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ABSTRACT Blade strain distribution and its change with time are crucial for reliability analysis and residual life
evaluation in blade vibration tests. Traditional strain measurements are achieved by strain gauges (SGs) in a contact
manner at discrete positions on the blades. This study proposes a method of full-field and real-time strain reconstruction
of an aero-engine blade based on limited displacement responses. Limited optical measured displacement responses are
utilized to reconstruct the full-field strain. The full-field strain distribution is in-time visualized. A displacement-to-strain
transformation matrix is derived on the basis of the blade mode shapes in the modal coordinate. The proposed method is
validated on an aero-engine blade in numerical and experimental cases. Three discrete vibrational displacement responses
measured by laser triangulation sensors are used to reconstruct the full-field strain over the whole operating time. The
reconstructed strain responses are compared with the results measured by SGs and numerical simulation. The high
consistency between the reconstructed and measured results demonstrates the accurate strain reconstructed by the
method. This paper provides a low-cost, real-time, and visualized measurement of blade full-field dynamic strain using
displacement response, where the traditional SGs would fail.
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1 Introduction

Dynamic strain due to structural vibration is of great
concern in the design, test, and service stages of aero-
engine blades. A primary goal in the blade high cycle
fatigue (HCF) test is to measure the dynamic strain as an
effective parameter for health condition monitoring and
residual life evaluation [1-3]. One common strain
measurement is achieved by strain gauges (SGs) in a
contact manner. Although obtaining the strain response
directly, SGs have several drawbacks [4—7]. First, the
placement of SG is time consuming, and the
measurement quality is uncertain mainly affected by
manual operation. Second, SGs are prone to failure
because of a continuous measurement with a severe
environment or high-level strain. Third, SGs can only
measure the strain of discrete and limited points on
blades. If more points need to be measured, then more
SGs are needed to be stuck intrusively on blades, which
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may add the mass and damping of small and light-weight
structures, thereby changing the dynamic behavior of the
blades [8-10]. Therefore, developing a minimal manipu-
lating, long-time reliable, non-contact, and full-field
dynamic strain measurement of blades is desirable.

The use of optical techniques enables the non-contact
measurement for structural vibration. Digital image
correlation (DIC) and scanning laser Doppler vibrometer
(SLDV) are two common techniques that can achieve
full-field strain measurement [11,12]. The DIC uses high-
speed cameras to capture the images of the vibrating
object in digital form, which then can be transformed into
displacement and strain distribution of the measuring
surface of the structure. This technique is mostly used in
the measurement of wind turbine blades [13,14]. DIC
requires the measuring surface to be sprayed with dense
speckles as tracking points. It is time consuming for
surface preparation. Besides, the strain spatial resolution
using DIC is limited, and small strain may not be
identified well. On the contrary, the SLDV is proved to
capture small vibration with higher spatial resolution
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better, especially the state-of-the-art technique of three-
dimension (3D) SLDV [15-17]. Chen et al. [18] applied
the 3D SLDV technique on wind turbine blades to
determine the complex curvature mode shapes. Vuye
et al. [19] used the 3D SLDV to measure the vibratory
strain of a full surface of a fan blade, and the scanning
results matched well with those from the finite element
(FE) model. Maguire and Sever [20] measured the full-
field strain distributions of three aero-engine blades by
3D SLDV and compared the results with those from SG
measurement. Although 3D SLDV can measure the full-
field vibratory strain of aero-engine blades with high
resolution, it is also time-consuming because of the dense
mesh plan of the measuring surface and the point-by-
point scanning process. Vuye et al. [19] recordeded the
average measuring time of 1.5 h for the first measurement
and 45 min for subsequent measurements when scanning
one face of a fan blade. The fundamental reason for such
a time consuming way using SLDV is that excessive
points must be measured for the full-field strain
distribution. The high cost of the 3D SLDV is also
another drawback for strain measurement. Recently, Luo
et al. [21] measured the deformation of a wind turbine
blade using radar technique. Although the proposed
technique has lower cost and is faster than SLDV
techniques, it can neither complete strain distribution
measurement nor achieve real-time measurement. In
general, SLDV and radar techniques cannot measure the
full-field dynamic strain in real-time or online tests
mainly because excessive points need to be measured. If
the limited measured responses can be expanded or
reconstructed to the full-field response, then the
application of the optical technique on the real-time
measurement of the blade full-field dynamic strain is
promising.

One technique to calculate the full-field response from
discrete and limited measurements is the system
equivalent reduction expansion process (SEREP) [22].
SEREP provides an expansion technique of displacement
and acceleration responses on unmeasured positions,
thereby giving perception on the change in the structural
dynamic behavior concerning the safety and potential
damage [23]. Recently, the dynamic strain, greatly
relating to the HCF damage, is also expanded using
limited response based on SEREP. Bagersad and
Bharadwaj [24] predicted the full-field strain of a 1.52 m-
long beam using a handful of strain responses from SG
measurement. The predicted strain responses of several
points on the beam show a good consistency with the SG
results in the time domain. Subsequently, Bharadwaj
et al. [25] combined the DIC and SEREP techniques to
expand the strain of a long spoiler. The time response
assurance criterion (TRAC) was used to evaluate the
correlation between the expanded and measured results.
Previous studies using expansion techniques on strain-to-
strain or displacement-to-displacement reconstruction
have shown great success on large-scale wind turbine

