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Abstract

In the first chapter of this book the basic results within convex and
quasiconvex analysis are presented. In Section 2 we consider in de-
tail the algebraic and topological properties of convex sets within R™
together with their primal and dual representations. In Section 3 we
apply the results for convex sets to convex and quasiconvex functions
and show how these results can be used to give primal and dual rep-
resentations of the functions considered in this field. As such, most of
the results are well known with the exception of Subsection 3.4 deal-
ing with dual representations of quasiconvex functions. In Section 3
we consider applications of convex analysis to noncooperative game and
minimax theory, Lagrangian duality in optimization and the properties
of positively homogeneous evenly quasiconvex functions. Among these
result an elementary proof of the well-known Sion’s minimax theorem
concerning quasiconvex-quasiconcave bifunctions is presented, thereby
avoiding the less elementary fixed point arguments. Most of the results
are proved in detail and the authors have tried to make these proofs as
transparent as possible. Remember that convex analysis deals with the
study of convex cones and convex sets and these objects are generaliza-
tions of linear subspaces and affine sets, thereby extending the field of
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linear algebra. Although some of the proofs are technical, it is possible
to give a clear geometrical interpretation of the main ideas of convex
analysis. Finally in Section 5 we list a short and probably incomplete
overview on the history of convex and quasiconvex analysis.

Keywords: Convex Analysis, Quasiconvex Analysis, Noncooperative games, Mini-
max, Optimization theory.

1. Introduction

In this chapter the fundamental questions studied within the field of
convex and quasiconvex analysis are discussed. Although some of these
questions can also be answered within infinite dimensional real topolog-
ical vector spaces, our universe will be the finite dimensional real linear
space R™ equipped with the well-known Euclidean norm ||.||. Since con-
vex and quasiconvex analysis can be seen as the study of certain sets, we
consider in Section 2 the basic sets studied in this field and list with or
without proof the most important algebraic and topological properties
of those sets. In this section a proof based on elementary calculus of
the important separation result for disjoint convex sets in R™ will be
given. In Section 3 we introduce the so-called convex and quasiconvex
functions and show that the study of these functions can be reduced to
the study of the sets considered in Section 2. As such, the formulation
of the separation result for disjoint convex sets is now given by the dual
representation of a convex or quasiconvex function. In Section 4 we will
discuss important applications of convex and quasiconvex analysis to op-
timization theory, game theory and the study of positively homogeneous
evenly quasiconvex functions. Finally in Section 5 we consider some of
the historical developments within the field of convex and quasiconvex
analysis.

2. Sets studied within convex and quasiconvex
analysis

In this section the basic sets studied within convex and quasiconvex
analysis in R™ are discussed and their most important properties listed.
Since in some cases these properties are well-known we often mention
them without any proof. We introduce in Subsection 2.1 the definition
of a linear subspace, an affine set, a cone and a convex set in R™ together
with their so-called primal representation. Also the important concept of
a hull operation applied to an arbitrary set is considered. In Subsection
2.2 the topological properties of the sets considered in Subsection 2.1 are
listed and in Subsection 2.3 we prove the well-known separation result



Convex and Quasiconvex Analysis 5

for disjoint convex sets. Finally in Subsection 2.4 this separation result
is applied to derive the so-called dual representation of a closed convex
set. In case proofs are included we have tried to make these proofs
as transparent and simple as possible. Also in some cases these proofs
can be easily adapted, if our universe is an infinite dimensional real
topological vector space. Most of the material in this section together
with the proofs can be found in Lancaster and Tismenetsky (cf. [47]) for
the linear algebra part, while for the convex analysis part the reader is
referred to Rockafellar (cf. [63]) and Hiriart-Urruty and Lemaréchal (cf.
[34], [35]).

2.1 Algebraic properties of sets

As already observed our universe will always be the n-dimensional
Euclidean space R™ and any element of R™ is denoted by the vector
X = (ml,...,xn)T,xi € Rory = (y, ...,yn)T,yi € R. The inner product
<.,.>:R" x R™ — R is then given by

n
<X,y >i= Zi:l Ty =x'y,
while the Euclidean norm ||.|| is defined by

x|l :== ¥<x,x >.

To simplify the notation, we also introduce for the sets A, B C R™ and
a, B € R the Minkowsky sum aA + BB given by

aA+ (B :={ax+fy:x€ Ay € B}.

The first sets to be introduced are the main topic of study within linear
algebra (cf. [47]).

Definition 1.1 A set L C R" is called a linear subspace if L is non-
empty and aL + BL C L for every a, 3 € R. Moreover, a set M C R"
is called affine if aM + (1 — )M C M for every a € R.

The empty set @ and R™ are extreme examples of an affine set. Also
it can be shown that the set M is affine and 0 € M if and only if M
is a linear subspace and for each nonempty affine set M there exists a
unique linear subspace Lps satisfying

M=Ly+x (1.1)

for any given x € M (cf. [63]).
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Since R™ is a linear subspace, we can apply to any nonempty set S
C R" the so-called linear hull operation and construct the set

lin(S):=nN{L:S CL and L a linear subspace}. (1.2)

For any collection of linear subspaces L;,7 € I containing S it is obvious
that the intersection M;esL; is again a linear subspace containing S and
this shows that the set lin(S) is the smallest linear subspace containing
S. The set lin(.S) is called the linear hull generated by the set S and if S
has a finite number of elements the linear hull is called finitely generated.
By a similar argument one can construct, using the so-called affine hull
operation, the smallest affine set containing S. This set, denoted by
aff(S), is called the affine hull generated by the set S and is given by

aff(S):=nN{M:S C M and M an affine set}. (1.3)

If the set S has a finite number of elements, the affine hull is called
finitely generated. Since any linear subspace is an affine set, it is clear
that af f(S) C lin(S). To give a so-called primal representation of these
sets we introduce the next definition.

Definition 1.2 A vector X is a linear combination of the vectors X\, ...,
Xk if
k .
X :Zizl a;x;,0; €ER 1< <k,

A vector X is an affine combination of the vectors xi,...,Xy if
k . k

ng ,1aixi,ai€R,1§z§kandE 41(11-:1.
1= 1=

A linear combination of the nonempty set S is given by the set Zle ;S
with a; € R,1 < ¢ < k, while an affine combination of the same set is
given by the set Zle ;S with Zle o; =1and o; € R,1 < i <k.

A trivial consequence of Definitions 1.1 and 1.2 is given by the next
result which also holds in infinite dimensional linear spaces.

Lemma 1.1 A nonempty set L C R" is a linear subspace if and only if it
contains all linear combinations of the set L. Moreover, a nonempty set

M C R" is an affine set if and only if it contains all affine combinations
of the set M.

The result in Lemma 1.1 yields a primal representation of a linear
subspace and an affine set. In particular, we obtain from Lemma 1.1
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that the set {in(S) (aff(S)) with S C R™ nonempty equals all linear
(affine) combinations of the set S. This means

lin(S) = U2 I{Z ;S : a; € R} (1.4)
and

af f(S) = U 1{2 0,5 : a; € R and Zf:laizl}. (1.5)

For any nonempty sets S; € R™ and S, C R™ one can now show using
relation (1.4) that

lin(S) x S) = lin(Sy) x lin(Ss3) (1.6)
and using relation (1.5) that
aff(S1 % S3) = aff(51) x af f(S2). (1.7)
Also, for A : R®™ — R™ a linear mapping, it is easy to verify that
A(lin(S)) = lin(A(S)) (1.8)
and for A : R" — R™an affine mapping, that
A(af£(8)) = af F(AS)). (1.9)
Recall a mapping A : R™ — R™ is called linear if
Alax+ By) = aA(x) + BAW)
for every , 3 € R and x,y € R™ and it is called affine if
Alax+ (1 —a)y) = aA(x) + (1 — a)A(y)

forevery a € R and x,y € R™. Moreover, in case we apply relation (1.7)
to the affine mapping A : R?* — R", given by A(x,y) = ax + Sy, with
a, € R and use relation (1.9) the following rule for the affine hull of
the sum of sets is easy to verify.

Lemma 1.2 For any nonempty sets Sy, S2 C R"™ and o, 3 € R it follows
that

af f(aS + B8S2) = aaf f(S1) + Baf f(Sa).

Another application of relations (1.4) and (1.5) yields the next result.
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Lemma 1.3 For any nonempty set S C R™ and xo belongingto af f(S)
it follows that af f(S) = xo + lin(S — xp).

An improvement of Lemma 1.1 is given by the observation that any
linear subspace (affine set) of R® can be written as the linear or affine
hull of a finite subset S € R™. To show this improvement one needs to
introduce the next definition (cf. [47]).

Definition 1.3 The vectors Xy, ..., Xy are called linearly independent if
k .
E .laixi=0andai€R=>ai=0,lgzgk.
1=
Moreover, the vectors Xy,...,Xx are called affinely independent if
E ¢ 0 and E * 0= 0,1<i<k
X, = | = a; = i .
=1 aiX; an i=1 (&%) i y LTS

For k > 2 an equivalent characterization of affinely independent vec-
tors is given by the observation that the vectors Xi, ..., Xk are affinely
independent if and only if the vectors xg —Xi,...,X§ — X are linear inde-
pendent (cf. [34]). To explain the name linearly and affinely independent
we observe that the vectors xy, ..., X are linearly independent if and only
if any vector x belonging to the linear hull lin({xi, ..., Xx}) can be writ-
ten as a unique linear combination of the vectors Xy, ..., X,. Moreover,
the vectors X1, ..., X, are affinely independent if and only if any vector x
belonging to the affine hull af f({x1,...,Xk}) can be written as a unique
affine combination of the vectors Xy, ..., Xg. The improvement of Lemma
1.1 is given by the following result well-known within linear algebra (cf.
[47]).

Lemma 1.4 For any linear subspace L C R™ containing nonzero ele-
ments there exists a set of linearly independent vectors X1, ...,Xg, k <n
satisfying lin({X1,...,Xx}) = L. Also for any nonempty affine set M C
R™ there exists a set of affinely independent vectors Xg,...,Xk,k < n
satisfying af f({Xo,...,xx}) = M.

By Lemma 1.4 any linear subspace L € R"™ containing nonzero ele-
ments can be represented as the linear hull of £ < n linearly independent
vectors. If this holds, the dimension dim(L) of the linear subspace L is
given by k. Since any x belonging to L can be written as a unique lin-
ear combination of linearly independent vectors this shows (cf. [47]) that
dim(L) is well defined for L containing nonzero elements. If L = {0} the
dimension dim(L) is by definition equal to 0. To extend this to affine sets
we observe by relation (1.1) that any nonempty affine set M is parallel
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to its unique subspace Ljps and the dimension dim(M) of a nonempty
affine set M is now given by dim(Lys). By definition the dimension of
the empty set @ equals —1. Finally, the dimension dim(S) of an arbi-
trary set § C R™ is given by dim(aff(S)). In the next definition we will
introduce the sets which are the main objects of study within the field
of convex and quasiconvex analysis.

Definition 1.4 A ser C C R" is called convex if aC + (1 —a)C C C for
every 0 < a < 1. Moreover, a set K C R™ is called a cone if aK C K
for every o > 0.

The empty set @ is an extreme example of a convex set and a cone. An
affine set is clearly a convex set but it is obvious that not every convex
set is an affine set. This shows that convex analysis is an extension of
linear algebra. Moreover, it is easy to show for every cone K that

K convex & K+ K C K. (1.10)

Finally, for A : R® — R™ an affine mapping and C C R™ a nonempty
convex set it follows that the set A(C) is convex, while for A : R® — R™
a linear mapping and K C R™ a nonempty cone the set A(K) is a cone.

To relate convex sets to convex cones we observe for Ry := [0, 00) and
any nonempty set S C R™ that the set

R4 (S x {1}) := {(ax,a) : a > 0,x € S} C R**!

is a cone. This implies by relation (1.10) that the set Ry (C x {1}) is a
convex cone for any convex set C C R™. It is now clear for any nonempty
set S C R" that

R.(S x {1}) N (R™ x {1}) = S x {1} (1.11)

and so any convex set C can be seen as an intersection of the convex cone
R4+(C x {1}) and the affine set R™ x {1}. This shows that convex sets
are closely related to convex cones and by relation (1.11) one can study
convex sets by only studying affine sets and convex cones containing 0.
We will not pursue this approach but only remark that the above relation
is sometimes useful. Introducing an important subclass of convex sets,
let a be a nonzero vector belonging to R™ and b € R and

H<(a,b) := {x € R":a"x < b}. (1.12)

The set H<(a,b) is called a halfspace and clearly this halfspace is a
convex set. Moreover, the set H<(a,b) := {x € R™ : aTx < b} is also
called a halfspace and this set is also a convex set. Another important
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subclass of convex sets useful within the study of quasiconvex functions
is given by the following definition (cf. [23]).

Definition 1.5 A set C, C R" is called evenly convex if Ce = R" or Ce
is the intersection of a collection of halfspaces H<(a,b).

Clearly the empty set & is evenly convex and since any halfspace
H=(a,b) can be obtained by intersecting the halfspaces H<(a, b+%), n>
1 it also follows that any halfspace H<(a,b) is evenly convex. In Sub-
section 2.3 it will be shown that any closed or open convex set is evenly
convex. However, there exist convex sets which are not evenly convex.

Example 1.1 If C := {(z1,22) : 0 < z; < 1,0 < z3 < 1} U {(1,1)},
then it follows that C is convex but not evenly convex.

Since R™ is a convex set, we can apply to any nonempty set S C R"
the so-called convex hull operation and construct the nonempty set

co(S) :=N{C : S C C and C a convex set}. (1.13)

For any collection of convex sets C;,i € I containing S it is obvious
that the intersection N;c;C; is again a convex set containing S and this
shows that the set co(S) is the smallest convex set containing S. The
set co(S) is called the convex hull generated by the set S and if S has
a finite number of elements the convex hull is called finitely generated.
Since R™ is by definition evenly convex one can construct by a similar
argument using the so-called evenly convex hull operation the smallest
evenly convex set containing the nonempty set S. This set, denoted by
ec(9), is called the evenly convex hull generated by the set S and is given
by

ec(S):=N{C.: S C C. and C, an evenly convex set}. (1.14)

Since any evenly convex set is convex it follows that co(S) C ec(S).

By the so-called canonic hull operation one can also construct the
smallest convex cone containing the nonempty set S, and the smallest
convex cone containing S U {0}. The last set is given by

cone(S) :=N{K : SU{0} C K and K a convex cone}. (1.15)

Unfortunately this set is called the convex cone generated by S (cf. [63]).
Clearly the set cone(S) is in general not equal to the smallest convex cone
containing S unless the zero element belongs to S. To give an alternative
characterization of the above sets we introduce the next definition.
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Definition 1.6 A vector X is a canonical combination of the vectors
X1y Xk ff N
x:Z- | i, @ >0,1<i<k.
1=

The vector X is called a strict canonical combination of the same vectors
ifa; > 0,1 <4< k. A vector X is a convex combination of the vectors

X1, .. Xk If

k k
X=Z. | Qi and _;_ , 1Oz,-=1,cvi>0.
1= 1=

A canonical combination of the nonempty set S is given by the set
ZLI ;S with o > 0,1 < ¢ < k, while a strict canonical combina-
tion of the same set is given by Zle ;S with a; > 0,1 < i < k. Finally
a convex combination of the set S is given by the set Zlea,-s with
Yk lai=l,4>0,1<i<k

A trivial consequence of Definitions 1.4 and 1.6 is given by the next
result which also holds in infinite dimensional linear spaces.

Lemma 1.5 A nonempty set K C R™ is a convex cone (convex cone
containing 0) if and only if it contains all strict canonical (canonical)
combinations of the set K. Moreover, a nonempty set C C R"™ is a convex
set if and only if it contains all convex combinations of the set C.

The result in Lemma 1.5 yields a primal representation of a convex
cone and a convex set. In particular, we obtain from Lemma 1.5 that the
set cone(S) (co(S)) withS C R™ nonempty equals all canonical (convex)
combinations of the set S. This means

cone(S) = U;“;I{Zle ;S : a; > 0} (1.16)

and
k
co(8) =R (Y, S Zf_l a; =1,0; > 0}. (1.17)

We observe that the representations of cone(S) and co(S), listed in rela-
tions (1.16) and (1.17), are the “convex equivalences” of the representa-
tion of lin(S) and af f(S) given by relations (1.4) and (1.5). Moreover,
to relate the above representations, it is easy to see that

cone(S) = Ry (co(S)). (1.18)

Since by relations (1.16) and (1.17) a convex cone containing 0 (convex
set) can be seen as a generalization of a linear subspace (affine set) one
might wonder whether a similar result as in Lemma 1.4 holds. Hence we
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wonder whether any convex cone containing 0 (convex set) can be seen
as a canonical (convex) combination of a finite set S.

Example 1.2 Contrary to linear subspaces it is not true that any con-
vex cone containing 0 is a canonical combination of a finite set. An
example is given by the so-called L2 or ice-cream cone K = {(x,t) :
x| < ¢} € 7+

Despite this negative result it is possible in finite dimensional linear
spaces to improve for canonical hulls and convex hulls the representation
given by relations (1.16) and (1.17). In the next result it is shown that
any element belonging to cone(S) with S containing nonzero elements
can be written as a canonical combination of at most n linearly inde-
pendent vectors belonging to S. This is called Caratheodory’s theorem
for canonical hulls. Using this result and relation (1.11) a related result
holds for convex hulls and in this case linearly independent is replaced
by affinely independent and at most n is replaced by at most n + 1.
Clearly this result (cf. [63]) is the “convex equivalence” of Lemma 1.4.

Lemma 1.6 If S C R" is a set containing nonzero elements, then for
any x belonging to cone(S) there exists a set of linearly independent
vectors Xy, ..., Xk, k < n belonging to S such that X can be written as a
canonical combination of these vectors. Moreover, for any x € co(S)
there exists a set of affinely independent vectors Xi,...,Xg, k < n+1
belonging to S such that X can be written as a convex combination of
these vectors.

Proof. Clearly for 0 € cone(S) the desired result holds and so x €
cone(S) should be nonzero. By relation (1.16) there exists some finite set
{x1,.-,xx} and a; > 0,1 < i < ksatisfying x = Zle o;X;. If the vectors
x;,1 < ¢ < k are linearly independent, then clearly k < n and we are
done. Otherwise, there exists a nonzero sequence 3;,1 < i < ksatisfying
0= Zle Bix; and without loss of generality we may assume that the
set [ :={1<4<k:B >0} is nonempty. If € := min{Zt : i1 € I} >0
and 7* := argmin{3 : 7 € I} we obtain that

k k
X = Zl:l(ai - eﬂi)x,- = Zi:l,i#i' (ai - eﬁi)xi
and so x can be written as a strict canonical combination of at most k—1
vectors. Applying now the same procedure again until we have identified
a subset of {xi,...,xx} consisting of linearly independent vectors the
first part follows. To show the result for convex hulls it follows for any
x € co(S) that (x, 1) belongs to co(S) x {1} C R™(co(S) x {1}} € R*+1.
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By relation (1.18) the set R*(co(S) x {1}} is the convex cone generated
by § x {1} and by the first part the vector (x, 1) can be written as
a canonical combination of at most n + 1 linearly independent vectors
(xi,1) € S x {1}. Hence one can find positive scalars ¢ satisfying x =
Zle a;Xi,k <n+1 and Zle a; = 1 and since the vectors (x;,1) €
S x {1} are linearly independent if and only if the vectors x; € S are
affinely independent the desired result follows. t

Although in the above lemma k < n for cones and k£ < n + 1 for
convex hulls it is easy to see that n can be replaced by dim(S) < n.
This concludes our discussion on algebraic properties of linear subspaces,
affine sets, convex sets, and convex cones. In the next subsection we
investigate topological properties of these sets.

2.2 Topological properties of sets

In this subsection we focus on the topological properties of the dif-
ferent classes of sets used within linear algebra and convex analysis. To
start with affine sets one can show the following result. This result can
be easily verified using Lemma 1.4 (cf. [46]).

Lemma 1.7 Any affine set M C R" is closed.

An important consequence of Lemma 1.7 is given by the following
observation. For a given set S C R"™ let int(S) and cl(S) denote the
interior, respectively the closure of the set S. By Lemma 1.7 we obtain
c(S) Caff(S) Clin(S) and this yields by the monotonicity of the hull
operation that

af f(cl((S))) = af f(S) and lin(cl(S)) = lin(S). (1.19)

Opposed to affine sets it is not true that convex cones and convex sets
are closed. However, as will be shown later, the algebraic property con-
vexity and the topological property closed are necessary and sufficient to
give a so-called dual representation of a set. Due to this important rep-
resentation one needs beforehand easy sufficient conditions on a convex
set to be closed. Recall that every affine set can be seen as the affine hull
of a finite set of affinely independent vectors and this property implies
that every affine set is closed. By this observation it seems reasonable
to consider convex sets which are the convex hull of a smaller set and
identify which property on the smaller set S one needs to guarantee that
the convex set co(S) is closed. Looking at the following counterexample
it is not sufficient to impose that the set S is closed and this implies that
we need a stronger property on S.
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Example 1.3 If § = {0} U {(z,1) : z
convex hull given by co(S) = {(z1,z2) : 0
clearly not closed.

