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ABSTRACT    As parameter independent yet simple techniques, the energy operator (EO) and its variants have received
considerable attention in the field of bearing fault feature detection. However, the performances of these improved EO
techniques  are  subjected  to  the  limited  number  of  EOs,  and  they  cannot  reflect  the  non-linearity  of  the  machinery
dynamic systems and affect the noise reduction. As a result, the fault-related transients strengthened by these improved
EO techniques are still subject to contamination of strong noises. To address these issues, this paper presents a novel EO
fusion strategy for enhancing the bearing fault feature nonlinearly and effectively. Specifically, the proposed strategy is
conducted  through  the  following  three  steps.  First,  a  multi-dimensional  information  matrix  (MDIM)  is  constructed  by
performing the higher order energy operator (HOEO) on the analysis signal iteratively. MDIM is regarded as the fusion
source of the proposed strategy with the properties of improving the signal-to-interference ratio and suppressing the noise
in the low-frequency region. Second, an enhanced manifold learning algorithm is performed on the normalized MDIM to
extract  the intrinsic  manifolds  correlated with the fault-related impulses.  Third,  the intrinsic  manifolds  are  weighted to
recover the fault-related transients. Simulation studies and experimental verifications confirm that the proposed strategy
is  more  effective  for  enhancing  the  bearing  fault  feature  than  the  existing  methods,  including  HOEOs,  the  weighting
HOEO fusion, the fast Kurtogram, and the empirical mode decomposition.
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1    Introduction

Rolling  element  bearings  (REBs)  are  widely  used  in
rotating machinery, and their failure is an important cause
of mechanical breakdowns and accidents [1,2]. Therefore,
the diagnosis of the early fault of REBs plays a vital role
in  ensuring  the  safety  of  the  rotating  machinery  and
guaranteeing  its  normal  performance  [3,4].  However,
owing to the interference of strong background noise and
suboptimal  scenario  in  practical  engineering,  the  fault
diagnosis  of  REBs  remains  a  challenging  issue  [5].
Vibration  signals  collected  from  the  rotating  machinery
are known to carry useful diagnosis information of REBs.
The symptomatic signatures with the repetitive transients
are contained to indicate the occurrence of a defect. As a
result,  various  specific  signal  processing  techniques

dedicated  to  the  recovery  of  repetitive  transients  have
been  developed  in  the  past  few  decades.  Examples  of
such  techniques  include  wavelet-based  methods  [6,7],
sparsity-based  methods  [8,9],  stochastic  resonance
[10–12],  and  adaptive  signal  decomposition  [13–17].
However,  some  of  these  methods  still  have  room  for
improvement  in  analyzing  vibration  data  with  strong
interference.
The  design  of  suitable  parameters  in  detecting

resonance  bands  excited  by  defects  of  REBs  is  easily
influenced  by  the  change  of  operating  environments.
Thus,  Liang  and  Bozchalooi  [18]  first  proposed  a  non-
resonance-based  method  using  an  energy  operator  (EO)
for  the  online  health  monitoring  of  REBs  in  industrial
environments.  As  non-resonance  methods  with  a  free
parameter,  EO and  its  recycling  application  with  limited
numbers  are  effective  for  enhancing  the  signal-to-
interference  ratio  (SIR)  of  the  original  signal.
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Subsequently, various studies employed EO as a pre/post-
processing  technique  to  enhance  the  fault  feature  buried
in the originally collected vibration signals [19,20] or the
fault-related  modes  of  REBs  extracted  by  adaptive
decomposition  methods  [21–25].  Moreover,  as  an
alternative  technique  of  Hilbert  transform,  EO  is  also
typically  used  as  a  demodulation  tool  to  extract  the
instantaneous  frequency  or/and  amplitude  for  the  fault
diagnosis of REBs [26–28]. However, Randall and Smith
[29]  pointed  out  that  replacing  the  EO  with  the  squared
envelope  of  the  derivative  of  a  signal  using  non-causal
techniques  applied  in  the  frequency  domain  for  the  vast
majority of applications in machine diagnostics can have
a  considerable  advantage,  particularly  for  the  estimation
of the instantaneous frequency.
In  view  of  the  ability  of  the  strong  interference

suppression  of  EO,  some  of  its  variant  versions  are
further presented to detect the early fault feature of REBs.
For  instance,  the  amplitude  demodulation  differentiation
method  [30],  which  is  performed  by  a  differentiated
operation  after  the  amplitude  demodulation,  is  presented
to  eliminate  the  high-amplitude  low-frequency  vibration
interferences. A calculus-enhanced EO [31] is constructed
to  enhance  the  noise  suppression  ability  for  which  an
integration  operator  is  incorporated  into  the  EO.  A
frequency-weighted EO is  defined for  the fault  detection
of  REBs  [32,33],  which  has  a  similar  result  with  EO  as
verified  in  Ref.  [29].  Moreover,  our  group  presents  the
usage  of  the  multi-resolution  EO  to  avoid  the  negative
value  phenomenon of  EO,  which could  also  be  regarded
as  an  expanded  version  of  the  calculus-enhanced  EO  in
Ref.  [34].  Recently,  the  higher  order  energy  operator
(HOEO) was introduced for estimating the instantaneous
frequency and amplitude to  obtain a  fine fault  feature of
rotating machinery. As a generalization of EO, the HOEO
not  only  inherits  the  merits  of  EO  but  also  has  higher
precision  and  better  robustness  to  noise  [35,36].
However,  the  essence  of  the  transformations  of  EO  and
its variants is to increase the weighting with frequency for
each component. As a result, EO and its variants may also
amplify  the  higher  frequency  noise  and  interferences,
which  can  adversely  impact  the  effectiveness  of  EO and
its variants. Moreover, predicting which order of EO will
yield  the  optimal  result  is  difficult.  Faghidi  and  Liang
[37,38]  proposed  the  strategy  of  weighting  higher  order
energy  operator  fusion  (WHOEOF),  which  takes  the
result from each HOEO as a distinct dataset from a virtual
sensor  and then  linearly  weights  multiple  HOEOs as  the
fused result.
In summary, the fusion strategy is reasonable to have a

canceling  effect  of  the  random  noise  by  averaging
different HOEOs. However, two reasons might hinder the
noise  reduction  effect  of  the  strategy  of  WHOEOF.  (1)
Only a few orders of HOEOs are fed into the fused result

because  of  the  increase  of  high-frequency  noise  in  the
process  of  applying  multiple  differentiations.  Hence,  the
enhanced results  of  the  fusion strategies  are  subjected to
the  limited  numbers  of  HOEOs.  (2)  The  strategy  of
WHOEOF  extracts  the  fault-related  feature  by  linearly
combining  the  HOEOs  at  different  orders  guided  by
maximizing  the  information  measure.  Thus,  the  strategy
of  WHOEOF  could  not  reflect  the  non-linearity  of  the
machinery  dynamic  systems  and  affects  the  noise
reduction.  To  address  the  issues  mentioned  above,  this
paper  presents  an  iterative  HOEO  fusion  strategy  to
remove  the  amplified  noise  contained  in  the  results  of
HOEOs effectively to enhance the REB fault feature. The
main  contributions  of  the  proposed  strategy  are  as
follows:
(1) Reference [18] verified that the recycle operation is

