Chapter 7

CUBIC AND OTHER EFFECTS

In this chapter we derive equations for cubic nonlinear effects. Some
other effects not included in the general framework of Chapter 1 are also
discussed.

1. CUBIC THEORY

1.1 Cubic Effects

By cubic theory we mean that effects of all terms up to the third power
of the displacement and potential gradients or their products are included
[6]. Cubic theory is an approximate theory for relatively weak
nonlinearities, and can be obtained by expansions and truncations from the
nonlinear theory in Chapter 1. From

Xy =00y, Uy, (7.1-1)
by repeated use of the chain rule of differentiation, we obtain, to the second
order in products of the derivative of wuy

Xoprg =O0n —Up Xy =0 — Uy 1 (O —1ty x X))
=0 — uM,L§Li + uM,LuL,KXK,i (7.1-2)
=0y — Uy Opy +Upg Uy O
From (1.1-16), retaining terms up to the second order in the derivative of uyy,
we find
1 , 1
le+uK,K+5(uK,K) _EuK,LuL,K' (7.1-3)
From (7.1-2) and (7.1-3)
JX,, = O~ uL,RgRi + 5LiuR,R + uL,KuK,Ré‘Ri
1 1 (7.1-4)
- uR,RuL,Ké‘Ki + §5LiuK,KuR,R - Eé‘LiuK,RuR,K .

From (1.5-5),, (1.5-3)2, (1.5-11), and (7.1-4), retaining terms up to cubic in
the small field variables, we obtain
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From (1.5-5),,(1.5-10), and (7.1-4):
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MIJ' = 505_,'M |:¢1 ¢,M - 5(’51( ¢,1< O — ¢,K¢,M Up 1

- ¢,K¢,M U+ ¢,L ¢,MuK,K - ¢,L¢,K”K,M

(7.1-7)
1 1
+ ¢,K¢,RuR,K5LM + 5¢,K¢,KUL,M - 5¢,R¢,RMK,K5LM :I’
and
goJC;EK =& [_ P +Putt x —P Uy +P Uk,
— Pty g Uy gy + ¢,K”M,M Up g — _1—¢,LuK,KuM,M (7.1-8)

+ §¢,LuK,M Uy x— ¢,M U gy + Pty (U — ¢,MuM,K Up ]

Note that the fourth-order material constants are needed for a complete
description of the cubic effects.

1.2 Quadratic Effects

If we keep terms up to the second order of the gradients only, we obtain
the quadratic or second-order theory below:

1
FLj = 5.1.M[c U,p +e uPat=c

u u
2 LMAB 2 2IMAB K. A7K.B

+c Uy U pt+—C U, zU (7.1-9)
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(7.1-11)
- ¢,K¢,M”K,L - ¢,K ¢,MuL,K 1,

0 JCAE, =4[~ + Bty —Prttgx +Pitic, ] (7.1-12)
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where the third-order material constants are needed.

2. NONLOCAL EFFECTS
2.1 Nonlocal Theory

Nonlocality comes from the consideration of long-range interactions. In
one-dimensional lattice dynamics it has been shown that nonlocal theory
includes, besides the interactions between neighboring atoms, interactions
among non-neighboring atoms as well [41]. Nonlocality in constitutive
relations is needed in modeling certain phenomena. Consider an
electroelastic body V. Within the linear theory of piezoelectricity the
nonlocal constitutive relations are given by [42]

T,(0) = [, Ly (X8, (X) - €, (%,X) E, ()Y (X)),

D,(x)= J; [e,, (x,x)S,,(x") + &, (x,x)E, (x")]dV (X").

As a special case, when the nonlocal material moduli are Dirac delta
functions, Equations (7.2-1) reduce to the classical constitutive relations in
(2.1-11). Substitution of (7.2-1) into the equation of motion and the charge
equation results in integral-differential equations which are usually difficult
to solve.

(7.2-1)

2.2 Thin Film Capacitance

In the following we give an example of what is probably the simplest
nonlocal problem [43]. Consider an unbounded dielectric plate as shown in
Figure 7.2-1. The plate is electroded and a voltage is applied. We want to
obtain its capacitance from the nonlocal theory.

X
4 Electrode
h < b=V
Dielectric
0 ¢=0
Electrode

Figure 7.2-1. A thin dielectric plate.

The problem is one-dimensional. The boundary-value problem is
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él—)-:(), 0<x<h,
dx

D=gE+P, 0<x<h,

P=toy [ K(x'\)E()dx', 0<x<h, (1.2-2)
E:—-c—i—qé, 0<x<h,
dx

#(0)=0, g(m)=V.

When the kernel function K(x',x)has the following special form
K(x',x) = 6(x'-x), (7.2-3)

Equation (7.2-2) reduces to the usual classical form. y is the dimensionless
relative electric susceptibility which differs from the one in (1.5-11) by a
factor of &. The dielectric material of the capacitor is assumed to be
homogeneous and isotropic. Hence K(x',x) must be invariant under

translation and inversion. We have
K(x',x) = K(x'-x) = K(x —x"). (7.2-4)

K(x',x) should have a localized behavior, large near x'= x and decaying
away from there. We chose the following kernel function

[x'—xt

K(x'-x) = Eo—le @, a>0, (7.2-5)

where « is a microscopic parameter with the dimension of a length. It is a
characteristic length of microscopic interactions. It is easy to verify that
K(x',x) has the following properties:

lim K =0, J'+°° Kdx =1. (7.2-6)
a-—>0" —0
Hence
lim K = 6(x'-x), (7.2-7)
a0t

which shows that K(x',x)does include the local form as a limit case. We
also note that the above K(x',x) is the fundamental solution of the

following differential operator
2

12{ + K = 5(x'-x). (7.2-8)
x

Integrating (7.2-2); once, with (7.2-2), 3 we obtain
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D=e,E(x)+e,y j: K, x)E()dx'= 0, (1.2-9)

where o, is an integration constant which physically represents the surface
free charge density on the electrode at x = h. Equation (7.2-9) can be written
as

h
Ex)=-x[ K(x', x)EG)de-Z, (1.2-10)
&y
which is a Fredholm integral equation of the second kind for the electric
field E. Instead of solving (7.2-10) directly, we proceed as follows. With
(7.2-8), we differentiate (7.2-10) with respect to x twice and obtain

dZE(x)_ h é’zK(x‘,x) '~ g
— =—z] — B

=2 | K0~ 5= 1BG e
"«

2

L [ K 0B az1i)
a 0 80
1 h 1 ! ] 1 O-e
r5 jo S(x'—x)E(x")dx t— 5
1 fo
=—[E(Xx)+ yE(x)+—].
o £,

Hence a solution E of the integral equation (7.2-10) also satisfies the
following differential equation
, d’E o,

o e 1+ pFE o (7.2-12)
The general solution to (7.2-12) can be obtained easily. It has two
exponential terms from the corresponding homogeneous equation, and a
constant term which is the particular solution. The general solution contains
two new integration constants. These two integration constants result from
the differentiation in obtaining the differential equation (7.2-12) from the
original integral equation (7.2-10). Hence the solution to (7.2-12) may not
satisfy (7.2-10). Therefore we substitute the general solution to (7.2-12)
back into (7.2-10), which determines the two new integration constants.
Then, with the boundary conditions (7.2-2)ss, we can determine o, and
another integration constant resulting from integrating E for ¢, and thus
obtain the nonlocal electric potential distribution ¢




193

sinh k(x—ﬁ)+sinh~k—}£
_*x, X 2 2
cosh — + ka sinh —
2 2
2 tanh]—(é
><(1+—Z—27(-}7)‘1 v, (7.2-13)
kh 1+ katanh—
2
x
¢0 :;Va

where ¢ is the classical local solution, and

,/1 +

k= 4 (7.2-14)
a

The nonlocal electric field distribution E and the local solution Ej are

cosh k(x — I;) tanh L

2 _
E=[1+y g+ 22 ' E,
cosh—z— +ka sinh; 1+ ka tanh7 (7.2-15)

14
E, =——.
0 h

Denoting the capacitance per unit electrode area from the local theory by Co
and the one from the nonlocal theory by C, we have

kh
) &1+ 2)
C= (1+E——E)*CO, C, = —°h— (7.2-16)
1+ ko tanh ?

