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Abstract

This paper deals with the numerical approximation of a stick-slip system, known in the literature as Burridge-Knopoff
model, proposed as a simplified description of the mechanisms generating earthquakes. Modelling of friction is crucial
and we consider here the so-called velocity-weakening form. The aim of the article is twofold. Firstly, we establish the
effectiveness of the classical Predictor-Corrector strategy. To our knowledge, such approach has never been applied to
the model under investigation. In the first part, we determine the reliability of the proposed strategy by comparing the
results with a collection of significant computational tests, starting from the simplest configuration to the more compli-
cated (and more realistic) ones, with the numerical outputs obtained by different algorithms. Particular emphasis is laid
on the Gutenberg-Richter statistical law, a classical empirical benchmark for seismic events. The second part is inspired
by the result by Muratov (Phys Rev 59:3847-3857, 1999) providing evidence for the existence of traveling solutions for
a corresponding continuum version of the Burridge-Knopoff model. In this direction, we aim to find some appropriate
estimate for the crucial object describing the wave, namely its propagation speed. To this aim, motivated by LeVeque
and Yee (J Comput Phys 86:187-210, 1990) (a paper dealing with the different topic of conservation laws), we apply a
space-averaged quantity (which depends on time) for determining asymptotically an explicit numerical estimate for
the velocity, which we decide to name LeVeque-Yee formula after the authors’ name of the original paper. As expected,
for the Burridge-Knopoff, due to its inherent discontinuity of the process, it is not possible to attach to a single seismic
event any specific propagation speed. More regularity is expected by performing some temporal averaging in the spirit
of the Cesaro mean. In this direction, we observe the numerical evidence of the almost convergence of the wave speeds
for the Burridge-Knopoff model of earthquakes.

Keywords Burridge—Knopoff model - Computational seismology - Predictor-Corrector - Wave speed - Almost
convergence
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1 Introduction involved. For a better understanding, we recall that Earth’s

lithosphere includes the crust and is also composed of a
Earthquakes occur along fractures in the Earth’s crust,  part of the upper mantle. Moreover, it presents a complex
named faults, characterized by a steady accumulation structure divided into distinct blocks, the tectonic plates.
of tension, when big quantities of energy are suddenly  Indeed, it is along the borders of tectonic plates that the
released due to the relative motion between the two sides
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great accumulation of tension we mentioned above takes
place.

A pivotal role in our analysis is played by the friction.
Indeed, although the existence of forces able to solicit
plates is an important factor to explain seismic events,
nothing would happen if friction did not inhibit the rela-
tive motion between the two different sides of an active
fault. Strongly connected with these concepts is the
stick—slip phenomenon, associated with the earthquakes
by Brace and Byerlee [7]. The borders of a fault exhibit
asperities which make the local slip very difficult: As a con-
sequence, tension increases and the motion is inhibited
by the balance between tension and friction. Once this
equilibrium is compromised, due to the steady accumu-
lation of stress, a slip of the sides involved occurs and a
great quantity of energy is released, thus generating an
earthquake. The alternation between period of quies-
cence, in which tension increases, and phases in which
tension is released along the fault is a typical example of
the stick-slip behavior.

In the last decades, a great effort has been made to
investigate the statistical properties of earthquakes. This
way of thinking is strongly connected with the idea of
self-organized criticality, SOC, developed by Bak et al. [3]
and its influence on seismic events [2]. When critical states
are reached, little perturbations affecting the elements
belonging to the systems can propagate and involve items
of any size [40]. In such a framework, this behavior is often
illustrated by basic laws collecting the statistical properties
of the process studied. As concerns the earthquakes, two
important power laws would be a concrete manifestation
of the SOC principles: the Gutenberg-Richter law [18] for
the magnitude distributions and the Omori law for the
aftershocks sequences [36]. In order to point out the SOC
paradigm, the earthquake models are often analyzed with
the cellular automaton approach, as in the work by Olami,
Feder and Christensen [2, 32].

One of the most famous mathematical models devel-
oped to study earthquakes and its statistical properties
is the Burridge-Knopoff model, proposed in 1967 [8],
whose exploration provides a deep insight into the basic
mechanism driving the seismic events. Such model has
been deeply investigated in order to pursue a statistical
study of earthquakes [19] and continues to be a landmark
in this research field, due to its non-triviality but, at the
same time, its simplicity [13]. On a mathematical level,
the associated differential system exhibits a discontinu-
ous right-hand side, arising from the choice of the friction
law, the only source of nonlinearity in the model. Lots of
models arising from applications exhibit similar character-
istics and require careful analysis. An analytical study of a
non-smooth friction-oscillator model, qualitatively very
close to the Burridge-Knopoff model, is provided in [21].
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Also the related numerical problem must be adequately
approached: In this sense, some numerical methods are
employed for non-smooth systems [1] and suitable regu-
larizations have been performed [171]. Finally, let us remark
that also stochastic variations of the Burridge-Knopoff
model have been considered [20, 39]. However, we stress
the fact that we are going to limit the analysis to the deter-
ministic evolutive case, restricting the random part to the
choice of the initial data.