also  effective  for  improving  the  SIR  of  the  analysis
signal.  Therefore,  the  recycle  application  of  HOEOs  is
used  to  enrich  the  fusion  input  for  remedying  the
deficiency  of  a  few numbers  of  HOEOs in  the  proposed
strategy.  Consequently,  a  multi-dimensional  information
matrix  (MDIM)  that  contains  the  enhanced  fault  feature
of  REBs  is  constructed  by  combining  the  HOEOs  and
their iterative results.
(2) The enhanced manifold learning method is designed

to fuse the constructed MDIM nonlinearly for excellently
extracting  the  intrinsic  transients  related  to  the  bearing
defects. Meanwhile, the eigenvalue weighting idea is used
to  combine  the  main  manifolds  for  recovering  the
complete impulsive structure of the fault-related features.
As a result,  the proposed iterative HOEO fusion strategy
is  completely  different  from  the  current  linearly
weighting  fusion  to  wipe  off  the  influence  of  amplified
high-frequency  noise  in  the  HOEOs  and  their  iterative
results.
This paper is organized as follows. Section 2 introduces

the  theoretical  background,  including  EO,  HOEO,  and
their linearly weighting fusion. In Section 3, the iterative
HOEO  fusion  strategy  for  enhancing  the  REB  fault
feature  is  described  in  detail.  Section  4  gives  the
simulated  cases  to  validate  the  proposed  strategy.  In
Section  5,  three  experimental  cases  are  conducted  to
verify the effectiveness of the proposed strategy. Finally,
the main conclusions are given in Section 6.

 

2    Description of EO and its variants

 2.1    EO and its characteristics

x (t)

The  EO  is  originally  presented  for  non-linear  speech
processing  and  called  Teager‒Kaiser  energy  operator
[31].  The  definition  of  EO  for  a  continuous  time  signal

 is as follows: 
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E2 [x (t)] = (ẋ (t))2− x (t) ẍ (t) , (1)
ẋ (t) ẍ (t)

x (t)
where    and    are  the  first-  and  second-order
derivatives of   with respect to time t, respectively.
Thus, the discrete form of the EO is given as follows:

 

E2 [x (n)] = (x (n))2− x (n+1) x (n−1) , (2)
x(n)n=1,2,...,N x (t) n n

x (t)
where   is the discrete form of  ,   is the  th
point of  .

x (t) = r (t)+
K∑

j=1

u j (t)

Some  characteristics  of  EO  have  been  revealed  in
current  studies.  Reference  [18]  validated  that  the  SIR  of
the  bearing  signal  with  multiple  vibration  interferences

  could  be  enhanced  by  using  the

transformation  of  EO.  The  definition  of  the  SIR  in  the
context of bearing fault detection is given as follows [18]:
 

SIR (x (t)) =

1
T

w T

0
r2 (t)dt

1
T

w T

0

K∑
j=1

u2
j (t)dt

, (3)

r (t) = Ae−β cos(ωrt+φ)
u j (t) = L j cosω jt

β

ωr

φ
L j j

ω j

j
x (t)

where    is  the  fault  bearing
vibration,    stands  for  multiple  vibration
interferences,  T  is  the  time  period  of  the  fault  bearing
vibration,  K  is  the  total  number  of  the  vibration
interferences,  A  is  the  amplitude  of  the  fault  bearing
vibration,   is the structural damping characteristic of the
fault  bearing  vibration,    is  the  resonance  frequency
excited by the  bearing defect,    is  the  phase of  the  fault
bearing  vibration,    denotes  the  amplitude  of  the  th
interference  component,  and    represents  the  frequency
of  the  th  interference  component.  Under  some
assumptions [18], the SIRs of   and its EO are derived
as follows:
 

SIR(x (t)) ≈



3A2

4Tpβ

K∑
j=1

L2
j

, β ≈ ωr,

A2

2Tpβ

K∑
j=1

L2
j

, β≪ ωr,

(4)

and
 

SIR(E2 [x (t)]) ≈ A4ω4
r

4Tpβ

K∑
j=1

L4
jω

4
j

, (5)

Tpwhere    is  the  time  period  of  the  fault  characteristic
frequency.
By  combining  Eqs.  (4)  and  (5),  the  ratio  of  SIRs

between  EO and  the  raw  signal  can  be  made  as  follows
[18]: 

SIR(E2 [x (t)])
SIR(x (t))

≈



K∑
j=1

L2
j A

2ω4
r

3
K∑

j=1

L4
jω

4
j

, β ≈ ωr,

K∑
j=1

L2
j A

2ω4
r

2
K∑

j=1

L4
jω

4
j

, β≪ ωr.

(6)

ωr≫ ω j

L j > A

Considering  that  the  resonance  frequency  is  usually
much  higher  than  interference  signal  frequency,  that  is,

,  and  strong  interferences  exist  in  the  bearing
signal,  that  is,  ,  the  SIR  of  the  signal  obtained  by
EO is generally higher than that of the raw signal:
 

SIR(E2 [x (t)]) > SIR(x (t)) . (7)
According to the conclusion in Eq. (7), we can directly

obtain the following:
 

SIR(E2 [E2 [x (t)]]) > SIR(E2 [x (t)]) , (8)
E2 [x (t)]for  which    is  regarded  as  a  new  input  signal.

Therefore,  the component  of  the faulty bearing vibration
can  be  further  enhanced  by  recycling  the  EO  on  the
transformed signal.

ẋ (t)
Moreover, given the proven result in Ref. [29], the EO

is equivalent to the squared envelope of   as follows:
 

E2 [x (t)] ≈ Envsq[ẋ (t)] , (9)
Envsq[ẋ (t)]where   is expressed by

 

Envsq[ẋ (t)] = (ẋ (t))2
+
(
ˆ̇x (t)
)2
, (10)

ˆ̇x (t) ẋ (t)
ẋ (t) x (t)

iω

where    is  the  Hilbert  transform  of  .  The  Fourier
transform  of    is  that  of    by  simply  multiplying
with  .  Thus,  Ref.  [29]  concluded  that  any  benefit
coming  from  the  EO  can  be  attributed  to  the
differentiation  of  the  signal,  giving  a  weighting  of  the
spectrum proportional to frequency. However, the relative
strength of the noise in the high-frequency region is also
amplified simultaneously.

 2.2    HOEO and its linearly weighting fusion

x (t)
As an extension of EO, the definition of HOEO for signal

 is as follows [39]:
 

E j [x (t)] = ẋ (t) x( j−1) (t)− x (t) x( j) (t) , (11)
and its discrete form is given as follows:
 

E j [x (n)] = x (n) x (n+ j−2)− x (n−1) x (n+ j−1) , (12)
x( j) (t) jth x (t)where   is the   derivative of  .

