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Abstract

The Union-Intersection and Intersection-Union hypotheses testing problems are considered for all possible combinations of
united and intersected sub-sets of hypotheses. Constrained Bayesian Method is developed for solving these problems.
Optimal decision rules are derived for all stated combinations of hypotheses. Theorems on the optimality of the derived
decision rules in the sense of the restrictions on Type-I and Type-II error rates to the desired levels are proved. The
proposed theoretical methods are enhanced for practical examples. Extensive simulation results are presented to confirm
the theoretical results and to illustrate the properties of the proposed procedures for a finite sample.

Keywords Constrained Bayesian method - Intersection-Union hypotheses - Statistical hypothesis - Type I and Type II error
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1 Introduction

The consideration of the Union-Intersection (UI) problem
where the basic hypothesis Hj states the simultaneous
occurrence of several disjoint sub-hypotheses, i.e. when
Hy = ﬂfil Hy;, started in the middle of the last century
(Roy 1953). The reverse scenario where the basic
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hypothesis Hj states the occurrence of at least one of the
sub-hypotheses, i.e. when Hy = UiS:1 Hy;, was considered
some time later (SenGupta 1991; SenGupta and Pal 2000,
2001) and was termed the Intersection-Union (IU) testing
of hypotheses problem. Both statements of the hypotheses
testing problem deserve attention as they appear in many
practical applications. For example, Ul situations arise
when one considers multi-parameter testing problems in
multivariate distributions, while IU testing problems arise
in, e.g., one-parameter situations such as “equivalence”
testing problems, acceptance sampling in statistical process
control, reliability and multivariate analysis (Pal and Sen-
Gupta 2000), directional statistics (Jammalamadaka and
SenGupta 2001, Section 6.3.3; SenGupta and Pal 2001),
multi-parameter problems like contaminated or mixture
models (Berger 1982; Choudhary and Nagaraja 2004;
Madallaz and Mau 1981; SenGupta 2007), multiple com-
parisons in verbal fluency-disorder studies (Soulakova
2017), group sequential clinical trials (Peng et al. 2018),
etc.

The intersection of the separate critical regions obtained
by the standard separate tests for each Hy; for testing Hy is
considered in Choudhary and Nagaraja (2004). The general
uniformly most powerful (UMP) test is presented in
(Lehmann 1986) for solving this problem. An approach
based on a Pivotal Parametric Product (P?) as given by
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SenGupta (2007) is exemplified by computations for sev-
eral practical examples and by comparisons of the obtained
results with the results given in (Berger 1982).

To pursue the above problem, more general statements
of the UI and IU problems and application of Constrained
Bayesian Method (CBM) for solving it are presented
below. General statement of the problem is given in
Sect. 2, whereas its general solution is given in Sect. 3.
Some particular examples are considered in Sect. 4.
Numerical results for these examples are presented in
Sect. 5. These are computed for concrete data and are
given in Sect. 6. Final results are discussed in Sect. 7.

2 Statement of the Problem

Let’s consider the problem of testing a basic hypothesis
against alternative one when one of them is union or
intersection of a sub-set of hypotheses and another is
negation of the first one (SenGupta 2007; Roy 1953). Since
these two cases easily can be transformed to each other by
changing the basic (null) and alternative hypothesis and
vice versa, we will consider the case when the null (basic)
hypothesis is union or intersection of a sub-set of
hypotheses and the alternative is negation of the null, i.e.

a)Hy = Ulsil Hy;and H; = no H,
or (1a)
b)H() = m;si] H()i andH1 = nOH()

In general, this problem can be stated as follows: To test
the basic hypothesis Hj, against the alternative one Hj,
where Hy and H; are the union or intersection of some sub-
sets of hypotheses Hoi,Hop,....Hos, and Hy1,Hio,....His,,
respectively. Here Hp[((H; =0 (or more generally
HyNHj=0,i=1,.,5,j=1,..,5) and the fulfillment
of the condition Hy | JH; = R™, where R" is m dimensional
parametrical space, is not obligatory in contrast to the
classical case. Hypotheses from one sub-set can intersect
with each other but hypotheses from different sub-sets do
not intersect. These suppositions make the statistical
hypotheses similar to the hypotheses usually encountered
in real-life and, therefore, make them more natural.

In general, here we consider the following combinations
of testing of hypotheses:

a) Ho= ()" Hovs. Hy = ()" Hs
b) Hy = Uil Hy;vs. H = Uil Hy;; (1b)
c) Hy = ﬂ Ol Hy;vs. H = LJSl VHis
&) Ho=J" Hovs. Hi =, Hi

It is obvious that hypotheses Eq. (1a) are particular cases
of hypotheses Eq. (1b).

The standard separate tests for each couple Hy; and Hjj,
offered in Choudhary and Nagaraja (2004), which yield a
test for Hy and H; with the acceptance regions given by the
intersection or union of the separate acceptance regions,
has the following drawback. The information, that may be
contained in the hypotheses Hp; and/or Hj; concerning
other sub-hypotheses, are lost in such separate considera-
tions. Application of CBM for testing these hypotheses is
free from such drawback. It does not need the derivations
of a new test statistic for every concrete case and its dis-
tribution law (as P test needs) (see SenGupta 2007, 1991),
which may be non-trivial in many cases. Besides, it is free
from the necessity to have “exact separate tests” (Sen-
Gupta 2007).

Let us adopt the following notations for the application
of CBM to testing of hypotheses Eq. (la) or Eq. (1b).
Denote H! = Hy,, i=1,...,S8, H!=H,,,
i=Sy+1,...,5 +S;. Then we have to test S =Sy + S
hypotheses H}, H,,...,H (instead of Sy - S| separate tests in
pairs). Let’s henceforth omit the upper index for simplicity.
Let a sample x! = (xi,...,x,) be generated from proba-
bility distribution density p(x;#) and the problem of
interest is to test hypotheses H;: 0, € ®;, i=1,...,8S,
where ©; € Q", i =1,...,§, Q" is m dimensional param-
eter space and the requirement of being disjoint subsets of
®; is not obligatory. Let the prior on 0 be denoted by
S w(0|H;)p(H;), where for each i = 1, ..., S, p(H;) is the
a priori probability of hypothesis H; and =(6|H;) is a prior
density with support ®;; p(x|H;) denotes the marginal
density of x given Hj, i.e. p(x|H;) = [ p(x|0)n(0|H;)d0;
D = {d} is the set of solutions, where d = {d, ..., ds},

L,
-

Let d(x) = {01(x), d2(x),...,ds(x)} is the decision
function that associates each observation vector x with a
certain decision

if hypothesis H; is accepted
otherwise

d(x)
x—d € D;

(notation: depending upon the choice of x, there is a
possibility that §;(x) = 1 for more than one j or J;(x) =0
forallj=1,...,5).

Let I'; = {x: 0;(x) = 1}, i =1, ..., S, denote the accep-
tance region of hypothesis H;. Let L;(H;, d;(x) = 1) and
L,(H;, 6;(x) = 0) be the losses of incorrectly accepted and
incorrectly rejected hypotheses, respectively.

One of the aims of CBM (Task 2) is the following
(Kachiashvili 2018): To determine I';, i = 1, ..., S, which
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minimize the average loss of incorrectly accepted

hypotheses
s = ?gr;{Zf} ()Y / RURCE 1>p<xH;>dx} (2)

subject to the conditional probabilities of incorrectly
rejected hypotheses

)t

s S

2(H;, 0;(x) = )p(x|Hi)dx§ré,i

—1
(3)

where ré, i=1,...,S, are some real numbers determining
the levels of the losses of incorrectly rejected hypotheses.

