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Abstract
In the cyclic plasticity deformation of metallic materials, nonlinear elastic unloading and subsequent smooth elastic–plastic 
stress–strain behavior is observed in reverse loading owing to the Bauschinger effect. To determine how accurately material 
models can describe the elastic–plastic transition behavior, cyclic stress–strain simulations were conducted and their results 
were compared with the corresponding results for DP980 and 590R high-strength steel (HSS) sheets. The two plasticity 
models, the Yoshida–Uemori (Y-U) pure kinematic hardening (KH) model and the Armstrong–Frederick KH combined with 
isotropic hardening (A-F–KH + IH) model, were used with four different types of elasticity models, Young’s modulus, plastic-
strain-dependent chord modulus, yield-surface-average (YSA) elastic modulus, and nonlinear elastic model. The best model 
to describe the realistic elastic-plastic transition behavior was the Y-U model combined with the nonlinear elastic model. 
The effects of these material models on springback prediction were examined based on a plane-strain bending–unbending 
springback simulation. When using the Y-U model, the amounts of springback and residual stresses calculated by the two 
plastic-strain–dependent linear elastic models and the nonlinear elastic model were almost the same. By contrast, when 
using the A-F–KH + IH model, the calculated results using the linear elastic models were quite different from those of the 
nonlinear model calculation. The effect of the yield plateau on the springback calculation was minor.

Keywords  Elastic–plastic transition · Yoshida–Uemori model · Armstrong–Frederick model · plastic-strain-dependent 
elastic model · springback

Introduction

The use of an appropriate material model of elasto-plasticity 
is vital for accurate sheet metal forming simulations. Spe-
cifically, for springback, the plastic-strain-dependent elas-
tic modulus and the Bauschinger effect are the two most 
influential unloading properties of materials [1–22]. The 
amount of springback is determined as a function of the 
bending moment at the final stage of forming (which is the 
driving force of springback) and unloading elastic modu-
lus. Furthermore, if re-yielding occurs during unloading 
owing to the Bauschinger effect, it should be considered for 

springback simulation. The advanced high-strength steel 
(AHSS) sheets are prone to springback-induced re-yielding 
because the bending moment becomes very large because of 
their high flow stress, and furthermore, they exhibit strong 
Bauschinger effect.

The unloading elastic modulus is usually measured 
from the stress–strain slope in the sequential tensile load-
ing–unloading experiment. Although the unloading–reload-
ing stress–strain response after a plastic deformation is 
slightly curved owing to micro plasticity [1, 2], as shown in 
Fig. 1, the elastic modulus is usually determined from the 
stress-strain slope from the unloading-start point (point a in 
Fig. 1) to the stress-zero point (point b in Fig. 1). Therefore, 
the obtained elastic modulus is often called “chord modu-
lus”, and it decreases remarkably with increasing plastic 
strain [2, 17, 23–25]. To describe the plastic-strain-depend-
ent elastic modulus degradation, Yoshida et al. [2] proposed 
the following simple mathematical model:
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Here, Eo and Ea denote Young’s modulus (= elastic 
modulus of virgin materials) and asymptotic elastic modu-
lus at infinitely large plastic deformation, respectively, and 
a material parameter, ξ,controls the rate of the elastic modu-
lus degradation. This model is widely used in springback 
simulation.

In addition to the chord modulus model, which assumes 
the linear stress–strain response, some elastic models to 
describe the nonlinear unloading behavior (Fig. 1) have been 
proposed. Sun and Wagoner [16] proposed the quasi-plastic-
elastic (QPE) model, which is the first nonlinear unloading 
model, wherein the elastic modulus is expressed as a func-
tion of elastic and QPE strain accumulation. Several elastic 
models in the QPE framework were later published [14, 26, 
27]. In addition to the QPE-type modeling, Lee J.-Y. [28] 
proposed a Mróz(1967)-type [29] multi-surface model, and 
Eggertsen et al. [30] and Sumikawa et al. [21] described the 
nonlinear unloading stress-strain response as an elasto–plas-
ticity behavior. Although these models successfully describe 
the nonlinear unloading stress–strain response, they did not 
provide explicit formulation of the plastic-strain-dependent 
elastic modulus degradation. Recently, Yoshida and Amaishi 
[31] proposed another type of nonlinear elastic model that is 
directly associated with the plastic-strain-dependent chord 
modulus model. In this model, the parameters in Eq.(1), Eo, 
Ea and ξ, were used for modeling with no additional material 
parameters being required. Based on this nonlinear elastic 

(1)E = Echord = Eo −
(
Eo − Ea

)[
1 − exp (−�p)

]
.

model, the yield-surface average (YSA) linear elastic model 
was also proposed as an extension of the chord modulus 
model.