With the expression of k in (7.2-14), we write (7.16-1), in the following
form:

C tanh(y/1+ y i)

S _a+—2% 20 ). (7217

C, w/]JF_Z?;.;;1+,/1+,1/tanh(w/1+,%’%)

It is seen that the thin film capacitance from the nonlocal theory differs from
the result of the local theory. The nonlocal solution depends on the ratio
h2a of the film thickness to the microscopic characteristic length. From
(7.2-17) we immediately have
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c/c, <1, (7.2-18)

which shows that the nonlocal result is smaller than the local result. From
(7.2-17) we also have the following limit behavior

lim < = 1, (7.2-19)
b G,

which shows that when the film thickness is large compared to the
microscopic characteristic length, the nonlocal solution approaches the local
solution. We also have the limit

) 1
lim— =

<1, (7.2-20)

which shows that the nonlocal and local solutions differ more for materials
with larger y. We plot C/Co from (7.2-17) as a function of A2« for values of
x=1,10, and 100 in Figure 7.2-2. It is seen that for a film with a moderate
value of y = 100, when the thickness #/2a =~ 10, there is a deviation of about
10% from the local theory which has a fixed value of 1. The figure shows
that C/Co< 1 and the deviation from 1 becomes larger as & becomes smaller
and disappears when £ is large:

1

0.8 +

0.6 A

C/Co
0.4 -

0.2 X=100

0+ i 1
10

5
hi2¢
Figure 7.2-2. Capacitance for =1, 10, and 100.

The spatial distribution of the electric field for y = 10 and for two values
of W2« =1 and 5, respectively, is shown in Figure 7.2-3. It is interesting to
see that the field is large near the electrodes compared to the local solution
with the fixed value of 1. The curve with #/2a = 5 has a larger electric field
near the electrodes than the curve with #/2a = 1. This is a boundary effect
exhibited by the nonlocal theory. Even for a thick capacitor, (7.2-15) still
yields
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imEW 2
S% E, 1+1+ »

For our case, with y = 10, Equation (7.2-21) yields a limit value of 3.32. For
materials with a large jy the value of (7.2-21) can be large. Since E is larger
near the electrodes and D is a constant, P must be smaller near the
electrodes than near the center of the plate.

>1. (7.2-21)

3.5 -
34
25+
2
E/Eo 1.5 4
1 4
0.5 +
0 } i
0 0.5 1
xh

Figure 7.2-3. Electric field distribution for y =10, #2a =1 and 5.

x=10, h=2¢,

x=10, h=10¢,

The spatial distribution of the normalized deviation of the electric
potential from the local solution for y = 10 and for two values of #/2a =1
and 5, respectively, are shown in Figure 7.2-4. The curve with A2 = 5
shows a smaller deviation.

0.08 x=10, h=2q

0.04 X=1O’ h=10g

(R T AANY

-0.04

-0.08

x/h

Figure 7.2-4. Electric potential deviation fory = 10, #/2a. =1 and 5.
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Finally, we note that in (7.2-12) the small parameter « appears as the
coefficient of the term with the highest derivative. Hence when « tends to
zero we have a singular perturbation problem of boundary layer type of a
differential equation. For this type of problem, when the small parameter is
set to zero, certain boundary conditions have to be dropped because the
order of the differential equation is lowered. Equation (7.2-12) is a
consequence of an integral-differential equation of ¢ defined by (7.2-2),
which only needs two boundary conditions. In the solution procedure, two
of the integration constants in the general solution to (7.2-12) were
determined by the integral equation (7.2-10). However, if we take (7.2-12)
as our starting point, we need two more boundary conditions. This is
because (7.2-12) is a fourth-order differential equation for ¢ (considering it
has already been integrated once with an integration constant o). Then
when a is set to zero, two boundary conditions have to be dropped.

3. GRADIENT EFFECTS
3.1 Gradient Effect as a Weak Nonlocal Effect

Gradient effects in constitutive relations can be shown to be related to
weak nonlocal effects. For example, consider a one-dimensional nonlocal
constitutive relation between Y and X in a homogeneous, unbounded
medium. We have

Y(x) = j: K(x'—x)X (x")dx'
= j: K(x'—x)X[x + (x'—x)]dx'
= j: K(x'-x)[X (%) + X' (x)(x'—x) + -+ -]dx’
= [ K=0[X () + X ()(x=x)]d(x'—x)
= j : K(x'=x) X (x)d(x'—x) + j: K(x'-x) X' (x)(x'-x)d(x'-x)

= X(x) j: K(xr-x)d(x'-x)+ X'(x) [ K(x=-x)(x'-x)d(x'~x)
= aX(x) +bX'(x),
(7.3-1)
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where

a= J‘m K(x'-x)d(x'-x),
: (7.3-2)
b= K-x)(x-x)d(x'~x).

Therefore, to the lowest order of approximation, the nonlocal relation
reduces to a local one, and to the next order a gradient term arises.

3.2 Gradient Effect and Lattice Dynamics
Gradient terms can also be introduced in the following procedure.

Consider the extensional motion of a one-dimensional spring-mass system
(see Figure 7.3-1).

k m k m k m k
“Www-o-wWwww-o-AmWww—o- MWW~
i-1 i i+1
x-a X x+ta

Figure 7.3-1. A spring-mass system.

The motion of the i-th particle is governed by the finite difference equation
mii(i) = k[u(i + 1) —u(i)] - k[u(@) —u(@-1)], (7.3-3)
or, with the introduction of x

mii(x) = k[u(x + a) + u(x — a) — 2u(x)]

_ , Loveaa? + Luminag® + w0t +---

= kliu(x) +u'(x)a+ 5 u"(x)a” + p u"(x)a” + a u"(x)a’ +
+u(x)—u'(x)a+ %u"(x)a2 - %u”’(x)a3 (7.3-4)
+ Elzu””(x)a4 o= 2u(x)i|

= k[u"(x)a2 +—122—u""(x)a4} =T'(x),

where the extensional force T is given by the following constitutive relation
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4
T = ka’u'(x) + %u"’(x) , (7.3-9)

which depends on the strain #’ and its second gradient. It should be noted
that, according to Mindlin [44], a continuum theory with the first strain
gradient is fundamentally flawed in that it is qualitatively inconsistent with
lattice dynamics and the second strain gradient needs to be included to
correct the inconsistency.

3.3 Polarization Gradient

Mindlin [45] generalized the theory of piezoelectricity by allowing the
stored energy density to depend on the polarization gradient P;;

M(u,,P,,¢) = J.V |:W(Sy. P, P ) - %£0¢J¢J +¢.P, :ldV ,  (7.3-6)

where boundary terms are dropped for simplicity. The stationary conditions
of the above functional for independent variations of u;, ¢ and P; are

)
[0’8’7];'

- gO¢,ii +F, = 0, (7.3-7)

_ﬁ+ﬂ_ _¢i=0'
x @) "

J

Equations (7.3-7) represent seven equations for u, P; and ¢ . If the
dependence of W on the polarization gradient is dropped, Equations (7.3-7)
reduce to the theory of linear piezoelectricity. The inclusion of polarization
gradient is supported by lattice dynamics [46,47]. The polarization gradient
theory and lattice dynamics both predict the thin film capacitance to be
smaller than the classical result [47], as shown in Figure 7.2-2.

34 Electric Field Gradient and Electric Quadrupole
34.1  Governing Equations
Electric field gradient can also be included in constitutive relations [48].

