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Abstract
Clock steering is crucial for Global Navigation Satellite System (GNSS) timing receivers to provide high-performance time 
and frequency. However, the lack of theoretical analysis and design methods makes it difficult to apply an existing controller 
to the emerging real-time precise point positioning (RT-PPP) timing receiver. In this research, a Linear Quadratic Gaussian 
(LQG)-based clock steering method for the RT-PPP timing receiver is proposed with a detailed design process. We theoreti-
cally derive the transfer function of the system first. Then, the relationship between the system bandwidth and the control 
parameter is present. As for the parametric design, based on the analysis of the free-running oscillator instability, the RT 
satellite clock reference variation, and the GNSS observation noise, the parameters of the Kalman estimator are set, and 
the optimal bandwidth of the system is estimated. Under the constraint of the bandwidth and the damping ratio, the control 
parameters of the LQG controller are determined finally. Simulated results show that the parametric design method is feasible 
for different noise conditions. And finally, we evaluate the performance of the proposed clock steering method on a Rubidium 
clock RT-PPP timing receiver. Experimental results show that the timing receiver realizes the optimal combination of the 
short-term stability of the Rubidium clock and the long-term stability of the RT-PPP reference expectedly. The precision 
of the output one pulse per second (1PPS) is 0.21 ns over 24 h. And the frequency stabilities can reach 3.59E-12@1s and 
2.43E-14@10000s, which is more stable than a high-quality Cesium clock.

Keywords Timing receiver · LQG · Clock steering · Parameter design

Introduction

In addition to positioning and navigation applications, 
Global Navigation Satellite Systems (GNSS) are commonly 
used to provide wide-area, low-cost, and high-precision time 
and frequency. As generated by the atomic clocks onboard 
satellites and designed to range between the satellites and the 
receivers, GNSS signals contain embedded timing informa-
tion that can distribute accurate time and frequency. How-
ever, GNSS receivers, as the terminals, are often equipped 
with lost cost oscillators, such as temperature-compensated 
crystal oscillators, oven-controlled crystal oscillators, and 
chip scale atomic clocks. These oscillators diverge over 
time due to internal noises. Thus, GNSS receivers need to 
carefully steer the clock regularly according to the GNSS 

observation and keep the time and frequency consistent with 
the RT satellite clock reference.

The design of a clock steering strategy is essentially 
a feedback control problem for a dynamic system. The 
first step to realizing a satisfactory feedback system is to 
understand the process and translate dynamic performance 
requirements into time and frequency or pole-zero speci-
fications (Franklin et al. 2002). Frequency stability is an 
important requirement for timing applications, which can 
be specified and measured with both the Allan Deviations 
(ADEV) in the time domain and the power spectral density 
(PSD) in the frequency domain (Riley and Howe 2008). Due 
to the mature theory, Phase-Lock Loop (PLL) was first used 
to lock the local time to the GNSS time (Kusters 1996). 
In a PLL clock steering system, the dynamic performance 
requirements of frequency stability are translated into speci-
fications in the frequency domain (Hajimiri 2001). Thus, 
the noises of the PLL system are researched to generate a 
desirable time scale. Gardner (2005) summarized the phase-
lock techniques and pointed out that the bandwidth of a PLL 
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should be a trade-off to minimize the total phase jitter. Wu 
et al. (2016) simulated the bandwidth design of the DPLL 
system to steer a Hydrogen maser to a Cesium clock. PLL 
is a simple and practical system for clock steering, which, 
however, is not flexible enough to meet the requirements 
of a high-precision timing receiver, for only its bandwidth 
could be changed.

Similar dynamic performance requirements are also 
considered in the modern control theory. Linear Quadratic 
Gaussian (LQG) is a well-known modern controller. Kop-
pang and Leland (1999) successfully used the LQG to steer 
a remote Hydrogen maser to the UTC(USNO) within sev-
eral nanoseconds without reducing its stability. However, the 
designed parameters are not generic in other applications, for 
they were chosen according to numerical simulations. Kop-
pang (2003) applied the control theory in the formation of a 
stable atomic timescale that combines the short-term stabil-
ity of the Hydrogen masers and the long-term stability of the 
Cesium frequency standards. The control law of the LQG 
controller was redesigned using the Pole-Placement (PP) 
technique. And the stability improvement was verified with 
the simulated results. Matsakis (2019) extended Koppang’s 
analyses and unified the PP and LQG techniques, which can 
turn the design of the weight matrices of the LQG to the 
time constant in the PP. While the chosen method of the 
time constant was not specified. For the first time, Mishagin 
(2019) proposed a practical design method of the time con-
stant according to the cross point of Allan deviations of the 
reference clock and the free-running oscillator. In the deriva-
tion, however, a linear scale coefficient was introduced for 
the time constant determination, which makes the method 
not so clear. In fact, the bandwidth is more important than 
the time constant with the requirements of the combined 
stabilities of the reference and the controlled oscillator.