Remarks 1a Statement of the problem as in Egs. (2 and 3)
is one of the possible forms that can be modified to other
forms depending on the specific hypotheses testing tech-
nique applied. So depending on the imposed restrictions
and minimizing kinds of errors, we can formulate nine
different statements of hypotheses testing, similar to
Egs. (2 and 3) (see, for example, Kachiashvili 2011, 2018;
Kachiashvili et al. 2012).

Remarks 1b This problem may be viewed as a general-
ization of the optimization problem of Dantzig and Wald
which was considered in Lehmann (1986) for obtaining the
most powerful test.

3 General Solution of the Stated Problem

The solution of the problem Egs. (2 and 3) by Lagrange
method gives

0= {x: D20 Li(Hi, 05(6) = Dp(Hp(xH)
<30 A (Hiy0y(x) = O)p(H)p(xlH) }j = 1.,

where Lagrange multipliers 4;, i = 1, ..., S, are determined
so that in conditions Eq. (3) the equalities take place.

Using the concept of a posteriori probability, decision
making regions Eq. (4) can be rewritten in a more compact
form

(4)

0= {x: 300 Lald3/0) = Dp(H .
<3 ilalHy, 05(x) = O)p(Hib) }.j = 1,8
Let’s consider the following losses

Li(Hy, 8(x) = 1) {?{1 ZZ ;j and .

. _ Ky ati=j,
Lo =0 ={ "

where K| and K are the values of the losses of incorrectly

accepted and incorrectly rejected hypotheses.
Then restriction conditions Eq. (3) take the form

p(H;) -KO(I — / p(x|H,~)dx> Sré,i =1,..8;

”2

ie. | p(x|H; del—— i=1,..8 7

and expression Eq. (5) takes the form

S N .
= {x: K-> p(Hil) <Ko 4y p(Hilx) }.J
=1,..,8 (8)

where /;, j = 1,..., S, are determined so that in conditions

Eq. (7) the equalities take place.

For testing hypotheses (1), decision making rules are
defined on the basis of the regions Eq. (8) as follows:
e for hypotheses of (1a)

(a) accept Hy if x belongs only to the union of the regions
Lii=1,.,8 el I

accept H; if x belongs only to the region I'g,11;

do not make a decision in any other case.

(b) accept Hy if x belongs only to the intersection of the
regions I, i=1,..,8 (x € ﬂfi, r);

accept H if x belongs only to the region I's,1;

do not make a decision in any other case.

e for hypotheses of Eq. (1b)

(a) accept Hj if x belongs only to the intersection of the
regions I';, i=1,..,8) (x € ﬂfil I);

accept H; if x belongs only to the intersection of the
,So+ 81 (e s Ty

do not make a decision in any other case.

(b) accept Hy if x belongs only to the union of the regions
Li=1,.,8 el T

accept H; if x belongs only to the union of the regions I';,
i=So+1,....8+581 (x5 Ty

do not make a decision in any other case.

(c) accept Hy if x belongs only to the intersection of the
regions I, i=1,..,5 (x € ﬂisi] I);

accept H; if x belongs only to the union of the regions I';,

i=So+1,..,80+581 (x5, T
do not make a decision in any other case.
(d) accept Hj if x belongs only to the union of the regions
Ii=1,.,8 xelU_, T

accept H, if x belongs only to the intersection of the
So+ St (x € M5, T
do not make a decision in any other case.

regions I';, i =So+ 1, ...

regions I';, i =Sp+ 1, ...,

52, €\ Springer



Iranian Journal of Science

Remarks 2a 1In all the above situations, the statement “do
not make a decision in any other case” was made since it is
impossible (see Eq. (3)) to make decision at the desired
levels on the basis of existing information.

Remarks 2b 1f making a decision on the basis of existing
information, i.e. on the basis of existing observations, is
impossible, then there are two ways of actions: to change
restriction levels ré, i=1,...,5,in Eq. (3), until a decision
will not be made, or to continue the sampling, i.e. to pass to
the sequential experiment, until a decision will not be made
(Kachiashvili 2014, 2018).

Theorem 1 CBM 2 defined in Egs. (2 and 3), for
hypotheses (b) of (1a) and losses Eq. (6), ensures a deci-
sion rule with the error rates Type-I (alpha) and Type-II
(beta) restricted by the following inequalities.

ry
o< ;
i—1 KO p(H,) 9
B<
i:sz(;ﬂKO -p(H;)

Proof The Type-I and Type-II error rates for hypotheses
Eq. (1b) are the following.

oc:/ p(x|Hp)dx andﬁ:/ p(x|Hy)dx (10)
I Ty

For hypotheses of Eq. (1b) (b), expressions Eq. (10) can
be rewritten as follows

So
%= U
Us r i=1 p
j=So+1 "7

_ p(x|H;)dx
Z’ /U, st 1 (11)
S Vi WD

Z: ZJSJrI XEF|H)

(x| H;)dx

and

/ Yl) Ul So+1 X‘H )dx_ Zl S0+l/ So p( |H

/ 1T
< Zi:so+l j=1 / p(x|H;)dx

= Zl So+1 Z, 117(xe Lj|H;)
(12)

Since the following condition holds in CBM (Kachi-
ashvili 2018) when decision is made

52, €\ Springer

S S .
Zjilp(x € T|H) + ZFSOHP(X €TlH) =1,
=1,..8 (13)

conditions Egs. (11 and 12) can be rewritten as follows

u<z [ Z_,- (xel"|H)}
[p -3 e r,-|Hi)]
<l
and

Ny S
p< Zi So+1 {1 o ijso
s
- Zl So+1 ] SoJrl,/yft
7
< 2
= Zi:SOH p(H;) - Ko

Making the same transformations for other combina-
tions of hypotheses Eq. (1b), it is easily seen that the
theorem holds for all these hypotheses.

plx e Fj|Hi)}

plox e )|

3.1 Another Loss Function

Let us, instead of losses Eq. (6), consider the following loss
functions for hypotheses of Eq. (1b):

07 at l~] € (17“-5S0) or l*] € (S0+ 1*,‘“=S)a
Li(H;,0(x) =1)={ Ki,ati€(1,...8) and j € (So+1,...,5) or
ati€ (So+1,...,8) and j € (1,...,8);
(14)
and
Ly(H;, d;(x) = 0)
Ko, at i,j € (1,...,8) or i,j € (So+ 1, ...,S)7

=0 0,atie(1,..,8)andje (So+1,...,S) or,

ati€ (So+1,..,8) and j € (1,...,5).
(15)

Then CBM 2, i.e. statement of the problem (1)-(2), for
hypotheses (b) of Eq. (1b), takes the following form

. So s "
ro = I{I}]I;{Kl . Zi:lp(H’) Z,‘:s\,ﬂ /rp(x\H,-)dx

+3 P HE) S / (x|H,)d ”

subject to

(16)
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x<r2,1—1 ., S0,

Ko -p(H / p(x|H;)

Ko - p(H;) - Z/R ; p(x|H)dx<rbi=Sy+1,...,8

J=So+1
(17)

Application of the Lagrange method for solving of the
constrained optimization problem Egs. (16 and 17), gives

r,{x:Kl-ZfMp( Op(x|H;) <Ko - ZA, x|H)}

j=1,..,5,
S
;= {x K 'Z,OIP(Hi)p(X\HiKKm > )»i'P(Hi)P(xHi)}v
(18)

i=So+1
where Lagrange multipliers A;,i = 1, ..., S, are determined
so that equality holds in Eq. (17). Thus, we have I'} =
.=TIg,=Tp and I's;y; =...=Ts =1}, ie. we have
only two regions of making a decision. One of them is
basic hypothesis acceptance region and another is alterna-
tive hypothesis acceptance region.

