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Toggle switch networks are the simplest possible circuits with the ability of making a decision related to cell
differentiation during embryonic development and disease progression. A common occurrence of toggle switch
circuits is in the epithelial–mesenchymal transition (EMT) and its reverse, the mesenchymal–epithelial tran-
sition (MET), pathways which play key roles in phenotypic plasticity during cancer metastasis and therapy
resistance. Recent studies have shown that the cells attaining one or more hybrid epithelial/mesenchymal (E/M)
phenotypes during EMT/MET are more aggressive than those in either the epithelial or mesenchymal phe-
notype. In this work we studied the stability of each phenotype for different toggle switch circuits. We
considered two-component toggle switch networks comprising either two mutually inhibiting transcription
factors (TF-TF) or a TF-microRNA (TF-miR) chimera pair, and from Langevin dynamics, we determined the
mean residence time (MRT) of cell phenotypes. MRT can be considered to be an indicator of stability in each
cell phenotype and we showed that by replacing one of the TFs of the TF-TF toggle switch with miRNA
generically stabilizes the hybrid phenotype. However, in the absence [presence] of a monostable hybrid state,
the miRNA with faster [slower] degradation will make the hybrid state more probable. These results help to
understand the implications of TF-TF and TF-miR circuits in the dynamics of cell fate decisions.

Keywords. Mean residence time; miRNA; stability of cell phenotype; stochastic modeling; toggle switch
network

1. Introduction

Understanding cell fate decisions during embryonic
development and tumorigenesis poses a major research
challenge in modern developmental and cancer biology
(Balázsi et al. 2011). The expression levels of various
transcription factors (TFs) and microRNAs (miRNAs)
that regulate cascades of regulatory networks change
during cell fate determinations, generating genome-
wide gene expression patterns corresponding to a par-
ticular cell lineage. The decision networks involved in
cell fate determinations have a convoluted architecture
depending on the biological context (Laslo et al. 2006;
Kim et al. 2012). The core two-component circuits in
many decision modules have the architecture of the

classical TF-TF toggle switch, a regulatory motif in
which the proteins of two genes act as mutually
inhibiting TFs. Typically, one or both genes also act as
self-activating TFs (directly or through other genes),
thus forming a ‘self-activating toggle switch’ (SATS).
Two well-studied examples are the PU1-GATA1 pair
(Duff et al. 2012), which governs the differentiation of
a common myeloid progenitor into two different
hematopoietic lineages, and the CDX2-OCT3/4 pair
(Niwa et al. 2005), which is associated with the dif-
ferentiation of embryonic stem (ES) cells.
Besides the two-component TF-TF circuit, it has

been well established that translational regulation by
miRNA plays a crucial role during embryonic
development and tumorigenesis (Esquela-Kerscher
and Slack 2006; Ivey and Srivastava 2010; Jia et al.
2017) and many of the decision modules encompass
miRNAs (Martinez and Walhout 2009). In particular,
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‘translation–transcription chimera’ toggle switches
comprising miRNA-TF pairs are found to play an
important role in fate determination by cancer cells.
For instance, the Lin28-let-7 pair forms such a
switch that is associated with the regulation of self-
renewal of cancer stem cells (Yang et al. 2010). The
well-studied miR-200, miR-128-2, and miR-34 form

chimera switches with SNAIL, ZEB1/2, and GATA3,
TFs that regulate the epithelial–mesenchymal transi-
tion (EMT) (Bracken et al. 2008; Burk et al. 2008;
Siemens et al. 2011; Yang et al. 2011; Qian et al.
2012) and the reverse transition, the mesenchymal–
epithelial transition (MET). In the TF-miR chimera
toggle switch network, it is often found that the gene

Table 1. Parameter value of TF-miR chimera toggle switch, with and without the self-activating transcription factor (Lu
et al. 2013)

Network
Production rates

(molecules/minute)
Degradation rates

(minute�1)
Hill threshold
(molecules)

TF-miR chimera TS gl;0 = 0.6 kl = 0.01 l0 = 100
gl;B = 0.1 km = 0.1 Bl

0 = 600
gl;I = 5.4 kB = 0.2 I0 = 50
gm = 30 nl = 6

nI = 2

TF-miR chimera TS with
asymmetric SA

gl;0 = 0.6 kl = 0.01 l0 = 100
gl;B = 0.1 km = 0.1 Bl

0 = 600
gl;I = 5.4 kB = 0.2 Bm

0 = 200
gm;0 = 6 I0 = 50
gm;B = 24 nl = 6

nI = 2

Table 2. Parameter values corresponding to miRNA-mediated translation and degradation of
mRNA and miRNA (Lu et al. 2013)

