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1. Introduction

Let X (with #X = n > 2) be a finite set of elements (alternatives, choice
options, courses of action) that an individual or a group, J, wants to compare
in terms of their relative attractiveness (desirability, value).

Ordinal value scales (defined on X) are quantitative representations of pref-
erences that reflect, numerically, the order of attractiveness of the elements of
X for J. The construction of an ordinal value scale is a straightforward process,
provided that J is able to rank the elements of X by order of attractiveness — ei-
ther directly or through pairwise comparisons of the elements to determine their
relative attractiveness. Once the ranking is defined, one needs only to assign a
real number v(z) to each element z of X, in such a way that:

1 v(z) = v(y) if and only if Jjudges the elements z and ¥ to be equally
attractive;

2 v(x) > v(y) if and only if J judges z to be more attractive than y.

The problem, however, is that, in a multiple criteria decision analysis, con-
clusions based on a additive value model may be quantitatively meaningless,
because “to be quantitatively meaningful a statement should be unaffected by
admissible transformations of all the quantities involved.” [53, p. 91]. A neces-
sary condition is that each value scale should be unique up to a positive affine
transformation (an interval scale), as it is with a value difference scale. A value
difference scale (defined on X) is a quantitative representation of preferences
that is used to reflect, not only the order of attractiveness of the elements of X
for J, but also the differences of their relative attractiveness, or in other words,
the strength of J°s preferences for one element over another. Unfortunately, the
construction of an interval value scale is usually a difficult task.

Both numerical and non-numerical techniques have been proposed and used
to build a value difference scale (hereafter, simply called a value scale) — see
[51] for a survey. Examples of numerical techniques are direct rating and differ-
ence methods — see descriptions in [61, 62] and [41]. They require J to be able
to produce, either directly or indirectly, numerical representations of his or her
strengths of preferences, which is not a natural cognitive task. Non-numerical
techniques, such as the bisection method (also described by the same authors),
are based on indifference judgements, forcing J to compare his or her strengths
of preferences between two pairs of elements of X, therefore involving at least
three different elements in each judgement. This requires J to perform an inten-
sive cognitive task and is prone to be substantively meaningless — “substantive
meaningfulness (...) requires that the qualitative relations (...) being modelled
should be unambiguously understood by the decision maker.” [S3, p. 91].

The aforementioned difficulties inspired the development of MACBETH
“Measuring Attractiveness by a Categorical Based Evaluation Technique”.
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The original research on the MACBETH approach was carried out in the early
1990’s —see [2, 29] and [35] — as a response to the following question:

How can avalue scale be built on X, both in a qualitatively and quantitatively
meaningful way, without forcing J to produce direct numerical representations
of preferences and involving only two elements of X for each judgement required
from J?

Using MACBETH, J is asked to provide preferential information about
two elements of X at a time, firstly by giving a judgement as to their relative
attractiveness (ordinal judgement) and secondly, if the two elements are not
deemed to be equally attractive, by expressing a qualitative judgement about the
difference of attractiveness between the most attractive of the two elements and
the other. Moreover, to ease the judgemental process, six semantic categories of
difference of attractiveness, “very weak”, “weak”, “moderate”, “strong”, “very
strong” or “extreme”, or a succession of these (in case hesitation or disagreement
arises) are offered to J as possible answers. This is somewhat in line with similar
ideas previously proposed by Saaty [59] in a ratio measurement framework, or
by Freeling [52] and Belton [40] in difference value measurement. By pairwise
comparing the elements of X a matrix of qualitative judgements is filled in,
with either only a few pairs of elements, or with all of them (in which case
n - (n — 1)/2 comparisons would be made by J).

A brief review of the previous research on MACBETH is offered in Section
2, together with the evolution of its software’s development. It shows that, on
a technical level, MACBETH has evolved through the course of theoretical
research and also through its extension to the multicriteria value measurement
framework in numerous practical applications (see Section 10). Its essential
characteristics, however, have never changed.

Sections 3 through 9 of this chapter present an up-to-date survey of the math-
ematical foundations of MACBETH. Section 3 describes the two MACBETH
modes of questioning mentioned above (both involving only two elements at a
time) used to acquire preferential information from J, as well as the types of
information that can be deduced from each of them. The subsequent sections
are devoted to an up-to-date rigorous survey of the mathematical foundations
of MACBETH. Section 4 addresses the numerical representation of those dif-
ferent types of information. These numerical representations are only possible
if J’s responses satisfy certain rational working hypotheses. Section 5 deals
with the “consistency / inconsistency” of the preferential information gathered
from J and Section 6 explores the practical problem of testing the consistency
of preferential information. How should an inconsistency be dealt with? The
answer to this question is the subject of Section 7. Sections 8 and 9 present
what MACBETH proposes to J once the preference information provided by
J is consistent. Finally, Section 10 lists several real-world applications of mul-
ticriteria value analysis in which the MACBETH approach was used.



412 MULTIPLE CRITERIA DECISION ANALYSIS

This chapter will use the following notation:
m Jis an evaluator, either a individual or group.

s X (with #X = n > 2)is a finite set of elements (alternatives, choice
options, courses of action) that J wants to compare in terms of their
relative attractiveness (desirability, value).

» Aatt(z,y) is the “difference of attractiveness between z and y for J”,
where z and y are elements of X such that x is more attractive than yfor
J.

» Aatt(z,y) > Aatt(z,w) meansthat Aatt(z,y) is greater than Aatt
(z,w).

= ¢ is an empty set.

= R is the set of real numbers.

s Rpy={zeR|z2>0}

s R* =R\ {0}.

= RY =R, \ {0}

s Z is the set of integer numbers.

® N is the set of non-negative integer numbers.
= N* =N\ {0}.

w Nyy={s,s+1,...,t} ={z € N|s <z <t}wheres,t €N, and s <
t.

» The transpose of a matrix A will be denoted by tA.

2. Previous Research and Software Evolution

In order to build an interval (value) scale based on the qualitative judgements of
difference of attractiveness formulated by J, it is necessary that the six MAC-
BETH categories “very weak”, “weak”, “moderate”, “strong”, “very strong” or
“extreme” be represented by non-overlapping (disjoint) intervals of real num-
bers. The basic idea underlying the initial development of MACBETH was
that the limits of these intervals should not be arbitrarily fixed a priori, but de-
termined simultaneously with numerical value scores for the elements of X.
Research was then conducted on how to test for the existence of such intervals
and how to propose numerical values for the elements of X and for the limits of
the intervals — see [2, Chapter IV]. This gave rise to the formulation of a chain of
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four linear programs — see [31, 29, 30] and [32] — that, implemented in GAMS,
were used in the first real-world applications of MACBETH as a decision aiding
tool to derive value scores and criteria weights in the framework of an additive
aggregation model — see [42, 43, 35] and [37]. Theoretical research conducted
at the same time, and first presented in 1994 at the 11th International Confer-
ence on MCDM, demonstrated the equivalence of the approach by constant
thresholds and the approach by measurement conditions — see [36].