Theorem 2 CBM 2 defined in Egs. (2 and 3), for
hypotheses (b) of Eq. (1b) and losses Egs. (14 and 15)
ensures a decision rule with the error rates Type-I (alpha)
and Type-1I (beta) restricted by the following inequalities.

j=So+1,..,8

i

So N i
I 2
a< g — 2 < E 2
— Ko-So-p(Hi)" — 5= Ko (S—S0) - p(H;)
(19)

Proof Restrictions Eq. (17) for hypotheses acceptance
regions Eq. (18) are transformed to the forms.

Ko - p(H;) - So - (1 — p(x € To|Hy))
<r2,l:1 S0,

Ko -p(H;) - (S —So) - (1 —p(x € I'1|H))
<Hi=So+1,..8

(20)

The use of these ratios for the Type-I and Type-II error
rates Eqgs. (11 and 12) respectively, gives

EDIN,
- Zil (1

and
= Zl sor1 P € TolHi)

= Zl So+]
rl

< 2

- Z":S““ Ko - (S—So) - p(H))

(x € T\ |H)

So ri
—plxeTolH)) <Y " sz(blf

x€F1|H )

Similarly, this Theorem can be proved for other
combinations of hypotheses Eq. (1b).

4 Examples

Let’s consider examples for illustrating the fact that well
known cases of statistical hypotheses formulations are
particular cases of hypotheses given by formula (1).

Example 1 Case of One-parameter Hy (SenGupta 2007,
p- 4).

Let a random variable X follow the distribution f(x; 6),
where 0 is scalar parameter. Let’s consider testing

H()IOSO] OI'OZOQVSH|20]<0<02 (21)

Let’s denote: Hpp : 0<0y, Hy:0>0,, Hy1:0 >0,
and Hy; : 0 <0,. Then hypotheses Eq. (21) can be rewritten
in the form

H01H01UH02VS. H1 :HllmHIZ (22)

i.e. we have case Eq. (1b) (d), where Sp =2, S; =2 and
S=S+S5 =4

Remark 3 We are forced to choose four hypotheses (Hy;,
Hy,, Hy; and H,,) instead of three Hy;, Hy and H; (to
which  correspond  disjoint  parametrical  subsets
O = {p: u<p}, O = {p: >y} and
O = {u: u <p<u,}) because of the specificity of the
example under consideration. Otherwise the suitable choice
of the parameter u of truncated normal distribution at H; is
impossible and the quality of decision made depends on a
chosen value of u (1 € (u;, ). This note will be more
evident when presenting concrete examples in Item 6.

(a) Let’s consider the case of loss functions Eq. (6).
Restrictions Eq. (7) and decision regions Eq. (8)
take the following forms in this case

52, €\ Springer
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01
n

—

p(x|Ho )dx>1 — —2——,
o (x/Ho) Ko - p(Ho)
02

.
XHp)dx>1— — "2
Zp( | 02) = KO‘p(HOZ)

71

x|H dx>1—¥,
pUxiH)dx 2 Ko -p(Hip)

12

2
2p(x|H12)dx21 Ko - p(H12)
Foi={x:Ki-(p(Hoz|x) +p(H11|x)+p(Hi2|x)) <Ko Zo1-p(Hoi|x) },
Too={x:Ki-(p(Hoi|x)+p(Hy1|x)+p(Hi2|x)) <Ko-Ao2-p(Ho2|x) },
Ti={x:K1-(p(Hoi |x) +p(Hoz|x) +p(H12|x)) <Ko-211-p(Hii|x) },
Cio={x:K1-(p(Hoi|x) +p(Hoz|x) +p(H11|x)) <Ko-A12-p(Hi2|x) }
(24)

=

S— 55—

The errors of the Type-I and the Type-II accord-
ingly are:

oc:/ p(x|Hoy )dx
I

+ / p(x|H02)dx :p(x € F1|H()1) —l—p(x € F1|H02),
I

p= [ p(x|H)dx

Ty

+/ p(x|H12)dx :p(x € FQ|H11) +p(x € F0|H12)
Iy
(25)

and, by Theorem 1, for their restriction on the
desired levels at making decision, restriction levels
in Eq. (23) must be chosen on the basis of the fol-
lowing conditions

,01 02

2 )
o< )
Ko -p(Hor) Ko -p(Hop) 26
Al 12 (26)
n "

ﬁSKO -p(Hi)  Ko-p(Hip)

(b) Let’s consider the case of the restriction functions
Egs. (14 and 15).
Risk function Eq. (16) and restriction conditions
Eq. (17) take following forms in this case

" :?pg{m - [ / (el + (ol

. (p(Hor)p(x|Hor) + p(Ho)p(x|Hon) )dx

; (p(Hu)p(x|Hn) + p(Hi2)p(x|Hi2))dx

+ [ Gtenptairg) +p<Hu>p<x|Hu>>dx} }
(27)

and

22, Q) Springer

Ko - p(Hor) - [/R n p(x[Hop)dx + p(x|Hor)dx }

R'—Tgp

K@ﬂmﬁ{é mmmmmm- ﬂmﬁﬂ

R'—Tnp

Ko - p(Hu) - [/ x|H|1)dx+ p(x[H11)d. }S n'
R'—Ty, JR'—T'1

Ko - p(Hi2) - [/ p(x|Hiz)dx +/ p(x|H12)dx} <r?
JR' Ty, R'—TI'1»

(28)

Solution of Egs.
acceptance regions 1
where

Lo = {x: Ky - (p(Hn)p(x|Hn) + p(H12)p(x|H12))

<Ko - (4o1 - p(Ho1)p(x|Hor) + 4oz - p(Ho2)p(x|Ho2)) },

Iy = {x: Ky - (p(Ho1)p(x|Ho1) + p(Ho2)p(x|Ho2))

<Ko+ (411 - p(Hi)p(x|Hi1) + 212 - p(Hi2)p(x|H12)) }
(29)

(27 and 28) gives the hypotheses
ErozErQ and r1| EFIQEF],

Here, Lagrange multipliers Zo;, Ag2, 417 and Aj, are
determined so that in the conditions Eq. (28) equalities
hold.

Taking into account Eq. (29), restriction conditions
Eq. (28) take the forms
/ p(x\Hm)dx Z 1-—

Iy

01
)

2-Ko-p(Ho)’
402

XHp)dx>1———12
/rop( [Hoz ) 2 2-Ko-p(Hp)

ll
XHdx>1———12
/r]p( n)dx2 2-Ko-p(Hn)

2
x|Hpp)dx>1 — "
/rlp( Hi)d 2 2-Ko-p(Hp)

It should be noted that the determination of Lagrange
multipliers is more difficult for Eqgs. (14 and 15) than for
Eq. (6), because in the first case the two-dimensional
equations with respect to Lagrange multipliers must be
solved, instead of one-dimensional in the second case.

For guaranteeing restrictions of Type-I and Type-II error
rates at the desired levels, according to Theorem 2,
restriction levels in conditions Eq. (30) must be chosen so
that the following inequalities are fulfilled

01 402
o< 3 2 7
T 2-Ko-p(Ho) 2-Ko-p(Hp) 31
1 12 (31)
p< ) )
T 2-Ko-p(Hn) 2-Ko-p(Hp)

The comparison of Eq. (26 and 31) allows us to con-
clude that at identical K(), p(H()]), p(H()z), p(H”), p(le),

L 9%, rA1 and r)?, Type I and Type II error rates for
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losses Egs. (14 and 15), in general, are less than the same
error rates for losses Eq. (6) at the solution of the stated
condition of the problem (see, Remark 4 below). Therefore,
the use of losses Eqs. (14 and 15) is not only more logical
than the use of losses Eq. (6) but, also, it is preferable for
minimization of Type I and Type II error rates.

Example 2 Case of Multi-parameter Hy (SenGupta 2007,
p. 13).