To evaluate these linear and nonlinear elastic models in 
springback prediction, we (Yoshida and Amaishi [31]) con-
ducted springback simulation using the Yoshida–Uemori 
[2–4] (Y-U) kinematic hardening (KH) model and found 
that the springback calculation results were close to those 
of previous (plastic-strain-dependent) linear elastic models, 
that is, the stress–strain nonlinearity played a minor role for 
springback prediction. However, other researchers [14, 26, 
27] have reported that the consideration of nonlinear unload-
ing stress–strain response significantly improves springback 
prediction. This is a completely different conclusion from 
our study. This situation suggests that springback predic-
tion is affected not only by the elastic model, but also by the 
plasticity constitutive model used for the calculation.

To clarify what is necessary in elastic–plastic modeling 
for accurate springback simulation, in this study, two dif-
ferent types of plasticity models, the Y-U model as a pure 
KH model and the Armstrong–Frederick (A-F) KH [32] + 
isotropic hardening (IH) model as a combined KH + IH 
model, in combination with four linear/nonlinear elastic 
models, that is, a total of eight elastic–plastic models were 
examined. First, the accuracies of these models in describ-
ing the elastic–plastic transition behavior were discussed 
by comparing the stress-strain simulations with the corre-
sponding experimental observations on DP980 AHSS and 
590R HSS sheets. Then, by simulating the plane-strain uni-
form bending–unbending, the effect of the elastic–plastic 
models on the springback prediction was investigated, with 
a discussion of both the springback deformation and the 
residual stress.

Some hot-rolled HSS sheets exhibit an apparent yield 
plateau (YP) in the uniaxial stress–strain curve. However, 
to the best of our knowledge, the effect of YP on spring-
back has never been investigated before, because it is usually 
neglected in springback simulation. In the present study, to 
determine whether the YP model is essential for an accurate 
springback prediction, the springback of 590R calculated 
by the YP model was compared with that obtained with the 
non-YP model.

Elasto‑plasticity models

Framework of modeling

The strain rate, �̇ , is decomposed into its elastic and plastic 
parts, �̇eand �̇p , as follows:

(2)�̇ = �̇e + �̇p.

chordE
b

a

Fig. 1   Nonlinear stress–strain response and chord modulus of elastic-
ity in sequential tension-unloading experiment
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The constitutive equation for elasticity is expressed by 
the equation:

where 
o
� denotes the objective rate of the Cauchy stress σ and 

Ceis the elastic modulus tensor.
Using the yield function ϕ, the initial yielding is 

expressed using the following equation:

where Y0 denotes the initial yield strength. The subsequent 
yield condition after plastic deformation is generally given 
by the following equation, assuming the combined KH and 
IH of the yield surface:

where α and Y are the position of the center and size of the 
subsequent yield surface, that is, the backstress and effective 
stress, respectively, and RIH is the IH stress. The effective 
plastic strain p and its rate ṗ are defined based on the plastic 
work conjugate concept, as follows:

The associated flow rule is given by the following 
equation:

where 𝜆̇ is the plastic multiplier, and 𝜆̇ = ṗ , assuming the 
homogeneous yield function ϕ. Thus, the constitutive equa-
tion is expressed as follows:

Here, H is the rate of workhadening which consists 
of the KH and IH components, Hkin and Hiso, as follows:

In this framework, each elasto–plasticity model is 
characterized by its elastic modulus Ce, and the KH and 
IH laws of plasticity (i.e., the evolution equations of the 
backstress α and IH stress RIH).

(3)
o
� = C

e ∶ �̇e,

(4)f = �(�) − Y0 = 0,

(5)
f = �(� − �) − Y = �(� − �) −

(
Y0 + RIH

)
= 0,

Y = Y0 + RIH ,

(6)Yṗ = (� − �) ∶ �̇p, p = ∫ ṗdt.

(7)�̇p =
𝜕𝜙

𝜕�
𝜆̇,

(8)
o
� = C

ep ∶ �̇,

(9)C
ep =

⎧
⎪⎨⎪⎩

C
e if 𝜆̇ = 0

C
e −

C
e∶

𝜕𝜙

𝜕�
⊗C

e∶
𝜕𝜙

𝜕�
𝜕𝜙

𝜕�
∶Ce∶

𝜕𝜙

𝜕�
+H

if 𝜆̇ > 0

(10)H = Hkin + Hiso

Plastic‑strain‑dependent elastic models

Chord modulus model

As mentioned in the introduction, the chord modulus is 
measured using a sequential tensile loading–unloading 
experiment (Fig. 1c), and the three material parameters, 
Eo, Ea and ξ in Eq. (1) are determined. Note that in this 
experiment, the stress range σ0 for measuring the elastic 
modulus is not a fixed value, but it increases with increas-
ing plastic strain p because of the workhardening of the 
material. Therefore, the chord modulus is consistent with 
the modulus of the KH + IH model only for the case in 
which the yield surface expands following the condition 
Y = Y0 + RIH(p) = σ0(p)/2. However, in practice, Eq. (1) is 
usually used for any elasto-plasticity model that follows 
the condition Y ≠ σ0(p)/2, including the case of the pure 
KH model (RIH = 0).