The first MACBETH software was developed in 1994. In it, the objective
function used in the GAMS implementation to determine a value scale was
modified, on the basis of a simple principle — see [37] and [38] — that makes
it possible, for simple cases, to determine the scale “by hand” [34]. However,
complete procedures to address and manage all cases of inconsistency were not
available at that time. Therefore, the software offered its users the possibility of
obtaining a compromise scale in the case of inconsistency. This initial software
was used in several real world applications — see, for example, [19, 21, 23, 24,
32, 39] and [48]. However, it had several important limitations:

1 The determination of suggestions was still heuristic and did not guarantee
the minimal number of changes necessary to achieve consistencys;

2 It was not possible for the evaluator to hesitate between several semantic
categories when expressing judgements. It, therefore, did not enable one
to facilitate the management of group judgemental disagreements;

3 It forced the evaluator to first provide all of the judgements before it could
run any procedure. Consequently, judgemental inconsistency could only
be detected for a full matrix of judgements. As a result, suggestions of
changes to resolve inconsistency could only then be discussed, a restric-
tion that did not lend itself to good interaction.

Subsequent theoretical research was therefore concentrated on resolving
these problems. Results reported in [46] and [56], allowing inconsistencies
to be dealt with in a mathematically sound manner, were the turning point in
the search for a more interactive formulation. Indeed, it was then possible to
implement a procedure that automatically detects “inconsistency”, even for an
incomplete matrix ofjudgements, in a new software called M-MACBETH — see
www . m—macbeth . com and [16] — which has been used to produce some of the
figures in this paper. The objective of abandoning the suggestion of a compro-
mise scale could also finally be achieved, since the origin of the inconsistency
could now be found (detection of elementary incompatible systems) and ex-
plained to J. M-MACBETH finds the minimal number of necessary changes
and, for any number of changes not greater than five, suggests all of the possible
ways in which the inconsistency can be resolved. Furthermore, it is able to pro-
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vide suggestions of multiple category changes, where a *k categories change”
is considered to be equivalent to k “1 category changes”.

Real-world applications in the specific context of bid evaluation (see refer-
ences in Section 10) inspired research regarding the concepts of “robustness”
[46] and sensitivity [9], the results of which were then included in the software,
together with the possibility of addressing potential imprecision (uncertainty)
associated with impacts of options, incorporating reference levels for one cri-
terion at any time, and graphically representing comparisons of options on any
two groups of criteria. These issues are out of the scope of the present chapter
and they are not also included in the version of the software, limited to scoring
and weighting, embedded into the HIVIEW3 software in 2003 — see [45] and
www.catalyze.co.uk.

3. Types of Preferential Information

3.1 Type 1 Information

Type 1 information refers to preferential information obtained from J by means
of Questioning Procedure 1.

Let z and ¥ be two different elements of X.

Questioning Procedure 1 A first question (Q1) is asked of J:
Q1I: Is one of the two elements more attractive than the other?
J’s response (R1)can be: “Yes”, or “No”, or “Idon’t know”.
IfRI = “Yes”, a second question (Q2) is asked:

Q2: Which ofthe two elements is the most attractive?

The responses to Questioning Procedure 1 for several pairs of elements of
X enable the construction of three binary relations on X:

P = {(z,y) € X x X : z is more attractive than y}

I = {(z,y) € X x X : z is not more attractive than ¥ and ¥ is not
more attractive than z, or z = y}

? = {(z,y) € X x X : z and y are not comparable in terms of their
attractiveness}.

P is asymmetric, [/ is reflexive and symmetric, and ? is irreflexive and sym-
metric. Note that ? = X x X \ (I U PU P71), with P! = {(z,9) €
X x X |yPz}.

DEFINITION 37 Type 1 information about X is a structure {P, I, 7} where
P, I and ? are disjoint relations on X, P is asymmetric, I is reflexive and
symmetric, and ? = X x X\ (IUPU P™1),
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3.2 Type 1+2 Information

Suppose that type 1 information {P, I, 7} about X is available.
Questioning Procedure 2 The following question (Q3) is asked, for all (z,y) €
P:
Q3: How do you judge the difference of attractiveness between x and y?
J’s response (R3) would be provided in the form “dg” (where dy,d2, ... ,dg
(Q € N\ {0, 1}) are semantic categories of difference of attractiveness defined
so that, if 1 < j, the difference of attractiveness d; is weaker than the difference
of attractiveness dj) or in the more generalform (possibility of hesitation) “d
to di”, with 8 < t (the response “Idon’t know” is assimilated to the response
“dy to dQ ”).
REMARK 34 When Q = 6 and di = very weak, dg = weak, ds = mod-
erate, dgy = strong, ds = very strong, dg = extreme, Questioning Proce-

dure 2 is the mode of interaction used in the MACBETH approach and its
M-MACBETH software.

R3 responses give rise to relations Cys; (s,t € N;1 < s € ¢t < Q) where
Cst = {(z,y) € P| Auu(z,y)is “ds to d¢”’}. They enable the construction
of an asymmetric relation on P : {((z,y),(z,w)) € P x P | 34,5,5,t €
Nwith 1 <i<j<s<t<Q,(z,y) € Cst,(2,w) € Cy}. Hereafter, Css
will simply be referred to as Cs.

DEFINITION 38 Type 1+2 information about X is a structure {P, I, 7, P¢}
where {P, I, ?} is type 1 information about X and P¢ is an asymmetric re-

lation on P, the meaning of which is “(xz,y)P¢(z,w) when Agu(z, y) >
Aatt(z, ’LU) ".

4. Numerical Representation of the Preferential
Information

4.1 Type 1 Scale

Suppose that type 1 information {P, I, ?} about X is available.

DEFINITION 39 A type I scale on X relative to {P,1} isa functionp : X — R
satisfying Condition 1.