Reference  [37]  used  the  ratio  between  the  SIR  of  the
fourth-order EO and that of the EO of the bearing signal
with  multiple  vibration  interferences  as  an  example  for
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explaining  the  merit  of  HOEO for  enhancing  the  SIR as
follows:
 

SIR(E4 [x (t)])
SIR(E2 [x (t)])

≈
ω4

r

K∑
j=1

(
L4

jω
4
j

)
K∑

j=1

(
L4

jω
8
j

) . (13)

ω j

ωr

As  shown  in  the  above  equation,  given  that  the
interference frequency   is usually much lower than the
resonance frequency  , the SIR of the fourth-order EO is
much higher than that of the EO. Thus, the bearing fault-
related  information  can  be  further  strengthened  by
applying  an  HOEO.  However,  the  relative  intensity  of
high-frequency  noise  might  be  dramatically  amplified
when  the  HOEO  processes  the  signal.  Moreover,
predicting the best order of HOEO is difficult. Thus, Ref.
[37] constructed the strategy of WHOEOF by recognizing
multiple  HOEOs  as  data  sets  collected  from  different
virtual sensors as follows:
 

HOEO-F[x (t)] =
J∑

j=2

{
α jE j [x (t)]

}
, (14)

J α j

j
α∗ =

[
α∗1, ...,α

∗
j, ...,α

∗
J

]
HOEO-F(x (n))

where    is  the  total  number  of  orders  and    is  the
coefficient associated with order   of HOEO. As a result,
a  set  of  optimal  coefficients    are
obtained by maximizing the kurtosis of   as
follows:
 

α∗ = argmax
α

(Kurt (HOEO-F[x (t)])) , (15)

α =
[
α1, ...,α j, ...,αJ

]
Kurt(·)where    and    is  the  function  of

kurtosis.

 

3    Proposed iterative HOEO fusion strategy
for the bearing fault diagnosis

The  current  strategy  of  WHOEOF  is  devoted  to
eliminating  the  random  noise  with  a  high-frequency  by
averaging  multiple  HOEOs.  In  addition,  the  SIR  of  the
WHOEOF result is further enhanced by taking advantage
of  the  contribution  of  each  HOEO.  However,  only  the
limited numbers of HOEOs could be used as the sources
of  fusion  because  of  the  evident  enhancement  of  high-
frequency noise with the increase of the order of HOEO.
Thus,  the  noise  suppression  effect  will  not  be  evident
only  by  averaging  the  limited  numbers  of  HOEOs.
Moreover,  the  noise  reduction  is  restricted  to  the
operation  of  linearly  weighting  fusion  as  the  nonlinear
property  usually  exists  in  the  collected  signal  from  the
machinery  dynamic  systems.  Considering  the  above-
discussed  issues,  an  iterative  HOEO  fusion  strategy  is
presented  for  enhancing  the  bearing  fault  feature  in  this
section.  First,  we  construct  an  MDIM  by  performing

iterative HOEO to provide plentiful sources for the fusion
operation in Subsection 3.1. Then, the enhanced manifold
learning  is  designed  to  synthesize  the  information  of
MDIM  nonlinearly  for  extracting  the  fault-related
transient  in  Subsection  3.2.  Lastly,  the  procedure  of  the
proposed  iterative  HOEO fusion  strategy  for  the  bearing
fault diagnosis is described in Subsection 3.3.

 3.1    Construction of MDIM by performing iterative HOEO

As mentioned above, the recycling application of the EO
is also beneficial to the improvement of the component of
the  fault  bearing  vibration.  Therefore,  the  number  of
HOEOs  can  be  doubled  by  performing  the  recycling
application  of  the  EO  on  the  HOEOs,  that  is,  iterative
HOEO  without  incorporating  excessive  differentiate
operations,  to  compensate  for  the  deficiency  of  the
limited  number  of  HOEOs  in  the  fusion  result.
Specifically,  the  construction  of  MDIM  is  given  as
follows.

M1(x (t))t∈[0,T ]

The  number  J  of  the  HOEOs  is  first  formulated  as  a
matrix  :
 

M1[x (t)]t∈[0,T ] =



E2 [x (t)]
...

E j [x (t)]
...

EJ (x (t))


t∈[0,T ]

, (16)

where T is the time length of the analysis signal and J is
the highest order of HOEO used in the MDIM. As shown
in Ref.  [37],  the WHOEOF reaches an ideal  result  when
the order J is 6. Similarly, the same value of J is used in
our  research  to  avoid  the  drawbacks  induced  by  the
excessive order and reduce the computational burden.

M1(x (t))t∈[0,T ]Then, iterative HOEO is performed on   as
follows:
 

M2 [x (t)] = E2 [M1 [x (t)]] , (17)
and
 

M3 [x (t)] = E2 [M2 [x (t)]] . (18)

M1(x (t))t∈[0,T ]

Here,  only  two  iterative  operations  are  performed  on
  to  avoid  the  effect  on  the  HOEO  with

higher  order  in  our  study.  The  multiple  iterations  will
dramatically  amplify  the  high-frequency  noise  in  the
HOEO with higher  order  and also enlarge the difference
among the impulses with different amplitudes, which will
affect the final fusion result.
Finally,  the  MDIM  by  performing  iterative  HOEO  is

defined as follows:
 

M[x (t)]t∈[0,T ] =

M1[x (t)]t∈[0,T ]

M2[x (t)]t∈[0,T ]

M3[x (t)]t∈[0,T ]

 . (19)

For discrete signals, the MDIM is rewritten as follows: 
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M[x (n)]n=1,2,...,N =

M1[x (n)]n=1,2,...,N

M2[x (n)]n=1,2,...,N

M3[x (n)]n=1,2,...,N

 , (20)

M1[x (n)]n=1,2,...,N

M1[x (t)]t∈[0,T ]

where    is  the  discrete  result  of
 as

 

M1[x (n)]n=1,2,...,N

=



E2 [x (1)] · · · E2 [x (n)] · · · E2 [x (N)]
...

...
...

E j [x (1)] · · · E j [x (n)] · · · E j [x (N)]
...

...
...

EJ [x (1)] · · · EJ [x (n)] · · · EJ [x (N)]


, (21)

M2 [x (n)] = E2 [M1 [x (n)]] M3 [x (n)] = E2 [M2 [x (n)]], and  .

 3.2    Enhanced manifold learning algorithm

Through  the  process  of  nonlinear  dimensionality  reduc-
tion,  manifold  learning  can  uncover  the  underlying
structures  of  low-dimensional  manifolds  from  high-
dimensional  data  space.  Its  excellent  de-noising
performance  has  been  validated  in  the  fault  feature
extraction of rotating machinery [40–42]. Hence, this tool
is  promising for fusing the constructed MDIM to extract
the intrinsic manifold with fault-related features. In recent
years,  various  manifold  learning  algorithms  have  been
presented,  such  as  locality  preserving  projection,  locally
linear  embedding,  isometric  mapping,  Laplacian
eigenmaps,  and  local  tangent  space  alignment  (LTSA)
[40,41].  Owing  to  the  merit  of  robustness  to  parameters
and superiority in principal manifold reconstruction [43],
the LTSA is introduced to fuse the constructed MDIM to
reveal the intrinsic manifold feature in this research. The
basic idea of  LTSA is  to use the local  projections of  the
high-dimensional  data  on  the  tangent  space  to  represent
the low-dimensional manifolds. Then, these local tangent
spaces  are  arranged  to  construct  the  manifold  global
coordinates.  Specifically,  the  LTSA  algorithm  mainly
includes the following three steps.
(1) Extract local information

M[x (n)]n=1,2,...,NMDIM M is given, that is,  :
 

M = [m1, ...,mn, ...,mN] , (22)

mn =
[
M1[x (n)]T,M2[x (n)]T,M3[x (n)]T

]T
mn

Z i Z i Z i− Z̄ i(ek)
T Z̄ i

Z i ek

V i Id
Z i− Z̄ i(ek)

