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Abstract

Hypercube is an important structure for computer networks. The distance plays an
important role in its applications. In this paper, we study a magic labeling of the
halved folded n-cube which is a variation of the n-cube. This labeling is determined
by the distance. Let G be a finite undirected simple connected graph with vertex
set V(G), distance function 0 and diameter d. Let D < {0, 1,...,d} be a set of
distances. A bijection / : V(G) — {1,2,...,|V(G)|} is called a D-magic labeling
of G whenever )  I(x) is a constant for any vertex v € V(G), where Gp(v) =

xeGp(v

{x € V(G) : d(x, v() )e D}. A {1}-magic labeling is also called a distance magic
labeling. We show that the halved folded n-cube has a distance magic labeling (resp.
a {0, 1}-magic labeling) if and only if n = 16¢>(resp. n = 16¢* + 16¢ + 6), where g
is a positive integer.
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1 Introduction

Hypercube is an important structure for computer networks (Bettayeb 1995). Many
combinatorial structural properties are studied in order to enhance its various appli-
cations (Day and Al-Ayyoub 1997; Hsieh and Chang 2012; Lin et al. 2016; Zhao
et al. 2016). Especially, the distance plays an important role (Bose et al. 1995). In
this paper, we study a magic labeling of the halved folded n-cube which is a variation
of the n-cube. This labeling is determined by the distance. And the magic labeling
has its applications in incomplete tournament and in efficient addressing systems in
communication networks, ruler models and radar pulse codes ( Anholcer et al. 2016,
2015; Bloom and Golomb 1977, 1978; Chebotarev and Agaev 2013; Prajeesh et al.
2019).

Let G be a finite undirected simple connected graph with vertex set V (G), distance
function 0 and diameter d. In the early 1960s, Sedlacek (1963) introduced the notion
of magic labeling of G. The concept is motivated by the construction of magic squares
(Anholcer et al. 2016; Prajeesh et al. 2019). In 1994, Vilfred (1994) introduced the
distance magic labeling as follows.

Definition 1 A bijection ! : V(G) — {1,2,...,|V(G)|} is called a distance magic
labeling of G if ) I(x) is a constant for every vertex v € V(G), where N (v) =
xeN (v)

[x € V(G) : d(x,v) = 1}.

In 2013, O’Neal and Slater (2013) generalized the distance magic labeling to the
D-magic labeling.

Definition 2 For a graph G and a set of distances D C {0, 1, ..., d}, theset Gp(v) =
{x € V(G) : d(x,v) € D} is called D-neighborhood of v. By a D-magic labeling

of G, we mean a bijection [ : V(G) — {1,2,...,|V(G)|} with the property that
there exists a constant k such that w(v) = Y [(x) = k for any vertex v € V(G),
xeGp(v)

where w(v) is the weight of v. The graph G admitting a D-magic labeling is called a
D-magic graph.

Obviously, a {1}-magic labeling of G is precisely a distance magic labeling of G.

When studying a D-magic labeling, distance-regular graphs are a natural class of
graphs to consider. For the definition of a distance-regular graph, we refer to Section
2. Until now, D-magic labelings of some distance-regular graphs have been studied.
Simanjuntak and Anuwiksa (2020) characterized strongly regular graphs which are
D-magic graphs, for all possible distances sets D. Gregor and Kovaf (2013) proved
that the n-cube with n = 2 (mod 4) is a {j}-magic graph for every odd j, where
1 < j < n. Later, Cichacz et al. (2016) proved that if the n-cube is a {1}-magic graph,
then n = 2 (mod 4). Anuwiksa et al. (2019) obtained some special distances sets D
for which the n-cube with n = 2 (mod 4) has D-magic labelings. They also presented
the necessary and sufficient condition for the n-cube to be a {0, 1}-magic graph. Tian
et al. (2021) showed the necessary and sufficient condition for the folded n-cube to
be a {1}-magic graph and a {0, 1}-magic graph, respectively. Recently, Miklavi¢ and
Sparl (2021) provided a sufficient condition for a Hamming graph to be a {1}-magic
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graph and classified {1}-magic folded n-cubes by showing the necessary and sufficient
condition for the folded n-cube to be a {1}-magic graph.