Translation minute�1
mRNA

degradation minute�1
miRNA

degradation minute�1

l0 1 cl1 0.0002 cm1 0.005
l1, l2 0.5 cl2 0.0002 cm2 0.005
l12 0.05 cl12 0.002 cm12 0.00

Table 3. Parameter value of TF-TF toggle switch, with and without the self-activating gene (Lu et al. 2013)

Network
Production rates

(molecules/minute)
Degradation rates

(minute�1)
Hill threshold
(molecules)

TF-TF TS gA;0 = 10 kA = 0.1 AB
0 = 200

gA;I = 100 kB = 0.1 BA
0 = 200

gA;B = 2 IA0 = 50
gA;IB = 10 nAB

= 4
nBA

= 4
nIA = 2

TF-TF TS with asymmetric SA gA;0 = 1 kA = 0.1 AB
0 = 100

gA;I = 50 kB = 0.1 BA
0 = 240

gA;B = 0.1 BB
0 = 80

gA;IB = 1 IA0 = 50
gB;0 = 3 nAB

= 1
gB;B = 50 nBA

= 5
nBB

= 4
nIA = 2
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acts as a self-activating TF, referred to as an ‘asym-
metric self-activating chimera toggle switch’. These
simple TF-TF and TF-miR chimera toggle switch cir-
cuits with or without self-activation are embedded in
more elaborate decision modules in the context of both
ES cells and cancer cells (Chickarmane et al. 2006;
Choi et al. 2011; Gregory et al. 2011; Polytarchou
et al. 2012; Qian et al. 2012; Hill et al. 2013).
In this study, we considered the toggle switch net-

works and investigated the impact of miRNA stability
on the stability of cell phenotypes by computing the
mean residence time (MRT), the average time spent by
the cells in a particular state. Thus, the phenotype with
a larger MRT implies relatively higher stability in
comparison with other co-existing phenotypes/states
(Biswas et al. 2019; Subbalakshmi et al. 2020, 2021).
The different phenotypic states of the system are: {B}
(high TF-B, low TF-A or low miRNA); {A} or fAlg
(low TF-B, high TF-A or high miRNA) labeled by the
molecule present in abundance; and a hybrid state fPg
has intermediate numbers of TF-B and TF-A or
miRNA molecules.
First, we started with a simpler bistable TF-TF toggle

switch network and computed the stability of cell
phenotypes fBg and fAg. We then replaced one of
those TFs with an miRNA and again computed the
stability of cell phenotypes fBg and fAlg. For the TF-
miR toggle switch, the MRT of phenotype fBg [fAlg]

is less [more] as compared with the TF-TF toggle
switch, i.e., in the presence of miRNA, cells are less
[more] prone to stay in the fBg [fAlg] state.
Second, we compared the stability of cell pheno-

types between the asymmetric self-activating TF-TF
and TF-miR toggle switches, which can typically
have three stable states: fBg; fAg for TF-TF or fAlg
for TF-miR, and fPg. In agreement with the previous
result, even in the presence of self-activation,
miRNA stabilizes the newly emerging hybrid phe-
notype fPg state and we suspect that the stability of
miRNA may be the reason behind the stability of the
fPg state as the degradation rate of miRNA is less
than that of the TFs. To verify our idea we computed
MRT for a wide range of miRNA degradation rates,
which surprisingly indicated that the cells prefer to
stay in the hybrid state if the miRNA is less stable.
Stable miRNA will make the hybrid phenotype more
probable only when a monostable hybrid phenotype
appears in the system.

2. Materials and methods

2.1 Mathematical modeling

TF-TF chimera toggle switch: The deterministic rate
equations for the TF-TF toggle switch network in the

Figure 1. Bistable regime: Schematic representation and bifurcation diagram of (a) TF-TF and (b) TF-miRNA chimera
toggle switch circuits in the presence of an external signal I. In the inset of (a) and (b), the solid green circle denotes the
transcription factor, whereas the red square box denotes miRNA. The solid black bar and arrow, respectively, denote
transcriptional inhibition and activation, whereas the dashed black bar denotes niRNA-mediated translational regulation.
(a and b) Bifurcation diagram as a function of external signal I, where the red shaded circles denote unstable points and blue
shaded circles correspond to the stable points. Variation of MRT with external signal I for (c) TF-TF and (d) TF-miRNA
toggle switch networks.
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presence of an external signal I (inset of figure 1a) are
given as (Lu et al. 2013),