The main original contributions of this paper are two.
Firstly, we take advantage of a classical Predictor-Corrector
strategy [33] to describe the discontinuous dynamics. The
idea, new as a specific application to the Burridge-Knop-
off model, is inspired by the necessity of providing a
good initial guess to start fixed-point iterations when an
implicit method is invoked. Indeed, because several func-
tion evaluations are generally required by using the fixed-
point method, trying to reduce the computational cost
becomes important. So the basic idea consists of using
an explicit multistep method to compute a better initial
guess and take advantage of this value by employing an
implicit multistep method. The procedure is then divided
into two parts: The first one is the prediction phase, where
an explicit algorithm, named Predictor, furnishes an ade-
quate initial guess, and the second one is the correction
phase, where an implicit algorithm is invoked, possibly
also several times, to realize the fixed-point scheme. The
implicit method used is defined the Corrector because it
acts on the predicted initial value. However, it is impor-
tant to notice that the overall strategy is totally explicit
because the predicted value is employed within the
implicit method where the dependence on the incoming
time instant appears. The second original contribution
has been inspired by the fact that some continuous ver-
sions of the Burridge-Knopoff model exhibit propagating
fronts (see [26, 31]). Hence, we wanted to explore if there is
some numerical evidence of similar kind of structures for
the original model, where it is known that the analysis is
much more intricated due to the inherent discrete struc-
ture. The main tool which we consider is a time-dependent
and space-averaged value of the solution, which we call
LeVeque-Yee formula [24], which has been originally pro-
posed in the field of conservation laws (for details, see later
on). As a natural consequence of the inherent discontinui-
ties of the process, it is not possible to attach to a given
evolution a given speed of propagation, since the behavior
exhibits a number of large oscillations. Much better results
are obtained by performing a time average in the spirit
of the Cesaro mean which is, on its turn, generalized to
the concept of almost convergence [4, 25] of wave speeds:
We proceed as in the context of traveling wave theory,
specifically, by numerically recognizing the existence of
an asymptotic speed.
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The contents are organized as follows. In Sect. 2, we
introduce the model and describe a particular version
among those available as developments of the original
one proposed by Burridge and Knopoff, mentioning the
important connection with the Gutenberg-Richter law. In
Sect. 3, we present the numerical algorithm and analyze
the computational strategy used; also, we comment on the
results of simulations by starting from the simplest case
in order to increase the complexity and consider more
articulated configurations. In Sect. 4, we perform simula-
tions aimed at detecting the almost convergence of wave
speeds, by means of a suitable wave speed estimate, to
get information about traveling fronts: We numerically
prove the existence of an asymptotic threshold and dis-
cuss a phenomenological explanation concerning the con-
vergence of the wave speed averages. Finally, in Sect. 5 a
summary of our results is provided and perspectives on
future work are considered.

2 The Burridge-Knopoff model

The model, originally proposed by Burridge and Knopoff
in [8], is a spring-block model aiming to reproduce the
typical dynamics which take place along an active fault.
The goal is pursued through a discrete representation
given by a chain of N identical blocks, with mass m, mutu-
ally connected by linear springs with elastic constant k.
A sort of one-dimensional array is generated (Fig. 1). It is
also possible studying the dynamics produced by a grid of
blocks, within a multidimensional version of the system,
thus focusing on a two-dimensional array [28, 29].

The blocks are supposed to rest on a rough surface,
where F describes a friction term, and are connected to
a moving upper plate by linear springs with elastic con-
stant k,. As regards the approximation of a real fault, the
opposite sides of two different tectonic plates are assumed
to be represented by the rough surface and the chain of
blocks. The upper surface is supposed to be in motion,
precisely at constant velocity V: This contribution induces
a solicitation explainable thinking about the role of the
external forces acting on a fault. It is assumed that the
blocks are initially equally spaced and that the reciprocal
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Fig. 1 Scheme of the Burridge-Knopoff model

distance is a. This means that a does not explicitly appear
within the equation of motion for the block i, which is

m¥; = k. (Xi — 2% + Xi_1) + k,(Vt — x;) — F(X)), M

where x; is the displacement from the initial equilibrium
position. Let us investigate the structure of (1) by analyzing
each contribution.

Internal elastic energy As concerns the horizontal
springs, it is assumed that a linear interaction takes place
among the blocks. This is the conventional adjustment
adopted within the Burridge-Knopoff model, but a linear
coupling is not the only possibility. For instance, the even-
tuality of a nonlinear coupling is considered in [12]. Due
to the chain structure, producing two neighbors for each
block, the internal elastic solicitation consists of two con-
tributions, obviously except for the masses at the edges.
(In this case, adequate boundary conditions are required
as we will discuss in Sect. 3.) By considering the elastic
forces and recalling that the expression x; is associated
with the displacements from equilibrium position, the
contribution provided by springs with stiffness k. takes
the form of the one-dimensional discrete Laplace operator.

External forces We said above that the action of the exter-
nal forces is realized within the model by the upper sur-
face, in motion with constant velocity V. The blocks deal
with this external element through the springs with stiff-
ness k,,. So each mass is affected by another elastic solici-
tation besides that produced by the horizontal coupling.
Of course, to quantify the vertical elastic force, it is neces-
sary to take into account the elongation of springs caused
by the upper plate. This consideration simply justifies the
presence of the product Vt. It just has to combine this
quantity with x; and k, according to the linear elasticity
asin (1).