> 0}, then S is closed and its
< zo < L,z > 0} U{0} is

In the above counterexample the closed set S is unbounded and this
prevents co(S) to be closed. Imposing now the additional property that
the closed set S is bounded or equivalently compact, one can show that
co(S) is compact and hence closed. Using relation (1.18) this also yields
a way to identify for which sets S the set cone(S) is closed. So finiteness
of the generator S for affine sets should be replaced by compactness of S
for convex hulls. To prove the next result we first introduce the so-called
unit simplex

+1
Apty = {a: Z:;l a; =1 and a; > 0} C R**!,

If the function f : Apyp x 8™ — R™ with S* denoting the k-fold
Cartesian product of the set S C R” is given by

n+l
flayxy, .y Xpny1) = Zi___l X,
then by Lemma 1.6 it follows that
co(S) = f(Ans x S™F1). (1.20)

Using relation (1.20) one can now show the following result (cf. [34]).

Lemma 1.8 [f the nonempty set S C R™ is compact, then the set co(S)
is compact. Moreover, if S is compact and 0 does not belong to co(S),
then the set cone(S) is closed.

Proof. Tt is well known, that the set Apyq X Sntl s compact (cf. [64])
and this shows by relation (1.20) and f a continuous function that co(S)
is compact. To verify the second part we observe by relation (1.18) that
cone(S) = Ry (co(S)) and so we need to show that the set Ry (co(S))
is closed. Consider now an arbitrary sequence t,Xp,n € N belonging
to Ry (co(S)) satisfying limy1o tpXp = y. This implies limy, oo trl|Xn|| =
ly|l and since O ¢ co(S) and co(S) is compact there exists a subsequence
No € N with limpeNgtoo Xn = Xoo € €0(S) and Xo, # 0. Hence we obtain

. . ta | xn ll _llyll
0<1 tn =1 = =1 .
= lmnENoToo n lmnEN()TOO H Xnn “ Xoo H oo <00
and SO Y = tooXoo € Ry (co(S)), showing the desired result. O

The following example shows that the condition 0 ¢ co(S) cannot be
omitted in Lemma 1.8.



Convex and Quasiconvex Analysis 15

Example 1.4 If the condition 0 ¢ S is omitted in Lemma 1.8, then the
set cone(S) might not be closed as shown by the following example. Let
S = {(z1,22) : (1 — 1)? + 23 < 1}. Clearly S is compact and 0 € S.
Moreover, by relation (1.18) it follows that cone(S) = {(z1,z2) : 7, >
0} U {0} and this set is not closed.

An immediate consequence of Caratheodory’s theorem (Lemma 1.6)
and Lemma 1.8 is given by the next result for convex cones generated
by some nonempty set S.

Lemma 1.9 If the set S C R™ contains a finite number of elements,
then the set cone(S) is closed.

Proof. For the finite set S we consider the finite set V :={I : I C S
and the set I consists of linearly independent vectors}. By Lemma 1.6
it follows that cone(S) = Ujecycone(I). Since each I belonging to V is a
finite set of linearly independent vectors the set I is compact and 0 does
not belong to co(l). This shows by Lemma 1.8 that cone([) is closed for
every I belonging to V and since V is a finite set the result follows. [

Next we introduce within a finite dimensional linear space the defi-
nition of a relative interior point, generalizing the notion of an interior
point. A similar notion can also be defined within a so-called (infinite
dimensional) locally convex topological vector space (cf. [58]).

Definition 1.7 IfE := {x € R": ||x|| < 1}, a vector x € R™ iscalled
a relative interior point of the set S C R™ ifx belongs to af f(S) and
there exists some € > 0 such that

(x+eE)Naff(S)CS.

The relative interior Ti(S) of any set S is given by 1i(S) == {x € R" : x
is a relative interior point of S}. The set S C R"™ is called relatively open
if S equals Ti(S) and it is called regular if ri(S) is nonempty.

As shown by the next example it is quite natural to assume that x
belongs to af f(S). This assumption implies that r#(S) C S.

Example 1.5 Consider the set S = {0} x[~1,1] C R? and let x = (1,0).
Clearly the set aff(S) is given by {0} x R and for ¢ = 1 it follows
that (x + E)Naff(S) € S. If one would delete in the definition of a
relative interior point the condition that x must belong to af f(S), then
according to this, the vector (1, 0) would be a relative interior point of
the set S. However, the vector (1, 0) is not an element of S and so this
definition is not natural.
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By Definition 1.7 it is clear for S C R™ full dimensional or equivalently
aff(S) = R™ that relative interior means interior and hence relative
refers to relative with respect to af f(.5). By the same definition, we also
obtain that every affine set is relatively open. Moreover, since by Lemma
1.7 the set aff(S) is closed it follows that cl(S) C af f(S) and so it is
useless to introduce closure relative to the affine hull of a given set S.
Contrary to the different hull operations the relative interior operator is
not a monotone operator. This means that S; C Sy does not imply that

T'i(Sl) g Ti(Sz).

Example 1.6 If C; = {0} and C; = [0,1], then both sets are convex
and ri(Cy) = {0} and ri(Cs) = (0,1). This shows C, C C3 and ri(C;) ¢
’I‘i(Cg).

To guarantee that the relative interior operator is monotone we need

to impose the additional condition that af f(S;) = af f(S2). If this holds
it is easy to check that

S1 C Sz = ri(S1) C ri(Ss). (1.21)

By the above observation it is important to know which different sets
cannot be distinguished by the affine hull operator. The next lemma
shows that this holds for the sets S, cl(S), co(S) and cl(co(S)). This
result can be easily verified using cl(co(S)) C af f(95)

Lemma 1.10 Ir follows for every nonempty set S C R™ that
af f(S) = af f(cl(S)) = af f(co(S)) = af f(cl(co(5))).

By relation (1.21) and Lemma 1.10 we obtain ri(S) C ri(cl(S)) C
ri(cl(co(S))) and ri(S) C ri(co(S)) for arbitrary sets S C R™. Moreover,
by relation (1.7) it is easy to verify that

Ti(Sl X Sz) = Ti(Sl) X Ti(Sg). (1.22)

Since we also like to show af f(ri(S)) = af f(S) an alternative definition
of a relative interior point is given by the next lemma.

Lemma 1.11 Ifthe set S C R"™ is regular, then the vectorX is a relative
interior point of the set S if and only if x belongs to af f(S) and there
exists some € > 0 such that (x +eE)Naff(S) C ri(S).

Proof. We only need to verify the if implication. Let x be a relative
interior point of the set S. This means x € af f(S) and there exists some
€ > 0 such that (x+e€eE)Naff(S) C S.Since x € af f(S) we obtain that
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(x + 6EYN af f(S) is nonempty for every 4 > 0 and so we may consider
any point y belonging to (x + 5E) Naff(S). Clearly y € aff(S) and
y+5E C x+€eE and this shows (y+§E)Naff(S) C S. Hence y belongs
to r4(S) and we have verified that (x + §E) Naf f(S) C ri(S). O

The next result shows for regular sets S C R™ that the affine hull
operation cannot distinguish the sets 7¢(S) and S and so this lemma can
be seen as an extension of Lemma 1.10.

Lemma 1.12 [f the set S C R™ is regular, then it follows that

af f(ri(S)) = af f(5).

Proof. 1t is clear that af f(ri(S)) C aff(S) and to show the converse
inclusion it is sufficient to verify that S\ri(S) C af f(ri(S)). Let x €
S\ri(S). Since the set S is regular one can find some y € ri(S) C S and
so by Lemma 1.11 there exists some e > 0 satisfying

(y + €E) Naff(S) C ri(S). (1.23)

Clearly the set [y,x] := {(1 —a)y +ax:0 < a < 1} belongs to co(S) C
aff(S) and this implies by relation (1.23) that (y +€eE) N[y, x] C ri(S).
This means that the halfline starting in y and passing through x; €
(y+eE)N[y,x] Cri(S) is a subset of af f(ri(S)) and contains x. Hence
x belongs to af f(ri(S)) and so S\ri(S) C af f(ri(S)). a

An immediate consequence of Lemmas 1.11 and 1.12 is given by the
observation that for any regular set S C R" it follows that x is a relative
interior point of S if and only if x belongs to af f(ri(S)) and there exists
some € > 0 satisfying (x + eE)N af f(ri(S)) C ri(S). This implies for
every regular set S C R" that 7i(ri(S)) = ri(S), and since by definition
ri(2) = @, we obtain for any set S C R™ that

ri(ri(S)) = ri(9). (1.24)

Keeping in mind the close relationship between affine hulls and convex
sets and the observation that nonempty affine sets are regular (in fact
ri(M) = M!) we might wonder whether convex sets are regular. This is
indeed the case as the following result shows (cf. [63]).

Lemma 1.13 Every nonempty convex set C C R™ is regular.

Although convexity is not a necessary condition for a set to be regular
it follows by the definition of a regular set that at least around any
relative interior point the set must be “locally” convex. A set, which



18 GENERALIZED CONVEXITY AND MONOTONICITY

clearly violates this condition, is the set Q of rational numbers and
this set is therefore not regular. Besides convexity of the set C the
proof of Lemma 1.13 uses also that C is a subset of a finite dimensional
linear space. If the last condition does not hold and C is an infinite
dimensional convex subset of a locally convex topological vector space,
then the above result might not hold. We will now list some important
properties of relative interiors. To start with this, we first verify the
following technical result.

Lemma 1.14 If 5,5 C R™ are nonempty sets, then it follows for
every 0 < a < 1 that

(@81 + (1 — @)S2) Naff(S1) C &Sy + (1 — a)(S2 Naff(Sy)).

Proof. Consider for 0 < a < 1 the vector y = ax; + (1 — a)xz with
x; €8;,i=1,2 and y € aff(S1). It is now necessary to verify that x2
belongs to S2Naf f(S1). By the definition of y and 0 < a < 1 we obtain
that

1 a 1 a
~ - _ S1,
X2 1- ay 1- ax1 € 1- aaff(sl) 1-a!
and so it follows that xg belongs to af f(.S1). Hence the vector X2 belongs
to S2Naff(S1) and this shows the desired result. a

Applying now Lemma 1.14, the next important result for convex sets
can be shown. This result will play an prominent role in verifying the
topological properties of convex sets.

Lemma 1.15 [fC C R"™ is a nonempty convex set, then it follows for
every 0 < a < 1that

acl(C) + (1 — a)ri(C) C ri(C).

Proof. To prove the above result it is sufficient to show that acl(C) +
(1 = a)xz C ri(C) forany x3 € ri(C) and 0 < a < 1. Clearly this set is
a subset of af f(C) and since x2 belongs to 7i(C) C C there exists some
€ > 0 satisfying

(1 +a)eE

(x2 + |~ &

)Naff(C) CC. (1.25)

Moreover, since ¢l(C) C N¢so(C + €E) it follows that cl(C) € C + €F,
and this implies

(1+ a)e

acd(Cy+ (1 —a)xe+eE CaC+ (1 - a)(xz + T

E).
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Applying now Lemma 1.14 and relation (1.25) we obtain by the convexity
of the set C that

(ad(C)+ (1 —a)xo+eE)Naff(C)CaC+(1-a)CCC
and this shows the result. ]

By Lemmas 1.13 and 1.15 it follows for any nonempty convex set
C that the set ri(C) is nonempty and convex. Also, since cl(C) =
Ne>0(C + €E) we obtain that ¢l(C) is a convex set. An easy and im-
portant consequence of Lemma 1.15 is given by the observation that
the relative interior operator cannot distinguish the convex sets C and
cl(C). A similar observation holds for the closure operator applied to the
convex sets 7i(C) and C. The next result also plays an important role
in the proof of the weak separation result to be discussed in Subsection
2.3.

Lemma 1.16 IfC C R" is a nonempty convex set, then it follows that
c(ri(C)) = cl(C) and ri(C) = ri(cl(C)).

Proof. To prove the first formula we only need to check that cl(C) C
cl(ri(C)). To verify this we consider x € ¢l(C) and select some y belong-
ing tori(C). By Lemma 1.15 the half-open line segment [y, x) belongs
to 7¢(C) and this implies that the vector x belongs to cl(ri(C)). Hence
cl(C) C el(ri(C)) and the first formula is verified. To prove the second
formula, it follows immediately by relation (1.21) that 7#(C) C ri(cl(C)).
To verify ri(cl(C)) C 7i(C) consider an arbitrary x belonging to
ri(cl(C)) and so one can find some € > 0 satisfying

(x+eE)Naff(c(C)) C cl(C). (1.26)

Moreover, since 7i(C) is nonempty, construct for some y € ri(C) the
line T := {(1 — t)x + ty : t € R} through the points x and y. Since
x € 1i(cl(C)) and y € ri(C) it follows that T C af f(cl(C)) and so by
relation (1.26) there exists some pu < 0 satisfying y1 := (1 — u)x + uy €

cl(C). This shows
1
R R £
and since y; € cl(C) and y € ri(C) this implies by Lemma 1.15 and
relation (1.27) that x € ri(C). Hence it follows that 7i(cl(C)) C ri(C),

and this proves the second formula. (]

y, (1.27)

In the above lemma one might wonder whether the convexity of the
set C is necessary. In the following example we present a regular set



20 GENERALIZED CONVEXITY AND MONOTONICITY

S with 74(S) and cl(S) convex and S not convex and this set does not
satisfy the result of Lemma 1.16.

Example 1.7 Let S = [0,1]U((1,2]NQ). This set is clearly not convex
and 7i(S) = (0,1) while cl(S) = [0, 2]. Moreover, ri(cl(S)) # ri(S) and
cl(ri(S)) # cl(S).

We will now give a primal representation of the relative interior of a
convex set S (cf. [63]).

Lemma 1.17 If S CR" is a nonempty convex set, then it follows that
’I‘Z(S) = {X eR" :VyECI(S) 3#<0 such that (1 —p)x+py € S}

The above result is equivalent to the geometrically obvious fact that
for S a convex set and any x € ri(S) and y € S the line segment [y, X]
can be extended beyond x without leaving S. Also, by relation (1.24)
and Lemma 1.16 another primal representation of ri(.S) with S a convex
set is given by

7i(S) = {x € R" : Vyca(s) Ju<o such that (1 — p)x + py € ri(S)}.

Since affine mappings preserve convexity it is also of interest to know how
the relative interior operator behaves under an affine mapping. Using
Lemma 1.17 one can show the next result (cf. [63]).

Lemma 1.18 IfA : R™ — R™ is an affine mapping and C C R" is a
nonempty convex set, then it follows that A(ri(C)) = ri(A(C')). More-
over, ifC CR™ is a nonempty convex set satisﬁving A' (T‘Z(C)) ={x €
R™ : A(x) € ri(C)} is nonempty, then ri(A~'(C)) = A~Y(ri(C)).

As shown by the following counterexample the condition A~1(ri(C))
is nonempty cannot be omitted in the previous lemma.

Example 1.8 Let A : R — R givenby A(z) = 1 forall z € R and
let C :=[0,1) C R. Then clearly ri(C) = (0,1), A='(ri(C)) = 0 and
ri(A7Y(C)) = R.

An immediate consequence of Lemma 1.18 is given by the observation
that
ri(aS) + 4S2) = ari(Sy) + Bri(Sq), (1.28)

for any a, 8 € R and S; C R",i = 1,2 convex sets. To conclude our dis-
cussion on topological properties for sets we finally mention the following
result (cf. [63]).
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Lemma 1.19 If the sets Ci, i € I are convex and Mierri(C;) is non-
empty, then it follows that cl(N;c1Ci) = Nicrcl(C;). Moreover, if the set
I is finite, we obtain ri(Nic;C;) = Niegrri(C;).

As shown by the next counterexample it is necessary to assume in
Lemma 1.19 that the intersection N;e;ri(C;) is nonempty.

Example 1.9 Let C, = {x € R? : z; > 0,22 > 0} U {0} and C; =
{x € R? : 9 = 0}. It is obvious that ri(C)) = {x : x1 > 0,72 > 0}
and ri(C3) = Ca, and so we obtain ri(Cy) N 7i(Cy) = & and ri(C; N
C3) # ri(Cy) N ri(Cs). For the same example it is also easy to see that
cl(Cy N Cq) # cl(Cy) Nel(Cy).

In the following counterexample we show that the second result listed
in Lemma 1.19 does not hold if the set / is not finite.

Example 1.10 Let I = (0,00) and C, = [0,1 + a},a > 0. For this
example it follows 7i(Na>0Cs) = r2([0,1]) = (0,1), and since ri(C,) =
(0,1 + a) for each a > 0, we obtain Ng>e7i(Ca) = (0, 1].

This last example concludes our discussion of topological properties
of convex sets. In the next subsection we will discuss basic separation
results for those sets.

23 Separation of convex sets

For a nonempty convex set C' C R™ consider for any y € R" the
so-called minimum norm problem given by

oly) =inf{|| x -y |* x € C}. (P(y))

If additionally C is closed, a standard application of the Weierstrass
theorem (cf. [64]) shows that for every y the optimal objective value
v(y) in the above optimization problem is attained. To verify that the
minimum norm problem has a unique solution, observe for any z),z
belonging to R™ that

121 + 2o]* + |21 —22||” = 2]z |1 + 2]} 2]>. (1.29)

For every x; # X2 belonging to C it follows by relation (1.29) with z;
replaced by x; — ¥ for ¢ = 1,2 that

3000+ x2) = ¥l < b — vl + gl — yI2

and so for x;,¢ = 1,2 different optimal solutions of the minimum norm
problem (P(y)) we obtain thatll%(xl +x2) —y|I? < v(y). Since the set C
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is convex and hence %(xl + x2) belongs to C, this yields a contradiction

and the optimal solution is therefore unique. Denoting now this optimal
solution by pc(y) one can show the following result (cf. [34]).

Lemma 1.20 For any'y € R™ and C € R™ a nonempty closed convex
set it follows that

z=pcly)©z€C and (z-y) (x—2) >0 for every x € C.
Moreover, for every x € C the triangle inequality

Ix = peW)I? + lpc(y) — ¥l < Ix — yi?
holds.

Proof. To show the only if implication we observe that

0<(z-y)(x-2)=—lz-yI*+(=z-y) (x-y)

and this shows by the Cauchy-Schwarz inequality (cf. [46])
0< (z-y)(x~2) < —llz - yl* + llz - ylllx -yl (1.30)

for every x € C. If y € C we obtain, substituting x = y in relation
(1.30), that 0 < —||z — y||? and by the nonnegativity of ||.||? this yields
0 = ||z — y||%. Also, using y € C, we obtain y = pc(y) and soz =y =
pc(y). Moreover, if y ¢ C, then ||z—y|| > 0 and this implies by relation
(1.30) that ||z — y|| < ||x — y|| for every x € C. Hence z is an optimal
solution and by the uniqueness of this solution we obtain z = pc(y). To
verify the if implication, it follows for z = pc(y) that z € C and since
C is convex this shows

Iz - yl? < llax + (1 - )z ~ y|* =[]z - y+a(x - 2)|*  (1.31)

for every x € C' and 0 < a < 1. Rewriting relation (1.31) we obtain for
every 0 < a < 1 that 2(z — y)"(x — 2) + aljx — z)|> > 0 and letting
a | 0 the desired inequality follows. To show the triangle inequality, we
observe using [|z1||? ~ ||z2||> =< z1 — 22,2, + z2 > forevery z),z, that

I?

Ix —pe))? ~ lIx - y|I> =<y —pc(y),2x =y — pcly) > .

The last term equals ~[lpc(y) — ¥)[I2+2 < y —pc(y), x — pe(y) > and
applying now the first part yields the desired inequality. O

Actually the above result is nothing else than the first order necessary
and sufficient condition for a minimum of a convex function on a closed
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convex set. We will now prove one of the most fundamental results in
convex analysis. This result has an obvious geometric interpretation
and serves as a basic tool in deriving dual representations. In infinite
dimensional locally convex topological vector spaces the next result is
also known as the Hahn-Banach theorem (cf. [65]).

Theorem 1.1 [fC C R" is a nonempty convex set and'y does not
belong to the set cl(C), then there exists some nonzero vector yg € R"
and € > 0 withydx > yJy + € for every x belonging to cl(C). In
particular, the vector yg := pd(c)(y) — y satisfies this inequality.

Proof. By Lemma 1.20 we obtain for every x € cl(C) and the nonzero
vector yo := pec)(y) — ¥ that yox > yoTpd(C)(y). This shows

yox > lyol> +ygy (1.32)
and since yq # O the desired result follows. O

The nonzero vector yq belonging to ¢l(C) — y is called the normal
vector of the separating hyperplane

H=(a,a):={x€R":a'x =a},

a = yo and a = yo'y+3, and this hyperplane strongly separates the
closed convex set ¢l(C) and y. Since yo # 0 we may take as a normal
vector of the hyperplane the vector yollyoll—1 and this vector has norm
1 and belongs to cone(cl(C) — y).

The strong separation result of Theorem 1.1 can be used to prove
the following “weaker” separation result valid under a weaker condition
on the point y. Instead of y does not belong to cl(C) we assume that
y does not belong to ri(C). By Theorem 1.1 it is clear that we may
assume without loss of generality that y belongs to the relative boundary
rbd(C) := cl(C)\ri(C) of the convex set C C R™.