_A ¼GAðI;BÞ � kAA;

_B ¼gB0 þ gBAH
�ðAÞ � kBB;

ð1Þ

where the two TFs A and B have the degradation rates kA
and kB, respectively. The general form of the effective
production rate of the gene X that is regulated by the two
TFs A and B in the case of two binding sites is given by

GXðA;BÞ ¼ ðgX;0 � gX;A � gX;B þ gX;ABÞH�ðAÞ
H�ðBÞ þ gX;AB

þ ðgX;B � gX;ABÞH�ðAÞ
þ ðgX;A � gX;ABÞH�ðBÞ;

ð2Þ

where the transcription rates for each promoter state are
denoted by gX;0, gX;A, gX;B, and gX;AB. The illustration
and description of the four states of the promoter are
given by Lu et al. (2013). The general form for the
inhibitory and excitatory one-TF Hill functions are

H�ðXÞ ¼1=½1þ ðX=X0ÞnX �;
HþðXÞ ¼ðX=X0ÞnX=½1þ ðX=X0ÞnX � ¼ 1� H�ðXÞ

ð3Þ

TF-TF chimera toggle switch with asymmetric self
activation: The deterministic rate equations for the
asymmetric SATS network, involving two TFs A and B
(inset of figure 2a) are given as (Lu et al. 2013)

_A ¼GAðI;BÞ � kAA;

_B ¼GBðB;AÞ � kBB
ð4Þ

TF-miR chimera toggle switch: The deterministic rate
equations for the TF-miRNA toggle switch network,
involving one TF and miRNA (inset of figure 1b) are
given as (Lu et al. 2013)

_l ¼GlðI;BÞ � mYlðlÞ � kll;

_m ¼gm0 � mYmðlÞ � kmm;

_B ¼mLðlÞ � kBB;

ð5Þ

where I is the external signal acting on the miRNA l,
and kl, km; and kB are the innate degradation rates of
miRNA, mRNA, and protein of the gene B, respec-
tively, and GlðI;BÞ is the effective production rate of
the miRNA that is regulated by the TF B and external
signal I. The expression for GlðI;BÞ is given by

GlðI;BÞ ¼gl0H
�ðI;BÞ þ glIH

þðI;BÞ
þ glAH

þðB; IÞ;
ð6Þ

Figure 2. Tristable regime: Schematic representation and bifurcation diagram of (a) TF-TF and (b) TF-miRNA asymmetric
self-activating chimera toggle switch circuits in the presence of an external signal I. In the inset of (a) and (b), the solid green
circle denotes the transcription factor, whereas the red square box denotes miRNA. The solid black bar and arrow,
respectively, denote transcriptional inhibition and activation, whereas the dashed black bar denotes niRNA-mediated
translational regulation. (a and b) Bifurcation diagram as a function of external signal I, where the red shaded circles denote
unstable points and blue shaded circles correspond to the stable points. Variation of MRTwith external signal I for (c) TF-TF
and (d) TF-miRNA asymmetric self-activating toggle switches.
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where the general form for the inhibitory and excitatory
two-TF Hill functions is

H�ðI;BÞ ¼1=½1þ ðB=B0ÞnB þ ðI=I0ÞnI �;
HþðI;BÞ ¼ðI=I0ÞnI=½1þ ðB=B0ÞnB þ ðI=I0ÞnI �;
HþðB; IÞ ¼ðB=B0ÞnB=½1þ ðB=B0ÞnB þ ðI=I0ÞnI �

ð7Þ

In equation 5, gm0 is the transcription rate of mRNA,
mYlðlÞ and mYmðlÞ are the miRNA-assisted degrada-
tion rates of the miRNA and mRNA, respectively, and
mLðlÞ is the miRNA-mediated translation of B given in
Lu et al. (2013). From equation 5 we can see that
miRNA inhibits TF-B in two ways: (i) by increasing
the active degradation rate of mRNA, which is denoted
by YmðlÞ, and (ii) by decreasing the translation rate of
protein represented by LðlÞ. Hence, to incorporate
these two mechanisms of inhibition of miRNA, the
translation is modeled separately in the TF-miR toggle
switch network. On the other hand, for the TF-TF
toggle switch, the translation step is folded into an
effective protein production rate (equation 4) because
the two TFs inhibit each other only by repressing the
translation step.
TF-miR chimera toggle switch with asymmetric self

activation: The deterministic rate equations for the
asymmetric SATS network, involving one TF B and
miRNA l (inset of figure 2b) are given as (Lu et al.
2013)