Let’s consider the mixture model with density
g(xlp,0,9) = p - f(x]0,9) + (1 = p) - f(x[0o, V) (32)

where 0<p <1, 6 € O, an interval of the real line; both
p, 0 are unknown and 6 is a known point of ®; and ¢ is an
unknown parameter (possibly vector-valued), to be inter-
preted as a nuisance parameter. The density f(x|0,9) is
assumed to be sufficiently “regular”. We want to test the
null hypothesis Hp: “no contamination” against the alter-
native H;: “there is contamination”. Under the above
setup, the null hypothesis of the contamination translates to
the  union of three  parametric  hypotheses:
[H()l Ip:OUH()2 10 = 00UH03 :p:Oand 0= 90]

Taking into account Eq. (32), the null parametric sub-
hypotheses are

Hoi : go1(x]0,9) = f(x]00,9),
Hoy : go2(x[p, 0,9) = p - f(x[0o, )
+(1 = p) - f(x[00, ) = f(x]00, ),
Hos : go3(x|0,9) = f(x]0o, ¥)

Because of gg; = go2 = go3, hypotheses Hy;, Hy, and
Hys are the same.

It is obvious that to the alternative hypothesis corre-
spond the following parametric hypothesis H; :p #
0 and 0 # 0y with underlying density Eq. (32). Finally, we
have the following set of hypotheses for testing

Hy : X ~f(x]0o, ) vs. Hy ~ g(x|p, 0,9) (34)

(33)

Thus we have S =1 and S| = 1.

Let’s introduce p(H;), i = 0,1, a priori probabilities;
n(w|H;), a priori density with support Q; (@ = (p, 0,1));
and p(x|H;) the marginal density of x given H, i.e.

p(xlH;) = / ai(sl)r(olH)do, i =0,1 (35)

i

Taking into account Eq. (33), more specifically, for
marginal densities we have

p(x|Ho) = /Q £(el00,9) (9| Ho)d,
1
plalHy) = / /@ K /Q pF(x10,0)(p|Hy)=(0]H, )dpd0d

T / /Q (1= ) (x]00,9) (p| Hy )2 (90| Hy )dpd?
(36)

Here Q is the domain of support of ¥. It is obvious that
we have a particular situation of the previous case (see
Example 1), where for testing we use again CBM 2.
Therefore, the results obtained for Example 1, and, in
particular, Theorem 2, are in force but conditions Eq. (26)
are simplified and have the following forms

0
”2

n< 2
~ Ko-p(Ho)’

1
n

<2
~ Ko-p(H)

(37)

5 Calculations for Concrete Examples

With the purpose to reinforce the theoretical results given
above, and for investigation of their behavior depending on
different parameters, let us consider the following
examples.

Examples

Example 1 (a) For testing hypotheses Eq. (22), let us use a
sample X1, X2, ..., X,,, obtained from N (x|u, 6*) with known
o2. Because the sub-hypotheses introduced above are
complex, with appropriate densities, let us use Stein’s
method for finding the uniformly most powerful invariant
test (Wijsman 1967; Andersson 1982; Kachiashvili 2016).
Let’s introduce n(p|H;), a prior density with support ®;,
i€ (01,02,11,12). Here O = {u:u<u},
On ={u:p>w}, Oy ={u: x>} and O = {u:
U<ph}. As densities n(u|H;), i € (01,02,11,12), let us
use truncated normal densities f(y;y;,01,a,b) over
(=00, 1), (Ha,400), (w1, +00) and (—o0, ), respec-
tively. Here g, tgy, 141, and p, belong to the appropriate
regions. Because X is a sufficient statistic with normality of
distribution, we use X as a test statistic. Then for the mar-
ginal densities of X given H;, we have
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Hy
p(x|Hot) = | N, o2)f (15 oy, 01, —00, ) )dp,
+00 )
p(X|Ho2) = N (x|, 02)f (15 Hop, 01, tha, +00)d 1,
H
400 )
p(X[H11) = N (x|, 02)f (15 1115 01, iy, +00)dp,
o
1 H )
p(X|H2) = N (X[, 03)f (15 12, 01, —00, iy )dpt
(38)

Probability density function of the truncated normal
distribution is (Johnson et al. 2004, p. 156):

v A o))
(39)

where ¢(¢) :ﬁexp(—% ?) is the probability density
function of the standard normal distribution and ®(-) is its
cumulative distribution function.

Thus acceptance regions are given by Eq. (24), where a
posterior probabilities p(Ho|X), p(Hon|X), p(Hi1|x) and
p(Hy|x) are computed using appropriate a priori proba-
bilities of hypotheses and marginal densities Eq. (38), and
truncated normal densities Eq. (39) for unknown parame-
ters of initial distribution.

Remark 4 Because of the difficulties to find common
(sufficient) statistics for all densities Eq. (38), we are
forced to use these densities for determination of Lagrange
multipliers and decision making regions. But at modeling,
for making decision, we simulate test statistic X which is
normally distributed (as is in the assumed situation). As a
result, the condition of Theorem 1 is violated and it is
expected that its result will not hold.

(b) Let us consider the same example when ¢ is

unknown. In this case we can consider two methods based
on the maximum likelihood ratio and Stein’s method
(Anderson 1982; Wijsman 1967; Kachiashvili 2016). In the

2 : : 2

first case instead of ¢° we use its estimator s° =

LS (i — x)* in formulae Eq. (38). In the second case,
for averaging influence of ¢?, we use a prior density
n(s*) = y2_,(s?), that is the chi-square densities with n — 1
degree of freedom over (0, co). Then the marginal densities
of X given H; are:

22, Q) Springer

-1

(40)

Example 2 1In this example we can consider two methods
too based on the maximum likelihood ratio and Stein’s
method.

(a) The maximum likelihood ratio:

at  Hy:f(x|60,9) = N(x;00,55/n), where s}~
IS (i — 0o)* and
at Hl :
¢(lp, 0,0) / N, 3/ (16 o 71, — 09, Do)yt

+3 f x|:u7SO/n) (.u7 ﬂ02701,907+00)d,u
+1N(x|0o, s5/n).

In this case, hypotheses acceptance regions are
FO = {)_C - K, p(Hl |f) <K - )v() p(HQ|)_C)},

I' ={x: Ky -p(Ho|x) <Ko - 4 - p(H,|%)} “

— 9 \2
where p(X|Hp) = \/;/_n_»so exp{— (2%)0) }7
Asy
p(X|H)) = 72 eXP{ (b3, (%) + 4axca (%)) / (4a2) }
: (2(1)(0'21) —1)-In
A
% — - exp{ (b3 (F) + 4aren())/(4a2) }
x/ﬁ n(x — 0p)*
I + expy ——————
2 2+/2msg P 253
(42)
where
Oa lf le §07
L = { 1 if day >07and
V2, if d» <0,
I =
2V2(1 — ®(dy)), if dy > 0.

Here
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2 2
n nsg, + S
AZ] - \/; ,ay = 012 B 071721
4nsi® (—0 ;)"0‘ ) 255501
2nXs3, + 240,53 n¥2s3, + 13,53
2o 7 AR oy = —— S0 010
2s0s0l 2 2s0s0l
n 2nXsZ, + 2y 82
Ay = N : by = — 01 02% .,
4nsh {1 - @(—“;f"zﬂ 255551
_mEsy + HS
25(2)s(2)1 ’
dr1 = Op\/ar + —— 90\/_-1- bz
\/_ 2\/ay
(b) Stein’s method
at Ho : f(x]00,9) = [;° N(; 00,5 /n)y%_, (s*)ds?, where
P =Y -® X =13
at
8(x|p,0,9)

1 0y 00
5 [ N s s 1, 00 0) ()
—00

1 o0 o0
+*/ / N(x|w, s /n)f (15 top, 01, 0o, +00) 1o (s7)d0ds>
0o

i [raen

x\@o,v /n)/n (s )dpd?