Theorem 1.2 [fC C R™ is a nonempty convex set and'y does not
belongto ri(C), then there exists some nonzero vector Yo belongingto
the unique linear subspace L,gcy satisfying yg X 2> yg y for everyx € C.
Moreover, for the vector yq there exists some xg € C such that yJxo >
ey

Proof. Consider for every n € N the set (y + n 'E)N aff(cl(C)). By
Lemma 1.16 it follows that y does not belong to 7i(cl(C)) and so there
exists some vector y, satisfying

Yn ¢ cl(C) and y, € (y + n  E) Naff(cl(C)). (1.33)
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The set cl(C) is a closed convex set and by relation (1.33) and Theorem
1.1 one can find some vector y; € R™ satisfying

| vn =1, y5 € cone(cl(C) — yn) C Lqagscy and y;7x > ypTyn (1.34)

for every x € cl(C). The sequence {y? : n € N} belongs to a compact
set and so there exists a convergent subsequence {y;, : n € No} with

limpe Ny too ¥ = Yo- (1.35)
This implies by relations (1.33), (1.34) and (1.35) that
8% = limneNgtoo YATX = lilneNotoo ¥n ¥Yn = ¥J¥ (1.36)
forevery x € cl(C) and
Yo € Lass(cy and || yol = 1. (1.37)

Suppose now that there does not exist some Xg € C satisfying ygxo >
yJy. By relation (1.36) this implies that yJ(x —y) =0 forevery x € C
and since y belongs to cl(C) C aff(C) we obtain by relation (1.4) and
Lemma 13 that ygz = 0 for every z belonging to Lgss(c). Since by
relation (1.37) the vector yg belongs to L,y y(c) this implies || yo [|2= 0

and so we contradict || yo ||= 1. Hence it must follow that there exists
some xg € C satisfying ygxo > y(;r y and this proves the desired result.
a

The separation of Theorem 1.2 is called a proper separation between
the set C and the vector y. One can also introduce proper separation
between two convex sets.

Definition 1.8 The convex sets Ci,Cy C R™ are called properly sepa-
rated if there exist some yo € R" satisfying

: T T T T
infzec, Yo X > supyec, Yo X and yg X1 > yg X2
for some x1 € C and x9 € Cj.

An immediate consequence of Theorem 1.2 is given by the next result.

Theorem 1.3 If the convex sets Cy,Co CR™ satisfy ri(Cy) Nri(Ca) =
&, then the two sets can be properly separated.

Proof. By relation (1.28) we obtain for @« =1 and 8 = —1 that ri(C) —
C2) = ri(C1) — ri(C2), and this shows ri(C1) Nri(Cs) = & if and only if
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0 ¢ ri(C; — C3). Applying now Theorem 1.2 with y = 0 and the convex
set given by C; — Cjy, the result follows. O

The above separation results are the corner stones of convex and quasi-
convex analysis. Observe in infinite dimensional locally convex topolog-
ical vector spaces one can show similar separation results under stronger
assumptions on the convex sets C1 and Cy (cf. [65],[17],[58]). An easy
consequence of the separation results is given by the observation that
closed convex sets and relatively open convex sets are evenly convex.
These convex sets play an important role in duality theory for quasicon-
vex functions.

Lemma 1.21 [f the nonempty convex set C C R"™ is closed or relatively
open, then C is evenly convex.

Proof. If C' = R", the result follows by definition and so we may suppose
that the closed set C is a proper subset of R™. Hence there exists some
y ¢ C and this implies by Theorem 1.1 that there exists some a € R"
and b € R satisfying C C H<(a,b). This shows that the set H¢ of all
open halfspaces H satisfying C' C H is nonempty and by the definition
of He it is clear that C € N{H : H € Hc}. Again by Theorem 1.1
one can show using contradiction that C equals "{H : H € H¢} and
this shows that every closed convex set is evenly convex. To verify the
second result, we observe Hycy € He and since Heyc) is nonempty by
the first part, it follows that H¢ is nonempty and C C N{H : H € H¢}.
To show that C = N{H : H € H¢} we assume by contradiction that
there exists some y ¢ C with 'y € H forevery H € Hc. Due toy ¢ C
it follows by Theorem 1.2 that there exists some nonzero yo € Logy(c)
satisfying

YoX>yay (1.38)

for every x € C. Since the convex set C is relatively open there exists for
every x € C some € > 0 satisfying x — €yg € C and so by relation (1.38)
we obtain for every x € C that ygx =y (x — €yo) + €llyol|? > yq¥-
Hence the open halfspace H<(a,b) := {x € R" : a"x <b} with a := —yg
and b := —yJy belongs to H¢ and since y ¢ H<(a,b) this contradicts
y € H for every H belonging to Hc. g

This concludes our discussion of separation results of convex sets. In
the next subsection we will use these separation results to derive dual
representations for convex sets.



26 GENERALIZED CONVEXITY AND MONOTONICITY

24 Dual representations of convex sets

In contrast to the primal representation of a linear subspace, affine
set, convex cone and convex set discussed in Subsection 2.1 we can also
give a so-called dual representation of these sets. From a geometrical
point of view a primal representation is a representation from ‘“within”
the set, while a dual representation turns out to be a representation from
“outside” the set. Such a characterization can be seen as an improvement
of the hull operation given by relations (1.2), (1.3), (1.16) and (1.17).
We start with linear subspaces or affine sets (cf. [47]).

Definition 1.9 [f S C R" is some nonempty set, then the nonempty
set St C R™ given by St := {x* € R" : XTx* = 0 for everyx € S} is
called the orthogonal complement of the set S.

It is easy to verify that the orthogonal complement S+ of the set S is
a linear subspace. Moreover, a basic result (cf. [47]) in linear algebra is
given by the following.

Lemma 1.22 For any linear subspace L it follows that (L*+)* = L.

By Lemma 1.22 a so-called dual representation of any linear hull
lin(S) with S nonempty can be constructed. Using S C lin(S) it fol-
lows by Lemma 1.22 that (§+)1 C (lin(S)*)* = lin(S). Since lin(S) is
the smallest linear subspace containing S and (§1)% is clearly a linear
subspace containing S the previous inclusion implies

(84t = lin(S). (1.39)

The alternative representation of lin(S) in relation (1.39) is called a dual
representation. To construct a dual representation for an affine hull we
observe by Lemma 1.3 and the dual representation of a linear hull that
aff(S) = xo+ ((8§ — xp)* )+ for xg belonging to af f(S). Since it is easy
to verify that (S — xo)* = (S — x;)* forevery x; € aff(S) we obtain
for affine hulls the dual representation

aff(8) =xo + ((S — x1)*)* (1.40)

for every xg,x; € af f(S).

Next we discuss the dual representation of a closed convex set con-
taining 0 and a closed convex cone. This dual representation will be
verified by means of the strong separation result listed in Theorem 1.1.
Recall first the definition of a support function.
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Definition 1.10 [fS C R" is some nonempty set, then the function
os : R* — (—00,00] given by os(s) := sup{s™x:x € S} is called the
support function of the set S.

An equivalent formulation of Theorem 1.1 involving the support func-
tion of the closed convex set C is given by the following result.

Theorem 1.4 If C C R” is a proper nonempty convex set, then it fol-
lows that Xg € cl(C) if and only if 8" xg < oa(c)(s) for every s € R™

Proof. Clearly xg € cl(C) implies that sTxg < ogc)(s) for every s
belonging to R™. To show the reverse implication let sTxp < 0(c)(8)
for every s € R™ and suppose by contradiction that xg ¢ cl(C). By
Theorem 1.1 there exists some nonzero vector yg € R" and € > 0 satis-
fying —yg x < —yg Xo — € for every x belonging to ¢l(C). This implies
ad(C)(—yo) < —YoXp—€< —-yg X9, contradicting our initial assumption
and so it must follow that Xg belongs to cl(C). O

To generalize the dual representation of linear subspaces in Lemma
1.22 to the larger class of closed convex sets containing 0 we need to
generalize the orthogonality relation given in Definition 1.9.

Definition 1.11 If S C R" is a nonempty set, then the set S°, given
by 8% := {x* € R™ : xTx* < 1 for every x € S}, is called the polar of the
set S. Moreover, the bipolar S® of the set S is defined by S® := (8°)°.

The polar §% of a nonempty set § C R™ is a nonempty closed convex
set and satisfies SO = (cl(S))°. If the nonempty set K C R™ is a convex
cone, then it is easy to show that K¢ = {x* € R" : xTx* < 0 forevery
x € K} and K9 is a closed convex cone, while for L a linear subspace
it follows that L% = LL. Hence the polar operator applied to a linear
subspace reduces to the orthogonal operator and can therefore be seen
as a generalization of this operator. To prove a generalization of Lemma
1.22 it is convenient to introduce the so-called Minkowski functional (cf.
[65]). Recall in the next definition that inf{@} := oo.

Definition 1.12 The Minkowski functional or gauge of the nonempty
set S CR™ is given by the functionvyg : R™ — [0,00] defined by

vs(s) :=inf{t > 0:s € tS}.

As shown by the next result the support function of any set S con-
taining the zero vector 0 equals the gauge of the closed convex polar
S0,
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Lemma 1.23 IfS C R" is a nonempty set containing 0, then it follows
that 0,(5)(s) = Yso(s) for every s € R™.

Proof. Since 0 belongs to cl(S), it follows that the support function
aqs) of the set cl(S) is nonnegative. Consider now the following two
cases. If o5)(so) = 0, we obtain t~lsgx < 0 forevery t > 0 and x € S.
This shows t~'sg € S forevery ¢t > 0 and so ygo(sp) = 0 = ou(s)(so)-
Moreover, if o4(s)(so) > 0, we obtain using oy g) = o5 that

O<as(so):inf{t>0:sgx§t,x€S}:inf{t>0:STOESO}

and this shows the desired result. o

Finally we can prove the so-called bipolar theorem for closed convex
sets containing 0, generalizing Lemma 1.22. This representation can be
seen as a so-called dual representation of a closed convex set containing
0.

Theorem 1.5 [f C C R"is a nonempty convex set with 0 € cl(C), then
it follows that C% = cl(C).

Proof. It is obvious that c/{(C) C C% and so we only need to verify the
reverse inclusion. Since for any s € R™ satisfying ygo(s) < oo it follows
that

(Yoo(s) +€)7's e C°

for every € > 0, we obtain for every xo € C% that s'xy < Yoo(s) + €.
This implies s’ xg < Yeo(s) and since this inequality trivially holds for
Yeo(s) = oo we obtain by Lemma 1.23 that s'xg < aqc)(s) forevery s.
Applying now Theorem 1.4 shows xg € cl(C) and we have checked that
C® C (C). O

By a similar approach as used after Lemma 1.22 it is easy to construct
a dual representation of the convex set co(S U {0}) with § a nonempty
set. First we observe by the definition of the polar operator and using
Theorem 1.5 that % C (co(SU{0})% = cl(co(S U {0})). Since S is a
closed convex set containing S U {0} and cl(co(S U {0})) is the smallest
closed convex set containing SU {0} we obtain by the previous inclusion
the general formula

S% = ci(co(S U {0}}). (1.41)

The formula, listed in relation (1.41), is called the bipolar theorem for
arbitrary sets S C R"™. Replacing Theorem 1.4 by its equivalent version
valid in locally convex topological vector spaces one can verify using
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a similar proof the bipolar theorem (cf. [10], [37]) in locally convex
topological vector spaces.

An important special case of Theorem 1.5 is given by K% = ¢l(K)
with K a convex cone. By means of similar proof techniques (cf. [67]) it
is also possible to give a dual representation of the relative interior ri( K)
of a convex cone K. Without proof we now list the following result. For
related results, valid in infinite dimensional topological vector spaces,
the reader should consult [38].

Theorem 1.6 For any nonempty convex cone K C R™ it follows that
xeri(K)oxe (KNt andx*Tx <0 forx* € KOn (KH)+\{0}.

This concludes our section on sets. In the next section we will consider
functions studied within convex and quasiconvex analysis.

3. Functions studied within convex and
quasiconvex analysis

In this section we first introduce in Subsection 3.1 the different classes
of functions studied within convex and quasiconvex analysis and derive
their algebraic properties. These algebraic properties are an easy con-
sequence of two important relations between functions and sets and the
properties of sets derived in Subsection 2.1. Also from Subsection 2.1
we know how to apply hull operations to sets and using this it is also
possible to construct so-called hull functions. These different hull func-
tions are also introduced in Subsection 3.1 and their properties will be
derived. In Subsection 3.2 topological properties of functions are intro-
duced together with some of the “topological” hull functions. It will
turn out that especially the class of lower semicontinuous functions is
extremely important in this field. Finally in Subsections 3.3 and 3.4 dual
characterizations of the considered functions will be derived. The key
results in these sections are the Fenchel-Moreau theorem within convex
analysis and its generalization to the so-called evenly quasiconvex and
lower semicontinuous quasiconvex functions.

3.1 Algebraic properties of functions

In this subsection we relate functions to sets and use the algebraic
properties of sets given in Subsection 2.1 to derive algebraic properties
of functions. To start with this approach, let f : R* — [—o00,00] be an
extended real valued function and associate with f its so-called epigraph

epi(f) = {(x,m) e R"™!: f(x) < r}. (1.42)
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A related set is the strict epigraph
epi(f) == {(x,7) e R*!: f(x) < r}. (1.43)

Within convex analysis it is now useful to represent a function f by the
obvious relation (cf. [63])

£(x) = inf{r : (x,7) € epi(f)}. (1.44)

By definition inf{@&} = oo and this only happens if the vector x does
not belong to the so-called effective domain

dom(f) .= {x € R": f(x) < oo} (1.45)

of thefunction f. By this observation it follows that dom(f) is nonempty
if and only if epi(f) is nonempty and if this holds we obtain

dom(f) = A(epi(f)) (1.46)

with A the projection of R**! onto R™ givenby A(x,7) = X. Asshown
by the following definition, the representation of the function f givenby
relation (1.44) is useful in the study of convex functions.

Definition 1.13 The function f : R® — [—00,00] is called convex if the
set epi(f) is convex. Moreover, the function f :R™ — [—o0, o0] is called
positively homogeneous if the set epi(f) is a cone.

An equivalent definition of a convex function is given by the next
result, which is easy to verify.

Lemma 1.24 A function f : R* — [—00, 00| is convex if and only if the
set epi(f) is convex.

Using Lemma 1.24 we obtain that afunction f : R® — [—o00,00] is
convex if and only if forevery 0 < a < 1

flax1 + (1 —a)xg) < ar; + (1 — a)rg (1.47)

whenever f(x;) < r; € R. In case we know additionally that f > —oco
we obtain by relation (1.44) that f is convex if and only if for every
0<axl

floxi + (1 = a)xz) < af(x1) + (1 - a)f(x2) (1.48)

and so we recover the more familiar definition of a convex function. An
important special case satisfying relation (1.48) is given by f > —oc¢ and
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dom(f) is nonempty. If this holds the function f is called proper. Also
the next result is easy to verify.

Lemma 1.25 The function f : R® — [—00,00] is positively homoge-
neous if and only if f(ax) = af(x) for every x € R* and o > Q.

To investigate under which operations on convex functions this prop-
erty is preserved we observe for any collection of functions f;, i € I
that

epi(sup i1 fi) = Nicrepi(f;). (1.49)

Since the intersection of convex sets is again convex we obtain by rela-
tion (1.49) that the function sup;ey fi is convex if f; is convex for every
i € I. Moreover, by relation (1.48), it follows that any strict canonical
combination of the convex functions f; > —oo, ¢ = 1,2 is again convex.

In case we use the representation of a function f, given by relation
(1.44), and the various hull operations on a set defined in Subsection 2.1
it is easy to introduce the various so-called hull functions of f. The first
hull function is given by the next definition (cf. [63]). In this volume
the various hull functions, given in this subsection and the next, are also
discussed by Crouzeix (cf. [11]).

Definition 1.14 For any function f : R™ — [—o00, 00} the function f, :
R"™ — [—o00,00], given by f.(x) := inf{r : (x,r) € co(epi(f))}, is called
the convex hull function of the function f.

The next result yields an interpretation of the convex hull function of
a function f. Recall that the convex hull of the empty set is again the
empty set.

Lemma 1.26 For any function f : R® — [~00,00| the convex hull
function f. is the greatest convex function majorized by f. Moreover, it

Follows that epi(f)) C co(epi(f)) C epi(f) and dom(f2) = co(dom(f)).

Proof. Without loss of generality we may assume that epi(f) or equiva-
lently dom(f) is nonempty. Since co(epi(f)) is a convex set we obtain by
Definition 1.14 for every 7; > fe(%;),2 = 1,2 that f.(ax; + (1 — a)x2) <
ary + (1 — a)rp forevery 0 < a < 1. This shows by relation (1.47)
that the function f. is convex. Moreover, if h < f and h is convex,
then co(epi(f)) C co(epi(h)) = epi(h) and so f. is the greatest convex
function majorized by f. Using again Definition 1.14 it is also easy to
verify that epi(f.) C co(epi(f)) C epi(f.). To show the last part of this
lemma, let x € dom(f.) and so (x,7) € co(epi(f)) for every T > fo(x).
This implies by relation (1.46) that x € A(co(epi(f)) = co(A(epi(f)) =
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co(dom(f)) with A the projection of R®*! onto R™ and we have verified
dom(f,) C co(dom(f)). Also, for x € co(dom(f)), we obtain by relation
(1.46) that x € A(co(epi(f))) and so x belongs to dom(f.) showing the
reverse inclusion. a

In general it follows that epi( f.) # co(epi(f)). A direct consequence of
Lemma 1.26 and the fact that sup;¢; f; is convex for f;, i € I a collection
of convex functions, is the often used representation of the function f,.
given by

fe(x) = sup{h(x) : h < f and h is a convex function}. (1.50)

Next to the epigraph of a function f: R"™ — [—00,00] one also con-
siders the so-called lower-level set L(f,r),r € R of the function f given
by

L(f,r)={xeR": f(x) <r}. (1.51)
A related set is the strict lower-level set of the function f of level 7

represented by ~
L(f,r) ={xeR": f(x) <r}. (1.52)

Within quasiconvex analysis it is now useful to represent a function f
by the obvious relation (cf. [15])

f(x)=inf{r:x € L(f,r)}. (1.53)

As shown by the following definition, the representation of the function
f, given by relation (1.53), is useful in the study of quasiconvex functions.

Definition 1.15 The function f : R® — [—00,00] is called quasiconvex
if for every r € R the lower-level set L(f,r) is convex. Moreover, the
function f is called evenly quasiconvex if for every r € R the lower level
set L(f,r) is evenly convex.

To derive the relation between convex and quasiconvex functions we
observe that epi(f) N (R™ x {r}) = L(f,r) x {r} forevery r € R. This
implies that a convex function is also a quasiconvex function. Since each
monotonic (increasing or decreasing) function f : R — R is quasiconvex,
but not necessarily convex, the converse is not true. For quasiconvex
functions a similar result as in Lemma 1.24 can be easily verified.

Lemma 1.27 A function f : R™ — [—00,00| is quasiconvex if and only
if the set L(f,r) is convex for every r € R.

To recover a more familiar representation of a quasiconvex function
it can be shown easily (cf. [2]) that afunction f : R® — [—o00,00] is
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quasiconvex if and only if f(ax; + (1 — a)x2) < max{f(x;), f(x2)}, for
every 0 < a < 1.

As for convex functions, one is interested under which operations on
quasiconvex functions this property is preserved. Clearly for any collec-
tion offunctions f;,i € I it follows that

L(supier fi,7) = Nies L( fi, 1) (1.54)

and this shows that the function sup;c; fi is quasiconvex if f; is quasi-
convex for every ¢ € I. Opposed to convex functions, it is not true that
a strict canonical combination of quasiconvex functions is quasiconvex
and this is shown by the following example.

Example 1.11 Let f;: R — R,i=1,2 be given by fi(z) =« and
fa(z) = 2% for |z| < 1 and fa(z) = 1 otherwise.

These functions are quasiconvex, but it is easy to verify by means of a
picture that the sum of the two functions is not quasiconvex.

Using relation (1.53), one can apply the different hull operations to
the lower level set. The first hull function constructed in this way is
listed in the next definition (cf. [15], [11]).

Definition 1.16 For any function f : R* — [—00,00] the function fq :
R™ — [—00,00], given by fq(x) := inf{r : x € co(L(f, 7))}, is called the
quasiconvex hull function of the function f.

The next result (cf. [15]) yields an interpretation of the quasiconvex
hull function of a function f.

Lemma 1.28 For any function f : R® — [—00, 00| the quasiconvex hull
function fq is the greatest quasiconvex function majorized by f. More-
over, it follows that L(f4,7) = Ngsrco(L(f,B)) for every r € R.

Proof. Again we may assume without loss of generality that dom(f) is
nonempty. By Definition 1.16 it follows that L(fq,7) € Ng>rco(L(f, 3)).
Since it is obvious that the reverse inclusion holds, we obtain L(fq,7) =
Ng>rco(L(f,3)). By this relation it is clear that thefunction fg is qua-
siconvex and applying a similar argument as in Lemma 1.26 to lower
level sets it can be shown that this function is the greatest quasiconvex
function majorized by the function f. g

A direct consequence of Lemma 128 and the fact that sup;c; f; is
quasiconvex for f;, 2 € I a collection of quasiconvex functions, is the
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often used representation of f; given by
fq(x) =sup{h(x) : h < f and h is a quasiconvex function}.  (1.55)

To conclude this subsection, we consider a hull function based on
evenly convex sets (cf. [55], [11]). It will turn out that this function
plays an important role in duality theory for quasiconvex functions.