In recent years, with the development and maturity of 
real-time precise point positioning (RT-PPP), the per-
formance of GNSS positioning (Ramachandran et  al. 
2019) and timing (Guo et al. 2019) are both significantly 
improved. With regards to time and frequency transfer, the 
stability of the RT-PPP satellite clock reference can reach 
6–8E-15@1day (Guo et al. 2022), which has great poten-
tial for high-precision timing. As for real-time applications, 
Rønningen and Danielson (2019) demonstrated that real-
time GNSS corrections can realize low-cost time/frequency 
distribution with stability surpassing high-performance 
industrial Cesium clocks. Guo et al. (2019) realized an RT-
PPP timing receiver using an OCXO with the timing preci-
sion of sub-nanosecond and the stability of 2E-14@1 day. In 
such an RT-PPP timing receiver, the divergence of the oscil-
lator is monitored by the RT-PPP observation and corrected 
by the clock steering system. Then, the time and frequency 
could be synchronized to the reference. Different from the 
combination of two atomic clocks in the time and frequency 

laboratory, the observation of RT-PPP timing receivers has 
non-neglected fluctuations due to complex environments of 
GNSS signal propagation. It was found that the fluctuations 
of the RT-PPP time transfer could cause the clock exces-
sively steered, resulting in a loss of short-term frequency sta-
bility. Thus, the clock steering needs to be carefully designed 
so that the steered oscillator can give reasonable frequency 
stability both in the short-term and long-term.

To improve the performance of frequency stability of 
the RT-PPP timing receiver, a clock steering method based 
on LQG is proposed in this article. The characteristics and 
parameter design of the clock steering system are empha-
sized with a practical RT-PPP timing receiver. The entire 
RT-PPP timing receiver was designed and realized by our 
group (Guo et al. 2019). And we have studied the effect 
of the RT-PPP part on timing (Guo et al. 2022). Further-
more, in this paper, we are focusing on the clock steering 
part. In the next section, we describe the control model of 
the RT-PPP timing receiver with an LQG controller. Then, 
we present the LQG controller parameter design method 
to give optimal frequency stability. And we carry out the 
clock steering simulations and practical verifications on an 
RT-PPP timing receiver with a Rubidium clock. Finally, we 
summarize this article and draw conclusions.

Control model of the RT‑PPP timing receiver

Figure 1 shows the structure of an RT-PPP timing receiver. 
As shown in the figure, the oscillator provides the clock 
signal to the radio frequency (RF) frontend and baseband 
processor of the receiver. The radio frequency frontend 
down converts the frequency of received GNSS signals to 
the baseband, which is then demodulated by the baseband 
processor to produce observation and broadcast ephemeris 
of all visible satellites. The RT-PPP algorithm estimates the 
clock offset of the receiver using the observation and pre-
cise ephemeris. It is worth noting that the RT-PPP precise 
ephemeris corrections introduce its clock virtual datum. 
Thus, the evaluated receiver clock offset here is the time 

Fig. 1  Structure of the RT-PPP timing receiver
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deviation of the receiver clock compared to the RT-PPP 
satellite clock reference. With the time deviation, the con-
troller produces a frequency control signal, which is used 
to steer the receiver clock to match the RT-PPP reference 
clock. Moreover, the steered clock is used as feedback to 
the receiver as well. As a result, the receiver can provide an 
accurate time pulse and frequency to the users.

Considering the control requirement of the timing 
receiver, an LQG controller is introduced for clock steering 
in this work, which is a universal controller designed in state 
space, including a Kalman estimator and a linear control law 
designed by the Linear Quadratic Regulator (LQR) method 
(Koppang and Leland 1999). Figure 2 shows the RT-PPP 
timing receiver with an LQG controller. The Kalman estima-
tor filters the time deviation e measured by the RT-PPP and 
realizes the optimal estimation of the state vector �̂ . Then 
the estimated state vector is multiplied by the control law −� 
to calculate the control signal u , with which the oscillator is 
finally steered. The steered clock is provided to the signal 
processing process for the RT-PPP measurement as feedback 
and improves the performance of the RT-PPP timing.

The state equation of the clock steering system can be 
expressed as follows:

Here the state vector variables Δt(n) and Δf (n) represent 
the time and fractional frequency deviation of the receiver 
clock compared to the RT-PPP reference clock at the epoch 
n, respectively. � is the state transition matrix, � is the input 
matrix, �0 is the sampling interval of the control system, 
and u(n − 1) is the fractional frequency step applied to the 
oscillator at the epoch n − 1 . �(n) represents the noise vector 
with a covariance matrix � . And the measurement equation 
of the system is

where e(n) is the time deviation measured by the RT-PPP at 
the time n, � =

[
1 0

]
 is the observation matrix, and v(n) is 

the measurement noise variable with a variance R.

