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Abstract

For graphs F, G and H, let F — (G, H) signify that any red-blue edge coloring
of F contains either a red G or a blue H, hence the Ramsey number R(G, H) is
the smallest r such that K, — (G, H). Define K; as the surplus clique of (G, H) if
K, \ K; — (G, H), where r = R(G, H). For any graph G with s(G) = 1, we shall
show that the maximum order of surplus clique of (G, Py) is exactly [5] for large n.
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1 Introduction

For a graph G = (V, E), we write v(G) = |V| and e(G) = |E| as usual. Let a(G)
and x (G) be the independence number and the chromatic number of G, respectively.
Furthermore, denote by s(G) the chromatic surplus of G that is the minimum size of
a color class in a proper x (G)-coloring of vertices of G.

For vertex disjoint graphs G and H, denote by G + H the join of G and H obtained
by additional edges connecting V (G) and V (H) completely. Let G U H be the disjoint
union of G and H, and nG the vertex disjoint copies of G. Call B,Sf) = Ky + mK;
book consisting of m complete graphs K; that share a common Ky, in which the
common K is called the base of the book. We shall write B,(n2 ) as B,, that is the first
non-trivial book for k = 2. As usual, denote by 7}, the tree of n vertices, in which P,
is a path and K ,— is a star of n vertices particularly. Let C,, be a cycle of n vertices.
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IfV(G) € V(K,),let K, \ G be the graph obtained from K, by deleting the edges
of G from K, hence K, \ K| = K,.If H is a subgraph of G and V(H) C V(G), we
denote by G — H the subgraph of G induced by V(G) \ V(H).

For graphs F, G and H, let F — (G, H) signify that any red-blue edge coloring
of F contains either ared G or a blue H. The Ramsey number is defined as

R(G, H) = min{r | K, — (G, H)}.

It is easy to see that if v(F) < R(G, H), then F 4/ (G, H). Call F a Ramsey graph
of (G,H)if F — (G, H) andv(F) = R(G, H). So K, is a Ramsey graph of (G, H)
with r = R(G, H). However, some subgraph L of K, may be “surplus” in sense that
K\L — (G, H).

Since r = R(G, H) is the minimum order of K, such that K, — (G, H), one can
ask how add a new vertex v and edges to connect v with some vertices of K,_; such
that the resultant graph is a Ramsey graph of (G, H). Let K, U K ; be the graph
obtained from K,_; and an additional vertex v that is adjacent to ¢ vertices of K,_1.
Hook and Isaak (2011) defined the star-critical Ramsey number as follows.

Definition 1 Hook and Isaak (2011) Let G and H be graphs. The star-critical Ramsey
number R, (G, H) is defined as

R.(G, H) =minft | K,—1 UKy ; — (G, H)},

where r = R(G, H).

The idea of surplus subgraphs initiated from (Wang and Li 2020; Wang et al. 2021),
in which the star-critical Ramsey number R*(G, H) is defined as

R*(G, H) = max{t | K, \ K1, — (G, H)}, (1.1)

in which r = R(G, H) and R*(G, H) is the maximum size of surplus star in K.

Clearly, R.(G, H) + R*(G, H) = R(G, H) — 1. Many star-critical Ramsey num-
bers R.(G, H) and R*(G, H) for various pairs G and H have been determined, see,
e.g, (Haghi et al. 2017; Hao and Lin 2018; Hook 2015; Hook and Isaak 2011; Jayawar-
dene et al. 2021; Li and Li 2015; Liu and Chen 2021; Wang and Li 2020; Wang et al.
2021; Wu et al. 2015; Zhang et al. 2016).

However, unlike R, (G, H) that is defined for star only, the definition of R*(G, H)
can be extended by replacing the surplus star K ; in (1.1) with another graph. For
example, we can define path-critical Ramsey number as max{r | K, \ Py — (G, H)}.

After publications of (Wang and Li 2020; Wang et al. 2021), the authors are sug-
gested to rename the critical Ramsey number defined in (Wang and Li 2020; Wang
et al. 2021) to avoid confusion with the star-critical Ramsey number defined earlier in
(Hook and Isaak 2011). We now give the following definition.

Definition 2 Let G and H be graphs. Define Ramsey surplus clique number R“ (G, H)
as the maximum size of surplus clique of (G, H), namely,

R°(G,H) =max {r | K, \ K, - (G, H)}, (1.2)
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where r = R(G, H).