Definition 1.17 For any function f : R™ — [~00, 00| the function fec :
R"™ — [—00,00], given by fec(x):=inf{r : x € ec(L(f,7))}, is called the
evenly quasiconvex hull function of the function f.

As done for the quasiconvex hull function one can show by a similar
proof the following result (cf. [55]).

Lemma 1.29 For any function f : R® — [—00,00| the evenly quasi-
convex hull function fe. is the greatest evenly quasiconvex function ma-
jorized by f. Moreover, it follows that L(fec,7) = Ngsrec(L(f,3)) for
every r € R.

A direct consequence of Lemma 1.29 and the fact that sup;c; f; is
evenly quasiconvex for f;, ¢ € I a collection of evenly quasiconvex func-
tions, is the often used representation of fe. given by

fec(x) = sup{h(x) : h < f, h evenly quasiconvex function}. (1.56)

Since an evenly quasiconvex function is clearly a quasiconvex function it
holds that fe:. < f,. This concludes our discussion of algebraic properties
of convex and quasiconvex functions. In the next subsection we will
consider topological properties of functions.

3.2 Topological properties of functions

In this subsection we first introduce the class of lower semicontinuous
functions. These functions play an important role within the theory of
convex functions.

Definition 1.18 If f : R — [~o00,00| is some function, then this
function is called lower semicontinuous at x € R™ if liminfy_x f(y) =

f(x) with
liminfy_x f(y) := supoinf{f(y): y € x + eE}. (1.57)

Moreover, the function f : R™ — [—o00, 00} is called upper semicontinuous
at x € R™ if the function —f is lower semicontinuous at X and it is
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called continuous at X if it is both lower and upper semicontinuous at X.
The function f : R® — [—00,00] is called lower semicontinuous (upper
semicontinuous) if f is lower semicontinuous (upper semicontinuous) at
every x € R™ and it is called continuous if it is both upper and lower
semicontinuous.

We mostly abbreviate lower semicontinuous by lL.s.c.. To relate the
above definition of liminf to the liminf of a sequence we observe for
every sequence Yx,k € N that liminfyyo f(yx) := limyjeo infr>n f(yi)-
Using this definition one can easily show the following result.

Lemma 1.30 The function f :R" — [—00,00] is Ls.c. at x € R"
if and only if iminfgreo f(yx) = f(X) for every sequence yr,k € N
satisfying limgioo Yr = x € R™,

Using Lemma 1.30 the following important characterization of Ls.c.
functions can be proved (cf. [63], [1]).

Theorem 1.7 If f : R" — [—o00,00] is an extended real valued function,
then the following conditions are equivalent:

1 The function f is Ls.c..
2 The set epi(f) is closed.
3 The set L(f,r) is closed for every r € R.

It is useful to know under which operations on l.s.c. functions this
property is preserved. Since epi(sup;c; fi) = Nicrepi(f;) and the inter-
section of closed sets is again a closed set we obtain by Theorem 1.7 that
the function sup;eyf; is l.s.c. if each function f;,i € I is Ls.c.. Also it
follows for every finite set / that epi(minser fi) = Userepi(fi) and this
shows by Theorem 1.7 and the fact that a finite union of closed sets
is closed, that the function min;es f; is l.s.c. if each f;, 2 € I is Ls.c..
Finally, for arbitrary functions f; : R® — (—00,00|,i = 1,2 we obtain
that

L(fi + f2,7)° = Ugea(L(f1, ™ — 9)° U L(f2,0)%)
with A€ denoting the complement of the set A C R™ and this implies
using Theorem 1.7 that the function a f; + 3 f2 is l.s.c. forevery «, § > 0,
if the functions f; > —oo0,1 = 1,2 are l.s.c..

To verify the next theorem we introduce for any function f : R® —
[—o0, 00] the (possibly empty) set of continuous real valued minorants
Cy of f given by

Cs:={h:h < fand h is a real valued continuous function}.
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In the next result it is now shown that any l.s.c. function can be seen
as a pointwise limit of an increasing sequence of real valued continuous
functions.

Theorem 1.8 For any function f : R® — (—o00,00] the following con-
ditions are equivalent:

1 The function f is Ls.c..

2 There exists an increasing sequence of continuous functions
(hm)men satisfying f(x) = limy, o0 hm(X) forevery x € R™.

3 f(x) = sup{h(x) : h € C¢} with Cs nonempty.

Proof. We only give a proof of 1 = 2 since the other implications are
obvious. We first show the desired result for a nonnegative uniformly
bounded function f. Actually, if the function f is nonnegative and uni-
formly bounded, then the sequence fr : R® — [0,00),m € N given by
fm(x) := inf{f(z) + m||x — z|| : z € R™} is increasing, converges point-
wise to f(x) and each fp, is continuous (actually Lipschitz continuous
with Lipschitz constant m!). To reduce the general case of a proper l.s.c.
function f to this special case, replace the proper l.s.c. function f by
the nonnegative uniformly bounded l.s.c. function ¢ = ko f, where
k(z) = %7r + arctan(z) and apply the first part. Hence there exists an
increasing sequence gy, of continuous functions converging pointwise to
g. Use now that the function k : (—o00, 00o] — (0, 7] is one-to-one, strictly
increasing and continuous with a continuous inverse k™ and select the
sequence A, := k' 0 gp. g

By Theorem 1.8 we obtain that the set of L.s.c. functions is the small-
est set of functions, which are closed under taking the sup operation to
any collection of functions belonging to this set and which contain the
set of continuous real valued functions.

As in the previous subsection, we are going to introduce hull oper-
ations related to functions. In this case topological properties will be
involved. First we consider the so-called l.s.c. hull function of a function

[ (cf. [63], [11]).

Definition 1.19 For any function f : R* — [—00,00] the function f:
R"™ — [~o00,00], given by f(x) := inf{r : (x,7) € cl(epi(f))}, is called
the Ls.c. hull function of the function f.

In the next result an interpretation of the l.s.c. hull function of a
function f is given.
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Lemma 1.31 For any function f : R™ — [—o00,00] the Ls.c. hull func-
tion f is the greatest l.s.c. function majorized by f. Moreover, its epi-

graph equals cl(epi(f)) and dom(f) C dom(f) C cl(dom(f)). If addition-

ally dom(f) is a convex set, it follows that ri(dom(f)) = ri(dom(f)).

Proof. By Definition 1.19 we obtain (x,7) € epi(f) © Veso (x,7 +
€) € cl(epi(f)) & (x,r) € cl(epi(f)). This means that epi(f) equals
cl(epi(f)) and by Theorem 1.7 the function f is ls.c.. Moreover, if
h < f and h is Ls.c., then by Theorem 1.7 we obtain cl(epi(f)) C
cl(epi(h)) = epi(h) and so it follows that h < f. To verify the last part we
may assume without loss of generality that dom(f) is nonempty. Since
f < f it follows that dom(f) C dom(f) and by relation (1.46) we obtain
dom(f) = A(cl(epi(f)) C cl(Alepi(f)) = cl(dom(f)). Finally, if dom(f)
is a nonempty convex set it follows by Lemma 1.16 that ri{dom(f)) =

ri(cl(dom(f))) and since dom(f) C dom(f) C cl(dom(f)) we obtain
ri(dom(f)) = ri(dom(f)). O

A direct consequence of Lemma 131 and the fact that sup;¢; fi is
Ls.c. for f;, 1 E_I a collection of l.s.c. functions, is the often used
representation of f given by

f(x) = sup{h(x): h < f and h is a L.s.c. function }. (1.58)

For nondecreasing functions f : R — [—00,00] it is possible to give a
more detailed description of the l.s.c. hull function f of f. To show this
result we first introduce the next definition.

Definition 1.20 For any function f : R — [ — 00,00] the function fo:
R — [—o00,00] is given by

FOt) = supyeq £(9)-

The next result is needed in the proof of a dual representation of a
L.s.c. quasiconvex function.

Lemma 1.32 For any nondecreasing function f :R — [—00,00] it fol-
lows that f(t) = fO(t) forevery t € R.

Proof. Since thefunction f is nondecreasing, it is easy to verify that f 0
is nondecreasing and f© < f. We now verify that the function f< is Ls.c.
and so by Theorem 1.7 we need to check that the lower-level set L(f o T)
is closed for every 7 € R. Assume now by contradiction that there exists
some 7g € R such that the set L{f 0, ro) is not closed. Hence there exists
a sequence {t, : n € N} C L(f°,7g) with ts := limy oo tn and te does
not belong to L(f,rg). Since f© is nondecreasing and fo(too) > 1o it
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follows that ¢, < t forevery n € N and by Definition 1.20 one can find
some sy < to satisfying f(sg) > rg. This implies that there exists some
t, satisfying sp < tn < teo and so fO(tn) > f(so) > ro contradicting
tn belongs to L(f°,rg). Therefore fO is ls.c. and using fO < f it
follows by relation (1.58) that f¢ < f. Suppose now by contradiction
that fO(to) < f(to) for some to. By relation (1.57) and f is ls.c. this
implies that there exists some € > 0 satisfying f(t) > f9(to) for every
to—e<t<tyg+eand so

flto —€) > f(to —€) > fO(to) 2 f(to — ).
This yields a contradiction and the result is proved. O

The next result relates f to f and this result is nothing else than a
“function value translation” of the original definition of the l.s.c. hull
function f of f.

Lemma 1.33 For any function f : R* — [—00,00] and x € R" it
follows that f(x) = liminfy_x f(y).

Proof. Since f < f and f is a Ls.c. function we obtain that f(x) =
lim infy_x f(y) < liminfy_.x f(y). Suppose now by _contradiction that
f(x) < liminfy_.x f(y). If this holds, then clearly f(x) < oo and by
the definition of liminf there exists some finite 4 and € > 0 satisfying
f(x+y) > v > f(x) forevery y € eE. This implies that the open set (x+
¢E) x (—00,v) containing the point (x, f(x)) has an empty intersection
with epi(f). However, by Lemma 131 it follows that (x, f(x)) belongs
to cl(epi(f)) and so every open set containing (x, f(x)) must have a
nonempty intersection with epi(f). Hence we obtain a contradiction and
so the result is proved. g

By Lemma 1.33 and Definition 1.18 it follows immediately that
fislsc. at x & f(x) = f(x). (1.59)

Using Theorem 1.7 and Lemmas 1.31 and 1.33 one can show that the
Ls.c. hull operation applied to functions preserves the convexity and
quasiconvexity property.

Lemma 1.34 If the function f : R* — [~00,00) is convex (quasicon-
vex), then also the Ls.c. hull function f of f is convex (quasiconvex).

Proof. If the function f is convex, then epi(f) is a convex set and hence
also cl(epi(f)) is a convex set. Since by Lemma 1.31 the epigraph of f
is given by cl(epi(f)) this shows that f is a convex function. To verify



Convex and Quasiconvex Analysis 39

that f is quasiconvex for f quasiconvex we need to verify by Lemma 1.27
that the set L(f,r) is convex for every r € R. If the vectors x;,7 = 1,2

belong to E(T, r) it follows by Lemma 1.33 that
inf{f(y):y € xi +eE} < f(xi) <r

for every € > 0 and ¢ = 1,2. This implies for every € > 0 and ¢ = 1,2
that there exists some vector ¥i. € X; + €F satisfying

£(¥i) < 70 5= 5 (max{F(x1), Foxa)} +7) <7

Applying now the quasiconvexity of the function f we obtain for every
0 < a <1 that

flayie+ (1 - a)yze) <max{f(yi,e), f(y2.)} <o

and since the vector ayi e + (1 — a)y2, belongs to the set axy + (1 —
a)xz + €E this yields

inf{f(y):yeaxi+(l—a)xe+e€E}<rp<r
for every € > 0. Using again Lemma 1.33 we obtain
flax; + (1 — a)xy) = lim infy o, +(1—a)x, f(¥Y) S0 <7

and it follows that ax; + (1 — a)xg belongs to E(T, T). d

To improve Lemma 1.33 for convex functions f we need to give a rep-
resentation of the relative interior of the epigraph of a convex function.
This representation is an immediate consequence of the following obser-
vation. If f : R® — [—00,00] is a convex function and f(x) is finite for
some x, then clearly {x} x (f(x),00) = ri({x} x [f(x),00)) and so

{x} x (£(x),00) = ri(({x} x R) Nepi(f)). (1.60)

A similar observation also holds for f(x) = ~oo and this shows that
relation (1.60) is valid for every x € dom(f). Also by relation (1.46) and
Lemma 1.18 we obtain

ri(dom(f)) = ri(A(epi(f)) = A(ri(epi(f))) (1.61)

with A : R*! — R™ the projection on R” and so it follows by relation
(1.61) that

x € ri(dom(f)) & ({x} x R) Nri(epi(f)) # 2. (1.62)
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Since the set {x} x R is affine and therefore relatively open we obtain
by relation (1.62) that the conditions of Lemma 1.19 hold and hence by
relation (1.60) we obtain

{x} x (f(x),00) = ({x} x R) Nri(epi(f)) (1.63)

for every x € ri(dom(f)). Using this equality the next representation is
easy to verify.

Lemma 1.35 If the function f : R™ — [—00,00] is convex and dom(f)
is nonempty, then the set ri(epi(f)) is nonempty and

rilepi(f)) = {(x,7) € R™*!: f(x) < r,x € ri(dom(f))}.

Proof. 1f x belongs to ri{dom(f)) and f(x) < r it follows by relation
(1.63) that (x,r) € ri(epi(f)). To show the reverse inclusion we proceed
as follows. If (x,7) belongs to ri(epi(f)) then by relation (1.61) we
obtain x € ri(dom(f)). Applying now relation (1.63) yields f{x) < r. O

In case f is a convex function with dom(f) nonempty, the result of
Lemma 1.33 can be improved as follows.

Lemma 1.36 If the function f:R" — [—-00,00] is convex and dom(f)
is nonempty, then f(x) = limy o f(x+t(y—x)) for everyy € ri(dom(f)).
Moreover, ifx € ri(dom(f)), then it follows that f(x) = f(x).

Proof. By Lemma 133 it is obvious that f(x) < liminfeo f(x+#(y —x)).
If f(x) = oo then the result holds by the previous inequality and so we
assume f(x) < oo. This implies that (x,7) € epi(f) = cl(epi(f)) for
every 7 > f(x) and since y € ri(dom(f)) it follows by Lemma 135 that
(y,r1) € ri(epi(f)) for every ry > f(y). Applying now Lemma 1.15 we
obtain for every 0 < t < 1 that ((1 —#)x+ty, (1 ~t)r+tr) € epi(f) and
this shows f(x +t(y — x)) = f(ty + (1 — t)x) < tr; + (1 — t)r. Hence it
follows that limsup, | f(x +¢(y —x)) < r and since 7 > f(x) we obtain
limsup, o f(x+t(y —x)) < f(x). This proves the first partand to verify
the second part we first observe that the convex set dom(f) is nonempty
and so by Lemma 1.13 the set ri(dom(f)) is nonempty. By Lemma 131
and 135 and T is convex it now follows that

{(x,7) € R*™!: F(x) < r,x € ri(dom(f))} = ri(cl(epi(f)).

This implies using Lemma 1.16 and f is convex that

{(x,7) € R™: f(x) < r,x € ri(dom(f))} C epi(f), (1.64)
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and by contradiction we obtain f(x) > f(x) for every x € ri(dom(f)).
Since always f(x) < f(x) the proof is completed. d0

We now introduce the most important hull function used within the
field of convex analysis (cf. [63], [11]).

Definition 1.21 For any function f : R" — [—00,00] the function fz :
R" — [—o00,00], given by fz(x) := inf{r : (x,7) € cl(co(epi(f)))}, is
called the l.s.c. convex hull function of the function f.

Using now a similar approach as in Lemma 1.31 one can prove the
following result.

Lemma 1.37 For any function f : R™ — [—00, 00] the Ls.c. convex hull
function fz is the greatest Ls.c. convex function majorized by f. More-
over, it follows that epi(fz) = cl(co(epi(f))), dom(f.) C dom(fz)) C
cl(dom(f.)) and ri(dom(f.)) = ri(dom(fz)).

A direct consequence of Lemma 137 and the fact that sup,c; f;i is
al.s.c. convex functionfor f;, i € I a collection of 1.s.c. convex functions,
is the often used representation of fz given by

fe(x) = sup{h(x) : h < f and h is a l.s.c. convex function}. (1.65)

To relate the various hull functions based on relation (1.44) we observe
by Lemmas 1.26 and 1.34 that the function f. is convex and l.s.c. Since
f. € f < f this shows by Lemma 1.37 that fe < fz Also by Lemmas
1.26 and 1.37 it holds that the ls.c. function fz is bounded from above
by fe. This implies by Lemma 131 that fz < f. and combining both
inequalities yields .

fe(x) = fe(x) (1.66)
for every x € R™. An immediate consequence of relation (1.66) is now
given by the chain of inequalities

fa(x) < fo(x) < f(x) and fz(x) < f(x) < f(x). (1.67)

forevery x € R™. We finally consider hull functions based on the lower
level set (cf. [15],[11]).

Definition 1.22 For any function f : R™ — [~00,00] the function fz :
R" — [—00,00], given by fz(x) := inf{r : x € cl(co(L(f,7)))}, is called
the l.s.c. quasiconvex hull function of the function f.

Using a similar approach as in Lemma 1.28 one can show the following
result.
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Lemma 1.38 For any function f : R" — [—00, 0] the Ls.c. quasicon-
vex hull function fg is the greatest l.s.c. quasiconvex function majorized

by f. Moreover, it follows that L(fg,7) = Ngsrcl(co(L(f,B))) for every
r € R.

A direct consequence of Lemma 1.38 and the fact that sup;c; f; is
a l.s.c. quasiconvex function for f;, 7 € I acollection ofl.s.c. quasiconvex
functions, is the often used representation of f; given by

fg(x) =sup{h(x): h < f and h is a Ls.c. quasiconvex function}.
(1.68)

To relate the various hull functions based on relation (1.53) we first
observe by Lemma 1.21 that every closed convex set is evenly convex
and so it follows that

fa®) < fee(x) < fo(x) < f(%). (1.69)

for every x € R". Moreover, using f—q < f < f, relation (1.68) and
Lemma 1.34 we obtain f; < fz and since by relation (1.69) and Lemma
138 also fz = f3 < fec < fg, this finally yields

fa(®) = fee(x) = fo(%) (1.70)

for every x € R™. The above representations of the hull functions do
not depend on the fact that the domain is finite dimensional and so we
can also introduce the same hull functions in linear topological vector
spaces (cf. [56]). In the next two subsections we consider the dual
representations of some of the hull functions.

3.3 Dual representations of convex functions

In this subsection we will consider in detail properties of convex func-
tions, which can be derived using the strong and weak separation results
for nonempty convex sets. In particular, we will discuss a dual repre-
sentation of a l.s.c. convex function f satisfying f > —oo. As always in
mathematics one likes to approximate complicated functions by simpler
functions. For convex functions these simpler functions are given by the
so-called affine minorants.

Definition 1.23 For any function f : R — [—00, 00| the affine function
a:R™ =R, givenby a(x) = aTx+a, witha € R" and a € R is called an
affine minorant of the function f if f(x) > a(X) for every x belonging to
R™. Moreover, the possibly empty set of affine minorants of the function
f is denoted by Ay.
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Since any affine minorant a of a function f is continuous and convex
it is easy to verify the following result.

Lemma 1.39 For any function f : R™ — [—00, 0] it follows that Ay =
Af. = Ap. = Ag

Proof. We only give a proof of the above result for Ay nonempty. Since
by relations (1.67) and (1.66) we know that fz = f, < f. < f itfollows
immediately that Ay, = Aﬁ C Ay, € Ajy. Moreover, if the function a
belongs to Ay, then clearly @ < f and a is continuous and convex. This
implies by relation (1.65) that a < fz and hence the affine function a

belongs to Ay,. O

Since an affine function is always finite valued the set Ay is empty if
there exists some x € R™satisfying f(x) = —oo and so it is necessary
to consider functions f : R® — (—00,00]. In Theorem 19 necessary and
sufficient conditions are given for Ay to be nonempty. To prove this
result we first need to verify the next important lemma.

Lemma 140 If f: R — [—o00,00] is an arbitrary function and fz(xg)
is finite for some Xo, then the set As is nonempty.