Electric field gradient theory is equivalent to the theory of dielectrics with
electric quadrupoles [1], because electric quadrupole is the thermodynamic
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conjugate of the electric field gradient. Consider the following functional
[49]

H(ui9¢) - J. [W(SgsEiaEi,j)_%goEiEi _fiui + pe¢JdV

(7.3-8)
-~ J. (t—iu,. +dg+ E%JdS,
§ on

where d is related to surface free charge. The presence of the 7 term is
variationally consistent. We choose

1

WS, By y) =5 60 B,

ij°

| (7.3-9)
= H(S,-jaEi) _goyijkEiEj,k - 2 aykIE Ey s

where H is the usual electric enthalpy function of piezoelectric materials
given in (2.1-9), which is repeated below:

i) = yle Sy —ewEiSy —%E.E.E.. (7.3-10)

gy

H(S,,E
%t and au are new material constants due to the introduction of the electric
field gradient into the energy density function. yi has the dimension of
length. ey has the dimension of (length)’. Physically they may be related to
characteristic lengths of microstructural interactions of the material. Since
E;; = E;;, au has the same structure as ¢y as required by crystal symmetry,
and y; has the same structure as e;. For Wto be negative definite in the
case of pure electric phenomena without mechanical fields, we require o
to be positive definite like &;.
With the following constraints

Sij = (ui,j +uj,i)/25 E = _¢,i’ (7.3-11)

from the variational functional in (7.3-8), for independent variations of

and ¢in V, we have
T, + 1 =0,
(7.3-12)
Di,i = P>

where we have denoted
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w
T, z—o%-—:ctjklskl —ey By,
)
D, =¢,E +P =¢,E, +e,S,

—&0(Viy — Vi VE 4 €W Ey s

})i =Hi -—Hij,j = gOZijEj +eikISkl (73"13)
—& (7kij 7V ik )Ej,k “goag/klEk,ljs
W
II, = “Ez €Sy tE X E; +307ijkEj,ka
I, =- E =&V iy Er T € By

and g; = &(0;+ ;). xy 1s the relative electric susceptibility. When the energy
density does not depend on the electric field gradient, the equations reduce
to the linear theory of piezoelectricity. The first variation of the functional in
(7.3-8) also implies the following as possible forms of boundary conditions
onS

T,n =t or O6u =0,

JUT
[, [on,-d)op+11,n,(9,59), ls =0, (7.3-14)
H,nn =7 or 5(@j =0,
&

where V; is the surface gradient operator. One obvious possibility of
Equation (7.3-14), is ¢ = 0 on S. With substitutions from (7.3-13) and (7.3-
11), Equation (7.3-12) can be written as four equations for #; and ¢ :

ComlUpy T ekij¢,lg’ + fz = pPU;,

(7.3-15)
€l — gtj¢,ij + goaijk1¢,ijk1 =P,

where we have added the acceleration term.
3.4.2 Anti-Plane Problems of Ceramics

For anti-plane motions of polarized ceramics, Equations (7.3-15) reduce
to a much simpler form. Consider



201

Uy =uy, =0, uy =uy(x,x,,1t),
P = P(x;,X,,1).

The non-vanishing strain and electric field components are

5 =V E‘—V 7.3-17
S4—u= Ez_ ¢ (')

For ceramics poled in the x3 direction, the nontrivial components of 7}; and

D; are
TS
=cVu+eVy,
T,

4

(7.3-16)

D1 — eV 2
D =eVu-eVe +e,aV(V79p), (7.3-18)

2
Dy =—¢£y(yy _715)V2¢a

where VZis the two-dimensional Laplacian, ¢ = c, e = €15, £€= &,and a =
o11. The nontrivial ones of (7.3-15) take the form

cViu+eVig+ f = pii,

(1.3-19)
eViu—eVig+¢e,aV°Vig=p,,

where /= f;.
3.4.3  Thin Film Capacitance

To see the most basic effects of the electric field gradient, consider the
infinite plate capacitor shown in Figure 7.3-1.

X

I Electrode
h = =V
0 4+—— Dielectric
-h $=-V

Electrode

Figure 7.3-1. A thin dielectric plate.
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The problem is one-dimensional. We assume that the material is isotropic so
that there is no piezoelectric coupling. The equations and boundary
conditions from the electric field gradient theory are

d—D:O, —h<x<h,
dx

D=gE+P, —h<x<h,

2

P:goxE-goa%, —h<x<h, (7.3-20)
E:—ﬂ, —h<x<h,
dx

b=V, $h)=V.

From (7.3-20) the following equation for ¢ can be obtained:

d! d’
_dx_f k2 _dx? 0, (7.3-21)
where
gtz (1.3-22)
a

The general solution to (7.3-22) can be obtained in a straightforward
manner. The anti-symmetric solution for ¢1is

¢ =Cx+C,sinhkx, (7.3-23)
where C; and C, are integration constants. Due to the introduction of the
electric field gradient, the order of the equation for ¢ is now higher than the
Laplace equation in the classical theory. Therefore more boundary
conditions than in the classical theory are needed. Following Mindlin [47],
we prescribe

P(x=h)= -—/16‘0){%, (7.3-24)

where 0 < 4 <1 is a parameter. 4 = 1 represents the classical solution.
Equation (7.3-24) is for Mindlin’s polarization theory. When it is directly
introduced here for the electric field gradient theory, it is not variationally
consistent. This can be resolved by translating it into a different form
mathematically while still keeping its physical interpretation, which is left as
an exercise. With the solution in (7.3-23), the boundary conditions in (7.3-
20) and (7.3-24), and the identification of the relation between an integration
constant and the surface charge on the electrode at x = h, we obtain the
capacitance C per unit area, the potential ¢ and the electric field E as
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tanh kA
C 1+ Ay T
c, |, tanh&h (7:3-25)
X
tanh kh tanh kh
1+ 4 1+ 4 )
¢ x| T (siohke
v tanhkh tanhkh |sinhkh ’
1+ y I+y
kh kh
14+ Ay tanh kh 1+ Ay tanh kh
E__ " B kb |COshkx,, 7307
E tanh kh tanhkh |sinhkh '
o 14y 14+ y——
kh kh
where
C, = 2ih E, = —% , (7.3-28)

are the capacitance and electric field from the classical theory, and & =
&(1+y) is the electric permittivity. Equation (7.3-25) is exactly the same as
the result of the polarization gradient theory [47], and its behavior is
qualitatively the same as what is shown in Figure 7.2-2.

34.4 A Line Source

Consider the potential field of a line charge Q. at the origin [50]. We
need to solve Equation (7.3-19) with a concentrated electric source.
Eliminating # we obtain

~EV2+£,0V°V4 =Q,5(x,,x,),

g=c(1+k), k’=e’/(cc).
Equation (7.3-29) can be rewritten as
(2 +£,aV*)V’¢ = Q,6(x,,%,). (7.3-30)
Therefore V¢ is the fundamental solution of the differential operator in
Equation (7.3-30), which is known. Hence

V2¢:li(rﬁ = 9.
rdr  dr 2re,
where K, is the zero order modified Bessel function of the second-kind.

Since

(7.3-29)

K (B7), (7.3-31)
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XK, (x) = ~§;[x1<1 Wl K x)= —%{KO @1,

integrating Equation (7.3-31) twice we obtain

b= -2 (inr+ K, (5],
27e

ﬂz = E/(goa)s
where the Inr term is the classical solution. Since
Ky(x) > ~Inx, x—0,

1/2
K, (%) —>(—”—) e, x—>om,
2x
we have
o> Qe_lnﬂz Qe_ln £ , r—0,
2ne dre gy
¢ - Qe_lnr, r—> .

2nE

The potential field is plotted in Figure 7.3-2.

3 + Normalized ¢

L Classical Solution

(7.3-32)

(7.3-33)

(7.3-34)

(7.3-35)

Figure 7.3-2. Normalized potential field (- 272‘5¢ / Qe ) of a line source.
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For far field ¢ approaches the classical solution. At the source point ¢ is not
singular. This is fundamentally different from the classical solution. When «
approaches zero, Equation (7.3-33) reduces to the classical result. The curve
with the larger value of #is closer to the classical solution. These qualitative
behaviors are as expected.

34.5 Dispersion of Plane waves

In the source-free case, eliminating ¢ from (7.3-19) we obtain
£
cViu+=22aV?(pii— cVu) = pii,
& (o )= pi (7.3-36)
c=c(+k?).

