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Abstract
In this work, we introduce a feasible and efficient method for solving weakly singular fractional pantograph delay integro-

differential equations. To implement the proposed method, we get the operational matrices based on the shifted fractional-

order fifth-kind Chebyshev polynomials. These matrices, together with the collocation method, are applied to convert the

main equation to a system of algebraic equations. We consider the existence and uniqueness of solutions and then give an

upper error bound for this method. At last, several numerical tests are carried out to demonstrate the usefulness and

capability of the suggested algorithm.

Keywords Delay inetgro-differential equation � Collocation method � Operational matrix � Shifted fractional-order fifth-

kind Chebyshev polynomials � Caputo fractional derivative � Riemann–Liouville integral � Weakly singular

1 Introduction

Fractional calculus is a part of mathematics that investi-

gates derivative and integral operators of arbitrary orders. It

is an attractive field of applied analysis having the aim of

simulating biological issues in science (Ata and Kıymaz

2023; Jafari et al. 2023; Bhatter et al. 2024; Singh et al.

2023). The numerous properties of fractional operators

have generated considerable interest in fractional calculus

in recent years. As well as, it has provided a powerful tool

for describing many physical phenomena so that nowadays,

many researchers widely utilize fractional differential

equations for modeling in engineering science and mathe-

matics problems, you can see Podlubny (1998); Hilfer

(2000); Sweilam et al. (2007); Khan and Atangana (2020);

Atanackovi et al. (2014); Baleanu and Agarwal (2021).

The fractional integro-differential equations have good

applications for describing the physical phenomena in the

real world system. The fractional delay integro-differential

equations are a category of these equations which are of

interest to scientists due to the better clarification of

behavior of the real processes. Therefore, finding the

solutions of the fractional delay integro-differential equa-

tions is very important, but most of them do not have

analytical solutions or the calculations of the analytic

solutions of these equations are hard and even impossible.

Due to the practical application of these equations, getting

a numerical solution is essential. In recent years, a good

deal of the attempt has been devoted to the numerical

solutions of the delay integro-differential equations. For

example, In Rezabeyk et al. (2020), authors have used the

operational matrices based on the fractional-order Euler

polynomials to solve fractional-order delay integro-
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diferential equations. Doha and Ezz-Eldien applied a col-

location spectral approach based on shifted Chebyshev

polynomials to solve a general form of PVIDEs (Ezz-

Eldien and Doha 2019). In Yang and Huang (2013), a

spectral Jacobi-collocation approximation was proposed

for fractional-order PVIDEs. The Legendre spectral col-

location methods were used to approximate smooth solu-

tion PVIDEs (Yunxia and Yanping 2012). The Sinc

collocation method was considered to obtain the numerical

solution of PVIDEs (Zhao et al. 2017). A collocation

method based on the Laguerre polynomials was presented

in Yüzbaşı (2014) to solve PVIDEs under the initial con-

ditions. In Bellour et al. (2020), an algorithm based on the

Taylor polynomials was presented for approximating the

solution of second-order linear delay differential and inte-

gro-differential equations. A numerical technique based on

the Dickson polynomials was investigated for solving

generalized delay integro-differential equations with

functional bounds (Kürkçü et al. 2018). In this paper, we

consider the following weakly singular fractional pan-

tograph delay integro-differential equations (FPDIDEs)

with proportional delay:

DcyðxÞ ¼ k1

Z x

0

K1ðx; zÞyðzÞ
ðx� zÞl dzþ k2

Z x

0

K2ðx; zÞyðqzÞ
ðx� zÞm dz

þ k3

Z qx

0

K3ðx; zÞyðzÞ dz

þ gðxÞyðqxÞ þ pðxÞyðxÞ þ f ðxÞ; x 2 ½0; 1�;

yðjÞð0Þ ¼ y j
0; j ¼ 0; 1; . . .;m� 1;

m� 1\c�m;

ð1Þ

where m ¼ dce is the ceiling function of c,
K1ðx; zÞ;K2ðx; zÞ;K3ðx; zÞ are continuous known functions

defined on ½0; 1� � ½0; 1� , 0\l; m\1 , k1; k2; k3 2 R are

constants, q 2 ð0; 1Þ, Dc is the Caputo fractional derivative

operator, and y(x) is an unknown function.

Since the fractional derivative is essentially a global

differential operator, so using a global method is normal.

Therefore, the spectral method for its global feature and

high order accuracy is natural. For some of the important

applications of these methods, see Singh et al. (2020);

Babolian and Shamloo (2008); Sabermahani et al. (2020);

Boyd (2001); Doha et al. (2019); Zheng and Chen (2021).

The spectral collocation method presents the approximate

solutions as a finite series of basic functions that are usually

orthogonal polynomials. One of these orthogonal polyno-

mials is the Chebyshev polynomials that have been

extensively applied to solve various problems (Azevedo

et al. 2020; Sahlan and Feyzollahzadeh 2017; Abd-Elha-

meed and Bassuony 2015; Abd-Elhameed and Youssri

2019). In Masjed-Jamei (2006), Masjed-Jamei introduced

the new categories of the Chebyshev polynomials that

recently have been used by a few authors Babaei et al.

(2020); Abd-Elhameed and Youssri (2018); Atta et al.

(2021); Abd-Elhameed and Youssri (2019). Less being

considered the fifth-kind Chebyshev polynomials as basis

functions and also the importance of the pantograph

equations for modelling many phenomena motivate us to

present a new algorithm for solving equation (1). There-

fore, by applying the shifted fractional-order fifth-kind

Chebyshev polynomials, we demonstrate their efficiency as

a basis function. For this aim, first, by utilizing the com-

bination of the collocation method with operational

matrices, the main equation is converted to an algebraic

equation. Then, by substituting roots of the ðN þ 1Þ-th
shifted fifth-kind Chebyshev polynomials as the collocation

points, we get the algebraic system that can be solved by

Newton’s iterative method. The rest of the article is

arranged as follows: In Sect. 2, we review some necessary

definitions and properties of the fractional calculus. Then,

we consider the existence and uniqueness of the problem

under-study in Sect. 3. The shifted fractional-order fifth-

kind Chebyshev polynomials are introduced in Sect. 4, and

we get the operational matrices in Sect. 5. In Sect. 6, we

present the numerical method and get the error bound in

Sect. 7. In Sect. 8, we solve some numerical test examples

for indicating the efficiency of the proposed method. At

last, we present the main conclusions in Sect. 9.

2 Fractional Operators

In this section, we present some definitions and properties

of fractional integral and derivative operators, which will

be used later.

Definition 2.1 Let a[ 0, the operator Ja, defined on

L1½0;1Þ by Podlubny (1998); Nemati et al. (2016):

Jaf ðxÞ ¼ 1

CðaÞ

Z x

0

ðx� zÞa�1f ðzÞ dz; a[ 0; x[ 0:

is called the Riemann–Liouville fractional integral operator

of order a.

Definition 2.2 Let a 2 R, n� 1\a� n, n 2 N, and

f ðxÞ 2 Cn½0;1Þ, then the Caputo fractional derivative of

order a[ 0 is defined by Podlubny (1998); Nemati et al.

(2016) as:

0D
a
xf ðxÞ ¼

1

Cðn� aÞ

Z x

0

f nðzÞ
ðx� zÞaþ1�n

dz;

f ðnÞðzÞ; a ¼ n;

8><
>:
where CðxÞ is the Gamma function:
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CðxÞ ¼
Z 1

0

e�zzx�1 dz; ReðzÞ[ 0;

Cðxþ 1Þ ¼ xCðxÞ;

Bðu; vÞ ¼
Z 1

0

zu�1ð1� zÞv�1 dz ¼ CðuÞCðvÞ
Cðuþ vÞ ;

ReðuÞ;ReðvÞ[ 0:

The last integral is often called the Beta integral.