Proof. Tt follows that the vector (Xg, fz(Xo)—1) does not belong to the set
epi(fz). By Lemma 1.37 the nonempty set epi(fz) is convex and closed
and applying Theorem 1.1, there exists some nonzero vector (yg, ) sat-
isfying

Yo X + Br > yo %o + B(fz(x0) — 1)

forevery (x,r) € epi(fz). Since (xo, fz(xo)) belongs to epi( fz) this implies
B3 > 0 and so for every (x,r) € epi(fz) the inequality
r > —B7lyg (x — x0) + fa(xq) — 1 (1.71)

holds. By relation (1.71) it follows by contradiction that fz(x) > —oo
for every x € dom(fz) and this yields using dom(f) C dom(fz) that
(x, fz(x)) € epi(fz) forevery x € dom(f). Substituting this into relation
(1.71) we obtain

F(x) 2 fa(x) > =87 yg (x = x0) + fz(%0) — 1

for every x € dom(f). Since the previous inequality trivially holds for
x ¢ dom(f) the function a(x): = —87lyJ (x — xo) + f=(xo) — 1 is an
affine minorant of f and the desired result is proved. 0

Using Lemma 1.40 one can show the following theorem.
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Theorem 1.9 For any function f : R™ — [~o00,00] the following con-
ditions are equivalent:

1 The set As is nonempty.
2 fo> —o0.
3 fe> —o0.

Proof. 1If the set Ay is nonempty then for any a € Ay we obtain by
relation (1.65) that fz(x) > a(x) for every x € R™, and this shows the
implication 1 = 3. Due to fz < f. the implication 3 = 2 is obvious.
To show the implication 2 = 1 consider some f satisfying f. > —oo.
In case dom(f.) is empty it follows that f = oo and so trivially Ay is
nonempty. Therefore assume that dom(f.) is nonempty. By Lemma
1.26 this is a nonempty convex set and so by Lemma 1.13 one can find
some xg € ri(dom(f.)). Since f. > —oo is a convex function it follows
by Lemma 136 that —oo < fs(xp) = fo(x0) = fe(x0) < 0o and so we
have found some xg satisfying fz(xg) is finite. Applying now Lemma
140 yields Ay is nonempty and the result is proved. a

As shown by the following example it is not true that Ay is nonempty
for f > —o0.

Example 1.12 For the concave function f : R — R given by f(z) =
—z? it is easy to verify that co(epi(f)) = R? and f > —oco. Hence we
obtain that Ay, is empty and this yields by Lemma 139 that Ay is
empty.

To prove an important representation for a subclass of convex func-
tions we introduce the following definition.

Definition 1.24 The function f : R® — [—o0,00] belongs to the set
L(R™) iff is convex and l.s.c. and f > —oo.

It is now possible to prove the following representation for the set
['(R™). This result is known as Minkowski’s theorem.

Theorem 1.10 For any function f:R™ — [—o00,00]| it follows that
fe€T(R™) & f(x) = sup{a(x) : a € A} and the set Ay is nonempty.

Proof. If the function f : R™ — [—o00,00] has the representation f(x) =
sup{a(x) : a € Ay} and the set Ay is nonempty, then clearly the function
f is Ls.c., convex and f > —oo and so f belongs to T'(R™). To prove



Convex and Quasiconvex Analysis 45

the reverse implication, we observe for f € I'(R™) that f. = f > —o0
and this shows by Theorem 1.9 that the set Ay is nonempty and hence
f(x) > sup{a(x) : a € Ay} > —o0. Suppose now by contradiction that
f(x0) > sup{a(xg) : a € Ay} for some xo € R™. Hence one can find
some vy € R satisfying

f(x0) > v > sup{a(xp) : a € Ar}, (1.72)

and so (xg,7) ¢ epi(f). If epi(f) is empty, then the affine function
a(x) = v is an affine minorant of f and this contradicts relation (1.72).
Therefore we assume that epi(f) is nonempty and since this set is closed
and convex there exists by Theorem 1.1 a nonzero vector (yg,3) and
€ > 0 satisfying

Ygx+ Br 2 ygxo+ By +e€ (1.73)

for every (x,r) € epi(f). Since for (x,7) € epi(f) and h > 0 the vector
(x,7 + h) belongs to epi(f) it follows by relation (1.73) that 8 > 0.
Consider now the two cases f(xp) < 0o and f(xg) = 0o. If f(xg) < cowe
obtain by relation (1.73) replacing (x,7) by (xo, f(xo)) that B(f(x0) —
v) > € and this implies using relation (1.72) that 8 > 0. Hence by
relation (1.73) it holds that

F(x) 2 a(x) == ~F7yq (x ~ x0) + 7

for every x belonging to dom(f) and we have found some a € Ay satis-
fying a(xg) = <y contradicting relation (1.72). If f(xg) = oo and 8 > 0
in relation (1.73), then by the same proof we obtain a contradiction and
so we consider the last case f(xg) = oo and 8 = 0. Introduce now the
affine function ag : R® — R, given by

ag(x) = —yg (x — Xo) + €.

By relation (1.73) ag(x) < 0 forevery x € dom(f) and ao(xg) > 0. Since
Ay is nonempty, select some a € Ay and by relation (1.72) it follows
that A := ag(x0)~!(y — a(x0) > 0. Introducing now the affine function
ay, : R® — R given by

ax, (x) := a(x) + Moao(x)

we obtain ax,(xg) = 7 and since ap(x) < 0 for every x € dom(f) and
a € Ay we also obtain ay, € Ay. Hence ay, is an affine minorant of f
satisfying ax,(Xo) = < and this contradicts relation (1.72) showing the
desired result. ()

An immediate consequence of Minkowski’s theorem and Lemma 1.39
is listed in the next result.



46 GENERALIZED CONVEXITY AND MONOTONICITY

Theorem 1.11 If f : R™ — [~00,00] is a function satisfying fz > —o0,
then it follows that fe(x) = fz(x) = sup{a(x) : a € Ay} and the set A¢
is nonempty.

Proof. By relation (1.66) and Theorem 1.10 we obtain that f.(x) =
fe(x) = sup{a(x) : a € Ag} with the set Ay, is nonempty. Applying
now Lemma 1.39 the desired result follows. g

In Theorem 1.11 we only guarantee that any function fz > —oo can
be approximated from below by affine functions. However, it is some-
times useful to derive an approximation formula in terms of the original
function f. This formula was first constructed in its general form by
Fenchel (cf. [21]) and it has an easy geometrical interpretation (cf. [27]).

Definition 1.25 For any function f : R"™ — [—00, 00| the function f* :
R — [—00,00] given by f*(a) :=sup{a’x—f(x) : x € R"} is called the
conjugate function of the function f. The function f** : R"™ — [—o00, 00}
given by f**(x) :=sup{a'x — f*(a) : a € R"} is called the biconjugate
function of f.

By the above definition it is immediately clear that the conjugate
function f* is convex and lLs.c.. Moreover, if the function f : R* —
[—00, 00] is proper and the set Ay of affine minorants is nonempty, then it
is easy to verify that thefunction f* is also proper. As shown by the next
result the biconjugate function has a clear geometrical interpretation.

Lemma 141 [ff:R" — [—o00,00] is an arbitrary function satisfying
Ay is nonempty, then it follows that (a,r) € epi(f*) ifand onlyif a € Ay
with a(x) = a' x — r. Additionally, it holds that f**(x) = sup{a(x) : a €
As} for every x € R™.

Proof. To verify the equivalence relation we observe for a(x) = a'x—r <
f(x) forevery x € R" that r > f*(a) = sup{a'x —f(x) : x € R} or
(a,r) € epi(f*). Moreover, if (a,r) € epi(f*) we obtain r > f*(a) and
this implies for every x € R™ that a(x) = a'x ~ r < f(x). To prove
the relation for the biconjugate function it follows by the definition of
epi(f*) that f**(x) =sup{a'x —r: (a,r) € epi(f*)}. Since by the first
part (a,r) € epi(f*) if and only if a(x) = a'x — r is an affine minorant
of f, this shows that f**(x) = sup{a(x): a € Ay} for every x € R™ and
hence the equality for the biconjugate function isverified. 0

To prove one of the most important theorems in convex analysis we
introduce the definition of the closure of the function f.
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Definition 1.26 If f : R® — [—o00,00] is an arbitrary function, then
the closure cl(f) : R™ — [—00,00] of the function f is given by

cl(f):z{? if f > —oo .

—o0 otherwise

Clearly the function cl(f) is Ls.c. and satisfies cl(f) < f. Also itis
casy to verify by Lemma 141, Theorem 1.9 and using Ay = Ay that

cd(f)* = f* (1.74)

for any convex function f. The next result is known as the Fenchel-
Moreau theorem and is one of the most important results in convex
analysis.

Theorem 1.12 For any function f : R®* — [—o00,00] it follows that
f*(x) = d(f)(x) forevery x € R™.

Proof. If fz(xq) = —oo for some xg € R™ then f* = oo. To show this,
suppose by contradiction that f*(ag) < oo for some ag. This implies the
existence of some r € Rsatisfying r > agx — f(x) for every x € R"
and so the function a(x) = ag x — r is an affine minorant of f. Hence
by relation (1.65) we obtain that fz(xg) > —oo and this contradicts

our initial assumption. Since f* = oo we obtain f** = —oo and by
Definition 1.26 we obtain f** = cl(f.). In case fz > —oo the result
follows by Theorem 1.11 and Lemma 141. O

An important consequence of the Fenchel-Moreau theorem is given
by the following result. Recall a function is sublinear, if it is positively
homogeneous and convex.

Lemma 142 Any ls.c. sublinear function f : R®™ — (—o00, 00| has the
representation
f(x) =sup{a’x:a € C}

with C = {a € R": f*(a) < 0} a nonempty closed convex set.
Proof. By the Fenchel Moreau theorem it follows that
f(x) = f**(x) = supaern{a’x — f*(a)}.
Since fis positively homogeneous we obtain by Lemma 1.25 that
af*(a) = supxern{a’ (ax) = f(ox)} = f*(a)

forevery a > 0 and a € R™ and this shows that f*(a) € {00, —00,0}.
If f*(a) = oo forevery a € R", then f**(x) = —oo for every x and this
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shows by the Fenchel Moreau theorem that f(x) = —oo for every x,
contradicting f > —oo. Therefore f* is notidentically co and this yields
that the set C is not empty. Again by the Fenchel Moreau theorem we
obtain

f(x) = f**(x) = supgern{a’x ~ f*(a)} = supyeca’x.

and since the function f* is L.s.c. and convex the nonempty set C is
closed and convex. g

Finally we introduce the so-called subgradient set of a function at a
point.

Definition 1.27 For any function f : R™ — [—o00,00| and xo € R" the
subset of R™ consisting of those vectors ag satisfying f(x) > f(xp) +
al(x — xq) for every x € R™ is called the subgradient set of the function
[ at the point xg. This set is denoted by 0f(xq¢) and its elements are
called subgradients.

If f(xg) = —o0, then clearly 0f(xp) = R™ and so it is sufficient to con-
sider those xg € R" satisfying f(xg) > —oo. Moreover,if f(xg) > —o0
and dom(f) is empty, then again df(xg) = R™ and hence we only need
to consider f(x¢) > —oo and dom(f) is not empty. If xg ¢ dom(f) or
f(x0) = o0, then this implies, using dom(f) is nonempty, that 8f(xg) =
@ and so the only interesting case which remains is given by f(xq) fi-
nite. It is now relatively easy to prove for f(xg) finite that 9f(xo) # &
is equivalent to another condition related to the conjugate function.

Lemma 1.43 If f:R™ — [—o00,00] is an arbitrary function satisfying
f(x0) is finite for some xg, then it follows that ag € df(xq) if and only

if £(x0) + f*(a0) = ag xo.

Proof. If ag € 8f(xo) then by definition f(x) > f(xq) + ag (x — Xg)
for every x and this implies using f(xg) is finite that aj xo — f(xq) >
ag x — f(x) for every x. Hence we obtain that aj xg — f(xo) = f*(ag)
and this shows the equality. To verify the reverse implication is trivial
and so we omit its proof. a

Up to now we did not show any existence result for the subgradient
set of f at Xg in case f(xg) is finite. Such a result will be given by the
next theorem.

Theorem 1.13 If the function f : R™ — [—00,00] is convex and f(xo)
is finite for some Xg € ri(dom(f)), then the set 3f(Xo) is nonempty.
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Proof. If xg € ri(dom(f)) and f(xo) is finite we obtain by Lemma 1.35
that (xg, f(xo)) & ri(epi(f)). This implies by the convexity of the set
epi(f) and Theorem 1.2 that there exists some nonzero vector (yg, 3) €

Laff(ep’i(f)) satisfying
yox + Br > yExo + Bf(x0) (1.75)

for (x,r) € epi(f). Moreover, using (xo, f(xo) + h) belongs to epi(f)
forevery h > 0, we obtain # > 0 and to show that 8 > 0 assume by
contradiction that § = 0. Hence it follows by relation (1.75) that

yix > yixo (1.76)
forevery (x,r) € epi(f). Since af f(epi(f)) = af f(dom(f)) x R and so

Lags(epi(f)) = Laff(dom(s)y X R

we know that yo belongs t0 Ly f(dom(s))- This implies, using xo be-
longs to ri(dom(f)), that there exists some € > 0 satisfying x¢ — €y €
dom(f) and applying now relation (1.76) with x replaced by xg — €yp
yields —ellyol|? > 0. Hence it follows that (yg,3) = 0 and we obtain a
contradiction. Therefore it must hold that 8 > 0 and dividing now the
inequality in relation (1.75) by 8 > 0 and using that f(x) is finite for
every x € dom(f) yields

F(x) 2 f(xo0) = B7'¥§(x — xo)

for every x € dom(f). This shows that the vector ag = —8 'y is a
subgradient of the function f at the point xg and so 3f(xp) is a nonempty
set. a

In case xg does not belong to ri(dom(f)) for some convex function
f it might happen that f does not have a subgradient at the point xg.
This is shown by the following example.

Example 1.13 Consider the convex function f : R — (—o0,00] given
by f(z) = —\/x for z > 0 and f(r) = oo otherwise. Clearly 0 belongs
to the relative boundary of dom(f) but df(0) is empty.

In case the function f > —oc is a sublinear function one can show
the following improvement of Theorem 1.13 replacing the condition 0 €
ri(dom(f)) by the condition 0 € dom(f).

Theorem 1.14 [f the function f : R® — (—o0,00| is sublinear and
0 € dom(f), then the set 0f(0) is nonempty and 0f(0) = {a € R" :

f*(a) <0}
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Proof. Since f is convex it follows that f. = f > —o0 and this implies by
Theorem 19 that Aj is nonempty and so f is a proper function. Since
by Definition 1.13 and Lemma 131 the function f is also sublinear one
may apply Lemma 142 and this shows f(x) = sup{a’x : a € C} with
C ={aecR":f(a) <0} a nonempty closed convex set. By relation
(1.74) and f = cl(f) it follows that f = f* and so C = {a € R" :
f*(a) < 0}. We will now verify that 3f(0) = C. By the definition of f*
we obtain for a € C that f(x) > a'x forevery x € R". Since f(0) is
finite and f positively homogeneous it follows that f(0) = 0 and so it
follows that a € 8f(0). This shows C C 0f(0) and to verify the reverse
inclusion we observe for every a € 9f(0) that f(x) > a'x for every
x. This implies f*(a) < 0 and so a belongs to C. Hence C = 0f(0) is
nonempty and the proof is completed. O

In Theorem 1.14 we actually show for f : R®™ — (—oo, o0} sublinear
and 0 € dom(f) that

f(x) =sup{a’x:a € df(0)} and df(0) # @. (1.77)

A nice implication of Theorem 1.13 is the observation that convex func-
tions have remarkable continuity properties. Before showing this result
we need the following technical lemmas.

Lemma 144 If the vectors z; € R", 1 < i < k < n form an or-
thonormal system and the set P is the convex hull generated by the set
S={z,...,2k, ~21,..., — 2k}, then it follows that

k™2E Nlin({z1,...,z¢}) C P.

Proof. Since the vectors z;,1 < i < k form an orthonormal system we
obtain for any vector al = (ay,...,ak) € R* that

| Z aizi||* = |lafl*. (1.78)

Applying now the Cauchy-Schwartz inequality to the inner product of
the vectors |a|T := (ai], ..., |ax|) and e = (1,...,1) it follows that

S ol =< lal,e > Joflk?

and this implies by relation (1.78) that

k 1 k
1y izl 2k72) " ol (1.79)
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. . . _1 .
Consider now an arbitrary vector y belonging to k™2 ENlin({z, ..., 2x }).
Since the vectors z;,1 < ¢ < k are independent, there exists a unique
vector a! = (ay,...,ax) € R¥ such that

y = Zie[ Q42 + Zi¢1 —oi(—2)

with 1 := {1 <i <k :«a; > 0}. Applying now the inequality in relation
(1.79) it follows that

1 1
ko2 zllyll =k (Ziel at Zisu _ai)

and this shows that the vector y belongs to P. a

Another result which is needed in the proof of Theorem 1.15 is given
by the following lemma.

Lemma 1.45 If the function f : R® — (—o00,00| is convex and for
some Xg and & > 0 there exists some finite constants m, M satisfying
m < f(x) < M for every X belonging to (xg + 20E) Ndom(f), then one
can find some L > 0 satisfying

|f(x1) = f(x2)| < Lllx1 — xa
for every x,%y belonging to (xg + 4 E) Nri(dom(f)).

Proof. Let x; and X9 be two different vectors belonging to (xg + 6E) N
ri(dom(f)). This yields that the vector x| — x2 belongs to Lq f(dom(f))
and since X, is a relative interior point of the convex set dom( f) one can
find some 0 < € < § satisfying

X3 1= X1 + €]|x; — Xo|| "} (x1 — x2) € dom(f). (1.80)

Hence the vector x3 belongs to (xg + 20E) N dom(f) and by relation
(1.80) we obtain

Ix1 —xaf €

X1 = 3 X2

P —xall e — xafl e
Using now relation (1.48) and the fact that the function f is bounded
from above and below on (xo+ 26 E)Ndom(f) it follows for L := e~ '(M —
m) that

1) — flx) < XLl

< m(f(x;&) — f(x2)) < L||x; — x3|.
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Reversing the roles of X; and X3 yields a similar bound for f(x2)— f(x))
and the desired inequality is verified. g

The above property of the function f is called Lipschitz continuity on
the set (xo + 0E) Nri(dom(f)). Using Lemmas 1.45, 1.44 and Theorem
1.13 one can now show the next result, which is an improvement of
Lemma 1.36.

Theorem 1.15 [ff : R® — (—o00,00] is a convex function, then it
follows that f is continuous on ri{dom(f)) and Lipschitz continuous on
every compact subset of ri(dom(f)).

Proof. If xg € ri(dom(f)) one can find some € > 0 satisfying
(x0 + 2¢E) Naf f(dom(f)) C dom(f). (1.81)

To give a more detailed characterization of af f(dom(f)) we observe by
Lemma 1.4, that there exists a set of k < n linearly independent vectors

21, ..., 2k satisfying Lo f(dom(s)) = lin({2z1,..-,2x}) and so
af f(dom(f)) = xo + lin({z1, ..., Zk })- (1.82)

Without loss of generality (Use the well-known Gram-Schmidt orthog-
onalization process (cf. [47])) we may assume that the set {zi,...,Zx}
is an orthonormal system. By relations (1.82) and (1.81) and dom(f) a
convex set it follows that the set xg+ P with P the convex hull generated
by the set S = {ezy, ..., €2, —€21, ..., —€2} belongs to dom(f). Also by
the convexity of the function f and relation (1.48) we obtain that

f(x) < max{f(xo + €z;), f(x0 — €2;),1 <i < k} <

for every x € xg + P. Since by Lemma 144 there exists some v > 0
satisfying

(xo +vE) Naf f(dom(f)) C P.

this shows that the function f is bounded from above on (x¢ + vE) N
dom(f). Using Theorem 1.13 we also obtain that the function f is
bounded from below on (x¢ + vE) N dom(f) and applying now Lemma
1.45 with 26 replaced by + yields the desired result. ad

This concludes our discussion on dual representations and conjugation
for convex functions. In the next subsection we consider the same topic
for quasiconvex functions.
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34 Dual representations of quasiconvex
functions

In this section we study dual representations of evenly quasiconvex
and Ls.c. quasiconvex functions. Most of the results of this section can
be found in [56]. Unfortunately in [56] no geometrical interpretation of
the results are given and for such an interpretation the reader should
consult [27]. In [56] it is shown, that one can use the same approach
as in convex analysis and this results in proving that certain subsets
of quasiconvex functions can be approximated from below by so-called
c-affine functions with ¢ : R — [—00,00] belonging to a given class C
of extended real valued univariate functions. Recall that a function is
called univariate if its domain is given by R. As in convex analysis the
used approximations and the generalized biconjugate functions have a
clear geometrical interpretation (cf. [27]). To start with this approach
we introduce in the next definition the class of c-affine functions. More
general classes of so-called coupling functions a are discussed in this
volume by Martfnez-Legaz (cf. [49)).

Definition 1.28 For a given univariate function ¢ : R — [—00,00] the
function a : R®™ — [—o00,00] is called a c-affine function, if there exist
some a € R™ and r € R such that a(x) = c(a”x) +r for every x € R™. If
C denotes a subset of the set of extended real valued univariate functions
the function a is called a C-affine function, if for some ¢ € C the function
a is a c-affine function. The function a is called a C-affine minorant of
the function f : R® — [—00,00] ifa(x) < f(x) for every x € R™ and
a is a C-affine function. The set CAy denotes now the (possibly empty)
set of C-affine minorants of f.