It is easy to define other Ramsey surplus numbers by replacing the surplus K; in (1.2).
For example, in addition to (1.1) and (1.2), we can define Ramsey surplus path number
R™ (G, H) and Ramsey surplus matching number R* (G, H) by replacing K; in (1.2)
with path P; and matching M;, respectively. In this note, we consider the Ramsey
surplus clique numbers in form R*(G, Py).

Burr (1981) called a connected graph H to be G-good if v(H) > s(G) and

R(G, H) = (x(G) = D(w(H) — 1) +5(G).

The following result of Chvatal (1977) says that T, is K,,-good for any positive m and
n as

R(Kp, Tp) = (m — D(n — 1) + 1.

Among trees T}, paths are of particular interest. ErdSs et al. (1985) showed that P,
is G-good if n is large. Furthermore, Pokrovskiy and Sudakov (2017) proved that P,
is G-good if n > 4v(G), which improved the lower bound of # in Pei and Li (2016)
as a linear form on v(G).

Lemma 1 Pokrovskiy and Sudakov (2017) Let G be a graph. If n > 4v(G), then P,
is G-good.

The Ramsey surplus clique number R“(C4, P,) was determined in Wang and Li
(2020) to be f%] for n > 4. In this note, we obtain R”(G, P,) as f%} for graph in form
of K1 + G. We first give a general upper bound R“(G, P,) < [75] for sufficiently
large n, and then we determine some reasonable magnitudes for n such that the upper
bound becomes an equality.

Our main results are as follows.

Theorem 1 Let G be a connected graph with v(G) > 2. Then
n
RY(G. P = [ 5] +7 = (0(G) = H = 1) = 5(O),
where r = R(G, P,). Particularly, if P, is G-good, then
n
R*(G, Py) < {ﬂ (1.3)

Let M (G) be the maximum number of vertices in a color class among all proper
vertex coloring of G with x (G) colors. We shall prove the following result for n >
9x (G)M(G) + 1, but we only write it in a weaker form as n > 9v2(G) as we believe
that n can have a lower bound of linear on v(G) similar to that in Lemma 1.

Theorem 2 Let G be a graph with s(G) = 1. If n > 9v*(G), then

R®(G, P,) = %W
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The lower bounds of n in following results are reasonable for cases G € {K,,, B,Sf ) 1

in which G # K 5, as k > 2 in Theorem 4.
Theorem 3 Ifintegers m,n > 2, then R®(K,,, P,) = [%]
Theorem4 Letm > 1, k > 2 and n > 4(m + k) be integers. Then

n

ReBY, P,) = {J

It is natural to propose the following problem.

Problem 1 Determine general graph G such that (1.3) becomes an equality for large
n.

2 Proofs of the main results

For a red-blue edge colored G, denote by G® and G® the subgraphs of G induced
by the red edges and blue edges, respectively. For subset S € V (G), denote by G[S]
the subgraph of G induced by S. For subgraph H C G and v € V(G), denote
by Ny (v) the set of neighbors of v in H. Let NX (v) and N} (v) be the sets of all
red and blue neighbors of v in H in a red-blue edge colored G, respectively. Hence
dR(v) = |INE(v)| and dB (v) = N5 (v)|. Therefore dy (v) = dX (v) + dB (v).

For the figures in this paper, red edges are solid line and blue edges are long dashed
line. Short dashed lines represent sets. If all the edges between two sets are red (or
blue), a solid (or long dashed) line is drawn between the sets.

Proofof Theorem 1. Let £ = [n/2] +r — (x(G) — 1)(n — 1) — s(G), where r =
R(G, P,). For convenience, let x = x(G) and s = 5(G).
Consider the graph F = K, \ K¢41. Note that

F =K1+ (+DK;.

Color the edges of F by red and blue. Denote by R and B the subgraphs induced by
red edges and blue edges, respectively.

B=(x—-2K, 1 UK; 1 U(Kp2/-1+ ¢+ DKy).
Then color the rest edges of F by red. We can see that B contains no P,, since the

order of the longest path of each component of B is at most n — 1. Furthermore, since
x(R) = x and s(R) = s — 1, R contains no G. Then we can deduce that

RY(G. P) =[5 ] 47 = (1(G) = Hn = 1) = 5(G).

completing the proof. O
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Before proceeding to the proof of Theorem 2, we need the following result, in which
G isastar Ky .