(43)

6 Computational Results

Let’s compute example 1 with the following initial data:
the values of the loss functions Ky = K; = 1, variance
0> =0.0025, u, =—0.05, u, =002, 5 =—0.05,
tor = 0.02, py; = —0.0499, u;, = 0.0199, 2 = o, ' - 02,
p(Hot) = p(Hp2) = (Hll) p(Hi2) = 1/4,

Pt =192 =0.00625, r}, = rl, = 0.0025.

Let’s consider the case of loss functions Eq. (6). For the
determination of Lagrange multipliers, probability integrals
in the suitable restriction conditions Eq. (23) were com-
puted by Monte-Carlo method using appropriate samples
(distributed with densities of Eq. (38)) with size 5000. For
computation of Type-I and Type-II error rates by formulae
Eq. (25) for acceptance regions Eq. (24), normally dis-
tributed samples of 10,000 were used. This sample size is
used below in all Monte-Carlo computations for similar
probabilities.

For the considered data, in accordance with Eq. (23),
restriction levels in the restriction conditions are 0.975 and
0.99 under Hy and H;, respectively. Therefore, in accor-
dance with Eq. (19), Type-I and Type-II error rates for

testing of hypotheses must be restricted at the levels 0.05
and 0.02, respectively.

Lagrange multipliers computed for these data are:
Aor = 1640625, Lo = 12.451171875, A1 = 16.40625 and
A1z = 15.625. The values of acceptance probabilities
depending on u (mathematical expectation of generated
normally distributed random variables) are given in
Table 1. Hypotheses acceptance probabilities depending on
the variance of truncated normal distribution
(67 = wy ' - 6%), when expectation of generated normally
distributed random variables u = —0.049, i.e. hypothesis
H, is true but sample distribution is close to hypothesis Hy,
are given in Table 2. And hypotheses acceptance proba-
bilities depending on expectation of truncated normal dis-
tribution (u,;), when expectation of generated normally
distributed random variables u = —0.049, i.e. hypothesis
H, is true but sample distribution is close to hypothesis Hy,
are given in Table 3 (here wy = 1). Appropriate graphical
illustrations of computed results are presented in Figs. 1, 2
and 3, respectively.

On the basis of these results the following conclusions
follow:

— because of Remark 4 the computed values of Type-I
and Type-II error probabilities exceed the values 0.05
and 0.02, respectively, determined in accordance with
Theorem 1; discrepancies are greater, the closer is the
expectation of sample’s distribution to the borders of
hypotheses domains of definitions;

— probabilities of correct decisions at hypothesis H, are
higher than at hypothesis H; for small distances
between mathematical expectation of sample’s distri-
bution and the borders of hypotheses;

— when distances between mathematical expectation of
sample’s distribution and the borders of hypotheses
domains of definitions are increasing, Type-I and Type-
II error probabilities are decreasing and condition of
Theorem 1 is satisfied;

— the number of observations necessary for making a
decision at hypothesis H; is greater than at hypothesis
Hj in average; at hypothesis Hj it quickly decreases at
increasing distances between mathematical expectation
of sample’s distribution and the borders of hypotheses
domains of definitions;

— at decreasing variance of truncated normal distribution,
true hypothesis acceptance probabilities increase at
hypothesis Hy;

— at increasing variance of truncated normal distribution,
sample size, necessary for making decision, increases at
hypothesis Hy;

— atincrease of distances between parameters (,; and jy,
of truncated normal distributions at Hy and the borders
of tested hypotheses domains of definitions,

52, €\ Springer



Iranian Journal of Science

Table 1 Hypotheses acceptance
probabilities depending on
mathematical expectation of
generated random variables at
losses Eq. (6)

N(x|u, 62),u pO11 p021 pO1 plll pl21 pll AN
— 0.049 0.4587 0 0.4587 0.5411 0.0002 0.5413 47.9315
— 0.045 0.1494 0 0.1494 0.8495 0.0011 0.8506 36.9096
—0.03 0.0113 0.0002 0.0115 0.9302 0.0583 0.9885 24.6289
— 0.015 (MP) 0.001 0.0021 0.0031 0.3999 0.597 0.9969 23.2197
0 0.0004 0.0107 0.0111 0.0287 0.9602 0.9889 22.8407
0.015 0 0.1521 0.1521 0.0008 0.8471 0.8479 30.8568
0.019 0 0.4188 0.4188 0 0.5812 0.5812 38.6426
pO11 p021 p01 plll pl21 pll AN
— 0.05 0.6312 0 0.6312 0.3687 0.0001 0.3688 47.616
— 0.051 0.7697 0 0.7697 0.2303 0 0.2303 45.5127
— 0.065 0.9998 0 0.9998 0.0002 0 0.0002 10.8521
- 0.08 1 0 1 0 0 0 5.2847
— 0.095 1 0 1 0 0 0 3.2542
pO11 p021 p01 plll pl21 pll AN
0.02 0 0.5576 0.5576 0.0001 0.4423 0.4424 38.9823
0.021 0 0.7008 0.7008 0.0001 0.2991 0.2992 38.7634
0.035 0 0.9997 0.9997 0 0.0003 0.0003 10.4433
0.05 0 1 1 0 0 0 5.1322
0.065 0 1 1 0 0 0 3.2211
AN—average number of observations for making a decision; MP—middle point
p0l1l =P(x € T'o1|H1), p021 =P(x €T n|Hi), p0l=PxecT|H)- Type II error rate,

plll = P(x e T |H)), p121 = P(x € T'12|H;), pl1 = P(x € T'1|H;)- power

Table 2 Hypotheses acceptance probabilities depending on variance of truncated normal distribution at losses Eq. (6), when mathematical

expectation of generated random variables u = —0.049

o p011 p021 P01 plll pl21 pll AN

1 0.4587 0 0.4587 0.5411 0.0002 0.5413 47.9315

2 0.2555 0 0.2555 0.7441 0.0004 0.7445 145.3

3 0.115 0 0.115 0.8846 0.0004 0.885 376.1434

4 0.0388 0 0.0388 0.9612 0 0.9612 819.2266

Tae3 psbes s Lo i

mathematical expectation of ~0.05 0.4587 0 0.4587 0.5411 0.0002 0.5413 47.9315

truncated normal distribution

(o) at oy and losses Eq. (6), — 0.051 0.7697 0 0.7697 0.2303 0 0.2303 455127

when mathematical expectation ~ — 0.065 0.3827 0 0.3827 0.6172 0.0001 0.6173 223593

of generated random variables —0.08 0.2736 0 0.2736 0.7264 0 0.7264 13.4365

p=—0.049 —~ 0.095 0.2006 0.0001 0.2007 0.7993 0 0.7993 9.9875
—0.11 0.1447 0 0.1447 0.8553 0 0.8553 8.274
~0.125 0.1042 0 0.1042 0.8958 0 0.8958 7.2969
—0.15 0.0594 0 0.0594 0.9406 0 0.9406 6.4671
—02 0.0173 0 0.0173 0.9827 0 0.9827 6.0286

) @ Springer




Iranian Journal of Science

1.0000+

—i——)
\
\
\
8000 \
\
\
l

6000 == p01
—pll
—=p001
\ ——pl01
\ / po02
\ / e
\ / plo2
\ /
\
\\ Hl } HO

4000

20001 Ho

Probabilities of acceptance of hypotheses

L T——

0000+

ll 0 |l ll .l l
o o o o o 8
o - - w - o
o © (L] o o

o
=

©o

S0
020'
SE0'
050
S90'

T T
o o

=]
o o

560 "

Mathematical expectation of generated
random variables at validity of H1 or HO

Fig. 1 Dependence of hypotheses acceptance probabilities on expec-
tation of generated random variables at losses Eq. (6) when u}, =
—0.05 and u}, =0.02

1.0000

80007

6000

4000+

.2000-

Probabilities of acceptance of hypotheses

S
-
-~
~-
~——

0000 s e e et S e S S e e et e St S et

T T T T
1.0000 2.0000 3.0000 4.0000

Changing the variance of truncated
distribution (Hypothesis H1 is true)

Fig. 2 Dependence of hypotheses acceptance probabilities on vari-
ance of truncated normal distributions at losses Eq. (6)
(62 =wy' 6% wy= 1, 2, 3, 4), when expectation of generated
random variables p = —0.049

1

probabilities of acceptance of true H; hypotheses
improves, and sample size, necessary for making
decision, decreases.