To specify the set C we first consider the set Cg of extended real valued
nondecreasing univariate functions ¢ : R — [—o00,00] and the proper
subset C; C Cy of extended real valued nondecreasing l.s.c. univariate
functions. Since for any ¢ € C;,;i = 0,1 and 7 € R also the function
¢ : R — [—00,00], given by ¢*(t) = ¢(t) + r, belongs to C;, 1 = 0,1, we
observe for these classes of extended real valued univariate functions that
the class of C;-affine functions, i = 0,1 reduces to the set of functions
a:R™ - [—00,00], givenby a(x) = c(aTx) forsome a € R” and c € C;.
Clearly C; Ay C CoAs and since the function a : R® — [—c0,00] with
a(x) = —oo forevery x € R" belongs to the set C;, we obtain that Cj.Af
is nonempty for every f : R® — [-00,00]. This is a major difference
with the set of affine minorants of a function f, since this set might be
empty. Observe in Theorem 1.9 we showed that this set is nonempty if
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and only if f; > —00. One can now show the following result for C-affine
functions with C either equal to C; or Cp.

Lemma 146 [f a:R" — [—oo, 0] is Cy-affine, then the function a is
evenly quasiconvex. Moreover, if a is Cy-affine, then the function a is
L.s.c. and quasiconvex.

Proof. If a is a Cg-affine function, then there exists some ¢ € Cy and
a € R™ such that L(a,7) = {x € R* : a'x € L(c,r)} forevery r € R
with L(c, r) the lower level set of the function c¢.Since cis nondecreasing,
this lower level set is either empty or an interval given by (—o00, 3,) or
(—00, By with B, := sup{t € R : ¢(t) < r}. Hence the set L(a,r) is either
empty or an open or closed halfspace and this shows that L(a,r) is evenly
convex. Similarly for ¢ € C; we obtain, using Theorem 1.7, that L(c,r)
is empty or (—o0, 8r] and hence L(a,r) is empty or a closed halfspace.
This shows that the function a is quasiconvex and by Theorem 1.7 it is
also l.s.c.. a

By Lemma 1.28, 1.29, 138 and 146 and f; = E < fee $fqa < f (see
relations (1.69) and 1.70).) one can show, applying a similar proof as in
Lemma 1.39, that the following result holds.

Lemma 1.47 For any function f : R* — [—o00,00] it follows that
CO.Af = Co.Afec and C]Af = Cl-qu = CI_AT; = Cl'Afﬁ'

Contrary to functions studied in convex analysis, we do not have to
determine for which extended real valued functions the sets C;Af,7 = 1,2
are nonempty and so we can start generalizing Minkowsky’s theorem (see
Theorem 1.10) to evenly quasiconvex and l.s.c. quasiconvex functions.
In the proof of this generalization and in the remainder of this subsection
an important role is played by the following functions.

Definition 1.29 For any function f : R®™ — [—o0,0] and a € R", let
¢a : R — [—00,00] denote the function ca(t) := inf{f(y) : aly > t}.

It is now possible to show the following result.

Theorem 1.16 If f: R™ — [—o0,0| is an evenly quasiconvex function,
then f(x) = sup{a(x): a € CoAs} for every x € R™. Moreover, if f is
an l.s.c. quasiconvex function, then f(x) = sup{a(x) :a € C\ Ay} for
every x € R™.

Proof. Since the set Co Ay is nonempty, we obtain by the definition of
CoAy that f(x) > sup{a(x): a € CoAs} forevery x € R™. Suppose now
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by contradiction that f(xg) > sup{a(xo) : a € CoAy} for some xq and
so there exists some 7y € R satisfying

f(xo) > v > sup{a(xg) : a € CoAr}. (1.83)

If the set L(f,7) is empty, it follows that f(x) > = for every x € R"
and choosing ¢(t) = v forevery t € R and a(x) = c(a’x) with a € R?
arbitrary, we obtain that a € C1. Ay C Co Ay contradicting relation (1.83).
Therefore the set L(f,) is nonempty and since the function f isevenly
quasiconvex one can find a collection of vectors (a;, b; )i satisfying

L(f,¥) = NierH=(ay, b;). (1.84)

By relation (1.83) the vector x¢ does not belong to L(f,7v) and this
shows by relation (1.84) that there exists some ¢ € I with a nonzero a;
satisfying a;r xg = b;. This implies again by relation (1.84) that

{y€eR":a/y >a/xo} C {y €R": f(y) > 7}. (1.85)

Since the vector a; is nonzero, the function ca,, given in Definition 1.29,
is nondecreasing and so the function a(x) := ca, (az-T x) is Cp-affine and
by relation (1.85) it satisfies a(xg) > «. Also forevery x € R™ we obtain
that a(x) < f(x) and so we have constructed a Cp-affine minorant a
of the function f satisfying a(xg) > 7. This contradicts relation (1.83)
and hence we have shown that f(x) = sup{a(x) : a € CoAs} forevery
x € R™ To verify the representation for f quasiconvex and l.s.c. we
again assume by contradiction that there exists some v € R satisfying

f(x0) >~ > sup{a(xg) : a € C1 Ay} (1.86)

for some Xxq. If the convex set L(f,7) is empty then as in the first part
we obtain a contradiction. Therefore the closed convex set L(f,7) is
nonempty and since by relation (1.86) it holds that x¢ does not belong
to L(f,v), there exist by Theorem 1.1 some nonzero vector ag € R™ and
B € R satisfying aj x < B8 < aj xg forevery x € L(f,~). This implies for
every y satisfying aj y > 3 that f(y) > -y and so cay(8) > «y. Introducing
now the function a(x) = cg (ag x) with cg (t) listed in Definition 1.20
this implies

a(xo) = ¢ (ag X0) = SUP,_aTx, Cao(s) 2 Cao(B) > 7.

By Lemma 132 the function c§, is lLs.c. and g (agx) < cag(agx) <
f(x) for every x. Hence we have constructed a C;-affine minorant a of
the function f satisfying a(xg) > + and this contradicts relation (1.86).
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Therefore f(x) = sup{a(x):a € C;As} forevery x € R" and the proof
is completed. O

By Theorem 1.16 it is clear that the set of C;-affine functions (Co-affine
functions) play the same role for L.s.c. quasiconvex functions (evenly qua-
siconvex functions) as the affine functions do for l.s.c. convex functions.
However, besides this observation, it is also interesting to investigate
the question whether these sets of C-affine minorants are the smallest
possible class satisfying the above property. In this section we will also
pay attention to this question. An immediate consequence of Theorem
1.16 and Lemma 1.47 is given by the next result.

Theorem 1.17 For any function f : R® — [-00,00] it follows that
fee(x) = sup{a(x) : a € CoAs} and fg(x) = f,(x) = sup{a(x) : a €
Ci Ay} for every x € R™.

Proof. By Theorem 1.16 we obtain fe.(x) = sup{a(x) : a € CoAy, }
and since by Lemma 1.47 it holds that Co. Ay = CpAy,, the first formula
follows. The second formula can be verified similarly. ]

Studying the proof of Theorem 1.16 for evenly quasiconvex functions
one can actually show the following improvement of Theorem 1.17.

Theorem 1.18 If f : R™ — [—00,00]is an arbitrary function, then it
follows for every x € R™ that

fec(X) = Supgegrn ca(a’ x)
with the function cq given in Definition 1.29.

Proof. 1t follows for every a and x € R™ that ca(a’x) < f(x). Since
ca € Cop this implies by Lemma 146 that the function X — ca(a’x)
is evenly quasiconvex and so by Lemma 1.29 we obtain for every x €
R™ that fe.(X) > Sup,cgn ca(a'x). Suppose now by contradiction that
fec(X0) > supyeprn ca(a’ Xp) for some Xg and so there exists some v € R
satisfying

fec(X0) > 7 > SUPaegrn Ca(a’ Xp). (1.87)

If the set L(fec,y) is empty we obtain f(x) > fec(x) > 7 for every x € R"
and this implies ca(a'xg) > v for every a € R™ contradicting relation
(1.87). Therefore the set L( fec,7y) is nonempty and since by Lemma 1.29
the function fe. is evenly quasiconvex one can find a collection of vectors
(ai, bi)ier satisfying

L(fec:v) = Nier H< (a:, b;). (1.88)
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By relation (1.87) we know xg does not belong to L(fe.,y) and so by
relation (1.88) there exists some ¢ € I and a nonzero vector a; satisfying
a/xo > b;. This implies using f(X) > fec(x) for every x € R" and

relation (1.88) that

{yeR":a]y >a/xo} C{y eR": f(y) >}

and so it follows that ca,(a; Xo) > <. This yields suppegn ca(a’xg) >

ca;(a] Xo) > 7 contradicting relation (1.87). This shows the desired
representation and our proof is completed. Wl

Also for ls.c. quasiconvex functions one can show the following im-
provement of Theorem 1.16. Observe this formula is more complicated
than the corresponding formula for evenly quasiconvex functions.

Theorem 1.19 [f f : R® — [—o00,00| is an arbitrary function, then it
follows for every x € R™ that

fg(x) = fq(%) = supacgn Tala’ x) = supyegn cS(a’x)

with Cq denoting the l.s.c. hull of the function c; and cg listed in Defi-
nition 1.20.

Proof. By Lemma 1.32 and relation 1.70 it is sufficient to show for every
x € R that fy(x) = supaegn c{(a’ x). To verify this we first observe for
every a and x € R™ that ca(a’x) < f(x) and so we obtain cg(a'x) <
f(x) for every x. By Lemma 1.32 the function ¢§ : R — [—00, 00] is Ls.c.
and nondecreasing and this implies by Lemma 1.46 that x — cﬁ(aTx)

is quasiconcex and l.s.c.. Therefore we obtain for every x that

Ja(x) > supgepn c2(a"x).

Suppose now by contradiction that f;(Xo) > Supaegn c(a' xq) for some
Xg and so there exists some 7 € R satisfying

fa(X0) > ¥ > supuegn c3(a xp). (1.89)

If the set L(fg,7) is empty we obtain f(x) > fs(x) > v and we obtain
as in Theorem 1.18 a contradiction with relation (1.89). Therefore, the
closed convex set L(f_q,'y) is nonempty and since by relation (1.89) it
holds that x¢ does not belong to L(f_q,'y) there exist by Theorem 1.1
some nonzero vector ag € R™ and § € R satisfying a;)r x<pf< a(-)r Xg for
every X € L(fy,7). Hence it follows for every y satisfying ajy > B that
f(y) = fq(y) > v and this yields ca,(3) > 7. Using this observation we
obtain

Cgo(ag)(o) zsups<agx0 cao(s) 2 cﬂo(ﬁ) 2
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and this contradicts relation (1.89) completing the proof. O

It is also possible to show for every a € R" that the function cg is
actually the inverse of another function.

Lemma 148 It f: R™ — [—00,00] is afunction with dom(f) nonempty
and the function hy : R — [—00,00],a € R™ is given by ha(a) :=
sup{a'y :y € L(f, )}, then it follows for every t € R that

Q(t) = inf{a € R : ha(a) > t}.

Proof. Since dom(f) is nonempty, there exists some o € R satisfying
L(f, @) is nonempty. If for some ag € R it follows that ha(ap) > t, then
for every s < t there exists some yg satisfying f(yo) < ap and a’yp > s.
This implies ag > f(yo) > ca(s) and hence inf{a € R : hy(a) > t} >
ca($). Since s < t we obtain inf{a € R : ha(a) > t} > sup,;ca(s) =
cg(t) and to show equality we assume by contradiction that there exists
some tg satisfying

inf{a € R : ha(a) > to} > cS(to).

If this holds one can find some ay satisfying ag > ¢3(to) and ha(ag) < to.
Hence there exists some € > 0 satisfying ag > c{(to) and ha(0g) < to—e.
Since ha(0g) < to — € we obtain for every y satisfying a'y > to — € that
f{y) > ag. This implies ca(ty — €) > ag and it follows ag > c{(tg) >
ca(to—€) > ap. This is clearly a contradiction and the proofis completed.

O

In case dom(f) is empty and so f = oo and we use the well-known
convention that sup{@} = —oco and inf{@} = oo then it is easy to verify
that the above relation still holds. The next result first verified in [15]
is an immediate consequence of Lemma 148 and Theorem 1.19.

Theorem 1.20 If f : R™ — [—o0,00]is an arbitrary function, then it
follows that

fa(x) = f7(x) = supuegn inf{a € R: sup a'y >a'x)}
yeL(f, )

for every x € R™,

Actually the result in Theorem 1.18 and 1.19 can be seen as a gen-
eralization of the Fenchel-Moreau theorem for ls.c. convex hulls. To
show this we need to generalize the notion of conjugate and biconjugate
functions used within convex analysis. Since we are dealing with ex-
tended real valued functions we use the convention that (—oo)+ (+00) =
(+00) + (—00) = —00 and —(—o0) = oo.
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Definition 1.30 Let C be a nonempty collection of extended real valued
univariate functions. For any function f : R™ — [—00, 00| and ¢ € C the
function f¢(a) := sup{c(a’x) — f(x) : x € R*} is called the c-conjugate
function of the function f. The function f¢¢(x) := sup{c(x"a) — f°(a) :
a € R" c€C} is called the bi-C-conjugate function of f.

By a similar proof as in Lemma 141 it is easy to give a geometrical
interpretation of the biconjugate function.

Lemma 1.49 For C a nonempty collection of extended real valued uni-
variate functions and f : R™ — [—00,00] an arbitrary function it follows
that (a,r) € epi(f€) if and only if a € CAy with a(x) = c(a™x) —r and
¢ € C. Additionally, it holds that f¢(x) = sup{a(x) : a € CAy} for
every x € R™.

Combining now Lemma 1.49 and Theorem 1.17 we immediately obtain
for the sets C;,7 = 0, 1 the following generalization of the Fenchel-Moreau
theorem.

Theorem 1.21 For any function f : R" — [—00,00] it follows that
FOCO(%) = fee(x) and fOE (x) = fo(x) = fg(x) for every x € R™.

Proof. By Lemma 149 we obtain fCi€(x) = sup{a(x) : a € C;As},i =
0,1 and this shows by Theorem 1.17 the desired result. O

By Theorem 1.18, 1.19 and 1.21 we obtain the formulas

fCoCO(x) = fec(X) =Supaeprn ca(aTx)

and .
FOC (%) = Fo(x) = f7(x) = suppegn cS(a’ x) (1.90)

for every x € R™. Considering these formulas we now wonder whether
it is possible to achieve the same result using a smaller set of extended
real valued univariate functions.

Definition 1.31 For any r € R the function ¢, : R — [—00,00] is given
by ¢,(t) = —o0 for t <r and c.(t) =r for every t > r. The set C, C Cy
consists now of all functions c,,r € R, while the set C, consists of all
functions ¢, v € R with &; the Ls.c. hull of the function c,.

If f:R" — (—0o0,00] is an arbitrary function, then for » € R and
a # 0 we obtain

fo(a) = max{—oo,sup{r — f(y):a'y > r}} =r — ca(r) (1.91)
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with ¢, defined in Definition 1.29. Moreover, for a = 0 and r < 0, it
follows that f¢r(0) = sup{c,(0) — f(y) :y € R*} =r —inf{f(y): y €
R™} and this shows

f(0)=r —co(r) =7 —c(0),7 <0. (1.92)

Also for 7 > 0 it is easy to verify that f¢"(0) = —oo and so we have
computed for every r € R the ¢,-conjugate function of the function f.
To evaluate the ¢r-conjugate function of f we observe by Lemma 1.32
that &(t) = —oo for every t < r and ¢-(t) = r for every ¢t > r. Again
considering a # 0 it follows that

f%(a) = max{—oo,sup{r — f(y):a'y > r}} (1.93)
=r—inf{f(y):a’y >r}.

Moreover, for a=0 and r < 0, we obtain that

fE(0) = sup{c7(0) — f(y) : y € R"} (1.94)
=r—inf{f(y):y € R"} =71 — co(r),

while for 7 > 0 it is easy to verify that f(0) = —oo. Using the above
computations we will first evaluate in the proof of Lemma 1.50 the bi-
Cr-conjugate function of a function f : R® — (—o00,00|, while in the
proof of Lemma 151 the same computation will be carried out for a
bi-C,-conjugate function of the same function f.

Lemma 1.50 For every x € R® and f : R* — (—00,00]| it follows for
every x € R" that

O (%) = supaepn inf{f(y) :a"y > a’x} = fee(x).

Proof. By relation (1.92) and f(0) = —co for every r > 0 we obtain
using the convention —oo0 — (—oo) = —00+ 00 = —oo that

sup,er{cr(0) — f(0)} = sup,.<oco(0) = co(0). (1.95)

Also by relation (1.91) and (—00) — (—00) = (—00) + 00 = —00 it follows
for every x that

T r -
SUPga0, TGR{C'I’(a x) - fc (a)} - Supa;ﬁﬂ, r<a'x, reR Ca('f').
This shows, using ¢ is nondecreasing for every a # 0, that

SUPasso, rer{cr(a’ X) = f(a)} = supazo cala’ x) (1.96)
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and so f¢Cr(x) = sup,epn ca(a' X) using relations (1.95) and (1.96).
This shows the first equality and the second one is already listed in
Theorem 1.18. d

The next result yields a similar result as Lemma 1.50 for a quasiconvex
and Ls.c. function.

Lemma 1.51 For every x € R™ and f : R® — (—00,00] it follows for
every X € R™ that
fCrlr(x) = SUPaeRrn SUPgcaTx IDF{f(¥) : aly >s}= fa(x) = f7(x).

Proof. By relation (1.93) and fé(0) = —oc forevery r > 0 we obtain
using —oo — (—o00) = —00 + 00 = —oo that

sup,er{e-(0) — f7(0)} = sup, o co(r) = ¢§(0). (1.97)
Also by relation (1.92) and (—00) — (—00) = (~00) +00 = —00 it follows
with h(x) :=supap, rcricr(a’x) — f&(a)} that

h(x) = SUPax0, r<aTx, reR inf{f(y) : aTy >r}. (1.98)

Since inf{f(y):a'y > r} > ca(r) forevery r € Rand a # 0 we obtain
by relation (1.98) that

h(x) > sup a#0, r<aTx, reR ca(r) = SUPaso cg(aTx). (1.99)

Applying now relations (1.90), (1.97) and (1.99) it holds forevery x € R"
that

FECr(x) = supegn cS(a’x) = fo(x) = FO (x). (1.100)
Since G, C Cy it follows that f61€1 > fC&Cr and this shows by relation
(1.100) the desired result. a

In the last two lemmas we have shown that it is sufficient for any
function f satisfying f > —oo to consider the class of C,-affine minorants
and the class of C-affine minorants for approximating fe., respectively
-f;. This concludes the section on quasiconvex duality. In the next section
we will discuss some important applications.

4. On applications of convex and quasiconvex
analysis

In this section we will discuss different applications of the theory of
convex and quasiconvex analysis. In Subsection 4.1 we consider ap-
plications to noncooperative game theory, while in Subsection 4.2 we



62 GENERALIZED CONVEXITY AND MONOTONICITY

discuss its applications to optimization problems and in particular to
Lagrangian duality. Finally in Subsection 4.3 we will use the duality
representation of evenly quasiconvex functions to show that every posi-
tively homogeneous evenly quasiconvex functionsatisfying f(0) = 0 and
f > —oo is actually the minimum of two positively homogeneous Ls.c.
convex functions. This result was first verified by Crouzeix (cf. [15]) for
a slightly smaller class of quasiconvex functions and serves as a very nice
application of quasiconvex duality.

4.1 Minimax theorems and noncooperative
game theory

To introduce the field of infinite antagonistic game theory (cf.[72])
we assume that the set of pure strategies of player 1 is given by some
nonempty set A C R™, while the set of pure strategies of player 2 is given
by B € R™. If player 1 chooses the pure strategy a € A and player 2
chooses the pure strategy b € B, then player 2 has to pay to player 1 an
amount f(a,b) with f : A x B — [0,00] a given function. This function
is called the payoff function and for simplicity this function is taken to
be nonnegative. Since player 1 likes to gain as much profit as possible,
but at the moment he does not know how to achieve this, he first decides
to compute a lower bound on his profit. To compute this lower bound
player 1 argues as follows : if he decides to choose action a € A, then it
follows that he wins at least infyep f(a,b) irrespective of the action of
player 2. Therefore a lower bound on the profit for player 1 is given by

Ty := SUPac 4 infuep f(a, b). (1.101)

Similarly player 2 likes to minimize his losses but since he does not know
how to achieve this he also decides to compute first an upper bound on
his losses. To compute this upper bound player 2 argues as follows. If he
decides to choose action b it follows that he loses at most sup,e 4 f(a, b)
and this is independent of the action of player 1. Therefore an upper
bound on his losses is given by

™ := infpep SUp,ec 4 fa, b). (1.102)

Since the profit of player 1 is at least 7« and the losses of player 2 is at
most 7* and the losses of player 2 are the profits of player 1 it follows
directly that r, < r*. In general r, < r*, but under some properties on
the action set and payoff function one can show that r, = r*. By the
above inequality it follows immediately that r, = 7* for r* = —00 and so
we assume in the remainder of this section that r* > —oo. The equality
7+« = 7* is called a minimax result and if additionally inf and sup are
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attained an optimal strategy for both players can be easily derived. For
player 1 it is possible to achieve at least a profit r,, independent of the
action of player 2, while for player 2 it is possible to achieve at most a
loss r* independent of the action of player 1. Since r* = 7, := v and both
players have opposite interests, they will choose an action which achieves
the value v and so player 1 will choose that action ag € A satisfying

infpep f(ag, b) = maxaeca infpep f(a, b).