CONDITION 1 V z,y € X, [zPy = u(z) > p(y)] and [zly = plz) =
u(y))-

Let Sci(X,P,I) = {u : X — R | p is a type 1 scale on X relative to
{P, I}}. When X, P and I are well determined, Sci(X, P,I) will be noted
Sc.

When ? = ¢ and Sei(X, P, I) # ¢, each element of S¢y (X, P,I) is an
ordinal scale on X.
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4.2 Type 1+2 Scale

Suppose that type 142 information {P, I, 7, P®} about X is available.

DEFINITION 40 A type 1+2 scale on X relative to {P, I,?, P®} is afunction
i X — R satisfying Condition 1 and Condition 2.

CoNDITION 2V z,y,z,w € X, [(z,y)P°(2,w) = u(z) — uly) > u(z) —
p(w)].
Let Seiy2(X, P, I, P¢) = {u: X — R| pisatype 1+2 scale on X relative

to {P, I, P¢}}. When X, P, I and P® are well determined, Scy42(X, P, I, P¢)
will be noted Sc¢y 2.

S. Consistency — Inconsistency

DEFINITION 41 Type I information {P, I, 7} about X is
w consistent when Sc1{X, P,I) # ¢
m inconsistent when Sci1(X, P, I) = ¢.

DEFINITION 42 Type 1+2 information {P, I, 7, P®} about X is
w consistent when Scy+2(X, P, I, P¢) # ¢

» inconsistent when Secy9(X, P, I, P%) = ¢.

When Secy2(X, P, I, P¢) = ¢, one can have S¢i1(X, P,I) = ¢ or Se1(X,
P,I) # ¢. In the first case, the message “no ranking” will appear in M-
MACBETH; it occurs namely when J declares, in regards to elements x, y
and z of X, that [z]y,ylz and Pz| or [xPy,yPz and 2Pz]. In the second
case, the message “inconsistent judgement” will appear in M-MACBETH.

Although this is the only difference between the types of inconsistency intro-
duced in M-MACBETH, it is interesting to mention, from a theoretical perspec-
tive, that one could further distinguish two sub-types of inconsistency (sub-type
a and sub-type b) when Sc¢142(X, P, I, P¢) = ¢ and Scy (X, P, I) # ¢.

Sub-type a inconsistency arises when there is a conflict between type 1 in-
formation and P*? that makes the simultaneous satisfaction of conditions 1 and
2 impossible. These kinds of conflicts are found essentially in four types of
situations; namely when &, ¥y, 2 € X exist such that

[zPy,yPz,zPz and (y, 2) P*(x, z) |
or [zPy,yPz,zPz and (z,y)P*(z,2) ]
or [zly,yPzxzPzand (z,2)P%(y,2)]
or [zly,zPy,zPx and (z,z2)P%(z,y) .
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Sub-type b inconsistency arises when there is no conflict between type 1
information and P® but at least one conflict exists inside P€ that makes satisfying
Condition 2 impossible. An example of this type of conflict is (see Figure 10.1):

zPy, zPw,yPz,wPz,xPz,yPw
(x)y) € Cl) (y,z) € 02
(:c,w) € (s, (w,z) € Cs.

Vg
o C,
P
X - 7
P
G Y Cs
w

Figure 10.1. Example of sub-type b inconsistency.

In such a case, Condition 2 cannot be respected, because one should have
{ p(z) — p(w) > p(y) — p(z) (1)
ww) — u(z) > p(z) — ply) (2)
which is impossible.

On the other hand, it is easily shown that the following two systems are
compatible, that is, there is no conflict between type 1 information and P€:

[ w(z) — pw) > p(y) —w(z) [ ww) —p(2) > ple) - py)
w(x) — p(y) >0 p(z) — p(y) >0
p(x) —pu(w) >0 p(z) — p(w) >0
T pu(x) — p(z) >0 q M=) —u(z) >0
u(y) — u(z) >0 u(y) — u(z) >0
p(w) — p(z) >0 p(w) — p(z) >0
[ #(y) — p(w) >0 [ u(y) — p(w) >0

For a detailed study of inconsistency, see [46].

6. Consistency Test for Preferential Information
6.1 Testing Procedures
Suppose that X = {a1,aq,...,an}.
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During the interactive questioning process conducted with J, each time thata
new judgement is obtained, the consistency of all the responses already provided
is tested. This consistency test begins with a pre-test aimed at detecting the
(potential) presence of cycles within the relation P and, if no such cycle exists,
making a permutation of the elements of X in such a way that, in the matrix of
judgements, all of the cells P or Cy; will be located above the main diagonal.

When there is no cycle in P, the consistency of type 1 information {P, I, 7}
is tested as follows:

m If? # ¢, alinear program named LP-test; is used;

m if ? = ¢, rather than linear programming, a method named DIR-test; is
used, which has the advantage ofbeing easily associated with a very sim-
ple visualization of an eventual ranking within the matrix of judgements.

When {P, I, 7} is consistent, the consistency of type 1+2 information {P, I,
2, P¢}is tested with the help of a linear program named LPo-test; .
6.2 Pre-test of the Preferential Information

The pre-test of the preferential information is based on Property 1. (Evident
because #X is finite).

PROPERTY 1 Let X* C X; ifVz € X*, 3y € X* such that Py, then
dzy,20,...,2p € X* such that x1 Pxo P ... PxyPxy (cycle).

The pre-test consists of seeking a permutation ¢ : Ny, — Ny, such that
Vi,5 € Nin, [1> 7 = apg)(notPlayg) |-

The permutation of the elements of X is made by the algorithm PRETEST,
that detects cycles within P and sorts the elements(s) of X.

PRETEST:
1 s mn;
2 among ap,ase,...,asfind a; which is not preferred over any other:

if a; exists, go to 3.;
if not, return FALSE (S¢; = ¢, according to Property 1); finish.

3 permute a; and ag;

4 s—s—1:
if s = 1, return TRUE; finish.
If not, go to 2.
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6.3 Consistency Test for Type 1 Information

Suppose that PRETEST detected no cycle within P and that the elements of X
were renumbered as follows (to avoid the introduction of a permutation in the
notation):

Vi,j € Nip, [ > J = ai(notPla; |.

6.3.1 Consistency Test for Incomplete (? # ¢) Type 1 Information.
Consider the linear program LP-test; with variables z1,Z2,...,Txn:

min xq

subject to

Ti—xj 2 dmin v (ai,aj) €EP
zi—z;=0 V(ai,aj)EIWithi#j
z; 20 Vie Nl,-n,

where dp., is a positive constant, and the variables i, Z3,. .., Z, represent
the numbers p(a1), p(az),. .., u{ay) that should satisfy Condition 1 so that p
is atype 1 scale.