Consider the propagation of the following plane wave
u = exp[i(&x, — wt)]. (7.3-37)

Substitution of Equation (7.3-37) into the homogeneous form of Equation
(7.3-36) yields the following dispersion relation [50]

1+k% + —giaéz
w? =L £ (7.3-38)

P 1+&Ot§2
£

Different from the plane waves in linear piezoelectricity, Equation (7.3-38)
shows that the waves are dispersive, and the dispersion is caused by the
electric field gradient through electromechanical coupling. The dispersion
disappears when k = 0, or when there is no electromechanical coupling. We
note that the dispersion is more pronounced when f\/E is not small, or
when the wavelength 27/& is not large when compared to the microscopic
characteristic length Ja . When fx/g just begins to show its effect,
Equation (7.3-38) can be approximated by

- 2
> %gz{l—f—ﬁi"—a 2]. (7.3-39)

H

As a numerical example we consider polarized ceramics PZT-7A. For
polarized ferroelectric ceramics the grain size, which may be taken as the

microscopic characteristic length Ja , is at sub-micron range. We plot
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Equation (7.3-39) in Figure 7.3-3 for different values of Ja . It can be seen

that larger values of Ja yields more dispersion, as expected.

201
Va = 1x10°m \
]
S 104
3
Vo = 3x10°m
Vo= 2x10°m B
¢(m)
0 t } t
0.0E+00 2.0E+06 4.0E+06 6.0E+06
Figure 7.3-3. Dispersion curves of plane waves.
Problem

7.3-1.  Study the capacitance of the dielectric plate in Figure 7.3-1 using
the electric field gradient theory with the following additional
boundary condition instead of (7.3-24)

E(x=h)= —,1%, (7.3-40)

where 1 < A is aparameter. A =1 represents the classical solution.

4. THERMAL AND VISCOUS EFFECTS

4.1 Equations in Spatial Form

Thermal and viscous effects often appear together and are treated in this
section. The energy equation in the global balance laws in (1.2-3) needs to
be extended to include thermal effects, and the second law of
thermodynamics needs to be added as follows:
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D
—v v +e)dv
D p( )

=.[ [(pf—|~FE)-v+wE+p}/]dv+jx (t-v—n-q)ds, (7.4-1)

_DD-t-[ pr]dvz_’-v %dv— Lgé—nds,

where q is the heat flux vector, 7 is the entropy per unit mass, y is the body
heat source per unit mass, and @ is the absolute temperature. The above
integral balance laws can be localized to yield

Pe=T Vv, +py—q, +w’,

s PV _(dy (7.4-2)
6 o
Eliminating y in (7.4-2), we obtain the Clausius-Duhem inequality as
: . 4.9,
pOn—-e)y+t,v,, +pEn, - —5— >20. (7.4-3)

The free energy w can be introduced through the following Legendre
transform:

y=e-0n-En, (7.4-4)

then the energy equation (7.4-2), and the C-D inequality (7.4-3) become

pl+n6+1i0) =z, —BE + py —q,,, (7.4-5)
and
: qigi
—p(y +n@) +7,v,, - PE, ——7’20. (7.4-6)

7.2 Equations in Material Form

Introducing the material heat flux and temperature gradient

O =JXi 145y Ox =04 =0,y 1, (7.4-7)

the energy equation and the C-D inequality can be written as
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Po (W + 10 +110) =T & ES;, — PeEye + poy — O x5
' _ . (7.4-8)
~ Po(yr + 10) +T, Sy, — P By ———Q’f =20.

7.3 Constitutive Relations

For constitutive relations we start with the following:
W =y (S Ex 0.0k),
TI?L :TIgL (SKL ’EK 90>®K9SKL ’f‘:K)9
Py = Py (SgrEx 90’®K ’SKL 5(EK ),

QK = QK(SKL’EK’99®K9SKL,£'K)-
Substitution of (7.4-9) into the C-D inequality (7.4-8), yields

(7.4-9)

oy - 2
-0, —0, — +-—-)
Po 2, x — Po(M 0”9)

o o 1 (7.4-10)
+ (TKSI ~ Po 55 VS — (P + Py }EK—)T’K _EQK®K 2 0.

Since (7.4-10) is linear in ® ¢ and 6 , for the inequality to hold i cannot
depend on ®,, and 7 is related to wby

oy
=— 7.4-11
n 0 ( )

We break T,ﬁL and @, into reversible and dissipative parts as follows:

TS =Ts +To, @ =2 +@2,

oy o
T =Po———> P =— 0 '/la
A OE, (7.4-12)

TKDL = TKLZ (S »Ex 0.0 9SKL ’T;K)’

@1? = @If (Sxi Ex 0.9 aSKL ’q::K )-
Then what is left for the C-D inequality (7.4-10) is

. . 1
TSk — P Ey —EQK(aK >0. (7.4-13)

From (7.4-8), and (7.4-11) we obtain the heat equation
PO :TKZSKL ——(PI?E.K + Po¥ — QK,K . (7.4-14)
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4.4 Boundary-Value Problem

In summary, the nonlinear equations for thermoviscoelectroelasticity are

Po=pJ,
Ky + Pofr = PoVis
(7.4-15)
Dy x= Pr>
P = TKDLjKL _Q)KDE.K +P0¥ — Ok x>
with constitutive relations
oy
= S 9£ ’0 s =
W =y(Sk Ex0) 20
T, =TS +T5, @ =ef+@),
oy oy
TR = o Q)R = . -
K = Po 25, X Po IE, (7.4-16)
T =T (S Ex 09,8 Ex ),
@1? = (PKD(SKL YEx ’0’®K9‘§KL9£K)'
QK :QK(SKLaﬁKsQ:@)KaSKLafK)a
which are restricted by
. , 1
ToSu — P Ex ~5QK®K >0. (7.4-17)

The equation for the conservation of mass in (7.4-15); can be used to
determine p separately from the other equations in (7.4-15). Equations (7.4-
15)234 can be written as five equations for y,(X,,t), #(X,,t) and

@(X ,,t). On the boundary surface S, the thermal boundary conditions may
be either prescribed temperature or heat flux

N,Q =0. (7.4-18)
4.5 Linear Equations

For small deformations and weak electric fields
D, =p.,
Ty, + Pofy = Poii;» (7.4-19)
. D¢ Dy
PO = Tij Sij - P"E, =4,
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The reversible part of the constitutive equations for small deformations and

weak electric fields are determined by ¢ = (S, E;,6) and
Oy R oy R oy
=L TR= , Pf=—_p, . 7.4-20
1=""2g> v “Phx Po g ( )

ij i
In order to linearize the constitutive relations we expand i into a power
series about 8 = Ty, S;; = 0, and E; = 0, where T is a reference temperature.
Denoting T = 8 — Ty, assuming |T/To|<<1, and keeping quadratic terms
only, we can write

1 1
PV = ‘Z_CgkISijSkl —eyE,S, _El"fE”Ef
2 (7.4-21)
_—Z_FTZ-—ﬂkISkIT—ﬂkEkT’
0

where f; are the thermoelastic constants, A are the pyroelectric constants
and « is related to the specific heat. Equations (7.4-20) and (7.4-21) yield

Tin = CyuSu — ey By = BT,
Df =¢,E, +P" =e,S, +e,E, +A,T, (7.4-22)

iik
a
pot =T+ Sy + L E,,
T,
which are the equations for linear thermopiezoelectricity given by Mindlin
[51]. For the dissipative part of the constitutive relations we choose the
linear relations

T = /uijkISkI _akijEk9

y

DP =P" = B,S, +{,E,, (7.4-23)
q, = —Ky0,.
In the following we will assume f, =, . Equations (7.4-23) are
restricted by
D¢ Dy .qig,i
IS, ~ PE, =5 >0. (7.4-24)

A dissipation function can be introduced as follows:
. 1 . R B
X(SuE)= ’2_/‘y‘k1Sk1Srj -, ES, —Eé’yEiEj, (7.4-25)
whereby Equations (7.4-19)3, (7.4-23),, and (7.4-24) can be written as
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poTyi1=2x(S,,E)~q,,
TD 0’7/{ PD _ _é&

T g (7.4-26)
aij éEi
k,.0,0.
ZZ(S,,,E,»)+—’—9’—” > 0.
Equation (7.4-26)4 implies that
X(Sy, )20, x,0,0,20, (7.4-27)

which further implies that g4, —¢j, and x;; are positive definite. The formal
similarity between (7.4-25) and the first three terms on the right-hand side of
(7.4-21) suggests that the structures of 4u, i, and oy are the same as those
of cyu, x> and e, which are known for various crystal classes.