The Riemann–Liouville integral operator Ja and the

Caputo fractional derivative operator Da satisfy the fol-

lowing properties:

1. Ja1ðJa2 f ðxÞÞ ¼ Ja2ðJa1 f ðxÞÞ ¼ Ja1þa2 f ðxÞ;
2. Jaðc1f ðxÞ þ c2gðxÞÞ ¼ c1J

af ðxÞ þ c2J
agðxÞ;

3. JaðDaf ðxÞÞ ¼ f ðxÞ�
Pn�1

i¼0

f ðiÞð0Þ x
i

i!
; n� 1\a� n; x[ 0;

4. Daxc ¼
0; a[ c;

Cðcþ 1Þ
Cðc� aþ 1Þ x

c�a; otherwise;

8<
:

5. Jaxv ¼ Cðvþ1Þ
Cðvþaþ1Þ x

vþa; v[ � 1;

where a; a1; a2; c 2 Rþ and c1; c2 2 R.

3 Existence and Uniqueness of the Solution
of Fractional-Order Delay Integro-
Differential Equation

The main aim of the current section is to prove the

uniqueness of the solution of Eq. (1). For this aim, we use

the fixed point theorem. We denote Banach continuous

functions by CðJÞ; J ¼ ½0; 1� with the maximum norm as

kgk1 ¼ max
x2J

jgðxÞj for g 2 CðJÞ. Moreover,

Cm;rðJÞ;m� 0; r 2 ½0; 1� is the space of all functions

whose m�th derivatives are Holder continuous with the

exponent r and equipped with the following norm:

kykCm;r ¼ max
0� k�m

max
x2J

jyðkÞðxÞj

þ max
0� k�m

sup
x 6¼t

jyðkÞðxÞ � yðkÞðtÞj
jx� tjr :

Furthermore, suppose that Br is a closed ball defined as

Br ¼ fyðxÞ 2 Cm;rðJÞ j kykCm;r � rg:
Now, we apply the Riemann–Liouville fractional inte-

gral operator of the order c on Eq. (1) and get the following

integral equation:

yðxÞ ¼ GðxÞ þ k1Cð1� lÞ
Cðc� lþ 1ÞZ x

0

ðx� zÞc�lK1ðx; zÞyðzÞ dz

þ k2Cð1� mÞ
Cðc� mþ 1Þ

Z x

0

ðx� zÞc�mK2ðx; zÞyðqzÞ dz

þ k3J
c
�Z qx

0

K3ðx; zÞyðzÞ dz
�

þ 1

CðcÞ

Z x

0

ðx� zÞc�1gðzÞyðqzÞ dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1pðzÞyðzÞ dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1f ðzÞ dz;

where GðxÞ ¼
Pm�1

k¼0

yðkÞð0Þ
k! xk:

Theorem 3.1 If jk1jCð1�lÞM1

Cðc�lþ2Þ þ jk2jCð1�mÞM2

Cðc�mþ2Þ þ jk3jqM3

Cðcþ2Þ þ
ðN1þN2Þ
Cðcþ1Þ � g1\1 then fractional-order delay integro-differ-

ential Eq. (1) has a unique solution (Biazar and Sadri

2019) .

Proof Suppose that V ¼ Cm;rðJÞ and we define the map-

ping NyðxÞ : V �! V as follows:

NyðxÞ ¼ GðxÞ þ k1Cð1� lÞ
Cðc� lþ 1ÞZ x

0

ðx� zÞc�lK1ðx; zÞyðzÞ dz

þ k2Cð1� mÞ
Cðc� mþ 1Þ

Z x

0

ðx� zÞc�mK2ðx; zÞyðqzÞ dz

þ k3J
c
�Z qx

0

K3ðx; zÞyðzÞ dz
�

þ 1

CðcÞ

Z x

0

ðx� zÞc�1gðzÞyðqzÞ dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1pðzÞyðzÞ dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1f ðzÞ dz:

To use the fixed point theorem, we must show that N has a

fixed point. For this purpose, we must prove that NBr � Br

while r� g2ðkGk1 þ F
Cðcþ1ÞÞ where g2 6¼ 0; 1

g2
þ

g1\1;F ¼ max
x2J

kf ðxÞk1 and set kK1k1 �M1; kK2k1 �
M2; kK3k1 �M3, kgk1 �N1; kpk1 �N2. So we have:
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kNykCm;r �kGk1 þ 1

CðcÞ

Z x

0

jx� zjc�1kfk1 dz

þ jk1jCð1� lÞ
Cð1� lþ cÞ

Z x

0

jx� zjc�lkK1k1kykCm;r dz

þ jk2jCð1� mÞ
Cð1� mþ cÞ

Z x

0

jx� zjc�mkK2k1kykCm;r dz

þ jk3jJc� Z qx

0

kK3k1kykCm;r dz
�

þ 1

CðcÞ

Z x

0

jx� zjc�1kgk1kykCm;r dz

þ 1

CðcÞ

Z x

0

jx� zjc�1kpk1kykCm;r dz

�
�
kGk1 þ F

Cðcþ 1Þ
�

þ
� jk1jCð1� lÞM1

Cðc� lþ 2Þ þ jk2jCð1� mÞM2

Cðc� mþ 2Þ

þ jk3jM3q

Cðcþ 2Þ þ
ðN1 þ N2Þ
Cðcþ 1Þ

�
r

� r

g2
þ g1r� r:

Thus, N maps Br into itself, so we show that this map has a

fixed point. For y1ðxÞ; y2ðxÞ 2 V , we have:

kNy1 � Ny2kCm;r

� jk1jCð1� lÞ
Cðc� lþ 1Þ

Z x

0

jx� zjc�lkK1k1ky1 � y2kCm;r dz

þ jk2jCð1� mÞ
Cðc� mþ 1Þ

Z x

0

jx� zjc�mkK2k1ky1 � y2kCm;r dz

þ jk3jJc
�Z qx

0

kK3k1ky1 � y2kCm;r dzÞ
�

þ 1

CðcÞ

Z x

0

jx� zjc�1kgk1ky1 � y2kCm;r dz

þ 1

CðcÞ

Z x

0

jx� zjc�1kpk1ky1 � y2kCm;r dz

�
� jk1jCð1� lÞM1

Cðc� lþ 2Þ þ jk2jCð1� mÞM2

Cðc� mþ 2Þ

þ jk3jM3q

Cðcþ 2Þ þ
ðN1 þ N2Þ
Cðcþ 1Þ

�
ky1 � y2kCm;r :

According to the assumption of the theorem we have
jk1jCð1�lÞM1

Cðc�lþ2Þ þ jk2jCð1�mÞM2

Cðc�mþ2Þ þ jk3jqM3

Cðcþ2Þ þ
ðN1þN2Þ
Cðcþ1Þ � g1\1, the

operator N is a contraction mapping, therefor a unique

fixed point yðxÞ 2 Br exists such that NyðxÞ ¼ yðxÞ. h

4 Fractional-Order Fifth-Kind Chebyshev
Polynomials

In this section, we introduce the shifted fifth-kind Cheby-

shev polynomials (SFKCP). Then, we present relations

associated with the shifted fifth-kind Chebyshev polyno-

mials of the fractional order.

4.1 Shifted Fifth-Kind Chebyshev Polynomials

The shifted fifth-kind Chebyshev polynomials are defined

on the interval [0, 1]. These polynomials are orthogonal

with the weight function wðtÞ ¼ ð2t � 1Þ2=
ffiffiffiffiffiffiffiffiffiffiffi
t � t2

p
which

these polynomials are determined by the recurrence rela-

tion as follows:

F	
jþ1ðtÞ ¼ ð2t � 1ÞF	

j ðtÞ

� ðj� 1Þ2 þ jþ ð�1Þ jð2j� 1Þ
4jðj� 1Þ F	

j�1ðtÞ;

j� 1; t 2 ½0; 1�;

F	
0ðtÞ ¼ 1; F	

1ðtÞ ¼ 2t � 1;

ð2Þ

And the orthogonality relation of Chebyshev polynomials

is as:

Z 1

0

F	
i ðtÞF	

j ðtÞwðtÞ dt ¼ hidij;

where

hi ¼

p
22iþ1

; i even;

pðiþ 2Þ
i22iþ1

; i odd:

8><
>: ð3Þ

The analytic form of the fifth-kind Chebyshev polynomials

is shown as the following series:

F	
j ðtÞ ¼

Xj

r¼0

nr;jt
r; ð4Þ

nr;j ¼
22r�j

ð2rÞ!