The objective function min x; of LP-test; is obviously arbitrary. It is trivial
that S¢; # ¢ < LP-test; is feasible.

6.3.2 Consistency Test for Complete (? = ¢) Type 1 Information.

When 7 = ¢and the elements of X have been renumbered (after the application
of PRETEST), another simple test (DIR-test; ) allows one to verify if PU I isa
complete preorder on X. DIR-test; is based on Proposition 1 (Proved in [46]).

PROPOSITION 6 If [V 4,j € Nyn with i < j, (aj,aj) € PUI ] then
P U Iis a complete preorder on X if and only ifV 4,j € Nypwithi <

.. Vs<i,Vt>j,a,Pay
J: [a,Pa]=>{ ds:i<s<j—1landasPags1

Proposition 1 means that when the “P cases” of the matrix of judgements
forms a “staircase”, a ranking exists such that each step of the “staircase” rests,
at least partly, on the principal diagonal of the matrix.

64 Consistency Test for Type 1+2 Information

It would be possible to test the consistency of type 1+2 information with a
linear program based on Conditions 1 and 2. However, the more efficient lin-
ear program LP-test; 1o, which includes “thresholds conditions” equivalent to
Conditions 1 and 2, is used instead. LP-test; 42 is based on Lemma 1 (Proved
in [46]).
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LEMMA 1 Let y: X — R. p satisfies Conditions 1 and 2 ifand only ifthere
exist Q “thresholds ” 0 < 01 < 02 < ... < 0Q that satisfy Conditions 3, 4 and
5.

CONDITION 3 V (z,y) € I, p(z) = p(y).
CONDITION 4 V4,5 € Nygwitht < j, V (z,y) € Cyj, i < pu(z) — p(y).

CONDITION 5 Vi,j € Nyg_1 withi < 7, ¥V (z,y) € Cyj, p(z) — pu(y) <
Oj+1-

Program LP-testy 1.2 has variables z1 (= p(a1)), ..., zn(= plan)),01,...,0Q:

minxl
subject to
Tp—2p =0 V (ap,a,) € I with p<r
o+ dmm < — Ty Vi,je NI:Q withi < j, V (ap,ar) S Cij
Tp—xp < O'_H_l dmin V%7 € Nyg-1withi <5,V (ap,ar) € Cjj
dmin < 01
Ti-1 + dmm < Vie Ng,Q
z; >0 Vie Nl,n
o; >0 Vi€ Nl)Q

Taking into account Lemma 1, it is trivial that S¢ci4+2 # ¢ if and only if the
linear program L.P-test;.9, which is based on Conditions 3, 4 and 5, is feasible.
7. Dealing with Inconsistency

When a type 142 information {P, I, ?, P¢} about X is inconsistent, it is con-
venient to be able to show J systems of constraints that render his or her judge-
ments inconsistent and modifications of these judgements that would render
LPo-test; .o feasible.

7.1 Systems of Incompatible Constraints

Suppose that LP-test; 4o is not feasible or, in other words, that the following

system is incompatible (variables z1(= p(ai1)),...,zn(= p(an)), o1,...,09Q
nonnegative):
Tp— Ty =0 V (ap,ar) € I with p <7 (t1)

0; < Tp — Ty Vi,j € Nygwith 4 <4,V (ap,ar) € Cy (t2)
Zp —Zr < 0541 Vi,j € NI,Q-—I with i< 4V (ap,ar) € Cij (t3)
0 <oy (t4)
oi—1 < 0 Vie N2,Q (t5)
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Conventions:
s R™X" i5 the set of the real matrices with m lines and n columns.

= Matrix M € R™*" is “non-zero” (M # 0) if at least one of its elements
is not null.

® Matrix M € R™*" is positive ornull (M > 0) if all of its elements are
positive or null.

The system of incompatible constraints can be written in the matrix format
as follows:

C:-Z >0 (by grouping constraints (t2))
D.Z >0 (by grouping constraints (t3))
E-Z >0 (by grouping constraints (t4) and (t5))
B.Z =0 (by grouping constraints (t1))

where
HA]
T2

In
a1
az

\ o,

C € RP*(n+Q)(where p; is the number of constraints (t2))

D € RP2x(n+Q)(where p, is the number of constraints (t3))

E € Rprex(n+Q)(where p3 is the number of constraints (t4) and (t5))
B € R™*(+Q)(where r is the number of constraints (t1))

Note: if 7 = 0, one could consider that B = 0 € R1*("+@) without losing
generality.
C
Let A be the matrix | D | € RPX(n+Q) (p = p1 + p2 + p3). The system
E

of incompatible constraints can be written more simply as

S A-Z >0 (by grouping constraints (t2), (t3), (t4) and (t5))
B-Z =0 (by grouping constraints (t1)).

In order to detect incompatibilities between the constraints (tl), (t2), (t3),
(t4) and (t5) and propose eventual corrections, we apply Proposition 2 (Proved
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in [46]), which is a corollary of Mangasarian’s [55] version of the Theorem of
the Alternative.

PROPOSITION 7 The system S {A - Z > 0; B - Z = 0} admits a solution
Z € ROOXY 0 thore exists Y € RPXLV. W € R withY #0,Y >
0,V >0,W > O0suchthat* A Y +'B-(V—W) = 0and Vi € Nir VieW; =0

but never both.

The interest of Proposition 2 is that vectors Y, V and W have positive or null
components, thus making it compatible with linear programming (see Sections
7.3 and 7.4)

7.2 Example 1

Suppose that X = {al,az, a3,a4} and that J has formulated the following
judgements:

s P= {(al,ag), (a1,as), (042,0'3), (a3,a4)}

L (a17a2) € Cla (al)a3) € C4a (a2aa‘3) € 02’ (03,(14) € C2-

Suppose that J also judges that apPay4 and that (ag,a4) € Cj. LP-test;
is feasible: the judgements are compatible with a ranking. LP-test;.o is not
feasible: the software informs J that his or her judgements are “inconsistent”.