Friction The friction force F(x;) is velocity-dependent. This
law allows to reproduce the typical stick—slip behavior and
introduces an essential instability inside the model. Mod-
elling friction is one of the most delicate issues. Follow-
ing Carlson and Langer [9-11], we consider the so-called
velocity-weakening friction (whose specific formula will be
given later on). Different choices could have been consid-
ered such as the Dieterich-Ruina friction law [15, 16, 34,
37] or the Coulomb friction law used by Muratov in [31].In
addition, another choice has to be made between two dif-
ferent qualitative behaviors: the asymmetric and symmetric
versions. Here, the main difference is the constraint of non-
negative block velocity, meaning that back slip is inhibited
for each block. We assume this constraint according to [11,
22,27, 30, 35, 41] and adopt the following (multivalued)
functional form
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Fy= ] 1+2av/( = 0)
(—00, Fy ifv <0,

where v = X;. This double structure is easily understand-
able because a law based on the stick—slip dynamics must
exhibit a discontinuity, as a consequence of the alterna-
tion between sticking and sliding motion for each block.
The back sliding motion is forbidden by formally imposing
F(v) = —coforv < 0.The value F,, corresponds to the maxi-
mum static frictional force, so the static friction formally
may range in the interval (—o0, F,]. During a sticking period
the elastic resultant force acting on a block is perfectly bal-
anced by the static friction, which means no motion: In this
case, equation (1) simply becomes mx; = 0 with initial zero
velocity. When the resultant force exceeds the threshold
Fo, a slipping period starts with dynamic friction. As the
velocity increases, the value of friction becomes lower,
decaying monotonically to zero (see Fig. 2).

Another important feature of the friction law is the role
of the parameters o and «. The first one quantifies a small
drop of the friction at the end of a sticking period, and the
second one provides information about the decreasing of
the dynamic friction force in relation to the increasing of
the sliding velocity.

One of the most interesting features of the Bur-
ridge—Knopoff model consists of the reproducibility of
some important properties related to complex phenom-
ena as real earthquakes, although the system exhibits a
relatively simple structure. Among these typical behav-
iors, the Gutenberg-Richter law plays a significant role and

1 o
0.8 -

0.6 -

Friction

0.2 - N

-0.2 -

Velocity

Fig.2 Form of the friction law: The solid line is referred to the stick-
ing friction, the dash one, to the slipping friction. F; is assumed
to be unity. As samples for the plot, 6 = 0.2, a = 1and « = 4 have
been considered

SN Applied Sciences

A SPRINGER NATURE journal

can be used as a powerful instrument to assess the reli-
ability of the model. Such power law establishes that, in
a seismic zone, the relationship between the number N
of earthquakes with intensity greater than or equal to a
given magnitude M and the magnitude itself has the form
log,y N = a — bM for some parameters a and b. In order to
represent the rate of seismic events, by introducing the
total number of events expressed as N; = 109, it is possible
to reformulate the previous relationship as

log,o(N/Ny) = —bM. 2

This substitution allows us to understand the meaning of
the quantity a in terms of total seismicity rate of an active
zone. Finally, as regards the parameter b, in real situations
its values are usually very close to 1 in seismic zones [13].

As pointed out in [19], the version under investigation
of the Burridge-Knopoff model is not capable of reproduc-
ing the smaller earthquakes that follows the main event,
as described empirically by the Omori law. However, the
modification of the original model has been proposed to
include such aftershocks field [5] and it would be a very
interesting issue to include such effect into the general
picture.

3 Numerical algorithm and its reliability

To start with, we discuss the computational strategy
adopted and the numerical algorithm chosen. Once the
number of blocks N is established, it is possible to obtain
a differential system with equations like (1), namely

X =Y

fori = 1,.., N, where we assume that x, = x;and xy_; = Xy
for the boundary conditions [8]. The choice of such Neu-
mann-type condition, corresponding to a zero-flux bound-
ary condition, is dictated by the idea that no external
effect—except the force of sliding upper plate—should
influence the behavior of the block system.

Initial conditions Following [42], in order to avoid a
periodic evolution and with the aim of reproducing real-
istic local tension along a fault, we assign small random
displacements from the equilibrium positions for each
mass. The blocks are supposed to be at rest, so we force
the velocities to be zero in such a case. Remembering that
the blocks are initially equally spaced with distance g, the
equilibrium positions are P, =a(i—1) fori=1,...,N.
Because zero speeds are imposed, all blocks are initially
stuck. However, if a simulation would have started with
the actual initial conditions, some irregular dynamical
motion would be recognized, due to the action of spring
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and friction forces. On the contrary, we wish to appreciate
a realistic charge cycle; that is why we identify the next
incoming time of global stick, t, and select this one as ini-
tial time. This implies that the original initial conditions,
and corresponding perturbations, must be updated in
t: The simulation is now ready to be restarted by setting
t=0.

Stick-slip detection To identify a time of stick for a block
within the numerical code, we use a criterion based on
both the resultant force and velocities: A block is stuck if
and only if the elastic resultant force is less than the maxi-
mum static frictional force and the velocity is equal to zero.
Being back slip inhibited, sign changes of the velocity are
interpreted as the tendency of being stuck, so negative
values are suppressed and replaced by zero values. Such
a strategy allows us to take advantage of the nonnegative
velocity constraint characterizing the asymmetric friction
law, thus overcoming the need for a further parameter
to be used: Indeed, being difficult to numerically detect
an exact zero velocity, a tolerance is typically introduced
when working with the asymmetric friction framework.

Seismic events Concerning the statistical properties
of the model, and specifically referring to the Guten-
berg-Richter law, we assume an operative definition to
determine whether a seismic event is happening: An
earthquake occurs when a blocks starts to slip and ends
only where all the blocks are stuck again. This definition
implies that, during an event, a block can slip and become
stuck alternately; moreover, the elastic coupling produces
a sort of propagation along the chain of masses, because
a block can trigger the slipping of its neighbors. In order
to quantify the magnitude of an earthquake, we introduce
the following definition for the magnitude M:

N
M= Iogm(z AX,~>, 3)
i=1

where Ax; is the cumulative displacement of the block i
during a given earthquake.