_l ¼GlðI;BÞ � mYlðlÞ � kll;

_m ¼gm;0 þ gm;BH
þðBÞ � mYmðlÞ � kmm;

_B ¼mLðlÞ � kBB

ð8Þ

where I is the external signal acting on the miRNA, kl,
km; and kB are the degradation rates of miRNA, mRNA,
and the protein of the gene B, respectively, and
GlðI;BÞ is the effective production rate of the miRNA
l that is regulated by two TFs B and I. The transcrip-
tion rate of mRNA with B activation is
gm;0 þ gm;BH

þðBÞ.

2.2 Mean residence time analysis

MRT was calculated as follows: we simulated the
dynamical system in the presence of external noise
which was assumed as Gaussian white noise and
obtained the time evolution of the TF protein and
miRNA using the Euler–Maruyama simulation

(Kloeden and Platen 1992). The time evolution of
molecules are, we assumed, in the following form:

xðt þ DtÞ ¼xðtÞ þ F1ðxÞDt þ
ffiffiffiffiffiffiffiffiffiffiffi

2DDt
p

at

where at is a random number, chosen from the Gaus-
sian distribution with mean 0 and variance 1. From the
time evolution of the TF protein and miRNA, the
dynamical states of the system are coarse-grained as an
itinerary of basins visited. Then, MRT was calculated
by multiplying the total number of successive states
with Dt. The basin boundaries demarcate the different
dynamical states of the system, namely, mesenchymal,
epithelial, and hybrid E/M state. The typical basins of
attraction for the tristable asymmetric TF-TF and
TF-miRNA SATS are, respectively, given in the
figures 13c and 14c. The numerical method involved
the following steps (Biswas et al. 2019):

1. To calculate time evolution of TF and miRNA we
used the Euler–Maruyama simulation of equation
5 with _m ¼ 0 (as the degradation rate of mRNA is
much faster as compared with that of the TF
protein and miRNA, it will reach equilibrium
faster). The time evolution of miRNA (x1) and TF
protein (x2) assumes the forms

x1ðt þ DtÞ ¼ x1ðtÞ þ F1ðx1; x2ÞDt þ
ffiffiffiffiffiffiffiffiffiffiffi

2DDt
p

at;

x2ðt þ DtÞ ¼ x2ðtÞ þ F2ðx1; x2ÞDt þ
ffiffiffiffiffiffiffiffiffiffiffi

2DDt
p

bt
ð9Þ

at and bt are random numbers chosen from a normal
distribution with mean 0 and variance 1.
2. In the TF-miR plane the basin boundaries

demarcate the different dynamical states of the
system, namely, fBg, fAlg, and fPg states
(figure 14c). From the time evolution of the TF
protein and miRNA it is easy to coarse-grain
the dynamical states of the system as an
itinerary of basins visited. If we denote these
three states by the symbols {B}, Al, and {P},
then the coarse-graining will yield a symbolic
time series comprising a sequence of alphabets
B, Al, and P.

3. Total number of successive Bs multiplied by Dt
will give the residence time in fBg state, and in the
same way, number of successive Ps and Als
multiplied by Dt will give residence time in fPg
and fAlg states, respectively. By taking the
average of these residence times we can obtain
the MRT for each phenotype.
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3. Discussion

Toggle switch networks serve as core two-component
circuits in many decision modules, especially related
to cell differentiation during embryonic development
and tumorigenesis. They are the simplest possible
circuits with the ability to make a decision, either
made of two TFs or a miRNA-TF pair. Previous
bifurcation analyses of TF-TF and TF-miRNA toggle
switches used a variety of deterministic equations
and found several metastable states: fBg, fAg for
TF-TF/fAlg for TF-miR, and fPg (hybrid) (Lu et al.
2013). This work considered the regulatory network
of TF-TF and TF-miRNA toggle switches as a
dynamical system and we quantified the stability
properties of each metastable state. We compared the
MRT of each stable state between the TF-TF and TF-
miR toggle switch networks and by relating MRT
with stability, we observed that miRNA stabilizes the
hybrid phenotype of cells. Our analysis also showed
that the miRNA degradation rate has a remarkable
effect on the stability of hybrid phenotype: the
unstable miRNA stabilizes the hybrid state of cells,
and also the stable miRNA can also make the hybrid
state more favorable only when the hybrid state
exhibits monostability.
The TF-miR chimera toggle switch, with a self-