Moreover, player 2 will choose that strategy by € B satisfying

SUpaca f(a,bp) = minyeg sup,c 4 f(a,b).

Since for r, = r* and the additional assumption that the infimum and
supremum are attained, it is clear how the optimal strategies should be
chosen we will investigate in this subsection for which payoff functions
and strategies the minimax result 7« = 7* holds. Before discussing this,
we give the following example for which this equality does not hold.

Example 1.14 Consider the continuous payoff function f : [0,1] X
[0,1] — [0, 00) givenby f(a,b) = (a—b)2. For this function it holds for ev-
ery0 < a <1 that inf,,elo,l](a—b)2 = 0and sor, := supp<e<y infocs<i(a—
b)? = 0. Moreover, it follows that supyca<i(a — b)? = (1 — b)? forevery
0<b< % and Supg<,<;(a — b)2 = b? forevery % < b < 1. This shows
r* ;= info<p<y SuPogasl(a—b)2 = % and so 7. does not equal r*. For this
example it is not obvious which strategies should be selected by the two
players.

By extending the sets of the so-called pure strategies of each player
it is possible to show under certain conditions that the extended game
satisfies a minimax result. In the next definition we introduce the set of
mixed strategies.

Definition 1.32 For a nonempty set D of pure strategies and d € D
let €q denote the one-point probability measure concentrated on the set
{d} and denote by Pp the set of all probability measures on D with a
finite support.

Introducing the unit simplex Ay == {a: 3% s =1,0>0,1<i <
k} it follows by Definition 1.32 that A belongs to the set Pp if and only
if there exist some k € N and set {dy,...,dx} C D consisting of different
elements such that

k
A= Zi:l Ai€d;, (AL, - Ak) € Ay and X; > 0.
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Clearly the set Pp can seen as the convex hull of the set {€q : d € D} and
so it is convex. A game theoretic interpretation of a strategy A € Pp
is now given by the following. If a player with pure strategy set D
selects the mixed strategy A = Ele Ai€d, € Pp, then with probability
Ai,1 < 7 < k this player will use the pure strategy d; € D. By this
interpretation it is clear that the set D of pure strategies can be identified
with the set of one-point Borel probability measures {¢q : d € D}. We
now assume that player 1 uses the set P4 of mixed strategies and the
same holds for player 2 using the set Pg. This means that the payoff
function f should be extended to afunction fe : P4 x Pg — R and this
extension is given by

TACHIEED DAND DA TIT O (1.103)

with A = Zle Ai€a, € Pa and p = Z;zl Kj€p, € Pp. This extension
represents the expected profit for player 1 or expected loss of player 2
if player 1 selects the mixed strategy A € P4 and player 2 selects the
mixed strategy ¢ € Ppg. Without any conditions on the pure strategy
sets A and B and the function f one can show the next result.

Lemma 1.52 For any set A and B of pure strategies it follows that

inpr’PB Sup)\e'PA fe(’\a /‘) = inpr'PB SUDae A f6(681 P’)

and
supjep, infuepy fe(A 1) = supyep, infoep fe(A, eb).

Proof. Since {€a:a € A} C Py it follows that

infyepy supyep, fe(A 1) 2 infuepp supgae a4 fe(ea, p1)-

To verify the reverse inequality we observe for every mixed strategy
1 € Pp,A € Py and relation (1.103) that fe(X, ) < supacy fe(€a, 1)-
This implies

Supyep, fe(A, 1) < sup,c 4 fe(€a, 1)

and so the first formula is verified. The second formula can be shown
by exactly the same argument. O

It is now possible to show that the extended game given by f. and the
mixed strategy sets Pa and Ppg satisfies a minimax result under some
topological conditions on the function f and the sets A and B of pure
strategies. The next result was first given by Ville (cf. [70], [18], [72])
using a much more complicated proof. In the next alternative proof we
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only use the separation result for convex sets listed in Theorem 1.3 and
the well-known result that a continuous function on a compact set is
uniformly continuous (cf. [43]).

Theorem 1.22 If the pure strategy sets A C R™ and B C R™ are
compact and the function f : A x B — R is continuous, then it follows
that

inf epp supyep, fe(A 1) = supyep, infuep, fe(A, 1)

Proof. 1t is easy to see that the inequality > holds and so we only need to
verify the reverse inequality. By Lemma 1.52 it is now sufficient to show

that infep, Supae 4 fe(ear 1) < SuPrep, infbep fe(), ep). By scaling we
may assume that

supjep, infoep fe(A en) = 1 (1.104)

and so need to show that

inf}tE'PB SUPac A fe(éa, /J') <1

Assume now by contradiction that there exists some -y > 0 satisfying

SUPac 4 fe(€a, 1) 2 1+ (1.105)

for every ¢ € Ppg. Since the function f is continuous on the compact set
A x B, it is well-known (cf. [64], [43]) that the function f isuniformly
continuous on A X B. Hence there exists some ¢ > O such that for every
a),ap € Asatisfying [la; — ag| < 6 it follows that supyecpg [f(a1,b) —
f(az,b| < 1. This implies for every a;,ay € A satisfying ||a; — ap|| < &

that
-

5'.
Since A is compact one can find a finite set I C A satisfying A C
Uaecz(a + 8F) and this shows by relations (1.106) and (1.105) that

SUpP,cp, | fe(€ay, 1) — fe(€az, 11)| < (1.106)

maXgey fe(faa#) 2 SUPaea fe(€a, ) — % > 1+ % (1-107)

for every p € Ppg. Introducing the convex set V given by
V = co({(fe(€a, €b))acs, b € B}) C RI!

it follows by the definition of V that z' = (21, .., 2|11) belongs to V if

and only if there exists some mixed strategy p € Pp satisfying z' =
(fe(€a, 1t))acr. This implies by relation (1.107) that

V C {Z € R'Il L MmaXy<i<|) % >1+ %}
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and so the convex sets {z € R : maX;<i<ij 2 < 1+ :21} and V are
disjoint. Applying now Theorem 1.3 one can find some mixed strategy
A € Pysatisfying infpep fe(A ep) > 1+ :21 and this contradicts relation
(1.104). O

Actually the result in Theorem 1.22 holds under weaker topological
conditions on the function f. However the proof of that result uses the
Riesz representation theorem for the set of continuous functions on a
compact Hausdorff space, the Banach-Alaoglu theorem and infinite di-
mensional separation (cf. [29]) and is beyond the scope of this chapter.
The result listed in Theorem 1.22 is the most important result in infinite
antagonistic game theory and fits within a chain of equivalent minimax
theorems (cf. [28]). For one of these equivalent minimax results an-
other alternative proof using also finite dimensional separation is given
in [26]. Although not listed in [28], one result which also fits within this
chain is the famous Sion’s minimax theorem (cf. [66]) for quasiconcave-
quasiconvex bifunctions.

Theorem 1.23 If A C R"is compact and convex, B C R™ is convex
and the function f : Ax B — R satisfies a — f(a,b) is quasiconcave and
upper semicontinuous for every b € B and b — f(a,b) is quasiconvex
and lower semicontinuous for every a € A, then it follows that

maXac 4 infhe g f(a, b) = infyep max,ca f(a, b).

This result was proved using the Knaster-Kuratowski-Mazurkiewicz
(KKM) lemma (cf. [74]). This lemma is the basis of fixed point theory
and nonlinear functional analysis. It is also possible to give a more
elementary proof of Sion’s minimax theorem based on finite dimensional
separation between convex sets. However, the most elementary proof
of Sion’s minimax theorem is given by an adaptation of the so-called
level set method due to Joo (cf. [40], [41], [42]). This method first
translates the minimax equality into an equivalent geometrical condition
of a nonempty intersection of a collection of upper-level sets. Under the
assumptions of Sion’s minimax theorem it is now possible to verify this
geometrical condition using compactness arguments and the well-known
elementary topological result that every convex set is connected (cf. [36]).
To start with our analysis we first introduce forevery a € A and b € B
the functions fa : B — R and fp : A — R defined by

fa(b) = fo(a) := f(a,b). (1.108)
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Also we introduce for every r € R and b € B the upper-level set
U(fv,r) C A given by

Ulfo,r):={a€ A: fu(a) >r}. (1.109)

It is now easy to show the following result (cf. [41]).

Lemma 1.53 It follows that r* = r. if and only if NpyeU(fb,7) # 0
for every r < r*.

Proof. If r* = r, > —o00, then for every r < r* there exist by the
definition of 7, some ag € A satisfying infyep f(ag, b) > 7. This shows
that ag belongs to the intersection NypegU(fb, ) and so NpegU( fu, ) is
nonempty. To verify the reverse implication it is sufficient to verify that
T+ > 1* or equivalently r. > r* — ¢ for every € > 0. Consider now r :=
r* — € for some € > 0. By our assumption it follows that the intersection
NbeBU (fb,7) is nonempty and so there exists some ag € A satisfying
infpep f(ag,b) > r. This implies that r. = sup,¢,infpep f(a,b) > r
and so the proof is completed. 1

By Lemma 1.53 we need to show that NpepU(fp,r) # @ for every

r < r*. Before proving this result we consider an arbitrary finite set

{bo,b1,...,bi} € B and introduce the affine mapping p : [0,1] — B,
given by

p(A) = Abg + (1 — A)by, (1.110)

and the set valued mapping ®, : [0,1] — 24, given by
®,(3) = (V=0 (Ji,, 7)) N U (fy(a),7)- (1.111)

To verify the main result we need the following elementary lemma.

Lemma 1.54 If the functions fa : B — R are quasiconvex on the convex
set B for every a € A, then it follows for every Ao, A1 € [0,1] and
0<a<l that

O, (arg+ (1 —a)A;) T D, () UD,(N)
for every r € R.

Proof. If the vector a belongs to ®,(aAg+ (1 —a)A;), then by definition
a €N LU(fo,,r) and f(a,p(ado + (1 — a)A1)) > r. This implies, using
p is affine, that

f(a,ap(ro) + (1 — a)p(An)) > r (1.112)
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and by the quasiconvexity of the functions f, we obtain by relation
(1.112) that max{f(a,p(Xo)), f(a,p(M1))} > 7. Hence it follows that a
belongs to @,(Ag) U ®,(A1) and the result is proved. O

In order to prove the next important lemma we denote by F(B) the
set of all finite subsets of B.

Lemma 1.55 If the functions fy, : A — R are quasiconcave and upper
semicontinuous for every b € B and the functions fa : B — R are
quasiconvex and lower semicontinuous for every a € A, then it follows
for every J belonging to F(B) and v < r* that NpejU(fb,7) # 0.

Proof. If J is a subset of B consisting of one element the result clearly
holds by the definition of 7* listed in relation (1.102). Suppose now for
all sets J belonging to F(B) and consisting of at most & elements that

NoesU(fo,7) # 0 (1.113)

for every r < r*. To prove the result for all sets J belonging to F(B)
consisting of at most kK + 1 elements, we assume by contradiction that
there exists some set J = {byg,...,bx} C B and some r < r* satisfying

NEoU (fo,7) = 0. (1.114)

Consider now for the points by and b; the set valued mapping ®, :
[0,1] — 24 given by relation (1.111). By our induction hypothesis listed
in relation (1.113) and the assumption that the functions fn,b € B are
quasiconcave and upper semicontinuous we obtain that the sets ®,(A)
are nonempty, closed and convex for every 0 < A < 1. By relation (1.114)
it follows that

$,.(0)NP.(1) =0 (1.115)

and so the nonempty sets
Si={0<A<1:9, () C®.(4)},i=0,1

are disjoint and Sp U 81 C [0,1]. To show that Sy U Sy = [0, 1] consider
for a given 0 < A <1 the closed sets

Ai == &,(N\) N ®,(i),5 =0, 1. (1.116)
By Lemma 1.54 we obtain that ®,(A) C ®,(0) U ®,(1) and so
ApU A = &.(N). (1.117)

Also by relation (1.115) the sets Ap and A; are disjoint and since ®,(\)
is convex and hence connected (cf. [36]) we obtain by relation (1.117)
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that either Ag or A; is empty. This implies using again Lemma 1.54
that ®,(A) C ®,.(0) or &,.(A) C ®,(1) and so A € SoUS;. Hence we have
shown that the sets Sp and S; satisfy

SoNS; =0and SoUS; = [0, 1]. (1.118)

We will now verify that the sets Sy and S) are open in [0, 1] and to do
so consider some Ag € Sp (a similar proof applies to S1). Since ®,(\g) is
nonempty for every r < r* it follows by the definition of ®,(Ag) that

SUpPaca infpep, f(a,b) > 7* > r

with By := {ba,..., bk, Agbo + (1 — Ag)b1}. This means that there exists
some ag € NE_,U( fu,,r) satisfying

f(a0, Aobg + (1 — Ag)b1) >r (1.119)

and by lower semicontinuity of thefunction fa, and relation (1.119) there
exist some € > 0 such that

f(ag,Abg+ (1 = A)by) > r

for every A € N := (Ag—¢, Ag+€)N[0, 1]. Hence we obtain that ag € ®,(\)
for every A € N and since Ag € Sp this implies by relations (1.118) and
(1.15) that ®,.(\) C ®,(0) for every A € N. Hence Sy is an open set
and since similarly S; is open we obtain by relation (1.118) and [0, 1]
connected that either Sp or S) is empty. This yields a contradiction with
S;,i = 0,1 nonempty and so relation (1.114) cannot hold. O

It is now possible to give a proof of Sion’s minimax result.

Proof. (Sion’s minimax theorem). Since A is compact and fy, is upper
semicontinuous we obtain that the set U(fp,r) is compact. By the finite
intersection property for compact sets we obtain by Lemma 1.55 that
NbeBU (fb,7) # O forevery r < r* and this shows by Lemma 1.53 that
r* = r,. Since A compact and fp upper semicontinuous and fu lower
semicontinuous it follows by a standard argument that we may replace
sup by max. g

Actually we can also apply Sion’s minimax theorem to prove Theorem
1.22. Looking at the proof of Theorem 1.22 we observe in relation (1.107)

that ~
inf,epp maxaes Jelea,p) > 1+ )

with I belonging to F(A). This shows by Lemma 1.52 that

inf,ep, maxyep, fe(A, ) > 1+ % (1.120)
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To the expression in relation (1.120) we may now apply Sion’s minimax
theorem and so we obtain

maxyep, infuepy fe(A p) > 1+ %

and in a similar way we obtain a contradiction with relation (1.104). In
the next subsection we will consider applications of convex analysis to
optimization theory.

4.2 Optimization theory and duality

In this subsection we will show how the tools of convex analysis can
be used within optimization theory. In particular we introduce the dual
of an optimization problem and derive some important properties of
this dual problem. To start with a general introduction to optimization
theory let f : R™ — [—00,00] be an arbitrary function and consider the
so-called primal optimization problem given by

v(P) := inf{f(x) : x € R"}. (P)

In this optimization problem the infimum need not be attained. Since
f represents an extended real valued function the above optimization
problem also covers optimization problems with restrictions. Associate
now with the function f a function F' : R® x R™ — [—o00,00] satisfy-
ing F(x,0) = f(x) for every x and consider the so-called perturbation
functionp : R™ — [—00,00] given by

p(y) := inf{F(x,y) : x € R"}. (1.121)

It is easy to verify (remember the strict epigraph and the effective domain
of a function are listed in relation (1.43) and (1.45)!) that

epi(p) = A(epi(F)) and dom(p) = A(dom(F)) (1.122)

with A : R®™*™ — R™ the projection of R®**™ onto R™ given by A(x,y) =
y. Also by the definition of the function F we obtain that p(0) = v(P).
In the next definition we introduce the dual of the optimization problem
(P) (cf. [63]).

Definition 1.33 The so-called dual problem of optimization problem
(P) is given by
v(D) = sup{—p*(a) :a € R™} (D)

with p* the conjugate function of p listed in Definition 1.25.

By Definitions 133 and 1.25 it follows that v(D) = p**(0) and since
p**(0) < p(0) the inequality v(D) < v(P) always holds. We are now
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interested under which conditions on the perturbation function p it fol-
lows that v(D) = v(P). If v(P) = —oo0, then the inequality v(D) < v(P)
implies v(D) = v(P) = —o00 and every a € R™ is an optimal solution of
the dual problem (D). Therefore we only need to consider v(P) > —oo0.
Consider now the cases v(P) is finite and v(P) = oo. Observe the last
case only happens if dom(f) is empty. For v(P) finite, one can now show
the following result. This result is a direct consequence of Theorem 1.12
giving a dual characterization of a convex function (Fenchel-Moreau the-
orem) and Theorem 1.13.

Theorem 124 If the function p: R™ — [—o00,00] is convex and p(0)
is finite, then it follows that

v(P) = v(D) & the function p is l.s.c.at 0.

Moreover, if 0 belongs to Ti(dom(p)), then the dual problem has an op-
timal solution and v(D) = v(P).

Proof. Since the function p is convex, lsc. at 0 and p(0) finite it
follows by relations (1.59) and (1.66) that ps(0) = Pc(0) = B(0) = p(0)
is finite and this implies by Lemma 1.40 that Ay is nonempty. Therefore
P(x) > —oo for every x and by the Fenchel-Moreau theorem (Theorem
1.12) we obtain v(P) = p(0) = p(0) = p**(0) = v(D). To prove the
reverse implication we observe by Theorem 1.12 and v(P) = v(D) is
finite that p(0) = p**(0) = cl(p)(0) is finite. Hence it must follow by
Definition 1.26 that $(0) = p(0) and by relation (1.59) the function p
is l.s.c. at 0. To show the second part it follows by Theorem 1.13 that
dp(0) is nonempty and by Lemma 1.43 it is now easy to verify that any
ag € 9p(0) is an optimal solution of the dual problem. Moreover, by
Lemma 1.36 we obtain that p(0) = p(0) and we can apply the first part.

d

Finally we consider the case v(P) = oo. In general it does not hold
even for p convex and Ls.c. in 0 that v(P) = v(D). To show this we
will discuss in Example 1.16 a linear programming problem satisfying
v(P) = 00 and v(D) = —oo0.

If f:R™ — R is some real valued function and g : R™ — R™ a vector
valued function represented by g(x) := (g1(x), ..., gm(x)), ¢; : R* — R,
then an important special case of optimization problem (P) is given by

inf{f(x):g(x) € —K,x € D} (P1)

with K C R™ a nonempty convex cone and D C R" some nonempty
set. The above optimization problem includes some important classes of
optimization problems listed in the following example.
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Example 1.15

1If f(x) = ¢'x and g(x) = Ax — b with A some m x n matrix,
K = {0} C R™ and D = RY, then optimization problem (F)
reduces to the so-called linear programming problem (cf. [4], [54],

[19])
inf{c"x : Ax = b,x > 0}.

2 If f(x) = c¢'x and g(x) = Ax — b with A some m X n matrix,
K = {0} C R™ and D C R" is some closed convex cone, then
optimization problem (P ) reduces to a so-called conic convex pro-
gramming problem (cf. [53]), given by

inf{c"x: Ax = b,x € D}

3 If m =n and g(x) = —x, then optimization problem (P;) reduces
to a so-called generalized geometric programming problem (cf. [57]),
given by

inf{f(x):x € KN D}.

4 If the nonempty convex cone K C R™ is given by K = R x {0}
with 0 € R™™P p < m and the set D = R", then optimization
problem {P;) reduces to the classical nonlinear programming prob-
lem (cf. [31, [54], [19])

inf{f(x) : gi(x) <0,i=1,...,p,g:(x) = 0,p+ 1 < i < n}.

For optimization problem (P)) the so-called Lagrangian perturbation
scheme is used and this means that the function F : R xR™ — [—00, 00)
is given by

| f(x) forxeDandg(x)€e -K +y
Fixy) ﬁ{ 00 otherwise

For this specific choice of F we obtain by relation (1.121) that
(y) =inf{f(x):x€ D,y € g(x) + K}. (1.123)

Using the representation of p, listed in relation (1.123), one can give a
more detailed expression of the dual problem. Observe this dual problem
is called the Lagrangian dual problem.

Lemma 1.56 If the function 8 : K® — [—o00,0] is given by 6(a) =
inf{f(x) —a'g(x):x € D}, then the Lagrangian dual of optimization
problem (P, )equals

v(LD) :=sup{f(a) : a € K°}. (LD)
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Proof. By the definition of the function p it follows for every a € R
that

—p*(a) = —supyegm{a'y — inf{f(x) : y € g(x) + K,x € D}}
= — SUPycRm sup{a’y — f(x):y e g(x) + K,x € D}
=inf{f(x)—a'y:y cg(x)+ K,x e D}.

This shows
—p*(a) = inf{f(x) —a' (g(x) + k) : k € K,x € D}

and to simplify the above expression we first consider a vector a belong-
ing to K9. Since by definition a'k < 0 forevery k € K and 0 € cl(K)
this implies

—p*(a) = inf{f(x) —a' g(x): x € D} = (a).