Lemma 2 Parsons (1974) Letm > 2. If n > 2m — 1, then
R(Kl,ma P,) =n.

Lemma 3 Let integers m > 2 andn > 6m + 1. Then R®(K1,m, Py) = [n/2].

Proof By Theorem 1, we only need to prove the lower bound. Letr = R(K1 15, Pn) =
n. Denote by G = Kr\K[n/z] = K\_n/ZJ + [n/21K1. Set X = K|_n/2j and ¥ =
|—I’l/2—| Kl.

Assume that G’ contains neither a red K, nor a blue P,, and we shall find a
contradiction. Let Py = vjv; ... vy be a longest blue path in G'.

Case 1.If (V(G)\V (Pp))NV (X) # @, we may assume thatu € (V(G)\V (Py))N
V(X). Note that u can not be adjacent to two consecutive vertices in P by blue,
otherwise we get a longer path. So d1’§ (u) = [£/2]. Note that £ > |[n/2] + 1 as
R(K1m, Pinj2j+1) = n/2] + 1. Thus

ln/2+1 _

dpu) = ——— =

yielding a red K ,, with central vertex u.

Case 2. If (V(G')\ V(Pp)) NV (X) = @, then V(G') \ V(P) C V(Y). We may
assume V(G')\ V(P) = {y1, ..., y:}. Then either at least one of the {v{, v¢} belongs
to V(X), or there exist two consecutive vertices v;_1, v; such that v;_, v; € V(X)
since |[V(P)NV(X)| > |V(P)NV(Y)|.

Suppose v € V(X).Sovyyjisredforany j =1,...,¢ andd{f(vl) <m-—t—1,
implying that# < m — 1 and

A8 =l—1—(m—t—1)=L—m+t.

Thus we get at least £ — m + t — 1 new paths with new end vertices. So at least
£—m+t—1—([n/2] —t) new end vertices belong to V (X), which are adjacent to
{y1, ..., y:} by red completely. Since £ = n — t and

L—m+t—(n/21—t)>n—m—[n/2] > m,

we get ared K, with some central vertex y;.

Suppose v;_1, v; € V(X), then viv; and v;_ v, are red, otherwise we get a new
P with end vertex v;_; € V(X) or v; € V(X), which is proved above. So we may
assume vy, vy € V(Y).

Note that d8(v;) < m — 1. So dB(v)) = dB(v) > [n/2] — (m — 1). Thus we
get at least [n/2] — m new paths with v;_1, v; still being two consecutive vertices
in these new paths since vyv; is red. Therefore at least W new end vertices are
adjacent to v;_1 or v; by red as the index of new end vertex can be larger than i or
smaller than i — 1. Since L"/Z% > m, we get ared K ,,, with central vertex v;_; or
v;, completing the proof. O
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Fig. 1 The edge coloring between part vertices of V(P') and V(P))

Lemma4 Let G be a graph. If n > 9x(G)M(G) + 1, then
n
RO(Ki+G. P = 5]

Proof By Theorem 1, we only need to prove the lower bound. Let k = x (G). Let m be
the largest size of k color classes of G. By Lemma 1, = R(K1+G, P,) = k(n—1)+1
for n > 4(v(G) + 1). Denote by H = K \Kpn/21 = Ky—uj21 + [n/21K;. Set
X =K, o and Y = [n/2]1K;. We may assume that H contains neither a blue P,
nor ared K| + G. We shall find a contradiction.

Choose the blue paths Pl P2 ... P!'in H as follows: U’j:1 V(Pj) =V(H), pl
is a longest blue path in H, and, if > 1, Pt is a longest blue path in the graph
induced by V(H) \ UljZIV(PJ) for 1 < i <t — 1. Denote by s; the numbers of
vertices on the path Pi.Sos;>sp>...> s¢. Note the fact that t > k+ 1. Otherwise
if t < k, then 51 >r /k > n, yielding a blue P,. Furthermore, the graph induced by
V(H)\ U’;;{ V(P/) contains no red K| + G, and then we have