In this paper, we focus on a halved folded n-cube with even n > 8 which is a
distance-regular graph. For its definition, we refer to Section 2. We show the neces-
sary and sufficient condition for the halved folded n-cube to be a {1}-magic graph
and a {0, 1}-magic graph, respectively. The difference between this paper and other
references on the D-magic labeling is that one has to choose a non-square matrix such
that the corresponding map is bijective, where D = {1} or D = {0, 1}; see Notation
1. The main result is as follows.

Theorem 1 For even n > 8, let %FQ,,_l denote a halved folded n-cube. Then the

following (i), (ii) hold:

1) %F Q,—1 has a distance magic labeling if and only if n = 16¢2, where ¢ is a
positive integer;

(i1) %FQ,Z_l has a {0, 1}-magic labeling if and only if n = 16¢* + 16 + 6, where g
is a positive integer.

The paper is organized as follows. Section 2 gives some definitions, basic notations
and some facts used in this paper. Section 3 presents the proof of Theorem 1.

2 Preliminaries

In this section, we review some definitions, basic notations and some facts.
Recall that G is a finite undirected simple connected graph with vertex set V (G),

distance function 9 and diameter d. Forv € V(G) andi € {0, 1,...,d},let G;(v) =
{x € V(G) : 9(x,v) = i}. We define G_1(v) = @ and G441(v) = @. Particularly,
N(v) := G(v) is called the neighborhood of v, that is, two vertices u and v are

adjacent whenever u € N (v). Furthermore, |N(v)| is called the degree of v. The
graph G is regular if | N (v)| is a constant for every v € V(G). By N[v] := N (v) U{v}
we denote the closed neighborhood of v.

The graph G is called a distance-regular graph when foralli € {0, 1, ..., d} there
are constants ¢;, a;, b; such that for any vertices x and y with d(x, y) = i, we have
[Gi—1(x)NG1(Y)] = ¢i, |Gi(x)NG1(y)| = ai and |Gi41(x) NG1(y)| = b;. Observe
that G is regular with degree by = a; + b; + ¢; and |G;(x)| = % which is
determined by i for 0 < i < d (see Brouwer et al. 1989, p. 127).If d = 2,then G isa
strongly regular graph. For more information on distance-regular graphs, we refer to
Brouwer et al. (1989).

Now we recall the definitions of a folded n-cube and a halved folded n-cube with
evenn > 2.

Let ]Fg_1 be an (n — 1)-dimensional column vector space over 5. Lete; (1 <i <
n — 1) denote the vector in Fg_l such that the i-th component is 1 and the others are
O,andletl =e; +---+e,_1.

Definition 3 Simo and Yebra (1997) The folded n-cube, denoted by F Q,,_1,is a graph
with vertex set consisting of all vectors in F;fl; two vertices u and v are adjacent
wheneveru e {v+e; : 1 <i <n-—1}U{v+1}.
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By (van Dam et al. 2016, p. 23), FQ,_ is a bipartite graph for even n and its
halved graph is the halved folded n-cube. For the definition of the halved graph, we
refer to (Brouwer et al. 1989, p. 25). Inspired by (Brouwer et al. 1989, pp. 264-265),
the halved folded n-cube can also be described in Fg_l as follows.

Definition4 Let n > 2 be an even number. The halved folded n-cube, denoted by
%F Qn—1, 1s a graph with vertex set consisting of all vectors in Fgfl that contains an
even number of 1’s; two vertices # and v are adjacent whenever u € {v + e; + ¢; :
Il<i<j<n—-1}JU{v+e+1:i=1,...,n—1}.

