Iran J Sci Technol Trans Sci (2020) 44:109-118
https://doi.org/10.1007/s40995-019-00794-2

RESEARCH PAPER q

Check for
updates

Left Ideal Preserving Maps on Triangular Algebras

Hoger Ghahramani'

Received: 3 July 2018/ Accepted: 28 October 2019/ Published online: 18 November 2019
© Shiraz University 2019

Abstract

A M
0 B
over a commutative unital ring R. In this paper, we study whether every R-linear map on 7 that leaves invariant every left
ideal of 7 is a left multiplier, and give some necessary or sufficient conditions for a triangular algebra to have this property.
We also give various examples illustrating limitations on extending some of the theory developed. We then apply our
established results to generalized triangular matrix algebras and block upper triangular matrix algebras. Moreover, we
introduce some algebras other than triangular algebras on which every R-linear map is a left multiplier.

Let A, B be unital algebras, M be an (A, B)-bimodule and 7 = ( ) be the corresponding unital triangular algebra

Keywords Left multiplier - Local left multiplier - Left ideal preserving - Triangular algebra - Generalized triangular matrix

algebras - Block upper triangular matrix algebras
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1 Introduction

Throughout this article, R will denote a commutative ring
with unity, and unless otherwise stated, all algebras are
associative over R with unity 1 and all modules are unital.
Let A be an algebra and X be a right .A-module. Recall that
an R-linear map ¥ : A — X is a left multiplier if y(a) =
W(1)a for all a € A. Tt is called a local left multiplier if for
any a € A there exists an element x, € X such that
Y(a) = x,a. Clearly, each left multiplier is a local left
multiplier. The converse is, in general, not true. Following
(Hadwin and Kerr 1997), we say that an R-linear map
Y : A— Ais LIP (left ideal preserving) if Y(J) C J for
any left ideal 7 of A. It is then easily verified that the R-
linear map y : A — A is LIP if and only if i/ is a local left
multiplier. So it is clear that any left multiplier y : A — A
is LIP map, but the converse is not necessarily true. (Some
counterexamples will be given.) It is natural and interesting
to ask for what algebras any LIP map is a left multiplier, so
we are led to define SLIP algebras. The algebra A is SLIP
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over R (In short, SLIP), if any LIP map on A is a left
multiplier. [The notion SLIP has already been used in
Hadwin and Kerr (1997).]

In the case that R is a field, to say that 4 is SLIP is the
same as saying that the algebra of left multipliers on A is
algebraically reflexive (Hadwin 1983). Reflexivity (alge-
braically or topologically) is an important part of operator
theory and has been studied in both ring theory and Banach
algebra theory by several authors. Johnson (1968) has
shown that if A is a semisimple Banach algebra with an
approximate identity and i : A — A is a bounded operator
that leaves invariant all closed left ideals of A, then  is a
left multiplier of .4. Hadwin and Li (2004) have shown that
Johnson’s theorem holds for all CSL algebras. In particular,
Hadwin, Li and their collaborators (The Hadwin Lunch
Bunch 1994; Hadwin and Kerr 1997; Hadwin and Li
2004, 2008; Li and Pan 2010) have investigated problems
of this type in the past twenty years for various reflexive
operator algebras. Recently, Katsoulis (2016) has studied
the reflexivity of left multipliers over certain operator
algebras. In the purely algebraic, Bresar and Semrl (1993)
and Bresar (2007) have investigated local multipliers in
various other settings. Also, Hadwin and Kerr (1997) have
studied various SLIP algebras. The notion of SLIP alge-
bras (and reflexivity) are also studied in ring theory by
several authors in a number of papers; see Fuller et al.
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(1989, 1991, 1995), Hadwin and Kerr (1988, 1989), Sna-
shall (1992, 1993, 1994). On the other hand, recently there
has been a growing interest in the study of preserving linear
maps on triangular algebras, for example linear maps that
preserve zero products, Jordan products, commutativity,
etc. and derivable, Jordan derivable, Lie derivable maps at
zero point, etc; see, for instance, An and Hou (2009),
Benkovi¢ and Eremita (2004), Liu and Zhang (2016),
Zhang et al. (2006), Zhao and Zhu (2010) and the refer-
ences therein. Motivated by the above investigations, we
will study whether a triangular algebra is SLIP, and give
some sufficient conditions under which a triangular algebra
is SLIP. Our results are then applied to generalized trian-
gular matrix algebras and block upper triangular matrix
algebras. Some other SLIP algebras are also studied.