Suppose now that J confirms his or her judgements. One must then have:

or<zi—x3 (1) z1—xp<02 (2) 0<oy (

o9 < Iy — X3 (3) T9—x3 < 03 (4) oy <o (12)

oa<zz3—24 (5) z3—2z4<o03 (6) 02<o03 (

03 < Ty — X4 (7) To — X4 < 04 (8) o3 < 04 (14)

og<m—2z3 (9) z1—23<05 (10) o4<o5 (15)
o5 < 0g (16)

or, in matrix format (which one can denote as A - Z > 0):
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|

oo
OO OO H MR OOODODOOOO OO

z1

Z2
3
Z4
a1
02
o3
04
75
J6

OO O OO0 O KRR P MHOOOO

>0

OO OrR RO O
|

OCCORMHOOOODOO RO HFFHO

COrRrRr R OOOOOFHOR,ROOO
|

!

ORI OO EFOOoODOOoOOOO
HFROOOOROOooDOoOOoOoOOoOo o

QOO OO OO ki OO b b b= =
|

SO OO OO OO

H OOOOOOODOODODOOOoOOQO O

el

Since it is known, according to Proposition 2, that the system has no solution,
there necessarily exists Y € RI6X1Y #£0,Y > 0) such that !A.Y = 0. Thus,
positive or null (but not all null) real numbers ¥, y2, ..., %16 exist such that
Z;il ¥ - Col; = 0 (where Col; is the column % of the matrix *A).

In this simple example, one can see that it is enough to make ¥y = y5 =
Yp=yo=landy1 =Ys =Y =Y =Y7 = Y10 = Y11 = Y12 = Y13 = Y14 =
Y15 = Y16 = O

-1 0 0 1 0
1 0 -1 0 0
0 1 0 -1 0
0 -1 1 0 0
0 0 0 0 0
1- 1 +1- -1 +1- 0 +1. 0o | = 0
0 0 0 0 0
0 0 1 -1 0
0 0 0 0 0
0 0 0 0 0
———r N —r’
Coly Colg Colg Colg

These four vectors correspond to the four constraints (2), (5), (8) and (9)
above:
o4 > T2 —x4 (8)

T — T3> 04 (9) }=>.’L‘1—‘.’133>$2—-’174 (*)
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oy >z —x2 (2)

z3 — x4 > 03 (5) }:>z3——z4>a:1—a:2 ()

(%) and (s*) bring to the contradiction 1 — &4 > &1 — Z4.The incompatibility
between (*) and (**) is presented in M-MACBETH as shown in Figure 10.2.

Dif. | Couples  Couples | Dif.
strong al-a3 > a2-al | moderate

weak, al-ad > al-a2 | veryweak

Figure 10.2. Example of incompatibility between (x) and (x3x).

Note that the problem disappears if

(a1,a3) € Cs instead of Cy ((*) disappears)
or (ag,a4) € C4instead of C3 ((*) disappears)
or (as,aq) € C) instead of Cy ((*x) disappears)
or (a1,as) € Cyinstead of Cy ((*x) disappears).

Note also that the inconsistency would not be eliminated for any modification
of the judgement “(az, a3) € C3”.

If J confirms the judgement “(ag, aq) € C3”, M-MACBETH calculates the
different possibilities (four in example 1) that J can follow to make his or her
judgements consistent with a “minimal” number of changes of category (one
in Example 1). (We will specify in Section 7.4 the meaning of this notion).

In M-MACBETH, the “suggestions” of changes are presented (graphically)
in the matrix of judgements. They are:

m o replace the judgement {a1,a3) € Cy with the judgement (a1, a3) € Cs

® or to replace the judgement (ag, a4) € Cs with the judgement{az, aq) €
Cy

® or to replace the judgement (a3, a4) € Cz with the judgement (ag, a4) €
C1

® or to replace the judgement (a1, ag) € C} with the judgement({a;, ag) €
Cs.

7.3 Identifying Constraints which Cause Inconsistency

Let us detail the various stages of our search for “suggestions”. The first step
consists of determining the constraints (t1), (t2) and (t3) which are “the origin
of the incompatibilities” present in the system

S{ A-Z>0

B.Z=0 (see Section 7.1)
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We consider that a constraint is “at the origin of an incompatibility” when it
is part of a system S” that

® is a “sub-system” of S,
® is incompatible,
a&  does not contain any incompatible “sub-system”.

Mathematically, this idea can be represented by Definition 7.

DEFINITION 43 An incompatible elementary system (SEI) is a system

] A,'Z>0
§ { B-Z=0

such that

1 A € RF*XHQ) s ¢ sub-matrix of A, and B' € R™”*0+Q) s g sup-
matrix of By

2 8 is incompatible;

A" Z>0

3 If{ B" e R %0+ is g sub-matrix of B!, then B'.7 =0 i

pll+,,,ll <pl+,rl
compatible.

A" € RP"*4Q) s g sub-matrix of A', {

However, our goal is not to determine all the SEI that could be extracted from
the constraints using LPa-test; 1.o. We just want to find all of the judgements of
the type (as, as) € C;; that “generate” an incompatibility. In Section 7.4.3, we
will explain how we use these judgements.

We know that an inconsistency occurs when the system

A-Z>0
S{ B-Z=0

is incompatible; that is, 3Y € RP and V, W € R” such that

A Y+'B-(V-W)=0
Y>0,V2>20W2>0
VieNy,, V;-W;=0
Jdi4p € Nypsuchthat Yy, #0

In such a case, if g < p1 + p2, where pj is the number of constraints (t2)
and p3 is the number of constraints (t3) (see Section 7.1), a constraint of the
type Ty — &t < 0 0r Ly — Tt > o4 will correspond to S.
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Consider, then, the system (with 1 < p + p2):

ta. t . _ -
Syst-}q{ AY+tB-(V-W)=0
Yi=1

If Syst-Y; is compatible, for one of its solutions it corresponds to a system of
incompatible constraints (t1), (t2), (t3), (t4) and (t5) where at least one constraint
(that which corresponds to Y; = 1) is of the type x4 — 24 < 00Ty — Tt > 0
and is part of a SEIL. If Syst-Y; is incompatible, the constraint that corresponds
to Y; is not part of any SEL

To find all of the constraints (t2) and (t3) which are part of a SEI, it is sufficient
to study the compatibility of all of the systems Syst-Yj, fori = 1,2,...,p1 +po.