blades and plates or beams with simple shapes. However,
in the above studies, less attention has been paid to the
full-field dynamic strain reconstruction of aero-engine
blades with complex profiles and shapes using limited
displacement responses. The accurate measurement of the
displacement caused by the small vibration of blades is
the basis for effective strain reconstruction. To date, non-
contact measurements by high-precision optical tech-
niques may be optimal. Blade tip timing (BTT) is a
system that uses optical fiber sensors to measure the
deflection of the rotating blades [26—28]. However, the
BTT measurement contains several uncertainties that
have not been quantitated [29-31]. These uncertainties
may decline the credibility of measured displacement. In
this paper, the laser triangulation sensors (optoNCDT
2310-10) from Micro-Epsilon Corporation® are used to
measure the blade vibration displacement, which can
identify the displacement with a resolution of 0.5 pm and
an adjustable measuring frequency up to 49 kHz. This
type of laser sensor has been widely used in the industry
because of its high precision and relatively low cost
[32,33]. In this paper, displacement-to-strain transmis-
sibility is proposed to reconstruct the dynamic strain from
limited displacement responses. Three laser triangulation
sensors measure the vibration displacement of the blade.
The limited displacement responses are used to
reconstruct the full-field dynamic strain of the blade in
real time. The main contributions of this paper are listed
as follows:

1) A full-field strain reconstruction method is proposed
to transform the limited displacement responses into
strain distribution of an aero-engine blade. The analytical
expression of the displacement-to-strain transformation is
derived in the modal coordinate.

2) The dynamic strain is reconstructed in the time
domain. The full-field strain distribution is visualized by
the FE model, which provides credible information for
blade structural design improvement and residual life
evaluation in blade vibration tests.

3) The blade strain distribution is reconstructed in a
low-cost, real-time, and visualized way, where the
traditional SGs, DIC, and SLDV techniques would fail.

The paper is outlined as follows. Section 2 discusses
reconstruction theory and derives the displacement-to-
strain transformation matrix based on the blade mode
shapes. Section 3 establishes an accurate FE model of the
blade to calculate the mode shapes by modal analysis and
presents the experimental preparation and configurations
in detail. Section 4 performs two numerical cases based
on the FE model to validate the proposed reconstruction
technique. After numerical verification, Section 5
executes three sets of experiments on the blade to
reconstruct the real-time strain and determine the full-
field strain distribution. The reconstructed results are
compared with those measured by SGs for validation.
Section 6 concludes the work.
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2 Reconstruction theory

2.1 Displacement-to-strain transmissibility matrix
The transformation matrix on expanding the measured
responses to the unknown locations of the blade can be
derived using the SEREP technique. In this paper, a
displacement-to-strain transmissibility (DST) matrix is
established on the basis of SEREP and blade mode
shapes. To establish the motion equation, the blade is
considered a proportionally damped system with multiple
degrees of freedom. The motion equation can be written
as
M3x()+Cx(t)+ Kx(t) = F(1), (1)
where X(¢) and ¥(7) are the first and second derivatives of
x(t), M, C, and K denote the mass matrix, damping
matrix, and stiffness matrix, respectively, and ¢ is the
response time. Equation (1) can be solved by the FE
method. It is assumed that n is the node number of the
blade FE model. Generally, for solid elements, each node
has three degrees of freedom (the directions of X, ¥, and
Z). To avoid redundant explanation, n degrees of freedom
of the FE model in one direction are considered in Eq.
(1). F,, is the force vector. x,.,(f) denotes the
displacement response vector. M, C, and K are all in the
size of (nxn). Notably, C is assumed to be proportional.
In this study, Rayleigh damping is adapted and written as
C=aM +pK, 2)
where « is the mass coefficient, and g is the stiffness
coefficient, which can be calculated by the measured
damping ratio through Eq. (3):
|
&=3 (— +ﬂw,), 3
o,
where ¢, and w, are the damping ratio and circular
frequency of the rth mode, respectively. By combining
the measured data in Table 1 and Eq. (3), Rayleigh
damping can be obtained.
Through Eq. (1), the natural frequencies and displace-
ment mode shapes can be obtained by eigenvalue
decomposition based on Eq. (4):

(K-CnfyM)® =0, )
where f'denotes the natural frequency of the blade, total n

natural frequencies (fi,fs,...,f,) can be calculated by

Table 1 First three resonance frequencies obtained by the frequency
sweep and FE model and the damping ratios of the first three modes of
the blade

Damping Sweeping FE model Frequency

Order

ratio/% frequency/Hz  frequency/Hz error/%
First 0.02 108.7 109.6 0.8
Second 0.55 468.8 455.5 2.8
Third 0.02 643.2 641.1 -0.3

solving )K— (21rf)2M| =0.®=[D,,D,,..., D], includes
n displacement mode shape vectors that correspond to the
n natural frequencies. Each element of ® is in the size of
(nx1) (e.g, (@)),y). Thus, the n in the column of ®
denotes the number of mode shapes, whereas # in the row
denotes the number of n nodes. Notably, real modal
analysis is adopted in this study considering the light
damping ratio measured in the test (Table 1). Thus, the
calculated mode shape is real, which means that all the
nodes of the blade FE model are in phase. When the blade
resonates, all the nodes attain maximum/zero deflection
simultaneously. To obtain the blade strain mode shapes,
the transformation from the displacement mode shape to
the strain mode shape is introduced, which can be
performed by applying an operator .S [34], written as

! 5
: ®)
where V is the linear differential operator [35]. S is
applied to the rth displacement mode shape ((®,),,,) to
calculate the rth strain mode shape ((W,),;), expressed as

Y, =SS0, (6)
Based on the mode superposition method [36], the
blade vibration response is contributed by each mode of

the blade. The displacement response can be expressed in
the frequency domain as

S=(V+V7),

r=1,2,...,n.

x(1)= ) ®,q(0).