activating gene, appears in the core EMT gene reg-
ulatory network, showing phenotypic plasticity dur-
ing metastasis (Bracken et al. 2008; Yang et al.
2010; Nieto et al. 2016). During EMT, epithelial
cells lose cell–cell adhesion and completely gain
migratory traits, leading to a mesenchymal state, or
with partial gain resulting in a hybrid E/M state.
These hybrid E/M cells can be more metastatic than
cells in epithelial or mesenchymal states (Pas-
tushenko and Blanpain 2019; Jolly et al. 2018) and
can exhibit collective cell migration as clusters of
circulating tumor cells (CTCs) (Bocci et al. 2019;
Campbell et al. 2019; Liao and Yang 2020), the
major drivers of metastasis (Giuliano et al. 2018).
Recent in vitro, in vivo, and in silico investigations
have emphasized the existence and significance of
hybrid E/M phenotype(s) in various cancer types
(Jolly and Celià-Terrassa 2019). Interestingly, even a
very small percentage of hybrid E/M cells (score
[ 2%) was found to be sufficient to confer poor
prognosis (Godin et al. 2020). Thus, identifying
mechanisms that can maintain cells in a hybrid E/M
phenotype is of crucial importance, and our MRT
analysis shows that miRNA stabilizes the hybrid E/M
state. miRNA not only stabilizes the hybrid E/M

state but its degradation rate also has a distinct effect
on the stability of the hybrid E/M phenotype. With
the TF-miR toggle switch network with asymmetric
self-activation, we showed that the stability of the
hybrid E/M phenotype decreases with the degrada-
tion rate of miRNA only when the monostable hy-
brid E/M state exists, but in the absence of the
monostable hybrid E/M state, the stability of the
hybrid E/M state increases with the degradation rate
of miRNA, and this is true for any multi-
stable region.

4. Results

4.1 miRNA stabilizes the hybrid phenotype

Bistable TF-TF and TF-miR chimera toggle switch:
To determine the role of miRNA on the stability of
the hybrid phenotype, we first investigated the
dynamics of the TF-TF toggle switch network and
then replaced one TF by miRNA and performed the
dynamical analysis of the TF-miR toggle switch
network. The gene regulatory networks of TF-TF and
TF-miR toggle switch networks are given in the inset
of figure 1a and b. The interactions between two TFs
and TF-miRNA are captured through a set of cou-
pled ordinary differential equations (ODEs) given in
the materials and methods section (2.1).
First, we examined the steady-state behavior for

both TF-TF and TF-miR toggle switches in response
to the external signal I, as given in figure 1a and b,
which shows that both networks can have two
stable states, (0,1) and (1,0), where state (0) corre-
sponds to relatively low expression (low concentra-
tion) and state (1) corresponds to relatively high
expression. For the TF-TF toggle switch, we denote
the state (TF-A�0, TF-B�1) as phenotype fBg and
(TF-A�1, TF-B�0) as phenotype fAg. Similarly, for
TF-miR, the (miRNA�0, TF-B�1) state is denoted
as fBg and (miRNA�1, TF-B�0) is represented as
fAlg phenotype. Thus, we have labeled the pheno-
typic states after the molecule present in abundance
in that state. Interestingly, the steady-state value of
TF protein levels are higher in the TF-miR toggle
switch network as compared with the TF-TF toggle
switch. Next, we compared the bifurcation diagram
of the TF-TF network (figure 1a) with that of the
TF-miR network (figure 1b) to determine the changes
in the system behavior conferred by miRNA. In the
presence of miRNA, a higher value of I, i.e., a
stronger external signal, is required for the cells to
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exit the fBg phenotype, thus requiring a much
stronger stimulus for the transformation from fBg to
fAlg phenotype.
Finally, to compare the stability of each cell phe-