When the thermoelastic and pyroelectric effects are small, they can be
neglected. Then the above equations for the linear theory reduce to two one-
way coupled systems of equations, where one represents the problem of
viscopiezoelectricity with the following constitutive relations

TS =cuSy—eyE, DS =e;8, +&,E,,

ik

D . b (7.4-28)
I, = luijlekl _akijEk’ D7 = ayijk +4ij
and the other governs the temperature field
Poloi = T;‘jDSij - DiDEi ~Giis
o (7.4-29)
=—T.
Poll T,

Equations (7.4-28) can be substituted into (7.4-19)1, for four equations for y;
and ¢. Once the mechanical and electric fields are found, they can be
substituted into (7.4-29) to solve for the temperature field 7.

it

Under harmonic excitation with an e“ factor, the linear constitutive

relations in (7.4-28) can be written as

T, =cpSy + MuSu — By —a By
= (Cyu HiOp)Sy — (e, +iva,)E,,

. (7.4-30)
D, = ,Jijk +a,ijjk +.9,].Ej + gijE]

= (e, +ioway)S, +(e, +iwd)E

Formally, the material constants become complex and frequency-dependent.
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S. SEMICONDUCTION

Piezoelectric materials are either dielectrics or semiconductors.
Mechanical fields and mobile charges in piezoelectric semiconductors can
interact, and this is called the acoustoelectric effect. An acoustic wave
traveling in a piezoelectric semiconductor can be amplified by application of
a dc electric field. The acoustoelectric effect and the acoustoelectric
amplification of acoustic waves have led to piezoelectric semiconductor
devices. The basic behavior of piezoelectric semiconductors can be
described by a simple extension of the theory of piezoelectricity.

5.1 Governing Equations

Consider a homogeneous, one-carrier piezoelectric semiconductor under
a uniform dc electric field E; . The steady state current is J, = ghyu,E,,

where ¢ is the carrier charge which may be the electronic charge or its
opposite, n is the steady state carrier density which produces electrical
neutrality,and g4 is the carrier mobility. When an acoustic wave propagates
through the material, perturbations of the electric field, the carrier density
and the current are denoted by E; » and J;. The linear theory for small
signals consists of the equations of motion, Gauss’s law, and conservation of
charge [52]

Tji,j = pﬁia
D, =qn, (7.5-1)
gn+J,; =0.

The above equations are accompanied by the following constitutive
relations:
th = cijkISkI - eky'Ek s
D, =e,;S,+¢,E, (7.5-2)
J,=qup,E, +qnuE, —qdn ,
where dj; are the carrier diffusion constants. Equations (7.5-1) can be written
as five equations foru, ¢ and n

Cyuheyy + €@y + Ji = Pl
€l — €, =4n, (7.5-3)

n- n,u,.jgb,,.j + ,u,.jEj n, —d,.jn,,.j =0.
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On the boundary of a finite body with a unit outward normal #;, the
mechanical displacement #; or the traction vector 7, n,, the electric potential

g
¢ or the normal component of the electric displacement vector D;n;, and the
carrier density n or the normal current J#; may be prescribed.

The Acoustoelectric effect and amplification of acoustic waves can also
be achieved through composite structures of piezoelectric dielectrics and
nonpiezoelectric semiconductors. In these composites the acoustoelectric
effect is due to the combination of the piezoelectric effect and
semiconduction in each component phase.

5.2 Surface Waves
As an example, consider the propagation of anti-plane surface waves in

a piezoelectric dielectric half-space carrying a thin, nonpiezoelectric
semiconductor film of silicon (see Figure 6.5-1) [53].

Free space
e A
Silicon 2h ”
Polarized ceramics >
Propagation
direction

X2

Figure 6.5-1. A ceramic half-space with a silicon film.
52.1 [Equations for a Thin Film

The film is assumed to be very thin in the sense that its thickness is
much smaller than the wavelength of the waves we are interested in. For
thin films the following stress components can be approximately taken to
vanish

T,, =0, j=123. (7.5-4)

According to the compact matrix notation, with the range ofp, g as 1,2, ...
and 6, Equation (7.5-4) can be written as

T,=0, q=246. (7.5-5)
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For convenience we introduce a convention that subscripts u, v, w take the
values 2, 4, 6 while subscripts r, s, ¢ take the remaining values 1, 3, 5. Then
Equation (7.5-2),; can be written as

Tr = crsSs +cmSu _ekrEk’

T, =c,S,+¢c,S, —¢,E, =0, (7.5-6)
D =e,S +e,S, +¢,E,
where (7.5-5) has been used. From (7.5-6), we have
S, =-clc, S, +c.le E,. (7.5-7)

Substitution of (7.5-7) into (7.5-6);5 gives the constitutive relations for the
film
Tr = crl';Ss *elfrEkﬂ

, (7.5-8)
D, =e.S, + &, Ej,
where the film material constants are
P o_ -1 P o_ -1
crs - crs - crvcvwcws’ eks - eks - ekwcwvcvs’
(7.5-9)

P _ -1
Ey =&y te,ce,,.
We now introduce another convention that subscripts a, b, ¢ and d assume 1

and 3 but not 2. Then Equation (9.5-8) can be written as
Ty = ClvcaSca — €t Er»

—o? p
D, =e,S,+&fE,.

iab

(7.5-10)
Integrating the equations in (7.5-1); fori = 1,3 and (7.5-1),3 with respect to

x, through the film thickness, we obtain the following two-dimensional
equations of motion, Gauss’s law and conservation of charge:

1 .
Tab,a + 2—h[T2b (x, =h)-T,,(x, = —-h)] = pii,,
D,,+ 2—lh’[D2 (x, =h)~ D, (x, = ~h)] = qn, (7.5-11)

g+ J,, + —2%[./2 (x, = h)~J,(x, = ~R)] = O,

where u,, Ty, Da Jo and n are averages of the corresponding quantities
along the film thickness.

5.2.2 Fields in the Ceramic Half-Space

From the equations in Section 6 of Chapter 3, the equations for the
ceramic half-space are
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— 2 _ .
€, Vu, = pii,,

) (7.5-12)
V=0,
_ €5
W=0-——u,, (7.5-13)
€n
and
Ty =cyu;y, + €55,
T, = E44”3,1 +es¥
(7.5-14)
D, = —En¥as
D, =-¢,¥,,
where
e’ e2
Cop =Cpy +—>=c, (1 +k}), klj=—L— (7.5-15)
1 €11C44
For a surface wave solution we must have
U, ¢ >0, x, >+oo. (7.5-16)
Consider the possibility of solutions in the following form:
u, = Aexp(=&,x,))expli(&,x, — wt)],
3 p(=&,x,) expli(&,x, )] (7.5-17)

y = Bexp(—¢,x)expli(c,x, — ar)],

where A and B are undetermined constants, and & should be positive for
decaying behavior away from the surface. Equation (7.5-17), already
satisfies (7.5-12),. For (7.5-17), to satisfy (7.5-12); we must have

Cu(&l —&)) = po’, (7.5-18)

which leads to the following expression for &

2 2
4] v
gr=g & =§f(1—;2—)>0, (7.5-19)
44 T
where
2 —_
[+
=2 = f. (7.5-20)
1

The following are needed for prescribing boundary and continuity
conditions:
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§ = [Bexp(~£,x,) + 22 Aexp(~&,x,)]exp[i(&,x, — 1],

Ty = —[4c,,E, exp(=&,%,) (7.5-21)
+ ey BE, exp(-&,x,)]expli(S,x, — w1)],
D, = &, B¢&, exp(=¢,x,) expli(S,x, — wt)].