3.1 Numerical adjustment

As regards the numerical integration of the Bur-
ridge-Knopoff model with velocity-weakening fric-
tion, various methodologies have been employed
by using either explicit methods, such as explicit
Runge-Kutta [27-30, 41], or implicit methods, such as
implicit Euler [42]. Here, we propose to adopt a Predic-
tor-Corrector strategy, which is, to our knowledge, applied
here for the first time to the model. To convince the reader
that the algorithm is reliable, we compare it with the
results given by different methods, showing that these
are the same, also quantitatively.

For reader’s convenience, we briefly recall the
scheme [33]. First of all, we consider a general
implicit multistep method, for instance, by selecting
Adams—Moulton methods from the Adams family:

p
Yn+1 =Yn +h z bjfn—j' (4)

=1

If b_; # 0, an implicit method, named Adams-Moulton, is
generated; otherwise, when b_, = 0, an explicit method,
named Adams-Bashforth, is obtained. That is why we
assume b_; # 0.1n (4), y, indicates the approximate solu-
tion evaluated at time t,,; the symbol f,_;, corresponding
to f(t,_; ¥, is the vector field; h is the step size; b; € R;
p € N is used to quantify the number of steps of the
method, precisely p + 1, without including the implicit part
associated with j = —1. We recall that the Adams meth-
ods are derived from the integral representation of the
Cauchy’s problem for a given differential system, namely

t
x(t) =x, + / f(s,x(s))ds,
)

by using interpolating polynomials in the Lagrange
form to approximate the vector field. In order to solve a
Cauchy’s problem by using an implicit method such as (4),
it is necessary to approach a nonlinear equation. We can
rewrite (4) as follows

p
Ynt1 =Yath Z bjfn—j = O(Ypyq)- (5)
j=1

By taking advantage of (5), we can adopt fixed-point
iterations and thus solve the nonlinear equation. For
k=0,1...,weget

k k
yorl = @), (6)

However, the procedure triggered by (6) requires several
function evaluations to achieve convergence, due to the
iterations needed. The idea behind a Predictor-Correc-
tor strategy, which is inspired by the purpose of reduc-
ing the computational cost, is to compute a good initial
guess for the fixed-point iterations by recalling an explicit
multistep method. This method, called Predictor, provides
an adequate guess to be used within the fixed-point
scheme (6) generated by the implicit algorithm (4). The
implicit method, named Corrector, can be invoked m times,
with m > 1. When m > 1, the procedure is called Predic-
tor-Multicorrector. In this paper, we choose m = 1, so we
will continue using simply the wording Predictor-Correc-
tor. The algorithm produced by starting from the Adams
methods can be summed up as follows
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Predict: y =y +h Z bjfr(yoi

4 Evaluate: f(o) = f(tyy1 ,(,TQ
.M M © ©
Correct: y, ' =y, +hbo_,f +h ijfn i

j=0

L

where the Evaluation step of the vector field fis included.
The superscript (0) denotes the guess provided by the
Predictor, and the superscript (1), instead, indicates the
values provided by the Corrector. The abbreviation usu-
ally employed for the overall procedure is PEC. We notice
that a Predictor-Corrector strategy, also in the general
case m > 1, is by construction totally explicit. As regards
our numerical adjustment, we adopt the Predictor-Correc-
tor technique in a bit different form, called PECE, in which
a further evaluation of f is performed at the end of the
sequence. Moreover, the second-order Adams—Bashforth
scheme (AB2) is used as Predictor, while the third-order
Adams—Moulton method (AM3) is chosen as Corrector. We
thus obtain

. h
Predict: y% =y + =30 — £ V]
.40 0
EVaIUate. fr§+)-| - f(tn+1ly,g_:])
Correct: yr(11+)1 =y + [51’,52)1 +8f" — ]
. (M (1)
Evaluate: f. =f(t,11,¥,,))-

We point out that the order, g, of the PECE procedure, can
be computed as follows

q= min(qp + 1/qc)1

where g, and g, are the orders of the Predictor and the Cor-
rector steps, respectively. Therefore, we have generated an
overall third-order method.

Evaluating the pros and the cons of the Predictor-Cor-
rector technique, the main advantages consist, firstly, in
avoiding to solve an implicit system at every step, whose
size would increase with the number of blocks, and, sec-
ondly, in ensuring a stronger stability when compared
to standard explicit methods. On the other hand, we are
forced to adopt a small time step—here chosen equal

k‘;§ %4

m

-—

F

Fig.3 System involving a single block
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to h = 0.001—to achieve a good approximation of the
solution to the Burridge—-Knopoff model [30, 41].

3.2 One block

The aim is to become familiar with the specific trend of the
stick-slip dynamics, we start with the evolution in which
only one block is involved (see Fig. 3).

The equation of motion can be deduced from (1) by
omitting the elastic term associated with the horizontal
connecting springs, so that we get

mx = k,(Vt — x) = F(X). (7)

For the values of the parameters, we adopt the list shown
inTable 1, as in [35].

To complete the list, we set ¢ = 0.01according to [27]
and arbitrarily choose a = 1. We anticipate that the quan-
tity a plays a crucial role for the configurations involving a
large amount of distinct blocks.