r=1

(7

where ¢d(¢) is the displacement contribution coefficient
vector of the rth mode. Similarly, the blade strain
response can be superposed by strain mode shapes,
written as

POEDIR XA0Y (8)
r=1

where &,,,(f) is the strain response vector, and ¢°(¢) is the

strain contribution coefficient vector of the »th mode.
Excited by the external force, the blade forced vibration

can also be calculated by the frequency response function

(FRF) and the external forces [37]. In the frequency

domain, the displacement response can be represented as

n ¢r®’:‘
)= HOWF@)= )

r=1

F(w), (9)
where x(w) and F(w) are the displacement response and
force vectors in the frequency domain, respectively, H(w)
is the displacement FRF matrix, K,, M,, and C, are the rth
modal stiffness, mass, and damping of the blade, i is the
imaginary unit, and @ is the exciting frequency. By
combining Eqgs. (7) and (9), the displacement contribution
coefficient vector in the frequency domain ¢%(w) is
formulated as
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D'F(w)

K,— oM, +ioC,’ (19)

Based on the operator S in Eq. (6), the strain response

of the blade with proportional damping can be derived

from the displacement response [38], expressed as

&(t) = Sx(1). (11)

By combing Egs. (6), (8), (9), and (11), the strain
response can be rewritten in the frequency domain as

¢l (w) =

n ‘I‘, (I);r

—— __F(o).
2K oM +iC,

s)= ) ¥q(0)=

r=1

(12)

Through Eq. (12), the strain contribution coefficient
vector in the frequency domain ¢°(w) is formulated as

®'F(w)
- (13)
K, —woM,+iwC,

Equations (10) and (13) show that the strain
contribution coefficient vector (¢°) is equal to the
displacement contribution coefficient vector (¢¢) in the
frequency domain. Similarly, in the time domain, the two
contribution coefficient vectors are identical to each other
based on Fourier transform theory [39]. Thus, in this
study, the displacement and strain contribution coefficient
vectors of the rth mode are uniformly denoted as g,
(q,=q/=q) [24].

Based on the SEREP and mode superposition theories,
the full-field displacement and strain response of the
blade can be expressed as

q;(w) =

(14)
(15)

where the subscript full denotes the full dimension. xg,
and &g, are the full-field displacement response and strain
response of the blade, respectively. The two full-field
responses are in the size of (n X p). p denotes the number
of time steps of the response. @y, and W, are the
displacement mode shapes and strain mode shapes in full
dimension, respectively. Considering total m modes
contributing to the blade vibration, the size of the full-
dimension mode shape matrix is n. g is the mode
contribution matrix in the time domain, where
q®) =[q,®),q,®), ...,qm(t)];xp. In a certain instant, ¢ turns
into a mode contribution vector.

In Eq. (14), measuring the displacement response in full
dimension is difficult. A set of limited dimensions of
response can be easily measured. Thus, the full-field
displacement response in Eq. (14) can be divided into the
measured response (X,.) and the unmeasured/unknown
response (X,,). The measured dimension is k, and the
unmeasured/unknown dimension is j, where n=k+ j.
Correspondingly, the full-field displacement mode shapes
can be divided into the mode shape of the measured
nodes (®,..) and that of the unmeasured nodes (®,).
Equation (14) can be rewritten as

X = Ppag,
& =Yg,

X = {ium:::} =@ 9 = {gi:: } q, (16)
where the subscript mear and unkn denote the measured
dimensions and the unknown dimensions of response,
respectively. In Eq. (16), the measured and unknown
displacement responses share the same mode contribution
vector. Specifically, the measured displacement can be
expressed by the mode superposition, written as

=Dpeiq. a7
The mode contribution vector ¢ can be calculated using
the generalized inverse method, given by

xmear

q =P, Xnear (18)
where @ is the Moore—Penrose generalized inverse
matrix of ®,... When the column rank of ®,,, is full,

@' can be calculated by [40]

mear

q)mear)71 (I)T

mear*

(I);ear = (q);ear (19)

Based on the least square criterion and Euclidean norm,
the calculation model of ¢ is established as

q = arg min ||xmear - (I)mearqni s
q

where ||-]| is the Euclidean norm. The mode contribution
vector ¢ calculated by Eq. (20) is a minimum Euclidean
norm solution, which is closest to the real mode
contribution vector in theory. The model in Eq. (20) is
widely used in the problem of solving the Moore—Penrose
generalized inverse matrix [22,24]. The condition for the
credible solution of ¢ is that the row number of ®,,,, is
equal or greater than its column number. In the recon-
struction, the number of the measured dimensions/nodes &
should be equal to or greater than the number of the
contributed modes (m). Particularly, when the number of
the measured dimensions/nodes k is equal to the number
of the contributed mode m, ®  is the inverse matrix of
D, noted as @' . From Egs. (7)—(16), it is proved that
the full-field, measured, and unknown responses of
displacement and strain share the identical mode
contribution vector q.

Through Eq. (20), ¢ can be calculated using the
displacement response and mode shape of the measured
points. By combining Egs. (14), (15), and (20), the full-
field displacement and strain responses can be
reconstructed by Egs. (21) and (22), which are expressed
as

(20)

Xt = P P Ximear

mear

e2))

(22)

This study focuses on the full-field strain reconstruction
considering the importance of dynamic strain for
reliability analysis and residual life evaluation in blade
vibration tests. Based on Eq. (22), the DST matrix is
ultimately derived as

Efn = ‘I’full(l)I xmear'

mear’
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T= ‘I’fullq)T

mears (23)
where T denotes the displacement-to-strain transmissi-
bility matrix, which can reconstruct the full-field strain of
the blade wusing a limited measured displacement
response. For the measurements in Cartesian coordinate
system, the blade displacement x includes three
components in the directions of X, Y, and Z (x,, x,, and
x.). The blade strain & contains three normal strains
defined as &,, €,, and &, and three shear strains defined as
Pu» V2> and p... Correspondingly, the blade displacement
mode shape @ and strain mode shape ¥ also have three
displacement components (®,, ®,, and ®,) and six strain
components (¥,, ¥, Y., ¥,,, ¥,., and ¥,.). The proposed
method has the advantage to reconstruct the normal and
shear strains of the vibrational blade.