We will proceed in a similar way, using the systems Syst-V; and Syst-W;, to
find all of the constraints (t1) which are part of a SEI:

A Y +tB-(V-W)=0
Syst-V; ¢ W; =0
Vi=1

A Y B (V-W)=0
Syst-W; ¢ V; =0
W, =1

It is not necessary to examine all of the systems Syst-Y;, Syst-V; and Syst-W;:
m If Syst-Y; is compatible and has the solution Y, V, W, then

— V j > suchthat Y; # 0, Syst-Y] is compatible;
~ Vj € Ny such that Vj # 0, Syst-V; is compatible;
~ Vj € Ny, such that W; # 0, Syst-W; is compatible.

m  If Syst-V; is compatible and has the solution Y, V, W, then

— Vj > isuch that V; # 0, Syst-V; is compatible;
~ V j € Ny such that W; # 0, Syst-W; is compatible.

o [f Syst-W; is compatible and has the solution ¥, V, W, then
— V' j > isuch that W; # 0, Syst-W; is compatible.

It is for this reason that a “witness-vector” T' € NP1+P2+27 myst be used,
initially null, updated as follows:

w  For any solution ¥, V, W of a system Syst-Y;, Syst-V; or Syst-W; do
- V] ENl,Pl+P2a [YJ #0:>Tj :1]
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- VjeNy,, [VJ #0= Tp1+P2+j = 1]
- and | W; #0= Tpi4patres =1 ]

To find the interesting pairs, the compatibility of at most py + p2 + 27 systems
should be studied. The general algorithm to seek equations (t1) and inequalities
(t2) and (t3) that are part of a SEI is the following:

s T=(0,0,...,0)
m fori=1,2,...,p1 + p2 do:
- T; =0,
— then if Syst-Y; compatible and Y, V, W solution of Syst-Y;
then update T
s fore=1,2,...,r do:
= if Tpyppti = 0,
- then if Syst-V; compatible and Y, V, W solution of Syst-V;
then update T
» forit=12,...,rdo:

= if Tpy4potr+i = 0,
— then if Syst-W; compatible and Y, V, W solution of Syst-W;
then update T.

In this way one obtains the set of all of the equations and inequalities that
make up the SEL

7.4 Augmentation — Reduction in a Judgement with p
Categories

7.4.1 Preliminaries. Notation:

» Judgement (z,y) € Ci; will be represented by element (z,y,1,7) of
X x X xNjg xNyg.

s Judgement (z,y) € I will be represented by element (z,y, 0,0) of X x
X xNxN.

DEFINITION 44 A reduction in judgement (8,t,%,3) with p categories (1 <
p < Q + 1) is the replacement of this judgement

» Dy thejudgement (s,t,i —p,i —p)ift > p
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w by thejudgement (t,s,p — i,p — i) if ¢ < p.

DEFINITION 45 An augmentation of the judgement (s,t,i,3) with p cate-
gories (1 < p < Q — §) is the replacement of this judgement by the judgement
(s’t’j +p’j +p)'

DEFINITION 46 A change of judgement (s,t,1,j) with p categories is an aug-
mentation or a reduction of the judgement with p categories.

Comment: Itis evident that one obtains the same final judgement as aresultof
“I reduction of a judgement with p categories” or the “p successive reductions
of a category of 1 judgement”.

Convention: A “change in judgement (s, t,1, 7) with p categories” will be
represented by (s,t,4,7,p) € X x X x Ny g x Ny g x Z (augmentation if
p > 0, reduction if p < 0).

74.2 Exploitation of the Constraints of SEI. Let us recall from 7.3
that

m if T; > 0, it has a corresponding constraint (t2) or (t3) or (t1) that is part
of an SEI;

s if T; = 0, it has no corresponding constraint that is part of an SEL

These variables, then, provide us with an indication as to the future “modifi-
cation” to be made to the judgements associated with these constraints. Indeed,
suppose that T; > 0:

a) if 1 < 14 < p1, a constraint oy, < Ty — x¢ which is part of an SEI

corresponds to variable Tj; if a change in its judgement (s,¢,...,...)
can help to eliminate the SEI, it ensures that it will be a “reduction”
(evident).

b) ifp1 + 1 <7 < p1 + po, aconstraint z; — 24 < o, Which is part of an
SEI corresponds to variable T;; if a change in its judgement (s, ¢,...,...)
can help to eliminate the SEIL, it ensures that it will be an “augmentation”
(evident).

¢) ifp1 +pe+1 < i < py+pa+7, aconstraint £, — ¢ = 0 whichis part of
an SEI corresponds to variable T3; if a change in its judgement (s, ¢, 0, 0)
can help to eliminate the SEI, it ensures that it will be a “reduction”.

d ifpr +p2+7r+1 <1 < p1+p2+ 2r, aconstraint zg —xy = 0
which is part of an SEI corresponds to variable Tj; if a change in its
judgement (s, t,0,0) can help to eliminate the SEI, it ensures that it will
be an “augmentation” (proof similar to that of c).
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Proof of ¢):

Being h = % — (p1 + p2), one knows (by the definition of Ty)that Y €
RP, AV,WER WithY >0, V>0 W>0,Y#0, Vi #0and W), =0
such that *(4") - Y +* (B') - (V — W) = O or, if one notes LineB; the jth line
of B,

r T
YA')-Y + 'LineBy -V + > *LineB;-V; — > tLineB; - W; =0

J7h i7h
(because W}, = 0).
A-Z>0
/ -
The corresponding SEI { g, ) g i(()) can be written { xg —x; =0 where
- B".Z =0,
LineBy W
LineBh_l . . . .
" 7

B" = LineBhy, (the matrix B’ without line LineByp,).

L LineB,

If one considers an “augmentation” of judgement (s, t,0,0), the constraint
s — ¢t = 0 would be replaced by the constraint 3 — ¢ > 0. The new system

, .
.':‘1 ~Zx>>00 can be written { A"-Z>0 where A” = [ A ]
B Zt= 0 B"-Z =0, LineBy,

(the matrix A’ “augmented” with line LineBy).
The system is still incompatible; indeed, if one poses

s Y = ()fl,Yz,-..,}/p,Vh) € Np+1
s V=W,...,Vhi-1,Vit1,...,V;) N1

s W= (Wl,...,Wh__l,Wh+1,...,W1-) e N1,

r r
Y(A)-Y + 'LineBy - Vi + Z tLineB; - V; — Zth’nij ‘W; =0
7 7

can be written: {(A”) - Y' 4+t (B") - (V' — W') = 0, where Y’ # 0 (since
Y # 0), which proves the incompatibility of the system.
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Each “suggestion” of a potential change (T; = 1) of a judgement (s, ¢, ...,
..) can thus be stored in a vector S of N where

Sl = &
Sy = t
1 if34€ Nyp, UNp 4pot1,py+pe+r Such that T; =1
Sy = (reduction)
0 otherwise
1 i34 € Npij1p14p2 U Npitpatri1,p14pa-+2r such that

Sy = T; =1 (augmentation)
0 otherwise

We will denote by PreSugg the set of these “pre-suggestions”. In the case
of example 1 (see Section 7.3) one has

PT'CSUgg = {(ala as, 1) 0)5 (a3,a4) 1, 0), (ah az, Oa 1)7 (02, a4, 01 1)}
7.4.3 Search for Suggestions.