(r—|_%-|—(k—l)(n—l))—l I
Sk = X +1> o
since R(K1 + G, P,) =k(n—1)+1lands; <n—1forj=1,...,k— L
Fix an orientation of each P/ and denote by P/ = p{pé . .p's/j forj=1,..., k.
Note that each pj with 1 < £ < [s;/27ands; —[s;/2]+1 <€ <s;forl <i < j—1
is adjacent to V(P/) by red edges only, as shown in Fig. 1. Otherwise we shall get a
longer blue path than P’, implying that most edges among these blue paths are red.
Then we shall show that actually, all of the existing edges among these blue paths can
only be red.
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Fig.2 The case that V(P7) induces a red Kim

For any path PJ = p1 p2 px i w1th ] = 1, ..., k, there must be a blue edge
between sets { pl, ceey sz} and { ps 1 pY }. Otherwise if all edges between sets

{pl, R sz} and {ps__1 péj} are red, then V (P7) induces a red K1 m since at least

half of the vertices in {p1 e pZm} and {ps _1» ps } belong to V (X). Note that all
existing edges among sets

1 1 1 1
PLe- s Proy1s Psi—tse/21410 -+ Py b

2 2 2 2
{P1s v os Plso1s Psi—1s21410 -+ Py
(P py)

are red, along with the red K ,, in the graph induced by V(P/), we getared K1+ G,
as shown in Fig. 2. Thus each path P/ contains a blue cycle of length at least s j—2m.

Denote by C/ the blue cycle in P/. Note that each vertex in V (C") is adjacent to
V(P/) by red edges only, for any 1 < i < j < k. Otherwise we shall get a longer
path than P! , contradicting to the fact that P! is a longest path in the graph induced
by V(H) \ U’K;IIV(PZ). Thus forany 1 <i < j < k, vertices of V (P?) are adjacent
to V(P/) by red edges only, as shown in Fig.3.

Ifthereisavertexu € V(H)\ U’gzl V (PY) that is adjacent to each P/ by red edges
only for 1 < j < k, then we getared K| + G with central vertex u. So we may assume
that for any vertex v € V(H) \ UIE:] V (PY), there exists some i, 1 < i < k such that
dgl- (u) = 1. Consider any vertex v € V(H) \ UIJ?:] V(P7), then v must be adjacent
to k — 1 blue paths by red edges only. Otherwise suppose vu; and vu ; are blue with
ui € V(P andu; € V(P/) fori < j.Then similarly, we can get a longer blue path
than P!, contradicting to the fact that P! is a longest path in the graph induced by
V(H)\ u’ L V(PY.
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Fig.3 The edge coloring between V(P!) and V (P/)

Renew each set V(P/) to Q7 by adding blue neighbors of V(P7) in V(H) \
Uk_, V(P*). Note that each vertex in Q7 is adjacent to Q' by red edges only for
1 <i,j<kandi # j. By pigeonhole principle, there must be a Q/ with |Q/| > n.
If the graph induced by Q/ contains a red K, then we get a red K| + G. So if
there is no red K, in the graph induced by Q/, then by Lemma 3, we get a blue P,
completing the proof. O

Proof of Theorem 2. Since s(G) = 1, we know that there is a vertex v in G such that
Gy, = G — {v} has x(Gy) = x(G) — 1. By Lemma 4, we have n > 9x (G)M(G) >
I%x(G,)M(G,), and thus R®(K; + Gy, P,) = {%]. Then, from K, \ K[y21 —
K1 + Gy, we know K, \K,21 — G as K| + G, contains G, and the assertion
follows. m]

We shall separate the main proof of Theorem 3 into several lemmas.

Definition 3 For any integers n, m > 2,letr = R(K,,, P,) = (n—1)(m —1)+ 1. For
i=1,2,...,m — 1, define the graph H; = K, + ¢; K1, where s; and ¢; are integers
with0 < ¢; < [n/2] —1,s; +¢q;i = n — 1 and Z;":_ll qgi = [n/2] — 1. Define the
graph G to be K, 1 \ K1,/27—1 with a red-blue edge coloring such that

and GR® is the complement graph of G? in G.

Lemma5 Forintegersn > 2 andt > |n/2| + 1, let G be a red-blue edge colored
graph with G = X + Y, where X = K; and Y = ([n/2] — 1)K;. If each vertex

@ Springer



Journal of Combinatorial Optimization (2023) 46:2 Page9of14 2

x € V(X) has dg(x) >n — 1, and each vertex y € V(Y) has dg(y) > |n/2], then
G must contain a blue P,,.