The present article is organized as follows. In section 2,
some preliminaries including an introduction to triangular
algebras, generalized triangular matrix algebras and block
upper triangular matrix algebras are given. In section 3, we
firstly study the relation between zero product determined
algebras and SLIP algebras. By applying our results, we
establish characterizations of SLIP property for several
classes of algebras. Then by considering LIP maps on
triangular algebras, we obtain a necessary condition and
some sufficient conditions for a triangular algebra to be
SLIP. We also give some examples illustrating limitations
on extending some of the theory developed. In section 4,
we apply the results obtained in the previous section to
generalized triangular matrix algebras and block upper
triangular matrix algebras. Indeed, we prove that under
certain conditions the generalized triangular matrix alge-
bras are SLIP algebras, and we also apply the results to
block upper triangular matrix algebras.

2 Preliminaries

Recall that a friangular algebra Tri(A, M, B) is an algebra
of the form

a m
Tri(A, M, B) := {( )
0 b
A M
_<0 B)
under the usual matrix operations, where A and B are
unital algebras and M is an (A, B)-bimodule. The most
important examples of triangular algebras are upper trian-
gular matrices over an algebra .4, block upper triangular
matrix algebras, nest algebras over a real or complex Hil-
bert space H and generalized triangular matrix algebras.

Let A be an algebra. Recall that an idempotent e € A is
left semicentral if Ae = eAe (Birkenmeier 1983). We use

aeA,beB,meM}
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Si(A) exclusively for the sets of all left semicentral
idempotents. As is well known (Chase 1961), a left semi-
central idempotent e induces a 2-by-2 triangular matrix
representation of A. In fact, A= Tri(ede,eA(l —e),
(1 —e)A(1 —e)), where eAe and (1 —e)A(l —e) are
algebras over R with the addition and multiplication of A,
but different unities (e and 1 — e, respectively) and e A(1 —
e) is a unital (ede, (1l —e)A(1—e))-bimodule. If
Si(A) = {0, 1}, then we say A is semicentral reduced. For
more information, we refer to Birkenmeier et al. (2000).
We say A has a generalized triangular matrix repre-
sentation if there exists an R-algebra isomorphism:

A A - A
0 Axn - Ay

0 N A - . . . . ’
0 0 - A,

where each A; is an algebra with unity and Aj; is a
(A, Aj)-bimodule for i <j. An ordered set {ey, ..., e,} of
nonzero distinct idempotents in 4 is called a set of left
triangulating idempotents of A if all of the following
statements hold:

@ er+-Fe =1
(i) e €Si(A); and
(i)  exs € S[(fk.Aﬁ(), where fy =1 — (61 + -4 ek),
for 1 <k<n—1 (see Birkenmeier et al. 2000).

Proposition 2.1 (Birkenmeier et al. 2000, Proposition 1.3)
A has a set of left triangulating idempotents if and only if
A has a generalized triangular matrix representation.

In fact, by the above proposition if .4 has a set of left
triangulating idempotents {ey,...,e,}, then we have the
following R-algebra isomorphism:

e1Aeq 61./462 e1Aey,
0 62./462 eern

A =
0 0 e, Ae,

Conversely, if .4 has a generalized triangular matrix
representation

A A - A
0 Axn - Aun

0:A— . R s
0 0 - A,

then {0 '(E)),...,07'(E,)} is a set of left triangulating
idempotents of A, where E} is the n-by-n matrix with the
unity of A in the (k, k)-position and 0 elsewhere.
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Remark 2.2 By the definition of a set of left triangulating
idempotents and Proposition 2.1, we see that if 4 has a set
of left triangulating idempotents {ej,...,e,}, then
{e2,...,e,} is a set of left triangulating idempotents of
fAf, where f = 1 — ey. Since e; € S;(A), it follows that A
has a triangular ~ matrix representation as
A = Tri(e| Aey, et Af, fAf). In this case, we have the R-
algebra isomorphism:

e) Aes e)Ae,

JAf = : : ;

0 e enAgn
and the (ej.Aey,fAf)-bimodule isomorphism:
el Af =2 (e1Aes, ..., e1Aey).