5.2.3 Fields in the Free Space

Electric fields can also exist in the free space of x; < 0, which is
governed by

V=0, x,<0,

(7.5-22)
$—>0, x, >-oo
A surface wave solution to (7.5-22) is
¢ = Cexp(&,x,) expli(¢,x, — ot)], (7.5-23)
where C is an undetermined constant. From (7.5-23), in the free space
D, = —£,5,Cexp(;x, ) exp[i(§x, — wh)]. (7.5-24)

5.2.4 Fields in the Semiconductor Film

The semiconductor film is one-dimensional with n = n(x,,f) . Consider

the case when the dc biasing electric field is in the x; direction. Let

uy = Aexpli(S,x, —ar)], ¢ =Cexpli(,x, ~ar)],

n= N expli(&x, - b)),
where N is an undetermined constant. Equation (7.5-25) already satisfies the
continuity of displacement between the film and the ceramic half-space, and
the continuity of electric potential between the film and the free space. We
use a prime to indicate the elastic and dielectric constants as well as the

mass density of the film. Silicon is a cubic crystal with m3m symmetry. The
elastic and dielectric constants are given by

! ! !
c, ¢, ¢, 0O 0 0

! !
¢, ¢, ¢, O 0 0

(7.5-25)

, , &g 0 0
¢, ¢, ¢, 0O 0 0 ,
, Jo &, 0] (7.5-26)
0 0 0 ¢, O 0
, 0 0 g
0 0 0 0 c 0

S

0 0 0 0 0 c
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From (7.5-10) and (7.5-2)3 we obtain:
T3 = &8s = cfuy, = cfi& Aexpli(é x, — ot)],
D, = e E, =-&fip, = —£]1i&,Cexp[i(&,x, — ),
Jy=—qnu, ¢, + gnu, E, —qd,n,
= (~qAp,i&,C + qNp E, —qd,,i& N)expli(&,x, - ar)].

(7.5-27)

5.2.5 Continuity Conditions and Dispersion Relation

Substitution of (7.5-21), (7.5-23), (7.5-24), (7.5-25) and (7.5-27) into
the continuity condition of the electric potential between the ceramic half-
space and the film, (7.5-11), for b = 3, and (7.5-11);3 yields

B+ 3 4=C,
‘i

1 '
~chéi 4 "‘_'(Ac4452 +e,,B8) = -p'o’ 4, (7.5-28)

5£§IZC+ (511351 +£,£,C)=¢qN,

—~qioN + lé:l (—q7ip,i&,C + qNuy B, —qd,i&,N) =0,

which is a system of linear, homogeneous equations for A, B, C and N. For
nontrivial solutions the determinant of the coefficient matrix has to vanish

bis 1 1 0
i
' 2 p 2 Cuds €15
o —c —_— - 0 0
P 1S h 2h .
0 endy €6y P2 —-q =Y
Zel +e
h h 151 ~
_ —qio+igquy E
0 0 qn g &L ; 111
+qd) &

(7.5-29)

which determines the dispersion relation, a relation between @ and &;, of the
surface wave. In terms of the surface wave speed v = @/ ¢, , Equation (7.5-
29) can be written in the following form:
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2 P 2
Vv ¢ 1% -
(—,—2—1)#2}151 ‘1/1 - kS
Vr Cas Vr

k2 (7.5-30)

> -
1+£°~+fi§1 2h+ qn'u_“Zh_
€n én euldy Sy +i(u,E —v)]
where (7.5-19) has been used, and

le _ Cf4 I;Z _ 7
T —7 ;> 15 — (7.5-31)

to
];4
v =vy? [1 ————‘5—2—] =v; ., (7.5-32)

which is the sp_eed of the Bleustein-Gulyaev wave in (5.3-20).
When k=0, ie, the half-space is non-piezoelectric,

electromechanical coupling disappears and the wave is purely elastic. In this
case Equation (7.5-30) reduces to

v2 cp V2
(—7——1)_;“2h§1 - }1——7 =0, (7.5-33)
Vr Ca Vr

which is the equation that determines the speed of Love wave (an anti-plane
surface wave in an elastic half-space carrying an elastic layer) in the limit
when the film is very thin compared to the wavelength (&4 << 1). Love
waves are known to exist when the elastic stiffness of the layer is smaller
that that of the half-space.

The denominator of the right hand side of (7.5-30) indicates that a
complex wave speed may be expected and the imaginary part of the
complex wave speed may change its sign (transition from a damped wave to

a growing wave) when 2, 11’_7151 — o changes sign or
v=—=u,E, (7.5-34)

i.e., the acoustic wave speed is equal to the carrier drift speed [52].
When semiconduction is small, Equation (7.5-30) can be solved by an
iteration or perturbation procedure. As the lowest (zero) order of
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approximation, we neglect the small semiconduction and denote the zero-
order solution by v(). Then from (7.5-30),

Yy | |eh (20>
(o
Ny -1 —44 2hé:1 - k125
Vr Cay vy

P (7.5-35)

) 511

1+

o on

1 511

which is dispersive. For the next order, we substitute v into the right-hand
side of (7.5-30) and obtain the following equation for v,

(21) ci o | g
2
-1 M ohé - 1-— + A

vy Cu Vr
_ ];125 (7.5-36)
1+8—°+ﬁ1;—§12h+ qﬁ’u“%_
1 én enldné, +i(uy £y —ve)l

which suggests a wave that is both dispersive and dissipative.

For numerical results consider PZT-5H. Since ¢, >c¢,,, the
counterpart of the elastic Love wave does not exist, but a modified
Bleustein-Gulyaev wave is expected. We plot the real parts of v, and v,

versus & in Figure 7.5-2. The dimensionless wave number X and the
dimensionless wave speed Y of different orders are defined by

x=&/"
Si > h
Yoy =V [V » (7.5-37)

Yoy = Re{v(l) }/VB—G .

7 is a dimensionless number given by
¥ =uE vy s, (7.5-38)

which may be considered as a normalized electric field. It represents the
ratio of the carrier drift velocity and the speed of the Bleustein-Gulyave
wave. Because of the use of thin film equations for the semiconductor film,
the solution is valid only when the wavelength is much larger than the film
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thickness (X << 1). It can be seen that semiconduction causes additional
dispersion. This conduction induced dispersion varies according to the dc
biasing electric field.

1.0 A ———

0.8 +

Ya(y =2) Ya(y = 20) Yo
04 +

02

0.0 i i t + t t 1 {

Figure 7.5-2. Dispersion relations.

Figure 7.5-3 shows the imaginary part of v, versus y The

dimensionless number describing the decaying behavior of the waves is
defined by

Y =Im{v,} /v, (7.5-39)

When the dc bias is large enough (approximately y > 1) the decay constant
becomes negative indicating wave amplification. The transition from
damped waves to growing waves indeed occurs when (7.5-34) is true for
V(0)-
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Figure 7.5-3. Dissipation as a function of the dc bias.

6. DYNAMIC THEORY

The theory of linear piezoelectricity is based on the quasistatic
approximation. In piezoelectricity theory, the mechanical equations are
dynamic but the electromagnetic equations appear to be static. The electric
field and the magnetic field are not directly coupled in Maxwell’s equations.
When the complete set of Maxwell’s equations is included, the fully
dynamic theory is called piezoelectromagnetism [54].

6.1 Governing Equations
For a piezoelectric but nonmagnetizable dielectric body, the three-

dimensional equations of linear piezoelectromagnetism consist of the
equations of motion and Maxwell’s equations, as shown by
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Tji,j + of, = pii,,
g,.jkEkJ =-B, ¢

B,=0, D=0,

aHe, = D, (7.6-1)

as well as the following constitutive relations
Tij = cijkISkI —ey
D, = eiijjk +&; Ej, (7.6-2)
Bi = ,UOH i

where B, is the magnetic induction, H; is the magnetic field, and s is the
magnetic permeability of free space. With Equation (7.6-2), Equation (7.6-
1) becomes

Coullis — €y By = pil ;5

exE, =-B, (7.6-3)

e
1.3 ‘ E

EiePrj = €Uy + Ey Ly
0

6.2 Quasistatic Approximation

The quasistatic approximation made in Section 2 of Chapter 1 can be
considered as the lowest order approximation of the dynamic theory given
by (7.6-3) through the following perturbation procedure [5]. Consider an
acoustic wave with frequency @in a piezoelectric crystal of size L. We scale
the various independent and dependent variables with respect to
characteristic quantities

& = ﬁ, T=ot,
L (7.6-4)
U, = y—i—, b, =cB,,
L
where
S , (7.6-5)