Proof Denote by P, = p1p> ... p,. We shall embed P, in GB. Embed p1in V(Y),
and then embed p, in V (X) since dg (p1) = |n/2]. Then we shall always conduct
the following principle in each step: If d{? (pi) = 1, then we shall embed p; ;1 in
V() fori = 2,...,n — 1. Namely, we embed V(P,) in Y as much as possible.
Let P, = p1p2 ... pe, which is the longest path that we can embed in GB.If¢ > n,
then we are done. Suppose £ < n — 1. If py € V(X), then we can find a blue
neighbor of p, outside Py since dg (pe) = n — 1, yielding a contradiction. So we may
assume py € V(Y). As py can only be adjacent to vertices in V (X), we can divide
V(P;) N V(X) into sets A and B such that

A ={pilpi € V(X), pit1 € V(X)}, B ={pilpi € V(X), pi+1 € V(V)}.

Note that any vertex in A can not be adjacent to p; in G? since it will violate the
principle. Therefore p, can only be adjacent to vertices in B. Since |B| < |Y| —1 <
[n/2] — 2, we have

di_p,(pe) = |n/2] = (In/21 =2) = 1.
Then we can find a longer path Py, completing the proof. O

Lemma 6 For a red-blue edge colored G = K, _1n/21 + ([n/2]1 — 1)Ky, where r =
R(K, Py, if G is (K, Py)-free, then G must be the graph described in Definition
3.

Proof 1t is trivial for m = 2 as s; = n — [n/2] and ¢ = [n/2] — 1, yielding
GB = K, +g1K; and GRis empty. So we may assume m > 3. Let X = K, /2
and Y = ([n/2] — DK;.

There must be a vertex x; € V(X) such that dg (x1) = (n — 1)(m — 2). Suppose
to the contrary that for each vertex x € V (X), dg (x) <(m—1)(m —2) — 1. Then we

have

dE)=m—1Dm-1)—1—[n—Dm—2)—1]1=n—1.

Note that for any vertex y € V(Y), d§ (y) < (n—1)(m — 2). Otherwise there is a red
K,,_1 or ablue P, in G[N}I(e (y)]. Along with vertex y, we get ared K,,. Thus

=) =n-Dm-D+1-[Z|-@-Dm-2= |3

So by Lemma 5, we can find a blue P,.

Define subgraph G| € G suchthat V(Gp) C Ng(xl) andv(Gy) = (n—1)(m—2).
Note that G| contains neither ared K,,—1 nor a blue P,. Denote by H; = G — G and
V(H) = S1U Q1 withS; € V(X)and Q1 C V(Y). Lets; = |S1] and ¢q1 = |Q1].
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Note that s1 + g1 = n — 1. Similarly, we can show that there must be a vertex
x2 € V(G1) N V(X) such that d§ (x2) > (n — 1)(m — 3).

We shall continue the following procedure. In Step j with 2 < j < m — 3, define
subgraph G; C G suchthat V(G;) C Ngj,l(xj) andv(Gj) = m—D(m—j—1).
Note that G; contains neither a red K,,,_; nor a blue P,. Let G; = X; + Y; with
Xj=Kr—n21=si—..—s; andY; = ([n/2]1—1—q1—...—qj—1)K|. We may assume
that there must be a vertex x ;41 € V(X) such that dgj xjy1) = m—1Dm—j—2).
Otherwise if for each vertex v € V(X ), dgj W) <m—-—1)@m—j—2)—1,then we
have

dgj(v)Z(n—l)(m—j—1)—1—[(n—1)(m—j—2)—1]Zn—l.

Note that for any vertex y € V(Y;), we have dgj (y) = d;gj N <m—-1)(m-—j-—2).
Otherwise we can find a red K;;,_j_1 or a blue P, in the graph induced by N}}’j ).

Along with vertices x1, ..., x; and y, we get ared K,,. Thus df;/_ (y) is at least
. n .
n=Dm—j-D—([3]-1-a——gm1) =D - j -2,

which implies
ag, 0 =df =]
G;\W) =dx,\y) = 7]

Since v(G;) = (n —1)(m — j — 1) > n,by Lemma 5, we can find a blue P,. So there
must be a vertex x;41 € V(X ;) such that dGBj (xXj+1) = (n — D)(m — j —2).

Define subgraph G ;11 € G| such that V(Gjy1) C Ng/_(xjH) and v(Gj41) =
(n — 1)(m — j — 2). Note that G j contains neither a red Ky—j—1 nor a blue P,.
Denoteby H; = G;—Gjy1and V(H;) = S;UQ; withS; C V(X)and Q; € V(Y).
Lets; =S| and g; = |Q/|. Note thats; +¢g; =n — 1.