The condition for the solution of Eq. (23) is that the
measured dimension (the row number of @) should be
equal or greater than the considered modes (the column
number of ®,.). According to mode superposition
theory, not all » mode shapes need to be superposed to
compute the response. The consideration of the desired
modes, which mainly contribute to the response, will lead
to enough accurate results with low computation

complexity. For aero-engine fan blades, the lower modes
are easier to be excited than the higher modes because of
the usual low-frequency bandwidth of the excitations
generated by flutter, stall, and surge [41,42]. In this paper,
the first three modes of the blade, which is valid for
practical operation in engineering, are considered [43].
The full-field strain reconstruction can be executed in the
time and frequency domains.

2.2 Reconstruction process

The proposed reconstruction technique is outlined in
Fig. 1. In Step 1, the FE model of the blade is established.
The displacement and strain mode shapes are computed
through modal analysis on the FE model. The DST
concerning the measured points and full-field model is
derived on the basis of the mode shapes. In Step 2, the
real-time displacement responses are measured by three
laser triangulation sensors. Simultaneously, SGs are used
to measure the strain responses for later comparison with
the reconstructed results. In Step 3, combining the DST
and the limited displacement responses, the full-field
strain of the blade is reconstructed in the time domain. In

Step 1 Step 3
FE model Displacement mode shape Full-field strain reconstruction
- | f > 1,
' Strain/10- Strain/10-¢
> 2500 1500
1600
2000 1400 | ;
DST 1200 E
>
A 1500 1000 f 1
I 800
1000
I 600 A '
I 500 1400 ' I '
1 200 /
I 1 |
| } }
I 1 1
Step 2 I Step 4 v v
Displacement | .
Fan blade I Comparison of the measured and
- ﬁwwmww I reconstructed strain
:gﬁ l 800 | Measured - - —Reconstructed‘
SAABAAAN | 600 | '
o I . 400
';:mV“W““WVWW S 200 |
£ ool |
»n =200 l B 111}
Strain —400 \ L
Strain gauge R ﬁ > —-600 I i ! "
. 0 0.0l 002 0.03 0.04 0.05 0.06
% 001 002 003 004 005 006 007 008 009 010 Time/s

Fig. 1 Process of full-field dynamic strain reconstruction on an aero-engine blade using limited displacement.
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Step 4, for validation, the reconstructed strain responses
are compared with the SG measured results.

Two additional pieces of work are worth mentioning.
The first one is to guarantee a good consistency between
the FE model and the physical testing blade. The FE
model is wvalidated and updated according to the
experimental results by a frequency sweep of the blade on
a shaking table. The other is that the measuring direction
of the SG changes at different locations on the blade
because of the twisting profile and surface of the blade.
The reconstructed strain responses on the global
coordinate of the blade are needed to be transformed to
the local coordinate of the stuck SG for an effective
comparison [44]. Illustrating with the stress transform,
Fig. 2 shows the stress in a global coordinate system (x, y,
z) and the stress in a local coordinate system (x',y,z’)
after a rotation. The angle between one axis in the local
coordinate and the other in the global coordinate is
defined as 6 (e.g., 6., is the angle between the local x-
axis and the global x-axis). The stress o in a matrix form
in a global coordinate system is

(o Txy Tz
o=|T, O, T4/, (24)
Tz Tyz g,

where o is the stress matrix, o, o,, and o, denote the
normal stresses in the x, y, and z directions, respectively,
and 7, 7,., and 7,. denote the shear stresses in the xy, yz,
and xz directions, respectively. The transformation
between stress o’ in SG local coordinate system and o in
the global coordinate system is formulated as

T
o =PoP, (25)
Ov  Toy Tz
where 0’ =| 7., 0, T,. |, and the transform matrix
Tew Ty O

Local ¢

O(dmate system +«—
\

F—O

' \ gt\‘//// L=

cosf,, cosb,, cosf,,
P=|cosb,, cosb,, cosb,.|.o,, o, and 0. are three
cosfd,, cosb,, cosé,,

normal stresses in the local coordinate. 7., 7,., and 7,
are three shear stresses in the local coordinate. Similarly,
the strain & in SG local coordinate system and & in the
global coordinate system have the same relationship,
written as

g = PeP", (26)
e v le P
yx 2 yz Vx 2 yz
where &= % &, g ,and & =| == &, )2 z
Yoo T2 Ve Myvzo
4 2 4

In the global coordinate, €., €,, and &, denote t%e normal
strains of the x, y, and z directions, respectively. y., 7,.,
and y_ denote the shear strains of the xy, yz, and xz
directions, respectively. Similarly, €., &,, &, 7, 7)., and
7., are the normal and shear strains in the local
coordinate. The equivalent strain based on von Mises
yield criterion calculated by the FE method can clearly
reflect the blade dynamic behavior and help engineers to
find the most dangerous field on the model [45,46]. The
equivalent strain &, can be calculated by

£.= \/g [(sx —g) +(g,—€e) +(s,—£) +6 (yiy +92 + yf)]
(27)