As initial conditions, we impose x(0) = 0 and x(0) =
The evolution does not changes its qualitative behavior
by assuming a more realistic small displacement att = 0,
and the only difference consists of the duration of the first
stick period. When only one block is involved, indeed, the
motion exhibits a periodic trend. Figures 4 and 5 show the
results in the case of a single block.

Table 1 Values of quantities

. . . . Parameters

involved in the simulations

with one block m k, ke v Fo
1 1 60 0.001 1

25f

Displacement

05 -

0 I I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000

Time

Fig.4 Displacement for a single block. All the values used to per-
form the simulation are available in Table 1 (@ = 1)
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Fig.5 Velocity graph (left) and displacement/velocity plane (right) for a single block (for parameters values, see Table 1 with a = 1)

We recognize the alternation between sticking and slip-
ping periods from the qualitative behavior of the graph
in Fig. 4: A steep trend characterizes the sliding motion,
in opposition to the flat one produced when there is no
motion.

When the block is sliding, its velocity achieves some
pronounced peaks as shown in Fig. 5a. In Fig. 5b, a qualita-
tive summary is provided by the phase portrait. Although
this kind of system is very far from being an accurate rep-
resentation for seismic events, because lots of other con-
tributions would be required, on a geophysical level we
could think about a slipping period as an earthquake and
a sticking one as a charge cycle.

Incidentally, let us observe that choosing a reference
frame moving at the speed V of the part sliding on top,
i.e. settingu = x — Vt, we obtain the autonomous second-
order differential equation

mi1 + kpu +F() =0,

which can be, as usual, rephrased as a first-order system
by setting

u=v, mv = —kpu — F(v). (8)
Then, the dynamics can be represented in the phase plane;
see Fig. 6.

In principle, similar graphs can be provided for any
number of blocks being V constant, even if we chose not
to use such representation.

Let us stress that, for the case of a single block, different
types of models can be considered (among others, see [6]
for singular perturbation analysis). In principle, such mod-
els are amenable of being extended to the multiblock case
and we regard such topic as very riveting. Nevertheless, we

0.9 T T

0.7 - 4

0.6 - -

0.5 - 4

04} E

Velocity

0.3 -

0.2 - B

0.1 -

01 L L L L L L I I I
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Displacement

Fig. 6 Phase-plane analysis in the plane (u, v) for system (8) with
two different values of a (« = 1red line, a = 4 blue line)

decide to focus on the original Burridge-Knopoff model
leaving such and other variations for future investigation.

3.3 More blocks

Next, we examine a model involving five masses with the
same parameters listed in Table 1 and assuming random
initial conditions random. The associated differential sys-
tem is defined by using (1) and paying attention to include
the boundary conditions. For instance, the equation for
the first block becomes

mX; = k.(x; — x;) + kp(Vt —X7) — FO).
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In Fig. 7a, we plot the displacements of the blocks, while
in Fig. 7b a zoom-in for these trajectories is provided. It is
possible to recognize some great slipping phases in which
all the blocks are involved; on the other hand, very small
displacements happen in regions where the slope is flatter.
The pronounced peaks correspond to the most powerful
shocks allowed for such a configuration. Finally, looking at
the zoom-in Fig. 7b, a sequence of smaller narrow events
happens in the period preceding one of the large vertical
peaks, interpreted here as foreshocks.

Although five blocks are not enough to exhibit sat-
isfying dynamics, it has been helpful to investigate the
results in a qualitative way. As can be observed, indeed,
the behavior is more complex than in the case of a single

3.5

25 -

Displacements

1L i
——— Block 1
—-—-Block 2
— — Block 3
-------- Block 4| |
——Block 5

0 E= 1 I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000

Time

block. To support this point of view, in Fig. 8 we take one
block as sample and plot the velocity and the phase por-
trait (trends are very similar for the remaining blocks).

3.4 Many more blocks and the Gutenberg-Richter
law

The next steps in our analysis are aimed at arguing the
reliability of the Burridge—Knopoff model using the Guten-
berg-Richter law (2). In order to achieve this purpose, we
increase the number of blocks and consider a system with
N = 200. In Table 2, the parameters used in this last part
of Sect. 3 are listed.

o

o
©
T
T

S
3
T
T

N
ke
T
T

N
[
T
I

Displacements
IS
&
T

3

—— Block 1
—-—-Block 2| ]
— — Block 3
-------- Block 4|7
——Block 5

n
i
T

EN
@

S
S
T

&
:

~
T
.

I I I I I I
2320 2340 2360 2380 2400 2420
Time

Fig.7 A system involving five blocks. The graph of the displacements as a function of time and its zoom-in of the rectangular region (for
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Table 2 Values of quantities

. . . . Parameters
involved in the simulations
with several blocks m k, k. v Fo c a
1 1 100 0.001 1 0.01 {1,15,2,3,4}

We collect information about the seismic events gen-
erated by using the criterion described before to distin-
guish when an earthquake is occurring. As regards the
magnitude, the relationship (3) provides a quantitative
definition. First of all, to discuss the results, it is abso-
lutely necessary focusing on the role of the parameter «
introduced by the friction law [10, 22, 27, 41]. As stated
in Sect. 2, a expresses the rate of slipping friction modify-
ing the sliding velocity. As a result, if « decreases, friction
becomes more dissipative; on the contrary, larger values
of @ mean less dissipation because the slipping friction
decreases more quickly with sliding velocity. On a quan-
titative level, the value @ = 1is an important threshold:
The system cannot exhibit large earthquakes for a < 1
and different behaviors are noticeable in the case « > 1.
Indeed, by following [42], we introduce the earthquake
distribution P = P(M), which is the ratio between the
number of earthquakes greater than or equal to a given
magnitude M, see (3), and the total number of events
N;. Operatively we classify magnitudes by establishing
the belonging to different ranges such as [M, M + dM],
where dM is fixed to be equal to 0.2. According to (2), we
represent the distribution of earthquakes by the graph
of the function M - log,,[P(M)]. In the first case consid-
ered, a = 1is employed and the result is shown in Fig. 9a.