1.0000

80007

6000

Probabilities of acceptance of hypotheses

—=p01
—pll
//
4000 A
/
7/
s
gz
//
2000 e
-
’/
’/
’/
-
’/
’/
0000
1 | 1 1 1 | 1 1
-200 -150  -125  -110  -095 -080  -065  -050

Changing mathematical expectation at
hypothesis HO1
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Table 4 Dependence of hypotheses acceptance probabilities on
expectation of generated random variables at losses Eqs. (26 and 27)

N (x|, 0%), u pO1 pll AN
— 0.049 0.0612/0.3069  0.9388/0.6931  3.7334/2.9333
— 0.045 0.0409/0.244 0.9591/0.756 3.4617/2.8923
— 0.03 0.008/0.0989 0.992/0.9011 2.8928/2.6634
— 0.015 (MP)  0.0031/0.0598  0.9969/0.9402  2.725/2.5945
0 0.0086/0.0974  0.9914/0.9026  2.8954/2.6708
0.015 0.0411/0.2332  0.9589/0.7668  3.4736/2.8694
0.019 0.0673/0.3087  0.9327/0.6913  3.7763/2.9215
p01 pll AN
— 0.05 0.076/0.323 0.924/0.677 3.8517/2.9552
— 0.051 0.0894/0.3527  0.9106/0.6473  3.9212/2.9655
— 0.065 0.4264/0.6217  0.5736/0.3783  4.8223/2.8564
— 0.08 0.7611/0.8371  0.2389/0.1629  4.2269/2.5113
— 0.095 0.9087/0.9405  0.0913/0.0595  3.5008/2.1674
—0.11 0.9703/0.9760  0.0297/0.0240  2.8979/1.8609
pO1 pll AN
0.02 0.0812/0.3255  0.9188/0.6745  3.8245/2.945
0.021 0.0894/0.3474  0.9106/0.6526  3.9141/2.9412
0.035 0.4360/0.6234  0.5640/0.3766  4.8511/2.8493
0.05 0.7658/0.8396  0.2342/0.1604  4.2833/2.5103
0.065 0.9099/0.9385  0.0901/0.0615  3.5095/2.1603
0.08 0.9707/0.9730  0.0293/0.0270  2.8937/1.8599
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Fig. 4 Dependence of hypotheses acceptance probabilities on expec-
tation of generated random variables when p}, = —0.05 and u|, =
0.02 at losses Eqgs. (26 and 27)

Now let’s compute for the same initial data by decision
rule Eq. (29) when Loss functions are determined by
Eq. (14 and 15). Initial data are the same as for the previous
case. Therefore, restriction levels in conditions Eq. (30) are
0.9875 and 0.995 under Hy and Hj, respectively. Lagrange
multipliers determined by solution of Eq. (30) are: Ay =
Aoy = 2.2198486328125 and Aj; = 412 = 8.59375. Com-
puted results of hypotheses acceptance probabilities,
depending on mathematical expectation of generated ran-
dom variables, are given in Table 4 (see left side of the
oblique line). Computed results for restriction levels
' =7 =rl, = rl, = 0.025, i.e. when restriction proba-
bilities in Eq. (30) are equal to 0.95, are given in Table 4
too (see right side of the oblique line). In this case
Lagrange multipliers are equal to: g = Agx =
2.2137451171875 and A1 = 12 = 2.65380859375.
Dependences of hypotheses acceptance probabilities on
mathematical expectation of generated random variables
for the considered restriction levels are graphically pre-
sented in Fig. 4.

From the obtained results, it is seen that:

— sample size for making decision is quite small;
— despite such small sample size, probabilities of accep-
tance of true hypotheses are quite great and by choosing

i @ Springer

restriction levels they can be adjusted in favor of one of
the hypotheses Hy or H;.

For the elimination of the situation when probability
distribution law of a sample differs from the probability
distribution laws used for determination of Lagrange
multipliers and for making decision, let us consider the
following. It is clear that for hypotheses Hy : 6 <0,
Hy : 0> 05, Hyy - 0> 0, and Hy; : 0<0,, more logical is,
instead of losses Eq. (6), the use of the following losses

0, ari=j&H\H #0,

L1 (H,751(x) = ]) = K] at i #‘/ and
Ky, at l=]7

(44)

These losses are not fully correct because Ly (H;, 6;(x) =
1) must be equal to zero not only when i = j&H; (H; # 0,
but also when i = 01 and j = 02, or for inverse values of
indices. We ignore this situation because the sub-hy-
potheses, forming the null hypotheses, are distinct from
each other. Generally speaking, loss L,(H;,d;(x) =0)
requires to add some additional conditions too.

In this case, hypotheses acceptance regions Eq. (8)
transform to the forms

Coi = {x: Ky - p(H11|x) <Ko - Zo1 - p(Ho1|x)},
Loy = {x: Ky - p(Hia|x) <Ko - 202 - p(Hoo|x) },
[y = {x: Ky -p(Hot|x) <Ko - A11 - p(Hii|x)},
Iy ={x: K -p(Hplx)<Ko - A2 - p(Hi2|x)}

(45)

where g1, o2, A11 and Aj, are determined so that in con-
ditions Eq. (7) the equalities take place.

Taking into account the fact that risk of incorrect deci-
sion in CBM, as well as in other hypotheses testing
methods, decreases when information distances between
tested hypotheses increase, instead of composite ones, we
consider the simple hypotheses: Ho : X ~ N(x|uy;, 0%),
Hy : X ~N(x|pgp, 0%), Hip: X ~N(x|py;,0%) and Hyp :
X ~ N(x|py,, 6%) two by two, i.e. Hy, vs. Hy; and Ho vs.
Hip, where puy =-0.05, pgp = 0.02, u;, =-0.0499 and
U, = 0.0199. The hypotheses acceptance regions are:
Fo=ToUTpand 'y =T, NI,

In this case, computations can be made analytically with
the following Lagrange multipliers and decision regions:
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Table 5 Hypotheses acceptance probabilities depending on mathematical expectation of generated random variables at losses Eq. (44)