3 Experimental object and FE analysis
3.1 Experimental object and setup

To validate the proposed reconstruction technique, an

Strain g\\uge

\ Global coorkj‘inate system

\ '
\ —t \

(b)

Fig. 2 Stress in global and local coordinate systems of the blade: (a) blade attached with a strain gauge, (b) stress in the global
coordinate system, and (c) stress in the local coordinate system after a rotation.
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experimental rig involving a fan blade, an exciting
system, and a measuring system is set up in this study.
Figure 3 shows the main experimental configurations.
Instead of the full-field measurement for a whole surface,
three discrete points on the blade are arranged for the
real-time displacement response measurement by three
laser triangulation sensors (optoNCDT 2310-10) from
Micro-Epsilon Corporation®. The displacement measur-
ing points are marked as D1, D2, and D3. The three
displacement responses are utilized to reconstruct the full-
field dynamic strain of the blade. Three SGs from
Hanzhong Jingce Electric Appliance Corporation® are
attached on the concave surface to measure the real-time
strain response. The strain measuring points are marked
as SGI1, SG2, and SG3. The displacement and strain
sensors are connected to a data acquisition system with
eight channels from DEWESoft Corporation®.

In the experiments, the blade root is fixed by a specially
designed fixture. The blade fixture is clamped on a
shaking table by bolts. Based on the credible fixation of
the blade on the shaking table through the fixture, the
excitations are loaded on the blade through the shaking
table controlled by a supporting controller and software.
The shaking table, controller, and software are from
ECON Technology Corporation®. In addition, an accelera-
tion sensor from Dytran Instruments Corporation® is used
to measure the acceleration of the shaking table and
provide feedback for closed-loop control of the test.

3.2 Model validation and modal analysis

The reconstruction technique is based on the blade mode

Displacement sensor

=

(J Ui

shapes by modal analysis on the FE model. A highly
consistent FE model relating to the testing blade would
lead to an accurate reconstruction result. In this study, the
FE model is validated and updated through the results of
a frequency sweep of the blade on the shaking table. First,
a coarse sweep from 0-1000 Hz with a speed of 1 Hz/s is
executed to determine the resonance region. The
frequencies of approximately 109, 468, and 643 Hz are
found to be the first three resonance frequencies of the
blade. Then, three fine sweeps at the frequency bands of
100-120, 455475, and 630-660 Hz with a speed of
0.25 Hz/s are performed to determine the accurate
resonance frequencies of the blade. The transfer function
curves by the frequency sweep are shown in Fig. 4.

Based on the designed 3D model of the blade, the FE
model is established in ANSYS APDL by tetrahedral
meshing with the solid element. Solid 185 and Solid 186
are two types of solid elements [47]. Compared with
Solid 185, Solid 186 is a higher order element that
includes more nodes, which would lead to a more
accurate result from the FE model than Solid 185 when
the blade model is meshed by an identical number of
elements. In this study, based on the Solid 186 with the
element size of 1 mm, the blade FE model is established
by a dense meshing with a total of 51200 elements and
94780 nodes (the upper left plot of Fig. 1), which is valid
for an accurate FE model of an aero-engine fan blade
[48]. The blade is made of Ti—6.5A1-3.5Mo—1.5Zr—0.3Si
with a mass density of 4510 kg/m3, Young’s modulus of
123 GPa, and Poisson’s ratio of 0.33. The boundary
condition has great effects on the FE model analysis
results. In the experiments, the blade root is fixed with

Fan blade
Convex

Concave

:ll

Measuring points
Laser Strain gauge

Acceleration sensor

‘» 2

Fig. 3 Experimental configurations for validating the full-field dynamic strain reconstruction technique.
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Fig. 4 First three resonance frequencies by the frequency sweep: (a) first, (b) second, and (c) third.

bolts on the fixture, but the definite preload and rigid
constraint on the root face are unknown. The boundary
condition of the FE model can affect the analysis results.
The boundary condition that is close to the experimental
condition can lead to an accurate result. Thus, adjusting
the boundary condition on the FE model for validation
and updating is effective. Four side faces on the root of
the FE model are applied with fixed supports. The
resonance frequencies of the blade by the frequency
sweep test are referred to in this work. Table 1 lists the
first three natural frequencies of the updated FE model
compared with the results from the frequency sweep. In
theory, the damped frequency measured in the test is
smaller than that from the FE model. However, an
inevitable manufacturing error exists between the
physical blade and FE model [16]. The frequency errors
of the first three modes between the test and the updated
FE model are 0.8%, —2.8%, and —0.3%, respectively,
which is acceptable and shows good consistency between
the FE model and the testing blade [19]. Based on the FE
model, the first three displacement and strain mode
shapes of the blade are obtained through modal analysis.
Figure 5 portrays the scaled mode shapes of the vector-
sum displacement and equivalent strain.

4 Numerical validation

Two numerical cases are performed to validate the merits
of the proposed full-field strain reconstruction method on
aero-engine blades. One is the reconstruction when the
blade vibrates under a single mode excited by a single
sinusoidal force. The other is the reconstruction when the
blade vibrates under multiple modes excited by a
complex sinusoidal force. The mass matrix M and
stiffness matrix K of the blade are extracted from the FE
model. Based on Egs. (2) and (3) and Table 1, the mass
coefficient (@) and stiffness coefficient (8) are calculated

using the damping ratios and natural frequencies of the
first and third modes, where «@=23.24 and
B =8.48 x107°. The full-field responses are calculated by
solving Eq. (1) using the Newmark-8 method. The mode
shapes are also calculated by modal analysis, and the
DST matrix is derived. The discrete displacement
responses of the limited points (e.g., D1, D2, and D3 in
Fig. 3) are extracted to reconstruct the full-field strain.
The reconstructed strain responses of three SG points
(e.g., SG1, SG2, and SG3 in Fig. 3) are compared with
the measured ones, which are those calculated by Eq. (1).
TRAC is a parameter used to evaluate the correlation
between two time-traced responses [25]. The TRAC is
defined as