By Definition 4, we have |V(% FQn_1)|=2"2and

N@O) ={e1 +e2,...,e1+ey_1,2+¢€3,...,e2+€,_1, ...,
en—2+ep_1,e1+1,...,¢,-1+1},

where 0 := (0,...,0)T € V(%FQn_l). In what follows, we use v @ N (0) to denote
the set of all vectors v + u, where u runs through N (0). Then by Definition 4, for any
v e V(%FQn_l) we obtain

N@) =v® N(0), (D
and thus
N[v] = v ® N[0]. 2

By (Brouwer et al. 1989, p. 265), %FQn_l with n > 6 is a distance-regular graph
of diameter d = | 7] and its eigenvalues are 0; = 2(5 — 2j)% — 50 <j=<ad.
Particularly, %F Q,—1 withn = 61s the complete graph K¢ which is obviously {0, 1}-
magic, but not {1}-magic ( Miller et al. 2003). So we assume even n > 8 for the rest
of this paper.

Inspired by Anuwiksa et al. (2019); Gregor and Kovér (2013), we give the following
definitions.

Definition 5 A subsetA C Iﬁ‘g_z issaidtobe balanced ifforeveryi € {1,2,...,n—2}

|{veA:v,~=1}|=@,
2

where v; denotes the i-th component of v.

Note that balance is invariant under translation. It means that a set A C Fg_z is
balanced if and only if u @ A is balanced, where u € Fg_z.

Definition 6 Suppose H is an (n —2) x m matrix with entries in 5. Let r; (H) denote
the number of 1’s in the i-th row of H fori € {1, 2, ...,n — 2}. The matrix H is said
to be balanced whenever the set of its columns is balanced, that is, r; (H) = 7 for
everyi € {1,2,...,n—2}.
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Definition 7 For graph %FQ,,_l, lete D C {0,1,..., L%J} be a set of distances. A
bijection f : V(%FQn,l) — ]F;*2 is said to be D-neighbor balanced if the set
f(GpWw)) ={f(u):u € Gp(v)}isbalanced forevery v € V(%FQn_l).IfD = {1}
(resp. D = {0, 1}), then a D-neighbor balanced bijection is also called neighbor
balanced (resp. closed neighbor balanced).

For every regular graph, we may equivalently consider labelings with labels starting
from O instead of 1 ( Gregor and Kovér (2013)). In fact, we work with labels (as well
as with the image of vertices of %F 0O, —1 under the above map f) in the (n — 2)-

dimensional vector space ]Fg*2 over [F,, that is, in their binary representation. Using
the arguments similar to Propositions 2.1 and 3.1 for the n-cube in Gregor and Kovéar
(2013), we get the following lemma for %FQn,l.

Lemma 1 For a set of distances D of%Fanl, let f : V(%FQn,l) — Fg_z be a
bijection. If f is D-neighbor balanced, then f is a D-magic labeling of%FQn_l.

Proof For every vertex v € V(%F 0,—1), we obtain (with the arithmetics in N)

n—2
Yoo f@ =)@ (fa) =12
ue(}FQu1)p(v) i=l
1
= 'f((2FQ’;‘1)D(”))|(2"*2— 1)  (byDefinition 5)
_ |(%FQ”21>D(v>| 1),

Since %F Q0,1 is a distance-regular graph, |(%F 0,-1)p(v)| is independent of the
choice of v. Therefore, f is a D-magic labeling of %F On-1. O

From now on, we adopt the following notational convention.

Notation 1 Let N be an (n—2) x (n—2) matrix with entries inIF> and let M = (0 N )
be an (n — 2) x (n — 1) matrix with entries in IF,. For %FQn_l, we define a map

1 n—2
fVEFOn-1) = I

by f(v) = Mv for every v € V(3F Qu_1). Forv € V(3 FQn_1), let vy be the first

; v
component of v and write v := ( 51 ) .

Lemma 2 With reference to Notation 1, f is a bijection if and only if the rank of M is
n—2.

Proof Suppose f is a bijection. Then for any u, v € V(%FQn_l) if f(u) = f(v),
then u = v. It follows that the system of equations M (¥ — v) = 0 has only the trivial
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solution. Then the system of equations N (& — v) = 0 has only the trivial solution.
Thus the rank of N is n — 2, and hence the rank of M isn — 2.