notype between the TF-TF and TF-miR toggle switch
networks, we carried out the MRT analysis with the
external signal level I and have presented the results
in figure 1c and d. Interestingly, for both of the TF-
TF and TF-miRNA toggle switch networks, the fBg
state is less stable, and fAg for TF-TF or fAlg for
TF-miR are more stable if the external signal is
stronger. Nevertheless, the stability of phenotype fBg
is less and fAlg is more for the TF-miR network
than those of the TF-TF network. So, putting toge-
ther these results, one may infer that the presence of
miRNA makes the phenotype fBg less favorable, and
the cells need a stronger external signal to exit from
the fBg state and transfer into the fAg (TF-TF)/fAlg
(TF-miR) phenotype.
Tristable TF-TF and TF-miR chimera toggle switch

with asymmetric self-activation: Further, we consid-
ered the TF-TF and TF-miR chimera toggle switch
with asymmetric self-activation and compared the
MRT of cell phenotypes between these toggle switch
networks. The gene regulatory networks of the TF-
TF and TF-miR toggle switch network with asym-
metric self-activation are given in the inset of fig-
ure 2a and b. The interaction between two TFs and
one TF and one miRNA was captured through a set

of coupled ODEs, as described in the materials and
methods section (2.1).
The steady-state behavior of the cells in figure 2a

and b show that, in the presence of self-activation,
for both the TF-TF and TF-miR toggle switches, a
third new stable hybrid phenotype ({P}) emerges,
which has an intermediate level of TF-B and TF-A
(TF-TF)/miRNA (for TF-miR). Next, we compared
the bifurcation diagram of the TF-TF network with
that of the TF-miR network in the presence of
asymmetric self-activation to determine the changes
in the system behavior conferred by miRNA (fig-
ure 2a and b). In the presence of miRNA, the cell
maintains a hybrid phenotype over a broader range
of I levels (compare the range of I levels indicated
by the red arrows in figure 2a and b), and a higher
value of I, i.e., a stronger external signal, is required
for the cells to exit the fBg phenotype, thus requir-
ing a much stronger stimulus to undergo a complete
fBg to fAlg transition (the same as the
bistable toggle switch).
Finally, to analyze the stability of each cell pheno-

type we performed the MRT analysis for both of the
TF-TF and TF-miR toggle switch networks in the
presence of asymmetric self-activation and plotted the
results in figure 2c and d. Similar to the bistable toggle
switches, in this case also a stronger external signal I
can make the phenotype {B} less stable and phenotype
{A}/fAlg more stable. But the stability of the hybrid

Figure 3. (a) Schematic representation of a TF-miRNA chimera toggle switch circuit in the presence of external signal, I.
(b) Phase diagram of the TF-miRNA chimera toggle switch network when driven by an external signal I and miRNA
degradation rate kl. The blue and green regions, respectively, denote monostable states {B} and fAlg, whereas the magenta
region denotes the bistable state {Al, B}. (c) Variation of MRT in {B} (blue squares) and fAlg (green squares) phenotypes
with miRNA degradation rate kl for the TF-miRNA chimera toggle switch network. The error bar denotes the variation of the
MRT with the external signal I.
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phenotype shows a non-monotonic behavior with the
external signal I for both the TF-TF and TF-miR net-
works. Nevertheless, in the presence of self-activation,
the MRT of the hybrid state is greater for the TF-miR

network than that of the TF-TF network, which implies
that the stability of the hybrid state can be increased if
we replace one TF of the TF-TF toggle switch network
with miRNA.

B0 = 200 B0 = 150

B0 = 80B0 = 100

(a) (b)

(d)(c)

Figure 4. Phase diagram of the TF-miRNA asymmetric self-activating chimera toggle switch network when driven by an
external signal I and miRNA degradation rate kl. The blue, green, and red regions, respectively, denote the monostable {B},
{E}, and hybrid {P} states, whereas the yellow region denotes the tristable state {Al, P, B}. For this circuit we get three types
of bistable regions: (i){Al, B}, which is represented by the magenta region, (ii){P, B}, represented by the cyan region, and
(iii){Al, P}, represented by the black region. Here we have plotted the phase diagram for various strengths of the self-
activating parameter B0.