(1)�(n) = ��(n − 1) + �u(n − 1) + �(n)

(2)�(n) =

[
Δt(n)

Δf (n)

]

,� =

[
1 �0
0 1

]

,� =

[
�0
1

]

(3)e(n) = ��(n) + v(n)

When the RT-PPP timing receiver is regarded as a 
control system, the RT-PPP algorithm plays a role as the 
sensor. The RT-PPP introduces the reference clock and 
includes the observation noise, which are the important 
characteristics of the control system. Once the RT-PPP 
solution strategies related to these characteristics are 
determined, such as the adoption of satellite systems and 
precise ephemeris products (Guo et al. 2022), the LQG 
controller should be designed according to the RT-PPP. 
Besides the � and R of the estimator being calculated to 
match these characteristics, the control law should also be 
designed carefully to utilize the high performance of the 
RT-PPP. This article aims to design the LQG controller 
based on these RT-PPP characteristics evaluated.

The LQG controller includes a Kalman estimator and a 
linear LQR control law. According to the standard Kalman 
Filter iterative formula, the optimal estimation of the state 
vector �̂(n) can be derived (Koppang and Leland 1999):

Here e(n) is the measured RT-PPP time deviation, and �(n) 
is the Kalman gain. The steady-state Kalman gain is deter-
mined by the state covariance matrix � and the measure-
ment variance R. (� −�(n)�)(� − ��) , �(n) , represent state 
transition matrix and input matrix of the LQG controller, 
respectively.

With the state vector �̂(n) estimated by the Kalman esti-
mator, the linear LQR control law −� is used to output 
fractional frequency step u(n) as follow:

Here −� = −
[
g1 g2

]
 represents output matrix of the LQG 

controller and is designed by the LQR method. The LQR-
designed control law minimizes the quadratic cost function 
of the state vector �(n) and the control variable u(n),

where �x and �u are state cost matrix and control cost 
matrix, respectively. The cost matrices have three cost 
parameters to be designed in, namely p , q and r . Only two 
of the three cost parameters are independent, i.e., an overall 
scaling of the three parameters does not affect the minima. 
And p has dimension of �−2

0
 , while r and q are both dimen-

sionless (Matsakis 2019). When �x and �u are chosen, the 
control law can be determined,

(4)�̂(n) = (� −�(n)�)(� − ��)�̂(n − 1) +�(n)e(n)

(5)u(n) = −��̂(n)

(6)J =

∞∑

n=0

(
�(n)T�x�(n) + u(n)T�uu(n)

)

(7)�x =

[
p 0

0 q

]

,�u = r

Fig. 2  Control structure of the RT-PPP timing receiver
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here � is a solution to the steady-state Riccati equation. 
Thus, �x and �u are the LQR control law parameters to 
be designed. The goal of parameter design is to reach the 
optimal frequency stability combination of the free-running 
oscillator in the short-term and the RT-PPP in the long-term. 
To design the parameters, we will analyze the system in the 
frequency domain in the next section and derive the rela-
tionship between the fluctuations and the LQG parameters.

Parameter design of the clock steering 
system

As discussed above, the LQG controller consists of the esti-
mator and the control law, which are supposed to be consid-
ered together with regard to the parameter design. According 
to the separation principle, however, it is reasonable and 
practical to consider the two parts, respectively. In this sec-
tion, we will derive the transfer function of the clock steering 
system and analyze the system in the frequency domain. 
And then the parameters of the Kalman estimator and LQR 
control law are discussed in the time and frequency domain 
respectively.

System analysis in the frequency domain

GNSS RT-PPP timing receiver uses clock steering to inte-
grate the frequency stabilities of its oscillator and the ref-
erence, resulting in a stable frequency both in the short- 
and long-term. The steered clock is expected to have the 
short-term stability of the free-running oscillator and the 
long-term stability of the RT-PPP. The instabilities of a fre-
quency source can be specified and measured both in the 
time domain with the ADEV and in the frequency domain 
with PSD. That means, the specifications are equivalent in 
the two domains. Thus, the clock steering goal can also be 
described as the receiver clock having the high-frequency 
PSD of the free-running oscillator and the low-frequency 
PSD of the RT-PPP.