—o— Distribution of earthquakes with o = 1

o5l —— Linear least square method |

25| 4

-3.5 B

A)a=1

By observing the graph, it is possible to recognize a
behavior very close to a straight line in the central part
(between M = —3.7 and M = 1.7, approximately), which
can be interpreted coherently with the Gutenberg-Rich-
ter law. By adopting the linear least squares method (see
Fig. 9a), we estimate an exponent B ~ 0.42 for the power-
law trend. We point out that the exponent derived from
the simulations of the Burridge-Knopoff model can-
not be directly matched to the b-value appearing in the
Gutenberg-Richter law (2); indeed, a rescaling would
be required in order to make a comparison with the real
data [13, 19]. We can take as a reference the relationship
b= %B described in [19]. Moreover, according to the
results in [27], we notice that by varying the ratio between
the stiffness of the springs, k. /k,, usually called I2in the
literature, a different exponent B is computed: The lower
the ratio, the higher the exponent, of course preserving
the constraint k. > k,,. For instance, by imposing =36
we find B =~ 0.45 or choosing /2 = 9 we obtain B ~ 0.54. As
regards the data providing the results plotted in Fig. 9, a
ratio /2 = 100 can be deduced from Table 2.

All these considerations make the value of the param-
eter b ranging in the interval [0.63, 0.81], meaning a flatter
slope for the graph in Fig. 9a, being even smaller than the
empirical value b = 1in (2). Finding a flatter slope is con-
sistent with other observations available in the literature,

.05 |
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Fig.9 Earthquakes distribution for a system with 200 blocks: graph of the function M — log,,[P(M)] (parameters listed in Table 2)
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asin[11, 27, 42]. At very small magnitude, we notice a
steep linear segment in the graph, probably caused by the
discreteness of the model [27, 42].

By increasing a, a different qualitative behavior is pro-
vided by simulations. For instance, we assume now a = 4
(see Fig. 9b) in order to show the main differences by
employing more values of «, in what follows. All the other
parameters are the same as in the case « = 1. In Fig. 9b,
we recognize a deviation from the Gutenberg-Richter law
at large magnitudes: It is noticeable a sort of peak struc-
ture; the trend close to a straight line persists instead in
the middle-small range of magnitude, in agreement with
the empirical expectation. Finally, at smallest magnitude,
as in the case analyzed before, a steep linear segment is
observable due to the discreteness of the model. All these
qualitative behaviors are consistent with previous works,
for example, [11, 27, 35, 42].

Next, we discuss the crucial role played by the param-
eter . We have already observed that the lower the value
of a the higher the dissipation; correspondingly, in agree-
ment with [10], we notice that in each earthquake the dis-
placements become smaller. Figure 10 compare the results
for a = Tand a = 4, showing that the displacements are
effectively smaller, confirming the findings in [35].

Next, let us investigate how the distribution of earth-
quakes changes when a increases. In Fig. 11 some distribu-
tions are plotted by assuming @ € {1,1.5,2,3,4}. Hence,
the peak structure persists when a # 1and, in the interval
where the linear behavior agrees qualitatively with the
Gutenberg-Richter law, the slope is steeper as a increases.

To continue the comparison with previous results, let us
recast the definition of in (3) by replacing the decimal loga-
rithm M with the natural one M;, denoting the magnitude.

110 T T

108

Displacement
S >
S (=3

=}
o

100

98

I I I I I I I I I
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

A)a=1

0e

-0.5 -

ARRA(T

PO
coouwvo

]

log,,[P(M)]

-2.5 -

351

Fig. 11 Earthquakes distribution for a system with 200 blocks:
graph of the function M  log, [P(M)] with a € {1,1.5,2,3,4}. The
other parameters used are listed in Table 2

If the quantity P(M,) is defined as for P(M), an qualitatively
equivalent of Fig. 11 is obtainable, very similar to the cor-
respondent graphs shown in [42]. Moreover, if we define
by R(M,) the rate of seismic events with magnitudes equal
to M, (operatively in a range such as [M;, M, + dM,]) we
achieve the results shown in Fig. 12.

With the aim of expressing the qualitative behavior
affecting the dynamics when a # 1, in Fig. 12b we have
chosen as example the value a = 2. It is possible to explain
the deviation from the Gutenberg-Richter law in terms of
a peak structure by pointing out that, in such a regime,
large events are too frequent, consistently with the conclu-
sionin[10, 11, 27].
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Fig. 10 Displacement of the location of the center of gravity: comparison between @ = 1and @ = 4 in the time interval [0, 10%]
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Fig. 12 Distributions of magnitude for a system including 200 blocks: graph of the function M; +~ In[R(M,)]; comparison between « = 1and

a=2

4 Wave speed estimate and almost
convergence

In the previous sections, we have performed numerical
simulations aimed at providing a comprehensive overview
of the typical dynamics the Burridge-Knopoff model is
ruled by, through an effective numerical method based
on a Predictor-Corrector strategy. All these achievements
define a helpful background to reach the core of our study:
Specifically, we take advantage of the discrete structure
of the model in order to get results related to the propa-
gating fronts theory, on the ground of the proceedings
described before as far as the numerical discretization.