N(x|u, 62), u pO11 p021 pO1 pll AN
— 0.049 0.5606/0.4010/0.3897 0.0002/0/0 0.5608/0.4010/0.3897 0.4392/0.599/0.6103 13.49/52.94/53.53
— 0.045 0.3201/0.1055/0.1003 0.0003/0/0 0.3204/0.1055/0.1003 0.6796/0.8945/0.8997 12.92/35.36/34.94
— 0.03 0.0475/0.0068/0.0064 0.0023/0.0005/0 0.0498/0.0073/0.0064 0.9502/0.9927/0.9936 9.70/17.12/17.11
— 0.0225 0.0207/0.0024/0.0026 0.0048/0.0003/0.003 0.0255/0.0027/0.0029 0.9745/0.9973/0.9971 9.14/15.65/15.61
— 0.015 (MP) 0.0079/0.0006/0.0007 0.0096/0.001/0.0005 0.0175/0.0016/0.0012 0.9825/0.9984/0.9988 8.96/15.22/15.23
— 0.0075 0.0057/0.0006/0.0005 0.0222/0.0034/0.0023 0.0279/0.0040/0.0028 0.9721/0.9960/0.9972 9.14/15.64/15.63
0 0.0017/0.0003/0.0002 0.0502/0.006/0.0065 0.0519/0.0063/0.0067 0.9481/0.9937/0.9933 9.66/17.16/17.11
0.015 0.0003/0.0001/0 0.3254/0.1028/0.1055 0.3257/0.1029/0.1055 0.6743/0.8971/0.8945 12.84/35.11/35.15
0.019 0.0002/0.0001/0 0.5515/0.3842/0.4014 0.5517/0.3843/0.4014 0.4483/0.6157/0.5986 13.54/53.31/53.34
pO11 p021 P01 pll AN
— 0.05 0.6265/0.5684/0.5645 0.0003/0/0.0001 0.6268/0.5684/0.5646 0.3732/0.4316/0.4354 13.45/56.67/55.18
— 0.051 0.7014/0.7277/0.7277 0/0/0 0.7014/0.7277/0.7277 0.2986/0.2723/0.2723 13.04/51.77/51.08
— 0.065 0.9892/0.9993/0.9993 0.0002/0/0 0.9894/0.9993/0.9993 0.0106/0.0007/0.0007 6.67/12.96/13.07
— 0.08 0.9997/1/1 0/0/0 0.9997/1/1 0.0003/0/0 4.27/6.77/6.82
— 0.095 1/1/1 0/0/0 1/1/1 0/0/0 3.20/4.52/4.55
pO11 p021 p01 pll AN
0.02 0.0001/0/0 0.6267/0.5646/0.5657 0.6268/0.5646/0.5657 0.3732/0.4354/0.4343 13.40/55.55/54.86
0.021 0.0003/0/0 0.6986/0.7235/0.7300 0.6989/0.7235/0.7300 0.3011/0.2765/0.2700 12.89/52.51/52.11
0.035 0/0/0 0.9901/0.9995/0.9996 0.9901/0.9995/0.9996 0.0099/0.0005/0.0004 6.67/13.13/13.06
0.05 0/0/0 0.9997/1/1 0.9997/1/1 0.0003/0/0 4.20/6.71/6.76
0.065 0/0/0 1/1/1 1/1/1 0/0/0 3.22/4.53/4.57
_ (Ki-p(Hn) _ 2_ 2 _ ] 2
Aor = (Kio “p(Ho) expy [2- 0 (uy — ) Ko p(Hop) p Hm + (i = pip) + 2wy #1)#1_ /(26%) ¢,
7 PNTRRORE N
Ap = | —— =2 2- (0 + - +2 - 2 ,
= (R exp{ [2- 0 o =07 () 08— )+ 200 s /25
1 Ko - p(Hn) {{ < “ ) 2 2 ] 2}
S (2P expd |2 O (2 ) 4 (1B — i) + 2y — 26%) \,
a= () ew{ [2: 0 - ) )+ = )+ 20— | (27)
1 _ (Ko p(Hi) _ i 1 /(262
P (Kl oo ) P 20 (2 — 1) o) " (15 — 7y) +2(1y — uz)#lz_ /(267 ¢,
- = )X+ (14 :ull)} KO'P(HOI)}
Lo = < ,
01 {X GXP{ 20_ mK1 pHL [
- fay — 1o)X + (15 — fiy) Ko - p(Hoz)
Iy = A
02 {x exp{ 207 <202 K pHp)
- 2(py — p)X+ (17 —H%l)} 1 KI‘P(H(J])}
I'n= > — s
! {x exp{ 202 ‘nKo-p(Hn)J)’
- 2 — )%+ (15 — 113,) 1 Ki-p(Ho)
I, = : .
12 {X eXp 20’— ;.12 K() *[)(le)

Computational results are given in Table 5. Three
computed values of the appropriate probabilities are given
in each cell. They are separated by oblique lines. Computed
= 0.0125 are given from
the left side, i.e. for the restriction levels in Eq. (7) equal to
= 0.01—in the middle, i.e.

01 _ 02 _ 11
results for ;' =ry" =71,

01 _ 02 _ 11 _
0.95, for P! = rP? = ril = 12

— 12
=r

02 11

for restriction levels in Eq. (7) equal to 0.96 and for rg' =
12 =}t =12 = 0.0025—from the right side, i.e. for
restriction levels in Eq. (7) equal to 0.99. Dependences of
hypotheses acceptance probabilities
expectation of generated random variables at losses

on mathematical

Eq. (44), for different restriction levels, are given in Fig. 5.
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Fig. 5 Dependence of hypotheses acceptance probabilities on math-
ematical expectation of generated random variables at losses Eq. (44)

It is clear that the increase of restriction levels in Eq. (7)
entails the increase of qualities of decisions made for both
hypotheses.

Finally, for the same aim that was expressed in previous
case and for more complete use of existing information,
let’s consider hypotheses acceptance regions Eq. (8) when
loss functions Eq. (6) are used. Let’s again use the fact that
probabilities of errors at testing hypotheses decrease when

information distance between hypotheses increase. For
determination of Lagrange multipliers, let’s consider
hypotheses Hy;, Hy, Hi; and Hy, pairwise, similar to the
previous case (Hy, vs. Hy; and Hp vs. Hjp), using
restriction conditions Eq. (23) and hypotheses acceptance
regions Eq. (24). Normal distributions correspond to the
hypotheses with the worst expectations among all possible
values in the appropriate sets of composite hypotheses, i.e.
we consider the cases when uy, = — 0.05; py, = 0.02;
ty; =-0.0499 and p, = 0.0199. The hypotheses accep-
tance regions are: I'o =T U, and T’y =T 12
where sub-regions are determined by Eq. (24).

Further computational results are given in Table 6.
Lagrange Multipliers, computed for 9! = r9* =ril =
ry? = 0.0125, i.e. for restriction levels in Eq. (23) equal to
0.95, are Ao = 8.125, Ay = 8.4375, 411 = 8.4375 and
A1z = 8.4375. Samples with sizes 10,000 observations are
used in computations, as at determination of Lagrange
multipliers, so at computation of error probabilities.

Despite of ideal results at making decision (all decisions
are correct), its practical value is limited because for
making decisions a huge number of observations are nec-
essary, which is less likely to be possible when solving
many practical problems.

But still, the results of making decisions are so
impressive that we consider it more appropriate to discuss
this case in more details in cases where a large number of
observational results can be obtained, i.e. for big data.
Therefore, computation results of this case for different
restriction levels are presented in next Table 7. Here
computation results for three different cases are divided by