Conversely, since |V(%FQ,,,1)| = |IF372| = 2"=2 it suffices to show that fis
injective. Suppose f(u) = f(v) foru, v € V(%FQ,,_l). Then M(u — v) = 0. It
follows that N (z — v) = 0. Since the rank of M isn — 2, N is invertible. Thus z = v.
Combining this with the fact that the number of 1’s in both u and v is even, we obtain
u1 = vy. Therefore, u = v, and hence f is injective. O

3 Proof of Theorem 1

In this section, we give the necessary and sufficient condition for %F QO,—1tobea
{1}-magic graph and a {0, 1}-magic graph, respectively.
Let B be the (n — 1) x "("T_l) matrix

B=(el+92,---,el+en—1792+e3,---J«’Z‘f‘en—la~~-7el+1,---sen—1+1)

3)

and let B* = (0 B) , where 0 := (0,...,0)T ¢ V(%FQn_l). Obviously, the above
B (resp. B*) corresponds to the set N (0) (resp. N[0]). Recall that r; (H) denotes the
number of 1’s in the i-th row of H fori € {1,2,...,n—2},where Hisan (n—2) xm
matrix with entries in [F5.

Now we show the following lemma.

Lemma 3 With reference to Notation 1, let B, B* and r; be as above. Suppose r;i (M) =
t for somei € {1,...,n —2}. Then

t+1)(n—1—1¢) iftisodd,
(MBY) = ri(Mp) = | T Dm0 o
(n—1)t otherwise.
Proof Since B* = (0 B), we have M B* = (0 MB) . Then r;(MB*) = r;(MB)
foreveryi € {1,...,n —2}.
Suppose r; (M) =t for some i € {1,...,n —2}. Let

0 ann  app -+ aip—
0 an axn - ap
M= . . . . 9

Oan—21ap—22 - a2,

where a;; € F> forany s € {1,...,n —2}and any j € {1,...,n — 2}. Clearly, the
i-th row of M B is

(ai1, a2, ..., Qi n—2, aj1 + a2, Gj1 +a;3, ..., aj1 + G p2, a2 +a;3, ...,
ai2 +ain-2, .-, Gin-3+ain-2, a1+ +an-2, a2+ +an-2,
ain +aiz+ - +aip—2, ..., a1+ +a; n-3).
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We now compute ; (M B) for the fixed i. Since r; (M) = t, we have that the number
of I’sin (a;1, aj2, ..., aj n—2)ist;thenumberof I’sin (a;1+a;2, ai1+ai3, ..., a1+
Ain—2, Q2 + Qi35 -, G2+ Qi p—2, -+, QGin—3+ain-2)1s

Ctlcrlz—2—t =t(n—2—1);

ai1+---+ajp—2=1iftisodd and a;; + - - - + a; n—2 = 0 otherwise; the number
of U'sin (aj2 + -+ + ajp—2, aj1 +a;3 + -+ ajp-2, ..., a1 +---+aj,-3)is
n — 2 —tif t is odd and ¢ otherwise. Therefore, if ¢ is odd, then

FMB)=t+tn—2—0)+14n—-2—t=(+Dn—1-10);

iftiseven,thenr;(MB) =t +t(n —2—1)+0+1t = (n —t)t.
This completes the proof of the lemma. O

3.1 Proof of Theorem 1 (i)

In this subsection, we shall present the necessary and sufficient condition for %F 0,1
to be a {1}-magic graph. We first give the following lemma. It enables us to determine
a neighbor balanced bijection by constructing the appropriate matrix.

Lemma 4 With reference to Notation 1, the following statements are equivalent.

(i) f is neighbor balanced.

(ii) n = 16q2, the rank of M is 16¢> — 2 and r;(M) € {8¢> +2q — 1, 8¢%> —2q —
1, 8¢% + 2q, 8¢% — 2q)} for any given i € {1, ...,n — 2}, where q is a positive
integer.