Also, {ej,...,e,—1} is a set of left triangulating idempo-
tents of fAf, where f =1 —¢,. By (Birkenmeier et al.
(2000, Lemma 1.2), e;Ae; = {0} for all i<j<n. So f €
Si(A), and hence, A has a triangular matrix representation
as A = Tri(fAf ,f Aey, enAe,). In this case, we have the R-
algebra isomorphism:

e Ae; e1Ae,

JAf = : : ;

0 e enflAenfl
and the (fAf, e,Ae,)-bimodule isomorphism:

el Ae,
fAe, =

en—lAen
Let Myxn(.A) denote the set of all k-by-m matrices over

A (we denote M. (A) by Mi(A)). Let N be the set of all
positive integers and let n € N. For each m € N with
m<n, we denote by k = (ki,...,k,) € N™ an ordered m-

vector of positive integers with n =k; 4+ --- + k,,. The

block upper triangular matrix algebra B’,‘;(A) is a subal-
gebra of M, (A) of the form

Mkl (A) Mk1><k2 ('A) Mk1></<m (A)
BE(A) = 0 M, (A) M, xk, (A)
0 0 My, (A)

Note that M, (A) is a special case of block upper triangular
matrix algebras. In particular, B*(A) = M, (A) if and only
if k= (kl) with k; = n.

The block upper triangular matrix algebra BX(A) has a
generalized triangular matrix representation  with
{F1,...,Fy} as a set of left triangulating idempotents such

that F; = Zf‘:l E; and F;= Ef;l Eitt ik, for
2 <j <m, where E; is the n-by-n matrix with the unity of A
in the (i, i)-position and O elsewhere. We have
F;BY(A)F; =~ My, (A) for any 1 <j<m.

Let T,(.A) be the algebra of all n-by-n upper triangular
matrices over A. Assume that k = (ki,...,k,) € N", if
ki =1 for any 1<j<n, then T,(A) = B5(A) is a block
upper triangular matrix algebra. In fact, {E;,...,E,} is a
set of left triangulating idempotents of 7,(A), and A =
E;T,(A)E; for each 1 <j<n.

The following terminology is used throughout this arti-
cle. Let A be an algebra and M be a left .A-module. Define
the left annihilator of M by [LanngM =
{a € A :aM = {0}}. Also, we employ lowercase letters
to denote elements in algebras and modules in the abstract
setting, and uppercase letters to denote elements in trian-
gular matrix algebras. I stands for the identity element in
matrix algebras, and 1 denotes the unity of algebras in
general.

3 LIP Maps on Triangular Algebras

Throughout this section, 7ri(.A, M, BB) denotes a triangular
algebra, where A and B are algebras and M is an (A, B)-
bimodule. In this section, we study the LIP maps on tri-
angular algebras and obtain a necessary condition and
some sufficient conditions for a triangular algebra to be
SLIP over R. Firstly, we investigate the relation between
zero product determined algebras and SLIP algebras.

The algebra A is called a zero product determined
algebra if for every R-module X and every R-bilinear
map ¢ : A x A — X, the following holds: If ¢(a,b) =0
whenever ab = 0, then there exists an R-linear map L :
A% — X such that ¢(a,b) = L(ab) for all a,b € A. Note
that since A is unital, it follows that A> = A. The question
of characterizing linear maps through zero products, etc. on
algebras can be sometimes effectively solved by consid-
ering bilinear maps that preserve certain zero product
properties (for instance, see Ghahramani 2014 and the
references therein). For this reason, Bresar et al. in BreSar
et al. (2009) introduced the concept of zero product
determined algebras, which can be used to study the linear
maps preserving zero product and derivable maps at zero
point. We will see that the zero product determined alge-
bras are SLIP algebras and more is true. So by applying
this result, we characterize various SLIP algebras.

Theorem 3.1 Let A be a zero product determined algebra.
Then for any right A-module X, every local left multiplier
VY : A — X is a left multiplier.
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Proof Define ¢ : A x A— X by ¢(a,b) =y(a)b. So ¢
is an R-bilinear map. By the hypothesis for any a € A,
there exists an element x, € X" such that (a) = x,a. So for
a,b € A with ab = 0, we have

¢(a,b) = y(a)b = x,ab = 0.

Since A is a zero product determined algebra, it follows
that there exists an R-linear map L : A*> — X such that
Y(a)b = ¢(a,b) = L(ab) for all a,b e A. Therefore,
V(ab) = L(ab) = Y(a)b for all a,b € A, and hence, ¥ is a
left multiplier. O

By the preceding theorem, it is clear that any zero
product determined algebra is SLIP. However, we will see
the converse of this statement is not necessarily true.

Bresar showed that an algebra generated by its idem-
potents is a zero product determined algebra (Bresar
2012, Theorem 4.1). Now, from Theorem 3.1 we have the
following theorem.

Theorem 3.2 Let A be an algebra which is generated by
its idempotents and X be a right A-module. If y : A — X
is a local left multiplier, then \y is a left multiplier. In
particular, A is SLIP over R.

In the following corollary, we provide some classes of
SLIP algebras generated by their idempotents.

Corollary 3.3 Let A be any of the following algebras. Then
for any right A-module X, every local left multiplier \ :
A — X is a left multiplier. Indeed, A is SLIP over R.