Typically, the fluctuations of the free-running oscillator 
are smaller than the RT-PPP only over a short time, i.e., the 
oscillator has smaller PSD than the RT-PPP only in the high-
frequency band. In this situation, there should be a point of 
intersection frequency fc of the PSD of the RT-PPP’s fluctua-
tions and the free-running oscillator’s fluctuations (see Fig. 3). 
Thus, from the filter point of view in frequency domain, the 
clock steering system is supposed to be a low-pass filter 
(LPF), whose input is the measurement of RT-PPP. And the 

(8)� =
(
�u + �T��

)−1
�T��

(9)� = �x + �T�� − �T��
(
�u + �T��

)−1
�T��

bandwidth of the filter should be the point of intersection fre-
quency fc . According to the propagation theory of the fluctua-
tions in the LPF system (Kroupa 1982), the fluctuations of the 
receiver output frequency comes from the fluctuations of RT-
PPP within the low-pass bandwidth BL , and the fluctuations of 
the free-running oscillator outside the low-pass bandwidth. As 
shown in Fig. 3, when the bandwidth BL is set to the intersec-
tion frequency fc , the receiver clock will have the minimum 
fluctuations over the whole frequency band.

The transfer function of a state space system can be derived 
with the state transition matrix, the input matrix, and the out-
put matrix. From Fig. 2, we can see the clock steering system 
consists of a discriminator named RT-PPP, an LQG controller, 
and an oscillator. With the time deviation e evaluated by RT-
PPP, the LQG controller calculates control signal u to steer the 
oscillator. The transfer function of the LQG controller can be 
obtained from Eqs. (4) and (5),

here � =
[
k1 k2

]T  is the constant vector to which the 
Kalman gain K(n) converges at steady state.

Using u as the input, the oscillator is steered to produce the 
expected time and frequency, which is used as the output of the 
timing receiver and as a feedback to the baseband. The transfer 
function of the oscillator can be derived from (1) and (3),

(10)

HLQG(z) =
u(z)
e(z)

= −�(z� − (� −��)(� − ��))−1�z

=
−z2

(

g1k1 + g2k2
)

+ z
(

g1k1 − g1k2�0 + g2k2
)

z2 − z
((

1 − k2�0
)(

1 − g2
)

+
(

1 − k1
)(

1 − g1�0
))

+
(

1 − k1
)(

1 − g2
)

(11)H
OSC

(z) =
t
rec
(z)

u(z)
= �(z� − �)−1� =

z�
0

(z − 1)2

Fig. 3  Ideal power spectral density of steered clock
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here, � , � , � represent state transition matrix, input matrix, 
and output matrix of the oscillator, respectively.

When the steered oscillator is used to provide clock to the 
baseband, the whole clock steering system forms a closed 
loop. And the closed-loop transfer function of the system 
can be presented as,

As can be seen from the equation above, the transfer func-
tion of the system is mainly decided by the Kalman gain and 
the control law. And moreover, the poles of the estimator 
and the control law are separated. Thus, the estimator and 
control law design can be realized, respectively, according 
to the separation principle in the control theory (Franklin 
et al. 1998).

Parameters of the clock steering system

With regards to Kalman estimator, the state-driven noise 
covariance matrix is often designed in the time domain 
according to the clock noise. The fractional frequency fluc-
tuations of a clock are described by its single sideband power 
spectrum density, which can be modeled by a combination 
of power-law noises (Riley and Howe 2008),

where f  is the sideband Fourier frequency in Hertz, Sy(f ) 
is the PSD of the fractional frequency fluctuations, � is the 
power-law exponent, and h� is the power-law noise level 
figure. A power-law noise with � satisfies Sy(f ) ∝ f � . The 
power-law noise with different � dominates over different 
frequency band, specifically, the power-law noise with a 
smaller � dominates over the lower frequency band. The 
oscillators that may be used in the receiver, such as Rubid-
ium clock and crystal oscillator, generally have the power-
law noises with � = −2,−1, 0 dominating during 1 s to 1 day 
(Allan 1987). So hosc

−2
 , hosc

−1
 and hosc

0
 are the most important 

coefficients to describe the characteristics of the receiver’s 
oscillator.

It is worth mentioned that the RT-PPP reference can be 
also seen as a virtual clock. The characteristics of the RT-PPP 
reference clock are combined from the satellite clocks, which 
are high-performance atomic clocks, including Hydrogen 
clocks, Cesium clocks, and Rubidium clocks. According to 
the evaluation of stability of the RT-PPP reference (Guo et al. 