T

where  .  Then,  a
set of k nearest neighbors of column   is determined as
. Next,   is centralized as ( ), where   is the

mean  of    and    is  a  column  vector  of  k  ones.
Consequently,  the matrix    is  formed via  the    largest
right singular vectors of centralized matrix ( ).
(2) Construct alignment matrix

Si

V i

The  0-1  selection  matrix    is  determined  through  the
information of   as follows:
 

Si = M−1V i. (23)
CiThen, the correlation matrix   is computed as follows: 

Ci = I−
[ ek√

k
V i

] [ ek√
k

V i

]T
, (24)

where I  is  the identity matrix.  As a result,  the alignment
matrix A is constructed as follows:
 

A =
N∑

i=1

(
SiCiCT

i ST
i

)
. (25)

(3) Obtain global representation
Id+1

λ1,λ2,λ3, ...,λId+1 g1, g2, g3, ..., gId+1

G0 =
(
g2, g3, ..., gId+1

)
(Id+1)

The  ( )  smallest  eigenvalues  and  eigenvectors  of
the  alignment  matrix  A  are  calculated,  that  is,
( )  and  ( ).  Then,  the
global representation    is  obtained by
combining the eigenvectors from the second smallest one
to the  th smallest one.

Id

Id

Id

G0 Id

Id Id

G0

Notably,   and k are only two prior parameters in the
manifold  learning  algorithm.  The  performance  of  LTSA
is  closely  related  to  the  two parameters.  Parameter    is
to  determine  the  saved  intrinsic  dimensions.  Generally,
the value of    is  far  less than the original  dimension of
the MDIM (M). Considering that some noises could exist
in  the  global  representation   with  a  large    and  that
some weak fault-related impulses might be omitted with a
small  , we set   as 3 in all cases of this study by trial
and error. As only one-dimensional vector can be used to
represent the final fusion result, the reorganizing result G
of  the  global  representation    with  the  eigenvalue
weighting idea is conducted as follows:
 

G =

Id+1∑
i=2

±gi

λi

∥∥∥∥∥∥∥
Id+1∑
i=2

±gi

λi

∥∥∥∥∥∥∥
2

, (26)

λi gi

gi

where    is  the  eigenvalue  of  .  The  reciprocal  of  the
eigenvalue is used as the weighting coefficient because a
big mapping error corresponds to an intrinsic eigenvector
with a large eigenvalue [44]. Moreover, the plus or minus
sign in Eq. (26) is determined according to the waveform
of  .  Thus,  the waveform of the final  fusion result  is  as
symmetrical  as  possible for  obtaining a regular  envelope
spectrum.

k
k

k

k

k

Parameter   determines the nearest neighboring size of
each  column  of  MDIM.  Generally,  an  oversized    of
nearest neighbors will cause missing local information of
the manifold structure. A very small value of   will  lead
to a wrong result because of the singular of the matrix of
the tangent space. A suitable one of   must be searched to
obtain an optimal fusing result.  The widely used method
is to maximize a measure for determining the size   of the
nearest neighbors. Sparsity measures [45] and complexity
measures  are  two  major  categories  to  characterize  the
transients buried in the fault signal of rotating machinery.
In  sparsity  measures,  spectral  kurtosis  [46],  negative
entropy,  smoothness  index,  and  Gini  index  [47]  have
been thoroughly studied as objective functions to quantify

Xingxing JIANG et al.  Iterative HOEO fusion strategy for enhancing bearing fault feature 5



k∗

transients.  Moreover,  some  novelty  sparsity  measures,
such as  Box-Cox sparse measures  [48],  generalized Gini
indices  [49],  and  measures  constructed  by  quasi-
arithmetic mean [50], have been proposed in recent years,
for which the profound foundation has been provided by
Wang et al. [48–51]. In complexity measures, correlation
dimension, approximate entropy, dispersion entropy [52],
diversity entropy [53], and permutation entropy (PE) [54]
have  been  presented  for  characterizing  the  health
conditions  of  rotating  machinery.  Various  studies  have
verified  that  PE  is  a  wonderful  tool  to  evaluate  the
complexity of bearing vibration signal quantitatively [54].
Moreover, it has reliable performance for determining the
parameters in LTSA [40–44]. Therefore, it is regarded as
a  criterion  to  determine  an  optimal    in  this  study  as
follows:
 

k∗ = argmin
k

(PEk) , (27)

PEkwhere    is  the  PE  of  the  reorganizing  result G  at  the
size k of nearest neighbors.
 

PEk = −

m!∑
i=1

(Pi ln P)i

ln (m!)
, (28)

Pi i
m

k

where   is the relative frequency of  th permutation and
  is  the  embedded dimension set  as  6  according to  Ref.

[54].  Undoubtedly,  it  is  a  very  valuable  research  point
with  selecting  or  constructing  an  optimal  measure  for
searching  the  size    of  nearest  neighbors  in  the  future
research.

 3.3    Procedure of iterative HOEO fusion strategy for
enhancing bearing faulty feature

In  summary,  the  procedure  of  the  proposed  iterative
HOEO  fusion  strategy  can  be  described  briefly  as
follows.

x (t)
Step 1: Construct the MDIM M by performing iterative

HOEO on the analysis signal  .
Step 2: Normalize  the  MDIM M  to  alleviate  the  effect

of  the  high  magnitude  of  impulses  amplified  by  the
HOEO as follows:
 

M =
[
R

T

1 , ...,R
T

i , ...,R
T

3×J

]T
, (29)

Ri Riwhere    is  the  normalized  result  of   of  MDIM M  as
follows:
 

Ri =
Ri

∥Ri∥2
. (30)

M

Step 3: Utilize  the  enhanced  manifold  learning
algorithm to extract the fused result from the normalized
MDIM  .
Step 4: Observe  the  waveform  and  the  envelope

spectrum of the fused feature component to diagnose the

health condition of the monitoring bearing.
Considering  that  manifold  learning  is  a  nonlinear  de-

noising  method,  the  result  of  the  iterative  HOEO fusion
strategy is the combination of multiple HOEOs and their
iterative  forms  in  a  nonlinear  way.  Hence,  the  nonlinear
repetitive  transients  can  be  well  revealed  from  the
constructed  MDIM.  Moreover,  the  weighting  manifold
representation  with  the  reciprocal  of  the  eigenvalue  is
designed to capture a comprehensive fusion in this study.

 

4    Simulation analysis

To  verify  the  enhanced  performance  of  the  proposed
strategy, a simulated bearing fault signal is constructed by
considering  the  vibration  characteristics  of  the  bearing
local defect as follows:
 

x (t) =
∑

i
S(t− iTd−τi)+n (t) , (31)

S(t) = e−ξt cos(2π fREt)

fRE
ξ = 500

Td =

τi

n (t)

y (t)
y (t)

where   denotes a transient with unit
amplitude  imitated  by  an  exponentially  decaying
cosinusoid,   represents the resonance frequency, which
is set as 1000 Hz,   specifies the decay rate of the
transient,    0.02 s  is  the  time  interval  between  two
adjacent  transients,    simulates  the  slip  effect  of
transients as a random variable that typically accounts for
1%–2% of the fault period with a zero-mean [55],   is
the  added  noise  component  that  is  generated  by  the
function  “awgn  ( ,  signal-to-noise  ratio  (SNR),
‘measured’)”,  where    represents  the  preset  transients
and  SNR  is  the  expected  value  of  signal-to-noise  of  the
simulated  signal.  The  sampling  frequency  of  the
simulated signal is set as 12000 Hz, and its lasting time is
0.2 s.