(i) A= M,(B), where B is an algebra and n>?2.
(i) A is a simple algebra containing a non-trivial
idempotent.
(iii) A is an algebra containing an idempotent e such
that the ideals generated by e and 1 — e, respec-
tively, are both equal to A.

Proof By Bresar (2007), the algebra A is generated by its
idempotents. The desired conclusion thus follows readily
from Theorem 3.2. O

It should be noted that Corollary 3.3(i) generalizes
(Hadwin and Kerr 1997, Theorem 3).

Let Tri(A, M, B) be a triangular algebra. It is shown in
(Ghahramani 2013a, Theorem 2.1) that Tri(A, M, B) is a
zero product determined algebra if and only if A and B are
zero product determined algebras. From this result and
Theorem 3.1, we have the following proposition.

Proposition 3.4 Let 7 = Tri(A, M,B) be a triangular
algebra.

(i) If A and B are zero product determined algebras,
and X is a right T-module, then every local left
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multiplier \y : T — X is a left multiplier. There-
fore, T is SLIP over R.

(i) If T is a zero product determined algebra, and X,
X, are right A-module and right B-module,
respectively, then every local left multipliers , :
A — X and Y, : B — X, are left multipliers. So
A and B are SLIP algebras.

In light of the above proposition, these questions are
naturally being raised: If the triangular algebra
Tri(A, M, B) is SLIP over R, is it necessarily true that
Tri(A, M, B) is a zero product determined algebra? If the
triangular algebra Tri(A, M, B) is SLIP over R, are both
of A and B, SLIP over R? If for any right .A-module X,
and right B-module X, every local left multipliers ¥, :
A—X; and ¢, :B— X, are left multipliers, is
Tri(A,M,B) SLIP over R? We will see that if
Tri(A, M, B) is SLIP, A is not necessarily SLIP and so
we obtain classes of SLIP triangular algebras which are not
zero product determined algebras. Also we show that if A
is SLIP and for any right B-module X, every local left
multiplier Y :B— X is a left multiplier, then
Tri(A,M,B) is SLIP. These results extends Proposi-
tion 3.4(i) as SLIP algebras are not necessarily zero pro-
duct determined algebras.

In the following lemma, we describe the structure of
LIP maps on triangular algebras.

Lemma 3.5 Let 7 = Tri(A, M, B) be a triangular alge-
bra and \y : T — T be a LIP map. Then there are R-
linear maps o : A— A, t: M —- M, f,:B— M and

p, : B — B such that
(G D) -0 5™

where o and f, are LIP maps, 3, is a local left multiplier
and t(am) = o(a)m for all a € A and m € M.

. A 0 0o M 0o M
Proof Since <0 0), (0 0> and (0 B) are

left ideals of 7, using the hypothesis, for all a € A4,b €
B,m € M we have

(G o)-C3 o) (G 9)-( 73

and

0 0\ (0 B
‘”((0 b))‘(o /&(b))’
where ¢ A—- A, - M—->M, ,:B— M and B,:

B — B are R-linear maps. The mapping ¥ is a local left
multiplier, since it is a LIP map. Thus, for

T—<g 2)67, there is an element Xy =
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ar mr B __(ara mrb
(O bT>€’Tsuchthatlp(T)—XTT—( 0 bTb>'

Hence, a(a) = ara, f,(b) = mrb and B,(b) = brb for all
a € A, b € B, proving that these maps are local left mul-

tiplier. Let a€ A, me M, and put T = (a am>’

0 0
0
s=(o

Xr € T such that y(T) = X7T. Thus,
a(a@) tlam)\ (0 —m\ B _
( 0 o )( >_¢(T)S_XTTS_0.

—lm > . We have TS = 0 and there is an element

0 1
Therefore, t(am) = a(a)m for all a € A,m € M. O

In the next theorem, we obtain a necessary condition for
triangular algebra Tri(A, M, B) to be SLIP over R.

Theorem 3.6 Letr 7 = Tri(A, M,B) be SLIP over R.
Then B is SLIP over R and every local left multiplier from
B into M is a left multiplier.

Proof Suppose that §; : B — M and f§, : B — B are local
left multipliers and define the R-linear map  : 7 — 7 by

a m (0 pi(b)
1//((0 b>>_<0 B,(b) . For each b € B, there are
elements ¢, € B and n, € M such that f,(b) = npb and

p,(b) = cpb. Now for any T_<g rZ)ET, let

Xr = (O Zb) We have

Hence, ¥ is a LIP map, and by the hypothesis, it is a left
multiplier; i.e., Y(T) =y (I)T for all T € 7. So for all
b € B we see that

0 p,(b) B 00
<0 ﬁz(b)>_w<(0 b>)
:(0 ﬁl(l))<0 0>:(0 ﬁl(l)b)
0 Br(1)/\0 b 0 By(1)b)’
where 1 is the unity of B. Thus, §; and f3, are left multi-

pliers. O

By invoking the above theorem, we get a necessary
condition for an idempotent element in an SLIP algebra to
be left semicentral.