In the last step, namely Step m —2. Similarly, we have graph G,,,—» with v(G,,—2) =
n — 1, sets S;,—2 and Q,,—2 with s;,_2 = |S,;,—2| and g;—2 = |Qm—2]|. Graph G,,_»
contains no red edge, otherwise there is ared K, along with x1, ..., x,;,—2.Set S;,—1 =
V(Gp2)NV(X)and Q1 = V(Gp—2) N V(Y). Select vertex x,,—1 € Sp—1-

Now consider the coloring of edges among S;,—2, Qu—2, Sm—1 and Q,,—1. All the
edges between V (H,,—2) and S,,—; are red. Otherwise if there is a blue edge uw with
u € V(Hy—2) and v € S,,_1, then we get a blue P,. All the edges between S,,_»
and Q,,_» are blue. Otherwise there is a red edge uw, and we get a red K,, with
V(Kn) = {x1,Xx2, ..., Xm—3, U, W, Xp,—1}. Similarly, all the edges between Q,,_1
and S;,_; are red, see Fig.4

Continue this backwards procedure. In Step k, 2 < k < m — 3, all edges between
V(H,—x—2) and S,,_;—1 are red. Otherwise if there is a blue edge uw with u €
V(Hyp—k—2) and v € §,;,—x—1, then we get a blue P,. All the edges between S,,, _r—2
and Q,,—x—2 are blue. Otherwise if there is a red edge uw, then we get a red K,
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Fig.4 The edge coloring of G

with V(K = {x1, X2, ..., Xm—k—2, U, W, Xpp—k, - - . » Xm—1}. Similarly, all the edges
between Q,,_x—1 and S,,_r—» are red, completing the proof. O

Proof of Theorem 3. We only need to prove the lower bound. Consider the red-blue
edge coloring of G = K, _1\K/21-1 = Ky_mn21 + (In/2] — 1)K, where r =
R(K,,, Py). Assume that G is (K,,, P,)-free, otherwise we are done. By Lemma 6,
G must be the graph described in Definition 3. Now we consider an extra vertex vg.
As there is no blue P, vy is adjacent to V (X) by red edges completely, yielding a red
K. O

Rousseau and Sheehan (1978) gave the following result.

Lemma 7 Rousseau and Sheehan (1978) Let m and n be positive integers. If n >
(6m + 7)/4, then

R(By, Py) =2n — 1.

We shall prove the R‘”(B,(,f{ ), P,) by induction on k > 2, for which the following
resultis needed as the initial step that gives a better bound for n than that from Theorem
1 for the case k = 2.

Theorem 5 Let integers m > 1 andn > (8 m + 4)/3. Then R® (B, P,) = [n/2].

Proof We only need to prove the lower bound. Let r = R(B,;,, P,) = 2n — 1. Denote
by G = K \Kuy21 = Kr—nj21 + [n/21K1. Set X = Ky _p21and Y = [n/2]K;.

Assume that G contains neither a red B,, nor a blue P,,, and we shall find a contra-
diction. Let Py = vivz ... v¢ be a longest blue path in G. Then there is no blue edge
between {vy, v¢} and V(G — Pp), otherwise we will get a longer blue path than P,.
As X contains no red B, and

w(X) =21 — 1 = [n)2] =n+LgJ—132(L3"4_1J)—1,
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we have

ZZL%;]JZ%V!

for sufficiently large n. Thus 2m < ¢ <n — 1.

Case 1. If v1, v € V(X), we have v(G — P¢) > 2n — 1 — (n — 1) > n, implying
that vy and v, share n common red neighbors outside P,. If vjvy is red, then we can
get a red By,. Thus vjvy is blue, yielding a blue cycle Cy. For 1 < i < £, v; can be
seen as the end vertex of Py, and v; is adjacent to V(G — Py) by red edges only. Since

n
|V(XmV(G—Pz)|zzn—1—H—(n—l)zm,

G — Py has at least m vertices in V (X). So the graph induced by V (P;) contains
no red edge, otherwise we get a red By,. Since |V (X) N V(Py)| = [€/2] > m, the
graph induced by V(G — P;) contains no red edge. Note that v(G — P;) > n and
V(G — P)) NV (Y)| < [n/2], yielding a blue P,.