Id
k

k

k

k = 34

Here,  the  simulated  signal  with  SNR  =  −8  dB  is  first
selected  to  verify  the  proposed  strategy.  Figure 1  shows
the  time  waveform  and  envelope  spectrum  of  the
simulated  signal.  The  pure  impulses  are  difficult  to  be
identified from the waveform because of the corruption of
the background noise.  Moreover,  the harmonics of  fault-
related frequency shown in the envelope spectrum are not
evident.  Then,  the  proposed  strategy  is  used  to  analyze
this  simulated  signal.  The  parameters  used  in  the
proposed  strategy,  including  order  J  of  HOEO,  the
number of saved intrinsic dimensions  , and the nearest
neighboring  size    are  determined  according  to  the
introduction  given  in  Section  3.  Specifically,  the  nearest
neighboring  size    is  optimized  by  the  criterion  of
minimizing PE. Figure 2 draws the PE values of the fused
results  where the nearest  neighboring size    ranges from
10  to  40.  As  shown  in  Fig. 2,  the  PE  gives  a  minimal
value  at  ,  thereby  being  selected  as  the  optimal
nearest  neighboring  size  to  extract  the  final  fused  result.
Figure 3  displays  the  time  waveform  and  envelope
spectrum  of  the  final  fused  result.  The  heavy  noise  is
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almost totally wiped off, and the repetitive transients with
the  interval  of    are  exhibited  clearly.
Moreover,  the  envelope  spectrum  of  the  fused  result
shows the harmonics of fault-related frequency evidently.
These  results  demonstrate  the  effectiveness  of  the
proposed strategy.
Figure 4  shows  the  processing  results  of  HOEOs  with

the  orders  from 2 to  6  as  a  comparison.  Some transients
are  shown  in  the  waveforms  obtained  by  these  HOEOs.
Detecting  the  fault-related  features  is  still  difficult
because  of  the  absence  of  regular  transients.  Moreover,
severe  noise  pollution  still  exists  at  these  improved
waveforms.  For  further  comparison,  the  WHOEOF
method proposed in Ref. [37] is used to process the same
simulated  signal.  The  parameters  used  in  the  WHOEOF

method are identical to those given in Ref. [37]. Figure 5
shows the waveform and envelope spectrum of the fused
result obtained by HOEO. Strong noise exists in the time
waveform  of  the  fused  results.  Moreover,  the  second
harmonic  of  the  fault-related  frequency  is  more  evident
than  itself.  However,  in  sum,  the  fault-related  frequency
and  its  harmonics  in  the  WHOEOF  are  not  remarkable
when comparing the results of the proposed strategy. The
reason for this phenomenon is that reducing the contained
noise  by  linearly  weighting  these  HOEOs  in  the
WHOEOF is difficult.  All  of this evidence indicates that
the  proposed  strategy  has  a  superior  performance  in
enhancing the bearing fault feature.
To  explore  its  robustness  under  a  noisy  environment

further,  the  simulated  signals  with  different  SNRs  are
processed  by  the  proposed  iterative  HOEO  fusion
strategy.  Figure 6  shows  the  fused  results  of  simulated
signals  with  SNRs  from  ‒2  to  ‒10  dB  obtained  by  the
proposed  strategy.  Notably,  the  optimal  nearest
neighboring size is  used to extract  the fused results  with
different  SNRs.  The  simulated  transients  can  be
effectively  identified  under  different  SNRs  situations.
The  residual  noise  in  these  fused  results  is  reduced  with
the SNR increasing of the simulated signal. Therefore, the
proposed iterative HOEO fusion strategy is quite suitable
for enhancing the fault diagnosis of REB.

 

 
Fig. 1    Simulated signal with SNR = −8 dB: (a) time waveform and (b) envelope spectrum.

 

 
Fig. 2    PE  values  of  fused  results  of  simulated  signal  under
different nearest neighboring sizes. PE: permutation entropy.

 

 
Fig. 3    Fusion result of simulated signal obtained by the proposed strategy: (a) time waveform and (b) envelope spectrum.
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5    Experimental verifications

To  investigate  further  the  effectiveness  of  the  proposed
strategy  for  enhancing  the  bearing  fault  feature,  three
cases  based  on  our  self-made  experimental  platform  are
considered.  They  include  a  bearing  signal  with  an  outer
race fault, a bearing signal with an inner race fault, and a
bearing  signal  with  a  rolling  element  fault.  Figure 7
shows  that  our  self-made  experimental  platform consists
of  a  motor,  coupling,  main  shaft,  and  a  loading  system.
The  tested  bearings  (model#:  SKF  6205-2RS)  are
installed  at  the  right  end  of  the  main  shaft.  The

 

 
Fig. 4    Results of higher order energy operators of simulated signal: (a) order 2, (b) order 3, (c) order 4, (d) order 5, and (e) order 6.

 

 
Fig. 5    Analysis  result  of  weighting  higher  order  energy  operator  fusion  of  simulated  signal:  (a)  time  waveform  and  (b)  envelope
spectrum.

 

 
Fig. 6    Fused  results  of  the  simulated  signals  with  different
SNRs. SNR: signal-to-noise ratio.
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geometrical parameters of these bearings are provided in
Table 1.  The  defect  sizes  of  the  three  types  of  bearing
faults  are  0.2  mm  generated  by  the  electrical  discharge
machining.  An  accelerometer  (model#:  PCB  352C03,
sensitivity:  50  mv/g,  measuring  range:  ±10g)  is  installed
to  collect  the  vibration  data  with  sampling  rates  of  10
kHz. In the process of data acquisition, the driven motor
runs  at  a  rotating  speed  of  1017  r/min.  Therefore,  the
theoretical  fault  characteristic  frequencies  of  the  tested
bearings  are  calculated  as  reported  in Table 1,  where  ,
,  and   denote  the  ball  pass  frequency outer  race,  ball

pass  frequency  inner  race,  and  ball  fault  frequency,
respectively.

 5.1    Case of outer race fault

In this section, a bearing signal with an outer race fault is
initially  analyzed  by  the  proposed  strategy.  Figure 8
shows  the  time  waveform and  envelope  spectrum of  the

k = 34

∆t2 = 0.016 s

original  signal.  Some  impulses  are  exhibited  in  the  time
waveform. However, the background noise is very strong.
Thus, the harmonic components of the fault characteristic
frequency  in  the  envelope  spectrum  are  not  prominent
enough.  Then,  the  proposed  strategy  is  employed  to
enhance the outer race fault feature. The parameters used
in the proposed strategy are the same as those given in the
analysis  of  simulated  signals.  Figure 9  depicts  the
relationship  between  the  PE and  the  nearest  neighboring
size.  As  a  result,  the  optimal  fused  result  is  obtained  at
the  nearest  neighboring  size  .  Figure 10  presents
the time waveform and envelope spectrum of the optimal
fused result. The repetitive transients with the interval of

  are  uncovered  in  the  time  waveform
effectively.  The  outer  race  fault  frequency  and  its
harmonics  are  exhibited  in  the  envelope  spectrum of  the
fused  result  clearly.  These  results  indicate  that  the  outer
race fault exists at the tested bearing.
For  comparing  purposes,  the  processing  results  of

 

 
Fig. 7    Test rig of rolling element bearing.