(12)

H(z) =
trec(z)
tref(z)

=
−HLQG(z)HOSC(z)
1 − HLQG(z)HOSC(z)

=
z2�0

(

z
(

g1k1 + g2k2
)

− g1k1 + g1k2�0 − g2k2
)

(

z2 +
(

k1 + k2�0 − 2
)

z + 1 − k1
)

∗
(

z2 +
(

g2 + g1�0 − 2
)

z + 1 − g2
)

(13)Sy(f ) =

2∑

�=−2

h�f
�

2022), these noises are focused on White Frequency Modula-
tion (WFM) with � = 0 power-law nosie during 1 s to 1 day. 
And the other noises can be ignored in the concerned time 
interval of Allan deviation. So href

0
 is the most important coef-

ficient to describe the characteristics of the RT-PPP reference 
clock. Thus, the system covariance matrix � can be present 
as follows:

here, the system state covariance matrix � is determined by 
the noise characteristics of the RT-PPP reference clock and 
the receiver oscillator.

The RT-PPP observation noise comes from the transmis-
sion and process of the GNSS signals, which can be seen as 
the white noise in phase. In this work, it is considered as the 
power-law noise with � = 2 , and can be expressed as follows:

here, fh is the measurement bandwidth. It is set to half of the 
sampling frequency in the RT-PPP observation. In practical 
applications, we can evaluate the noises through the time 
or frequency deviation sequences and fit these noise level 
figures with the ADEV.

Given the noise covariance of the state and observation 
equations, the bandwidth of the estimator is determined and 
proportional to Q/R. In the LQG system, the bandwidth of 
LQR is smaller than that of the estimator, and often decides 
the bandwidth of whole LQG. Thus, the actual state vector 
(Franklin et al. 2002) can be used to design the control law, 
which means that the RT-PPP observation noise is ignored, 
namely R = 0 . Substituting the steady-state Kalman gain 
� = [ 1 1∕�0 ]

T (Mishagin 2019) into (12), the transfer func-
tion (12) can be approximated as follows:

Here, the control law gains g1 and g2 are the parameters of 
the transfer function.

Substituting z = es�0 into the discrete-time transfer func-
tion, we can get the transfer function in the analog domain. 
When the bandwidth is small compared to the sampling 
rate 1∕�0 , the following first-order approximations are valid 
z−1 ≈ 1, 1 − z−1 ≈ s�0 (Gardner 2005), the transfer function 
in the analog domain can be derived as follows:

(14)

� =

[
1

2
(hosc

0
+ href

0
)�0 + 2hosc

−1
�2
0
+

2�2

3
hosc
−2
�3
0

�2hosc
−2
�2
0

�2hosc
−2
�2
0

2�2hosc
−2
�0

]

(15)R = hobs
2

fh∕(2�)
2

(16)H(z) ≈
z
(
g1�0 + g2

)
− g2

(
z2 +

(
g2 + g1�0 − 2

)
z + 1 − g2

)

(17)H(s) ≈

g2

�0
s +

g1

�0

s2 +
g2

�0
s +

g1

�0
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Here, the system transfer function is a second-order low-pass 
filter, the damping ratio is � =

g2

2
√
�0g1

 , and the undamped 

natural frequency is �n =
√

g1

�0
.

The amplitude response of the physical system does not 
cut off abruptly but has a transition band, resulting in multi-
ple bandwidth definitions. In this article, we define the inter-
section of the system transfer function amplitude response 
and the system error transfer function amplitude response as 
bandwidth, namely ||

|
H
(
j2�BL

)|
|
|
=
|
|
|
1 − H

(
j2�BL

)|
|
|
 . Using 

this definition, the bandwidth of the system can be obtained:

where the bandwidth BL is a function of the control law gain 
g1 and g2 , which are calculated from the cost matrices �x 
and �u in (8) and (9). That means the bandwidth is decided 
by the cost parameters p, q, r.

Choosing a suitable steering interval �0 is important for 
a control system. According to the Nyquist sampling theo-
rem, the system requires BL = fc to be smaller than 1∕2�0Hz , 
namely BL ∗ 𝜏0 < 0.5 . In addition, considering approxi-
mation from the analog domain to the digital domain, the 
product of BL and �0 should be small enough, Satisfying 
BL ∗ 𝜏0 < 0.033 (Franklin et  al. 1998). Considering the 
above, we propose to set BL to the cross-point fc and choose 
a �0 that makes fc ∗ �0 a constant near 0.03. This is consist-
ent with the reality that we understand. According to Fig. 3, 
fc reduces when the oscillator gets more stable or the RT-
PPP gets more unstable. In this case, increasing the steering 
interval is a good choice. In this article, we set the �0 to be 
an integral multiple of the RT-PPP observation period for 
simplicity.