Corollary 3.7 Suppose A is a SLIP algebra.

(i) If e € A is a non-trivial left semicentral idempo-
tent, then (1 —e)A(1 — e) is SLIP over R.

(ii)) If for any non-trivial idempotent e € A, (1 —
e)A(l —e) is not SLIP over R, then A is

semicentral reduced.

In the following results, we give some sufficient con-
ditions for a triangular algebra to be SLIP over R.

Theorem 3.8 Ler 7 =Tri(A,M,B) be a triangular
algebra. Let l.ann y4M = {0}, B be SLIP over R and every

local left multiplier from B into M be a left multiplier.
Then T is SLIP over R.

Proof Suppose that :7 — 7 is a LIP map. By

Lemma 3.5
A )00 ")

where f§; : B— M and f, : B — B are local left multi-
pliers and t(am) = a(a)m for all a € A and m € M. By
the hypothesis,

Bi(b) = Bi(1)b,  fr(b) = fr(1)b

For every a,a’ € A and m € M, we have

(b e B).

t(ad'm) = o(ad")m.
On the other hand,
t(ad'm) = a(a)d'm.

Comparing the two above equalities and noting that
LannyM = {0}, we arrive at a(ad’) = a(a)d’. So

a(a) =a(l)a, (m)=o(l)m (a€ A,me M).

From these equations, we deduce that for all T € 7 :
W(T) =y(IT.
O

Let X be an R-module. It is obvious that each R-linear
local left multiplier from R into X is a left multiplier. So
from Theorem 3.8, we have the next corollary.

Corollary 3.9 Let A be an algebra over R. Then
Tri(A, A, R) is SLIP over R.

Let M be a right B-module. Denote by Endz(M), the
algebra of all B-module endomorphisms of M. Let
A := Endp(M). Then M is an (A, B)-bimodule equipped
with  ¢Am:=¢dp(m) (meM,p€ A such that
lannyM = {0}. So by Theorems 3.6 and 3.8, we obtain
the following corollary.

Corollary 3.10 Let M be a right B-module. Then
Tri(Endg(M), M, B) is SLIP over R if and only if B is
SLIP over R and every local left multiplier from B into M
is a left multiplier.
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In the following theorem, we do not require the condi-
tion LannyM = {0}.

Theorem 3.11 Let 7 = Tri(A, M,B) be a triangular
algebra. Assume that A and B are SLIP algebras and
every local left multiplier from B into M is a left multi-
plier. Then T is SLIP over R.

Proof Suppose that {y:7 — 7 is a LIP map. By

Lemma 3.5,
w((a m)) _ (Oﬂ(a) ﬁl(b)+f(m)>

0 b)) \0 pb) )’
where o : A — Aand f§, : B— Bare LIP maps, §, : B —
M is a local left multiplier and 7: M — M satisfies

t(am) = a(a)m for all ac A and me M. By the
hypothesis,

a(a) = a(l)a, i(b) = Bi(1)b,
B2 (b) = Po(1)b and t(m) = a(1)m,

for all a € A,b € B,m € M, concluding that
W(T) =y()T,
forall T € 7. O

Now we give some examples illustrating limitations on
extending some of the theory developed. The examples
show that the classes of triangular algebras satisfying the
conditions of Theorem 3.8 are different from those satis-
fying the assumptions of Theorem 3.11. Thus, we firstly
need to provide some algebras which are not SLIP.

Remark 3.12 Every division SLIP algebra A is a field.
Consider the arbitrary elements a,b € A and define the R-
linear map ¥, (a) = ab. Since A is a division algebra, it
follows that v, is a LIP map. So by the hypothesis that A
is SLIP, we have ab =y, (a) = Y,(1)a = ba. Hence, A is
commutative.

From Remark 3.12, one concludes that the quaternion
algebra H(R) over the real field R is not SLIP. In the
following example, a non-division algebra is presented
which is not SLIP. This example is given in Katsoulis
(2016, Example 2.4).

Example 3.13 Let [ be a field. Then

-{(; )

is an algebra over [ which is not SLIP.