DEFINITION 47 Changing judgements by m categories is any set Modi fm
Ofthe form MOdlfm = {(Sh tlyilajlapl)v (327 t2, i27j27p2)a ceey (Su; tu, iua
JusPu) VU € Ny y, (Su,ty, iy, Ju, Dv) is a change of judgement (Sy, ty, iy, jv)
with py categories} such that 3 4 |py] = m

Within Example 1, {(a1, a2, 1,1,2), (as, a4, 2, 2, —1) } isa“‘change of judge-
ments with 3 categories”, which consists of

= to replace the judgement (a1, a2) € C; with the judgement (a1, a2) € Cs
(augmentation of 2 categories)

» toreplace thejudgement (a3, a4) € Cy with the judgement (a3, a4) € Cq
(reduction of 1 category)

Notation: the set of “judgement changes with m categories” which renders
the judgements consistent will be denoted by Suggm.
Within Example 1,

» {(a1,a2,1,1,2),(a3,a4,2,2,—1)} € Suggs

L {(a17a374a 4‘7 Ml)}’ {(0'3:0'4’ 2: 2v —'1)}a {(alva'za 1, 17 1)} and {(a27 a4,
3,3, 1)} € Sugg,

these are the 4 changes suggested in Section 7.3.

Once the PreSugg group is determined, the third step is to:
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@ determine the “minimum number of changes” (some possibly successive)
necessary to render the judgements consistent;

= determine all of the combinations of such “minimal” changes.
More rigorously, this means

s find mg = min {m € N*|Suggm # 0}

m clarify Suggm

In Example 1, we have already seen that mg = 1 (since Suggy # @).
We will proceed as follows for all cases of inconsistency (see Figure 10.3).

i=1

find the Sugg

me=i

Figure 10.3. Procedure for all cases of inconsistency.

At each step 1,

w the set of all “judgement changes of ¢ categories”, built on the basis of
element PreSugg are considered;

w  for each of the elements in this group:

— carry out the modifications included in the selected item;

~ test the consistency of the new matrix ofjudgements; if it is consis-
tent, store the element in Sugg;;

— restore the matrix to the initial judgements.

It is worth mentioning that we consider the possibility of changing a judge-
ment by several categories.

This algorithm is always convergent since one can always give consistent
judgements in a finite number of changes.

We emphasize that in practice, the cases of inconsistency that require more
than 2 “changes of 1 category” are almost non-existent. The main reason being
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that any change in judgement that generates an inconsistency is immediately
announced to J, who must then confirm or cancel his or her judgement.
This procedure allows one to avoid

= coarse errors of distraction (by cancelling the judgement);

® the “accumulation” of inconsistencies since, if J confirms his or her
judgement, suggestions of changes that will eliminate the inconsistency
are made.

7.5 Example 2

Suppose that X = {a1, as, as, a4} and that J has formulated the following
consistent judgements:

m P= {(al,az),(al,ag), (ag,a3),(a3,a4)}

» (a1,a2) € C1,(a1,a3) € C4,(az,a3) € Cz,(as,a4) € C3

Suppose that J adds that ag Pa4 andthat (ag, a4) € C3:M-MACBETH informs
J that his or her judgements are “inconsistent”.

If J confirms the judgement (a2, a4) € C3, M-\MACBETH will display the
message: “Inconsistent judgements: MACBETH has found 6 ways to render
the judgements matrix consistent with 2 category changes.”

This time, it will be necessary to make at least 2 “changes of 1 category”
to render the judgements consistent; there are 6 distinct combinations of such
changes. Each of these 6 suggestions is presented graphically (see Figure 10.4)
within the table of judgements, accompanied by SEI which, moreover, shows
why the suggestions made eliminate this incompatibility: Figure 10.4 presents
the first of six suggestions.

8. The MACBETH Scale
8.1 Definition of the MACBETH Scale

Suppose that Se¢y42 # ¢ and a1{(P U I)az . ..an—1 (P U I)ay. The linear pro-
gram LP-MACBETH with variables z1,...,Zn,01,..., 0¢ is therefore feasi-
ble:
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Change of 2 categories

the judgement suggested to

R “increase by 2 categories”
Siggeston ol s moa

T
A NG v vl TR a1 L
v.shong al-a3 > aZ-af  moderale
moderate a3 ad JS Cal - a2 veryweak

——

the constraint which “will
be eliminated” if the
suggestion is adopted

Figure 10.4. Suggestion of change to resolve inconsistency.

min i

subject to

zp—xp =0 V (ap,ar) € I withp <7 (t1)
oiti<z,~—z, Vije Nygwithi<jVapa)€Cy  (12)
Tp — Ty <041 — % Vi jé€E Nl’Q._1 with 7 < 3, \'/(ap,a,«) € Cij (t3,)

a1 :% (t4’)
ogi—1+1< 0 Vi€ Nag (t5°)
z; >0 Vie Nl,n
g, >0 Vie Nl,Q

DEFINITION 48 Any function EchMac : X — R such that Vi € Nyg,
EchMac(a;) = x} — where (x3,...,%;,) is an optimal solution of LP-MAC-
BETH — is called a basic MACBETH scale.

DEFINITION 49 Va € R,V b € Rwith (a,b) # (1,0), a-EchMac+bis
a transformed MACBETH scale.

8.2 Discussing the Uniqueness of the Basic MACBETH
Scale

Nothing guarantees thataLP-MACBETH optimal solution is unique. For exam-
ple, consider the matrix ofjudgements and the basic MACBETH scale shown
is Figure 105.

One can verify that, V x € [6,7], (8,%,5,2,1,0) is still an optimal solution
of LP-MACBETH. Thus, a basic MACBETH scale is not necessarily unique.
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strang

.moderate
weak  moderale | moderate
very weak | vety weak
wery weak

Figure 10.5. Matrix of judgements and basic MACBETH scale.