Nonlinear elastic model

Figure 2 shows a schematic illustration of the nonlinear 
stress–strain unloading-reloading curve. The instantane-
ous elastic modulus, E = dσ/dε (hereafter it is called “elas-
tic modulus”), varies from Eo(Young’s modulus) at the 
unloading-start point a (σ = σ0) to E∗ at the fully unloaded 
point c (σ = 0). Note that.

(11)Echord ≈
E0 + E∗

2
.

Fig. 2   Schematic illustration of the unloading–reloading stress–strain 
response
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Assuming that the elastic modulus E varies as a linear 
function of the stress σ; using Eq. (11), the unloading elas-
tic modulus is given by.

Using Eq. (12), the elastic modulus at a stress point 
existing inside the yield surface of its size Y (see schematic 
illustrations in Fig. 3) is expressed as follows:

where ρ is the distance from the current stress point b (σ = σ) 
to a point d lying on the yield surface when the direction 
of the stress increment dσ is b → c. Note that when ρ = 0 at 
point d,

The nonlinear elastic model in Eq. (13) is also valid for 
the multiaxial stress state, where ρ is defined as schemati-
cally illustrated in Fig. 4a. In the yield surface, a linear elas-
tic response domain (surface) fLER of size κ  (<Y) and center 
η is assumed (hereafter fLER called “LER surface”):

The stress point σ exists either inside or on the LER sur-
face. If the stress point moves inside of the LER surface, the 
stress–strain response is linear,

(12)
E = E∗ +

(
E0 − E∗

)(
�

�0

)

≈ E0 − 2
(
E0 − Ea

)[
1 − exp (−�p)

]( �0−�

�0

)
.

(13)E = E0 − 2
(
E0 − Ea

)[
1 − exp (−�p)

](2Y − �

�0

)
,

(14)E = Emin = E0 − 2
(
E0 − Ea

)[
1 − exp (−�p)

](2Y

�0

)
.

(15)fLER = �(� − �) − � ≤ 0.

where Ce
L
 is the fixed-value elastic stiffness matrix composed 

of the elastic modulus ΕLER (see Fig. 4b) and Poisson’s ratio. 
If the stress point lies on the LER surface and moves out-
ward, the constitutive equation is given by the following 
equation,

where Ce
NL

 is the stress-state-dependent elastic modulus ten-
sor and is defined as follows:

The definition of ρ under the multiaxial stress state is 
given by the following equation (Fig. 4a):

The evolution equation of the LER-surface center, η, is 
explicitly determined from the consistency condition (for 
details, refer to Yoshida et al. [33]):

The yield‑surface average (YSA) elastic modulus model

The chord modulus defined in the range of the yield sur-
face is called the YSA elastic modulus (Fig. 5), and is easily 
derived from Eq. (14), as follows:

Cyclic plasticity models

Y‑U model

The Y-U model is a pure KH model, wherein the yield sur-
face of size Y0 and center α kinematically moves within the 
bounding surface, as illustrated in Fig. 6a. The bounding 
surface, F, isotropically expands from its initial size B to 

(16)

o
� = C

e
L
∶ �̇ if fLER < 0, or fLER = 0 and

𝜕fLER

𝜕�
∶

o
� < 0,

(17)
o
� = C

e
NL

∶ �̇ if fLER = 0 and
𝜕fLER

𝜕�
∶

o
� ≥ 0,

(18)C
e
NL

=

(
E

E0

)
C
e
0
.

(19)
� = ‖‖�∗ − �‖‖ = �

(
�∗ − �

)
,

�∗ =
(

Y

�

)
(� − �) + �.

(20)
o
� =

�fLER

��
∶

o
�

�fLER

��
∶
(
�∗ − �

) ∶
(
�∗ − �

)
.

(21)
EYSA =

1

2

(
E0 + Emin

)

= E0 −
(
E0 − Ea

)[
1 − exp (−�p)

](
2Y

�0

)
.

Fig. 3   Stress-state-determined nonlinear elastic modulus

12   Page 4 of 17 International Journal of Material Forming (2022) 15: 12



1 3

B + R, and its center β moves kinematically with increasing 
plastic strain. The relative motion of the yield surface with 
respect to the bounding surface.

is given by the following evolution equation:

Here, a material parameter C takes one of two values, 
C = C1 for a region in the vicinity of the initial yielding, 

(22)�∗ = � − �

(23)
o

�∗ = C

{(
a

Y0

)
(� − �) −

√
a

𝛼∗

�∗

}
ṗ,

(24)�∗ = �
(
⟾∗

)
, a = B + R − Y0.