Moreover, if (1)—(i) hold, then f is a {1}-magic labeling of %FQ,,,l.
Proof By Notation 1 and (1), for any v € V(%FQ”_I), we obtain
f(N@w)) = Mv e MN(0). 4)

Combining (4) with Definition 7, we know that f is neighbor balanced if and only
if the set Mv & M N (0) is balanced for every v € V(%FQ”_I). Recall that the set
Mv @ M N(0) is balanced if and only if the set M N (0) is balanced. Furthermore, note
that the set M N (0) is precisely the set of columns of the matrix M B, where B is from
(3). It means that the set M N (0) is balanced if and only if the matrix M B is balanced.
Thus f is neighbor balanced if and only if the matrix M B is balanced.

(i) = (ii) Since f is neighbor balanced, f is a bijection. It follows from Lemma
2 that the rank of M isn — 2. Fix any i € {1,...,n — 2}, we assume r;(M) = t.
Obviously, r > 0. Next we show (ii) holds according to the parity of 7.

Case (i) 7 is odd.

By Lemma 3, r;(MB) = (n — 1 — t)(¢t + 1). By Definition 5 and since the (n —
2) X @ matrix M B is balanced, we have (n — 1 —t)(t + 1) = #. Now we
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lett =2p — 1 (p € Z™) since ¢ is odd. Then we have
n+n=4p. 5)

Since both 4p and n are even, /i is even. Now we let /n = 2r, where r > 2 as
n > 8. Substituting it into (5), we obtain

2r24+r—2p=0. (6)

By (6), r is even. Let r = 2g, where ¢ is a positive integer. Then n = (2r)> =
(4¢)?> = 1642, and hence the rank of M is 16> — 2. By (6), we have p = 44> + q.
Thent =2p — 1 =2(4¢g*> +q) — 1 =8¢%> £2g — 1.

Case (ii) 7 is even.

By Lemma 3, r; (M B) = (n — t)t. By Definition 5 and since the (n — 2) x "("—2_1)
matrix M B is balanced, we have (n — 1)t = %. Now we let t = 2p since t is
even, where p is a positive integer. Then we obtain n & 4/n = 4p. By using arguments
similar to the proof of case (i) above, we have n = 16q2, the rank of M is 16q2 -2
and p = 4¢° + g, where ¢ is a positive integer. Then r = 8¢> £ 2g.

By the arguments above, (ii) holds.

(ii) = (i) By Lemma 2 and since the rank of M is n — 2, f is a bijection. To
prove that f is neighbor balanced, it suffices to show the (n —2) x @ matrix M B
is balanced. To do this, by Definition 6 and since n = 16q2, it suffices to show

1nin—1)
ri(MB) = 3y = 64q* — 44> @)

foreveryi e {1,...,n —2}.

Fixany i € {1,...,n — 2}, we assume r; (M) = t. Next we prove that (7) holds
according to the parity of ¢.

Case (i) 7 is odd.

By Lemma 3, we obtain r;(MB) = (t + 1)(n — 1 — t). It is easy to see that (7)
holds if t € {8¢% +2q — 1, 8¢%> —2q — 1}.

Case (ii) 7 is even.

By Lemma 3, we obtain r;,(MB) = t(n — t). It is easy to see that (7) holds if
1 € {8¢% +2q, 8¢ — 2¢q).

By the arguments above, (7) holds, and hence (i) holds.

If (1)—(i1) hold, then by Lemma 1, f is a {1}-magic labeling of %F On—1. |

We list the following lemma which will be used in the proof of Theorem 1 (i).

Lemma5 Simanjuntak and Anuwiksa (2020) If G is a regular graph admitting a {1}-
magic labeling, then 0 is an eigenvalue of G.

Now we prove Theorem 1 (i).
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Proof of Theorem 1 (i) Suppose that %F Qp—1 has a {1}-magic labeling. By Lemma 5,
0 is an eigenvalue of %FQ,,,l, that is, there exists j € {0,1,..., 7]} such that
6; =2(5 —2j)* — 5 = 0. Thus

n=4G —2)) ®)

We claim that 5 — 2 is even. In fact, assume 5 — 2j = p, where p is an integer.
Substituting it into (8), we have n = 4p?. It follows that § — 2j = 2p* — 2. So the
claim holds. Moreover, by (8) and since n > 8, we have 5 —2j > 2. Let 5 —2j = 2q,
where g is a positive integer. It follows from (8) that n = 4(2¢)? = 16¢°.