2
P
j

2

i¼b
r þ 1

2
c

ð�1Þ
j
2
þm�rmdm ð2mþ r � 1Þ!

ð2m� rÞ! ; j even;

1

j

X
j� 1

2

i¼b
r

2
c

ð�1Þ
jþ1
2
þm�rð2mþ 1Þ2ð2mþ rÞ!
ð2m� r þ 1Þ! ; j odd;

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð5Þ

where

dm ¼
1

2
; m ¼ 0;

1; m[ 0;

8<
:
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And n0;2j ¼ 1
2 j for j ¼ 0; 1; 2. . ..

4.2 Shifted Fractional-Order Fifth-Kind
Chebyshev Polynomials

The shifted fractional-order fifth-kind Chebyshev polyno-

mials (SFFKCP) are obtained by changing t to xrðr[ 0Þ
dependent on the shifted fifth-kind Chebyshev polynomi-

als. We denote the fractional-order fifth-kind Chebyshev

polynomials, F	
i ðxrÞ by F

ðrÞ
i ðxÞ. It is clear that the shifted

fifth-kind Chebyshev polynomials are got for r ¼ 1. The

weight function is wðrÞðxÞ ¼ rxr�1ð2xr � 1Þ2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xr � x2r

p
.

Additionally, the relations (2)–(5) are changed over to:

F
ðrÞ
jþ1ðxÞ

¼ ð2xr � 1ÞFðrÞ
j ðxÞ

� ðj� 1Þ2 þ jþ ð�1Þ jð2j� 1Þ
4jðj� 1Þ F

ðrÞ
j�1ðxÞ;

j� 1; x 2 ½0; 1�;
F
ðrÞ
0 ðxÞ ¼ 1; F

ðrÞ
1 ðxÞ ¼ 2xr � 1;Z 1

0

F
ðrÞ
i ðxÞFðrÞ

j ðxÞwðrÞðxÞ dx ¼ hidij;

ð6Þ

and the analytic form of these equations is:

F
ðrÞ
j ðxÞ ¼

Xj

r¼0

nr;j x
rr;

where hi and nr;j are the same in (3) and (5), respectively.

We can approximate a continuous function y over the

interval [0, 1] by a finite series of the shifted fractional-

order fifth-kind Chebyshev polynomials as follows:

yðxÞ 

XN
j¼0

CjF
ðrÞ
j ðxÞ ¼ CTFðrÞðxÞ ¼ FðrÞTðxÞC;

where

FðrÞðxÞ ¼
h
F
ðrÞ
0 ðxÞ;FðrÞ

1 ðxÞ; . . .;FðrÞ
N ðxÞ

iT
;

C ¼
h
C0;C1; . . .;CN

iT
;

Such thatthe coefficients Cj are obtained by:

Cj ¼
1

hj

Z 1

0

yðxÞFðrÞ
j ðxÞwðrÞðxÞ dx; ð7Þ

And hj is defined in Eq. (3). Also, we can express any

continuous two-variable functions, say K(x, z), defined on

the domain ½0; 1� � ½0; 1� in the finite series of the shifted

fractional-order fifth-kind Chebyshev polynomials as

follows:

KNðx; zÞ 

XN
i¼0

XN
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ ¼ FðrÞTðxÞKFðrÞðzÞ;

where K is a ðN þ 1Þ � ðN þ 1Þ matrix and its entries are

obtained as follows:

Kij ¼
1

hihj

Z 1

0

Z 1

0

Kðx; zÞFðrÞ
i ðxÞFðrÞ

j ðzÞwðrÞðxÞwðrÞðzÞ dxdz;

i; j ¼ 0; 1; 2; . . .;N:

5 Operational Matrices

In this section, we present how to obtain the operational

matrices for all of the terms in (1).

5.1 The Integral Operational Matrix

To derive the integral operational matrix, we first apply the

Riemann–Liouville integral operator to SFFKCPs analytic

form as follows:

JcðFðrÞ
i ðxÞÞ ¼Jc

Xi
l¼0

nl;ix
rl

 !

¼
Xi
l¼0

nl;i
Cðrlþ 1Þ

Cðrlþ cþ 1Þ x
rlþc;

ð8Þ

Then, we expand xrlþc in terms of the shifted fractional-

order fifth-kind Chebyshev polynomials:

xrlþc 

XN
j¼0

Cl;jF
ðrÞ
j ðxÞ;

Using orthogonality properties of SFFKCPs, the coeffi-

cients Cl;j are gotten by Eq. (7) as below:

Cl;j ¼
1

hj

Z 1

0

xrlþcF
ðrÞ
j ðxÞwðrÞ dx;

By calculating coefficients Cl;j and replacing the approxi-

mate value of xrlþc in Eq. (8), we have:

Iranian Journal of Science

123



JcðFðrÞ
i ðxÞÞ 


XN
j¼0

(Xi
l¼0

nl;i
Cðrlþ 1Þ

ffiffiffi
p

p

Cðrlþ cþ 1Þhj

�
Xj

k¼0

nk;j

�
4Cðlþ k þ c=rþ 5=2Þ
Cðlþ k þ c=rþ 3Þ

� 4Cðlþ k þ c=rþ 3=2Þ
Cðlþ k þ c=rþ 2Þ

þ Cðk þ lþ c=rþ 1=2Þ
Cðlþ k þ c=rþ 1Þ

�)
F
ðrÞ
j ðxÞ;

¼
XN
j¼0

pði; jÞFðrÞ
j ðxÞ:

Let FðrÞðxÞ be the SFFKCPs vector, we can rewrite the last

relation in the matrix form as follows:

JcðFðrÞðxÞÞ 
 PðcÞFðrÞðxÞ; ð9Þ

where PðcÞ is the integral operational matrix with the fol-

lowing entries:

P
ðcÞ
i;j ¼

Xi
l¼0

nl;i
Cðrlþ 1Þ

ffiffiffi
p

p

Cðrlþ cþ 1Þhj
Xj

k¼0

nk;j

�
4Cðlþ k þ c=rþ 5=2Þ
Cðlþ k þ c=rþ 3Þ

� 4Cðlþ k þ c=rþ 3=2Þ
Cðlþ k þ c=rþ 2Þ þ Cðk þ lþ c=rþ 1=2Þ

Cðlþ k þ c=rþ 1Þ

�
:

5.2 The Product Operational Matrix

To obtain the product operational matrix, consider

F
ðrÞ
i ðxÞ;FðrÞ

j ðxÞ;FðrÞ
k ðxÞ that are ith, jth, kth shifted frac-

tional-order fifth-kind Chebyshev polynomials, respec-

tively. We can obtain the product of F
ðrÞ
j ðxÞ and F

ðrÞ
k ðxÞ as

follows:

Q
ðrÞ
jþkðxÞ ¼ F

ðrÞ
j ðxÞFðrÞ

k ðxÞ ¼
Xjþk

r¼0

kðj;kÞr xrr; ð10Þ

where the coefficients kðj;kÞr are determined by the following

algorithm:

If j ≥ k :
r = 0, 1, ..., j + k,

if r > j then

λ
(j,k)
r =

k

l=r−j

ξr−l,j ξl,k,

else
r̂ = min{r, k}
λ
(j,k)
r =

r̂

l=0
ξr−l,j ξl,k,

end if.If j < k :
r = 0, 1, ..., j + k,

if r ≤ j then
r̂ = min{r, j},

λ
(j,k)
r =

r̂

l=0
ξr−l,j ξl,k,

else
r̃ = min{r, k}
λ
(j,k)
r =

r̃

l=k−j

ξr−l,j ξl,k,

end if.