Fig. 4   Determination of the 
nonlinear elastic modulus under 
multiaxial stress state. a) LER 
surface moving in the yield sur-
face, b) Uniaxial stress–strain 
response

Fig. 5   YSA elastic modulus

Fig. 6 -U   pure KH model and 
A-F KH + IH model
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and C = C2 for the other plastic deformation processes. The 
kinematic motion of β is given by the following equation:

where b and k are material parameters. For the isotropic 
hardening of the bounding surface, the evolution of R is 
given by the following equation based on the Voce harden-
ing law:

where k and Rsat are material parameters. In addition to the 
Voce-type IH model, the use of a combination of the Voce 
and Swift hardening law for the evolution of R is also avail-
able (refer to Yoshida et al., 2015 [33]). One of the features 
of the Y–U model is that it describes the workhardening 
stagnation that appears in a reverse stress–strain curve 
for a certain range of reverse deformation. To control its 
strength, a material parameter h is used in the Y-U model (a 
larger h-value  predicts more workhardening stagnation, for 
details, refer to Yoshida et al. [3, 4]). The rate of workhard-
ening H in the Y-U model is expressed as follows:

A‑F KH + IH model

In the combined KH + IH model, the yield surface moves 
kinematically with expansion, as illustrated in Fig. 6b. The 
A-F KH law is given by the following equation:

(25)
o

� = k

{(
b

Y0

)
(� − �) − �

}
ṗ,

(26)Ṙ = k
(
Rsat − R

)
ṗ,

(27)H = Hkin = Ca + kb −
��

��
∶

(
C

√
a

�∗

�∗ + k�

)
.

where CA − F and aA − F are material constants. For the iso-
tropic hardening law, the following Voce type equation is 
assumed:

where m and Q are material parameters. The rate of 
workhardening, H, in this model is expressed as follows:

The stress–strain responses of the DP980 and 590R 
sheets that were calculated using the Y-U model (material 
parameters are listed in Tables 1 and 2) and the A-F + IH 
model (for material parameters, see Tables 3 and 4) are 
illustrated in Figs. 7 and 8, respectively. For both models, 
the chord modulus of elasticity was used. For DP980, both 
models are able to describe the workhardening and the 
Bauschinger effect fairly well. However, in the A-F + IH 
model simulation, an apparent corner at the re-yielding 
point in the unloading stress–strain curve was found, but 

(28)
o

� = CA−F

{(
aA−F

Y0 + RIH

)
(� − �) − �

}
ṗ,

(29)ṘIH = m
(
Q − RIH

)
ṗ,

(30)
H = Hkin + Hiso = CA−FaA−F − CA−F

��

��
∶ � + m

(
Q − RIH

)
.

Table 1   Y-U parameters for 
DP980 AHSS (a) Plasticity parameters

Y0(MPa) B(MPa) b(MPa) Rsat(MPa) C1 C2 k h
500 970 90 90 300 160 20.0 0.35
(b) Plastic-strain–dependent chord modulus of elasticity
E0(GPa) Ea(GPa) ξ
206 160 90

Table 2   Y-U parameters for 
590R HSS

*when considering the yield plateau (YP), Yp = 420MPa.

(a) Plasticity parameters
Y0(MPa) B(MPa) b(MPa) Rsat(MPa) C1 C2 k h
320 450 100 210 250 220 16.0 0.8
(b) Plastic-strain-dependent chord modulus of elasticity
E0(GPa) Ea(GPa) ξ
208 160 80

Table 3   A-F + IH parameters for DP980 AHSS

(a) Plasticity parameters
Y0(MPa) aA − F(MPa) Q(MPa) CA − F m
700 300 120 70 12.0
(b) Plastic-strain-dependent chord modulus of elasticity
E0(GPa) Ea(GPa) ξ
206 160 90
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it was not so clearly observed in the Y-U model simulation 
(see the next section for a more detailed discussion). Fur-
thermore, for the 590R, the A-F + IH model overestimated 
the cyclic workhardening, whereas the Y-U model well 
simulate the uniaxial tension and cyclic stress-strain 
responses. This is because only one A-F KH variable is 
insufficient in describing cyclic behavior properly, and 
furthermore modeling of the workhardening stagnation is 
lacking in the A-F + IH model (successful description of 
cyclic workhardening of the 590R was only possible when 
using a strong workhardening-stagnation parameter h = 

Table 4   A-F + IH parameters for 590R HSS

*when considering YP, Yp = 420MPa

(a) Plasticity parameters
Y0(MPa) aA − F(MPa) Q(MPa) CA − F m
320 180 270 100 10.0
(b) Plastic-strain-dependent chord modulus of elasticity
E0(GPa) Ea(GPa) ξ
208 160 80

(a) (b)

Fig. 7   Uniaxial tension and cyclic stress-strain responses on the DP980 calculated by (a) Y-U model, and (b) A-F + IH model, where the chord 
modulus of elasticity is used for both models

Fig. 8   Uniaxial tension and 
cyclic stress–strain responses 
on the 590R calculated by (a) 
Y-U model, and (b) A-F + IH 
model, where the chord modu-
lus of elasticity is used for both 
models

(a) (b)
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0.8 in the Y-U model). However, instead of using one A-F 
KH variable (Eq. (28)), if the backstress α is composed of 

several A-F KH components, � =
M∑
i=1

�A−F
i

 , proposed by 

Chaboche et al. [34, 35], the description of elastic-plastic 
transition and cyclic hardening behaviors will be 
improved. However, it has a drawback in that an increase 
in the number of KH components leads to a significant 
increase in the computational cost.