As discussed above, in the cost matrices, r stands for con-
trol cost, p represents the cost of fractional frequency devia-
tion, and q is the cost of time deviation. The three parameters 
are mutually influenced, and only two of them are independ-
ent variables. Multiply them by the same number, the control 
law does not change. Only the relative ratio between them 
is useful for the result of the control law. Thus, we can fix 
one of them as a constant to solve problem of system design. 
Since the phase cost has the dimension of �−2

0
 , and the fre-

quency cost and control cost are dimensionless. We can set 
the phase cost as �−2

0
 , which makes the frequency cost and 

control cost the ratios of the phase cost. Thus, p = �−2
0

 is 
chosen in this work to eliminate the �0 effect in the formu-
lations. In this situation, we still need some constraints to 
determine the parameters q, r, making the bandwidth to the 
expected value fc.

(18)
BL =

√
2g1

2�

��
4�2

0
g2
1
+ g4

2
− g2

2

From (18), it can be derived that the bandwidth BL has 
the dimension of �−1

0
 . Thus, we can use BL∕�

−1
0

= BL ∗ �0 
to describe the ratio of bandwidth to the sample frequency 
�−1
0

 , resulting in a unified description of systems with dif-
ferent sampling intervals. With regards to the parameter 
determination, it is difficult to formulate the relationship 
between the cost matrices and the bandwidth, however, 
contour map can visually describe this. Given p = �−2

0
 , the 

contours of BL ∗ �0 for different cost matrices parameters 
q and r are shown in Fig. 4. As shown in the figure, the 
value of BL ∗ �0 decreases as the control cost r increases. Its 
maximum value is BL∗ �0 ≈ 0.2024 when r and q reach their 
minimum values, log(r) = log(q) = −10 , on the lower left 
corner. When control cost r is less than 1, i.e., log(r) < 0 , 
the value satisfies 0.15 < BL∗ 𝜏0 < 0.2024 for all the q in 
the range −10 < log(q) < 10 . As analyzed above, BL∗ �0 is 
supposed to be less than 0.033 in engineering applications. 
Hence, it is better to set r in the range log(r) > 0 , i.e., the 
ratio of control cost to phase cost is bigger than �2

0
 . When r is 

set in the range log(r) > 0 , the BL∗ �0 is almost a constant if 
log(q) ≤ 0 . That means system bandwidth is only influenced 
by the control cost r on the lower right plane. Moreover, 
the gradient of BL∗ �0 to r is smaller than that on the upper 
right plane, which makes a high tolerance for the designing 
error and improve the robustness of the system. Thus, it is a 
good choice to choose control cost r on the lower right plane 
according to the desired bandwidth BL.

The cost of the fractional frequency deviation q remains 
to be constrained. From Fig. 4, we can see that the band-
width is not sensitive to it in the chosen area. However, the 
cost parameters q and r can directly influence the system 
damping ratio � , which is an important parameter paired 
with the bandwidth for second-order system. From the 
viewpoint of frequency domain, damping ratio determines 

Fig. 4  Relationship between bandwidth and LQR cost parameters
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how an oscillation in a system damps after a disturbance. 
In the clock steering system, each adjustment to the clock 
frequency is a disturbance for the system. Given p = �−2

0
 , 

the contours of damping ratio � for different cost param-
eters q and r is shown in Fig. 5. As shown in the figure, the 
damping ratio generally increases with the frequency cost q . 
For each fixed r, damping ratio � can traverse all the states, 
including underdamped, critically damped, and overdamped 

response. It can be seen clearly the fix value q = 1 makes 
damping ratio stay steadily at 0.6 to 0.8 as the control cost r 
increases. A damping ratio of 0.6 to 0.8 is usually reasonable 
for a second-order system. So q = 1 is chosen in this work.

Figure 6 shows the relationship between the bandwidth 
and the control cost r, which is the sectional view of the 
red dotted line ( q = 1 ) in Fig. 4. As shown in the figure, 
BL ∗ �0 remains steady when the control cost r is smaller 
than 1. While it decreases at a fixed slope for every 10 times 
increase in r . Then the relationship between the control cost 
r and BL ∗ �0 when r > 1 can be fitted as follows,

Substituting BL = fc into the formula above, we can get 
the value of r.

Results and discussions

To verify the clock steering performance and the parameter 
design method of LQG control, different noise level figures 
of various parts of the system are simulated. Meanwhile, 
the performances of RT-PPP timing with the designed clock 
steering method are evaluated and analyzed on a realized 
hardware platform.

Simulated experiments

Considering the behavior of different noise level figures of 
the oscillator, the GNSS satellite clock reference, and the 
GNSS observation in the clock steering system. Three dif-
ferent experiments presented in Table 1 is analyzed. The 
parameters of different experiments are designed using the 
proposed method. Meanwhile, the �0 is chosen according to 
the condition fc ∗ 𝜏0 < 0.033 in all three experiments.