  

Table 1    Geometrical parameters and fault characteristic frequencies of the experiment bearings
Bearing model Ball number Ball diameter Pitch diameter fo fi fb

SKF 6205-2RS 9 7.94 mm 39.04 mm 60.76 Hz 91.79 Hz 39.95 Hz
 

 

 
Fig. 8    Bearing signal with an outer race fault: (a) time waveform and (b) envelope spectrum.
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HOEOs  with  the  orders  from  2  to  6  and  their  linearly
fused  result  by  the  WHOEOF  method  are  used  to
investigate  the  improved  performance  of  the  proposed
strategy in enhancing the bearing fault feature. As shown
in  Fig. 11,  the  transients  contained  in  the  bearing  signal
with  an  outer  race  fault  are  enhanced  by  these  HOEOs.
Moreover,  the  envelope  spectrum  of  the  linearly  fused
result  presents  the  outer  race  fault  frequency  and  its
harmonics  in  Fig. 12.  Undeniably,  the  HOEOs  and  their
linearly  fused  result  have  the  ability  to  extract  the  outer
race  fault  signatures  to  some  extent.  However,  through
visual  inspection,  the  transients  extracted  by  these  two
methods are still corrupted by noise. In addition, apparent
interference  frequencies  occur  when  compared  with  the
envelope  spectrum  obtained  by  the  proposed  strategy.
Therefore,  the  proposed  strategy  is  superior  to  the  two
comparing  methods  in  the  enhancement  of  the  outer
bearing defect.

fc
wb

Moreover, the fast Kurtogram (FK) algorithm [56] and
the  empirical  mode  decomposition  (EMD)  [57]  are
applied to analyze the same bearing signal  with an outer
race fault, respectively. The paving of FK is drawn in Fig.
13(a), where an optimal filter with a center frequency ( )
of  4166.7  Hz  and  a  bandwidth  ( )  of  1666.7  Hz  is
located.  The  waveform  and  envelope  spectrum  of  the
optimal  filtered  signal  are  demonstrated  in  Figs. 13(b)
and 13(c),  respectively. Although some transients can be

observed  from  the  waveform  of  the  optimal  filtered
signal,  the  noises  surrounded  with  these  transients  are
more  evident  than  those  of  the  proposed  strategy.
Moreover, the harmonics of outer race fault frequency are
also  not  obvious  enough  compared  with  those  of  the
proposed  strategy.  The  analysis  results  of  the  EMD
method  are  given  in Fig. 14. Figure 14  shows  that  all  of
the  envelope  spectra  of  the  first  four  modes  obtained  by
the  EMD method  deliver  the  outer  race  fault  frequency,
which  is  caused  by  the  phenomenon  of  mode  mixing  in
this method. Moreover, various interferences occur in the
envelope  spectra  of  the  first  four  modes.  Therefore,  the
proposed  strategy  has  better  ability  for  outer  race  fault
extraction than those of FK and EMD.
To demonstrate the superiority of the proposed strategy

further, a quantitative comparison is performed in all  the
comparing  methods.  Considering  that  the  normalized
frequency energy ratio (NFER) reflects the ratio between
the  fault  characteristics  and  the  interferences  [58],  it  is
selected as a quantitative measure as follows:
 

NFER = 10lg

(K −H)
H∑

i=1

p (i · fd)

H fd∑
f=0

p ( f )−
H∑

i=1

p (i · fd)
, (32)

 

 
Fig. 9    PE values of fused results  of bearing signal with an outer race fault  under different nearest  neighboring sizes.  PE: permutation
entropy.

 

 
Fig. 10    Fusion result of bearing signal with an outer race fault: (a) time waveform and (b) envelope spectrum.
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Hfd

where   represents the corresponding fault characteristic
frequency,    is  the  amplitude  of  the  envelope
spectrum  at  frequency  f,  H  stands  for  the  number  of
harmonics  used  to  calculate  NFER,  which  is  set  as  3  in
this study, K denotes the number of spectral lines between
0 and  .
Figure 15 presents  the  NFERs  of  the  envelope  spectra

of the bearing signal with an outer race fault obtained by
the  proposed  strategy,  WHOEOF,  FK,  and  the  first  four
modes  of  EMD.  Evidently,  the  proposed  strategy
achieves  the  best  result  for  characterizing  the  bearing
outer race fault in all these comparing methods.

 5.2    Case of inner race fault

In  this  case,  a  bearing  signal  with  an  inner  race  fault  is
analyzed  by  the  proposed  strategy.  Figure 16  shows  the
waveform  and  envelope  spectrum  of  the  bearing  signal,
respectively.  The  transients  contained  in  the  original
signal  are  seriously  corrupted  by  the  background  noise.
Thus,  the  harmonics  of  the  inner  race  fault  frequency  in
the envelope spectrum are not evident. To locate the fault
position  accurately,  the  clear  repetitive  transients  should
be  effectively  extracted.  Then,  the  proposed  strategy  is
applied  to  analyze  the  bearing  signal  with  an  inner  race

 

 
Fig. 11    Results of higher order energy operators of bearing signal with an outer race fault: (a) order 2, (b) order 3, (c) order 4, (d) order
5, and (e) order 6.

 

 
Fig. 12    Analysis result of weighting higher order energy operator fusion of bearing signal with an outer race fault: (a) time waveform
and (b) envelope spectrum.
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k = 22

fault. The parameters in the proposed strategy are also the
same  as  those  given  in  the  previous  cases.  The  nearest
neighboring  size    from  10  to  40  is  scanned  to  find  the
optimal  one  that  has  the  minimum  PE  value.  Figure 17
demonstrates  that  the  PE  reaches  its  minimal  value  at

.  Applying  the  proposed  strategy  with  the  optimal
nearest neighboring size for nonlinear manifold learning,

∆t3 = 0.011 s

the  final  fused  result  can  be  obtained,  as  shown  in
Fig. 18(a).  The  results  reveal  clearer  repetitive  transients
with the interval of   than the original bearing
signal. Figure 18(b)  shows  the  envelope  spectrum of  the
fused result. The envelope spectrum shows that the inner
race  fault  frequency  and  its  harmonics  are  exhibited
clearly.  This  result  suggests  that  the  defect  on  the  inner
race of the experimental bearing is effectively detected by
the proposed strategy.
For comparison, the HOEOs with the orders from 2 to 6

and  their  linearly  fused  method  with  WHOEOF  are
employed  to  analyze  the  same  bearing  signal  with  an
inner race fault. Figure 19 shows the processing results of
the  HOEOs  with  the  different  orders.  Although  the
transients  seem  to  be  enhanced  by  these  HOEOs,  the
repetitive  transients  cannot  be  observed,  and  the  heavy
noise still  exists in the processing results of the HOEOs.
In addition, Fig. 20 depicts the linearly fused result of the
HOEOs  by  the  WHOEOF  method.  Only  two  impulses
protrude  from  the  fused  result,  and  no  regular  harmonic

 

 
Fig. 13    Results  of  fast  Kurtogram  of  bearing  signal  with  an  outer  race  fault:  (a)  Kurtogram,  (b)  envelope  waveform  of  the  optimal
filtered signal, and (c) envelope spectrum of the optimal filtered signal.