Moreover, if the vector a does not belong to K° one can find some
ko € K satisfying a'ky > 0. Since akg € K forevery a > 0 and the
set D is not empty this yields —p*(a) = —oo and the desired result is
verified. |

By Lemmas 1.24 and 1.56 the following result about the Lagrangian
dual problem is easy to derive.

Theorem 1.25 If the primal problem is represented by (P,) and the
vector valued function h : R® — R™! s given by h(x) := (g(x), f(x))
and satisfies h(D) + (K x (0,00)) is convex and 0 € ri(g(D) + K), then
it follows that oo > v(P,) = v(LD) and the Lagrangian dual problem
(LD) has an optimal solution.

Proof. Since by assumption 0 belongs to ri(g(D) + K) C g(D) + K we
obtain that the feasible region of the optimization problem (F}) is not
empty and this shows v(P;) < oco. For v(P;) = —oo the result follows
immediately and so we only consider v(Py) is finite. To apply Theorem
1.24 we first need to verify whether the function p is convex. It is easy
to check that

epi(F) = {(x,y,r) e R*"™ 1 .y e g(x) + K,x € D and r > f(x)}
and this implies by relation (1.122) that epi(p) = h(D)+(K x (0, 00)). By

assumption this set is convex and hence by Lemma 1.24 the perturbation
function p is convex. Also by relation (1.122) we obtain ri(dom(p)) =
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ri(g(D) + K) and applying Lemma 1.56 and Theorem 1.24 the desired
result follows. ad

The condition 0 € ri(g(D) + K) is known in the literature as the
generalized Slater condition. Observe, if f is a convex function and g is
a so-called K-convex vector valued function (cf. [73], [6]), then it follows
that epi(F) is a convex set and hence also h(D)+ (K x (0, 00)) is convex.
Also it is possible to prove related results under slightly weaker condi-
tions (cf. [25],[24]). As shown by the next lemma the Lagrangian dual
(LD) of a conic convex programming problem is again a conic convex
programming problem. Due to the recent developments in interior point
methods this class of optimization problems became very important (cf.
[53D.

Lemma 1.57 [f the primal problem (P ) is a conic convex programming
problem given by

inf{c"x:Ax = b,x € D}
with D C R™ some closed convex cone and there exists some Xg € 1i(D)
satisfying Axg = b, then it follows that

00 > v(P) =v(LD)=inf{a'b: ATa—s=c,s € D%}

and the last dual conic convex optimization problem has an optimal so-
lution.

Proof. By part 2 of Example 1.15 we know that a conic convex pro-
gramming problem is a special case of optimization problem (P,) with
K = {0} C R™, the vector valued function h, listed in Theorem 1.25,
given by h(x) = (Ax—b,cx) and D C R™ a closed convex cone. Clearly
for this choice the set h(D) + ({0} x (0, 00)) is convex. Moreover, by
Lemma 1.18 the generalized Slater condition reduces to

0 € ri(g(D) + {0}) = ri(A(D) — b) = A(ri(D)) — b

and by our assumption this condition is satisfied. Therefore the above
result is an immediate consequence of Theorem 1.25 once we have eval-
uated #(a) for a € K = R™. Observe now that
f(a) = inf{c'x —a' (Ax — b) : x € D} (1.124)
=a'b+inf{(c— ATa) 'x:x € D}
and since

0 for ATa—ce D°
—oo otherwise

inf{(c—A"a)'x:xe€ D} = {
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the desired result follows by Theorem 1.25. g

Using Lemma 1.57 with D = R it follows that the Lagrangian dual
of the linear programming problem inf {ch : Ax = b,x > 0} is given
by Sup{bTa :ATa < ¢} and so this dual problem reduces to the ordi-
nary dual listed in many text books (cf. [4]). Since the set D = R7?
is a polyhedral convex cone (cf. [63]), the generalized Slater condition
in Lemma 1.57 can be replaced by the condition that the feasible re-
gion of the linear programming problem is nonempty. Actually it can
be shown for every polyhedral convex cone D that the associated conic
convex programming problem reduces to a linear programming problem
and so it is only useful to consider conic convex programming problems
with a nonpolyhedral convex cone D. It is also possible to extend the
above duality results for conic convex programming problems to a larger
class of problems than the one having a generalized Slater point and for
more details on this the reader is referred to [67]. To conclude this sec-
tion we consider the following example of a linear programming problem
satisfying v(P) = oo and v(D) = —oo0.

Example 1.16 Consider the linear programming problem

inf{—z1 —x9:x1—292 1, -1 +a92>1,X€E Ri}
Clearly this optimization problem has an empty feasible region and so
v(P;) = 00. Penalizing the restrictions 1 —z2—1 > 0 and —z;+z2—1 >

0 using the nonpositive Lagrangian multipliers @; and a2 we obtain that
the Lagrangian function 6 : R2 — [—00,00) is given by

8(a) = inf{z1(\ —Aa— 1) +x2(d2 = A\ — 1) : x e R2}
Observe now for every a € R2 that
ar—a2—120=a—a;~-1<-2
and
as—a;—1>20=>a;—ay-1< -2
and by this observation it follows that 8(a) = —oco forevery a € RZ or
equivalently v(D) = —o0.

One can also use the same Lagrangian perturbation scheme and the
dual representation of an evenly quasiconvex function and the corre-
sponding cr-conjugate function to introduce the so-called surrogate dual.
Due to limited space we will not discuss the properties of such a dual but
refer the reader to the literature cited in [27]. This concludes our discus-
sion on duality and optimization problems. In the next subsection we
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will consider the structure of positively homogeneous evenly quasiconvex
functions.

4.3 Positively homogeneous evenly quasiconvex
functions and dual representations

In this subsection the dual representation of an evenly quasiconvex
function is used to show a remarkable property of a positively homo-
geneous evenly quasiconvex function. In [11] a similar property is also
derived for a positively homogeneous quasiconvex function. As such
the results in [11] apply to a larger class of functions, but are slightly
weaker. Also the proof technique used in [11] is more direct and based
on the geometrical aspects of convexity, whereas the approach used in
this chapter is a natural consequence of the dual representation of an
evenly quasiconvex function discussed in Subsection 3.4. To start with
the dual approach we consider a positively homogeneous evenly quasi-
convex function f : R* — (—o00,00] satisfying 0 € dom(f). Since f
is positively homogeneous and f(x) > —oo for every x we obtain by
Lemma 1.25 that 0 € dom(f) if and only if f(0) = 0. Considering for
every a € R™ the function ¢a : R — [—00, 00), given by

ca(t) :=inf{f(y):a'y > t}, (1.125)
(see also Definition 1.29) it is easy to verify the next result.
Lemma 1.58 If f:R" — [—00,00] is positively homogeneous, then for

every a € R™ it follows that the function ca : R™ — [~00, 00] is positively
homogeneous and nondecreasing.

Proof. For any nonzero vector a it is obvious by relation (1.125) that the
function ca is nondecreasing. Also by Lemma 1.25 we obtain for every
a>0and t € R that

calat) = inf{f(ay) :a'y >t} = aca(t)

and so the result is verified for every nonzero a. Moreover, for a= 0, we
obtain forevery o > 0 and ¢t <0 that

co(at) = inf{f(y) : y € R"} = inf{f(ay) : y € R"} = aco(t),

while for &« > 0 and t > 0 it follows using the convention inf{@} =
00, that co(at) = inf{@} = 0o = acg(t). Trivially the function ¢p is
nondecreasing and the proof is completed. g

To analyze the behaviour of a positively homogeneous evenly quasi-
convex function f satisfying f(x) > —oo for every x and 0 € dom(f), we
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first decompose this function. Using a slightly different decomposition
as done by Crouzeix (cf. [15],[11]) we introduce the nonnegative function
f+ : R®* - [0,00], given by

_fo ifxeL(f0)
f+(x) '_{ f(x) otherwise ' (1.126)

with the strict lower level set L(f,0) of the function f of level 0 listed
in relation (1.52). Using now f(x) > —oo for every x and 0 € dom(f)
we immediately obtain that f+(0) = f(0) = 0. Moreover, the function
f- :R™ — (—o00,00] is given by

f_(x):{ fx) if x € d(L(f,0)) (1.127)

00 otherwise

To analyze the function f_ it is only interesting to consider positively ho-
mogeneous evenly quasiconvex functions f satisfying I~J( £,0) is nonempty.
If this holds, we obtain by Lemma 1.25 that f/( f,0) is a nonempty con-
vex cone and since 0 € cl(Z(f, 0)) it follows that f_(0) = f(0) = 0. Also
for every 7 € R we obtain that

L(f-,r) = cd(L(f,0) N L(f,7) (1.128)

and this yields for 7 = 0 that L(f—,0) = L(f,0). By relation (1.127) we
therefore obtain for L(f,0) is not empty that

dom(f_) C cl(L(f,0)) = cl(L(f-,0)). (1.129)

Since trivially f_(x) > f(x) for every x it is easy to verify considering
the cases f(x) > 0 and f(x) < 0 that

f(x) = min{f;(x), /- (x)} (1.130)

for every x € R™. For the functions f; and f_ one can now show the
following result.

Lemma 1.59 If f : R™ — [—00,00] is a positively homogeneous evenly
quasiconvex function, then the functions fy and f— are positively homo-
geneous and evenly quasiconvex.

Proof. Since f is positively homogeneous and evenly quasiconvex (and
hence quasiconvex) we obtain by Lemma 1.25 and 1.27 that Z( f,0)is a
(possibly empty) convex cone. This implies again by Lemma 1.25 that
f+ is positively homogeneous. To show that fy is evenly quasiconvex we
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observe that L(f.,r) = L(f,r) forevery r > 0. Also by the definition of
f+ we obtain

L(f+,0) = L(f,0) U {x : x ¢ L(f,0) and f(x) < 0} = L(f,0).

This shows, using the fact that fi is a nonnegative function and f
is evenly quasiconvex, that also f4 is evenly quasiconvex. To verify the
same result for f_ we observe, since cl (E( f,0)) is also a (possibly empty)
convex cone, that f_ is positively homogeneous. Moreover, for every
r € R we know by relation (1.128) that L(f_,r) = cl(z(f, 0)) NL(f,7)
and applying Lemma 121 and f is evenly quasiconvex it follows that f_
is evenly quasiconvex. g

We will now apply the dual representation of an evenly quasiconvex
function and show the following result for a nonnegative positively ho-
mogeneous evenly quasiconvex function f with 0 € dom(f). A related
result is also discussed in [11]. Recall that a function is called sublinear,
if it is positively homogeneous and convex.

Lemma 1.60 If f : R® — [—00,00| is a nonnegative positively homo-
geneous evenly quasiconvex function with 0 € dom(f), then f is a non-
negative l.s.c. sublinear function.

Proof. By the dual representation of an evenly quasiconvex function (see
Theorem 1.18) we obtain that

F(X) = foe(X) = Sup,cgn ca(a' x). (1.131)

Since f > 0 it follows by the definition of cg that cg is a nonnegative
function for every a € R™. Moreover, using f(0) = 0 and 0 < ¢a(0) <
f(0) we obtain ca(0) = 0. Alsofor x € R" and a € R™ satisfyinga'x < 0
it follows by the monotonicity of ca that 0 < ca(a’x) < ca(0) = 0 and
this implies ca(a’x) = 0 forevery a'x < 0. Moreover, for a'x > 0 we
obtain by Lemma 1.58 that ca(a'x) = raa’x with 74 := ca(1) > 0 and
combining both observations yields
ca(a’x) = max{raa'x,0}

for every a € R™. Applying now relation (1.131) yields

f(x) = supacpn max{raa’ x,0} = max{supycgn~raa'x,0}  (1.132)

and since X — SUDpcRn rad X is a l.s.c. sublinear function the desired
result follows by relation (1.132). a

Since by relation (1.126) we obtain that fi(x) = max{f(x),0} and
for f positively homogeneous and evenly quasiconvex the function f,
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is also positively homogeneous and evenly quasiconvex (Lemma 1.59)
we may apply Lemma 1.60 and so we obtain the result that f; is a
nonnegative l.s.c. sublinear function in case the function f is positively
homogeneous, evenly quasiconvex, 0 € dom(f) and f(x) > —oo forevery
x. Finally we will show the following result for a positively homogeneous
evenly quasiconvex function f satisfying L(f,0) nonempty, dom(f) C
d(L(f,0)) and f(x) > —oo for every x..

Lemma 1.61 If f: R™ — (—00,0] is a positively homogeneous evenly
quasiconvex function with 0 € dom(f) C cl(L(f,0)), then f is a nonpos-
itive Ls.c. sublinear function.

Proof. By the dual representation of an evenly quasiconvex function we
obtain (see Theorem 1.18) that

f(x) = supgegn ca(a’x). (1.133)

If the vector a does not belong to the polar cone (i( £,0))9, then there
exists some Xg satisfying f(xp) < 0 and r := a'xg > 0. By Lemma 1.58
this yields for every £ > 0 that

ca(t) = ca(tr™ir) = trlea(r) < trf(xo) < 0

and so ca(00) = limreo €a(t) = —oo. Since the function ca is nonde-
creasing, this shows that ca(t) = —oo forevery ¢t € R and using the fact
that f(x) > —oo for every x and relation (1.133) we obtain

f(x) =sup{ca(a’™):ac (L(f,0))°}. (1.134)

If the vector a belongs to (L(f, 0))? and a"x > ¢ > 0 for some x € R”,
then clearly x does not belong to cl(L(f,0)). Since dom(f) C c(L(f,0))
this implies that f(x) = oo and so we have shown for every a belonging
to (L(£,0))° that

ca(t) = oo for every t > 0. (1.135)

To analyze ca(t) for a € (L(f,0))° and t < 0 we first assume that there
exists some Xg satisfying f(x¢) < 0 and a'xg = 0. By Lemma 158 it
holds that aca(0) = ca(0) for every a > 0 and since ¢a(0) < f(xg) < 0
we obtain that ca(0) = —00 . Hence it follows that ca(t) < ca(0) = —00

for every t < 0 and we have shown for every a € (L(f,0))°, forwhich
there exists some Xq € L(f,0) satisfying a'xo = 0, that

ca(t) = —oo for every t <0 (1.136)
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Using again the fact that f(x) > —oo for every x and relations (1.134),
(1.135) and (1.136) yields

f(x) = sup{ca(a’x):a € D} (1.137)
for every x € R™ with
D:={ac (z(f, 0)°:a’y <0 for every y € E(f,O)}.

We will now analyze the behaviour of x — cy(a’x) for an arbitrary a
belonging to D. Ifa’x > 0 it follows by relation (1.135) that ca(a’x) =
00. Also, if a'x = 0, then for every y satisfying a'y > a'x = 0 we
obtain, using a € D, that f(y) > 0 and since 0 € dom(f) this implies
ca(a’x) = 0. Finally, for a € D and a'x < 0 it follows by Lemma 1.58
that ca(a' X) = gaa'x with gz := —ca(—1) and since L(f,0) is nonempty
we obtain by relation (1.137) that 0 < gg < oo. Hence we have shown
for every a € D that

ma'x ifa'x<0
cala'x)= 0 ifa’x=0. (1.138)
00 ifa'x <0

Again by relation (1.137) and f(x) > —oo for every x we obtain that the
set Dg:={a€ D:0 < ga < oo} is nonempty and by relations (1.138)
and (1.137) this shows

f(x) = sup{ca(a’x) : a € Dp}. (1.139)

Since for a € Dy it follows that —co < ca(a’x) = gad'x for a'x < 0

and oo otherwise, this is clearly a l.s.c. sublinear function and by relation
(1.139) the desired result follows. O

Since by Lemma 1.59 and relation (1,127) the function f_ satisfies
the conditions of Lemma 1.61 for f a positively homogeneous evenly
quasiconvex function with 0 € dom(f) and f(x) > —oo for every x it
follows that f_ is a nonpositive l.s.c. sublinear function. Using rela-
tion (1.130) and Lemma 1.59 up to 1.61 the following remarkable result
follows immediately.

Theorem 1.26 If f : R* — (—o00,00|is a positively homogeneous
evenly quasiconvex function and 0 € dom(f), then f can be written as
the minimum of a nonpositive L.s.c. sublinear function and a nonnegative
l.s.c. sublinear function.

Proof. 1If E(f,O) is empty then f is a nonnegative function and the
result follows by Lemma 1.60. Moreover, if L{f,0) is nonempty, then
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by relation (1.130) it follows that f = min(fy, f_) and applying the
observations after Lemma 1.60 and 1.61 yields the desired result. O

By Theorem 1.26 every positively homogeneous evenly quasiconvex
function f satisfying f(x) > —oo for every x and 0 € dom(f) must be
the minimum of two L.s.c. sublinear functions and so it is also l.s.c.. By
relation (1.77) these Ls.c. sublinear functions can be written as support
functions. This is a rather remarkable result, which does not hold in
general for evenly quasiconvex functions. As an example we mention
the evenly quasiconvex function sign(z) given by

sign(z) = -1 if x < 0, sign(0) =0 and sign(z) =1ifz >0

which is neither upper or lower semicontinuous at 0. To conclude this
subsection we observe that Theorem 1.26 is an extension of the main
result in Crouzeix (cf. [15]). For related results see also [14], [13], [12] and
[11]. Introducing now the Dini upper directional derivative d — f/ (x, d)
given by

fi(x,d):= limsupyo ¢t (f(x + td) — £(x))

(cf. [30], [11]) it is possible to use the above so-called Crouzeix repre-
sentation theorem for positively homogeneous quasiconvex functions to
analyze the global behaviour of the function d — f' (x,d) for f qua-
siconvex (cf. [15], [44], [45], [33], [11]). This concludes our discussion
of positively homogeneous evenly quasiconvex functions and dual repre-
sentations. In the next section we mention some milestone papers and
books within the long history of convex and quasiconvex analysis.

5. Some remarks on the history of convex and
quasiconvex analysis

In this section' we will discuss the origin of the important notions
used in convex and quasiconvex analysis. It seems that the field of con-
vex geometry and convex bodies in two and three dimensional space was
first studied systematically by H.Brunn (cf. [7], [8]) and Minkowski (cf.
[51]). Brunn (cf. [9]) and Minkowski (cf. [52]) also proved the existence
of support hyperplanes. Also at the end of 19¢ and the beginning of
the 20th century Farkas showed in a series of papers (cf. [45], [61]) the
alternative theorem for linear inequality systems and this result became
known as Farkas lemma within linear programming. Although this re-
sult was listed with an incorrect proof in some of his earlier papers a

'"The authors like to thank Prof. J. Kolumban (Cluj) and Prof. S. Komlési (Pecs) for pointing
out some of the early developments.
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correct proof of this result appeared in [20]. More fundamental ideas
about the related field of necessary optimality conditions for nonlinear
optimization subject to inequality constraints can be found in papers by
Fourier, Cournot, Gauss, Ostrogradsky, and Hamel (cf. [61]). On the
other hand, more early references related to the study of convex sets are
listed in the reprinted version of the 1934 book of Bonnesen and Fenchel
(cf. [5]), Fenchel (cf. [22]), Valentine (cf. [68]) and Varberg (cf. [62]). Also
at the beginning of the 20th century convex functions were introduced
by Jenssen (cf. [39]) and more than forty years later a thorough study of
conjugate functions in R™ was initiated by Fenchel (cf. [21]). Although
Mandelbrojt (cf. [48]) already introduced the conjugate function in R™
for n =1 (cf. [69]), it was Fenchel, who first realized the importance of
the conjugacy concept in convex analysis. Four years before the mile-
stone paper of Fenchel, also the first book on convex functions written
in French by Popoviciu (cf. [60]) was published. In the English scientific
community the unpublished lecture notes by Fenchel (cf. [22]) were a
long time the main source of references. This book served as the main
inspiration for the classical book of Rockafellar (cf. [63]) as noted in its
preface. Also in this preface it is mentioned that Prof. Tucker suggested
the name convex analysis and this became the standard word for this
field. The introduction of quasiconvex functions started later. Although
in most of the literature de Finetti ([16]) is mentioned as being the first
author introducing quasiconvex functions, these functions were already
considered by von Neumann (cf. [71] and independently Popoviciu (cf.
[59]). Actually von Neumann (cf. [71]) already proved in 1928 a mini-
max theorem on simplices for bifunctions which are quasiconcave in one
variable and quasiconvex in the other variable. A generalization of this
result was rediscovered by Sion (cf. [66]) 30 years later. For more de-
tails on the development of quasiconvex functions the reader is referred
to [2]. To develop results for the surrogate dual concept developed by
Glover (cf. [31]) an adhoc approach involving the ¢.-conjugate function
was initiated by Greenberg and Pierskalla (cf. [32]). Their results were
generalized and put into the proper framework of dual representations
by Crouzeix in a series of milestone papers (cf. [12], [13], [15], [14]). In
these papers Crouzeix focussed his attention on the dual representation
of the l.s.c. hull of a quasiconvex function. Although Fenchel (cf. [23])
already introduced the concept of an evenly convex set the usefulness
of this concept leading to a more symmetrical dual representation of an
evenly quasiconvex function was discovered independently by Passy and
Prisman (cf. [55]) and Martinez Legaz (cf. [50]). This concludes our
short excursion, which is by no means complete, to the history of convex
and quasiconvex analysis.
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