A,MG[F}

Now by Corollary 3.9 and above examples, we can
obtain an SLIP triangular algebra Tri(A, M, B) in which
A is not SLIP. Hence, Tri(A, M, B) is not a zero product
determined algebra [by Theorem 3.1 and (Ghahramani
2013a, Theorem 2.1)].
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Example 3.14 Let 7 be either Tri(H(R),H(R),R) or
Tri(U,U,F) where U is the algebra described in Exam-
ple 3.13. Then by Corollary 3.9, 7 is SLIP, whereas H(R)
and U are not SLIP algebras.

In the above example, 7 satisfies the conditions of
Theorem 3.8 but not those of Theorem 3.11. This example
shows also that the converse of Theorem 3.11 is not nec-
essarily true.

In the following, we give an example showing that the
converse of Theorem 3.8 is not necessarily valid.

Example 3.15 Assume that A is a zero product determined
algebra. By (Ghahramani (2013b, Proposition 2.8), A x A
is a zero product determined algebra. The usual right
multiplication of A and the following left multiplication
make A into an ((A x A),.A)-bimodule:

(a,b)x :=ax (a,b,x € A).

By Proposition 3.4(1), 7 = Tri(A x A, A, A) is SLIP,
while Lann g 4 A = {0} x A # {0}.

In Example 3.15, 7 satisfies their conditions of Theo-
rem 3.11 but does not satisfy the conditions of
Theorem 3.8.

In the following example, we show that the conditions
on A in Theorems 3.8 and 3.11 cannot be dropped.

Example 3.16 Let A and B be algebras such that A is a
zero product determined algebra and B is not SLIP. By the
following module actions, we turn .4 into an ((A x B), A)-
bimodule:

(a,x € A,b e B),

(a,b)x := ax

and the right multiplication is the usual multiplication of .A.
We show that the triangular algebra 7 = Tri(A x B, A, A)
is not SLIP. Since B is not SLIP, there is a local left
multiplier p : B — B which is not a left multiplier. So for
any b € B there exists an element ¢, € B such that
p(b) = cpb. Define the R-linear map  : 7 — 7 by

(5 )0
(aloab)

((O’ch) 8) such that

W(T) = X;T.

For any T( ZZ)GT, there is Xr=
3

So ¢ is a LIP map which is not a left multiplier. If
otherwise, Y(T) = Y(I)T for all T € 7, concluding that p
is a left multiplier and this is a contradiction. In this
example, lanngyg A= {0} x B# {0}, and by Hadwin
and Kerr (1997, Lemma 5), A x B is not SLIP.
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In the above example, A can be assumed to be any of
the stated algebras in Corollary 3.3 and B to be either the
quaternion algebra H(R) or the algebra U/ as mentioned in
Example 3.13.

4 Applications to Generalized Triangular
Matrix Algebras and Block Upper
Triangular Matrix Algebras

In this section, we apply our results obtained in the pre-
vious section to generalized triangular matrix algebras and
block upper triangular matrix algebras.

Theorem 4.1 Let A be an algebra having a generalized
triangular matrix representation

Al] -A12 o -Aln
0 Ay - Ay

A= . . |
0 0 - A,

where each A;; is an algebra with unity and A is a
(A;, Aj)-bimodule for i<j. If every local left multiplier
from A; (1 <i<n)into A; (1 <k<i)is a left multiplier,
then A is SLIP over R.

Proof We denote the elements of .Aj;; by a;;, 1; for the unity
of A;; and a;;Ej; for the n-by-n matrix with a; € A; at (i, j)-
entry and O in all other entries. Note that E; denotes the
matrix 1;E;, and {E\,...,E,} is a set of left triangulating
idempotents of A (by Proposition 2.1).

The proof is by induction on n. If n = 1, then A = Ay,
and the result is obvious in this case.

Let n > 2 and assume that for each algebra that has a set
of left triangulating idempotents with n — 1 elements, the
result is true.

Let {E,...,E,} be a set of left triangulating idempo-
tents of A. By Remark 2.2, A = Tri(E|\ AE, E| AF,FAF)
and {E,,...,E,} is a set of left triangulating idempotents
of FAF, where F =1 — E; = ) !, E; is the unity of FAF.
Also we have the R-algebra isomorphisms:

Ay o Ay
FAF=~| @ . |
0 - A,

E{AE; = Ay,

and the (A, FAF)-bimodule isomorphism:
E\AF =~ (Alz, .. .,.Aln).

By the hypothesis, A;; is SLIP over R. Also, by the
induction hypothesis FAF is SLIP over R. Let  :
FAF — E| AF be a local left multiplier. We show that v is
a left multiplier.