Description of elastic–plastic transition 
behaviors in reverse deformation

The amount of springback is determined as a function of 
the bending moment at the final stage of the forming and 
the unloading stress–strain behavior. In this section, the sig-
nificance of the description of the unloading elastic–plastic 
transition behavior is discussed based on the DP980 simula-
tion data. The 590R was used to examine the effect of YP 
on springback.

The DP980 stress–strain curves during unloading and 
the subsequent compression calculated by the Y-U model 
are illustrated in Figs. 9a and b, using several linear elastic 
models (Fig. 9a) and nonlinear elastic model (Fig. 9b). From 
these figures, it was found that the stress–strain responses 
calculated by the chord modulus and YSA elasticity modulus 
models are almost the same, and are not very far from those 
calculated by the nonlinear elastic model. The results of cal-
culated by these models, except for the Young’s modulus 
case, agree fairly well with the experimental observations. 
For example, the flow stress of the DP980 at 0.05 strain 
(0.045 plastic strain), σ0 = 1060  MPa, is almost the same as 
the value of 2Y0 = 1000  MPa. Also, the values of the chord 
modulus, 160 GPa, and the YSA modulus, 161 GPa, become 
almost the same. The elastic–plastic stress–strain slope at the 
re-yielding point is:

This is not very far from the nonlinear elastic modulus 
at the re-yielding point, Emin = 121  GPa. Therefore, the 
Y-U model combined with the nonlinear elastic modulus 
can be used to successfully describe the smooth elastic-
plastic stress–strain transition behavior. Even when using 
Echord = 160  GPa or EYSA = 161  GPa, the calculated elas-
tic-plastic stress–strain transition behavior is acceptable.

In contrast to the Y-U model, the stress–strain curves 
calculated  by the A-F + IH model are different depend-
ing on the elastic models used in the calculation. When 
using the linear elastic models, as shown in Fig. 10a, 
clear corners of the stress–strain curves appear at the 
re-yielding points, while a comparatively smoother 
unloading stress–strain response is simulated by the non-
linear elastic model (see Fig. 10b). Such a difference in 
the elastic-plastic transition behavior between the Y-U 
model and the A-F + IH model is mostly due to the dif-
ference in the backstress recall terms (compare Eq. (23) 
to (28)). Furthermore, the size of yield surface of the 
Y-U model is fixed constant, but that of the A-F + IH 
model expands with increasing plastic strain; it affects the 
elastic-plastic transition description. For the 0.045 plastic 
pre-strain, the nonlinear elastic modulus at the re-yield-
ing point is EA-F+IH

min
= 70 GPa , while Echord = 160  GPa 

and EYSA = 137  GPa. The diameter of the yield surface 
in the A-F + IH model, 2Y = 2(Y0 + RIH) = 1540  MPa, 
is much larger than the uniaxial tension flow stress 
σ0 = 1060  MPa, which is why the YSA elastic modulus 
becomes smaller than the chord modulus (Eqs. (1) and 
(21)). Note that the nonlinear elastic modulus of the AF + 
IH model at the re-yielding point, EA-F+IH

min
= 70 GPa when 

p = 0.045, is much smaller than that of the Y-U model, 
EY-U
min

= 121 GPa , because the yield strength of the AF + 

(31)d�∕d�|Y-U
re−yield

=
E0Hkin

E0 + Hkin

≈ 85 GPa, where Hkin ≈ 2Ca = 145 GPa.

Fig. 9   Elastic–plastic transi-
tion behaviors calculated from 
the Y-U model combined with 
several types of linear elasticity 
models

a) Linear elastic models                           b) Nonlinear elastic models
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IH model,Y = Y0 + RIH = 770  MPa, is larger than that of the 
Y-U pure KH model, Y = Y0 = 500  MPa. The workharden-
ing rate of the AF + IH model at the re-yielding point is.

then the elastic–plastic stress-strain slope there is calculated 
as:

Although this value of 36 GPa is considerably smaller 
than 85 GPa obtained in the Y-U model, (Eq. (31)), the elas-
tic modulus at the elastic limit (re-yielding point) is also as 
low as EA-F+IH

min
= 70 GPa ; therefore the description of the 

smooth elastic-plastic transition becomes possible in the AF 
+ IH calculation by using the nonlinear elastic model.