Conversely, since n = 16q2, where ¢ is a positive integer, we construct a (16q2 —
2) x (16g* — 1) matrix M with entries in F as follows:

1 8¢2 —2g —2 8¢%>—2q—2 29 2 2

842 —2¢—-21T0 I J 0 0 0

8¢ —2¢—2 10 J I 0 0 0
2q 0 J 0 I 0 0},

2g 0 J 0 0 7 0

2 0 J 0 0 o0 7/

where I denotes the identity matrix and J (resp. 0) denotes the all 1’s (resp. 0’s)
matrix. Obviously, r; (M) = 8q> —2q — 1 forevery i € {1, ..., n —2}. Moreover, by
elementary row operations over [F>, M can be transformed to the following matrix

070000
057000
070700 |,
00070
00007/

which has the same block representation as M and its rank is 16¢> — 2. So the rank of
Mis 16g> —2.Let f : V(%FQ,,_I) — ]Fg_2 be given by f(v) = Mv. By Lemma 4,
f is a {1}-magic labeling of %FQn,l. Therefore, %FQn,l has a {1}-magic labeling.

O

3.2 Proof of Theorem 1 (ii)

In this subsection, we will present the necessary and sufficient condition for the halved
folded n-cube to be a {0, 1}-magic graph. We first give the following lemma. It enables
us to determine a closed neighbor balanced bijection by constructing the appropriate
matrix.

Lemma 6 With reference to Notation 1, the following statements are equivalent.

(i) f is closed neighbor balanced.
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(ii) n = 16¢> + 16q + 6, the rank of M is 16¢° + 16q + 4 and r; (M) € {8¢> 4+ 10q +
3, 8¢%+6g +1, 8¢%+10g +4, 8¢> +6q + 2} for any giveni € {1,...,n—2},
where q is a positive integer.

Moreover, if (i)—(ii) hold, then f is a {0, 1}-magic labeling of%Fanl.
Proof By Notation 1 and (2), for any vertex v € V(%F 0,—1), we obtain
f(N[v]) = MN[v] = Mv & MN[0]. )

Combining (9) with Definition 7, we know that f is closed neighbor balanced if
and only if the set Mv & M N[0] is balanced for every v € V(%F Q" 1). Recall that
the set Mv @ M N[0] is balanced if and only if the set M N[0] is balanced. Moreover,
note that the set M N[0] is precisely the set of columns of the matrix M B*. It means
that the set M N[0] is balanced if and only if the matrix M B* is balanced. Thus f is
closed neighbor balanced if and only if the matrix M B* is balanced.

(i) = (ii) Since f is closed neighbor balanced, f is a bijection. It follows from
Lemma 2 that the rank of M isn —2. Fixanyi € {1, ...,n—2},weassumer; (M) = t.
Obviously, r > 0. Next, we show (ii) holds according to the parity of ¢.

Case (i) 7 is odd.

By Lemma 3, r;,(MB*) = (n — 1 — t)(t + 1). By Definition 5 and since the
(n—2)x (@ + 1) matrix M B* is balanced, we have (n—1—1)(t+1) = "("74&.
Now we lett =2p — 1 (p € ZT) since t is odd. Then we have

nt+n—2=4p. (10)

Since both 4p and n are even, /n — 2 is even. Now we let v/n — 2 = 2r, wherer > 2
as n > 8. Substituting it into (10), we obtain

272 +r+1-2p=0. (an

It means that r is odd. Let r = 2q + 1, where ¢ is a positive integer. Then n =
(2r)>42 = (4g+2)>+2 = 16¢*+16g+6, and hence the rank of M is 16¢°+16g +4.
By (11), we obtain p = 4g%+5g+2 or4¢g%+3g+1.Thent = 2p—1 = 8¢%+10g+3
or 8¢% + 6g + 1.