Aslong as the MACBETH scale is interpreted as a technical aid whose purpose
is to provide the foundation for a discussion with J, this does not constitute
a true problem. However, we have observed that in practice decision makers
often adopt the MACBETH scale as the final scale. It is, therefore, convenient to
guarantee the uniqueness of the MACBETH scale. This is obtained technically,
as follows (wWhere Sy is the group of the constraints of LP-MACBETH):

Step 1) solution of LP-MACBETH
— optimal solution 1, Z2,...,Zn
— w(a1) = z1, plan) = z, = 0 (remark: p(a;) isunique)

Step 2) fori =2ton —1

S,
to solve max x; under mac
xy = p(ar),- .., Tic1 = puai—y)
— optimal solution zy,Z2,...,%n
— TMAT = T;
. S,
to solve min x; under mac
xy = p(ar), .., Tim1 = pu(ai-1)
— optimal solution z1,%3,...,Zn
— Tzmin = x;
xmin + cmax
plas) = TR IR

2
Thus,

m to calculate p(ag), the variable zi is “fixed” to the value p(a), the
minimum and maximum values of zg are calculated and the average of
the two results is taken as the value of u(as);

» to calculate u(as), the variable z; is “fixed” to the value of y(a;), the
variable 4 is “fixed” to the value of p(az), the minimum and maximum
values of x3 are calculated and the average of the two values is taken as
the value of p(as);
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= etc.

This method guarantees that p{a1), (az), . . . (an) are unique for a given
preferential information { P, I,? = ¢, P¢}. It permits us to speak of “the” basic
MACBETH scale, instead of “one” MACBETH scale.

83 Presentation of the MACBETH Scale

The MACBETH scale that corresponds to {P,I,? = ¢, P¢} consistent in-
formation is represented in two ways in M-MACBETH: a table and a “ther-
mometer”. In the example in Figure 10.6, the transformed MACBETH scale
represented in the thermometer was obtained by imposing the values of the
elements d and ¢ as 100 and O respectively.

weak shtong stiong exlisme f—-[a'jmo_w .
moderale modc!m ¥. stieng L
very weak, weak = : 5
. —C] o
Consistent judgements fog : :
dand c fixed to 100 and 0 |:>
Cament | Wecbal | Wocheh L] me
k] m i ¥ _
d| 106,00 10880 1100 ¢ Lh] e
5| 818z sl82  9.00 M
el 36.36 36.36  4.00 .
b zv.27 | #2227 8.00 ; e
o v.op  BEs s *-‘—E:J 000

Figure 10.6. Representations of the MACBETH scale.

Even though the values attributed to ¢ and d are fixed, in general an infinite
number of scales that satisfy Conditions 1 and 2 exist. It is, thus, necessary to
allow J to, should he or she want to, modify the values suggested. This is the
subject of the next section.

9. Discussion About a Scale

Suppose that, in the example in Figure 10.6, J considers that the element a is
badly positioned when compared to elements ¢ and d and therefore J wants to
redefine the value of a. It is then interesting to show J the limits within which
the value of a can vary without violating the preferential information provided
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by J. Let us suppose in this section that we have a type 1+2 information about
X which is consistent and that ? = ¢.

Let p19 be a particular scale ofScj42, L and H be two fixed elements of X
with HPL (H more attractive than L) and a be an element of X (not indifferent
to L and not indifferent to H) that J would like to have repositioned.

Let

w Sco,m,ry = {1 € Serya | p(H) = po(H) and pu(L) = po(L)} (scales
for which values associated with H and L have been fixed)

8 Scyua) = {4 € Scrqo | Vy € X with y not indifferent to a: p(y) =
to(y)} (scales for which the values of all of the elements of X except a
and its eventual equals have been fixed).

We call free interval associated to interval a :

HESC(uy,1,L) KESC(g, H L)

} inf  p(a), sup u(a){

We call dependent interval associated to interval a :

] inf  p(a), sup u(a){

HESC(g,8) HESC(0.0)

In the example in Figure 10.6, if one selects a, two intervals are presented to
J (see Figure 10.7) which should be interpreted as follows:

Vi € Seyyg, [ ple) =0,u(d) = 100] = 66.69 < pu(a) < 99.98.

Vi€ Serye, [ p(e) = 0, u(d) = 100, u(e) = 36.36, u(b) = 27.27 ]
= 72.74 < p(a) < 90.9.

The closed intervals (in the example [66.69, 99.98] and [72.74, 90.9]) that
have been chosen to present to J are not the precise free and dependent intervals
associated to a (which, by definition, are open); however, by taking a precision
of 0.01 into account, they can be regarded as the “greatest” closed intervals
included in the free and dependent intervals.

M-MACBETH permits the movement of element @ with the mouse but,
obviously, only inside of the dependent interval associated to a.

If J wants to give elementa a value that is outside of the dependent interval
(but still inside the free interval), the software points out that the values of
the other elements must be modified. If J confirms the new value of a, a new
MACBETH scale is calculated, taking into account the additional constraint
that fix the new value of a.
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The (“closed”) free interval is calculated by integer linear programming.
The (“closed”) dependent interval could be also calculated in the same manner.
However, M-MACBETH computes it by “direct” calculation formulas which
make the determination of these intervals extremely fast — for details, see [46].

Figure 10.7. “Greatest” closed intervals included in the free and dependent intervals.

10. MACBETH and MCDA

The MACBETH approach and the M-MACBETH software have been used to
derive preference scales or value functions and scaling constants in many public
and private applications of multicriteria additive value analysis, some of them
reported in the literature:

m  Evaluation ofbids in international public calls for tenders and contractors’
choice —see [3, 5, 10, 11, 12, 19, 20, 21, 33] and [58].

s  Management of European structural programs — see [37, 42] and [43].
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Public policy analysis, prioritization of projects, resources allocation and
conflict management — see [4, 22, 23, 24, 25, 26, 33] and [60].

Suppliers performance evaluation — see [7] and [57].
Credit scoring — see [8].
Strategic town planning — see [14] and [15].

Environmental management and evaluation of flood control measures —
see [1, 6] and [17].

Portfolio management — see [27].

Airport management — see [39].

Human resources evaluation and management — see [50, 47, 48] and [54].
Total Quality Management — see [11].

Firms’ competitiveness, resource allocation and risk management — see
[13] and [49].

Location of military facilities — see [28].

Applications in the telecommunications sector — see [18] and [44].

It is worth noting that in all these applications MACBETH was applied in a
constructive framework of multicriteria additive aggregation, whose theoretical
foundations are reviewed in James Dyer’s chapter in this book (Chapter 7).
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