(smcars-rl;cs )2
(smearsgcar) (sfecsg;l;%) ,

where &,., and &., denote the measured/simulated and
reconstructed strain responses in the time domain,
respectively. TRAC values close to 1.0 indicate a strong
similarity, whereas the values close to 0.0 indicate
minimal or no similarity. Besides the evaluation of the
time-traced response, TRAC can also be used to evaluate
the correlation of the full-field strain distributions from
reconstruction and simulation at each time instance. Then,
Emear ANd &, In Eq. (28) can be replaced by the full-field
strain matrixes at a certain time by simulation and
reconstruction, respectively. In this paper, TRAC is used
to evaluate the reconstructed and measured/simulated
strain responses, including the time-traced and full-field
results.

TRAC =

(28)

4.1 Single sinusoidal excitation

In this case, the force F is loaded at the blade tip to excite
the first mode resonance of the blade. F is formulated as

F =sin(2nf;t), 29)
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(a) (b)

(©)
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®

Fig. 5 First three vector-sum displacement and equivalent strain mode shapes of the blade finite element model: (a) the first, (b) the
second, and (c) the third displacement mode shape; (d) the first, (¢) the second, and (f) the third strain mode shape.

where f] is the first natural frequency of the blade. The
amplitude of the sinusoidal excitation is 1 N. The blade
responses that lasts for 1 s are calculated at a sampling
frequency of 16384 Hz. The first displacement and strain
mode shapes of the blade are considered in the DST
because the first mode resonance is excited. Combining
the three displacement responses and the DST, the full-
field dynamic strain is reconstructed, and the strain
distribution is obtained. Figure 6 shows the full-field
results of equivalent strain at 0.5 s and three local
comparisons between the reconstructed and measured
strain responses of SG points over a period of
approximately 0.5 s. The measured strain responses in
numerical cases simulate the SG measurement in the local
coordinate system. The SG strain values in the time-
traced plot may not be equal to those shown in the
contour plot of the equivalent strain. Each contour plot of
the strain distribution is attached with a color bar to show
the different strain levels with various colors. The color
on the top of the bar denotes the maximum strain,
whereas the color on the bottom of the bar denotes the
minimum strain. In general, the reconstructed full-field

strain distribution shows a good match with the calculated
one by simulation. The time-traced curves of the
measured and reconstructed strain responses of three SG
points also show high consistency, with all the TRACs
equal to 1, thereby validating the proposed method when
the blade vibrates under a single mode. Besides, the
TRAC S of the full-field strain between the reconstruction
and simulation at 0.2, 0.4, 0.5, 0.6, and 0.8 s are listed in
Table 2. The high correlation between the reconstructed
and simulated strain distributions also indicates the
effectiveness of the proposed method.

4.2 Complex sinusoidal excitation

The blade multi-mode vibration can be excited by a
complex sinusoidal force where the multiple vibratory
frequencies of the force are equal to the natural
frequencies of the blade. In this paper, the vibration that
consists of the first three modes of the blade is aimed to
be excited. The force F is expressed as

F =sin(2nfit) + 5sin(2n f,¢) + 15 sin(2n f51), (30)
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Fig. 6 Comparison of the calculated and reconstructed strains, including the full-field comparison and local comparisons of three SG
points when the single-mode vibration occurs, via simulation. SG: strain gauge, TRAC: time response assurance criterion.

Table 2 TRAC: of the reconstructed and simulated full-field strain at
different instants

Time/s Single TRAC Complex TRAC
0.2 1.00 0.99
0.4 1.00 0.99
0.5 1.00 0.99
0.6 1.00 1.00
0.8 1.00 0.99

where f, and f; are the second and third natural
frequencies of the blade, respectively. Notably, the high-
order modes are usually more difficult to excite than the
first mode. Thus, the amplitudes of the force components
at f, and f; are set as 5 and 15 N, respectively. In this
case, the first three mode shapes are considered in the
DST for an accurate reconstruction. Figure 7 shows the
full-field results of equivalent strain at 0.5 s and three
local comparisons between the reconstructed and
measured strains of SG points over a period of time
around 0.5 s. The TRAC values of the three SG points are
equal to 1, which indicates the high consistency between
the measured and reconstructed strain responses. At 0.2,
0.4, 0.5, 0.6, and 0.8 s, the TRACs of the full-field strain
are calculated by reconstruction and simulation and listed
in Table 2. All the TRACs are close to or equal to 1,
thereby demonstrating the effectiveness of the proposed
methods under blade multi-mode vibration. In general,
the complex sinusoidal excitation case demonstrates the
applicability of the proposed method when the blade
vibrates under multiple modes.

The snapshots of the blade strain distribution at 0.2,
0.4, 0.6, and 0.8 s of single-mode vibration are shown in
Fig. 8(a). The four snapshots are identical but have
different strain levels (the left color bar), suggesting that
the position with max strain is unchanged. However,
when the blade is under multi-mode vibration, the

snapshots of the strain distribution at four instants are
different (Fig. 8(b)), which means that the strain
distribution and the position with the max strain of the
blade are changing in the time domain. In this case,
traditional SGs may fail to monitor the max strain during
the blade operation effectively. In contrast to the SG
measurement, the proposed method can reconstruct the
full-field strain of the blades under single-mode and
multi-mode vibrations.