Case (ii) 7 is even.

By using arguments similar to the proof of case (i) above, we have n = 16¢% +
16g + 6, the rank of M is 16g% + 16g +4 and 1 € {8¢2% + 10g + 4, 8¢2 + 6q + 2},
where g is a positive integer.

By the arguments above, (ii) holds.

(il) = (i) By Lemma 2 and since the rank of M isn —2, f is a bijection. To prove
that f is closed neighbor balanced, it suffices to show that the (n — 2) x (w +1)
matrix M B* is balanced. To do this, by Definition 6 and since n = 16612 + 16g + 6,
it suffices to show

1 —1
ri(MB*) = E(% +1) = 64g* +128¢> + 108¢> + 44g +8  (12)

@ Springer



Journal of Combinatorial Optimization (2023) 45:75 Page110f13 75

foreveryi e {1,...,n —2}.

Fix any i € {1,...,n — 2}, we assume r; (M) = t. Next we prove that (12) holds
according to the parity of ¢.

Case (i) ¢ is odd. By Lemma 3, we obtain r; (M B*) = (t + 1)(n — 1 —t). It is easy
to see that (12) holds if 7 € {8¢ 4+ 10g + 3, 8¢% + 6g + 1}.

Case (ii) 7 is even. By Lemma 3, we obtain r; (M B*) = t(n — t). It is easy to see
that (12) holds if t € {8¢% + 10g + 4, 8¢* + 6g + 2).

By the arguments above, (12) holds, and hence (i) holds.

If (1)-(ii) hold, then by Lemma 1, f is a {0, 1}-magic labeling of %F On—1. O

To prove Theorem 1 (ii), we use the following lemma.

Lemma 7 Anholcer et al. (2016) If G is a regular graph admitting a {0, 1}-magic
labeling, then —1 is an eigenvalue of G.

Now we prove Theorem 1 (ii).

Proof of Theorem 1 (ii) Suppose that %FQn_l has a {0, 1}-magic labeling. By Lemma
7, —1 is an eigenvalue of %FQ,,_l, that is, there exists j € {0, 1, ..., L%J} such that
0; =2(4 —2j)*> — % = —1. Thus

n=4(g—2j)2+2. (13)

We claim that 5 — 2 is odd. In fact, assume 5 — 2j = p, where p is an integer.
Substituting it into (13), we have n = 4p? +2. It follows that 5-2j= 2p2+1-2j.
So the claim holds. Moreover, by (13) and since n > 8, we have % —2j > 1.
Let 5 —2j = 2q + 1, where ¢ is a positive integer. It follows from (13) that n =
42g + 1)2 42 = 164% + 16g + 6.

Conversely, since n = 16¢> + 16g + 6, where ¢ is a positive integer, we construct
a (16g% + 16g +4) x (16¢> + 16g + 5) matrix M with entries in I, as follows:

8¢% +4qg 8¢%+4q 29 2q 2q
J

)
R
o~

1

8¢ +4q [0
8¢ +4q | 0
2q 0

2q 0

2q 0

2q 0

4 | 0

NSNS SNSSNS N~
NSNS SNSNSS
S oo~NNST O
== I — ]
oe~NSoCoe o
~eo oo e

Soooo~

where I denotes the identity matrix and J (resp. 0) denotes the all 1’s (resp. 0’s)
matrix. Obviously, r; (M) = 8¢ + 6g + 1 forevery i € {1, ..., n — 2}. Moreover, by
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elementary row operations over [F>, M can be transformed to the following matrix

(070000007
0700000
0070000
0/077000
0070700
0070070

(07070007 |

which has the same block representation as M and its rank is 16¢% + 16¢ + 4. So the
rank of M is 16¢> + 16 +4.Let f : V(1 FQ,_1) — F5 > be given by f(v) = Mv
By Lemma 6, f is a {0, 1}-magic labeling of %FQ,,_l. Therefore, %FQn_l has a
{0, 1}-magic labeling. O
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