea of the proof of Theorem 11.4 is adapted from Robinson
(1980), Theorem 4.1, and the proof of Theorem 11.2. In Robinson
(1980), some results involving Schur complements were obtained.

Let (D, A, c,b) € RY*" x R™" x R"x R™. Let x € S(D, A, c,b)
and let A € R™ be a Lagrange multiplier corresponding to z. We
define K and J by (11.14) and (11.15), respectively. Consider the
case where both the sets K and J are nonempty. If the matrix

_| D A% (nHK ) X (nHK])

is nonsingular, then we denote by S; the Schur complement (see
Cottle et al. (1992), p. 75) of Mk in the following matrix

D —A}; ~A/f,'
Ak 0 0 € ROHEIHIDx(n+K|+1T]).
Ay 0 0
This means that
Sy =[A; O[Mg'[A; 0.

Note that S, is a symmetric matrix (see Robinson (1980), p. 56).
Consider the following condition:



210 11. Lower Semicontinuity of the KK'T Point Set

(c5) J # 0, K # 0, the system {A; : i € K} is linearly in-
dependent, vI'Dv # 0 for every nonzero vector v satisfying
Axv =0, and Sy is positive definite.

Moditying some arguments of the proof of Theorem 11.4 we can
show that if J # 0, K # 0, the system {A; : i € K} is linearly
independent, and vT Dv # 0 for every nonzero vector v satisfying
Agv =0, then Mg is nonsingular.

It can be proved that the assertion of Theorem 11.4 remains valid
if instead of (c1)-(c4) we use (cl)—(c3) and (c5). The method of
dealing with (c5) is similar to that of dealing with (c4) in the proof
of Theorem 11.4. Up to now we have not found any example of
QP problems of the form (11.1) for which there exists a pair (z, \),
x € S(D,A,cb) and X is a Langrange multiplier corresponding
to z, such that (cl)—(c4) are not satisfied, but (c5) is satisfied.
Thus the usefulness of (¢5) in characterizing the Isc property of the
multifunction S(D, A, -, ) is to be investigated furthermore. This is
the reason why we omit (c5) in the formulation of Theorem 11.4.

We observe that the sufficient condition in Theorem 11.2 for the
Isc property of the following multifunction

(D', A, b) = S(D', A, ¢, ), (11.30)

where (D', A', ¢/, b') € RZ*™ x R™ ™ x R™x R™, can be reformulated
equivalently as follows.

Theorem 11.5. Let (D, A, c,b) € RZ*"x R™*™x R"x R™. Suppose
that

(i) the set S(D, A,c,b) is finite, nonempty,
(i) the system Ax > b is regular,

and suppose that for every x € S(D,A,c,b) at least one of the
following conditions holds:

(cl) z €loc(D, A,c,b),
(c2) Az >b.

Then, multifunction (11.30) is lower semicontinuous at (D, A, c,b).

It is easy to check that (c2) in the above theorem is equivalent
to (c2) in Theorem 11.4.
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11.3 Commentaries

The material of this chapter is taken from Tam and Yen (1999) and
Lee et al. (2002b, 2002c).