Figure 5. Variation of MRT with miRNA degradation rate kl in the (a) fAl;Pg, (b) fAl;P;Bg, and (c) fP;Bg multi-
stable regions of the TF-miRNA asymmetric self-activating chimera toggle switch network with the strength of self-
activating parameter B0 = 200. The error bar denotes the variation of the MRT with the external signal I.
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4.2 TF-miR toggle switch: Stable miRNA
increases the stability of fAlg state

To understand the effect of miRNA stability on the
stability of cell phenotype, we first investigated the
effect of miRNA degradation rate on the steady state of
TF-miRNA toggle switch network (figures 7 and 3b).
The bifurcation plot shows that if we decrease the
stability of miRNA, then a stronger external signal I is
required to undergo a transition from fBg to fAlg
phenotypes. When the stability of miRNA is reduced,
another key change is also noticed from figure 3b: the
fBg region expands while the fAlg region shrinks, but
the spread of the bistable fAl;Bg region between the
monostable fBg and fAlg states is almost uniform with
the stability of miRNA. Put together, these results
suggest that if the stability of miRNA is reduced (i.e.,
kl, the degradation rate of miRNA, is increased), the
existence of a monostable fAlg is disfavoured, and a
stronger external stimulus is required for complete fBg
to fAlg transition.
To observe the impact of miRNA degradation rate

on the stability of cell phenotypes, we analyzed the
MRT of each cell phenotype fBg and fAlg within
the fAl;Bg bistable region. In figure 3c, we have
plotted the variation of the MRT in the fBg and
fAlg states with the miRNA degradation rate kl, and
it clearly shows that the MRT of fAlg decreases if
we decrease the stability of miRNA. In this plot, the
error bar denotes the variation of MRT with the
external signal I. Put together, these observations
from the phase plot and MRT plot suggest that if the
stability of miRNA is reduced, the existence of a
monostable fAlg phenotype is no more favorable
and the stability of fAlg is also reduced, i.e., the
probability of finding the cell in fAlg state is
reduced.

4.3 Asymmetric self-activating TF-miR toggle
switch: Stable miRNA increases stability of hybrid
phenotype only in the presence
of monostable hybrid phenotype

For further investigation of the effect of miRNA sta-
bility on the MRT of cell phenotypes, we considered
the TF-miRNA chimera toggle switch network with
asymmetric self-activation. First, we analyzed the
effect of miRNA degradation rate on the steady-state of
the TF-miRNA asymmetric self-activating chimera
toggle switch network (figures 8 and 4a). From the

bifurcation plot in figure 8, we can see that if we
decrease the stability of miRNA, then a stronger
external signal I is required to undergo a complete fBg
to fAlg transition, and after a certain degradation rate
of miRNA, the fAlg state disappears. The phase plot in
figure 4a also shows that if we reduce the stability of
miRNA, then the fBg region expands while the fAlg
region shrinks, and after a certain value of miRNA
degradation rate, the fAlg state completely disappears.
Now, if we reduce the strength of the self-activation by
reducing the parameter value B0, then the self-activat-
ing chimera TF-miR toggle switch network (figure 2b)
will converge into the TF-miR toggle switch network
(figure 1b), which is also reflected in the plot of phase
diagram (compare figures 4d and 3b). When the
strength of the self-activation is reduced by keeping a
fixed range of the external signal level and miRNA
degradation rate, then one main change was noticed:
the monostable fAlg state gradually disappears and a
monostable hybrid state ({P}) appears even for a more
stable miRNA (figure 4a–d). So, from the phase plots
in figure 4, we can say that the existence of a monos-
table hybrid state is favorable if miRNA is less
stable and the strength of the self-activating parameter
is less.
The impact of miRNA durability on the stability of

cell phenotypes was our main interest and for that we
analyzed the MRT of each cell phenotype, fBg, fAlg,
and hybrid (fPg), with respect to the degradation rate
of miRNA. From the plot of MRT in figure 5 we can
say that for the fAl;Pg and fAl;P;Bg multi-stable re-
gion, MRT of the hybrid state increases if we decrease
the stability of miRNA (figure 5a and b). But the sce-
nario is completely different for the fP;Bg multi-
stable region, where MRT of the hybrid state shows
non-monotonic behavior with the stability of miRNA
(figure 5c). The important features reflected in the
MRT plot for fP;Bg region are: (i) The MRT in the
hybrid state will increase within the range of miRNA
degradation rate for which no monostable hybrid state
exists (compare figures 4a and 5c) and (ii) the value of
miRNA degradation rate from which MRT of the
hybrid state starts to decrease is the same from where
the monostable hybrid state emerges (compare figur-
es 4a and 5c). Furthermore, we extended the MRT
analysis of the hybrid phenotype by varying the
strength of the self-activating parameter B0 and have
shown the results in the figure 6. From the plots in
figure 6, we can say that even for various self-acti-
vating parameters, the results are generic, i.e., (i) for
the fAl;Pg and fAl;P;Bg multi-stable region, the
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stability of the hybrid state will increase if miRNA is
less stable (figure 6a and b), and (ii) for the fP;Bg
multi-stable region, the MRT of the hybrid state ini-
tially increases and then starts to decrease with miRNA
degradation rate from the point where the monos-
table hybrid phenotype emerges.
From the TF-miR toggle switch networks with