Effect of material models on springback prediction

Analytical model of springback

Springback simulations for the two forming-springback 
processes, that is, the uniform bending and the bend-
ing–unbending under the plane-strain condition, were 

(32)
Hkin ≈ 2CA−HaA−H = 42 GPa,

Hiso = m
(
Q − RIH

)
= mQ exp (−mp) ≈ 1 GPa,

H = Hiso + Hkin ≈ 43 GPa,

(33)d�∕d�|A-F+IH
re−yield

=
E0H

E0 + H
≈ 36 GPa.

conducted to investigate the effect of description of the elas-
tic–plastic transition behavior on the springback prediction. 
An advantage of using such a simple analytical model is that 
the numerically obtained results of springback are totally 
free from experimental noise such as die/sheet friction and 
die deflection; therefore, it is suitable for the discussion of 
material-model-dependent springback prediction.

The bending–unbending springback scheme is as follows: 
Let the x-, y-, and z-coordinates be the longitudinal, width 
and thickness directions of a sheet,respectively, as illustrated 
in Fig. 11. Neglecting the variation in sheet thickness, the 
bending strain rate 𝜀̇x is expressed by the following equation 
based on the Kirchhoff–Love hypothesis:

where 𝜅̇ is the rate of the curvature of the sheet. For the anal-
ysis of the bending and unbending processes, the following 
2D ( 𝜎̇z = 0 ) constitutive model of elasto-plasticity was used:

where, 𝜀̇y = 0 for the plane-strain condition. In the calcula-
tion, the von Mises yield criterion was assumed because the 
purpose of this study was to clarify the effects of elastic-
ity modeling and the Bauschinger effect, but not the effect 
of sheet anisotropy. Furthermore, the plane-strain stresses 
of DP980 and 590R were not very far from the von Mises 

(34)𝜀̇x = 𝜅̇z,

(35)
{

𝜎̇x
𝜎̇y

}
=

[
C
ep

11
C
ep

12

C
ep

21
C
ep

22

]{
𝜀̇x
𝜀̇y

}
,

a) b)

Fig. 10   Elastic–plastic transition behaviors calculated by the A-F + IH model combined with several types of linear elasticity models. a Linear 
elastic models, b Nonlinear elastic models
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calculation (see Appendix). The rate of the bending moment 
Ṁ is calculated for a given rate of curvature 𝜅̇ , as follows:

For the bending springback, the bending moment up to 
a given nondimensional curvature � = h�∕2 = �0 (h: sheet 
thickness), M = M0, was first calculated, and then the spring-
back curvature Δ� was obtained from the process of M → 0. 
For the bending-unbending springback, an unbending pro-
cess � = �0 → 0 was added before the springback. The 
residual stresses were obtained at the final stage of spring-
back. In the following discussion, the residual stresses at the 
outer surface of the sheet was used.

Discussion of springback and residual stresses

The springback Δ� of the DP980, as a function of the non-
dimensional bending curvature �0 , calculated using the Y-U 
model with several elastic models is illustrated in Fig. 12. 
For both bending and bending-unbending processes, the 
springback predictions for two plastic-strain dependent 
elastic models, the chord modulus and YSA elastic mod-
els, and the nonlinear elastic model are close to each other 
(the differences in springback calculated by the two linear 
elastic models from the nonlinear model calculation were 
less than 4%), whereas when using the Young’s modulus, 
E0 (= a fixed value, 206 GPa), it is underestimated because 

(36)Ṁ = ∫ 𝜎̇xzdz = 𝜅̇ ∫ C
ep

11
z2dz

of the overestimation of the bending rigidity. Fig. 13 shows 
the bending moment vs. nondimensional curvature curves in 
the bending-unbending springback ( �0 = 0.2 ), where almost 
the same amounts of final springback were calculated by 
the chord modulus, YSA modulus and the nonlinear elastic 

Fig. 13   Bending moment vs. nondimensional curvature curves for the 
bending–unbending springback ( �

0
= 0.2)

Fig. 11   Schematic illustration of plane-strain bending

Bending springback

Bending-unbending springback

Fig. 12   Springback of the DP980 calculated by Y-U model with sev-
eral types of elastic models
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models, although the moment–curvature responses during 
springback are slightly different depending on these elastic 
models. As illustrated in Fig. 14, the residual stresses pre-
dicted by the Y-U model were approximately the same, irre-
spective of the type of elastic model. The calculation errors 

of the residual stresses calculated by the linear models were 
less than 6%, compared with the nonlinear model calcula-
tion. Fig. 15 shows the stress–strain response of the outer 
surface of the sheet for the bending-unbending springback 
( �0 = 0.2 ), where re-yielding occurs during the springback 
at σx ≈  − 206 ∼  − 222  MPa for all the calculations. From the 
above results, it can be concluded that, when using the Y-U 
model, the calculations of springback and residual stress are 
not significantly affected by the types of elastic models if 
the plastic-strain–dependent elastic modulus degradation is 
properly modeled. This is because, in the Y-U model calcu-
lation, the elastic–plastic stress–strain transition calculated 
by these models is sufficiently smooth, even when using lin-
ear elastic models (Fig. 9a and b).