Figure 7 shows the PSD of the receiver oscillators and the 
GNSS references with observation noise adopted in the three 
experiments. It is worth mentioning that the noise of GNSS 
observation are considered together with that of the GNSS 
reference in the simulation to keep consistent with practice. 
It can be seen clearly from the figure that the cross section in 
Experiment 1 and Experiment 3 are almost the same, which 
means the control parameters are similar in the simulations. 
The simultaneous improvement of the GNSS reference and 

(19)lg
(
BL ∗ �0

)
≈ −0.2354 ∗ lg(r) − 0.7186

Fig. 5  Relationship between damping ratio and LQR cost parameters

Fig. 6  Relationship between bandwidth and control cost

Table 1  Simulated conditions 
with different noise level figures

Experiment Receiver Oscillator GNSS Parameters

Osc hosc
0
, h

osc

−1
, h

osc

−2 Ref href
0

Obs R BL (Hz) �
0
(s)

1(green) 1E − 24,2E − 24,1E − 26 3.631E − 21 1.252E − 20 0.0042 5
2(red) 1E − 24,2E − 24,1E − 26 3.631E − 23 1.252E − 22 0.031 1
3(blue) 1E − 26,2E − 26,1E − 28 3.631E − 23 1.252E − 22 0.0049 5
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the receiver oscillator in Experiment 3 relative to Experi-
ment 1 results in similar control parameters. The quality 
relativity of the GNSS reference and the receiver oscillator 
determines the control parameters. And the bandwidth in 
Experiment 2 are almost 10 times bigger than that in the 
other two experiments, which means a faster correspondence 
in the clock steering.

Figure 8 shows the comparison of the steered oscilla-
tor phases compared to the reference phases in the three 
experiments. It can be seen that all the steered oscillator 
phases are consistent with their corresponding references. 
The standard deviations of the steered oscillator phases 

in the three experiments are 3.72 ns, 0.374 ns, 0.375 ns, 
respectively. The phase performances are improved if the 
noises of the references are reduced. Although the param-
eters in Experiment 1 are set to be similar to Experiment 3, 
the standard deviation with the better reference is smaller. 
That means the noises decide the output performance 
when the suitable parameters are designed. It also can be 
seen from the sub-figures that the phases in Experiment 1 
and Experiment 3 are smoother than that of Experiment 2 
due to the smaller bandwidth. The standard deviations of 
the differential phases of the steered oscillators and their 
corresponding references are 718 ps, 57 ps, and 64 ps. 
And the STD of differential phases in Experiment 2 is 
the smallest, for the bigger bandwidth makes it follow the 
reference clock closer and faster.

Figure 9 shows the overlapping Allan deviations of the 
GNSS references with observation noise, the free-running 
oscillators, and the steered oscillators under different con-
ditions. As shown in the figure, all the steered oscillators 
combine the better short-term stability of the oscillator 
and the better long-term stability of the GNSS reference. 
Additionally, it is obvious that the steered oscillator in 
Experiment 2 has a better long-term stability than that in 
Experiment 1. This is because the noise level figures of the 
reference and observation in Experiment 2 are smaller than 
that in Experiment 1. The steered oscillator in Experiment 
3 has a better short-term stability than that in Experiment 
2 because of the smaller noise level figures of the oscilla-
tor. The proposed design method of the controller makes 
the frequency stabilities of the steered oscillators close to 
the limit at different noise level figures.

Fig. 7  Power spectral density of frequency fluctuation sources in 
clock steering system

Fig. 8  Phases of steered oscilla-
tors with LQG controllers
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Real experiments

To evaluate the performances of the LQG controller and the 
RT-PPP timing, a RT-PPP timing receiver with a Rubidium 
clock is implemented using the proposed clock steering 
method. Figure 10 shows the setup for the real experiments. 
Phase noise test probe 3120A was used to measure the 
receiver’s fluctuations. A high stable active Hydrogen maser 
(CH1-75A) was used as the measurement reference, whose 
stabilities described by Allan deviation are 2E-13@1 s and 
7E-16@1 day, respectively. The RT-PPP ephemeris products 
from Wuhan University are adopted in the experiments. And 
the observations of the Global Positioning System (GPS) 
are employed.

A Rubidium clock, FE-5650A, is used as the oscillator 
of the timing receiver. The fluctuation sequence of the free-
running Rubidium was measured using the phase noise test 
probe 3120A with the Hydrogen maser. To get the fluctua-
tion sequence of the RT-PPP reference clock and observa-
tion, the Hydrogen maser was used as the clock of the timing 
receiver. Then the time deviation of the clock was estimated 
using RT-PPP. The Hydrogen maser is stable enough that the 
instability of time deviation sequence mainly comes from 
the RT-PPP reference and observation. Gaps and outliers 

in the RT-PPP was handled before processing. The PSD 
of the fractional frequency fluctuations of the free running 
Rubidium and the RT-PPP reference with observation are 
shown in Fig. 11. It can be seen that the point of intersec-
tion frequency fc is about 0.0045Hz . Setting the steering 
interval �0 = 5s , the control cost can be calculated r = 8859 
according to (19), which corresponds to the control law 
� =

[
0.0020 0.1360

]
.