 

 
Fig. 14    Results of empirical mode decomposition of bearing signal with an outer race fault: (a) waveforms of the first four modes and
(b) envelope spectra of the first four modes.

 

 
Fig. 15    NFERs of  the bearing signal  with an outer  race fault.
NFER:  normalized  frequency  energy  ratio,  WHOEOF:
weighting  higher  order  energy  operator  fusion,  FK:  fast
Kurtogram.  Mode1–Mode4  denote  the  first  four  modes  of
empirical mode decomposition.
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of  the  inner  race  fault  frequency  exists  in  the  envelope
spectrum  of  the  fused  result.  Therefore,  the  proposed
strategy  is  more  effective  than  the  other  two  comparing
methods  in  the  fault  characteristic  identification  of
bearing with the inner race fault.
The  bearing  signal  with  an  inner  race  fault  is  further

analyzed  by  FK  and  EMD,  respectively.  The  paving  of
FK is shown in Fig. 21(a), in which an optimal filter with
a center frequency of 4687.5 Hz and a bandwidth of 625
Hz  is  automatically  determined.  Figures 21(b)  and  21(c)

illustrate  the  optimal  filtered  signal  and  its  envelope
spectrum,  respectively.  Although  the  envelope  spectrum
shows the inner race fault frequency of the tested bearing,
the  transients  in  the  optimal  filtered  signal  are  not
distributed regularly. The analysis results decomposed by
EMD are  shown in Fig. 22.  The  envelope  spectra  of  the
first  mode  and  third  mode  obtained  by  EMD exhibit  the
inner  race  fault  frequency.  However,  the  waveforms  of
these  modes  confront  severe  background  noise.  These
results  indicate  that  the  performance  of  the  proposed

 

 
Fig. 16    Bearing signal with an inner race fault: (a) time waveform and (b) envelope spectrum.

 

 
Fig. 17    PE values of fused results of bearing signal with an inner race fault under different nearest neighboring sizes. PE: permutation
entropy.

 

 
Fig. 18    Fusion result of bearing signal with an inner race fault: (a) time waveform and (b) envelope spectrum.
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strategy is superior to those of FK and EMD for bearing
outer race fault extraction.
The  NFERs  of  the  envelope  spectra  of  the  bearing

signal  with  an  inner  race  fault  obtained  by  the  proposed
strategy,  WHOEOF,  FK,  and  the  first  four  modes  of
EMD  are  calculated  to  demonstrate  the  advancement  of
the proposed strategy quantitatively. Figure 23 shows the
NFERs  of  different  methods,  in  which  the  envelope
spectrum of the proposed strategy has the largest  NFER,
that  is,  the  proposed  strategy  delivers  the  optimal
performance  for  characterizing  the  bearing  inner  race
fault.

 5.3    Case of rolling element fault

To  confirm  the  enhanced  performance  of  the  proposed
strategy in identifying the bearing fault  feature further,  a
bearing  signal  with  a  rolling  element  fault  is  introduced
here for analysis. Figure 24 shows the time waveform and
envelope  spectrum  of  the  original  bearing  signal  with  a
rolling element fault. The transients buried in the bearing
signal  are  disturbed  by  the  heavy  noise  in  the  time
waveform.  Hence,  the  dominant  component  is  not  at  the
rolling element fault frequency as shown in the envelope
spectrum of the original bearing signal. Then, the bearing

 

 
Fig. 19    Results of higher order energy operators of bearing signal with an inner race fault: (a) order 2, (b) order 3, (c) order 4, (d) order
5, and (e) order 6.

 

 
Fig. 20    Analysis result of weighting higher order energy operator fusion of bearing signal with an inner race fault: (a) time waveform
and (b) envelope spectrum.
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signal  with  a  rolling  element  fault  is  analyzed  by  the
proposed  strategy.  Similarly,  the  parameters  in  the
proposed strategy are also the same as those given in the
above  cases.  The  relationship  between  the  PE  and  the
nearest neighboring size is plotted in Fig. 25. As a result,
the optimal fused result is obtained at  , as shown in
Fig. 26.  The  pure  transients  with  the  interval  of

∆t4 = 0.013 s  are  recovered  in  the  waveform  of  the
optimal  fused  result.  The  envelope  spectrum  of  the
optimal  fused  result  shows  the  rolling  element  fault
frequency and its  harmonics clearly.  Notably,  the rolling
element  fault  frequency  is  always  counted  as  two  times
because  the  defect  on  the  rolling  element  surface  would
impact  the  inner  and  outer  races  exciting  two  transients
[59]. These results indicate that the proposed strategy can
effectively  detect  the  rolling  element  fault  of  the  tested
bearing.
To  investigate  the  improved  performance  of  the

proposed strategy in enhancing the rolling element  fault,
the HOEOs with the orders from 2 to 6 and their linearly
fused  strategy  are  also  employed  to  analyze  the  same
bearing  signal  with  a  rolling  element  fault.  Figure 27
shows the time waveforms of processing results obtained
by the HOEOs with different orders. The strong noise of
the original bearing signal is reduced to a certain extent in
these processing results. However, some noise still exists
around  the  transients  induced  by  the  bearing  defect.

 

 
Fig. 21    Results  of  fast  Kurtogram  of  bearing  signal  with  an  inner  race  fault:  (a)  Kurtogram,  (b)  envelope  waveform  of  the  optimal
filtered signal, and (c) envelope spectrum of the optimal filtered signal.

 

 
Fig. 22    Results of empirical mode decomposition of bearing signal with an inner race fault: (a) waveforms of the first four modes and
(b) envelope spectra of the first four modes.

 

 
Fig. 23    NFERs of  the bearing signal  with an inner  race fault.
NFER:  normalized  frequency  energy  ratio,  WHOEOF:
weighting  higher  order  energy  operator  fusion,  FK:  fast
Kurtogram.  Mode1–Mode4  denote  the  first  four  modes  of
empirical mode decomposition.
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Figure 28 shows the fused result  of these HOEOs by the
WHOEOF  method.  The  waveform  of  the  fused  result
cannot  deliver  the  regular  transients  induced  by  the
rolling  element  defect.  Meanwhile,  as  shown  in  the
envelope  spectrum  of  the  fused  result,  the  harmonics  of
the  rolling  element  fault  frequency  are  not  evident
compared  with  the  result  obtained  by  the  proposed
strategy.  All  of  this  evidence indicates  that  the  proposed
strategy  can  effectively  capture  the  latent  repetitive
transients  by  fusing  the  HOEOs using  manifold  learning
and  has  merits  in  noise  suppression  and  impulse

preserving.
For  further  comparison,  FK  and  EMD  are  used  to

process  the  bearing  signal  with  a  rolling  element  fault.
Figure 29 demonstrates the results obtained by FK, where
Kurtogram  indicates  the  optimal  filter  with  a  center
frequency of 4687.5 Hz and a bandwidth of 625 Hz. The
signal  extracted  by  the  optimal  filter  filtered  and  its
envelope  spectrum  are  drawn  in  Figs. 29(b)  and  29(c).
Evidently, the transients in the optimal filtered signal are
a  jumbled  senseless  mess.  Moreover,  Fig. 30  illustrates
the analysis results of EMD. As shown in Fig. 30(a),  the

 

 
Fig. 24    Bearing signal with a rolling element fault: (a) time waveform and (b) envelope spectrum.