VEoHo

is the speed of light in free space and the scaling yields a b in the same units
as E. Then Equation (7.6-3) takes the following form:
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o’U, 1 ©OFE o’U,
l‘/’ykl o ~ 7 €y —*= pa)zL_—zjs
L " oLoE L 7 oE or
1 OF, @ Ob,

— &y — = ———, (7.6-6)
L "o, ¢ ot

L b ewdU, & 0F,
0

Ho ¢ & 06,07 & Ot

5

or
2 E o’U,
Cijk] aUk _ekija kzpw2L2 2],
oc0s o, or
OE ob.
Egp — = ——, (7.6-7)
o<, ot
e, O _ few OUL | ey OB,
oL, g, 050 ¢, 0T [
where
n=2t <1, (7.6-8)
c
To the lowest order
2 oE o’U .
- oU, ey 2 =pa)2L2 219
M ogoL, o, or
e 2 2, (7.6:9)
0¢,
ob
£y ——=0,
o<,
or
Cothesi ~ €y Ly = Pl
eukEe, =0, (7.6-10)
eaH, ;=0

6.3 Anti-Plane Problems of Ceramics

For anti-plane motions of polarized ceramics we have [55]
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u, =u, =0, uy; =u,(x,,x,,t),
E, = E(x,,x,,1), E,=E,(x,,x,,t), E,=0, (7.6-11)
H, =H,=0, H,=H,(x,x,,t).
The non-vanishing components of Sy, Tj;, D; and B; are
Sy =y, S5 =1y,
Ty =cyuy, —esBy, Ts=cuy, —eE, (7.6-12)
Dy = ejsuy, + &, E,\, D, =ejuy, +6,E,,
By = o H;.

The nontrivial ones of the equations of motion and Maxwell’s equations in
(7.6-1) take the following form:

Cag(Usy, s ) —es (B + Ez,z) = piiy,
es(usy, + u3,22) +e,(E, + Ez,z) =0,

) (7.6-13)
E, ~E,=-uH,,
Hy, =egiy, +&,E, —H, =esty, +&,E,.
Eliminating the electric field components from (7.6-13); 2,
Coy(Uyyy +uy5,) = piis, (7.6-14)

where ¢,, = c,, +e /&, . Differentiating (7.6-13); with respect to time
once and substituting from (7.6-13)4 5, we have

H;,, + H3,22 =& Mo H;y. (7.6-15)

The above equations can be written in coordinate independent forms as

CuViu; = piiy, V'H, =g,u,H,,

) (7.6-16)

D=-i,xVH,,
where V and V* are the two-dimensional gradient operator and Laplacian,
respectively. D is the electric displacement in the (x,x;) plane. i3 is the unit
vector in the x3 direction. Equations (7.6-16),, govern the displacement and
magnetic fields. Once u3 and H; are determined, D; and D, can be obtained
from Equation (7.6-16);. Then the electric field and the stress components
can be obtained from constitutive relations. From Equations (7.6-16); and
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(3.6-9)34, it can be seen that physically the y introduced by Bleustein [18] is
related to H;.

64 Surface Waves

To see the dynamic effects more specifically, we study the propagation
of surfaces waves in a ceramic half-space [55]. The corresponding
quasistatic problem was analyzed in Section 3 of Chapter 5. Consider a
ceramic half-space poled in the x3 direction (see Figure 7.6-1).

Free space

Ceramic —_—
Propagation
direction

X2

Figure 7.6-1. A ceramic half-space.

Consider surface waves propagating in the x, direction with
uy = U exp(=£,x,) cos(5,x, — ar),

(7.6-17)
Hjy = H exp(-1,x,)cos(5; X, — i),

where U, H, &, &, m» and @ are undetermined constants. Substitution of
Equations (7.6-17) into (7.6-14) and (7.6-15) results in
2 2 2 4=
=& - pow© /e, >0,
522 512 P :4 (7.6-18)
M, =& —enke®” >0,

where the inequalities are for decaying behavior from the surface. From
Equations (7.6-13)4 s and (7.6-17) we obtain

1
E, =——/e;;w&U exp(—¢,x,)

11

+ 11, H exp(-1,x,)]sin(&, x, — o),

1
E, = —Ies0&,U exp(=£,x,)

11

+ &, H exp(—1,x,)]cos(&, x, — wr).

(7.6-19)
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6.4.1 A Half-Space with an Electroded Surface

First consider the case when the surface at x; = 0 is electroded with a
perfect conductor for which we have E, = 0. The electrode is assumed to be
very thin with negligible mass. Hence we have the traction-free condition T
= 0 on the surface. Then from (7.6-12) and (7.6-19), we can write

e, ;,wéU+n,H =0,

" (7.6-20)
&€ 05,U +e;,6 H = 0.

For nontrivial solutions of U and H, the determinant of the coefficient
matrix has to vanish which, with (7.6-18), leads to

2 2
v 2 V 2
- l-an — = ks, (7.6-21)
Vr Vp
where
2 —
2 W 2 _ Cy Vr
V =7 Vp=—7, X&=—,
1 P ¢
) (7.6-22)
1 & - e
2 2 11 2 15
¢ = > - le - —
Eolly &y €11€ 44

In Equations (7.6-22), v is the surface wave speed, vr is the speed of plane
shear waves propagating in the x; direction, « is the ratio of acoustic and
light wave speeds which is normally a very small number, c is the speed of
light in a vacuum, and # is the refractive index in the x; direction. Equation
(7.6-21) is an equation for the surface wave speed v. Waves with speed
determined by (7.6-21) are clearly nondispersive. Since « is very small, it is
simpler and more revealing to examine the following perturbation solution
of (7.6-21) for small &

v =vI(1-ki)(A-an’kl). (7.6-23)
It is seen that the effect of electromagnetic coupling on the wave speed of

Bleustein-Gulyaev waves is of the order of anzic_{; . As a numerical example
we consider PZT-7A. Calculation shows that

ki =0.671, n’ =460,

a=6.85x10" 254 — 6.38x10” (7.6-24)
e , ank; =638x107".



227

Hence the modification on the wave speed is very small and is negligible in
most applications. When a is set to zero, or when the speed of light
approaches infinity, Equation (7.6-23) reduces to the speed of the Bleustein-
Gulyaev waves in Section 3 of Chapter 5. The above solution serves as a
good example for illustrating the quasistatic approximation, which can only
be done from the dynamic theory.

6.4.2 A Half-Space with an Unelectroded Surface

When the surface of the half-space at x, = 0 is unelectroded,
electromagnetic waves also exist in the free space of x; < 0. The solution for
the free space x; <0 can be written as:

H, = H exp(77,x,)cos(&, x, — wt), (7.6-25)
where H and 77, are undetermined constants. Substitution of (7.6-25) into
(7.6-15) with &; replaced by & for free space, we obtain

7y =&l — oo’ >0, (7.6-26)

The electric field generated by H; in (7.6-25) through (7.6-13) with w3
dropped and &1 replaced by & for fee space, is given by

E, =- ﬁzﬁexp(ﬁzxz)sm(éxl - ),

£y
(7.6-27)

1 — _
B, = — & H exp(,x,) cos(&,, — on).

£y

We require the continuity of £ and H5 at x; = 0 as well as the vanishing of
shear stress 7. This implies that

1
——(e;w&\U +n,H) +
£,0 Eo®

H-H=0, (7.6-28)
£,,C4, @& U + e & H = 0.

ﬁzﬁzoa

Vanishing of the determinant of the coefficient matrix leads to

2 2 2
\ﬁ—v—z(\/l—an212—+n2\ﬁ—ay7]=ké, (7.6-29)
Vr Vr Vr
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which is an equation for v. Again, the waves are nondispersive. When « is
set to zero the result of Section 3 of Chapter 5 will be obtained. A
perturbation solution of (7.6-29) to the first order in & is

k! k.
V2 = V72“ [1 - zl—iz—)—z-]l:l - a2n2 Zl—-iz—)?} s (7.6-30)
+n +n

and calculation shows that, for PZT-7A,

4
a2n? (1—1“52—)3- =1.30x107"°. (7.6-31)
+n

6.5 Electromagnetic Radiation

Next we consider electromagnetic radiation from a vibrating circular
cylinder of ceramics poled in the x3 direction as shown in Figure 7.6-2 [56].

r 3 xZ
b
'\ .
a >
Ceramic

Figure 7.6-2. A Circular cylinder of ceramics poled in the x; direction.
The cylinder is mechanically driven at » = b. The surface at r = b is
unelectroded. Electromagnetic waves propagate away from the cylinder
(radiation).