The quantities nl;k and nr�l;j are the coefficients in the

analytic form of F
ðrÞ
k ðxÞ and FðrÞ

j ðxÞ that were introduced in
Eq. (5). Now, suppose V is a ðN þ 1Þ�vector and let

FðrÞðxÞFðrÞTðxÞV 
 eVFðrÞðxÞ where eV is the ðN þ 1Þ �
ðN þ 1Þ product operational matrix of SFFKCPs and its

entries are obtained by

eV jk ¼
1

hk

XN
i¼0

Vi sijk;

where Vi is the element of the vector V and sijk is got as

follows:

sijk ¼
Z 1

0

F
ðrÞ
i ðxÞFðrÞ

j ðxÞFðrÞ
k ðxÞwðrÞðxÞ dx:

Using Eq. (10), we have:

sijk ¼
Xjþk

r¼0

kðj;kÞr

Z 1

0

xrrFr
i ðxÞwðrÞðxÞ dx;

By substituting the analytic form of SFFKCPs in the above

integral and calculating the integral, we have:

sijk ¼
Xjþk

r¼0

kðj;kÞr

Xi
l¼0

nl;i
ffiffiffi
p

p h 4Cðr þ lþ 5=2Þ
Cðr þ lþ 3Þ

� 4Cðr þ lþ 3=2Þ
Cðr þ lþ 2Þ þ Cðr þ lþ 1=2Þ

Cðr þ lþ 1Þ
i
:
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5.3 Approximating the Basis Functions Including
the Delay

Here, we consider delay function h : ½0; 1� �! ½0; 1� as

hðxÞ ¼ qx. To find the relation between basic functions

including the delay and the desired basic functions, we

assume:

FðrÞðqxÞ ¼
h
F
ðrÞ
0 ðqxÞ;FðrÞ

1 ðqxÞ; . . .;FðrÞ
N ðqxÞ

iT
;

where

F
ðrÞ
j ðqxÞ ¼

Xj

r¼0

nr;jðqxÞrr:

Now, we approximate hðxÞ ¼ qx using SFFKCPs as

follows:

ðqxÞrr 

XN
j¼0

apjF
ðrÞ
j ðxÞ;

where apj are gotten by applying Eq. (7), thus we have:

apjðxÞ ¼
qrr

hj

Z 1

0

xrrF
ðrÞ
j ðxÞwðrÞðxÞ dx: ð11Þ

By substituting the analytic form of SFFKCPs and per-

forming integral (11), we obtain:

F
ðrÞ
i ðqxÞ 


XN
j¼0

(Xi
r¼0

nr;i
qrr

ffiffiffi
p

p

hj

Xj

m¼0

nm;j
h 4Cðr þ mþ 5=2Þ

Cðr þ mþ 3Þ

� 4Cðr þ mþ 3=2Þ
Cðr þ mþ 2Þ þ Cðr þ mþ 1=2Þ

Cðr þ mþ 1Þ

i)
F
ðrÞ
j ðxÞ

¼
XN
j¼0

dijF
ðrÞ
j ðxÞ; i ¼ 0; 1; . . .;N:

Also, the last relation can be rewritten as a matrix form as

follows:

FðrÞðqxÞ 
 DFðrÞðxÞ; ð12Þ

where

D ¼

d00 d01 . . . d0N

d10 d11 . . . d1N

..

. ..
. . .

. ..
.

dN0 dN1 . . . dNN

2
66664

3
77775;

And its entries are as below:

Di;j ¼
Xi
r¼0

nr;i
qrr

ffiffiffi
p

p

hj

Xj

m¼0

nm;j
h 4Cðr þ mþ 5=2Þ

Cðr þ mþ 3Þ

� 4Cðr þ mþ 3=2Þ
Cðr þ mþ 2Þ þ Cðr þ mþ 1=2Þ

Cðr þ mþ 1Þ

i
; i; j ¼ 0; 1; . . .;N:

5.4 Approximating the Integral Part
with a Singular Kernel

Now, we present a matrix form of the integral with the

singular kernel in Eq. (1). For this aim, suppose that

FðrÞðxÞ ¼
h
F
ðrÞ
0 ðxÞ;FðrÞ

1 ðxÞ; . . .;FðrÞ
N ðxÞ

iT
is the SFFKCPs

vector and 0� l\1. Then, we have:

Z x

0

FðrÞTðzÞ
ðx� zÞl dz ¼

X0
m¼0

nm;0

Z x

0

zrm

ðx� zÞl dz;

"

. . .;
XN
m¼0

nm;N

Z x

m¼0

zrm

ðx� zÞl dz

#

¼
X0
m¼0

nm;0
Cðrmþ 1ÞCð1� lÞ
Cðrm� lþ 2Þ xrm�lþ1;

"

. . .;
XN
m¼0

nm;N
Cðrmþ 1ÞCð1� lÞ
Cðrm� lþ 2Þ xrm�lþ1

#
:

We approximate xrm�lþ1 in terms of SFFKCPs:

xrm�lþ1 

XN
j¼0

aljF
ðrÞ
j ðxÞ;

where

alj ¼
1

hj

Z 1

0

xrm�lþ1F
ðrÞ
j ðxÞwðrÞðxÞ dx:

According to the analytic form of SFFKCPs and

wðrÞðxÞ ¼ rxr�1ð2xr � 1Þ2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xr � x2r

p
, we have:

alj ¼
1

hj

Xj

k¼0

nk;j

Z 1

0

xrm�lþ1rxr�1 ð2xr � 1Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xr � x2r

p dx;

Using the definition of the Beta function to calculate

integral, we obtain:

Xi
m¼0

nm;i
Cðrmþ 1ÞCð1� lÞ
Cðrm� lþ 2Þ xrm�lþ1



XN
j¼0

(Xi
m¼0

nm;i
Cðrmþ 1ÞCð1� lÞ

ffiffiffi
p

p

Cðrm� lþ 2Þhj

�
Xj

k¼0

nk;j
h 4Cðmþ k þ 5=2þ 1�l

r Þ
Cðmþ k þ 3þ 1�l

r Þ

�
4Cðmþ k þ 3=2þ 1�l

r Þ
Cðmþ k þ 2þ 1�u

r Þ
þ
Cðmþ k þ 1=2þ 1�l

r Þ
Cðmþ k þ 1þ 1�l

r Þ

i)
F
ðrÞ
j ðxÞ

¼
XN
j¼0

bijF
ðrÞ
j ðxÞ; i ¼ 0; 1; . . .;N;

Thus, we get:
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Z x

0

FðrÞTðzÞ
ðx� zÞl dz 
 BðlÞFðrÞðxÞ; ð13Þ

where BðlÞ is an ðN þ 1Þ � ðN þ 1Þ operational matrix with

the following entries:

B
ðlÞ
i;j ¼

Xi
m¼0

nm;i
Cðrmþ 1ÞCð1� lÞ

ffiffiffi
p

p

Cðrm� lþ 2Þhj

�
Xj

k¼0

nk;j
h 4Cðmþ k þ 5=2þ 1�l

r Þ
Cðmþ k þ 3þ 1�l

r Þ

�
4Cðmþ k þ 3=2þ 1�l

r Þ
Cðmþ k þ 2þ 1�u

r Þ
þ
Cðmþ k þ 1=2þ 1�l

r Þ
Cðmþ k þ 1þ 1�l

r Þ

i
:

6 Application of the Operational Matrices

In this section, we explain how the fractional-order delay

integro-differential equations are solved using the obtained

operational matrices and presenting appropriate approxi-

mations. To implement the method, we first consider

Eq. (1) under the given initial conditions. We approximate

the function DcyðxÞ in a matrix form as follows:

DcyðxÞ 
 FðrÞTðxÞC; ð14Þ

Also, we approximate the known function

GðxÞ ¼
Pm�1

k¼0
yðkÞð0Þ
k! xk, we have:

GðxÞ 
 FðrÞTðxÞE; Ei ¼
1

hi

Z 1

0

GðxÞFðrÞ
i ðxÞwðrÞðxÞ dx:

ð15Þ

Then, we apply properties of the Caputo fractional

derivative operator and using the integral operational

matrix PðcÞ that has been obtained in the previous sec-

tion. Thus, we get:

yðxÞ 
 FðrÞTðxÞPðcÞTCþ FðrÞTðxÞE ¼ FðrÞTðxÞU: ð16Þ

By utilizing approximations obtained in Sect. 5, we have

for the remaining terms:

K1ðx; zÞ 
 FðrÞTðxÞK1F
ðrÞðzÞ;

K2ðx; zÞ 
 FðrÞTðxÞK2F
ðrÞðzÞ;

K3ðx; zÞ 
 FðrÞTðxÞK3F
ðrÞðzÞ;

gðxÞyðqxÞ 
 gðxÞFðrÞTðxÞDU

pðxÞyðxÞ 
 pðxÞFðrÞTðxÞU:

ð17Þ

Now, using approximations (17), we get:

Z x

0

K1ðx; zÞyðzÞ
ðx� zÞl dz 


Z x

0

FðrÞTðxÞK1F
ðrÞðzÞFðrÞTðzÞU

ðx� zÞl dz


 FðrÞðxÞK1
eU
Z x

0

FðrÞðzÞ
ðx� zÞl dz


 FðrÞTðxÞK1
eUBðlÞFðrÞðxÞ;

ð18Þ

Such that eU is the operational matrix of the product cor-

responding to the vector U and BðlÞ is the matrix intro-

duced in (13). Similarly, using the approximations in (12)

and (17), we have:

Z x

0

K2ðx; zÞyðqzÞ
ðx� zÞm dz 


Z x

0

FðrÞTðxÞK2F
ðrÞðzÞFðrÞTðzÞU1

ðx� zÞm dz


 FðrÞðxÞK2
eU1

Z x

0

FðrÞðzÞ
ðx� zÞm dz


 FðrÞTðxÞK2
eU1B

ðmÞFðrÞðxÞ;

U1 ¼ DTU:

ð19Þ

Also, we can approximate the integral
R qx
0

K3ðx; zÞyðzÞ dz as
follows:Z qx

0

K3ðx; zÞyðzÞ dz 
 FðrÞTðxÞK3
eUMFðrÞðxÞ; ð20Þ

where M is a ðN þ 1Þ � ðN þ 1Þ matrix and its entries are

obtained from the following relation:

Mij ¼
Xi
k¼0

nk;i
ffiffiffi
p

p

ðrk þ 1Þ
qrkþ1

hj

Xj

m¼0

nm;j

�
h 4Cðk þ mþ 5=2þ 1=rÞ

Cðk þ mþ 3þ 1=rÞ

� 4Cðk þ mþ 3=2þ 1=rÞ
Cðk þ mþ 2þ 1=rÞ

þ Cðk þ mþ 1=2þ 1=rÞ
Cðk þ mþ 1þ 1=rÞ

i
;

i; j ¼ 0; 1; . . .;N:

By substituting approximations (18)–(20) into Eq. (1), we

calculate the residual function as follows:

FðrÞTðxÞC� k1F
ðrÞTðxÞK1

eUBðlÞFðrÞðxÞ

� k2F
ðrÞTðxÞK2

eU1B
ðmÞFðrÞðxÞ

� k3F
ðrÞTðxÞK3

eUMFðrÞðxÞ

� gðxÞFðrÞTðxÞDU � pðxÞFðrÞTðxÞU � f ðxÞ 
 0:

ð21Þ
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We choose roots of the ðN þ 1Þ-th shifted fifth-kind Che-

byshev polynomials as the collocation points and by

solving the resultant algebraic system by Newton’s itera-

tive method, therefore, we can determine the vector C.

Finally, we substitute the vector C into Eq. (16) and get an

approximation for y(x).

7 Error Analysis

In this section, we first present some theorems and after-

ward we get an upper error bound for the proposed method.

For this aim, we use the following norm:

kfkL2 ¼
	Z 1

0

jf ðxÞj2wðrÞðxÞ dx

1=2

:

Theorem 7.1 If f ðxÞ 2 C½0; 1� is any continuous function,

then we can expand it as SFFKCPs on the interval [0, 1],

i.e. fNðxÞ ¼
PN
i¼0

CiF
ðrÞ
i ðxÞ. In this case, the error bound for

coefficients Ci, i ¼ 0; 1; . . .;N; are determined as follows:

(Szego 1975)

jCij �
Mf

ffiffiffi
p

p

hi

Xi
l¼0

nl;i
Cðlþ 1=2Þ
Cðlþ 3Þ ðl2 þ lþ 1Þ; ð22Þ

where Mf denotes the maximum value of f(x) on the

interval [0, 1].

Proof According to the orthogonality properties of the

shifted fractional-order fifth-kind Chebyshev polynomials

and the analytic form of these polynomials, we have:

Ci ¼
1

hi

Z 1

0

f ðxÞFðrÞ
i ðxÞwðrÞðxÞ dx

¼ 1

hi

Xi
l¼0

nl;i

Z 1

0

f ðxÞxrlwðrÞðxÞ dx:
ð23Þ

Since f(x) is a continuous function on the interval [0, 1], so

there is a constant Mf such that:

8x 2 ½0; 1�; jf ðxÞj �Mf ; ð24Þ

Using (24) and calculating the integral in Eq. (23), we

deduce the inequality (22). h

Theorem 7.2 Let fNðxÞ be an approximation based on

SFFKCPs for the continuous function f(x) on the interval

[0, 1]. Then, we can derive a bound for the approximation

error as follows:

kf ðxÞ � fNðxÞkL2 �
X1

i¼Nþ1

!i

 !1
2

¼ !N ; ð25Þ

where

!i ¼
M2

f p

hi

�Xi
l¼0

nl;iCðlþ 1=2Þ
Cðlþ 3Þ ðl2 þ lþ 1Þ

�2

Proof Consider the arbitrary function f(x) and fNðxÞ as

series of SFFCKPs as follows:

f ðxÞ ¼
X1
i¼0

CiF
ðrÞ
i ðxÞ; fNðxÞ ¼

XN
i¼0

CiF
ðrÞ
i ðxÞ;

Then,

f ðxÞ � fNðxÞ ¼
X1
i¼Nþ1

CiF
ðrÞðxÞ; ð26Þ

Using Eq. (26) and Theorem 7.1, we have:

kf ðxÞ � fNðxÞk2L2

¼
Z 1

0

jf ðxÞ � fNðxÞj2 dx

¼
Z 1

0

� X1
i¼Nþ1

CiF
ðrÞ
i ðxÞ

�2
wðrÞðxÞ dx

¼
Z 1

0

X1
j¼Nþ1

X1
i¼Nþ1

CiCjF
ðrÞ
i ðxÞFðrÞ

j ðxÞwðrÞðxÞ dx

¼
X1
i¼Nþ1

C2
i hi

�
X1

i¼Nþ1

!i

h

Theorem 7.3 Suppose that K(x, z) is any continuous

function with two variables on the interval ½0; 1� � ½0; 1�

and KNðx; zÞ ¼
PN
i¼0

PN
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðxÞ is an SFFKCPs

approximation of K(x, z) then coefficients Kij can be

bounded as follows:

jKijj �
MKp
hihj

XN
l¼0

nl;iCðlþ 1=2Þ
Cðlþ 3Þ ðl2 þ lþ 1Þ

XN
k¼0

nk;jCðk þ 1=2Þ
Cðk þ 3Þ ðk2 þ k þ 1Þ;

where MK indicates the maximum value of K(x, z) on the

interval ½0; 1� � ½0; 1�:
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Proof Using orthogonality properties and analytic form of

the shifted fractional-order fifth-kind Chebyshev polyno-

mials, we do the following:

Kij ¼
1

hihj

Z 1

0

Z 1

0

Kðx; zÞFðrÞ
i ðxÞFðrÞ

j ðzÞwðrÞðxÞwðrÞðzÞ dxdz

¼ 1

hihj

Z 1

0

Xi
l¼0

nl;ix
rlwðrÞðxÞ

�Z 1

0

Kðx; zÞ
Xj

k¼0

nk;jz
rkwðrÞðzÞ

�
dxdz

¼ 1

hihj

Xi
l¼0

nl;i
Xj

k¼0

nk;j

Z 1

0

Z 1

0

xrlkðx; zÞzrkwðrÞðxÞwðrÞðzÞ dxdz:

ð27Þ

Since K(x, z) is a continuous function on the interval

½0; 1� � ½0; 1�, so there is a constant MK such that:

8ðx; zÞ 2 ½0; 1� � ½0; 1�; jKðx; zÞj �MK ; ð28Þ

Using Eqs. (27) and (28), we achieve the desired result. h

Theorem 7.4 Let K(x, z) be a continuous function of two

variables, such that KNðx; zÞ is the SFFKCPs approxima-

tion to K(x, z). Then, an error bound can be obtained as

follows:

kKðx; zÞ � KNðx; zÞkL2

�
�XN

i¼0

X1
j¼Nþ1

K2
Khihj

�1
2

þ
� X1

i¼Nþ1

X1
j¼0

K2
Khihj

�1
2 ¼ HN

KK

¼ MKp
hihj

XN
l¼0

nl;iCðlþ 1=2Þ
Cðlþ 3Þ ðl2 þ lþ 1Þ

XN
k¼0

nk;jCðk þ 1=2Þ
Cðk þ 3Þ ðk2 þ k þ 1Þ

Proof Assume that K(x, z) and its approximation have the

following forms in terms of SFFKCPs:

Kðx; zÞ ¼
X1
i¼0

X1
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ;

KNðx; zÞ ¼
XN
i¼0

XN
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ;

thus,

Kðx; zÞ � KNðx; zÞ ¼
XN
i¼0

X1
j¼Nþ1

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ

þ
X1

i¼Nþ1

X1
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ:
ð29Þ

Using orthogonality properties of the shifted fractional-

order fifth-kind Chebyshev polynomials, Eq. (29), and

Theorem 7.3, we get:

kKðx; zÞ � KNðx; zÞkL2

�
XN
i¼0

X1
j¼Nþ1

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ
�����

�����
L2

þ
X1
i¼Nþ1

X1
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ
�����

�����
L2

¼
�Z 1

0

Z 1

0

�XN
i¼0

X1
j¼Nþ1

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ
�2
wðrÞðxÞwðrÞðzÞ dxdz

�1
2

þ
�Z 1

0

Z 1

0

� X1
i¼Nþ1

X1
j¼0

KijF
ðrÞ
i ðxÞFðrÞ

j ðzÞ
�2
wðrÞðxÞwðrÞðzÞ dxdz

�1
2

¼
�XN

i¼0

X1
j¼Nþ1

K2
ijhihj

�1
2 þ
� X1

i¼Nþ1

X1
j¼0

K2
ijhihj

�1
2

�
�XN

i¼0

X1
j¼Nþ1

K2
Khihj

�1
2 þ
� X1

i¼Nþ1

X1
j¼0

K2
Khihj

�1
2

:

h

Using the definition of L2-norm and Theorems 7.1

and 7.2, we have the following inequalities:

1. kf ðqxÞ � fNðqxÞkL2 � !Nffiffi
q

p ;

2. kfNðxÞkL2 �
�PN

i¼0

M2
f p

hi

�Pi
l¼0

nl;iCðlþ1=2Þ
Cðlþ3Þ ðl2 þ l

þ1Þ
�2�1

2 ¼ ZN ;

3. kfNðqxÞkL2 � ZNffiffi
q

p :

Theorem 7.5 Suppose that y(x) is the exact solution and

yNðxÞ is the approximate solution in terms of SFFKCPs of

Eq. (1). If jk1jCð1�lÞ
Cðc�lþ2Þ MK1

þ jk2jCð1�mÞffiffi
q

p
Cðc�mþ2ÞMK2

þ qjk3j
Cðcþ2ÞMK3

þ
bgþ

ffiffi
q

p
bpffiffi

q
p

Cðcþ1Þ\1 where MK1
;MK2

;MK3
are maximum values of

K1;K2;K3, respectively. Then a bound for the method error

can be gotten as follows:

kyðxÞ � yNðxÞkL2

�
XN þ

�
jk1jCð1�lÞ
Cðc�lþ2Þ H1N þ jk2jCð1�mÞffiffi

q
p

Cðc�mþ2ÞH2N þ qjk3j
Cðcþ2ÞH3N

�
ZN

1�
�

jk1jCð1�lÞ
Cðc�lþ2Þ MK1

þ jk2jCð1�mÞffiffi
q

p
Cðc�mþ2ÞMK2

þ qjk3j
Cðcþ2ÞMK3

þ bgþ
ffiffi
q

p
bpffiffi

q
p

Cðcþ1Þ

�

Proof We use the Riemann–Liouville integral operator on

Eq. (1) to get the following equation:
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yðxÞ ¼ WðxÞ þ k1Cð1� lÞ
Cðc� lþ 1ÞZ x

0

ðx� zÞc�lK1ðx; zÞyðzÞ dz

þ k2Cð1� mÞ
Cðc� mþ 1Þ

Z x

0

ðx� zÞc�mK2ðx; zÞyðqzÞ dz

þ k3J
c
�Z qx

0

K3ðx; zÞyðzÞ dz
�

þ 1

CðcÞ

Z x

0

ðx� zÞc�1gðzÞyðqzÞ dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1pðzÞyðzÞ dz;

ð30Þ

where

WðxÞ ¼
XN�1

m¼0

yðmÞð0Þ
m!

xm þ 1

CðcÞ

Z x

0

ðx� zÞc�1f ðzÞ dz:

Also, the approximate equation corresponding to Eq. (30)

can be written as follows:

yNðxÞ ¼ WðxÞ þ k1Cð1� lÞ
Cðc� lþ 1Þ

Z x

0

ðx� zÞc�lK1Nðx; zÞyNðzÞ dz

þ k2Cð1� mÞ
Cðc� mþ 1Þ

Z x

0

ðx� zÞc�mK2Nðx; zÞyNðqzÞ dz

þ k3J
c
�Z qx

0

K3Nðx; zÞyNðzÞ dz
�

þ 1

CðcÞ

Z x

0

ðx� zÞc�1gðzÞyNðqzÞ dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1pðzÞyNðzÞ dz

þ HNðxÞ:

ð31Þ

By subtracting (30) from (31), we obtain the following

equation:

yðxÞ � yNðxÞ

¼ �HNðxÞ þ
k1Cð1� lÞ
Cðc� lþ 1ÞZ x

0

ðx� zÞc�l�K1ðx; zÞyðzÞ � K1Nðx; zÞyNðzÞ
�
dz

þ k2Cð1� mÞ
Cðc� mþ 1ÞZ x

0

ðx� zÞc�m�K2ðx; zÞyðqzÞ � K2Nðx; zÞyNðqzÞ
�
dz

þ k3J
c
�Z qx

0

�
K3ðx; zÞyðzÞ � K3Nðx; zÞyNðzÞ

�
dz
�

þ 1

CðcÞ

Z x

0

ðx� zÞc�1gðzÞ
�
yðqzÞ � yNðqzÞ

�
dz

þ 1

CðcÞ

Z x

0

ðx� zÞc�1pðzÞ
�
yðzÞ � yNðzÞ

�
dz;

ð32Þ

where HNðxÞ is the residual function. First, we determine a

bound for the perturbation term HNðxÞ. For this aim, we

apply the L2-norm on Eq. (32):

kHNðxÞkL2

�kyðxÞ � yNðxÞkL2 þ
jk1jCð1� lÞ
Cðc� lþ 1ÞZ x

0

jx� zjc�l�kK1ðx; zÞyðzÞ � K1Nðx; zÞyNðzÞkL2
�
dz

þ jk2jCð1� mÞ
Cðc� mþ 1ÞZ x

0

jx� zjc�m�kK2ðx; zÞyðqzÞ � K2Nðx; zÞyNðqzÞkL2
�
dz

þ jk3jJc
�Z qx

0

�
kK3ðx; zÞyðzÞ � K3Nðx; zÞyNðzÞkL2

�
dz
�

þ 1

CðcÞ

Z x

0

jx� zjc�1kgðzÞkL2
�
kyðqzÞ � yNðqzÞkL2

�
dz

þ 1

CðcÞ

Z x

0

jx� zjc�1kpðzÞkL2
�
kyðzÞ � yNðzÞkL2

�
dz;