5 Experimental validation

To verify the accuracy of the reconstructed strain using
the proposed method, three experimental cases are
performed on the basis of the experimental rig shown in
Fig.3 (in Subsection 3.1). The first case excites the
single-mode vibration of the blade. The second one
excites the multi-mode vibration of the blade, including
the first three modes. The third one applies impact forces
on the blade to test the reconstruction method when the
blade response is broadband and damped. The exciting
forces with different oscillatory frequencies and ampli-
tudes are generated by the controller and corresponding
software. The amplitude of the force is determined by the
acceleration outputted to the shaking table. On the
shaking table, the blade generates forced vibration at the
set frequency and acceleration. During the vibration, the
real-time displacement and strain responses for 15 s are
sampled by the laser sensors and SGs with a sampling
frequency of 20 kHz, respectively. Based on the proposed
method, the full-field dynamic strain of the blade is
reconstructed using the non-contact displacement data.
The reconstructed strain responses are compared with
those measured by SGs. TRAC is used to evaluate the
consistency between the reconstructed and measured
results.
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Fig. 7 Comparison of the calculated strain by simulation and the reconstructed strain, including the full-field comparison and local
comparison of three SG points when the multi-mode vibration occurs. SG: strain gauge, TRAC: time response assurance criterion.
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Fig. 8 Strain distributions of the blade in the (a) single-mode vibration and (b) multi-mode vibration at 0.2, 0.4, 0.6, and 0.8 s,

respectively.

5.1 Single sinusoidal excitation

In this test, a sinusoidal force at a frequency of 108.7 Hz
is outputted to the shaking table with an acceleration of
0.2¢g (g = 9.8 m/s?). The forced vibration of the blade is
the first-mode resonance. The non-contact displacement
responses are used to reconstruct the full-field dynamic
strain. Figure 9 shows the reconstructed full-field results

of the equivalent strain at 7 s and five local comparisons
between the reconstructed and SG-measured strain over a
period of time around 7 s. The TRACsS of the five points
are 0.999, 0.998, 0.999, 0.997, and 0.996, respectively. In
theory, all the TRACs are supposed to be 1. The small
error in TRAC may be caused by the light damping of the
blade, which can lead to minimal deviation in phase for
the vibration of each point on blades. In general, the
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Fig. 9 Comparison of the measured strain by SGs and the reconstructed full-field strain when the blade vibrates under a single mode.

SG: strain gauge, TRAC: time response assurance criterion.

TRACs of the five points are almost close to 1, which
demonstrates the high consistency between the recon-
structed and measured results. Although the full-field
strain cannot be measured in the current paper, the
reconstructed strain distribution of the blade is very
similar to the distribution in the numerical case of single
sinusoidal excitation in Subsection 4.1 (Fig. 8), which
also indicates the accurate strain using the reconstruction
method.

5.2 Complex sinusoidal excitation

To excite the multi-mode vibration of the blade, a
complex force that consists of three components at the
first three natural frequencies of the blade is generated to
control the shaking table. In this case, the blade on the
shaking table is prone to vibrate under multiple modes.
The first mode in the vibration can be easily excited with
small acceleration or input energy. However, the
excitation of the higher-order mode of the blade needs
higher acceleration. In this test, the accelerations of the
three components at the frequencies of 108.7, 468.8, and
643.2 Hz are set as 0.2g, 12g, and 10g, respectively.
Based on the proposed method, three displacement
responses measured by laser sensors are transformed into
the full-field strain of the blade. The first three mode
shapes of the blade are considered in the transformation
matrix DST for an accurate reconstruction. A low-pass
filter at a cutoff frequency of 1000 Hz is imposed on the
measured data to filter noise.

Figure 10 shows the reconstructed full-field results of

equivalent strain at 7s and five local comparisons
between the reconstructed and SG-measured strains over
a period of approximately 7s. In general, the
reconstructed strain responses of five points match well
with the SG measurements in the time domain. All the
TRACsS are close to 1, which demonstrates the accurate
strain reconstructed by the proposed method when the
blade vibrates under multiple modes. To validate the
change in blade strain distribution under multi-mode
vibration, four contour plots of the strain distribution at
6.2, 6.8, 7.4, and 8s are shown in Fig. 11. The
distribution and the position with the max strain on blade
are changed with time. The change in the strain response
seems to be periodical, which can be seen from the time-
traced results in Fig. 10. Although such a change may be
cycled within a period of time, it would lead to
incomplete strain data using discrete measurements by
SGs in engineering practice. The method proposed in this
paper provides an access to acquire the strain distribution
at any operation time using limited displacement
responses. The similarities between the experimental
distributions at 6.8 and 8 s in Fig. 11 and the numerical
distribution at 0.4 and 0.6 s in Fig. 8(b) also demonstrate
the accuracy of the reconstructed strain of the blade in
multi-mode vibration.

5.3 Impact excitation

To verify the proposed reconstruction method when the
blade response is broadband and damped, an impact force
test is performed on the blade. Several impact forces are
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Fig. 10 Comparison of the measured strain by SGs and the reconstructed full-field strain when the blade vibrates under multiple modes.