asymmetric self-activation, we can generally say that
the stability of the hybrid phenotype will decrease with
the degradation rate of miRNA only when a monos-
table hybrid state exists, but in the absence of a
monostable hybrid state, the stability of the hybrid will
increase with the degradation rate of miRNA, and this
is true for any multi-stable region.
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Appendix A: Bifurcation plot of TF-miR chimera
toggle switch without and with asymmetric self-
activation

In this section we provide the bifurcation diagrams of
TF-miR chimera toggle switch networks with respect
to external signal I for various degradation rates of
miRNA (see figures 7–11).

Appendix B: Tristable TF-TF asymmetric SATS:
Basin of attraction, bifurcation, and nullcline

Here, we have plotted the nullcline (figure 12a) and
bifurcation diagrams (figure 12b and c) for the TF-TF
asymmetric SATS network. We have also shown the
dynamics of protein number of genes B and A in the
presence of Gaussian white noise in figure 13a and b,
respectively. In figure 13c we have plotted the basin of
attraction which denotes each stable phenotype with

Figure 6. Variation of the MRT of the hybrid phenotype with miRNA degradation rate kl in the (a) fAl;Pg, (b) fAl;P;Bg,
and (c) fP;Bg multi-stable regions of the TF-miRNA asymmetric self-activating chimera toggle switch network. Here we
have plotted the MRT of the hybrid phenotype for various strengths of the self-activating parameter B0.

Figure 7. Bifurcation diagram as a function of input signal I for the simple TF-miRNA chimera toggle switch driven by an
external signal I for various degradation rates of miRNA kl. The red shaded circles correspond to the unstable points and the
blue shaded circles correspond to the stable point.
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Figure 8. Bifurcation diagram as function of input signal I for the asymmetric self-activating TF-miRNA chimera toggle
switch driven by an external signal I for various degradation rates of miRNA kl (corresponding to figure 4a). The red shaded
circles correspond to the unstable points and the blue shaded circles correspond to the stable point.

Figure 9. Bifurcation diagram as function of input signal I for B0 = 150 (corresponding to figure 4b).

Figure 10. Bifurcation diagram as function of input signal I for B0 = 100 (corresponding to figure 4c).
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Figure 11. Bifurcation diagram as function of input signal I for B0 = 80 (corresponding to figure 4d).

Figure 12. (a) Nullcline plots for the TF-TF asymmetric self-activating toggle switch for I = 90 molecules. The solid black
[white] circles denote the stable [saddle] points. Bifurcation diagram of the level of (b) B and (c) Awith respect to the external
signal I.

Figure 13. Stochastic time series of (a) TF-B and (b) TF-A for the TF-TF asymmetric SATS network showing switching
between fAg, fBg; and fPg states at I = 90 molecules. The solid black straight lines indicate the average values of A and B
proteins for a given state and external signal strength I = 90 molecules. (c) Plot for the basin of attraction with basin
boundaries for the TF-TF asymmetric SATS network with I = 90 molecules. Here, the blue, red, and green regions correspond
to the {B}, hybrid, and {A} states, respectively.
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basin boundaries (black lines). For the TF-TF asym-
metric SATS we get three stable phenotypes: fBg (gene
A has low expression and gene B is highly expressed),
fAg (gene B has low expression and gene A is highly
expressed), and fPg (both genes A and B have inter-
mediate levels of expression).

Appendix C: Tristable TF-miRNA asymmetric
SATS: Basin of attraction

Here, we have plotted the basis of attraction (fig-
ure 14c) and stochastic dynamics of miRNA (fig-
ure 14b) and proteins (figure 14a) of gene B for the
TF-miRNA asymmetric SATS network. In figure 14c
we have plotted the basin of attraction which denotes
each stable phenotype of cells along with the basin
boundaries (black curves). For the TF-miR asym-
metric SATS we get three stable phenotypes: fBg
(miRNA has low expression and gene B is highly
expressed), fAlg (gene B has low expression and
miRNA is highly expressed), and fPg (both miRNA
and gene B have intermediate levels of expression).
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