ð33Þ

Using inequality 2 and Theorems 7.2 and 7.4, we get:

jk1jCð1� lÞ
Cðc� lþ 1Þ

Z x

0

jx� zjc�lkK1ðx; zÞyðzÞ � K1Nðx; zÞyNðzÞkL2 dz

� jk1jCð1� lÞ
Cðc� lþ 2ÞMK1

kyðxÞ � yNðxÞkL2

þ jk1jCð1� lÞ
Cðc� lþ 2ÞH1NkyNðxÞkL2

� jk1jCð1� lÞ
Cðc� lþ 2Þ ðMK1

!N þ ZNH1NÞ:

ð34Þ

From inequalities 1 and 3 and Theorem 7.4, we have:

jk2jCð1� mÞ
Cðc� mþ 1Þ

Z x

0

jx� zjc�mkK2ðx; zÞyðqzÞ � K2Nðx; zÞyNðqzÞkL2 dz

� jk2jCð1� mÞ
Cðc� mþ 2ÞMK2

kyðqxÞ � yNðqxÞkL2

þ jk2jCð1� mÞ
Cðc� mþ 2ÞH2NkyNðqxÞkL2

� jk2jCð1� mÞffiffiffi
q

p
Cðc� mþ 2Þ ðMK2

!N þ ZNH2NÞ;

ð35Þ

And using Theorems 7.2, 7.4 and inequality 2, we obtain

the following inequality:

jk3jJc
�Z qx

0

kK3ðx; zÞyðzÞ � K3Nðx; zÞyNðzÞkL2 dz
�

� qjk3j
Cðcþ 2Þ ðMK3

!N þ ZNH3NÞ:
ð36Þ

Also, according to inequality 1 and kgðxÞkL2 � bg, we have:

1

CðcÞ

Z x

0

jx� zjc�1kgðzÞkL2kyðqzÞ � yNðqzÞkL2 dz

�
bg!Nffiffiffi

q
p

Cðcþ 1Þ ;
ð37Þ

and using Theorem 7.2 and kpðxÞkL2 � bp, we find:
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1

CðcÞ

Z x

0

jx� zjc�1kpðzÞkL2kyðzÞ � yNðzÞkL2 dz�
bp!N

Cðcþ 1Þ :

ð38Þ

By substituting inequalities (34)–(38) into Eq. (33), we can

get the following upper bound for HNðxÞ:

kHNðxÞkL2 �
�
1þ jk1jCð1� lÞ

Cðc� lþ 2ÞMK1
þ jk2jCð1� mÞffiffiffi

q
p

Cðc� mþ 2ÞMK2

þ qjk3j
Cðcþ 2ÞMK3

þ
bg þ

ffiffiffi
q

p
bpffiffiffi

q
p

Cðcþ 1Þ

�
!N

þ
� jk1jCð1� lÞ
Cðc� lþ 2ÞH1N þ jk2jCð1� mÞffiffiffi

q
p

Cðc� mþ 2ÞH2N

þ qjk3j
Cðcþ 2ÞH3N

�
ZN ¼ XN :

Now, we again consider the residual function (32).

Therefore, by substituting all the obtained boundaries into

Eq. (32), the error bound of the method can be obtained as

follows:

kyðxÞ � yNðxÞkL2

�kHNðxÞkL2 þ
jk1jCð1� lÞ
Cðc� lþ 1ÞZ x

0

jx� zjc�l�kK1ðx; zÞyðzÞ � K1Nðx; zÞyNðzÞkL2
�
dz

þ jk2jCð1� mÞ
Cðc� mþ 1Þ

Z x

0

jx� zjc�m�kK2ðx; zÞyðqzÞ

� K2Nðx; zÞyNðqzÞkL2
�
dz

þ jk3jJc
�Z qx

0

�
kK3ðx; zÞyðzÞ � K3Nðx; zÞyNðzÞkL2

�
dz
�

þ 1

CðcÞ

Z x

0

jx� zjc�1kgðzÞkL2
�
kyðqzÞ � yNðqzÞkL2

�
dz

þ 1

CðcÞ

Z x

0

jx� zjc�1kpðzÞkL2
�
kyðzÞ � yNðzÞkL2

�
dz

�XN þ jk1jCð1� lÞ
Cðc� lþ 2ÞMk1kyðxÞ � yNðxÞkL2

þ jk1jCð1� lÞ
Cðc� lþ 2Þ ZNH1N

þ jk2jCð1� mÞffiffiffi
q

p
Cðc� mþ 2ÞMK2

kyðxÞ � yNðxÞkL2

þ jk2jCð1� mÞffiffiffi
q

p
Cðc� mþ 2Þ ZNH2N

þ qjk3j
Cðcþ 2ÞMK3

kyðxÞ � yNðxÞkL2

þ qjk3j
Cðcþ 2Þ ZNH3N þ

bg þ
ffiffiffi
q

p
bpffiffiffi

q
p

Cðcþ 1Þ kyðxÞ � yNðxÞkL2 :

Finally, the desired result is achieved:

kyðxÞ � yNðxÞkL2

�
XN þ

�
jk1jCð1�lÞ
Cðc�lþ2Þ H1N þ jk2jCð1�mÞffiffi

q
p

Cðc�mþ2ÞH2N þ qjk3j
Cðcþ2ÞH3N

�
ZN

1�
�

jk1jCð1�lÞ
Cðc�lþ2Þ MK1

þ jk2jCð1�mÞffiffi
q

p
Cðc�mþ2ÞMK2

þ qjk3j
Cðcþ2ÞMK3

þ bgþ
ffiffi
q

p
bpffiffi

q
p

Cðcþ1Þ

� :

h

8 Numerical Results

In this section, we consider some examples that demon-

strate the applicability of the shifted fractional-order fifth-

kind Chebyshev polynomials in the proposed operational

method for solving fractional-order delay integro-differ-

ential equations. Also, we compute the absolute errors to

indicate the accuracy of the presented method.

Example 8.1 Consider the following fractional-order

integro-differential equation:

D
1
2yðxÞ ¼

Z x

0

yðzÞdzþ yðxÞ þ y
x

2

� �
þ f ðxÞ;

f ðxÞ ¼ 8

3Cð1
2
Þ
x
3
2 � x2 � 1

3
x3 � 1

4
x2; x 2 ½0; 1�:

ð39Þ

The initial condition is yð0Þ ¼ 0 and the exact solution is

yðxÞ ¼ x2. The Fig. 1 shows a comparison between the

absolute error functions with r ¼ 0:5; 1 and N ¼ 10. Also,

Table 1 presents values of absolute errors at equally spaced

points for N ¼ 5; 10 and r ¼ 0:5; 1. The results presented

in Table 1 and Fig. 1 show that using the fractional-order

fifth-kind Chebyshev polynomials increases the accuracy.

Example 8.2 Consider the following problem:

DyðxÞ ¼
Z x

0

exþzyðzÞdzþ
Z x

4

0

zyðzÞ dz

þ 1

2
yðxÞ þ y

x

4

� �
þ f ðxÞ;

f ðxÞ ¼ 1

2
� x

4
e
x
4 þ x2

32
� 1

2
e3x þ e2x; x 2 ½0; 1�;

ð40Þ

with initial condition yð0Þ ¼ 0 and exact solution

yðxÞ ¼ ex � 1. Figure 2 demonstrates maximum absolute

errors for different values of N. Table 2 indicates the

comparison between our operational method with other

methods. Table 3 shows the maximum absolute errors of

the approximate solutions for r ¼ 0:5; 1 and N ¼ 4; 5; 6.

From the obtained results, it is concluded that in this case,

the use of the shifted fifth-kind Chebyshev polynomials for

r ¼ 1 gives more accurate results than shifted fractional-

order fifth-kind Chebyshev polynomials for r ¼ 0:5. Also,

the proposed method has provided acceptable results

compared to other methods such that Chebyshev spectral

and Euler operational methods. Furthermore, Table 2

confirms our method needs a lower number of basis

functions in compared to the Sinc collocation method to

converge to the exact solution.