6.5.1 Boundary-Value Problem

For the special case of a solid cylinder (a = 0), from Equation (7.6-16)
the boundary-value problem is:
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viv2u3 :-"il.3, 02V2H3:H3, r<a,
cV*H,=H,, r>a,
uy, H, finite, r=0, (7.6-32)
H, outgoing, r— o, |

T, =rsinvfexp(—iawt), r=2>,

r

H,,E, continuous, r=b>.

6.5.2 Interior Fields

For fields inside the cylinder, in polar coordinates, from Equation (7.6-
16) we have

u3 16143 162u3

T( 2 ) =
A 0633
1 1
2 3 3
c +— +— H,,
( ot r or r* 06° =4,
and
. 1 .
enE, = _H3,a — €55,
d | (7.6-34)
enky =—H;, —e; "“’.’3,0-
Consider the possibility of
u.(r,0,t) = u(r)sin v@ exp(—iawt),
(,60,1) = u(r) p(-iar) 7635

H,(r,0,t) = H(r)cosvlexp(-iat),
where v is allowed to assume any real, positive value for the moment (for
solutions periodic in ¢, vhas to be an integer). Other values of v may also

be physically meaningful. For example, v= 1/2 with -7 < @< 7 represents a
crack at @= . Substitution of (7.6-35) into (7.6-33)results in

2 2
?Lf+1@i+(a2 —V—z)u=0,
ZZH r1a<;H (7:6:39)
or? +r or 'B _—)H 0,

where we have denoted
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0]
a=—, f=—.
vy c

Equation (7.6-36) can be written as Bessel’s equations of order v. Then
general solutions for #3 and H; can be written as

u, =[C,J, (ar)+C,Y, (ar)]sinvlexp(-iat),
H, ={CyJ (Br)+C,Y, (Br)]cosvOexp(-iat),

(7.6-37)

(7.6-38)

where J, and Y, are the v-th order Bessel functions of the first and second
kind. C, — C4 are undetermined constants. From (7.6-38) we obtain the
following expressions that are useful for boundary and/or continuity
conditions:

D, = X-[C,J,(Br)+C,Y,(Br)]sinvOexp(—imt),
tor (7.6-39)

A [C,J (Br)+C Y. (fr)]cosvOexp(—int),

D9=—.——
LW

14

E, ={ [CJ, (Br)+C.Y,(B1)]

11
_esa

[CJ (ar)+C,Y (ar)]}sinvOexp(—iat),
“n (7.6-40)
E, ={-L—1c.(pn+Cxi(Bm)

ELiw

eV

[CJ, (ar)+C,Y, (ar)]}cosvlexp(—iot),
ut
T, ={c,alC,J (ar)+C,Y (ar)]

eV

[CsJ, (Br)+C Y, (B r)]}sinvOexp(-iat),

£, iar

z 7.6-41
Vi (@r)+C,Y, (ar)] (7:6-41

ng:{
,

3 .815 [C,J.(Br)+C,Y (Br)]}cosvhexp(-iawr),

where a superimposed prime indicates differentiation with respect to the
whole argument of a function.
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6.5.3 Exterior Fields

In the free space of r >b, the electromagnetic fields are given by

H, =[C;H® (yr)+ C,H? (y r)]cosv@exp(—iat),

D, = [C,H® (3 r) + C,H (y P)lsin vOexp(~iar),
ior

D, = .L[CSH‘SI) (yr)+CHP (yr)]cosvlexp(—iat), (7.6-42)
iw

E, =Y [C.HO(r)+C,HP (y r)]sinvOexp(—iot),
170 4

&o

E, =

L [C,HY (7r)+ C,H® (yP)]cosvOexp(~ian),

iwe,

where H” and H are the v-th order Hankel function of the first and
second kind, and

y=—. (1.6-43)
Co

6.5.4 Boundary and Continuity Conditions

Since Y, is singular at the origin, terms associated with C» and Cs have
to be dropped. To satisfy the radiation condition at r — o0 we must have Cg
= (). What need to be satisfied at r = b are

T,.(b) = T,yaC,J (ab) ——2

CyJ, (Bb)=7,

&l
Hy(b7)=CyJ,(Bb)=CsH, (yb) = Hy(b"),

7.6-44
.\, (ab) (740

E,(b7)y=—L—c,.rpp)-

o i

’

=L CHY (yb) = E,(b").
iws,

Note that when v = 0 (axi-symmetric), Equation (7.6-44); becomes

uncoupled to (7.6-44),5. In this case H; cannot be excited by 7. Hence there

is no radiation. In the following we consider the case of v # 0. From
Equation (7.6-44)
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! (ﬂb)Hi”(ﬂJ)—%‘-}Nv(ﬂb)Hi”'Wb)

Cl = b 2 :z-—a
A c
J D(yb
C, = iwe, b (OO, (1) T (7.6-45)
A Cua
J b
C, =ia)el5bv (a0 (P ):1‘»
A Cu
where

A = abfbJ (ab)J | (BbYH (1b)
—kv?J, (ab)J, (BYH (b) (7.6-46)
i“ abybJ’ (@b}, (BHYH® (vb).

0
A = 0 yields a frequency equation. The corresponding modes are coupled

acousto-electromagnetic modes.

6.5.5 Electromagnetic Radiation

We calculate the radiation at far fields with large r using the following
asymptotic expressions of Bessel functions with large arguments

HO(x)=,|— expz(x ' —)
/a4 2

(7.6-47)
HY (x) =i, f-z— expi(x 2 -7y,
m 2 4
Then
’ 2
H, =C, |—expi()r — Z_ ZE) cos vl exp(—iat),
myr 2 4
(7.6-48)

E, = /4 C, —2—~expi(yr—ﬂ—zr—)cosvaexp(~ia)t),
we, \!ﬂyr 2 4

which are clearly outgoing. To calculate radiated power we need the radial
component of the Poynting vector which, when averaged over a period of
time, with the complex notation, is given by
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*

S, = L« H), = lRe{E;;H3} - 56
2 2 e r

cos’vl, (7.6-49)

where an asterisk represents complex conjugate. Equation (7.6-49) shows
that the energy flux is inversely proportional to r. It also shows the angular
distribution of the power radiation. The radiated power per unit length of the
cylinder is

2 C C * ] .

S = [ S rdf = —3"5 (27 + —sin4vr). (7.6-50)

0 2rwe, 2v
We are interested in the frequency range of acoustic waves. Therefore ab is
finite, fb << 1, and b <<1. For small arguments we have

v ) VF(V)
~ (1) ~_j
J, (x) = T’ (x) =
(7.6-51)
xJ! xJ,, (x) ~v xH o (x)
J "7 HP) T
Then, approximately,
C, = iwe,sbJ , (ab) 71 (7.6-52)

P _ = g

A+ 500" (ab) - k2, (ab) S H(0P)
&

In this approximate form, the denominator of the first factor of (7.6-52)

represents the frequency equation for quasistatic electromechanical

resonances in piezoelectricity. With Equation (7.6-52), the radiated power

can be written as

2 4
g wel b’ J, (ab) 7| 2”+Sm2VV”
2780 |14 S yaht (ab) — B2, (ab) T | YOS GO
&
O (7.6-53)

From Equation (7.6-53) we make the following observations:

(i) § is large near resonance frequencies. It is singular at these
frequencies unless some damping is present.

(ii) In the limit of ® > 0, @, £, and yall — 0. In this case S — 0 as
expected.

(iii)) S is proportional to the square of a piezoelectric constant. For
materials with strong piezoelectric coupling, the radiated power is much
more than that of a material with weak coupling.
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Problems

7.6-1. Study piezoelectromagnetic SH waves in a ceramic plate [57].

7.6-2. Study piezoelectromagnetic SH surface waves in a ceramic half-
space carrying a thin layer of isotropic conductor or dielectric [32].

7.6-3. Study piezoelectromagnetic SH gap waves between two ceramic
half-spaces [58].