By means of some simple qualitative considerations, it is
possible to recognize that the assessment of mechanisms
hypothetically attributable to the traveling fronts field, is
something worth working on in seismology and related
applied mathematics. So far, we have often pointed out
how much the Burridge-Knopoff model behavior is bound
to be influenced by phenomena of perturbations spread-
ing, due to the intrinsic structure of the system: Indeed,
the information about occurring events is conveyed by
the connecting springs, allowing distant blocks slipping,
within a chain reaction process in which each block can
trigger its neighbors motion.

From a mathematical point of view, a suitable analy-
sis is needed in order to prove that such qualitative and
empirical features might be framed by a systematic theory
based on traveling fronts. In this respect, a class of systems
consisting of elastic media and characterized by friction
laws allowing the typical stick—slip phenomena, has been
proved to be suitable for producing traveling fronts as

shocks. In [31], by using the Coulomb friction law and tak-
ing into account a continuum version of the model, propa-
gating fronts are investigated, specifically, their existence
is shown and corresponding wave speed computation is
performed.

Here, we wish to realize something similar by employ-
ing a different approach: Basically, we are interested in
detecting a specific wave speed, which means recogniz-
ing the propagating fronts phenomenon, only by making
use of the discrete version of the model provided with the
velocity-weakening friction investigated so far. As a conse-
quence, a wave speed estimate is needed: Our choice falls
on the formulation provided by LeVeque and Yee in [24],
suitably modified and upgraded in order to get a version
contextualized in this discrete field. The standard estimate,
indeed, has been originally meant to be exploited within
the PDE framework, being employed in the conservation
laws field, and reads as

C

M=

1 :
"= arpw &) A ©)

I

where ¢, is the space-averaged wave speed estimate, at
timet”, related to the traveling wave v approximated over
a uniform spatiotemporal mesh (Ax and At are the fixed
spatial and time steps, respectively), while [v]:=v, —v_
with v, stationary states. The exploration of the LeV-
eque-Yee formula (9) has been explored in [23] in the con-
text of hyperbolic reaction—diffusion equations, where its
reliability has been proposed.

Recalling that h is the fixed time step and N the total
number of blocks, our modified version of formula (9)
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arises from the requirement of dealing with a system of
ODEs, thus implying some specific adjustments leading to
N
1

_ n _ n-1 n
& = T3] ;(zi 2" HAX", (10)

where z! denotes the position of the ith block at time t”
and [z] = z§, — z{ plays the role of the term including the
stationary states in (9). As regards the quantity Ax!, we
have:

n n 7 —
7] — 7] ifi =1,
zZn —z"
Ax! = 3 IHTH if2<i<N-1,
n n /] —
zy—zy , ifi=N.

The relation (10) is still a space-averaged wave speed
estimate for the velocity c evaluated at time t” where the
multivalued function Ax” measures the distance between
adjacent blocks, replacing the spatial contribution Ax
involved in (9).

As a preliminary test on the wave speed, we consider
the simplest conceivable trend for the velocity, and we
regard at c as a function of the discrete timet". As regards
the parameters, we adopt the same quantities listed in
Table 2 with « = 1, and we choose [0, 10°]as time interval.

The evolution of the wave speed, computed by ¢ given
in (10), is shown in Fig. 13, exhibiting an evident oscillatory
and non-convergent trend, similarly to the plot in Fig. 5a or
in Fig. 8a. All these graphs provide information about the
velocity trend; that is why getting profiles characterized
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Fig. 13 Wave speed estimate trend for a system involving 200
blocks
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by a collection of pronounced peaks (corresponding to
seismic events) consistently with the heuristic expecta-
tion, regardless of the number of blocks involved. Such
graphs are natural effect of the particular dynamics ana-
lyzed which is inherently discontinuous, as a consequence
of being based on a stick-slip mechanism.

The detection of a specific wave speed is still open and
further analysis is required. To this aim, let us define the
average quantity

yn=%2c,-- (11)

For each n, the relation (11) takes into account the arith-
metic mean of the first n available wave speed estimates.
In Fig. 14, we can see the results: A convergence towards
an asymptotic threshold is now appreciable and the limit
value numerically computed isL ~ 1.04 - 1073 (to be com-
pared withV = 1.00 - 1073).

At this stage, from the mathematical point of view, a dis-
cussion is required: The wave speed provided by the limit
L of the sequence {y,} is related to the averages conver-
gence for the sequence {c, }; that is why we have numeri-
cally proved the summability in the sense of Cesaro. Specifi-
cally, leaning on the Cesaro means theorem [38], it is well
known that if a sequence { §, } is convergent to some limit-
ing value b as n — +oo, then the sequence of the averages
0, = % Y, B;convergesto basn — +oo. Thus, although
we have computationally proved that a convergence for
the sequence {c, } is not recognizable (see Fig. 13), we can
certainly state that, if a weaker convergence is verified, it
has to happen towards the value L, i.e. the limit for the
averages sequence y,.