Example 8.3 Consider the following pantograph-type

Volterra integro-differential equation (PTVIDE):
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DyðxÞ ¼ y
x

4

� �
þ 1

2
yðxÞ þ

Z x

0

exþzyðzÞ dz

þ
Z x

4

0

zyðzÞ dzþ f ðxÞ;

f ðxÞ ¼ 2x� 9

16
x2 � 1

45
x4 � x2e2x

þ 2xe2x � 2e2x þ 2ex; x 2 ½0; 1�;

ð41Þ

where initial condition is yð0Þ ¼ 0 and the exact solution is

yðxÞ ¼ x2: We solved the Eq. (41) using the presented

method in Sect. 6 and we reported the numerical results in

Table 4 and Fig. 3. Table 4 shows the maximum absolute

errors for different values of N and Fig. 3 displays the

absolute error functions for r ¼ 0:5; 1: Table 4 and Fig. 3

indicate the results obtained in r ¼ 1 are more accurate

than r ¼ 0:5:

Example 8.4 Consider the following delay fractional

integro-differential equation:

DmyðxÞ ¼
Z x

0

zyðzÞ
ðx� zÞ

1
2

dzþ
Z x

0

zy 1
2

� �
z

ðx� zÞ
1
3

dz

þ y
1

2
x

	 

þ f ðxÞ;

f ðxÞ ¼ 2x� 32

35
x
7
2 � 243

1760
x
11
3 � 1

4
x2; x 2 ½0; 1�:

ð42Þ

where the exact solution for m ¼ 1 is yðxÞ ¼ x2: Figure 4

shows the approximate solutions for values of

m ¼ 0:5; 0:6; 0:7; 0:8; 0:9; 1, r ¼ 1, and N ¼ 3. It can be

seen the numerical solution converges to the exact solution

when m �! 1. We obtained the MAE ¼ 6:9722� 10�5 for

N ¼ 3.

Example 8.5 As the final example, consider the following

delay fractional integro-differential equation with the

solution yðxÞ ¼ x
3
2:

D
1
2yðxÞ ¼

Z x

0

yðzÞdzþ yðxÞ þ y
x

2

� �
þ f ðxÞ;

f ðxÞ ¼ 3

4

ffiffiffi
p

p
x� 2

5
x
5
2 � 1þ

ffiffiffi
2

p

4

	 

x
3
2 x 2 ½0; 1�:

ð43Þ

The initial condition is yð0Þ ¼ 0. Figure 5 shows the

absolute error functions for r ¼ 0:5; 1 with N ¼ 6. Also,

Table 5 presents absolute errors in equally spaced points

for r ¼ 0:25; 0:5; 0:75; 1 with N ¼ 6. As you can see, the

Fig. 1 a Absolute error function with r ¼ 1, b Absolute error function with r ¼ 0:5 and N ¼ 10 in Example 8.1

Table 1 Absolute errors for r ¼ 0:5; 1 and N ¼ 5; 10 in Example 8.1

x r ¼ 1;N ¼ 5 r ¼ 1;N ¼ 10 r ¼ 0:5;N ¼ 10

0.1 1:7302� 10�4 8:3780� 10�7 1:7754� 10�13

0.2 1:0729� 10�4 1:4695� 10�5 6:4545� 10�13

0.3 8:7989� 10�5 3:9424� 10�6 6:8549� 10�15

0.4 2:5405� 10�4 1:7088� 10�5 1:4756� 10�13

0.5 5:8837� 10�4 4:9806� 10�5 3:7867� 10�13

0.6 9:9164� 10�4 4:6884� 10�5 8:2943� 10�13

0.7 1:3562� 10�3 3:5759� 10�5 7:5163� 10�13

0.8 1:6398� 10�3 5:7626� 10�5 5:3343� 10�13

0.9 1:9395� 10�3 7:6691� 10�5 8:6295� 10�13

1 2:5657� 10�3 1:0705� 10�4 1:0786� 10�12
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obtained results demonstrate that the approximate solutions

in r ¼ 0:5 are more accurate.

9 Conclusion

In this paper, the numerical method was presented for

solving fractional-order delay integro-differential equations

using operational matrices based on fractional-order fifth-

kind Chebyshev polynomials. We substituted the obtained

approximations into the main equation and got the alge-

braic system by applying the collocation method, then, we

solved these equations by Newton’s iterative method and

obtained the approximation solutions. Moreover, we

proved the existence and uniqueness of the solution to

problem (1) and derived the error bound. The Holder

exponent r refers to the regularity of the function y(x) in a

Holder space Cm;rðJÞ. The order of a fractional derivative

DcyðxÞ is related to r as c ¼ rþ r where r is the integer

part of c. The order of an Abel-type integral, l, in a sin-

gular integral or integro-differential equation, has a relation

as l ¼ r� s where s is the integer part of r. So, the

relation between r; c; and l is as 2r� c� lþ r � s ¼ 0 or

equivalently c� l� r � s ¼ 0. Based on some coefficients

in terms of these factors in Theorem 7.5, one has

c� l 6¼ �2. We solved some examples to show the

applicability of the proposed method. This method pro-

vides several advantages, such as simple calculation and

easy implementation. Also, the numerical results reported

Fig. 2 Maximum absolute

errors for different values of N
and r ¼ 1 in Example 8.2

Table 2 Comparison of maximum absolute errors of SFFKCP operational method with other methods in Example 8.2

N Sinc collocation method in Zhao et al. (2017) N Euler operational method in Rezabeyk et al. (2020) N Our method for

r ¼ 1

10 2:2328� 10�4 4 5:1681� 10�5 4 4:5357� 10�4

20 4:7215� 10�6 5 2:6343� 10�6 6 2:6962� 10�6

60 2:2096� 10�8 6 1:9487� 10�6 8 4:5160� 10�8

Table 3 Maximum absolute errors for various values of r and N in

Example 8.2

N r ¼ 1 r ¼ 0:5

4 4:5320� 10�4 7:1246� 10�3

5 1:5164� 10�4 2:0147� 10�2

6 2:6848� 10�6 8:7324� 10�4

Table 4 Maximum absolute errors in Example 8.3

N r ¼ 1 r ¼ 0:5

2 5:7222� 10�2 9:7296� 10�2

4 2:1652� 10�4 3:5249� 10�3

6 5:6744� 10�7 7:6891� 10�4

Iranian Journal of Science

123



Fig. 3 a Absolute error function with r ¼ 1, b Absolute error function with r ¼ 0:5 and N ¼ 6 in Example 8.3

Fig. 4 Exact and approximate

solutions of the function y(x) for
N ¼ 3 with m ¼
0:5; 0:6; 0:7; 0:8; 0:9; 1 and r ¼
1 for Example 8.4

Fig. 5 a Absolute error function with r ¼ 1, b Absolute error function with r ¼ 0:5 and N ¼ 6 in Example 8.5
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in the given examples confirmed that the SFFKCP opera-

tional method has an acceptable performance in compar-

ison with other methods, such as Sinc collocation method

Zhao et al. (2017), Chebyshev spectral method Ezz-Eldien

and Doha (2019), and Euler operational method Rezabeyk

et al. (2020). The results obtained from the tables and

figures showed that there is a good agreement between the

approximate and the exact solutions, even using a few

terms of the proposed expansion. Furthermore, the errors of

our presented method decreased with increasing N. By

choosing diverse values of r, values of absolute error can

be controlled. However, our method can be helpful and

efficient for solving these kinds of equations. Also, the

other fractional operators such as the Caputo-Fabrizio and

MSM operators have been introduced by researchers that

the equations under study can be rewritten based on these

fractional operators and obtained results can be compared

with the results reported in papers Ata and Kıymaz (2023);

Jafari et al. (2023); Bhatter et al. (2024); Singh et al.

(2023). The authors of the current article will try to con-

sider them in future works.
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