SG: strain gauge, TRAC: time response assurance criterion.
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Fig. 11 Different reconstructed strain distributions of the blade in the multi-mode vibration at 6.2, 6.8, 7.4, and 8 s, respectively.

successively loaded on the blade. The response is damped
over a period of time after each impact. The displacement
and strain responses are sampled for 15 s simultaneously.
Figure 12 shows the reconstructed results of five SG
points compared with the measured ones when the blade
is excited by one impact during 0-5.2 s. Five TRACs are
greater than 0.94, which demonstrates the consistency of
the reconstructed and measured strain in the time domain.
The plot in the right of Fig. 12 gives an expanded view of
the time-traced comparison around 2 s. A slight deviation
is observed in the amplitude of point SG3 (plot in the top
right), which may be caused by the uncertainty from SG.
As the previous presentation in this paper, the manual
operation on sticking SG greatly affects the measuring
quality and position of the SG on blades. In this study, the

angular deflection of the SG on the twisting surface is
considered by establishing the local coordinate for SG.
The correction of the measuring angle decreases the
uncertainty in some degree. Generally, the deviation in
amplitude is acceptable. The high consistency between
the reconstructed and measured results implies the
accuracy of the proposed method on strain prediction.

6 Conclusions

A method is proposed in this paper to reconstruct the full-
field dynamic strain of aero-engine blades using limited
displacement responses. The proposed reconstruction
method can not only predict the strain distribution of the
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Fig. 12
gauge, TRAC: time response assurance criterion.

whole blade in a non-contact manner but also enables a
real-time strain reconstruction, where the traditional SG
would fail. The reconstruction is realized by the
displacement-to-strain transmissibility matrix derived in
the modal coordinate based on the blade mode shapes.
The proposed method is validated in numerical and
experimental cases. The full-field strain is reconstructed
using three displacement responses measured by laser
triangulation sensors. The reconstructed responses of five
points are compared with the SG measured results in the
time domain. The high consistency between the
reconstructed and measured results demonstrates that the
proposed method enables an accurate strain prediction of
the blade in single-mode and multi-mode vibration.

This study shows that the strain distribution and the
position with max strain on the blade are unchanged with
time when the blade vibrates under a single mode.
However, when the blade vibrates under multiple modes,
these distributions and positions would change on blades
at different times. If all the changed strain distribution
and the max strain need to be measured, then the SG may
not complete the measurement. The method proposed in
this paper can realize the real-time reconstruction of the
strain distribution, thereby tracking the max strain on the
blades. This would give comprehensive and accurate
strain data for engineers to analyze the reliability and
update the design of the blade. In addition, the proposed
strain reconstruction technique has great potential in real-
time measurements for blade vibration monitoring and
residual life evaluation.

Comparison of the measured strain by SGs and the reconstructed strain when the blade is excited by an impact force. SG: strain

Nomenclature

Abbreviations

3D Three-dimension

BTT Blade tip timing

DIC Digital image correlation

DST Displacement-to-strain transmissibility

FE Finite element

FRF Frequency response function

HCF High cycle fatigue

SEREP System equivalent reduction expansion process

SG Strain gauge

SLDV Scanning laser Doppler vibrometer

TRAC Time response assurance criterion

Variables

C Damping matrix

f Natural frequency of the blade

fisfo /3 First, second, and third natural frequencies,
respectively

F,F Force and force vector, respectively

F(1), F(w) Force vector in the time and frequency domains,
respectively

H(w) Displacement FRF matrix
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Imaginary unit

Unmeasured/unknown dimension

Measured dimension

rth modal stiffness, mass, and damping of the blade,
respectively

Stiffness matrix

Number of the contributed modes

Mass matrix

Node number of the blade finite element model
Transformation between stress in the global and
local coordinates

First, second, and third mode contribution vectors,
respectively

Mode contribution matrix

rth mode contribution vector

Mode contribution matrix in the time and frequency
domains, respectively

Displacement contribution coefficient vectors of the
rth mode in the time and frequency domains,
respectively

Strain contribution coefficient vectors of the rth
mode in the time and frequency domains,
respectively

Operator

Displacement-to-strain transmissibility matrix
Displacement response vector

Measured displacement response
Unmeasured/unknown displacement response
Displacement response in the full dimension
Displacement responses in the directions of X, Y, and
Z, respectively

Displacement response in the time and frequency
domains, respectively

Equivalent strain

Normal strains in the directions of X, Y, and Z of the
global coordinate, respectively

Normal strains in the directions of X, Y, and Z of the
local coordinate, respectively

Strain matrixes in the global and local coordinates,
respectively

Strain response in the full dimension

Strain responses by measurement/simulation and
reconstruction, respectively

Strain response in the time and frequency domains,
respectively

Mass coefficient

Stiffness coefficient

Oy, 0y, 0
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Normal stresses in the directions of X, Y, and Z of the
global coordinate, respectively

Normal stresses in the directions of X, Y, and Z of the
local coordinate, respectively

Stress matrixes in the global and local coordinates,
respectively

Shear stresses in the directions of XY, YZ, and XZ of
the global coordinate, respectively

Shear stresses in the directions of XY, YZ, and XZ of
the local coordinate, respectively

Shear strains in the directions of XY, YZ, and XZ of
the global coordinate, respectively

Shear strains in the directions of XY, YZ, and XZ of
the local coordinate, respectively

Exciting frequency

Circular frequency of the th mode

Angle between one axis in the local coordinate and
the other in the global coordinate

Angles between the local axises (x', ¥, and z’) and
the global axises (x, y, and z)

Damping ratio of the th mode

Displacement mode shape

First, second, and third natural displacement mode
shapes, respectively

Displacement mode shapes in full dimension

Mode shape of the measured nodes

Inverse matrix of @,

Moore—Penrose generalized inverse matrix of @,
rth displacement mode shape

Mode shape of the unmeasured nodes

Displacement mode shapes in the directions of X, Y,
and Z, respectively

Strain mode shape

Strain mode shapes in full dimension

rth strain mode shape

Strain mode shapes in the directions of X, Y, Z, X7,
YZ, and XZ, respectively

Linear differential operator
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