Case 2. If v; € V(X) and vy € V(Y), since |V(X) N V(G — Py)| = m as
mentioned, v; and vy share at least m common red neighbors outside P, in X. Thus
v1vg is blue, yielding a blue cycle Cy. For 1 <i < £, v; is adjacentto V(G — P;) by
red edges only. Similarly, the graph induced by V (P;) contains no red edge, and the
graph induced by V(G — P;) contains no red edge either. Note that v(G — Py) > n
and |V(G — Py)) NV (Y)| < [n/2], yielding a blue P,.

Case 3. If vy, vy € V(Y), then vy, vy—1 € V(X). There is no blue edge between
{va, ve—1} and V(X) N V(G — P;), otherwise we will get a new P as in Case 1 or
Case 2. Set U = {v1, v2, vg—1, v¢}. Note that there is no blue edge between U and
VX)NV(G — Pp).

Since |V(X)NV (G— P¢)| > m as mentioned, vovg—1 is blue. Now we get anew blue
Py_1 = vivavg—1v¢—2 ... v3. Thereis no blue edge between vz and V(X)NV (G — Py),
otherwise we will get a new Py as in Case 2. Similarly, we can get a new Py =
VgVp—_1V203 ... Vg2, and there is no blue edge between vy_p and V(X)) NV (G — Py).
Renew set U = {vy, v2, v3, vg—2, V¢—1, U¢}. Note that there is no blue edge between
Uand V(X)NV(G — Pp).

So vpve—p and v3ve—; are blue, otherwise we get a red B,,. Then we get two new
paths Py—1 = vivav3vp—1vp—2...v4 and Pyp_1 = vpvg_1vp—2v203...v¢—3. Renew
set U = {vy, va, v3, v4, Vg3, Vg—2, V¢—1, V¢ }. Note that there is no blue edge between
Uand V(X) N V(G — Pp).

Continue this procedure and renew set U until U = V (P;). We can deduce that
there is no blue edge between V (Py) and V(X) N V(G — P), and the graph induced
by V (Py) contains no red edge. So the graph induced by V(X) N V(G — P;) contains
no red edge.

Set Uy = {vilv; € V(X) NV (P}, Vi = {vilv; € VY) NV (Py)}, Uz = {vi]v; €
VX)NV(G— Pp)},and V = {vi|lv; € V(Y)NV(G — Py)}, where U1 UU; = V(X)
and V1 U V, = V(Y). Note that |U;| > |Vi| — 1, since U; U Vj induces a blue path
Py. If |Uq| = | V1], then we can find a new blue path P, with one of the end vertices
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belonging to V(X) as in Case 2. If |U;| = | V1| — 1, then

oi=|5]< "5

and

n
Ui+ 102l =20 =1 =[],

which implies

n n—1
|U2|22n—1—[ﬂ—t . JZn—l.

So U, induces a new blue Py as in Case 1, completing the proof. O

Proof of Theorem 4. By Lemma 1, for any integers k > 1, m > 1 and n > 4(m + k),
R(B,(,f), P,) = k(n — 1) + 1. We only need to proof the lower bound. Let r =
R(BY, P,) = k(n — 1)+ 1. Denote by G = K,\K[n/21 = K,—n/21 + [1/21K1. Set
X=K,_pmpoandY = [n/2]K;.

Now we shall prove by induction on k. It holds for k = 2 by Theorem 5. So we
may assume it holds for k — 1 with k > 3, that is,

K—1)y(n-1)+1 \ Kins21 = BV p,).
For any vertex x € V(X), . we have
dE(x) < (k= —1).

Otherwise if there is a vertex v € V(X) such that dg(v) >k —1)(m—1)+1, then

by induction, N g (v) induces a red B,(,f( D or a blue P,, hence a red B,(,f‘ ) or a blue P,
along with v. So for any vertex x € V(X), we have

dg(x) >kn—1)—Gk—-—1Dn—-1)=n—1.
For any vertex y € V(Y), we have

d8(y) =dB(y) < (k— D(n—1),

otherwise we get a red B,Sf Y or a blue P,, hence a red B,(,f{ ) or a blue P, along with

y. Thus for any vertex y € V (Y), we have

gy =adf o) =kn—D+1-[Z|-k=De-n=|3].

So by Lemma 5, we can find a blue P,. O
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