In contrast to the Y-U model, when using the A-F + 
IH model, the springback prediction differs depending on 
the elastic modulus models (the difference in springback 
between the chord modulus and the nonlinear model calcu-
lations reaches 7%), as illustrated in Figs. 16 and 17. This 
is because the description of the elastic–plastic transition 
behavior during the springback process strongly affects the 
final amount of springback (Figs. 10a and b). The residual 
stresses in the DP980 calculated by the A-F + IH model 
in combination with several elastic models are illustrated 
in Fig. 18. The stress-strain response during the spring-
back after bending–unbending, for the case of �0 = 0.2 is 
shown in Fig. 19. In all these calculations, re-yielding did 
not occur during springback, which is completely differ-
ent from the Y-U model calculations where the springback 
was treated as an elastic–plastic deformation process (see 
Fig. 15). From Figs. 18 and 19, it was found that the level 

Bending-unbending springback

Bending springback

Fig. 14   Residual stresses in the DP980 calculated by Y-U model in 
combination with several types of elastic models

345MPa 391MPa

398MPa
375MPa

Re-yielding

Fig. 15   Stress–strain responses in bending-unbending springback 
( �

0
= 0.2 ) of the DP980 calculated by the Y-U model in combination 

with several types of elastic models

Bending-unbending springback

Bending springback

Fig. 16   Springback of DP980 calculated by A-F + IH model in com-
bination with several types of elastic models
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of residual stresses calculated by the linear elastic models is 
much higher than that of the nonlinear elastic model calcu-
lation (14% calculation error at a maximum). Interestingly, 
the springback and residual stress predicted by the A-F + IH 
model with the nonlinear elastic model are not very different 
from the results calculated by the Y-U model, as illustrated 

in Figs. 20 and 21. The use of the nonlinear elastic model is 
essential for A-F + IH springback analysis.

Effect of yield‑plateau modeling on springback prediction

The 590R exhibited an apparent YP in the stress–strain curve, 
as illustrated in Fig. 22. It is a matter of interest to examine 

0.00840
0.01080
0.01160
0.01240

Fig. 17   Bending moment vs. nondimensional curvature curves in the 
bending–unbending springback ( �

0
= 0.2)

Bending-unbending springback

Bending springback

Fig. 18   Residual stresses in the DP980 calculated by A-F + IH model 
in combination with several types of elastic models

379MPa

531MPa536MPa533MPa

Fig. 19   Stress–strain responses in the bending-unbending springback 
( �

0
= 0.2 ) of the DP980, calculated by the A-F + IH model in com-

bination with several types of elastic models

Bending springback

Bending-unbending springback

Fig. 20   Comparison of the springback calculated by Y-U and A-F + 
IH models when using nonlinear elastic model
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whether the YP stress–strain behavior strongly influences the 
springback, or it is a minor effect. To investigate this, two 
types of the Y-U model, one including the YP and the other 
excluding it (Fig. 22, denoted by “non-YP”), were employed 
for the springback simulation. For the modeling of the YP, the 

present authors (Yoshida [36], Yoshida et al. [37]) previously 
proposed a rate-dependent plasticity model that describes 
the sharp yield point and the subsequent abrupt yield drop 
as a consequence of the shear-stress–dependent dislocation 
motion and the rapid dislocation multiplication. However, in 
this discussion, a much simpler rate-independent Y-U model 
that assumes Hkin = 0 at YP was employed. Figs. 23 and 
24 show the springback and residual stresses on the 590R, 
respectively, calculated by the Y-U model with the nonlinear 
elastic model. From these figures, it was found that the effect 
of the YP on the calculations is limited only for the case of 
small-scale bending with 𝜅0 < 0.05 . Most calculations of the 
springback and residual stresses are unaffected by the type of 
plastic-strain–dependent elastic modulus models used in the 
Y-U model, as illustrated in Figs. 25 and 26. This is the same 
conclusion as one obtained for the DP980 case.