Since y is an R-linear map, there exist R-linear maps
(]55 : A[j — Ay such that

Z O (ay) Ene,

where 2 <i<j<nand 2<k<n.
We complete the proof by checking some steps.

Y (a;Ey)

Step 1 ¢\ =0 for all 2<i,k <n with i # k. For each
a; € Ai; 2<i<n), let T = a;E;. Since  is a local left
multiplier, there exists Xr € E;AF such that
Y(T)=XrT. Now T(F—E;)=0, and hence,
W(T)(F —E;) =0. So

0= (Z ¢,L ajj Elk) (F—E;) Z¢,l ai))E\x — (aii)Eli-

Therefore, for all 2<i,k<n with i=# k, we have
¢ =0.
Step 2 ¢} =0 forall 2<i<j<n,2<k<nwith #k.
For each a;; € A;; (2<i<j<n), let T = a;E;. For any
2 <k<n with j # k, we have TE; = 0. So by a similar
argument as in Step 1, y(7T)E; = 0. Hence,

0= (122: qbéj(aU)Ell)Ek = (bf;(a,;,')Elk.

The result now follows from the above equation.

Step 3 ¢} (aj)Ey; = ¢L(1)EqaiEyj for all 2<i<j<n
and g € .A,J. We have (E; + a;E;j)(—a;E;+E;) =0
for all a; € Ajj. So Y(E; + a;E;j)(—a;E;j + E;) = 0. By
Steps 1, 2, we see that W(E;) = ¢\ (1,)E; and
W(ayEy) = ¢}(ay)Ey;. Thus,

((1)Ex; + ¢ (ay)Eyj) (—ayEy + E;) =0,
and hence,
d)z](au)Elj ‘p;i(li)EliaijEij'

Step 4 qﬁfi(a,-,»)El,- = (bﬁi(li)El,-a,-,-E,- for all 2 <i<n and
a;; € A,’,’. For each a;; € Aii (2 < i < I’l), let T= a,'iEi.
Since ¥ is a local left multiplier, there exists Xy =
> i x1kE1x such that Y(T) = X7T. So by Step 1,

¢%i(ai)Er; = xyazEy;,

and hence, qﬁjl is a local left multiplier. By the
hypothesis, ¢';(a;;) = ¢%(1;)a;;, and hence,
dii(ai)Ey = ¢l(1;)EnaiE;.

From Steps 1-4, it follows that ¥(T) =
T € FAF. So  is a left multiplier.

W(F)T for all

52, €\ Springer
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We now apply Theorem 3.11 to deduce that A is SLIP
over R. O

As we will see in Theorems 4.2 and 4.3, being Ay
(1<k<n—1) SLIP algebras is not necessary condition
for A to be SLIP.

Theorem 4.2 Suppose that the algebra A has the gener-
alized triangular matrix representation

An A - A
0 Ay - Ay

A= ) L )
0 0 - A,

Suppose further that any local left multiplier from A;;
2<i<n) into Ay (1<k<i) is a left multiplier and
Lanny, Ay = {0} for some 2<k<n. Then A is SLIP
over R.

Proof Let A have a set of left triangulating idempotents
{E\,...,E,}. By Remark 2.2, A= Tri(E|AE,E| AF,
FAF) and {E,,...,E,} is a set of left triangulating
idempotents of F.AF, where F' =1 — E|. By the hypothe-
sis, the algebra

Ay o Ay
FAF =~ : o
0 e Ann
satisfies the conditions of Theorem 4.1, and hence, it is
SLIP. A similar proof to that of Theorem 4.1 shows that
every local left multiplier from FAF into E| AF is a left
multiplier. Since l.ann 4, Ay = {0} for some 2 <k <n, it

follows that l.anny, E|AF = {0}. Therefore, A is SLIP,
by Theorem 3.8. O

Theorem 4.3 Let A have a set of left triangulating idem-
potents {E\, ..., E,} with the generalized triangular matrix

representation
An A - A
0 Apn - Ay
A =
0 0 - A,

Suppose that l.annp g.pF AE, = {0}, where F = I — E,, and
any local left multiplier from A, into Ay, (1 <k<n)isa
left multiplier. Then A is SLIP over R.