Table 6 Hypotheses acceptance

probabilities depending on N(xlu, o%) pOlL pO21 POl plll p121 pll AN

mathematical expectation of s

generated random variables at = Ay 0049 0 0 0 1 0 1 266063153

losses Eq. (6) and at the worst

versions of hypotheses, i.e. — 0.045 0 0 0 1 0 1 8052.9062

when g, = —0.0499 and —0.03 0 0 0 1 0 1 2361.1116

tiz = 0.0199, for restriction — 0.015 (MP) 0 0 0 0.7694 0.2306 1 1484.1451

level equal to 0.95 0 0 0 0 0 1 1 2410.1896
0.015 0 0 0 0 1 1 8227.5673
0.019 0 0 0 0 1 1 27292.1561
At Hy, pO11 p021 p01 plll pl21 pll AN
—0.051 1 0 1 0 0 0 25417.4772
— 0.065 1 0 1 0 0 0 3095.4674
—0.08 1 0 1 0 0 0 1631.9951
— 0.095 1 0 1 0 0 0 1112.812
At Hyp pO11 p021 p01 plll pl21 pll AN
0.021 0 1 1 0 0 25625.7289
0.035 0 1 1 0 0 0 3112.2344
0.05 0 1 1 0 0 0 1642.3756
0.065 0 1 1 0 0 0 1118.9968
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Table 7 Hypotheses acceptance probabilities depending on expectation of generated random variables at losses Eq. (6) and at the worst versions

of hypotheses when p;; = —0.0499 and u;, = 0.0199, for different restriction levels
N(x|u, 0®) pO11 p021 p01 plll pl21 pll AN
At 0/0/0.0005 0.0008/0.0016/  0.0008/0.0016/  0.9974/0.9970/  0.0018/0.0014/ 0.9992/0.9984/ 9165.39/5858.21/
Hy: — 0.049 0 0.0005 0.9958 0.0037 0.9995 4304.59
— 0.045 0/0/0.0006 0.0015/0.0023/  0.0015/0.0023/  0.9957/0.9954/  0.0028/0.0023/ 0.9985/0.9977/ 3242.24/2210.27/
0 0.0006 0.9935 0.0059 0.9994 1716.65
—0.03 0/0/0.0002 0.0018/0.0041/  0.0018/0.0041/  0.9420/0.9416/  0.0562/0.0543/  0.9982/0.9959/  897.61/5794.11/
0 0.0002 0.9159 0.0839 0.9998 465.10
— 0.015 (MP) 0/0/0.0003 0.0016/0.0059/  0.0016/0.0059/  0.5149/0.6193/  0.4835/0.3748/ 0.9984/0.9941/  83.6327/61.5289/
0 0.0003 0.5048 0.4949 0.9997 61.00
0 0/0/0.0002 0.0027/0.0044/  0.0027/0.0044/  0.0652/0.1468/ 0.9321/0.8488/ 0.9973/0.9956/ 893.77/615.71/
0 0.0002 0.0829 0.9169 0.9998 477.58
0.015 0/0/0 0.0022/0.004/0  0.0022/0.004/0  0.0071/0.0301/  0.9907/0.9659/  0.9978/0.9960/  3214.92/2329.36/
0.0072 0.9928 1 1755.67
0.019 0/0/0.0001 0.0009/0.0047/  0.0009/0.0047/  0.0044/0.0178/  0.9947/0.9775/  0.9991/0.9953/  9080.27/6280.02/
0.0001 0.0002 0.0026 0.9972 0.9998 4427.65
At Hy, pO11 p021 pO1 plll pl21 pll AN
— 0.051 0.9940/0.9627/  0.0013/0.0020/  0.9953/0.9647/  0.0033/0.0348/ 0.0014/0.0005/ 0.0047/0.0353/  8700.52/5959.13/
0.9907 0 0.9907 0.007 0.0023 0.0093 4120.99
— 0.065 0.9985/0.9865/  0.0006/0.0004/  0.9991/0.9869/  0.0007/0.0130/  0.0002/0.0001/  0.0009/0.0131/  1312.68/989.83/
0.9981 0 0.9981 0.0016 0.0003 0.0019 734.88
— 0.08 0.9990/0.9927/  0.0006/0.0005/  0.9996/0.9932/  0.0004/0.0068/  0/0/0.0002 0.0004/0.0068/  708.38/541.25/
0.9995 0 0.9995 0.0003 0.0005 404.41
— 0.095 0.9997/0.9978/  0.0002/0.0001/  0.9999/0.9979/  0.0001/0.0021/  0/0/0 0.0001/0.0021/  487.62/375.57/
1 0 1 0 0 280.52
At Hy, pOl11 p021 p01 plll pl121 pll AN
0.021 0/0/0.0001 0.9952/0.9830/  0.9952/0.9830/  0.0033/0.0148/  0.0015/0.0022/ 0.0048/0.0170/  8566.59/5924.53/
0.9884 0.9885 0.0028 0.0087 0.0115 4236.15
0.035 0/0/0 0.9992/0.9943/  0.9992/0.9943/  0.0006/0.0053/  0.0002/0.0004/ 0.0008/0.0057/ 1296.07/975.92/
0.9976 0.9976 0.0002 0.0022 0.0024 751.73
0.05 0/0/0.0001 0.9998/0.9983/  0.9998/0.9983/  0.0002/0.0017/  0/0/0.0003 0.0002/0.0017/  699.57/533.93/
0.9996 0.9997 0 0.0003 413.95
0.065 0/0/0 1/0.9993/ 1/0.9993/ 0/0.0007/0 0/0/0.0003 0/0.0007/ 481.61/369.24/
0.9997 0.9997 0.0003 286.82

slanting lines. The sequence of calculation results corre-
sponds to the next sequence of data: (1) rgl = rgz = r%l =
r%z = 0.075 (restriction levels in Eq. (23) are equal to 0.7),
Ao = 2.584228515625, Aoz = 2.568359375,
Al = 2.578125, App = 2.548599243164063; (2) rgl =
r(2)2 = r%l = r%z = 0.1 (restriction levels in Eq. (23) are
equal to 0.6), Ao =2.03125; Jg, = 2.08038330078125;
Al = 2.086811065673828; 41> = 2.060518189682625 and
3) M =2 =rll =72 = 0.125 (restriction levels in
Eq. (23) are equal to 0.5), 1o = 1.7431640625;
Aop = 1.7626953125; A = 1.73828125;
A1z = 1.75933837890625, are divided.

Here, as well as in the previous case, computations are
realized very fast because normal distributions are used.

It is obvious that the obtained results are excellent for all
considered restriction levels but the number of

observations necessary for making decision are quite big
especially when restriction levels in Eq. (23) are high. The
necessary number for making decision increases at
increasing restriction levels in Eq. (23).

The results, given in Tables 6 and 7, confirm Theorem 1,
because the conditions therein are satisfied (see Remark 4).

7 Discussions

— It is clear that the changes of the values of Type-I and
Type-II error rates in all the considered cases is possible
not only by changing restriction levels in the appro-
priate restriction conditions but, also by changing a
prior probabilities and by choosing the values of loss
functions.
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— Probabilities of acceptance of hypothesis H; when it is
true at losses Eqs. (14 and 15) are greater than at losses
Eq. (6) and, on the contrary, probabilities of acceptance
of hypothesis Hy when it is true at losses Egs. (14 and
15) are lower than at losses Eq. (6).

— The sample size for making decision at losses Egs. (14
and 15) is significantly less than for losses Eq. (6).

— Probabilities of acceptance of hypotheses Hy and Hj,
when these are valid, are higher in Table 5 (i.e. at losses
Eq. (44)) than in Table 1 (i.e. at losses Eq. (6)); at the
same time, necessary sample size at losses Eq. (44) is
significantly less than at losses Eq. (6) and computa-
tions are realized analytically in the first case.

— Probabilities of acceptance of hypothesis H; when it is
true at losses Eqs. (14 and 15) (Table 4) are a little
better than at losses Eq. (44) (Table 5); on the other
hand, probabilities of acceptance of hypothesis Hy
when it is true, at losses Eq. (44), are significantly better
than at losses Eqgs. (14 and 15); sample size at Eq. (44)
is no much higher than at Eqgs. (14 and 15).

— On the basis of above findings, we conclude that losses
Eq. (44) are preferable than losses Eq. (6) and losses
Egs. (14 and 15) as well; moreover, the computations at
losses Eq. (44) are realized analytically and, therefore,
are very fast.

— The best results are obtained at losses Eq. (6) when the
densities of the worst simple hypotheses are used
instead of averaged ones over the appropriate parameter
subsets (see Tables 6 and 7).
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