Summary and concluding remarks

This paper discusses the role of a material model for accu-
rate springback simulation, specifically focusing on the 
effect of elastic–plastic transition behavior. Three types of 

Bending springback

Bending-unbending springback

Fig. 21   Comparison of the residual stresses calculated by Y-U and 
A-F + IH models when using nonlinear elastic model

Fig. 22   Cyclic stress–strain responses on the 590R calculated by Y-U 
model with, without consideration of the yield plateau (YP)

Bending springback

Bending-unbending springback

Fig. 23   Springback of 590R calculated by Y-U model with and with-
out consideration of YP, while using the nonlinear elastic model
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plastic-strain-dependent elasticity models (two linear mod-
els of chord modulus and YSA modulus and the nonlinear 
elastic model) combined with two types of plasticity models 
(the Y-U pure-KH model and A-F + IH model) were exam-

ined by performing cyclic stress–strain simulation and the 

bending-unbending springback simulation for DP980 AHSS 
and 590R HSS sheets. The main findings and some remarks 
of this study are summarized as follows:

1.	 The best model to describe the smooth elastic–plas-
tic transition behavior and realistic cyclic stress-strain 
responses was the Y-U model combined with the non-
linear elastic model. The elastic–plastic behaviors cal-
culated by the Y-U with the linear elastic models were 
not very different from the results obtained by the non-
linear elastic model. Consequently, the calculation errors 
of springback and the residual stresses, when using the 
linear models, were less than 4% and 6%, respectively, 
compared with the nonlinear elastic model calculation. 
Therefore, the use of plastic-strain-dependent linear 
elastic models would be a good choice for industrial 
springback prediction because linear models have a 
great advantage over nonlinear models in terms of com-
putational cost.

2.	 In contrast to the Y-U model, when using the A-F + 
IH model, the simulation results of the elastic–plastic 
transition behavior and springback, as well as residual 
stresses, were very different depending on the types of 
elastic models; for example, the errors of springback and 
residual stresses reach 7% and 14%, respectively. How-
ever, when using the nonlinear elastic model combined 
with the A-F + IH model, the calculated springback and 
residual stresses were close to the Y-U model predic-
tions. Hence, it is concluded that when using the A-F 

Bending springback

Bending-unbending springback

Fig. 24   Residual stresses of the 590R calculated by Y-U model with 
and without consideration of the YP when using nonlinear elastic 
model

Bending-unbending springback

Bending springback

Fig. 25   Springback of the 590R calculated by the Y-U_YP model in 
combination with several types of elastic models

Bending-unbending springback

Bending springback

Fig. 26   Residual stresses in the 590R calculated by Y-U _YP model 
in combination with several types of elastic models
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+ IH model, the use of the nonlinear elastic model is 
essential for springback analysis.

3.	 The effect of yield plateau on springback was limited 
only in small bending ( 𝜅0 < 0.05).

Appendix

Anisotropies and the plane‑strain stresses of DP980 
and 590R

The stress and r-value anisotropies in three sheet 
directions (0 o, 45 o and 90o from the rolling direc-
tion) of the DP980 and 590R sheets are listed in 
Tables 5 and 6, respectively. For the equi-biaxial stress, 
σx/σ0 = σy/σ0 = σb/σ0 = 1.0 was assumed after Yoshida 
et al. [37] for both sheets. Using these anisotropy prop-
erties, the material parameters of the following six-
ordered polynomial (6-poly) type yield function [38], 
C1~C16 were determined (see Tables 7 and 8 for DP980 
and 590R, respectively):

(36)
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Figure 27 shows the 6-poly yield surfaces for DP980 and 
590R, as well as the von Mises yield surface.

The plane-strain stress components are determined from 
the following equation:

The calculated results are σx/σ0 = 1.135,  σy/σ0 = 0.578 for 
DP980, and σx/σ0 = 1.115,  σy/σ0 = 0.593 for 590R, both of 
which are not very far from the von Mises calculation of 
σx/σ0 = 1.155,  σy/σ0 = 0.577.

(37)
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= 0.Table 5   Stress anisotropies 
of DP980 and 590R sheets 
determined from uniaxial 
tensions in three sheet directions 
(0 o, 45 o and 90o from rolling 
direction)

σ0/σ0 σ45/σ0 σ90/σ0

DP980 1.000 1.004 0.998
590R 1.000 0.972 1.033

Table 6   R-value anisotropies of 
DP980 and 590R sheets in three 
sheet directions

r0 r45 r90

DP980 0.82 0.80 0.82
590R 0.57 1.10 0.72

Table 7   Material parameters 
in the six-ordered polynomial 
yield function for DP980

C1 C2 C3 C4 C5 C6 C7 C8

1.0000 0.9011 0.8934 0.8961 0.8899 0.9120 1.0121 0.9587
C9 C10 C11 C12 C13 C14 C15 C16

0.8501 0.7783 0.8517 0.9666 0.9030 0.5574 0.9007 0.7453

Table 8   Material parameters 
in the six-ordered polynomial 
yield function for 590R

C1 C2 C3 C4 C5 C6 C7 C8

1.0000 0.7261 0.6212 0.5697 0.6138 0.6890 0.8230 0.9934
C9 C10 C11 C12 C13 C14 C15 C16

0.8042 0.7087 0.7910 0.9121 1.0334 0.7456 1.0479 1.1576

Plane-strain 
stresses

Fig. 27   Yield surfaces of DP980 and 590R calculated by the six-
ordered polynomial yield function and von Mises yield function
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