Proof We use the same notations as those in the proof of
Theorem 4.1. Let F=I1-E,. By Remark 2.2,
A= Tri(FAF,FAE, E,AE,). In this case, E, is the unity
of A,, and we have the R-algebra isomorphism:

52, €\ Springer

E AE, = Ay,
and the (FAF, A,,)-bimodule isomorphism:
Ain
FAE, = :
An-tn

By the hypothesis, A, is SLIP. Let {y : A,, — FAE, be a
local left multiplier. We show that  is a left multiplier.
Since V¥ is an R-linear map, there exist R-linear maps

¢ A — A (1<k<n—1) such that
n—1
lp(annEn) - Z ¢l,(, (arm)Ekn-
k=1
For each a,, € A,,, put T = a,,E,. Since y is a local left

multiplier, there is X7 = Zz;}x,mEkn € FAE, such that
W(T) = X7T. So

n—1 n—1

k
E d)n(ann)Ekn = § xknannEkn;
=1 =1

and hence, any d)ﬁ is a local left multiplier. By the
hypothesis, each (;’)’,‘l (1 <k<n-—1) satisfies

qs]:,(ann) = ¢];(1n)ann (ann S Ann)
So
n—1
l//(armEn) = (,bﬁ(ln)annEkn = lp(En)annEna

~
Il

for all a,, € A,,. So ¥ is a left multiplier. Now from
hypothesis and Theorem 3.8, it follows that 4 is SLIP. [

The following proposition shows that being E, AE, an
SLIP algebra is a necessary condition for .4 with a set of
left triangulating idempotents {E|,...,E,} to be an SLIP
algebra.

Proposition 4.4 Let A be SLIP over R with a set of left
triangulating idempotents {E\,...,E,}. Then E,AE, is
SLIP over R.

Proof Let F=1—E,. By Remark 2.2, A= Tri(FAF,
FAE,,E,AE,). Now, from Theorem 3.6, it follows that
E,AE, is SLIP over R. O

In continuation, we apply our results to block upper
triangular matrix algebras. In order to prove Theorem 4.6,
we need the following lemma.

Lemma 4.5 Let A be SLIP over R and M,y;(A) be the
right A-module of the set of all r-by-s matrices over A.
Then any local left multiplier from A into M,(A) is a left
multiplier.
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Proof We use the same notations as those in the proof of
Theorem 4.1. Let  : A — M,,(.A) be a local left multi-

plier. Then there exist R-linear maps ¢": A — AE;
(1<i<r,1<j<s) such that

Ya)=> > ¢'(a)Ey.
i=1 j=1
Since  is a local left multiplier, it is easily checked that

each ¢” is a local left multiplier. So by the hypothesis and
the fact that AE; = A (as right A-modules), we have

¢"(a) = ¢ (1)aky,

for all 1<i<r,1<j<s. Thus, Y(a) =y(l)a for all
a € A i.e., y is a left multiplier. O

Theorem 4.6 Let BX(A) (n>1) be a block upper trian-

gular matrix algebra, where k = (ky,...,ky) € N™. Then

(1) if kyp >2, then Bﬁ(.A) (n>2) is SLIP over R.
(i)  ifky = 1, then BS(A) is SLIP over R if and only if
A is SLIP over R.

Proof Let {Fi,..
idempotents of BY(A) such that F; = ', E; and F; =
Z?:l Eiit 4k, for 2<j<m. Suppose that F =1 —F,
and [ = k; + ... + ky,_. Then FBX(A)F is a subalgebra of
M (A) and FBY(A)F,, = My, (A). Since
Lanny, yMixi, (A) = {0}, it follows that
l.annFBﬁ(A)FFBE(A)Fm = {0}.

(i) We have F,,B*(A)F,, 2 My, (A) (ky >2). By Corol-
lary 3.3(i), any local left multiplier from FmB’,‘;(A)Fm into
any right F,Bf(A)F,-module is a left multiplier. We
deduce from Theorem 4.3 that A is SLIP over R.

(ii) Let B%(A) be SLIP over R. By Proposition 4.4,
FB'(A)F,, = M, (A) = A (since k, = 1) is SLIP over
R.

Conversely, assume that A4 is SLIP over R. We have
FBY(A)F,, = M., (A). (In this case, F,, = E,.) Now by
Lemma 4.5, each of Theorems 3.8 and 4.3 implies that
B*(A) is SLIP over R. O

~F,} be a set of left triangulating

The n-by-n upper triangular matrices 7, (A) (n > 1) are
the block upper triangular matrix algebra Bfi (A), whenever
k= (ki,....,k,) € N" with ki=1 for any 1<j<n.
Therefore, by Theorem 4.6, we obtain the following
corollary.

Corollary 4.7 The algebra of upper triangular matrices
T,(A) (n>1) is SLIP over R if and only if A is SLIP over
R.

Since each R-linear local left multiplier from R into any
right R-module X is a left multiplier, in view of Theo-
rem 4.6, the next corollary is immediate.

Corollary 4.8 The block upper triangular matrix algebra

BE(R) is SLIP over R for every n > 1. Particularly, T,(R)
(n>1) is SLIP over R.
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