 

 
Fig. 25    PE  values  of  fused  results  of  bearing  signal  with  a  rolling  element  fault  under  nearest  neighboring  sizes.  PE:  permutation
entropy.                

 

 
Fig. 26    Fusion result of bearing signal with a rolling element fault: (a) time waveform and (b) envelope spectrum.
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first  four  modes  decomposed  by  EMD are  contaminated
by  the  strong  noise.  Various  interferential  frequencies
occur  in  the  envelope  spectra  of  these  decomposed
modes. Therefore, the proposed strategy is more effective
than  all  these  comparing  methods  in  the  fault  identifica-
tion of a bearing signal with a rolling element fault.
Finally,  to demonstrate the superiority of  the proposed

strategy  quantitatively,  the  NFERs  of  the  envelope
spectra  of  the bearing signal  with a  rolling element  fault
obtained  by  all  these  methods  are  given  in  Fig. 31.  The
envelope spectrum obtained by the proposed strategy has
the  largest  NFER.  This  evidence  indicates  that  the

proposed  strategy  has  an  excellent  ability  for  bearing
faulty feature extraction again.

 

6    Conclusions

Aiming  at  the  shortcomings  of  EO  and  its  variants  in
bearing  fault  detection,  this  study  proposes  an  iterative
HOEO  fusion  strategy  for  enhancing  bearing  defect
identification.  Two  critical  techniques,  that  is,  the
construction  of  MDIM  and  the  enhanced  manifold
learning,  are  constructed  in  the  proposed  strategy.  The

 

 
Fig. 27    Results  of  higher  order  energy  operators  of  bearing  signal  with  a  rolling  element  fault:  (a)  order  2,  (b)  order  3,  (c)  order  4,
(d) order 5, and (e) order 6.

 

 
Fig. 28    Analysis  result  of  weighting  higher  order  energy  operator  fusion  of  bearing  signal  with  a  rolling  element  fault:  (a)  time
waveform and (b) envelope spectrum.
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MDIM  formulated  by  performing  the  HOEOs  on  the
analysis  signal  iteratively  can  provide  abundant  sources
for  the  fusion  strategy  and  avoid  the  significant
amplification  of  the  high  frequency  with  an  oversized
order  of  HOEO.  The  enhanced  manifold  learning  is
conducted  on  the  MDIM,  from  which  the  LTSA
algorithm is used to extract the buried intrinsic manifolds.

Then,  the  eigenvalue  weighting  idea  is  designed  to
combine  these  intrinsic  manifolds.  Notably,  manifold
learning is a typically nonlinear fusion method, which has
the  merit  of  in-band  noise  reduction.  The  proposed
iterative  HOEO  fusion  strategy  has  been  successfully
applied  to  analyze  the  simulated  signal  and  the  bearing
experimental  signals  with  outer  race,  inner  race,  and
rolling  element  faults.  The  effectiveness  and  superiority
of  the  proposed  iterative  HOEO  fusion  strategy  over
HOEOs, WHOEOF, FK, and EMD have been confirmed
by  the  analysis  results,  thus  proving  that  this  tool  is
promising for enhancing the bearing fault feature.

 

Nomenclature

Abbreviations

EMD Empirical mode decomposition

 

 
Fig. 29    Results of fast Kurtogram of bearing signal with a rolling element fault: (a) Kurtogram, (b) envelope waveform of the optimal
filtered signal, and (c) envelope spectrum of the optimal filtered signal.

 

 
Fig. 30    Results of empirical mode decomposition of bearing signal with a rolling element fault: (a) waveforms of the first four modes
and (b) envelope spectra of the first four modes.

 

 
Fig. 31    NFERs  of  the  bearing  signal  with  a  rolling  element
fault.  NFER:  normalized  frequency  energy  ratio,  WHOEOF:
weighting  higher  order  energy  operator  fusion,  FK:  fast
Kurtogram.  Mode1–Mode4  denote  the  first  four  modes  of
empirical mode decomposition.
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EO Energy operator

FK Fast Kurtogram

HOEO Higher order energy operator

LTSA Local tangent space alignment

MDIM Multi-dimensional information matrix

NFER Normalized frequency energy ratio

PE Permutation entropy

REB Rolling element bearing

SIR Signal-to-interference ratio

SNR Signal-to-noise ratio

WHOEOF Weighting higher order energy operator fusion

Variables

A Amplitude of the fault bearing vibration

A Alignment matrix

Ci Correlation matrix

E j[·] Function of the jth order EO

Envsq[·] Function of squared envelope
ek Column vector of k ones

fb Rolling element fault frequency

fc Center frequency

fd Fault characteristic frequency

fi Inner race fault frequency

fo Outer race fault frequency

fRE Resonance frequency
gi Eigenvector of the alignment matrix

G G0Reorganizing result of the global representation 

G0 Global representation of manifold learning

H Number of harmonics used to calculate NFER

HOEO-F(·) Function of WHOEOF

Id Number of the saved intrinsic dimensions

I Identity matrix

J Total number of orders

k Nearest neighboring size

k∗ Nearest neighborhood corresponding to the smallest P

K Number of spectral lines

Kurt(·) Function of kurtosis

L j jAmplitude of the  th interference component

m Embedded dimension

M MDIM

M Normalized MDIM

M (x (t)) x (t)MDIM with the signal 

M1 (x (t)) x (t)HOEO matrix of signal 

M2 (x (t)) M1 (x (t))Once iterative of 

M3 (x (t)) M1 (x (t))Twice iterative of 

n (t) Noise component

N Number of data points of the analysis signal

p ( f ) Amplitude of the envelope spectrum at frequency f

Pi Relative frequency of the ith permutation

Pk G kPE of the reorganizing result   at nearest neighbors 

r (t) Fault bearing vibration

Ri Row vector of the MDIM

Ri
Row vector of the normalized MDIM

S(t) A transient with unit amplitude

Ri 0-1 selection matrix

SIR(·) Function of SIR

t Time

T Total lasting time of analysis signal

Td Time interval between two adjacent transients

Tp Time period of the fault characteristic frequency

∆t1, ∆t2, ∆t3, ∆t4 Intervals  of  the  repetitive  transients  in  the  simulated

bearing,  outer  race,  inner  race,  and  rolling  element  fault

signal, respectively

u j (t) jth vibration interferences

V i IdMatrix  composed  by    largest  right  singular  vectors  of

centralized matrix
wb Bandwidth

x (t) Continuous time signal

x (n) x (t)Discrete form of 

ẋ (t) x (t) tFirst-order derivative of   with respect to time 

ˆ̇x (t) ẋ (t)Hilbert transform of 

ẍ (t) x (t) tSecond-order derivative of   with respect to time 

x( j) (t) j x (t)th derivative of 

y (t) Preset transients

Z i k

mn

Matrix  combined  by  a  set  of    nearest  neighbors  of

column 

Z i Z iMean of 
α j Coefficient associated with the jth HOEO

α∗j Optimal coefficient associated with the jth HOEO

α∗ Optimal coefficient vector

β Structural  damping  characteristic  of  the  fault  bearing

vibration
ω j Frequency of the jth interference component
ωr Resonance frequency excited by the bearing defect

λi Eigenvalue of the alignment matrix

ξ Decay rate of the transient
τi A random variable to simulate the slip effect of transients
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