Using the fluctuation sequences, the Allan deviation of 
the free-running Rubidium clock and RT-PPP could be eval-
uated. The linear frequency drift of the Rubidium clock is 
removed. And the noise level figures can be estimated (Riley 
and Howe 2008): hosc

0
≈ 3.74 ∗ 10−23 , hosc

−1
≈ 1.30 ∗ 10−26 , 

hosc
−2

≈ 2.07 ∗ 10−30 . The noise level figures of RT-PPP ref-
erence and observation can be fitted using the combined 
fluctuation sequence:href

0
≈ 1.47 ∗ 10−23 , R = 3.21 ∗ 10−22 . 

With these parameters, a complete LQG controller is real-
ized, and the performance of the steered clock is evaluated.

Figure 12 shows the time precision and frequency accu-
racy of the steered RT-PPP receiver. As described above, 
Hydrogen maser is used as the external reference in the 
evaluation. The internal time deviation reflects the devia-
tion and jitter of the receiver clock relative to the RT-PPP 
reference clock. Results show that the internal time deviation 
estimated by RT-PPP fluctuates between − 0.2 and 0.2 ns, 
whose standard deviation is 0.05 ns. The external time 
deviation compared to the Hydrogen maser is between − 0.6 
and 0.5 ns with standard deviation 0.21 ns. It is the timing 
precision of the receiver providing to the user, including the 
errors coming from the hardware of timing receiver and the 
Hydrogen maser. The output frequency deviations of the 
timing receiver are measured for each second. It is within 
±2 ∗ 10−11 . The frequency accuracy could be estimated 
using its mean, which is about 8.92 ∗ 10−15.

Fig. 9  Frequency stabilities of steered oscillators with LQG control-
lers

Fig. 10  Setup for real experiments
Fig. 11  Power spectral density of frequency fluctuations of free-run-
ning Rubidium clock and RT-PPP
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To evaluate the frequency stability of the steered clock, 
the overlapping Allan deviation of the receiver output fre-
quency is shown in Fig. 13. As shown in Fig. 13, the free-
running Rubidium clock has a better short-term stability 
than RT-PPP reference. However, it deteriorates when the 
measured interval is more than 1000 s. In contrast, the 
RT-PPP reference has a worse short-term stability but a 
better long-term stability. It can be seen clearly that the 
OADEV curve of the output almost coincidences that of 
the free-running Rubidium clock in the short-term stability 
and that of the RT-PPP reference in the long-term stability. 
Thus, the steered RT-PPP timing receiver has the optimal 
frequency stability as expected. The stabilities at 1 s and 
10,000 s are 3.59E-12@1 s and 2.43E-14@10000s, which 
is more stable than a high-quality Cesium clock (5071A).

Conclusions

This article focuses on the LQG clock steering parametric 
design for the RT-PPP timing receiver to output high-pre-
cision time and stable frequency. The goal of clock steering 
parametric design is to bring the performance close to the 
limits of the precision of the free-running oscillator, the 
GNSS RT satellite clock reference and the GNSS obser-
vation. We analyze the structure and theoretically derive 
the transfer function of the clock steering system. Then, 
the design method of the clock steering parameters is pro-
posed using the separation principle of the control theory. 
The bandwidth and damping ratio in the frequency domain 
are used as constraints to the design control parameters. 
Simulated results show that the parametric design method is 
feasible for different noise conditions. Experimental results 
with a Rubidium clock RT-PPP timing receiver show that 
the proposed clock steering method optimally combines the 
short-term stability of the Rubidium clock and the long-
term stability of the RT-PPP expectedly. The precision of 
output 1PPS is 0.21 ns over 24 h. And the frequency stabili-
ties can reach 3.59E-12@1 s and 2.43E-14@10000 s, which 
is more stable than a high-quality Cesium clock.

Considering details in each part of the system, the con-
trol parameter design is always complex. Thus, it is more 
common to present parametric design results rather than 
parametric design procedures. And it is difficult to apply 
a proposed controller to another case. We presented a 
relatively complete and detailed control parameter design 
process for the GNSS timing receiver. Although the results 
of parameter design may not be directly applied to vari-
ous receivers, the idea of parameter design can be used in 
different situations.
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