Motivated by this result, we want to show that there is
numerical evidence of the so-called almost convergence
(for details, see [4, 25]) for the sequence {c, }. To this pur-
pose, we introduce a new average

p+n—1

1
Yon = n Z Cis (12)
par

which turns out to be equivalent to (11) if p = 1. By invok-
ing the Lorentz Theorem [4, 25], stating that a bounded real
sequence ¢, is almost convergent to L if and only if

lim Ynp = L uniformlyin n,

p—+o

it is possible to provide numerical evidence of almost con-
vergence analyzing the sequence of the averages y,, ,. Spe-
cifically, we test the almost convergence of the sequence
{c,} by computing the (p, n)-dependent mean for different
choices of the parameter p, as a function of the discrete
time t". The results are depicted in Fig. 15 starting from
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Table 3 Values of p involved in the simulations and corresponding
time instants

Parameter p choices

p py =1 p,=10° p; =10° P, =10
t 1073 102 103 10*

the case p = 1. The parameters exploited to carry out the
numerical test are listed in Table 3.

All the graphs converge towards an asymptotic
threshold, whose value is L ~ 1.04 - 1073, namely the
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limit already recognized in Fig. 14, thus testifying the
almost convergence for {c,} to a value which is dis-
tinct from V = 1-1073 with a relative error equal to
L=V)/V=4-10"

Such an outcome issues an interesting interpretation
in terms of real phenomena as well. Indeed, while the
plot in Fig. 13, reproducing the wave speed trend, can
be described as a collection of mutually independent
events, the function involving the wave speed aver-
ages (12) and the related graphs in Fig. 15, imply a
dependence from the past sequences. The latter inter-
pretation is somehow more acceptable thinking about

%10

1.25 1 Ton|

7 8 9
x10*

Fig. 15 Wave speed averages from (12) for different values of the parameter p, as a function of the time t"; the system involves 200 blocks.

Right: zoom in[0,9 - 10*] X [0.9 - 1073, 2 - 1073]
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the mechanism of mutual induction affecting earth-
quakes along a fault and the reasonable influence that
past earthquakes might have on future seismic events.
Moreover, speaking about the traveling fronts theory,
the numerical evidence of a limit for the wave speed
averages paves the way to state the existence of propa-
gating fronts starting from the specific discrete version
of the Burridge—-Knopoff model provided with the veloc-
ity-weakening friction. To our knowledge, such kind of
result is not available at the present.

To conclude this section, we also performed simulations
in order to investigate the almost convergence sensitivity
of the wave speed relative to the numerical scheme. By
considering increasing number of blocks, namely, N = 512
and N = 1024, we have checked the stability of the asymp-
totic propagation speed providing always the same value
for the limit L ~ 10~3 which suggests the independence on
the number of blocks for N large.

5 Conclusions

In this paper, a systematic investigation of the Bur-
ridge-Knopoff model for earthquakes detection has been
performed through several numerical simulations. The sys-
tem is a spring-block model, characterized by a discon-
tinuous right-hand side. Among the different versions for
the friction law available in the literature, our choice fell on
the one known as velocity-weakening form.

The analysis is carried out with a twofold aim. Firstly,
by comparing with the numerical simulations performed
by means of different schemes in other papers, we found
an excellent (qualitative and quantitative) agreement
applying for the first time the classical Predictor—Corrector
strategy to the model. In order to provide a complete and
accurate investigation of the main features of the model,
numerical experiments have been performed starting
from the simplest cases, allowing a deep understanding
of the so-called stick-slip dynamics, basically the physi-
cal process the earthquakes mechanism is ruled by. After-
wards, by increasing the number of blocks, we explored
more complex configurations: In particular, attention has
been devoted to the Gutenberg-Richter statistical law (2),
a standard benchmark in seismology.

Secondly, by taking advantage of the more realistic
framework defined by consistently increasing the size of
the system, we moved toward the exploration of propa-
gating fronts giving numerical evidence of the almost
convergence of wave speeds produced by the dynamics,
properly computed through a suitable space-averaged
estimate, known as LeVeque-Yee formula in its discrete
version (10). The need for a weaker convergence has been
justified showing that the standard sequence given by the
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wave speeds does not converge, as a natural consequence
of the inherent discontinuities of the process. Instead, the
result involving the convergence of the wave speed aver-
ages not only proves itself to be a perfect ground to test
the upgraded version of the LeVeque-Yee formula, but
also leads to an interesting phenomenological interpre-
tation, in terms of reciprocal influence in time among seis-
mic events. Furthermore, in regard to the traveling fronts
theory, getting numerical evidence of a limit for the wave
speed averages is a starting point to address the existence
of propagating fronts by considering the discrete Bur-
ridge-Knopoff model with the velocity-weakening friction.

In terms of perspectives, many more issues are raised
by the Burridge-Knopoff model. Future works might be
conceived in order to understand completely the discrete
model and its dynamics, looking for other evidences
related to the presence of propagating fronts. The attempt
to find such a correlation is expected to be fruitful and
worth being deeply understood, since the model belongs
to a class of systems which supports traveling waves. Addi-
tionally, a crucial one is to determine the origin of the
external force driving the upper plate (at constant speed
in the present version). Actually, the main external force
causing such accumulation is currently matter of debate:
Some scientists suggest this stress is a byproduct of inter-
nal mantle convection [13], others propose that the exter-
nal gravitational contribution is crucial [14]. In this respect,
a modified Burridge-Knopoff model is conceivable with
periodic forcing with frequency/amplitude dictated by the
principal cause of the motion. Modifying such frequency/
amplitude parameters could, in principle, provide an indi-
rect proof by comparing the result with real seismological
data.

Finally, from the computational point of view, the possi-
bility of improving the simulation effectiveness relying on
the parallel computation paradigm is doubtless promising.
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